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Approximation of exact controls for semilinear wave and heat

equations through space-time methods

Arnaud Minch*

Abstract

We consider from the algorithmic and numerical viewpoints the exact controllability problems for
linear and semilinear heat and wave equations. We notably report on some recent iterative approaches
yielding to strongly convergent approximations of controlled solutions for semilinear equations. From
the numerical perspective, we focus on the control-then-discretize strategy where the optimality system
associated with each problem is solved within a space-time framework leading to strong convergence
approximations with respect to the parameters of discretization. The role of global Carleman type
estimates is emphasized in the robustness of the approaches. Numerical experiments in the one and two
dimensional case illustrate the results of convergence.

AMS Classifications: 35K58, 93B05, 93E24.
Keywords: Control of PDEs, Exact controllability, Numerical approximation, Space-time discretization.

1 Introduction

Approximation of null controllability problems for partial differential equations is a delicate issue. In contrast
with optimal control problems, the occurrence of a terminal constraint for the state of the equation makes the
analysis non trivial, both at the theoretical but also at the numerical level. Thus, it is by now well-know since
the pionnering works of Glowinski in the eighties that the use of standard numerical schemes for hyperbolic
equations may leads to divergent sequences of control as the discretization parameter goes to zero. This is
due to spurious discrete high frequencies generated by the finite dimensional approximation. Similarly, for
parabolic equations, the regularization phenomenon makes the approximation of controls badly conditioned
and leads to highly oscillating behaviors. On the other hand, exact controllability results for semi-linear
equations, since the pionnering works of Zuazua in the nineties, are usually based on non constructive fixed
point arguments and therefore do not lead to method of approximations.

We focus here on the approximation of null distributed controls for semi-linear wave and heat equation.

We first review some recent techniques that lead to robust numerical solution of null controllability
problems associated with linear wave and heat equations. The methods are characterized by the fact that
we reduce or approximate in finite dimension in space and time simultaneously. This is made possible by
introducing an appropriate reformulation as an equation in a space of functions depending on the spatial and
time variables which is then discretized and solved. In particular, we do not employ usual time-marching
method for the evolution equations. The well-posedness of these reformulations relies on so-called generalized
observability inequalities, also refereed to as global Carleman estimates. The methods developed here to solve
the optimality system associated with each controllability problem fall into the emergent strategy “control-
then-discretize”. In contrast with the classical reverse strategy ” discretize-then-control”, we emphasize that
it leads to robust and strong convergent approximation with respect to the parameters of discretization. It
is also notably very appropriate for mesh adaptivity.
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We also design, both for the wave and the heat case, a least-squares algorithm yielding sequences con-
verging strongly and at least linearly to a controlled solution for the semilinear equation. Each element of the
sequence is solution of a linearized controllability problem and therefore can be approximated numerically
though a robust space-time formulation.

We illustrate our results with several numerical experiments performed with the software Freefem++
(see [47]).

Notations In the sequel, Q is a bounded domain of R? (d > 1) with C*! boundary and w CC Q is a
non-empty open set. For any T > 0, we set Qr := Q x (0,T), gr :=w x (0,T) and X7 := 9Q x (0,T). The
variable y is used for the state of the equation while the control is defined in term of the variable v. Last, f
is the function defining the nonlinearity of the equation.

2 The case of the wave equation

This section is devoted to the linear and semilinear wave equation. We first recall some classical controllability
results for the linear and semilinear equation (section and section . Then, we explain how one may
construct a sequence (yx, Vg )gen converging strongly to a controlled pair for the semilinear equation, based
on a suitable linearization (section . In section we discuss some methods of numerical approximation
and we conclude with some numerical experiments in Section We mainly focus on distributed controls
although similar results are available for boundary controls.

2.1 Controllability results for the linear wave equation

The linear wave equation, completed with Dirichlet and initial conditions, reads as follows:

{atty ~Ay+ Ay =vl,+F, inQr, O

Yy = 0 on ET7 (y( 70)a aty< 70)) = (uoaul)a in .

Here, y is the state and v € L?(gr) is the control. We assume that the initial data (ug,u;) belongs
to V i= H}(Q) x L?(Q), F € L*(Q7) and A € L*>(0,T; L%(Q)). Under these assumptions, (I} possesses a
unique weak solution in C°([0, T]; H} (Q)) N C([0, T]; L?(Q2)).

The exact controllability problem for in time T is formulated as follows:

given (ug,u1), (20,21) € V, find a control v € L?(gr) such that the weak solution to
satisfies (y(-,T),0wy(-,T)) = (20, 21)-

In other terms, through the action on the open subset w of 2, we want to steer the solution from the
state (ug,u1) to the state (z9,z1). In view of the linearity of the system (), it is equivalent to reach the
zero target, i.e. take (zq,21) = (0,0) leading the so-called null controllability problem.

Using multiplier techniques, this controllability problem was solved in the eighties in [62] in the case
A =0, later generalized in [40] as follows.

Theorem 1. For any 9 € RN\Q, let Ty := {x € 9Q : (x — x0) - v(z) > 0} and let O.(Ty) := {y € R :
dist (y,To) < €} for any e > 0. Assume

(Ho) T >2max, g |z — 20| and w C O(To) NQ for some € > 0.

Then s exactly controllable in time T'.

In Theorem [1} Ty is the usual star-shaped part of © introduced in [62]. Recall that, using microlocal
analysis, C. Bardos, G. Lebeau and J. Rauch proved in [6] that, in the class of C°° domains, controllability




holds if and only if (w,T') satisfies the following geometric control condition: “every ray of geometric optics
that propagates in Q0 and is reflected on I' enters w at a time t <T”.

Using duality arguments, Theorem (1] can be deduced from an observability estimate for the adjoint
system. Thus, let us recall the following result, proved in [76] (see also [40, Theorem 2.2]):

Proposition 1. Assume that |(Ho)| holds. For any A € L>(0,T;L*(Q)) and any (¢o, ¢1) € H := L*(Q) x
H=1(Q), the weak solution ¢ to

{aﬁ¢—A¢+A¢=o, in Qr, )

¢:00nET7 (¢(70)78t¢(70)) = (¢07¢1) Z?’LQ,
satisfies the observability inequality, for some C > 0 only depending on Q) and T.

2
CHA”LOO(O,T;Ld(Q))||¢||L2(qT), (3)

[I(¢0, 1)l < Ce

The inequality is refereed as an observability inequality as the knowledge of ¢ on the subset gr of Qr
allows to observe the full system. Among all admissible controls, we usually consider, for practical purpose,
the control of minimal L?(g7) norm which is unique and depends continuously on the data as follows.

Proposition 2. Let A € L>(0,T;L%)), B € L?>(Qr) and (ug,u1), (20,21) € V be given. Assume that
holds. Then the minimal L?(qr) norm control together with the corresponding controlled weak solution
satisfy the estimate, for some constant C > 0 only depending on Q and T

CllA|?
ol 2y + 110 Bl o o.v) s0(||B||2+||<uo,u1>||v+||<zO,z1>|v)e 1A o rvion, (4)

2.2 Controllability results for a semilinear wave equation

We consider now the following system for the semilinear wave equation:

{atty — Ay + f(y) = vly, in Qr,

y=0,on Xp, (y(-,0),0:y(-,0)) = (up,u1)in Q. 5)

Here, f : R — R is a C! function such that |f(r)] < C(1 + |r|)In(2 + |r|) for all r € R and some
C > 0. There exists a unique global weak solution to (5) in C°([0,T]; Hg(2)) N C*([0,T); L3(2)) (see [18]).
Furthermore, imposing an adequate growth condition on f at infinity, the exact controllability problem has
been solved in [40]:

Theorem 2. Let zg, I'g and O.(T'y) be as in Theorem Assume that ((Ho)| holds. If f satisfies

(Hyi) limsupp, o0 % =0,

then is exactly controllable in time T .

Theorem [2| extends to the multi-dimensional case the result of [78] devoted to the one-dimensional case
under the condition limsup),|_ % = 0, later relaxed in [I3] (following [3I]) and [65]. The exact
controllability for subcritical nonlinearities is obtained in [27] under the sign condition rf(r) > 0 for all
r € R. This last assumption has been weakened in [50] to an asymptotic sign condition leading to a semi-
global controllability result, in the sense that the final data (zg, z1) must be prescribed in a precise subset
of V. In this respect, let us also mention [26], where a positive boundary controllability result is proved in
the one-dimensional case for a specific class of initial and final data and T large enough by a quasi-static

deformation approach.




The proof of Theorem [2| given in [4()] is based on a fixed-point argument introduced in [77, [78] and the
a priori estimate for the linearized wave equation with a potential. More precisely, it is shown that the
operator K : L>(0,T; L4(£2)) — L>(0,T; L4(£2)), where ye := K (&) is the solution to the linear problem

~

Oneye — Aye +ye f(§) = —f(0) + vely, in Qr, ~ f(r)— f(0) 20
ye =0, on X, f(r):= r ", (6)
(ye(+,0), Orye(-,0)) = (uo, u1), in Q, F(0) r=0

and fe is the minimal L?(gr) norm control for which (ye(-,T), ye,+(-,T)) = (20, 21) (chosen as in [61]), has a
fixed-point. The existence is obtained by using Leray-Schauder’s Theorem (in particular, under the growth
assumption it is shown that there exists a constant M = M (||ug, u1||v, |20, 21]|v) such that K maps
the ball By (o ;14(0))(0; M) into itself.

2.3 Construction of a convergent sequence of state-control pairs for the semi-
linear system : a least-squares approach

We now discuss the explicit construction of a sequence (vk)ren that converges strongly to an exact control
for . The controllability of nonlinear PDEs has attracted a large number of works in the last decades
(see [24]). However, few are concerned with the computation of exact controls and the explicit construction
of convergent approximations remains a challenge.

A first idea that comes to mind is to consider the Picard iterates (yx)ren associated with the operator
K, defined by yry1 = K(yx) for k > 0, starting from some yo € L>(0,T; L%(Q2)). The resulting sequence
of controls (vy)ren fulfills the following property: viy1 € L?(qr) is the control of minimal L?(g7) norm for
which the associated solution to

{8ttyk+1 — Ayrr + yerr Fur) = —F(0) + vpi L, in Qr,

. (7)
Yr+1 = Oa on ET? (yk+1(' ) O)a atyk—‘rl(' ; 0)) = (y07y1)a in

satisfies (yx4+1(-, 1), Owyk+1(-,T)) = (20, 21). Such a strategy fails frequently, since the operator K is not in
general a contraction, even if f is globally Lipschitz-continuous. We refer to [7] for a numerical evidence of
the lack of convergence (see also [35] in a similar parabolic context).

A second idea is to use a method of the Newton kind to find a zero of the C'! mapping F:Y W,
defined by

F(y,v) = (%y — Ay + f(y) —vle,y(-,0) —ug, 0y(-,0) —u1,y(-,T) — 20, Opy(-, T) — Z1> (8)

for some appropriates Hilbert spaces Y and W. Thus, starting from (yo, fo) € Y, for each k > 0 we set
(Yk+1,Vk41) = (Y, vk) — (Yi, Vi) where Vj is the control of minimal L?(g7) norm such that the solution to

{attyk =AYy + (k) Yo = Vi Lo + Oueyr — Ay + f(ye) — v6le, in Qr,

. 9)
=0 on X7, Yi(-,0)=wuo—yx(-,0), & Yr(-,0) = us — Oyx(-,0) in Q

satisfies Yi(-,7T) = —yi(-,T) and 0 Yi(-,T) = —0wyr(-,T). This makes appear an operator Ky with
Yk+1 = Kn(yk), involving the derivative of f. As is well-known, the resulting sequence may fail to converge
if the initial guess (yo, vo) is not close enough to a zero of F' (see [35], where divergence is observed numerically
for large data).

Given any initial data (ug,u;) € V', under assumptions on f that are slightly stronger than we can
design an algorithm providing a sequence (yg, vk )ren that converges to a controlled pair. Moreover, after
a finite number of iterates, the convergence is super-linear. This is achieved by introducing a least-squares
functional that measures how much a pair (y, v) is close to a controlled solution for and, then, determining
a particular convergent minimizing sequence. Following [7, [71], we define the Hilbert space

H={(y,f) € L*(Qr) x L*(ar) : y € C°([0,T]; Hy(2)) N C'([0,T]; L*(Q)), ey — Ay € L*(Q1)},



which is endowed with the scalar product
((v,0), @ F)n = (.9 r2@r) + ((W(-,0),0y(-, 0)), (H(-,0),07(-, 0)))
+ (Ony — Ay, 0u¥ — AY)12(Qr) + (V,0) 12(gr) -
We then define the non-empty linear manifold

A = {(yvf) eH: (y( 7O)aaty(' 70)) = (UO,U,l), (y( 7T)7aty(' aT)) = (Z(),Zl)}

and the associated space

AO = {(yvf) S (y( 70)aaty(' ,0)) = (an)v (y( 7T)aaty(' 7T)) = (070)}

and consider the following non-convex extremal problem of the least-squares kind

. 1 2
(y}qgfeAE(y,v)v E(y,v) := §H8uy Ay + ) vl g, (10)

The functional E is well-defined in A. In fact, there exists C' > 0 such that E(y,v) < C(1+ ||(y,v)|3,)
for all (y,v) € A.

Main properties of the functional £ The functional E is differentiable over A. Moreover, it is shown
in [7] the following inequality.

Proposition 3. Assume that|(Ho)| holds. There exists C = C(w,Q,T) > 0 such that for any (y, f) € A,

7 2
VEwv) < c(l + ||f'<y>||Loo<o,T;Ls<m))ec”f Wlzee 0 rint ) | B (g, v)| 4g- (11)

Consequently, any critical point (y,v) € A of E such that || f'(y)|| L (0,1;23()) is finite is a zero for F,
i.e. a solution to the controllability problem and any sequence (yx, vk )r>o0 satisfying || E”(y, vx)|l.a; — 0 as
k — oo for which || f'(yr)l| £ (0,7;23()) is uniformly bounded is such that E(yx,vx) — 0 as k — oo.

This property does not imply the convexity of the functional E (and a fortiori the strict convexity of E,
which actually cannot hold in view of the possible multiple zeros for E). However, it shows that a minimizing
sequence for E¥ cannot be stuck in a local minimum. In order to construct a minimizing sequence for E, we
formally look, for any (y,v) € A, for a pair (Y, V1) € Ay solving the following linear wave equation

{attyl — AY!? T f/(y) Yl = Vllw + (8tty — Ay + f(y) —v L,J), in QT7 (12)

Y'=0o0nXp, (Y!(-,0),0;Y'(-,0)) = (0,0), in Q.

Since (Y1, V1) belongs to Ag, V! is a null control for Y. Among all the controls of this linear equation, we
select the control of minimal L?(gr) norm. In the sequel, we call the corresponding solution (Y, V1) € Ag
the solution of minimal control norm. Then the derivative of E at (y,v) € A in the direction (Y, V1)
satisfies E'(y,v) - (Y1, V1) = 2E(y,v) which allows to define a minimizing sequence for E.

Given f € CY(R) and p € [0,1], we introduce the following hypothesis:

() ()= sup LOTON o

a,beR |a — blP
* ] p

ab
where C' > 0 (only depending on 2 and T') is the constant appearing in Proposition [2| The following result
from [7] provides a constructive way to approximate a control for the nonlinear wave equation .

Given any p € [0, 1], we set




Theorem 3. Assume that (w,T) satisfies|(Ho)l Also, assume that f satisfies|(H, )| for some p € [0,1] and
(Hy) There exists a >0 and B € [0, 8*(p)) such that |f'(r)] < a+ BIn'/2(1 +|r|) for every r in R

if p € (0,1] and
(Hs) VIC|flooe®I 119" <1

if p= 0. Then, for any initial and final data (ug,u1) and (z0,21) in 'V and any starting (yo,vo) € A, the
sequence (Yg, Uk )ken defined by

(y()vUO) € Av
(yk-‘rhvk—‘rl) = (ykavk) — Ak(}fk:17‘/*]cl)a k € N7 (14)
Ak = argmm/\e[o’l]E((yk, Vg) — /\(Yk17 Vkl)),

where (Y}, Vi}) € Ag is the solution of minimal control norm of

{3ttYk1 — AY, + f'(yr) - Y = Vit Lo + (Ouyr — Ak + f(yk) — vely) in Qr, (15)

Yi=0o0n3r, (Yi(-,0),0:Y(-,0)) = (0,0), in Q

strongly converges to a pair (,v) € A satisfying and the condition (y(-,T),0wy(-,T)) = (20,21), for all
(ug,u1), (20,21) € V.. Moreover, the convergence is at least linear and at least of order p + 1 after a finite
number of iterations.

Theorem [2| was established in [40] by a nonconstructive Leray-Schauder fixed-point argument. In turn,
Theorem [3| provides a new proof of the exact controllability of semilinear multi-dimensional wave equations
which is moreover constructive, with an algorithm that converges unconditionally at least with order p + 1.

Remark 1. The asymptotic condition on f’ is slightly stronger than the assumption made
in [40]: this is due to our linearization of (), which concerns f’, while the linearization in [40] involves
r — (f(r)— f(0))/r. There exist cases covered by Theorem [2| but not by Theorem |3| Note however that the
particular example f(r) = a+ br + ¢ In*/?(1 4 |r|) with a,b € R and ¢ > 0 small enough (which is somehow

the limit case in Theorem |2|) satisfies as well as for any p € [0,1].

Remark 2. Defining F' : A — L2(Qr) by F(y,v) := (Ouy—Ay+f(y)—v 1,,), we have E(y,v) = 3|/ F(y, v)]3
and we observe that, for A\, = 1, the algorithm coincides with the Newton algorithm associated with
the mapping F (see @D) This explains the super-linear convergence property in Theorem |3} in particular
the quadratic convergence when p = 1. The optimization of the parameter A\, leads to a global convergence
property of the algorithm and leads to the so-called damped Newton method applied to F'. For this method,
global convergence is usually achieved with linear order under general assumptions (see for instance [28|
Theorem 8.7]). As far as we know, the analysis of damped type Newton methods for PDEs has deserved
very few attention in the literature. To this respect, we mention [58| [74] in the context of fluids mechanics.

2.4 Numerical approximation of exact controls for the wave equation

We now discuss the approximation of exact controls for the wave equation. According to the previous section
and Theorem [3| a convergent numerical approximation of controls for the linear wave equation allows to
construct a convergent numerical approximation of controls in the semi-linear case as well. We therefore
focus on the linear situation.

For simplicity, we assume that the target (zp, z1) vanishes and look for an approximation of the control
of minimal L2-norm solution of

inf J J(v) = |v]|}
UEC(LIg,ul,T) (U)7 (v) ”vHLZ(qT)




where C'(ug, u1,T) denotes the non empty convex set of controls. Applying the Fenchel-Rockafellar duality
theory, the control of minimal L?(gr) norm can be expressed by v = ¢1,,, where ¢ solves with initial
data (¢o, ¢1) € H and (¢o, ¢1) solves the following extremal problem

inf J*(¢o, ¢1), J*(¢o,¢1)1=} 01+ | Fo+{(1,u0) m-1(0), 11 (@) — (Do, u1) L2(0)- (16)
(¢0,01)€H 2 Jor Qr 0

Here, J* is the so-called conjugate functional associated with J(v). The observability inequality for
the variable ¢ leads to the well-posedness of this extremal problem. Compared with the initial minimisation
of J over exact null controls for , this equivalent problem does not make appear any terminal constraint
and therefore can be solved through an iterative descent method: the conjugate gradient algorithm is usually
employed (we refer to [44]) since the so-called HUM operator related to J* is coercive.

However, at the finite dimensional level (induced by the numerical approximation in time and space),
(2) can not be in general solved exactly: in other words, L¢ is not exactly zero what makes irrelevant the
observability inequality . At least, two possibilities appear in order to bypass this difficulty. The first
one is to first reformulated the controllability problem at the finite dimensional level leading to so-called
discretize-then-control strategy.

The discretize-then-control strategy A possible strategy is to first discretize (b)) and then determine a
discrete control of minimal L?(g7) norm by minimizing the associated discrete functional J}, where h stands
for the discretization parameter. This has been the subject of numerous works and extended to many others
PDEs, starting from the seminal contribution of Glowinski and Lions [44]. The experiments performed in [44]
in the two-dimensional setting reveals that the convergence of the approach is very sensitive to the chosen
approximation. Thus, if standard time marching methods based on centered approximation is used coupled
with standard finite element approximations, the associated observability constant may not be uniformly
bounded with respect to h, leading to a divergence of the discrete family of controls (vy)pso as h tends
to zero. In practice, the conjugate gradient algorithm fails to converge as the discretization becomes finer.
As conjectured in [44] and later analyzed (see [79] for a review), this is due to spurious high frequencies
discrete modes which are not exactly controllable uniformly in h. This pathology can easily be avoided in
practice by adding to the conjugate functional a regularized Tikhonov parameter, but this leads to so called
approximate controls, solving the control problem only up to a small remainder term:

||yh('vT)ﬂatyh(VT)HHg(Q)XL?(Q) < O(ha)7 Vh >0

where the real « is related to the order of the numerical scheme. This is sufficient for the applications but
not completely satisfactory from an theoretical viewpoint. That is why several cures aiming to filter out the
high frequencies have been proposed and analyzed, mainly for simple geometries (1d interval, unit square
in 2d, etc) with finite differences schemes. The simplest, but artificial, approach is to eliminate the highest
eigenmodes of a discrete approximation of the initial condition as discussed in one space dimension in [66],
and extended in [63]. We mention spectral methods initially developed [8] then used in [55]. We also mention
so called bi-grid method (based on the projection of the discrete gradient of J* on a coarse grid) proposed in
[45] and analyzed in [64, [49] leading to convergence results. One may also design more elaborated discrete
schemes avoiding spurious modes: we mention [43] based on a mixed reformulation of the wave equation
analyzed later with finite difference schemes in [16], [I7, 3] at the semi-discrete level and then extended in [68]
to a full space-time discrete setting, leading to strong convergent results. For instance, in [68], the following
scheme

1
Dat(ya,,a.) — Paz(ya,,a,) + Z(A? — A2)Dpr(Dat(ya,.n,)) =0

is proved to be uniformly controllable with respect to the discretization h = (A, A;) as it leads to a discrete
family of controls converging strongly to a control for the wave equation as soon as the controllability T is
large enough such that T > 2max(1,A?/A2) (see [68, Theorem 2.8]). Here, D, (z) stands for the standard



operator
—9 _
Dy(e)(w) = XEFW 2@ T@ ) g g gy s
n
usually associated with the centered approximation of order two of the second derivative of any function

smooth function z.

The above previous works, notably reviewed in [79] [34], fall within an approach that can be called
“discretize then control” as they aim to control exactly to zero a finite dimensional approximation of the
wave equation. A relaxed controllability approach is analyzed in [I2] using a stabilized finite element method
in space and leading for smooth two and three dimensional geometries to a strong convergent approximations
(we refer to [12], Theorem 2.1]). The controllability requirement is imposed via appropriate penalty terms.
We also mention [73] based on the Russel’s stabilization implies control principle, extended in [23] and [46), 2]
for least-squares based method.

The control-then-discretize strategy A second strategy allowing to bypass the issue of approximating
the constraint L¢ = 0 is somehow to relax it by keeping the variable ¢ as the main variable into a space-time
formulation. This leads to a “control-then-discretize” procedure, where the optimality system associated with
problem mixing the boundary condition in time and space and involving the primal and adjoint state
is discretized within a priori a space-time approximation. The well-posedness of such system is achieved by
using so called global or generalized observability inequalities (usually refereed to global Carleman inequality
for parabolic situation).
To this purpose, we keep ¢ as the main variable and introduce the Hilbert space

¢ = {¢ € L*(Qr);¢ € C((0,T]; L*(Qr)) N CH([0,T); H™H(Q), Lo € L*(0,T; H'(Q)) },

endowed with the inner product < ¢,¢ >e=< ¢,é >r2gr) T < Lo, Lo > 12(0,TH-1(R)),L2(0,T;H-1 ()
Recall that L¢ stands for Lo := 00 — Ad+ Ap. We also introduce the subspace W := {¢ € ®, Lé = 0} and
remark that is equivalent to the extremal problem mingew J*(¢) (using that ¢ is uniquely determined
from (¢, 1) € L?(Q) x H~1(£2)). Since ¢ is now the main variable, we may address the linear constraint
L¢ = 0 through a Lagrange multiplier A € M := L?(0,T; H}(Q)), leading to the following equivalent saddle
point problem for any augmentation parameter r > 0

T
. . T
sup inf £,(6,A), Ly(¢,A):=J (¢)+/ </\vL¢>Hé(ﬂ),H*1(Q)+§HL¢”%2(O,T;H*1(Q)) (17)
AEL2(0,T, HE () €2 0

and the following mixed formulation: for any r > 0, find (¢, \) € ® x L?(0,T; H}(Q)) such that

ar(¢, @) + (A, @) = 1(0), Vo € @, (18)
b(A, ¢) =0, VX € LA(HL(Q),
with
a :®X® =R, a(p,¢):= / ¢$+/ Fo+r < Lo, Lo >12(0151-1(9),L2(0,T5H-1 ()
qr T
’ (19)
b: Mx®— R, b(>\,¢) = <\, Lo >H8(Q)7H71(Q),
0
[:® =R, W) =< 1,10 >H-1(0),m11(0) — < P0, U1 >L2(0) -

It turns out that the Lagrange multiplier coincides with the controlled solution of the wave equation.

Theorem 4. [15] Assume that|(Hg)| holds.

1. The mized problem is well-posed and its unique solution (¢, \) is the unique saddle-point of the
Lagrangian L.

2. The optimal ¢ is the minimizer of J* over ®, while the optimal multiplier X is the state of the controlled
wave equation in the weak sense (associated with the control ¢1,,).




The fundamental tool used to prove the well-posedness and notably the continuity of the linear form [ is
the following generalized observability inequality:

l6(-,0,), 0ee(-, 0) |3 < C(Q, T, | All o (0,74 Q)))(||¢L2(qT> + [1Loll L2031~ 1(9))) Voed, (20

which can be easily deduced from using the linearity of the equation (we refer for instance to [19]).
This allows to relax the constraint L¢ = 0, which is rarely satisfied at the finite dimensional level. With
respect to (3)), the main interest of is that it remains true for any finite dimensional subspace ®, C ®
parametrized with h > 0 (with a constant independent of h). In other words, there is no need to prove any
uniform property for some discrete observability constant.
The well-posedness of is based on two properties (that should be preserved at the finite dimensional
level):
(i) The coercivity of the bilinear form a over the kernel Ker (b) = {¢ € ®,b(), ¢) =0, VA € M} of b and
(ii) The inf-sup property for b:

b(A, d)
35 > 0 s.t. 1nf sup ————— >
Mgea [Al|mlldlle

Let T = {Tn,h > 0} be family of regular triangulations of the space-time domain Q7 such that Q7 =
UkeT;, K. The family is indexed by h = maxger, |K|. The coercivity property of the bilinear form a remains
true over ®; x ¥, for any finite dimensional subspace ®;, C ® as soon as the augmentation parameter r is
strictly positive.

On the other hand, a discrete inf-sup property, uniformly with respect to the parameter h, is in general
more delicate to obtain as it depends strongly on the discrete spaces My, and ®;, used. For instance, if we
define M, = {p,, € C(Qr); (ph)‘K € Py (K),VK € T} where P,(K) denotes the space of polynomials of
degree 1 and ®;, = {py € C*(Qr); (pn)x € HCT(K),YK € T,} where HCT denotes the Hsieh-Clough-
Tocher composite finite element (see [21]), we numerically observe (by the inf-sup test, see [20]) that a discrete
inf-sup property hold true when the parameter r is of order of h2. This leads in practice to a convergent
approximation of the control of minimal L?(g7) norm. Remark that a C! element is used in order to ensure
that Lgy, belongs to L?(Qr) for any ¢, € ®j,. The theoretical study of the behavior with respect to h of
infiem,, SUPyea, m is in general a difficult question. This is a fortior:i true here since the constraint
L¢ € L*(Qr) implies second derivates in time and space and involves C! finite element. Hopefully, one may
avoid it by stabilizing the mixed formulation with respect to the variable A (see the seminal work [5]): this
consists in adding to the Lagrangian some terms so as to get a coercivity property for the variable A as well;
this is notably employed in [67] devoted to the approximation of boundary control for the wave equation,
preliminary reformulated as a first order system. This reformulation as first order system requires, within
a conformal approximation, only C° finite element (but need to be stabilized whatever be the value of the
augmentation parameter).

Stabilization technics may also be employed in the context of non-conformal approximations. In this
respect, let us introduce V;! = {pn € C(Qr); (pn)|x € Pg(K),VK € T} and consider the discrete Lagrangian
Ly : VP x VI - R, given by

h2
Ln(6n,Mn) = J*(6n) + - ILdn 2 + Z/ Buin]l? + h-! zfﬁi

KeT

h? -
+/ (=00 An + VRV ) — o Z / [0, AR])? _?HL)\}L_QS}LLUHQL?(QT)_}]’ 1/2 Xs

KeT

where [[0,¢1]] denotes the jump of the normal derivative of ¢, across the internal edges of the triangulation.
The terms h?|| Lo 12(Qr) and —h?|| LA, — ¢p 1 H%Q(QT) play a symmetric role. Both vanish at the contin-
uous level. On the other hand, the jump terms somehow aim to control the regularity of the approximation.



The discrete Lagrangian £, admits a unique saddle-point. The well-posedness is based on a variant of the
generalized observability inequality (20, where the L*(0, T; H~*(€2)) norm of L¢ is replaced by the H*(Qr)
norm. Moreover, if the saddle-point (A, ¢) of £, is smooth enough, then the following approximation result
holds true (we refer to [T}, section 2] and also [I0] in the closed context of data assimilation problems):

Theorem 5 ([11]). Assume that holds. Let p,q > 1 and h > 0. Let (A, ¢n) € Vi x V;! be the saddle
point of Ly, and assume that the saddle point (\, ¢) of L, belongs to HPTY(Qr) x HItY(Qr). Then, there
exists a positive constant C independent of h such that

Ix(¢ = on)llL2@ry < C(RPllull artr(@ry + RISl Ha1 Q1)) (21)

where x is a cut-off function of the form x(x,t) = xo(x)x1(t), with xo € C§°(w), x1 € C§°(0,T).

The regularity assumption on the optimal pair (A, ¢) notably holds true if the initial data (ug,u;) to
be controlled are smooth and satisfy compatibility conditions at 9Q x {0} (we refer to [33]). Numerical
illustrations are given in the next section.

To end this brief review on the control-then-discretize approach, we emphasize that, in order to avoid
the delicate issue of the inf-sup condition, we can alternatively consider a cost that involves both the control
f and the state y. Note that the minimizer of the functional (y, f) = J(y, f) = |yll72(gp) + 1f 17240 I8
given by y = —L¢, v = ¢ 1,,, where ¢ € @ solves

ar:1(¢7 6) =< ata( ) 0)7”0 >H_1(Q),H3(Q) - < g( ,0),’(},1 >L2(Q)a V@ € <I>7 (22)

a well-posed problem in view of the generalized inequality . If a conformal and dense finite element
approximation space ®;, C ® is employed, Cea’s Lemma yields a,—1(¢n — ¢, ¢ — ¢) — 0 as h — 0 and a
strong convergent approximation ¢,1,, of a control for is obtained.

Once ¢y, is computed from the fourth-order in time and space elliptic problem , an approximation of
the controlled solution is defined by yp := —L¢y,. We refer to [22] where this method is fully analyzed for
the one-dimensional wave equation with C1(Qr) coefficients.

It is also interesting to point out that the control-then-discretize approaches is notably well-suited for
mesh adaptivity. We mention a growing interest for space-time (finite element) methods of approximation
for the wave equation, initially advocated in [48] and more recently in [53], [1], [30], [29], [75].

In the next section, we provide some numerical illustrations of this space-time approximation.

2.5 Numerical illustrations

In order to illustrate the previous sections, we briefly discuss two numerical experiments.

The first one is devoted to the approximations of boundary controls for the wave equation in the one-
dimensional case (see [11} [10] for more details). For simplicity, we take A =0 and F =0 in (1). We consider
a stiff situation with discontinuous initial conditions: (ug,u1) = (421(g,1/2),0) for € Q := (0,1). The
corresponding control of minimal L?(I") norm with I' = 1 x (0,7 = 2) is given by v(t) = 2(1 — t)1(1/2,3/2)(t)
leading to ||v||r2(0,7) = 1/V/3. The corresponding controlled solution is explicitly known:

4z 0<zr+t< %,
y(z,t) =4 2@ —1t) —3<t—-xz<3, z+t>4, (23)
0 elsewhere,

leading to ||y||r2(q,) = 1/V/3. Observe that |yl 12(Qz) = vl r2(0.1)-
The initial condition of the corresponding adjoint solution is (¢o, ¢1) = (0, =2z 1 1/2)(x)) € H* () x
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H°(Q), which gives:

—2zt O§x+t<%, xz>0,t>0,
et 1 lepgitped logpot<al
d(z,t) =< 2(x—1)(1 —1) S<au+4t, —f<a—t, (24)
(z+t-2)% | 1 3 5 3 1
2x(2 — t) r—t< -3

In particular, we check that 0,¢(z,t)j,—1 = 2(1 — 1) 1(1/2,3/2)(t) = v(t).

Both ¢ and y develop singularities (where y and V¢ are discontinuous). Figure [I{ depicts the evolution
of [|0,én(1,-) — vlL2(0,1)/ IVl L2(0,7) With respect to the discretization parameter h, leading to a rate of
convergence close to 1/2. Let us also emphasize that the space-time discretization formulation is very well
appropriated for mesh adaptivity. Using the P! x P? approximation, Figure left (resp. right) depicts
the mesh obtained after seven adaptative refinements based on the local values of gradient of the variable
¢n (resp. Ap). Starting with a coarse mesh composed of 288 triangles and 166 vertices, the final mesh is
composed with 13068 triangles and 6700 vertices.

10° !
3
0.75}
1
Tz 05}
——(p,q) = (1,1)
—4-(p,q) = (1,2) 0.25+
(r,q) = (2,3)
- (p,q) = (2,2)
10-1 —£-(p,q) = (3,3)
-2 - -1 0 + * :
10 h 10 0 0.25 0.5 0.75 1

Figure 1: Relative error on the approximation of the 1

boundary control |0,¢x(1,-) — v| L2,/ vl L2(0,1)

Fi 2: trol d i Q= 1)? (black
with respect to h for different approximations. sure Control domain w C (0,1)% (blac

zone).

The second experiment illustrates Theorem [3| devoted to a semi-linear situation in the two dimensional
case for which Q = (0,1)? (we refer to [7] for more details). The controllability time is equal to T = 3 and
the control domain w is depicted in Figure |2 Moreover, for any real constant ¢y, we consider the nonlinear
function f(r) = —cfrln1/2(2 + |r]), for all » € R. Note that f satisfies forp=1 and for |cy|
small enough.

Remark that the unfavorable situation (for which the norm of the uncontrolled corresponding solution
grows) corresponds to strictly positives values of c¢;. As for the initial and final conditions, we take (ug,u1) =
(100 sin(71) sin(mz2),0) and (2o, z1) = (0,0), respectively. The minimization of J} is performed with the
Polak-Ribiere conjugate gradient algorithm. We employ a regular triangulation with fineness A, = 1/64
and a time step equal to A; = A, /3, in order to satisfy the CFL condition arising from the explicit scheme
with respect to the time variable.

Table [I} Figures 4] and [5| show the results obtained for ¢y = 10. The convergence is observed after 4
iterations. The optimal steps A, are very close to one. The main difference with lower values of ¢; (for
instance ¢; = 5) is the behavior of the uncontrolled solution, which grows exponentially with respect to the
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Figure 3: Locally refine spacetime meshes with respect to ¢, (Left) and A;, (Right).

time variable, as shown in Figure E} As expected, this large value of c¢ induces a large gap between the
nonlinear and the linear controls.

We observe that the nonlinear control v* — the limit of the sequence (vg)ren — acts stronger from
the beginning, precisely in order to compensate the initial exponential growth of the solution outside the
set w. We also observe that the control reduces the oscillations of the corresponding controlled solution (in
comparison with the solution to the linear equation). The effect of the nonlinear control on the system is
measured through the relative error Ep := % where y(-,T,v*) (resp. y(-,T,0)) is the solution
at time T of with control equal to v = v* (resp. v = 0). We obtain &7 ~ 5.83 x 107°. Larger values
of ¢f such |cf| > 40 yields to first values of the sequence {A;}ren far from one (as observed in [59] for the
solution of the Navier-Stokes system with large values of the Reynolds number).

: lye—yr—1ll 2 Hkavk—lﬂjp(q )
fiterate k 2E(yx, vk ||yk_1\|L2iQ<TQ)T> ”Uk—1HL2(:T)T H?JkHLz(QT) ||Uk||L’;‘<(qT) Ak
0 7.44 x 102 - - 38.116 732.22 1
1 1.63 x 102 1.79 x 10° 9.30 x 1071 58.691 667.602 1
2 1.62 x 10° 8.42 x 1072 1.41 x 1071 60.781 642.643 1
3 1.97 x 1073 1.21 x 1073 4.66 x 1073 60.745 643.784 1
4 5.11 x 10~10 6.43 x 1077 2.63 x 1076 60.745 643.785 -

Table 1: ¢y = 10; Norms of (y,vr) with respect to k defined by the algorithm .

12




75 . . , . . 750
50 ! 500t
25+ ] 250t
0 - : - - - 0] : - : - -
0 0.5 1 1.5 9 2.5 3 0 0.5 1 1.5 2 2.5 3
t t

Figure 5: ¢y = 10 — Evolution of [[va(-,t)[[r2 ) (=),

Figure 4: ¢, = 10 — Evolution of |ly4(-,t)||r2(q) (=),
and [[vo(-,8)|| 22 (w) (=) w.r.t. t.

190 D)l L2 () (=) and [ly(- £ 0)[[L2(a) (==) w.rt. ¢,

3 The heat equation

In this section, we consider the heat equation, both in linear and semilinear regime and highlight that space-
time approaches also lead to robust numerical approximation of exact controls. The approach is similar
with the notable exception that it involves singular in time Carleman weights, in the framework proposed
by Fursikov and Imanuvilov in [41]. This third section follows the same outline than the previous one.

3.1 Controllability results for the linear heat equation

As a preliminary step for a semilinear situation, we recall some controllability results for the linear heat equa-
tion with potential A € L>(Q7) and right hand side B € L?(po s, Qr) for a precise weight pg s parametrized
by s € R%, that is defined in the sequel. More precisely, we are interested in the existence of a control f
such that the solution z of

Oz —Az+Az=vl, +B in Qr, (25)
z=0on Xp, 2(-,0) =2 in Q
satisfies
2(+,T) =01in Q. (26)

We follow the usual strategy of [41] to construct a solution of the null controllability problem, using
Carleman type estimates. Instead of using the classical estimates of [41], we use the one in [4] for which it
is easier to deal with non zero initial data as the weight function does not blow up as ¢ — 0. For any s > 0,
we consider the weight functions ps = ps(z,t), po,s = po,s(z,t) and p1,s = p1,s(x,t) which are continuous,
strictly positive and belong to L*°(Qr_s) for any 6 > 0. Precisely, we use the weights introduced in [4]:
Po,s = 5*3/2/)5, Pls = £ 1ps, p2,s = 5*1/2;)5, P35 = 51/2p5 where ps and & are defined, for all s > 1
and A > 1, as follows:

palat) = exp (sp(a.1)),  €(x,1) = 0() exp(Md(x)), (27)
with 6 € C?([0,T)) such that #(0) =1 and 6(t) = (T'— )" for all t € [T — Ty, T) with 0 < T} < min(}, 2L)

and ¢ € C1((0, 7)) is defined by (x,t) = 6(t) (A exp(12)) — exp(A(x))) with § = ¢ + 6, where ¢ € C1(Q)

satisfies zZ € (0,1) in Q, {/}v = 0 on 0N and |V1;(£L’)| > 0 in Q\w. We emphasize that the weights blow up
ast— T~ but not at t = 0 and pg (2,t) = E3/2(2,t)ps(,t) > /%% for all (z,t) € Qr.
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3.1.1 Carleman estimates

The controllability property for the linear system is a consequence of the following Carleman estimate,
written to simplify in the one dimensional case :

Lemma 1. Let Py := {q € C*(Q7) : ¢ =0 on Sr}. There exist \o > 1 and so > 1 such for all A > X\g
and for all s > max(||A||i/£(QT), s0), the following Carleman estimate holds

[ r2 @10 + 28 [ G2 @O +53 [ pZiowml+ 50t [ piZipl
Q Q Qr Qr (28)
< C/ s _6tp_8xacp+Ap|2+053>‘4/ pozlp?, Vp € Py

T qT

This estimate is easily deduced from the one obtained in [4, Theorem 2.5] devoted to the case A = 0. In the
sequel we assume that A\ = A\g and denote by C' any constant depending only on Q, w, A\g and T. We then
define and check that the bilinear form

(p.q)p ::/ ﬂZQLﬁpL2q+S3/\3/ Po.Pq
T qT

where L% q := —0;q — Oysq + Aq for all ¢ € Py is a scalar product on Py (see [36]). The completion P of
P, for the norm || - || p associated with this scalar product is a Hilbert space. By density arguments, (28)

remains true for all p € P, that is, for A = A,

T

/Q P72(0)[0ap(0)]2 + s2A3eM N /Q p2(0)|p(0)? + sA2 /Q p3210pI? + 5N / 2l < Clpl (29)

for all s > max(||A||2L/£(QT), s0). This inequality leads to the following result.

Lemma 2. Let s > max(||AHi/£(QT), s0). There exists a unique solution p € P of

(P, q)p = / 20q(0) + [ Bgq, VYqe€P. (30)
Q Qr

This solution satisfies the following estimate (with ¢ := ||o(+,0)| L))

pllp < 05_3/2(||P0,s Bllr2(0s) + €20/l L2(0))- (31)

3.1.2 Application to controllability

Following closely [41], the previous lemma implies a controllability result for the linear system

Theorem 6. Assume A € L>=(Qr), s > max(HAHi/i(QT),so), B € L*(po,s, QT) and zo € L*(Y). Let p the
solution of , Then, the pair (z,v) defined by

2=p2Lhp  and v =—5°A3pgplar (32)
s a controlled pair and satisfies the following estimates
llos 2ll2(@r) + 572252 1p0,s vl z2ary < O35~ (llpo,sBllr2(@r) + €120/l L2(@) (33)

with ¢ == ||¢(+,0)|| Lo (q)
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We refer to [38] for an estimate of the null control of minimal L?(g7) norm (corresponding to pg = 1 and
p = 0) in the case B = 0. Thus, the resolution of leads in practice to a control for the linear problem.
Moreover, following [41], it is not difficult to check that the functions z and v defined in can also be
characterized as the unique minimizer of the functional J defined as
3y4
5°A 1
Tew) =30 [ @ [ ool (34)
Qr qr
over the set {(z,v) : psz € L*(Qr), po,sv € L*(q7), (2,v1,) solves (25)-(26) in the transposition sense}.
Before to discuss the numerical approximation of controls, we explain in the next section, how we can
construct, using the estimate of Theorem @, convergence sequence of controlled pair in semilinear situation.

3.2 Controllability results for the semilinear heat equation

We now consider the null controllability problem for the following system for the semilinear heat equation:

{@y ~Ay+ fly)=vl, in Qr

) 35
y=0 on X, y(',O):uo in ( )

with ug € L?(Q), v € L*(Qr) and f : R = R. Recall that if f is locally Lipschitz-continuous and satisfies the
condition |f'(r)| < C(1+|r[**9) for all » € R, then possesses exactly one local in time solution. Moreover,
in accordance with the results in [I9, Section 5], under the growth condition |f(r)] < C(1 + |r|1n(1 + |r|))
for all » € R and some C' > 0, the solutions to are globally defined in [0, 7] and one has

y € C°([0,T]; L*(Q)) N L*(0, T Hy (%2)). (36)

Without the above growth condition, the solutions to can blow up before ¢t = T'; in general, the blow-up
time depends on f and the size of |lug||z2(q). We refer to [52] and to [42 Section 2 and Section 5] for a
survey on this issue.

System is said to be ezactly controllable to trajectories at time T if, for any ug € L2*(2) and
any globally defined bounded trajectory y* € C°([0,T]; L?(2)) (corresponding to data u} € L*(Q) and
f* € L*(qr)), there exist controls f € L?(gr) and associated states y that are again globally defined in [0, 7]

and satisfy and
y(@,T)=y" (2, T), z€Q. (37)

As for the wave equation, the uniform controllability strongly depends on the properties of the nonlinear
function g. Assuming a growth condition on the nonlinearity g at infinity, this problem has been solved by
Ferndndez-Cara and Zuazua in [39]:

Theorem 7. LetT > 0 be given. Assume that admits at least one solution y*, globally defined in [0, T
and bounded in Qr. Assume that f: R+ R is C! and satisfies |f'(r)| < C(1 + |r|**?) for every r € R. If

(Hy) limsup —|f(r)| =

7| =00 |7"|ln?’/2 7| -

J

then is exactly controllable to y* in time T.

Therefore, if |f(r)| does not grow at infinity faster than |r|In”(1 + |r|) for some p < 3/2, then is
controllable. On the contrary, if f is too “super-linear” at infinity (specifically if p > 2), then for some
initial data the control cannot compensate the blow-up phenomenon occurring in Q\w (see [39, Theorem
1.1]). The problem remains open when f behaves at infinity like |r|In?(1 + |r|) with 3/2 < p < 2. In [54],
Le Balc’h has proved the uniform controllability for p < 2 assuming that 7T is large enough and imposing
sign conditions on f, notably that f(r) > 0 for » > 0 or f(r) < 0 for » < 0 (a condition not satisfied
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for f(r) = —r In”(1 + |r|). Another interesting reference is [25], where a positive boundary controllability
result is proved for a specific class of initial and final data and T large enough.
Theorem [7] is deduced in [39] from a null controllability result corresponding to the null trajectory, i.e.
y* = 0 corresponding to v* = 0,uf§ = 0 and assuming f(0) = 0. The proof of given in [39] is based on a fixed-
point method, initially introduced in [78] for a one-dimensional wave equation. Precisely, it is shown that
the operator A : L>®(Qr) — L*°(Qr), where y := A(z) is a null controlled solution of the linear boundary
value problem B
oy —Ay+yf(z)=vl, in Qr Fir) = fr)/r r#0 (38)
0 r=0
maps a closed ball B(0; M) C L*°(Qr) into itself, for some M > 0. Then, Kakutani’s Theorem provides

the existence of at least one fixed-point for the operator A, which is also a controlled solution for . The
control of minimal L (gr) norm is considered in [39] leading to controlled solution in L>°(Qr).

y=0onXr, y(-,0)=uy in Q

3.3 Construction of two sequences converging to a controlled pair for (35|

We now explain how we can design sequences (yx, vg)ren converging to a controlled pair for . The
motivation, difficulties and ideas are very similar to the ones explained in Section dedicated to the wave
equation. The arguments for the heat are however a bit more technical since singular Carleman weights
appear in the various estimates.

As for the wave equation, a natural strategy is to take advantage of the method used in [39, 54] and
consider, for any element yo € L*(Qr), the Picard iterations defined by yr+1 = A(yx), k > 0 associated
with the operator A. Numerical experiments reported in [35] exhibit the non convergence of the sequences
(yk)ken and (vg)ren for some initial conditions large enough. This phenomenon is related to the fact that
the operator A is in general not contracting, including the cases for which fis globally Lipschitz.

In the one-dimensional case, a least-squares type approach, based on the minimization over Z := L2((T —
t)71, Qr) of the functional R : Z — RT defined by R(2) := ||z — A(2)||% has been introduced and analyzed
in [35]. Assuming uo € L=(Q), f € C1(R) and (f)’ € L(R), it is proved that R € C*(Z;R") and that, for
some constant C' > 0

(L= Cl) =@ lluolloe) V2R(2) < IR (2)llr2r) V2 € LA(Qr)

implying that if || /]| [|t0]|so is small enough, then any critical point for R is a fixed point for A (see [35,
Proposition 3.2]). Under such smallness assumption on the data, numerical experiments reported in [35]
display the convergence of gradient based minimizing sequences for R and a better behavior than the ones
associated with the Picard iterates for A.

As is usual for nonlinear problems, we can employ a Newton type method to find a zero of the mapping
F:Y — W defined by

F(y/()) = (8153/ - Ay + f(y) - Ulway(' 70) - uO) V(y,v) € }/’ (39)

where the Hilbert space Y and W are defined as follows

Y 1:{(%“) PpsY € LQ(QT): po.s(Ory — Ay) € L2(QT)a y=0on Xr, posv € LQ(QT)}

and W = L?(pos; Qr) x L?(Q2) for some appropriates weights. Here, L?(pos; Q1) stands for the space
{z: po.sz € L*(Qr)}. It is shown in [35] that, if f € C'(R) and f’ € L°(R), then F € C*(Y; W).

This enables to derive the Newton iterative sequence. Thus, we first choose (yg,vg) in Y and then, for
each k > 0, we set (yk+1,Vk+1) = (Yk, vk) — (Y, Vi), where Vi is a null control for the system

(40)

Yy — AYy + f'(yr) Ve = Vi Lo + Oy — Ayp + f(yr) —vkle,  in Qrp,
Y. =0 on X7, Yi(-,0)=wup—y(-,0) in Q
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and Y} is the associated state. However, the numerical experiments in [35] exhibits the lack of convergence
of the Newton method for large initial conditions, for which the solution y is not close enough to the zero
trajectory.

3.3.1 A least-squares approach related to a Newton type linearisation
Let us introduce, for each s > sg, the vector space
AO,S ::{(yvv) L PsY S LZ(QT)? £0,sV € LZ(qT)7pO,S(aty - Ay) S LZ(QT)7 y( ) O) =01in Qv y= 0 on ET}?

where ps, p1s and pg s are defined in . Endowed with the scalar product

((y7 v)v (ga ﬁ))Ao,s = (psy7 P(@)LQ(QT) + (pO,sUa ,00,56) L2(qr) =+ (pO,s(aty - Ay)» pO,s(atg - A?))IP(QT)’

we see that Ay ; becomes a Hilbert space. Let us also consider the linear manifold

As = {(y,v) : psy € L*(Qr), po,sv € L*(qr), po,s(Ory — Ay) € L*(Qr), y(-,0) = ug in Q, y =0 on 7}

We endow Ag with the same scalar product. Clearly, if (y,v) € As, then y € C°([0,T]; L*(2)). Since
psy € L*(Qr), we also have y(-,T) = 0. The null controllability requirement is therefore incorporated in the
spaces Ag s and As. For any fixed s > 0, we can now consider the following non-convex extremal problem:

. 1 2
i E 0 B0 = Gl = B+ 16) 1) gy )

We check that po s f(y) € L*(Qr) for any (y, f) € A, so that E; is well-defined. Assuming slightly stronger
assumption on f than in Theorem [7], a strong convergent approximation of a controlled pair is obtained:

Theorem 8. [57] Let T > 0 be given. Let d = 1. Assume that admits at least one solution y*, globally
defined in [0,T] and bounded in Qr associated with v* € L?(pos,qr) and s large enough. Assume that
f € CY(R) satisfies the growth condition

(H)) 3a>0, st |f'(r)] < (a+B*Ing|r])%?, VreR
for some B* = B*(y*) > 0 small enough and
(Hp) 3p € [0,1] such that sup aper % < +o00.

Then, for any ug € L*(Q), the sequence (yx, vi)ken € As defined as follows:

(y()af()) EAS7 <yk:+1afk+1) = (ykvfk)_)\k(yk;l)Fk}% kZOa (42)
A = argmin)\e[o’l]Es((yk, fr) — MYZ, F,i)),
where (Y;!, Fl) € Ao s is the minimal controlled pair solution of
8:Yy — AYy + ¢ (yn)Yy = Filo + Oy — Ay + 9(uk) — frle i Qr, (43)
Yi=0 on Xr, YI(-,0)=0 in Q,

associated with (yx, fx) € As converging strongly to a controlled pair for satisfying . Moreover,
after a finite number of iterations, the convergence is of order at least 1 + p.

The hypothesis on f are stronger here than in Theorem [7} it should be noted however that the function
f(r)y=a+br+ Brin(l1+|r|)%?2, a,b € R which is somehow the limit case in satisfies and (Hy).
On the other hand, Theorem [§| devoted to the one dimensional case is constructive, contrary to Theorem
A similar construction is performed in a multi-dimensional case with d < 3 in [56] assuming that f is globally
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Lipschitz. The extension of Theorem [§|to the case d < 3 can be obtained as well. The minimizing sequence
for E, constructed in [56, 57] are related to the operator Ay : A — A defined by y = An(z) controlled
solution of

{&y —Ay+ f(2)y=vl,+ f'(2)z2— f(z) in Qr 7 (44)

y=0onXpr, y(-0)=wuy in Q

through the control v of minimal L?(po(s), gr) norm. The analysis in [57] makes use of global L? Carleman
estimates as initially introduced in this context in [41]. The arguments used in the proof take their roots in
the works [58], [59], concerned with the approximation of the solution to Navier-Stokes-like problems through
least-square methods; see also [60] [69], inspired in the seminal contribution [9].

We also emphasize that the L?(Qr) norm in E indicates that we are looking for regular weak solutions
to the parabolic equation . We refer to [56], devoted to the case ¢’ € L°(R) and the multidimensional
case where the L2(0,T; H*(f2)) is considered leading to weaker solutions.

It is very clear from the analysis that the parameter s plays a crucial role: a large value of this parameter
ensures convergence property. This is the also in the following section where a simpler method based on a
simpler linearization is discussed.

3.3.2 Influence of the parameter s and a simpler linearization

Precisely, the following extension is proved in [32] based on simpler linearization.

Theorem 9. Let T > 0 be given. Let d < 5. Assume that f is locally Lipschitz-continuous and satisfies
for B small enough. There exist s and R large enough such that, for any yo € Cr(s) :={y € L=(Qr) :
1yl (@r) < R.llpo.syllzz(ory < RY?}, the states yy. given by

{3tyk — Ayr = vply — flyr—1) in Qr, (45)

ye=0 on X7, yr(-,0)=wug in Q,

where vi, € L?(po.s,qr) is such that (yy,vr) minimizes J, remain in Cr(s) and converge strongly to a

controlled solution for .

To prove this result, we proceed as follows:

e First, we introduce, for each ¥ € L?(po s, Q@) N C°(Qr), the following corresponding “linearized” null
controllability problem: Find f such that the solution to

{aty - Ay = vlw - f(@\)7 in QTa

46
y=0, on Xp, y(-,0)=wug, in O (46)

satisfies y(-,T) = 0.

e Then, we consider the mapping A, that associates to each ¥ the solution to associated with the
control vl,, furnished by Theorem |§| (for A=0 and B = —f(y)) and prove that for s large enough,
the operator A, is a contraction.

3.4 Numerical approximation of exact controls for the heat equation

Approximations of null controls for the (linear) heat equation is a delicate issue: we mention the seminal
work [14] dealing with the control of minimal L?-norm which is very oscillatory near the final time ¢ = T
and therefore difficult to construct and implement for real life applications (see also [51} [72] where this is
discussed at length). On the other hand, as discussed in [36}[37], introduction of Carleman weights in the cost
functional J leads to robust method and strong convergent approximations with respect to the discretization
parameter. Precisely, in view of Theorem [6] one have to approximated the solution p € P of the second order

18




in time and fourth order in space variational formulation . A conformal parametrized approximation,
say P of P, leads to the finite dimensional problem : find p, € P} solution of

(o P = / Bpy + / wpy(0) Vb, € Ph. (47)
T Q

If the family (Py)p>0 is dense in P, then Cea’s lemma implies the convergence ||p, — p|lp — 0 as h — 0.
From pj,, an approximation of the controlled state is then given by (yn,vs) := (p32L*pn, —s3pajph 1y,). In
order to solve , it is very convenient to preliminary perform the change of variable

m=pyip, z=p; L*p

so that z = p;1L*(ppsm) and y = p; 'z and then replace the formulation by the equivalent and
well-posed following mixed formulation: find (z,m,n) € L*(Qr) X pa;P x L%(Qr) solution of

/ zE—i—sS/ mm—i-/ (T—t)l/gn(f—/’s_lL*(PO,sm))
T qar T

- / po.. BT + /Q Po.+(0)ugm(0) ¥(7,%) € p; P x L2(Qr), (48)

/ (T = )/25(z = p= L (pp.sm)) = 0, V7 € L*(Qr).

Ny stands as a Lagrange multiplier for the constraint z — p;L*(pgsm) = 0 in Q7. We check the following
equality for every m € p; 1P
=05 L (po,s) = (91(0,0) + g2(0, ))m + 67°/2(9;m + Am) + g5(6, ) - Vim
with
91(0,9) = p3 ' 0po,s = 0(07°/%) + 073 25(0yp), (49)
92(0,0) == 072 (s8¢ + 5°(Vp)*),  g3(0, ) := p; ' Vo, = 075V ep,

We observe that gs is slightly singular like (" — t)=Y/2 for t > T — Ty and therefore introduce the function
(T —t)'/2 in ({@8). The equivalent formulation instead of allows, first to eliminate the singularity
of the coefficients for ¢ close to T' and second to obtain simultaneously the control and the controlled
solution. We refer to [36] [37] where experiments are discussed in details and emphasize the robustness of
the approximation. We also refer to [70] for some numerical evidences of the robustness of the method with
respect to the parameter h associated with the cost J(v) = ||p0)sv||%2(qT).

3.5 Numerical illustrations

We illustrate in this section the results of convergence in Theorem@ by computing the sequence (yx, vg)reN=
solution of and minimizing for each k the functional J; defined in with s large enough. We present
some numerical experiments in the one dimensional setting and Q = (0,1). We take T' = 1/2 and consider
data for which the uncontrolled solution of blows up before T'. Moreover, in order to reduce the decay
of the solution of when f = 0, we replace the term —Ay in by —vAy with v = 107, We consider
the nonlinear even function f(r) = cy(a + SIn(1 + |r|))3/2r with o = f = 1 and ¢y < 0. As for the
initial condition to be controlled, we consider ug(z) = ¢, sin(mz) parametrized by ¢,, > 0. We use a
mesh composed of 29132 and 14807 triangles corresponding to h ~ 1.17 x 1072, The sequence (Y, Vi )reN
is initialized with y~! = 0 (so that f(y~—!) = 0 and the first iteration computed the control pair (y°,v°)
corresponding to the controlled trajectory of the linear heat equation with initial datum ug and zero source

Hﬂo,s(yk-#l*yk)HL?(QT) < 10~5. We shall denote

term) and is computed until the following criterion is satisfied -
Hpo,skaLz(QT)

by k* the lowest integer k for which it holds true.
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For w = (0.2,0.8), ¢y, = 10 and ¢y = —5, Figure @-left depicts the evolution of the relative error
Hpo,s(yk+1—yk)”L2(QT>
”PO,skaLQ(QT)
theoretical part, the convergence is observed for s large enough, here s > 2. Moreover, the rate increases

with s: the convergence is observed after k* iterations equal to 48,17,13 for s = 2,3 and 4 respectively.

llpo,s (As(yr) = As (k-1 L2 (g0
HPO,s(yk*yk)HLZ(QT)

A for s = 1. Figure Iﬂ depicts the evolution of the L?(€2) norm of the control and corresponding controlled

solution with respect to the time variable for s = 2,3,4. As expected in view of the definition of the weights,
large values of s concentrate the action of the control close to the initial time and leads to large L (Qr)
norm of the control (see Table . Figure 8| and Figure El depict the control and corresponding controlled
solution in Q7 for these values of s.

with respect to the parameter of iteration k for s € {1,2,3,4}. In agreement with the

highlighting the lack of contracting property of

Figure Hright depicts the ratio

10°F e 3 ‘
—~4s=1
25t 2|1
3
102} 2 4
15+
10} 1)
05 F\%%#Em
10® ‘ ‘ ‘ ‘ ] 0 ‘ ‘ ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50
k k

. . . lpo,s (Yrt1=yr)ll L2 (o) lpo,s (Ykt1=yr)llL2(Qp) .
Figure 6: Relative error Moo T2 c0m) (Left) and Toos o —e— ez i) (Right) w.r.t. k for s €

{1,2,3,4}.
x10* ‘ ‘ ‘ ‘ 60
15+ —. 2 ] —_—=2
—_— L —s=3|]
i % s
10} 40
= =
= =307
R ] =20
N
M i
0 : 0O —— ‘
0 0.1 0.2 . 0.3 0.4 0.5 0 0.1 0.2 , 0.3 0.4 0.5
Figure 7: Evolution of [jvg+(+,t)||z2(0) and |lyr(-,t)[z2() wrt. ¢t € [0,7] for ¢y, = 10, ¢y = —5 and
s €{2,3,4}.

Table [3| provides some norms of the solution for s = 3 with respect to the fineness h of the triangular
mesh used and highlights the stability of the approximation. Actually, the high degree (equal to 3) of the
approximation induced by the composite finite element HCT makes the convergence of the approximation
quite fast with respect to h. We also observe that the number of iterations to reach the convergence of the
sequence (yx)r>o is independent of h.

20



= -200

Il

v(z

:

T

(i)
‘llih'

I
‘m.\‘ .\.‘ !
\M
Il

\||l
Ui
(i
‘.“.l‘[‘l

i
1)
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Figure 9: The controlled solution yi+ in Q7 for ¢y, = 10, ¢y = —5 and s € {2,3,4}.
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s | e llzz@n) | losyrllzz@n) | 1owllz2ary | IlPo.svrllz2ar) | vkl (ar) | K

2 2.43 80.50 58.24 208.52 297.56 48

3 1.415 86.53 51.30 463.69 414.93 17

4 1.108 173.17 52.83 1366.08 605.20 13

) 0.9307 429.07 57.04 4328.61 889.05 11

Table 2: ¢y, =10 ; ¢y = —5; Norms of (y~, vg+) W.r.t. s.

h lyr 22 @r) | lPstrllzz@r) | lverllzzar) | 1Po.sver L2 (ar) | 1ok llL=>(er) | K*
0.156205 1.47841 90.9285 51.4646 469.008 420.345 18
0.0760345 1.46148 87.9869 51.2379 465.822 419.42 17
0.044171 1.45521 87.0578 51.0243 464.527 416.886 17
0.0208981 1.45056 86.2678 51.0448 463.253 414.223 17
0.0117201 1.45203 86.5628 51.1068 463.723 415.114 17

Table 3: ¢y, =10 ; ¢y = =5 ; s = 3; Norms of (yg+, v+ ) W.r.t. h.
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