
HAL Id: hal-03356663
https://hal.science/hal-03356663

Submitted on 28 Sep 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Copyright

Classical Nambu brackets in higher dimensions
Cristel Chandre, Atsushi Horikoshi

To cite this version:
Cristel Chandre, Atsushi Horikoshi. Classical Nambu brackets in higher dimensions. Journal of
Mathematical Physics, 2023, 64, pp.052702. �10.1063/5.0073169�. �hal-03356663�

https://hal.science/hal-03356663
https://hal.archives-ouvertes.fr


Classical Nambu brackets in higher dimensions

Cristel Chandre
1
and Atsushi Horikoshi

2

1)CNRS, Aix Marseille Univ, I2M, 13009 Marseille, Francea)

2)Department of Natural Sciences, Tokyo City University,Tokyo 158-8557,

Japanb)

We consider n-linear Nambu brackets in dimension N higher than n. Starting from a

Hamiltonian system with a Poisson bracket and K Casimir invariants defined in the

phase space of dimension N = K+2M , where M is the number of effective degrees of

freedom, we investigate a necessary and sufficient condition for this system to possess

n-linear Nambu brackets. For the case of n = 3, by looking for the possible solutions

to the fundamental identity, the condition is found to be N = K +2, i.e., the system

should have effectively one degree of freedom. Locally, it is shown that there is only

one fundamental solution, up to a local change of variables, and this solution is the

canonical Nambu bracket, generated by Levi-Civita tensors. These results generalize

to the case of n(≥ 4)-linear Nambu brackets.
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I. INTRODUCTION

The Nambu bracket has been introduced for volume-preserving flows in N dimensions as

a generalization of Poisson brackets1 (see also Ref. 2). The Nambu bracket is an n-linear,

fully antisymmetric (skew-symmetric) bracket acting on scalar functions (observables) of the

variables z ∈ RN . For n = N = 3 case, it is written as

{A,B,C} = ǫijk
∂A

∂zi

∂B

∂zj

∂C

∂zk
,

where ǫ is the Levi-Civita tensor, A,B,C are scalar functions of the variables z ∈ R3, and

implicit summation (from 1 to 3) over repeated indices is assumed. The dynamics of an

observable F (z) is generated by two observables G and H from this bracket as

dF

dt
= {F,G,H}.

As a consequence of the antisymmetry, the two observables G andH generating the dynamics

are conserved quantities. From the identity,

d

dt
{A,B,C} =

{
dA

dt
, B, C

}
+

{
A,

dB

dt
, C

}
+

{
A,B,

dC

dt

}
,

we deduce what is referred to as the fundamental identity:

{{A,B,C}, D, E} = {{A,D,E}, B, C}+ {A, {B,D,E}, C}+ {A,B, {C,D,E}}, (1)

for all observables A, B, C, D and E. In addition, we assume that Nambu brackets satisfy

the Leibniz rule, i.e.,

{AB,C,D} = A{B,C,D}+ {A,C,D}B. (2)

The link with Hamiltonian systems comes from defining a bracket

{A,B}C = {A,B,C}.

This bracket is a skew-symmetric bi-linear operator, and from the identity (1) satisfies the

Jacobi identity (e.g., by taking E = C):

{{A,B}C, D}C + {{D,A}C, B}C + {{B,D}C, A}C = 0,

where we have used the antisymmetry of the bracket. Therefore, brackets {·, ·}C are Poisson

brackets for all observables C. This is the main argument behind the idea that Nambu

brackets are generalizations of Poisson brackets.
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In this article, we investigate properties of skew-symmetric n-linear brackets in dimension

N higher than n, i.e., in phase space spanned by variables z ∈ RN (N ≥ n). The first question

here is: Given a Poisson bracket, is it possible to define a Nambu bracket? The answer to

this question is rather obvious: For example, for the case n = 3, if a Poisson bracket can be

defined from a Nambu bracket, it implies that this Poisson bracket possesses at least one

Casimir invariant, namely an observable C which commutes with all the other observables:

{A,C}C = 0 for all A. Obviously, not all Poisson brackets can be derived from a Nambu

bracket. So, under which conditions Poisson brackets can be “paired” with or derived from

Nambu brackets? In addition, what are the different possible Nambu brackets in various

dimensions? To answer these questions, we consider the case of n = 3 (and N ≥ 3) in

Sec. II, and extend the results to the case of n ≥ 4 (and N ≥ n) in Sec. III. We provide

some examples in Sec. IV.

II. CONDITION ON THE POISSON BRACKET TO HAVE A NAMBU

BRACKET

In this section, we consider tri-linear Nambu brackets in dimension N of the form

{A,B,C} = λijk(z)
∂A

∂zi

∂B

∂zj

∂C

∂zk
, (3)

where λijk is a totally antisymmetric tensor called the Nambu tensor, and implicit summation

(from 1 to N) over repeated indices is assumed. This bracket satisfies the Leibniz rule (2),

but there are conditions on the Nambu tensor such that the fundamental identity (1) is

satisfied. More precisely, from the fundamental identity, we deduce two constraints on

the Nambu tensor λ. The first constraint is obtained by looking at terms proportional to

∂2D/∂zi∂zn in Eq. (1):

λnijλmkp + λnjkλmip + λnkiλmjp + λmijλnkp + λmjkλnip + λmkiλnjp = 0, (4)

for all i, j, k, m, n, p. We notice that the same condition is obtained by looking at terms

proportional to ∂2E/∂zi∂zn (which is not surprising given the antisymmetry of the Nambu

bracket, where D and E can easily be exchanged), and that the terms proportional to

∂2A/∂zm∂zi, ∂
2B/∂zm∂zi and ∂2C/∂zm∂zi cancel out by antisymmetry of the bracket. The

second constraint on the Nambu tensor λ is obtained by looking at terms proportional to
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the first derivatives of the observables, and writes

λijk

∂λmnp

∂zi
= λinp

∂λmjk

∂zi
+ λipm

∂λnjk

∂zi
+ λimn

∂λpjk

∂zi
, (5)

for all indices j, k, m, n, p. We notice the implicit summation over the repeated index i.

The two conditions (4)-(5) were first derived in Ref. 3, and they ensure that the fundamental

identity (1) is satisfied for the Nambu bracket (3).

As a side note, for a Poisson bracket of the form

{A,B} = Jij(z)
∂A

∂zi

∂B

∂zj
,

there exists a well-known condition on the Poisson matrix J:

Jil

∂Jjk

∂zl
+ Jkl

∂Jij

∂zl
+ Jjl

∂Jki

∂zl
= 0, (6)

for all indices i, j, k. This corresponds to the condition (5) for the Nambu brackets. We

notice that there are no conditions involving only the values of Jij corresponding to Eq. (4).

As a consequence of this identity, all uniform antisymmetric matrices are Poisson matrices (in

the sense that the corresponding bracket is a Poisson bracket) since they satisfy Eq. (6). On

the contrary, uniform fully-antisymmetric tensors λ do not satisfy the constraints imposed

by the fundamental identity since Eq. (4) is not necessarily satisfied.

In fact, the problem of finding Nambu tensors λ seems to be a much more constrained

problem than the one of finding Poisson matrices: Using very rough estimates, a Nambu

tensor λ is determined by approximately N3 coefficients (less if antisymmetry is taken into

account) whereas there are of the order of N6 constraints of the form (4) and N5 constraints

of the form (5). Again, the number of constraints might by smaller when antisymmetry

is taken into account. As a point of comparison, a Poisson matrix is determined by N2

coefficients, and the number of constraints is of order N3. Condition (4) seems to be the

bottleneck in finding Nambu tensors.

The objective here is to find all solutions of Eqs. (4)-(5), and as a consequence all possible

Nambu brackets. In order to do that, we perform invertible changes of coordinates generated

by h : RN → RN , i.e., x = h(z) such that there exists h̃ such that z = h̃(x). From the

scalar invariance Ã(x) = A(z), the Nambu bracket (3) becomes

{Ã, B̃, C̃} = λ̃ijk(x)
∂Ã

∂xi

∂B̃

∂xj

∂C̃

∂xk

,
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where

λ̃ijk =
(
λmnp ◦ h̃

)(
∂hi

∂zm
◦ h̃

)(
∂hj

∂zn
◦ h̃

)(
∂hk

∂zp
◦ h̃

)
, (7)

which can also be written as λ̃ijk = {hi, hj, hk} ◦ h̃. The bracket in the variables x is also

a Nambu bracket, in the sense that λ̃ satisfies the corresponding conditions (4)-(5) in the

variables x. This can be checked directly or using the identity

{Ã, B̃, C̃}(x) = {A,B,C} ◦ h̃(x),

in Eq. (1). Equation (7) defines an equivalence relation in the space of Nambu tensors.

Finding all solutions for the Nambu brackets amounts to counting the number of equivalence

classes, and identifying a “canonical” element in each class.

Our starting point is a Hamiltonian system in the variables z ∈ RN with a Poisson matrix

J(z). As mentioned in Sec. I, if the corresponding Poisson bracket is derived from a Nambu

bracket, it means that it has at least one Casimir invariant. This Casimir invariant, denoted

C(z) generates the Poisson bracket, i.e., {A,B}C = {A,B,C}. We assume that the rank

of J is equal to N − K, i.e., that J possesses K Casimir invariants. Notice that N − K

needs to be even, otherwise, it implies the existence of other Casimir invariants. We denote

N = K + 2M , where M is a positive integer. We then apply the Lie-Darboux theorem4,5,

which states that locally there exists a change of coordinates x = h(z) such that the Poisson

matrix becomes locally

J̃(x) =




OM IM OM,K

−IM OM OM,K

OK,M OK,M OK


 ,

where OM,K is the M ×K matrix with all zeros, OK the K ×K matrix with all zeros, and

IM the M ×M identity matrix. The Poisson bracket is generated by one of the variables xi

for i = 2M +1, . . . , N , let say, C̃(x) = xN for simplicity in the notations. From {Ã, B̃, C̃} =

{Ã, B̃}C̃ , we deduce

λ̃ijN = J̃ij.

Given the antisymmetry of the Nambu tensor, we have

λ̃ijN = λ̃Nij = λ̃jNi = J̃ij.

The condition (4) for n = N and p = N becomes

J̃ijJ̃mk + J̃jkJ̃mi + J̃kiJ̃mj = 0,
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for all indices i, j, k, m. This identity imposes some strong constraints on the possible

matrices J̃. For instance, we consider i = 1, j = M + 1 and m = 2, which leads to

J̃2,k = 0,

for all k if M ≥ 2. This results in a contradiction since J̃2,M+2 = 1. As a consequence, a

necessary condition for the existence of a Nambu bracket is M = 1. We can check that if

M = 1, the constraints are satisfied for a constant λ̃ defined as

λ̃ijk = ǫijk, if i, j, k ∈ (1, 2, N), (8a)

λ̃ijk = 0, otherwise, (8b)

where ǫ is the Levi-Civita three-dimensional tensor with indices (1, 2, N) instead of the usual

(1, 2, 3). In other words, tri-linear Nambu brackets in higher dimensions are only possible if

the number of Casimir invariants of the Poisson bracket is equal to N − 2, i.e., N = K + 2.

The corresponding dynamical systems are therefore integrable, since they can be reduced to

systems with one effective degree of freedom.

Remark: We have assumed that the Hamiltonian generating the dynamics is time-

independent (as a scalar function of the variables z). If there is a time-dependence in

the Hamiltonian, there is a procedure to autonomize the system by including time as an

extra variable, together with its canonical conjugate variable. Since the dimension of phase

space is now N + 2, the number of Casimir invariants to get a Nambu bracket is now equal

to N which means that the Poisson bracket for the non-autonomous system should be zero,

hence its associated dynamics is trivial. In other words, it is not possible to autonomize a

system and still get a Nambu bracket in the extended system.

The question we address now is, given a Poisson bracket generated by Nambu bracket,

are there multiple Nambu tensors leading to the same Poisson bracket? To address this

point, we work in the variables x where locally the Poisson matrix can be rewritten as

J̃(x) =




0 1 0
†
K

−1 0 0
†
K

0K 0K OK


 , (9)

where K = N − 2 and 0K is a K-dimensional vector with zero coefficients. The Poisson

bracket becomes

{Ã, B̃} =
∂Ã

∂x1

∂B̃

∂x2
−

∂Ã

∂x2

∂B̃

∂x1
.
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The question here is how many Nambu tensors can be found such that there exists C̃ such

that {Ã, B̃, C̃} = {Ã, B̃} for all observables Ã and B̃. Since C̃ is a Casimir invariant for

the bracket {·, ·} (by antisymmetry of the bracket {·, ·, ·}), it should be a function of xk for

k = 3, . . . , N . Up to a change of variables, the corresponding Nambu tensor can be reduced

to Eq. (8). Therefore, up to a change of variables, there is a unique Nambu bracket for each

dimension N , and it is related to the Levi-Civita tensor as in Eq. (8).

Remark: As a result of the Lie-Darboux theorem, we notice that there are locally ⌊N/2⌋

possibilities for the Poisson bracket. These possibilities amount to counting the number of

pairs of canonically conjugate variables. Concerning the Nambu brackets, there are locally

just one bracket for each dimension N . This count illustrates that the conditions (4)-(5)

resulting from the fundamental identity (1) are much more restrictive than the condition (6)

resulting from the Jacobi identity.

Remark: If we assume that there exists a tri-linear Nambu bracket {·, ·, ·} for a given

Hamiltonian system with two invariants, denoted C(z) and D(z), we can define two different

Poisson brackets: One is generated by C, and the other one is generated by D. We denote

these two brackets as {·, ·}C = {·, ·, C} and {·, ·}D = {·, ·, D}. By applying the fundamental

identity (1), we get two conditions

{{A,B}C , E}D = {{A,E}D, B}C + {A, {B,E}D}C ,

{{A,B}D, E}C = {{A,E}C , B}D + {A, {B,E}C}D,

for all observables A, B, E. We now consider a linear combination of these two brackets,

i.e., {·, ·}C + λ{·, ·}D, where λ is a constant. It is rather straightforward to prove the Jacobi

identity for this bracket using the two identities above together with the Jacobi identity

for each individual bracket (see Ref. 6). As a consequence, the Hamiltonian system is bi-

Hamiltonian (having two compatible Poisson structures). As a consequence, only bi- (or

multi-) Hamiltonian systems can have tri-linear Nambu brackets.

III. GENERALIZATION TO MULTI-LINEAR NAMBU BRACKETS

In this section, we generalize the above results to the case of multi(n ≥ 4)-linear Nambu

brackets (see Refs. 7–10 for more details). We again consider a Hamiltonian system in the

variables z ∈ RN with a Poisson matrix J(z). We determine the conditions on the Poisson
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bracket {·, ·} such that there exists observables Ck for k = 1, . . . , κ such that

{A,B} = {A,B,C1, . . . , Cκ} = λijk1···kκ(z)
∂A

∂zi

∂B

∂zj

∂C1

∂zk1
· · ·

∂Cκ

∂zkκ
,

where the Nambu bracket {·, ·, ·, . . . , ·} is multi-linear (linear in each of its entries), fully

antisymmetric (skew-symmetric) and satisfies the Leibniz rule and the fundamental identity

(see Ref. 3):

{{A,B,C1, . . . , Cκ}, D, E1, . . . , Eκ} = {{A,D,E1, . . . , Eκ}, B, C1, . . . , Cκ}

+{A, {B,D,E1, . . . , Eκ}, C1, . . . , Cκ}

+

κ∑

k=1

{A,B,C1, . . . , Ck−1, {Ck, D, E1, . . . , Eκ}, Ck+1, . . . , Cκ}, (10)

for all observables A, B, Ck, D, Ek for k = 1, . . . , κ. We notice that this implies that the

bracket {·, ·} has at least κ Casimir invariants. We assume that J(z) possesses K Casimir

invariants such that κ ≤ K. We consider the tri-linear Nambu bracket

{A,B,C1} = {A,B,C1, . . . , Cκ}.

By taking Ek = Ck for k = 2, . . . , κ, Eq. (10) reduces to the fundamental identity (1). If

a Poisson bracket is derived from a multi-linear Nambu bracket, it is also derived from a

tri-linear Nambu bracket. Therefore the condition that a Hamiltonian system has a multi-

linear Nambu bracket is that the number of Casimir invariants of the Poisson bracket satisfies

K = N − 2.

Next let us see the uniqueness of multi-linear Nambu bracket corresponding to the Poisson

bracket in the N = K + 2 system. We assume Nambu brackets of the form

{A,B,C1, . . . , Cκ} = λijk1···kκ(z)
∂A

∂zi

∂B

∂zj

∂C1

∂zk1
· · ·

∂Cκ

∂zkκ
,

where κ ≤ K and the (κ + 2)-dimensional tensor is fully antisymmetric. We perform a

change of coordinates z 7→ x such that K Casimir invariants of the Poisson bracket are

x3, . . . , xN and the Poisson matrix is transformed into the form (9). We compute

{x1, x2, x3, . . . , xκ+2} = λ̃1,2,3,...,κ+2 (x) = {x1, x2} = +1.

As a consequence, the Nambu tensor is the Levi-Civita tensor of dimension κ + 2. Up to a

change of variables, the canonical Nambu brackets generated by Levi-Civita tensors are the

only possible bracket satisfying the fundamental identity.
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IV. EXAMPLES

A. Example for N = 3

Before proceeding to the higher dimensional (N ≥ 4) cases, we consider a case with

N = 3 given by a Poisson matrix,

J =




0 1 0

−1 0 −2q

0 2q 0


 ,

and a Hamiltonian H(z) in three variables z = (q, p, u). There is one Casimir invariant

C(z) = u− q2, and the Lie-Darboux form of the Poisson matrix,

J̃0 =




0 1 0

−1 0 0

0 0 0


 ,

can be obtained by considering the change of variables z 7→ x = (q, p, C). Since the relation

N = K+2 is satisfied, there is a tri-linear Nambu bracket with the canonical Nambu tensor

λijk = ǫijk. From this Nambu bracket and using the Casimir invariant as a Hamiltonian, we

easily deduce another Poisson bracket for the same system (see Ref. 11 for more details).

For example, for a system of a harmonic oscillator with the Hamiltonian

H(z) =
p2

2m
+ αu,

we obtain another Poisson structure with the Poisson matrix

J =




0 α − p/m

−α 0 0

p/m 0 0


 .

Here −C(z) works as a Hamiltonian, and H(z) works as a Casimir invariant. This Poisson

matrix J also reduces to the canonical symplectic matrix J̃0 in the variables x = (q/α, p,H).
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B. Example for N = 4

We consider a Hamiltonian system with the Poisson matrix,

J =




0 1 0 2p

−1 0 −2q 0

0 2q 0 4qp

−2p 0 −4qp 0




,

and a Hamiltonian H(z) in four variables z = (q, p, u, v). There are two Casimir invariants

C1(z) = u− q2 and C2(z) = v − p2. The Lie-Darboux form of the Poisson matrix,

J̃0 =




0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0




,

can be obtained by the change of variables z 7→ x = (q, p, C1, C2), Since the relation N =

K+2 is satisfied there are some noncanonical tri-linear Nambu brackets with Nambu tensors

λijk = ǫijk, if i, j, k ∈ (1, 2, 3),

λijk = −2pǫijk, if i, j, k ∈ (1, 3, 4),

λijk = 0, otherwise,

with ǫ123 = 1 and ǫ134 = 1, or

λijk = ǫijk, if i, j, k ∈ (1, 2, 4),

λijk = −2qǫijk, if i, j, k ∈ (2, 3, 4),

λijk = 0, otherwise,

with ǫ124 = 1 and ǫ234 = 1. Both Nambu tensors reduce to the canonical one:

λ̃ijk = ǫijk, if i, j, k ∈ (1, 2, 3),

λ̃ijk = 0, otherwise,

with ǫ123 = 1 in the variables x = (q, p, u, C2) and x = (q, p, v, C1), respectively. There also

exists a canonical quadri-linear Nambu bracket which writes

{A,B,C,D} = ǫijkl
∂A

∂zi

∂B

∂zj

∂C

∂zk

∂D

∂zl
,
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where ǫ is the four-dimensional Levi-Civita tensor. From this quadri-linear Nambu bracket,

the above two tri-linear Nambu brackets can be deduced as {A,B,C, C2} = {A,B,C}C2

and {A,B,C1, C} = {A,B,C}C1
, respectively.

If the Hamiltonian is given, another noncanonical tri-linear Nambu bracket can be ob-

tained as {A,H,B, C} = {A,B,C}H . For example, for a system of a harmonic oscillator

with the Hamiltonian

H(z) =
v

2m
+ αu,

we obtain another Nambu bracket with the Nambu tensor

λijk = 1/(2m)ǫijk, if i, j, k ∈ (1, 2, 3),

λijk = −2αǫijk, if i, j, k ∈ (1, 2, 4),

λijk = 0, otherwise,

with ǫ123 = 1 and ǫ124 = 1. This Nambu tensor also reduces to the canonical one in the

variables x = (q, 2mp, u,H). From these tri-linear Nambu brackets, we deduce two other

Poisson structures:

J1 =




0 α − p/m 2αp

−α 0 0 0

p/m 0 0 0

−2αp 0 0 0




,

for the Hamiltonian −C1 (and H and C2 as Casimir invariants), and

J2 =




0 1/(2m) 0 0

−1/(2m) 0 −q/m 2αq

0 q/m 0 0

0 −2αq 0 0




,

for the Hamiltonian −C2 (and H and C1 as Casimir invariants). The Poisson matrices J1 and

J2 reduce locally to the canonical symplectic matrix J̃0 in the variables x = (q/α, p,H, C2)

and x = (q, 2mp,C1, H), respectively.
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C. Example for N = 6

We now consider a system of six variables z = (q1, p1, u1, q2, p2, u2) with the Poisson

matrix,

J =




0 1 0 0 0 0

−1 0 −2q1 0 0 0

0 2q1 0 0 0 0

0 0 0 0 1 0

0 0 0 −1 0 −2q2

0 0 0 0 2q2 0




,

and a Hamiltonian H(z)11. There are two Casimir invariants C1(z) = u1 − q21 and C2(z) =

u2 − q22 . The Lie-Darboux form of the Poisson matrix can be obtained by the change of

variables z 7→ x = (q1, q2, p1, p2, C1, C2),

J̃0 =




0 0 1 0 0 0

0 0 0 1 0 0

−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.

Since N = 6 and K = 2, the relation N = K + 2 is not satisfied and we conclude that a

Nambu bracket for this system does not exist, whether it is a tri- or quadri-linear bracket.

For example, consider a three-dimensional tensor,

λijk = ǫijk, if i, j, k ∈ (1, 2, 3),

λijk = ǫijk, if i, j, k ∈ (4, 5, 6),

λijk = 0, otherwise,

with ǫ123 = 1 and ǫ456 = 1. Using this tensor we can derive the Poisson structure J, however,

this tensor does not satisfy the condition (4).

We notice that the tri-linear bracket defined by the above three-dimensional tensor λijk

satisfies the fundamental identity (1) if the two degrees of freedom (q1, p1, u1) and (q2, p2, u2)

are decoupled in the functionsD and E in Eq. (1) (see Ref. 11 for more details). For example,
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we consider a system of interacting two oscillators whose Hamiltonian is given by

H(z) =
p21
2m1

+
p22
2m2

+ α1u1 + α2u2 + µq1u2,

and choose D = H and E = C1 + C2 in the fundamental identity (1). If the interaction

is turned off, µ = 0, the identity holds, whereas if the interaction is turned on, µ 6= 0, the

identity no longer holds. Given that the system reduces to a simplified Hénon-Heiles system

H(q1, q2, p1, p2) =
p21
2m1

+
p22
2m2

+ α1q
2
1 + α2q

2
2 + µq1q

2
2,

its dynamics has two degrees of freedom and is not integrable for µ 6= 012, a further indication

that a Nambu bracket for this system does not exist.

As a side note, as in the case for N = 4, there is a Poisson structure for this system with

−C1 as Hamiltonian (and H and C2 as Casimir invariants). In order to derive it, it is easier

to move into a coordinate system (q1, p1, q2, p2, H, C2), and in these variables, it is given by

J̃1 =




0 α1 0 0 0 0

−α1 0 0 0 0 0

0 0 0 α1 0 0

0 0 −α1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




,

and it is straightforward to check the Jacobi identity in these variables. In the original

variables z, the Poisson matrix writes

J1 =




0 α1 −p1/m1 0 0 0

−α1 0 µu2 0 0 0

p1/m1 − µu2 0 p2/m2 −2q2(α2 + µq1) 2q2p2/m2

0 0 −p2/m2 0 α1 0

0 0 2q2(α2 + µq1) − α1 0 −2α1q2

0 0 −2q2p2/m2 0 2α1q2 0




.

It can also be checked that J + λJ1, where λ is constant, is also a Poisson bracket. Con-

sequently, the system with N = 6 possesses two compatible Poisson structures, and is

therefore bi-Hamiltonian. We conclude that any system which possess a Nambu bracket

is bi- (or multi-) Hamiltonian, but the converse is not true: There exists bi-Hamiltonian

systems which do not possess a Nambu bracket. In finite dimension, Nambu systems form

a subset of bi-Hamiltonian systems.
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CONCLUSIONS

For a given Poisson bracket {·, ·} with a Casimir invariant C, is there a tri-linear Nambu

bracket {·, ·, ·} such that {A,B} = {A,B,C} for all observables A and B? Here we replied

that this is only feasible if the number of Casimir invariants K and the dimension of phase

space N satisfy the relation N = K + 2. That is, there is a Nambu bracket corresponding

to the Poisson bracket only in a Hamiltonian system with one effective degree of freedom.

In this case, one of our conclusions is that locally, up to a change of variables, all Nambu

brackets are canonical, in the sense that it is trivially linked to the Levi-Civita tensor. The

constraints generated by the fundamental identity are so strong that basically there is only

one fundamental solution for the Nambu bracket, up to a local change of coordinates. This

conclusion is generalized to multi-linear Nambu brackets.
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