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1 Introduction

The effective gravitational action for a given matter system coupled to gravity is defined
in terms of the matter partition functions Zmnat[g] computed in a fixed metric g on a given

manifold M as Zunld
mat |9
— . 1.1
Zrnat [g] ( )

By this definition, the effective gravitational action necessarily depends on two different

exp ( - Sgrav[gag]) =

metrics. We may consider § as a reference metric, and in particular in two dimensions we



may assume that g and § are related by a conformal factor as g = €2?§. The definition (1.1)
implies that Sgray satisfies a cocycle identity

Sgrav[gng] + Sgrav[g%g?)] = SgraV[glagi%] . (1-2)

The best-known example is the effective gravitational action for conformal matter coupled
to 2D gravity which is the Liouville action [1]

S1l99) = 11,0 = [ g (0B + Roo), g =9, (13)
and .
Sgravlg, 9] = —5,-51l9. 9], (1.4)

¢ being the central charge of the conformal matter system. Another, even simpler example
of a gravitational action satisfying this cocycle identity is the “cosmological constant action”

Selg.) = o [ (G~ V) = polA - Ao) (15)

In general, this action must also be present as a counterterm to renormalize the divergences
that are present in (1.1), in addition to Sp.

Two-dimensional gravitational actions other than the Liouville or cosmological con-
stant actions can be constructed and have been studied in the mathematical literature,
like the Mabuchi and Aubin-Yau actions [2-5]. These latter functionals involve not only
the conformal factor ¢ but also the Kéhler potential ¢ and do admit generalizations to
higher-dimensional Kéahler manifolds. In the mathematical literature they appear in re-
lation with the characterization of constant scalar curvature metrics [5]. Their roles as
two-dimensional gravitational actions in the sense of (1.1) have been highlighted in [6]. In
particuler, ref. [6] has initiated the study of the metric dependence of the partition function
of non-conformal matter like a massive scalar field and shown that the gravitational action
defined by (1.1) contains these Mabuchi and Aubin-Yau actions as first-order corrections
(first order in m?A where m is the mass and A the area of the Riemann surface) to the
Liouville action. The partition function of quantum gravity at fixed area, with a gravita-
tional action being a combination of the Liouville and Mabuchi actions, has been studied
at one loop in [7] and at two and three loops in [8]. The effective gravitational action® for
such massive scalar fields including higher-order corrections in m? has been studied in [9],
and on manifolds with boundaries in [10]. A rigourous mathematical construction of the
functional integral based on the coupling of the Liouville and Mabuchi actions has since
been obtained in ref [11] by means of probabilistic tools. Further properties of the Mabuchi
action were studied in [12, 13].

References [6, 9, 10] all studied the effective gravitational action of a two-dimensional
massive scalar field, and a natural question to ask was what happens for two-dimensional
massive fermions. As we will briefly discuss below, the most interesting case corresponds
to a massive “Majorana” fermion.? While this seemed to be a simple generalisation of the

!Note that at present we call Sgrav[g, §] what was called Sgrav[d, g] in refs [6, 8-10].

2This is a 2D fermion with a Majorana-type mass term. Classically, at the level of the Dirac equation,
one can impose a Majorana condition, but the eigenfunctions of the corresponding (purely imaginary) Dirac
operator D necessarily are complex. One might argue whether it is then appropriate to talk about Majorana
fermions in the quantum theory. However, we can obtain the partition function in terms of the eigenvalues
of the (real) squared operator D? whose eigenfunctions can all be chosen to be real.



case of the scalar field, it actually turned out to be technically quite more involved. It is
the purpose of the present paper to study this effective gravitational action for massive
fermions. Much as for the scalar case, the renormalised Green’s functions at coinciding
points play an important role. At present it will be useful to study both, the Green’s
function of the massive Dirac operator D and the Green’s function of the squared operator
D?. The study of these operators and the associated (local) zeta-functions and (local)
heat kernels will occupy a major part of these notes. The order m? terms of the effective
gravitational action can then be expressed as an integral over the manifold of these Green’s
functions at coinciding points. A detailed knowledge of their zero-modes (for zero mass) is
required to perform the small-mass expansion correctly. In this paper we will then restrict
to spherical topology where the Dirac operator has no zero-mode (even for zero mass) and
we can reliably obtain the small mass expansion up to and including the order m? terms.

Besides the leading Liouville term, at order m?

we get a cosmological constant action, and a
local [ /g oe?? term characteristic of the Mabuchi action, as well as some further non-local
terms involving the Green’s functions. Despite some effort, we could not express the latter
in terms of purely local quantities like the conformal factor o and the Kéhler potential.
Similar non-local terms also appeared in the scalar case at order m? and it seems that in

2. We plan to return

the present fermionic case they already are unavoidable at order m
to the case of general topology with a detailed account of the role of the zero-modes in a
future publication.

This paper is organised as follows. In the next section we introduce the relevant
differential operators: massive Dirac operator D, its square D?, and the scalar and spinoral
Laplacians. We discuss their eigenvalue problems (with a specific look at the example of
the torus) and how the eigenvalues transform under conformal changes of the metric. In
section 3 we define the gravitational action precisely in terms of these eigenvalues and how
it is related to the corresponding zeta-functions. In section 4 we embark on a detailed study
of the different Green’s functions, local zeta-functions and local heat kernels, and how they
vary under conformal changes of the metric. So far, all our discussion is valid for all 2D
topologies. All this is put together in section 5 to obtain the effective gravitational action.
The first two subsection are still for general topology, but then we specify to spherical
topology to be able to do the small m-expansion and identify the order m? contributions
to the effective action, and in particular display the Mabuchi-type action.

2 The Dirac operator

2.1 Flat space: y-matrices and Dirac operator

In D=2 Euclidean dimensions, p = 1,2, we choose two hermitian y-matrices. We can
choose them to be both real, i.e. o, and o,. Thus

")/1 = O-£E7 ’}/2 = O‘Z . (21)

The chirality matrix then is

w=itv=0, = A=y , L =q=-n, (2.2)



and, of course, v, anticommutes with v*. The generator of “Lorentz” transformations,
i.e. of SO(2) is i'[fyl,’yQ] = 7, and the representation of a finite rotation by an angle «
on a spinor 1 is given by the real matrix D(a) = €’®¥/2. One easily shows that 9*,
7+ and ) all transform® exactly as 1. Hence it makes sense to impose the Majorana
condition ¥* = 1.

For anticommuting Majorana spinors a mass term like [ mew = mapT1) vanishes.
We can, however, introduce a non-vanishing, real mass-term as [ Yimy,.), so that the
action reads

s= [wl@+mr)o. (2.3)

The corresponding Dirac operator
D = i@+ mry, (2.4)
is hermitian and squares to D? = —0,0" + m? which incorporates the correct Euclidean

continuation of the mass-shell condition p,p* + m? = 0. For (complex) Dirac spinors one
might also contemplate an ordinary mass term with action S = [T (i@ + m)vy. However,
the square of the corresponding Dirac operator (i@ +m)? = —9,0" + m? + 2im@ does not
correspond to anything simple or physical. (It is (i@ — m)(i@ + m) that instead gives the
mass-shell condition.) For this reason, we will focus on the action (2.3) and corresponding
Dirac operator (2.4).

Note that the Dirac operator (2.4) is a purely imaginary hermitian differential operator
and hence (i@d+m~y,)1) = 0 admits real solutions 1. However, the corresponding eigenvalue
problem

(i@ + mys)¥n = At (2.5)

clearly cannot admit real solutions 1, (since A, are real) and on must take the 1, to be
complex. Taking the complex conjugate of (2.5), we see that v} also is an eigenfunction
but with eigenvalue —\,. If we let

1
n = —=n+10n), 2.6
02 \/i(x in) (2.6)
then taking the real and imaginary part of (2.5) one gets
(i@+ m'Y*)Xn =1iAOn (2@+ m'Y*)an = —1iAXn (2-7)
and
(P +mr)xn = Aoxn > (i +mr)’dn = A - (2.8)

2.2 Curved space: v-matrices, Dirac operator and spinorial Laplacian

The above Dirac-matrices (to be denoted %) and Dirac operator are those in flat space.
In curved space we have v* = E#~% and the spinorial covariant derivative is

U gt b 1 b w 1
VM = aﬂ — 5&]; 1[’)/0',’)/ ] = 8/’« + sz ’ya = 8/14 — Ew/iZ’}/* . (29)
®The precise statement for A is, of course: if ¢'(z') = D(a)(z) then v* 55,4/ (2') = D(a)v” 3% ().




We let )
i
wy =2w? = V,=0,— T (2.10)

More generally when acting on a spinorial object that also carries vector indices, one has
Vy=0,— %wu’y* + I'y. To avoid confusion we call V3P the spinor covariant derivative
defined in (2.9), (2.10):

]
VP = 0 =z (2.11)

Note that since v, = oy is purely imaginary, VP is a real (anti-hermitian) differential
operator. Next we define
V=" VP =1"E; VP . (2.12)

It is important to note that Yi transforms as ¢ and hence Y¥i) = y*ViPy"ViP1h. How-
ever, this is not y#7"ViPViPy. Instead one has Vv = wzbvb and V7" = E/V,y* =
ngzbvb = —yawaEb”. But using 0 = V, By = 9, E; + 1}, ,Ef + wap By we get consistently

Vi =0 + TP (2.13)

One can then consistently show that V, ¥/ = ViP¥4 and

VXU = ('V) (1 Vo)t = 19"V, Vit = 44" (VPSP = T4, V5P ) (2.14)

This is as if V7" vanishes, but as we have seen above this is not the case. What one really
has is
Vu,7]1=0 ,ie. V,(v7...)=7"V,.... (2.15)

Next, using y#4” = g" + " and V,V, o) =V, V) = iR%’,’y“b@Z) we get
Ny 1 cd pab,. ab
V¥ = g"N WV + v Ry ™y (2.16)

In two dimensions 'yCngfﬂ“b simplifies to —2R where R is the scalar Ricci curvature. Thus

1 1
YV = ¢V, Vo = {RE = (B = (R )0, (217)
where we have introduced the spinorial Lapacian:
Agpth = ¢V Vot = ¢ (VIPVSP = T4, V3P )4 (2.18)

Note that ViP is a 2 x 2-matrix differential operator, and so is this spinorial Laplacian.
More precisely, we have a piece proportional to the identity matrix and involving the scalar
Laplacian, and a piece proporional to vy:

1 1
Agptp = <Asca1ar — HSW#WM>¢ 1 ((Vuw”) + 2w“8u>¢ ) (2.19)
Finally, we define the purely imaginary, hermitian Dirac operator as the curved-space
generalisation of (2.4):

D =¥+ mr, . (2.20)



Then 1
D? = —YW+m? = —Ag + TR+ m? . (2.21)

Again, as in flat space, the eigenvalue problem of D
Dibn = (i¥+ m7. ) = Anthn (2.22)
(n > 0) cannot admit real solutions, and 1 is eigenfunction with eigenvalue —\,:
Dy = =\ (2.23)

For all A, # 0, within any couple (1, ;) we decide to call ¢, the eigenfunction with the
positive eigenvalue. With this convention we always have

A >0 (2.24)
Again we let
1
n = —=(Xn + idn) , 2.25
(02 ﬁ(x in) (2.25)
and get
DXn = Z‘/\nﬁbn ) D(bn = _i)\an7 (2-26)

while, of course

D*n=MAoXn , D?¢n=~M¢n , D*p=MN30, , A=\, (2.27)
The natural inner product is
(U, Uy) = /d%@\y{% : (2.28)

With respect to this inner product ¢Wand D are hermitian operators and hence the v,
corresponding to different A, are orthogonal. Similarly, for the ). Also all 1) are or-
thogonal to all ¢, (as long as A\, # 0). This, together with the normalisation conditions is
equivalent to

(Xn;Xk) = 5nk y (ana ¢k) = Onk (Xnvd)k) =0 ()‘n 7é 0) . (2‘29)

Remarks: let us make a few obvious remarks. Note that the eigenfunctions of D (the
¥y, and 1) are automatically eigenfunctions of D?, but the converse is not necessarily true
as is examplified by the y,, and ¢,. What is true is that within any eigenspace of D? with
eigenvalue A, = A2 one can find linear combinations (corresponding precisely to the 1,
and 1)) that are eigenfunctions of D with eigenvalues +\,, and —\,,.

Since ViP commutes with v, it is clear that Wanticommutes with «,. Then, for m # 0,
D has no simple (anti)commutation relation with -, and we cannot have eigenfunctions of
D of definite chirality (i.e. being also eigenfunctions of ~,). For m = 0, D anticommutes
with vy, so that 7,1, is eigenfunction of D with eigenvalue —\,,. Thus for A\, # 0, ¢, and
Y« necessarily are orthogonal. For A, = 0, however, one can always choose a basis of



definite chirality eigenfunctions.* As is well known, the difference of positive and negative
chirality zero-modes of D is called its index.

For D? the situation is simpler: it is clear from (2.19) and (2.21) that D? commutes
with 74, and one can then take the eigenfunctions of D? to have definite chirality. From the
discussion of the previous paragraph it is then clear that in general these definite chirality
eigenfunctions of D? are not eigenfunctions of D.

Finally, one has

Ao = m® = (Yn, (D = m®)yn) = (Yn, ((0)*9n) = (i¥n, i¥n) 2 0 . (2.30)

We see that A2 > m?2, unless i¥,, = 0 in which case A2 = m?2. In any case, for m # 0 we
have A2 > 0 and there are no zero-modes of D. Similarly, we have

(U (gt = = [ P/ T, Vatin = [ Ay /GTP0) ¢ Vi = a2 0.

(2.31)
It follows from (2.21) that if we choose a constant curvature metric R = R, we have
1 -
N —m?=a?+ R (2.32)

so that on the sphere with R > 0 we have A2 > m? for all n, i.e. there are no zero-modes
even for m = 0.

2.3 The example of the flat torus

It is useful to have at least one specific example of fermionic eigenfunctions. The simplest
case is the flat torus with each of its periods being 27. Of course, being flat, we will not
be able to appreciate any effects of curvature. As is well known, for fermions we may
consider different spin structures, i.e. periodic or anti-periodic boundary conditions around
one or the other circle of the torus, leading to four different spin structures. Here we will
only investigate the doubly periodic boundary conditions, the other spin structures can
be treated in complete analogy. Note that it is only for the doubly periodic boundary
conditions that the zero-modes are present.
The relevant Dirac operator then is the one given in (2.22), i.e.

D =i+ my, = i0,01 +i0,00 + oym =i <816—i - 81_?92171) ) (2.33)

We have D? = — (07 + 02) + m? so that D%y, = A\24),, yields
M= X=ptnid+m? | ¥~ gima! inaz® (2.34)

The complex eigenfunctions of the Dirac operator D then are
wﬁ(xl,mQ) = <Z> gima’ Finaz? , (2.35)

4Tf 4o,; already has definite chirality, nothing is to be done. If not, then (1 & ~.)o,;/2 are both non-
vanishing and have definite chirality +1.



where a and b of course also depend on the integers n; and ny but not on b and 2.
We denote by Az the positive square root of )\%: Ai = +1/n2 +n% +m2. Then Dy, =
Ay, gives

—(np+im)b=(A\g+n2)a , —(ni—im)a= (Az—n2)b. (2.36)

This is easily solved, up to a common normalisation, which we choose such that

[ Rz plips =1

. 1 ni +im ing 2! +ingz?
i — mi1x maoxT . 2‘37
v (l’) 271'\/2)\5(/\75 + TLQ) <—/\ﬁ - 712) c ( )

Of course, since \; only depends on n} + n3, 15 and ¥_; have the same eigenvalue \j.
One also easily checks that

i =l 239
which confirms that % is indeed an eigenfunction of D with eigenvalue —\;. Thus the
complete set of eigenfunctions is the set of all 157 and all ¥%. Note the degeneracy of the
eigenvalues. For non-zero n; and ny, £n; and +ne all yield the same A\;, and thus the
eigenvalues of D are (at least) four-fold degenerate. (In the present example where both
circles have the same radius, there is a further degeneracy under the exchange of n; and
na.) Since for D2, 1, and v correspond to the same eigenvalue A, = A2, generically the
eigenvalues of D? are (at least) eight-fold degenerate.

Note that for m # 0 there are no zero-modes, while for m = 0 the zero-modes cor-
respond to n; = ng = 0. However, the form of (2.37) is not directly useful as it is
indeterminate in this case. We may instead first take to n1 = no = 0 and then consider
the limit m — 0 which gives the two zero-modes

1 (= . -1 (i
¢6:2m/§<1> B (1) (2:39)

Note that they happen to be eigenmodes of ~,:

Y5 =5 » w5 =—v5- (2.40)

For the other spin structures, the n corresponding to a circle with anti-periodic bound-

ary conditions are half-integer and, obviously, then there are no zero-modes even for m = 0.
2.4 Conformal changes

We will consider conformal changes between a “reference” metric / vielbein and a confor-
mally rescaled metric / vielbein, related as

20 A a o aa —o
G =€ G, €, =¢e%¢, , B =e "El, (2.41)

where the conformal factor ¢ depends on the space-coordinates. It follows from de® +

w?e? =0 (e* = egdzt, W = wl‘jbda:“) that

Wit = Q0 + (LEM — eb BN oo . (2.42)



This yields _
VP = VP %(é}ﬁ” — 2500 . (2.43)

Using v* = E#~® = e794#| it is then a straightforward exercice to show
V=e" (§<7+ ;@*aw) =e 32y e/? (2.44)
For an infinitesimal variation do of the conformal factor this yields
V= —30V+ %’y)‘a)\éa ~ 6D = —50(D —my.) + %%aﬂsa L (245)
Next, for the Christoffel symbols one has
gTh, = e g, I0, (2.46)

To work out the variation of D? one can then either use (2.44) or (2.43) together with (2.18)
and (2.46). In any case,

N 1 4 1
D?> —m?=¢% <D2 —m? + 4" 0,0 VP — §(Ascalar0) + 2””(8“0)((%0)) . (247)
or for an infinitesimal variation of o:
1 -
6D? = —260(D* — m?) + (0,80)y" VP — 5 Dscatard0) - (2.48)

3 The gravitational action

We define the matter partition function for fermionic matter with action S = [¢T(i¥+
my,)® on a two-dimensional manifold with metric g as

Zmat[g] = /D\If exp (-/de@qung/) , (3.1)

where we wrote D, to insist that this is the Dirac operator D for the metric g (and
corresponding vielbein e and spin connection w). One expands ¥ on a complete set of
eigenmodes of D:

U(a) = < S (buxn(2) + enén(@) + 3 di@bo,i(@) , (3.2)
VNS :
where the first sum does not include the zero modes g ;. The eigenfunctions x,, ¢, and
1p,; are real, commuting functions, orthonormalized as discussed above. pu is an arbitrary
mass scale we introduce so that the anticommuting coefficients b,,, ¢,, d; are dimensionless.?
It follows that

An
/dgx\/§ WD, =230 Tenbn. (3.3)

5Indeed, from the normalisation condition of the eigenmodes one sees that the y,, and ¢,, have engineering

dimension one, i.e. xn ~ ¢n ~ i, and since ¥ must have dimension % so that the action fde\/E \IITDQ\II

is dimensionless, we see from (3.2) that b,, ¢n,d; are indeed dimensionless.



where of course only the non-zero modes contribute. The functional integral measure is
defined in terms of grassmann integrals over these coefficients b, and c,, so that

An An
Zmatlg /Hdb de, exp ( 212 . cnbn> = Nl;[ 7 ) (3.4)

(again, the product is only over all strictly positive eigenvalues \,,.

The gravitational action was defined by (1.1), i.e. Sgrav[g,§] = —1In % , so that

Serav]gs 9] = —lnH +1 H (3.5)

We may also rewrite this in terms of the determinant of D?. The operator D? has eigen-
values A2 for the x, and A2 for the ¢, so that

Det’D? = ([ 22)?, (3.6)

and
~ 1 12 1 'MH274
Serav]g, §] = ~1 In Det'D*[g] + Zln Det'D?[g] . (3.7)

All these determinants and products of eigenvalues are, of course, ill-defined and have
to be regularised. We will use the standard tool of regularisation via the corresponding
zeta-functions. The zeta-function of the operator D? is

H=2308)7, (38)

since every eigenvalue A2 > 0 occurs once with eigenfunction x, and once with ¢,,. Also, the
sum obviously does not include any zero eigenvalue in case there are zero-modes. Standard
manipulations give for the derivative

22
'0)=-2>"InA} = —zlnl‘[—g ¢'(0) 4 In 1%¢(0) , (3.9)
n n
It follows that the (regularised) gravitational action is

Sexanls, 3] = 3 (G(0) + 1126, (0)) — 1 ((0) +In2G(0)) (3.10)

We want to determine this gravitational action for g, (z) = €27(*)(§),, (). Our strat-
egy will be to first determine 6Sgay for infinitesimal 0o and then “integrate” this variation
to obtain Sgrav[g, §]. Obviously, the variation of the gravitational action is given in terms
of the variation of the zeta-function ((s) around s = 0. To obtain this, we need to study
the variations of the eigenvalues A,, under a corresponding variation of the Dirac operator
D. This leads us to the study of the Green’s functions, local zeta functions and local heat
kernels and their variations which is the subject of the next section.

~10 -



4 Green’s functions, heat kernels and zeta-function

4.1 Definitions and basic relations

Throughout this section we assume that m # 0 so that there are no zero-modes of D. (We
could also include the case m = 0 if the manifold is a sphere.) Recall that we had defined
Yy, and 9 (and hence x,, and ¢y,) such that A\, > 0. Thus throughout this section we can
assume A\, > 0.

To begin with, note that

3 (xnloh )+ 6n()eh9) = 3 (e)vh) + 20 ) = 2= s
(4.1)
4.1.1 Local zeta-functions
Next, we define two local zeta-functions (4 (s, z,y) and (_(s,x,y) as
Ce(s,2,y) = Zn: A% (Xn (@)X (1) + dn ()80 (1))
C(s,2,9) = DA (@) (y) — dn (@)X () (4.2)

n

where z = (2!, 22) and y = (y',y?) denote points on the manifold. Note that these local

zeta-functions are real 2 x 2-matrices. They can also be rewritten in terms of the ¢, and

0 as
(5:2:8) = T AT (Wl ) + 5@ 0).
o) = i AP (@) — @) (4.3)

Obviously, Ci(s,ac,y) = (4+(s,y,x) and Ci(s,x,y) =—(_(s,y,x).

The convergence properties of these zeta-functions depend essentially on the large-n
behaviour of the eigenvalues A\2. The latter, in turn, is dictated by the leading 2-derivative
term in D? which, by (2.19), is the same as the one of the scalar Laplacian, and which
is the same as in flat space. It follows that, as usual, these zeta-functions are convergent
expressions for $ts > 1 and are otherwise defined by analytical continuation.

Denoting the Dirac trace by trp, we have

[ i un Gulsaw) = S0 [ devs ((e)a(e) + o) (@)0n(a)

= 22)\;25 =((s
[ v e (s.ma) = A [ devs (@) - xh@)ou()
=0. (4.4)

Note (again) that 23", A\, 2% can be interpreted as " A * where A,, is either A2 or (—\,)?,
so that ((s) is actually the zeta function of D?.
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4.1.2 Local heat kernels

We similarly define local heat kernels that are again 2 x 2-matrices:
Lt z,y) Ze Xt (X (@)XE (1) + 6 (2)0E (1))
—Ze_ktlbn h () + Un(@) (@) ()
K_(t,x,y) = Ze nt &l (y) — dn(2)xL(¥))
=i Ze (@)eh(y) — ¥n(@)(W3) () (4.5)

as well as

1 7 2
K(t7$7 y) = §K+(t,l',y) - §K*(ta$7y) = Ze A”t¢n($)¢jz(y) : (46)
n
Note that Ky are real functions and thus constitute the real and imaginary parts of K. All
three, Ky, K_ and K satisfy

(;t + D2) Ki(t,z,y) =0, (4.7)

where the subscript # on D? indicates that the derivatives are with respect to .

It is important to note that K contains the full sum of all eigenfunctions of D, namely
the 1, and the 9. Thus if one used a different basis for these eigenfunctions one would
get the same K. Moreover, the 9, and the v} appear symmetrically. We can write
Ki(tz,y) = (z X5 et P(A2) ly) where P(A\2) is the projector on the eigenspace of
D? with eigenvalue A\2. This makes clear that one could use any basis of eigenfunctions
of D?. This also means that one should be able to obtain K, uniquely by solving the
heat equation (4.7) for the operator D? with the appropriately prescribed short-distance
singularity. However, this is not true for the imaginary part K_ of . We see from (4.5)
that the definition of K_ is not simply a sum over all eigenfunctions of D, but that we
made a certain distinction between the eigenfunctions with A\, > 0 and those with A,, < 0.
Clearly, the operator D? does not make this distinction, and hence, one cannot simply get
the K_ by solving (4.7). However, one can write K_ in terms of an auxiliary quantity we
call L(t,x,y) as

K_(t,x,y) = D, L(t,x,y), (4.8)

where

et

o @)X () + dn(@)6h (1))

L(t,z,y) = ZZ

n

efAnt
= iz W (G (@)0h(y) + (@) (W) (1)

D)l (y) - (4.9)
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We see that L can now be constructed from the eigenfunctions and eigenvalues of D? only.
Another property of K_ concerns is matrix structure at coinciding points:

K_(t,x,z) ~ v . (4.10)

Indeed, if we call a, and b, the two complex components of 1, (z), then v, ()] (z) —
Ui (@) ()1 (2) = 2Im(bnay,) Y.

The zeta-functions can be related to the heat kernels as usual by
+(s,z,y) = tt +(t, x, . .

Since K vanishes exponentially for large ¢, any divergences of the integral occur from the
region ¢ — 0. Thus any singularities (poles) of the zeta-functions are related to the small-¢
behaviour of the heat kernel. Furthermore, since ﬁ vanishes at s = 0,—1,—2,..., the fi-
nite values of the zeta-functions at s = 0, —1, —2, ... are also determined by the divergences
of the integral due to the small-¢t behaviour of K. In turn, for K this small-¢ behaviour
can be determined in an asymptotic expansion from the differential equation (4.7), with
the leading behaviour being the same as in flat space, and the subleading terms being given
in terms of the local curvature and derivatives of the curvature. Of particular interest will

be the expansion at coinciding points = y. In particular, one can show that®

1 R
trp Ky(t,xz,x) = 57 (1 — < 1(;:) + m2) t+ (’)(t2)) . (4.12)
This determines
1 /R(z

As far as the matrix structure of (_(s,z,x) is concerned, it follows from (4.10) that

C—(s,,2) ~ v« . (4.14)
4.1.3 Green’s functions
The Green’s function S(z,y) of the Dirac operator D is a 2 x 2-matrix solution of
o(z —y)
v

while we denote G the (also 2 x 2-matrix) Green’s function of D?:

DxS(x,y) = ]_QXQ, (415)

D;G(x,y) = W Loxa - (4.16)

SA simple way to understand this result is to note that the heat kernel for the scalar Laplacian is

ﬁ (1 + %t + ...), that the trace gives a factor 2, that the spinor Laplacian gives the same result to this
order, and that the additional % +m? in D? simply gives an extra e~ (R/A+m™)t o 1 _ (R/4 4+ m?)t, to
this order.
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In terms of the eigenfunctions and eigenvalues we have

- _ZZ ) ¢n( ) ( ))7
Glay) = Z%(m X (w) + 6n(@)6} (1) (417)

They are indeed solutions of (4.15), resp. (4.16) as one sees using the completeness rela-
tion (4.1). It trivially follows from either (4.15) and (4.16), or from (4.17), that

S(z,y) = D,G(z,y) . (4.18)

Comparing with (4.2), one sees that”

. 1
S(LL‘,y) :_Z<—<27x7y) ) G(.Zb',y) :C-F(lvxay) . (419)
It follows from the orthonormality of the x,, and ¢, that

/ d224/9(2)S(x, 2)S (2, y) = G(z, y) . (4.20)

(This also follows from (4.18) and (4.15) upon integrating by parts.)
As is clear from (2.21) and (2.19), the matrix structure of D? is 1(...) + 7x(...),
implying that G must have the same structure:®

G(z,y) = Go(x,y) 1 + Gi(z,y) Vs - (4.21)

The matrix structure of S is somewhat less trivial, in particular for non-vanishing
mass. We have
D =1i0,D1 +10,Dy + maoy , (4.22)

(with Dy = EY'9, — 1 EYw,, and Dy = E§9, + 1 Efw,). We write

S =0,51 +0,5 + JyS* + 15, . (4.23)

"Note that this is consistent with the relations S = DG (4.18) and K_ = DL (4.8). Indeed,

S(ayy) = —ic- (;my>
= I‘Zg)/:o dttil/zK,(t,m,y)
Fé)/o dtt ™2 D, L(t, z,y)
e~ Ant
_ Z / a2 (o)l ) + 07 ) W0) )
- Dzz (@) + @ W )
= D.G(z,y) .

8Note that G is related to ¢4 and K for which these arguments are correct, contrary to what was the
case for K_.
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Then (4.15) yields a system of 4 equations:

)
D1Sy — D51 +mSy =0 1D1S1 +1D2S9 + mS, = ﬁ , (4.24)
DS, — DSy +imS1 =0 DySy + D15y +imSy; =0 . (4.25)

For m = 0 the equations of the first line decouple from those of the second line. We may
then set S, = Sy = 0, so that only S; and S, are non-vanishing.” In particular, we have

form=0 : trpS(z,y) = trpvS(z,y) =0, (4.26)

where trp denotes the Dirac trace. Maybe more useful, for general m, is to combine (4.18)
and (4.21) which yields

S(z,y) = (i¥,Go(z,y) + mGs(x,y)) + v« ( — i¥,Gs(z,y) + mGo(z,y)) . (4.27)
It follows from this relation that
trp vS(x,y) = mtrp G(x,y) . (4.28)

4.2 Perturbation theory

We want to study how the eigenvalues A, (or )\%) change under conformal rescalings of the
metric. The variation of the Dirac operator D (or of D?) has been obtained in section 2.4,
see eqs (2.45) or (2.48).

Under D — D + 0D we have A\, — A\, + 6\, as well as x, — xn + 0Xxn and ¢, —
On + 0p:

(D4 6D)(xn + 0xn) = t(An + ) (P +00n) = Dxn + Doxn = 10y + iX 0y, .
(4.29)
Taking the inner product with ¢,, and using the hermiticity of D one gets

02 = =i(6n, DXn) + An ((Xns Oxn) — (60, 060)) - (4.30)

Note that x, and ¢, are normalised with the metric g, while x,, + dx» and ¢, + d¢, are
normalised with €% ¢. This implies

(s 8%) = = [ A2 /Gbo (@I @)xal@). (4.31)
and similarly for (¢p,d¢,). Using also 0D = i6¥, can then rewrite (4.30) as

5n = (s 5¥n) + An / 50 (Shém — xhxn) - (4.32)

9This is consistent with the relation S = DG which yields S« = mGo and Sy = mG., as well as
S1 =1D1Go + D>Gy and S2 = —D1G4 + 1D2Go.
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(Obviously [ ...stands for [ d*z,/g....) Next, using (2.45) for 6, and integrating by parts,
(60 6%in) = — [ 89, / N
=[5 (<z>mn + 5 (%) + 300 T
= - / 50( — i}, (D — my) xn + E‘((D — 7)) — %%(D - mv*)xn)
= /50( Al n — *Anxnxn +img}, ’Y*Xn) : (4.33)

so that finally

This allows us to express the variation of ((s) as

s) :225)\;25 = —432:52%_1:1

1
=925 / 50 ()\25 ¢T On + Xan) 4+ 2im——+ R qﬁn'y*xn) ) (4.35)

Since ¢n, xn and iv. are real, we have ¢fivixn = (0}ivexn)" = X (=i)Ye¢n, and we can

n
rewrite 6((s) in terms of the local zeta-functions (4 (s, x,z) and (_(s,z,z) as

5¢(s) = 23/6a(trD C+(s, @, ) + imtrp (- (s + ;,x,:c>> . (4.36)

For the derivative we obviously get

5¢'(s) = 2/5U<trD C+(s, 2, @) + imtrp y.(— <s+ ;,x,x>)

+23/60<trp (s, x) + mitrp iyl (3—1—;,37,:6)) ) (4.37)

We want to evaluate both ¢ and ¢’ at s = 0. Now (4 (0, z, z) is regular (cf e.g. (4.13), and
subsection 4.3) and'? so is ¢/, (0, z, ). Thus

. . 1
5¢(0) = 2m/5a£1_r>r(1)strp 17 (s + 2,:6,:6‘) , (4.38)
5¢'(0) = 2/(5atrD (+(0,z, )
+2m/5a lim <trD 17C— (5 + 1,56,:5) + strp iy (s + 1,3:,:6)) .(4.39)
s—0 2 2

107f & meromorphic function is regular at a given point, then its derivative necessarily is also regular at
this point.
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4.3 Singularity structure of the local zeta-functions and the Green’s functions

As usual we first need to establish the small-¢ (and hence also short-distance) behaviours of
the heat kernels K4 (¢, x,y), from which the singularity structure of the (4 (s,x,z) can be
deduced. Before trying to make general statements, it is useful to look at the very simple
example off the flat torus discussed in section 2.3.

4.3.1 The flat torus

From the explicit form of the normalised eigenfunctions 15 of D on the flat torus given
in (2.37) we find

Kt,zy) = Y e Xatpu(x)yl(y) (4.40)

_ 12 Z ef(n%Jrn%erz)teinl(x17y1)+in2(x27y2)i ( A —ng —np — Zm) _

8 i A \—n1+im Ay + no

Note that in the real part the terms odd under n; — —nj or ng — —ngy drop out of the
sum:

1 A A
K+(t,:n,y) _ K(t,m,y) + K*(t,x,y) _ 477r2 Z e—(n%+n§+m2)tem1(xl_yl)-i-mz(x?_yg) Lo

ni,n2

T=1i— | O03(v=
s 2w

1 2 xl — Y
= — 9 =
4r2 © 3 (V 21

T
T = Z'n') 12><2 . (441)

The well-known modular transformation of the Jacobi theta-function 63

1 —i7TV2 T 14 1
Os(v|T) = War / 93(;| - ;) (4.42)

allows us to immediately get the small-t behaviour of K, (¢, x,y) as

1 1)2 2 ,2)2
Ky(t,z,y) = ﬁ exp(— (@ —y) L(x —v) > e 15,0 (1+O(€7ﬂ-2/t)) . (4.43)
The leading piece coincides, of course, with the well-known answer on R?2.

On the other hand, the imaginary part of (¢, z,y) contains pieces proportional to o,
o, and 7, = o0y. As noted above, this imaginary part K_ cannot be obtained from the
knowledge of D?, but one needs to know the eigenfunctions of D. However, as also noted,
K_ is given by K_(t,z,y) = D,L(t,z,y) where the quantity L defined in (4.9) is much
simpler. At present it is given by 2i times the real part of the sum (4.40) with an extra
factor )\% inserted. Then again the terms odd under n; — ny or ns — —neo drop out of the
sum anéL we get

i 1 . ,
Lita,y) = o5 € "L e —y) Taa s Llt2) = 3 woe (HEndemebinas?

S

ni,n2

(4.44)
Below, we will explicitly evaluate this sum for small .

17 -



Mostly, we only need the heat kernels at coinciding points, in which case again all terms
that are odd under n; — —nj or ng — —ns9 drop out, in the real and in the imaginary parts:

K(t,z,x) = 12 > e~ (nitn3+m?)t (1 + ;\n%) : (4.45)

87T ni,n2

The sum multiplying ~ 1 was just computed exactly and can be read from (4.43). A more
generic way to obtain the small-¢t behaviour is by noting that it is determined by the large
eigenvalues, and for large eigenvalues the sums can be replaced by integrals:

—m2t —m2t

e—m%t T e
872 t  8xt

82

i2 Y e (mitniimAt
8

ni,n2

/dnldng e~ (ni+nd)t — & (4.46)

which correctly reproduces the leading small-¢ behaviour. Similarly, for the sum multiplying
Y« in (4.45) we have

e—(n%—i—n%—i—mQ)t

1
872 Z 6_(n%+n§+m2)t>\ﬁ ~ %/dnldnz
T nime u m \/1n2 4+ n3 +m?2

m o e_(£+m2)t

stly Cere
m [e’e) e*ét
" S CE

m o0 e~¢
- 8/t /m?t dgﬁ

= ymy m\/{dzefz
=1+ 0mVY) . (4.47)

87t

Thus, we find for the flat torus

K(t,x,x):% 1+#’Y*+--- , (4.48)

where the unwritten terms + ... are finite as ¢ — 0. We identify
Kilta,2) = ——14... , K_(taow)=—"ipt.... (4.49)

4t e

As discussed above, the small-t behaviours of K (t,z,z) translate into possible poles of
the corresponding local zeta-functions (4 (s, z,x):

1

In(s—1) T fmite , (0,2, 2) = finite x 1,

C+(S,x,.’£) ~s—1
MY
C*(Sawax) s—1/2 471'(5 1)

2

+ finite . (4.50)

Let us come back to the evaluation of the small-t asymptotics of K_(¢,z,y). To do
so we look at the small-t asymptotics of L(¢,z,y). We let 2 — 3* = 2* = 2; and write
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|z| = /2% + 23. For small ¢, the sum L(¢, z) is again dominated by the large eigenvalues
and we replace the sum over ni,ne by an integral:

1 . .
L(t,z) ~ /dnldng)\— e~ (nitnd)tginizinaz® (4.51)

First, if [z] = 0, we get for small ¢ (cf (4.46))
—t(n +n2)
L(t,z=0) ~ /dnldng —_— = 271/ dnnS— \/7 (4.52)
n +n ¢

More generally, we have in terms of the Bessel function of the first kind Jy

t Z / dn —n2t/ dbe in|z| cos 6

= 271'/ dn)\—e_” tJo(n]zD

L H ()
/ d¢ et (’\[‘) (4.53)

F. So let us assume now that z # 0. The last integral

can be found e.g. in Erdelyi et al. (Bateman manuscript project, higher transcendental

For z = 0 one just gets back W\/j

function, vol 2, section 7.7.3, eq 23) so that

32 5|2
Cles) = e |z2/<8t>10('8’t) el £0, (4.54)

where I is the modified Bessel function of the first kind. Its asymptotic for large argument
is Iy(a) ~ \/e;% so that finally

3/2 27
VE 72 T

Alternatively, one can perform the two integrations in the reverse order. Then (within the

L(t,z) ~ . |z] £0. (4.55)

same approximation y~ ~ 1 4+ O(m?t)) we have

0 2 )
L(t,z) :/ dne_”Qt/ dg einlzl cos o
2m
= / de/ dne ™ 2t ’Ln|z|c039
2
— 2/ de/ dne n2t ln‘z|c059
2

_ LT g oAl cos? 0/ (an) / dne—t(n—ilz|cos6/(26))?
0 —00

2m
_ LT [T g o121 cos? 0/(4r)
2V t Jo
1 2m .
- = % a0 e~ F7 sin®8/(4t) (4.56)
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This is valid whether |z| vanishes or not. If |z| = 0, the f-integral is simply 27 and one
gets back (4.52). If |z| # 0 and t — 0, the f-integral is dominated by the two saddle-points

where sin 6 vanishes:

Lt 2) \f/ 40 o—121762/(4)
w/2
~ T ~ 2262/ (at) _ \/7 art _ 27 4
\/Z/mee = %0, (4.57)

in agreement with (4.55). However, we need an expression that still allows us to take both
limits, |z| — 0 and ¢ — 0. Note that the first expression in (4.57) indeed still is valid
wether |z| = 0 or not. Thus

/2 22
L(t,2) \f/ dg e 1F70°/4 1z =0 or |2] £0 . (4.58)

w/2

We conclude

L(t,z,y) ~ 46 e (@) 62/(4t) (4.59)

4\ﬁ /7r2

where at present £2(x,y) = |z — y|>.

4.3.2 General statements

It must be possible to make general statements about the leading small-¢ behaviour of
K based on the general form of D?, just as in the bosonic case where the leading term
in the asymptotic expansion of K (t,z,y) always is 1 exp (— ¢*(z,y)/(4t)) due to the 2-
derivative part of the Laplacian being always ¢g"V0,,0,. (Here £(x,y) is the geodesic distance
between x and y.) Indeed, as discussed above, we may obtain K (¢,z,y) solely from the
differential equation (4.7), but not K_(¢,z,y).

For K, (t,z,y) we expect, just as for G(x,y), a piece ~ 1 and a piece ~ 7,. The
leading small-¢ singularity will be contained in the piece ~ 1 and is universal, so that:

1
trp K-‘r (t7 €T, y) ~t—0 ﬂ 6_62 (@:9)/(4) ) (460)

as well as at coinciding points z =y

L f @)t +as(@)+...) . (4.61)

trp K. (t ~
0D Ko (t,2) o 5

For K_(t,x,y) = D,L(t,x,y) we expect that the leading small-¢ singularity of L is
again generic and hence given by (4.59), so that

7r/2

0 n r/ 40 (0, ) e H w8/ (4.62)

K—(ta x)?/) ~t

It follows that

m w/2

g e~ (ww) 0/ (41) 4.63
2/t J—n/2 ‘ ' ( )

trp iy K (t,2,y) ~t50 —
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and at coinciding points

m
trp v K_(t,xz,x) ~ (14 bi(2)t + ba()t2+...) . 4.64
DK (1,2) ~iso. 5 e (L @)+ (@) ) (164
The zeta-functions (4 are then obtained by the integral transform (4.11) and the small
t-asymptotics of the K4 translate into possible singularities of the (4. Below we will study
the singularities of the (4 (s,z,y) for x # y. Here we just note that at coinciding points

one has
1

reg _
1) + trp (s, 2,2) + Cp + O(s — 1), (4.65)

trp €+(S,$,$) -

while tr piv.(_(s,z,x) has poles at s = %, —%, —%, .... In particular, for s — % we have
. m . regyl
trp Z’Y*C_(S,m,.f) ~s—1/2 TS 1N + trp ZV*C— (77'%7'7;) +C—7 (466)
27(s — 3) 2

The exact values of the constants C depend on the exact definitions of (*® given below.
It follows

1 1 1
lim (tr DiIY(— (s + -z, x) + s tr pi (. (s + =, x, x)) = tr Div*Cr_eg(, T, ZL‘) +C_.
s—0 2 2 2
(4.67)

4.3.3 Singularities of the Green’s functions

The short-distance singularity of the Green’s function G(z,y) is dictated by the term with
the most derivatives in D?, which is the —g"0,,0, in —Agpinor- Thus the short-distance
singularity is the same as in the bosonic case, except for the additional identity matrix:

1
Gl2,y) ~amvy =3 I 122(2,y) Laxy + regular (4.68)

The fermionic Green’s function S(z,y) is related to G(x,y) by S(z,y) = DG(z,y)
and it follows that the short-distance singularity of S is given by

1 .
S(z,y) ~poy ~in (i¥, + my.) In 02 (2,y) 1axa + regular . (4.69)
There is a leading singularity ~ —ﬁ‘% as well as subleading singularities ~ In p2¢2.

4.4 Renormalised Green’s functions

For the Green’s function G of D?, we may define a regularized Green’s function G™&(x,y)
by subtracting the short-distance singularity (4.68)

1
G (2, y) = Gla,y) + - In (@, y) Toxo - (4.70)

The so-called renormalized Green’s function at coinciding points Gg then is simply de-
fined as
Gr(y) = lim G*™®(z,vy) . (4.71)

T—Y
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In complete analogy, we define S™&(z,y) and Sg(y):

1
S8 (z,y) = S(x,y) + e (1%, 4+ mys) In 202 (2, y) 1axo (4.72)
and
S(y) = lim 5°%(z,y) . (4.73)

In particular, multiplying (4.72) with ~, and taking the trace yields
trp 15" (x,y) = trp v.S(z,y) + QE In p20%(x,y) . (4.74)
T

We now want to study how these regularised Green’s functions are related to regularised
zeta-functions. For G the story is much the same as in the purely bosonic case. Since the
leading small-¢ behaviour of the heat-kernel K (¢, x,y) is ﬁe‘ﬁ (@9)/(4) 1, 5. we define a
regularised zeta-function as

1 [e'e]
e = dtt* VK (¢
CJr (S,Z',y) F(S) /1/M2 +< ,x,y)

1 1/p2 e CPzy)/(4t)
—C+(3,90,3/)—F<8>/ —

= (s, 2,y) — Ef;?;; /100 %u ulmsemHu b Ey)/4 1ox2
= el - YL (PR ) 1y, (4.75
where FE is the exponential integral function defined as
Ei(z) = /100 duu%e™™" . (4.76)

Its asymptotic expansions are well known and, in particular, for s = 1 and z — y, i.e.
l(z,y) — 0, we have

262 262
E, ('u4) ~i—0 =Y —1In HT +O(m*¢?) (4.77)

Thus, possible singularities in (4.75) can occur for s — 1 and/or x — y and come from
the region of the integral where t — 0. Because we cut off this region, this (_rfg clearly
must be free of singularities. Indeed, if we first set s = 1 and then let * — y, using

Ei(2) = —y—Inz+ O(z), we find

1o (1 (2,y)
Teg = = rE Y
+ (any) - C—i—(lam)y) 47TE1< 4 > 12><2
1 202(x,
= G(z,y) 4E1(M ( y)) 1oy
7 4
242
pl=(z,y)
~r—y G(w,y) + (47‘[‘ ln 1 + 4) 12)(2 + O(N2€2)
—In4
= Gr(y)+- o L + 02, (4.78)
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ie.
~v—1n4

GR(QL’) = Cj—eg(laxal‘) - 12><2 . (479)

On the other hand, if we first let x = y, we get instead (for fs > 1)

re (M2)1_5 Ldo Ss—
_;,_g(S,:L‘,l‘) = C+(S,IL’,I’) - 47TF(S) 0 7 ! 1oxo
_ (1) Laxg
= Gloo) 47T (s) s—1
1ox2 Cy
s—1 C+(87 x? CC) (471') (S . 1) 2 12)(2 9 (480)
where .
2
Cp = o-(y—Tnp?) (4.81)
One defines G¢(x) as
Gelo) = lim (1) 61 (o.0) = 322 ) (4.82)
s—1 T (Am)(s—1))"
so that
Gelx) = (1,2, 2) + % loxs . (4.83)
Comparing (4.79) and (4.83) we find
v—In2
G¢(x) = Gr(x) + o 1zx2 . (4.84)

Similarly, the Green’s function S(z,y) of the Dirac operator D equals —iC,(%,:L‘,y).
Thus, obviously the latter is singular as * — y. On the other hand we may consider
(—(s,z,x) which is regular as long as s # % but which has a pole at s = % As for G and
¢+, we now want to define a regularized ¢'*®(s,z,y) by removing the singular part, so that
it is regular at s = % and x = y:

2

1 o 1 e
reg _ s=1pe _ _ s—17,small
CC5(s2,9) I(s) /mﬂdtt —(t,z,y) = (-(s,2,9) P(S)/O dt t° kIt 2, y)
(4.85)

where k5™l (¢, 2, ) is meant to be just the leading small-t asymptotics of K_(t,z,y). Upon
multiplying with iv,, taking the trace and using (4.63) we get

) . ) 1 m /2 1/p? B _
trp i (s, x,y) = trp W*C—(s,m,y)ﬂLr(s)W/_ P d@/O dt ¢573/2 =207/ (40)

: L omy!=2 m/2 s —1/2—s  —p220% u /4
= tI“DZ’Y*C—(S;xyy) + @271’73/2 /;W/QdHA duu e

mul_

‘ 2s /2 11202 )
= trpiv(-(s,7,y) + 2773/21“(3)/_7r/2 Es+l/2 (49 )7 (4.86)
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where E; was defined in (4.76). We can now set s = % and let z — y, ie. {(z,y) — 0.
Using again the asymptotics (4.77)(with 2 — ¢202), and doing the 6-integral, we get (recall
¢~(3,2,9) =iS(z,y))

1
rfeg(fa x,y) = —trp V*S('Ia y)

trp i7xC 9

m (*y +1n p20%(z,y) + 2111% - 2> . (4.87)

™

If we now let z — y and use (4.74) and (4.73) we find

re, 1
— trp i'y*g“,g(g,x,x) = trp 1Sr(x) + ;(’Y + 2111% - 2> . (4.88)

If instead in the first line of (4.86) we first let 2 = y and then s — 1, we get!!

| . » 1 m 1-2s

trp i1 (s, m,2) = trp i7sC—(8, %, 2) + ['(s) 2m1/2 5— 3

2

. m
N8—>1/2 trD Z’}/*C_(S, x,x‘) + 27‘(‘(5 — %) - C_ ) (489)
where
_m 2 _In4—

¢ =T () (4.90)

In analogy with G¢(x) we could try to define S¢(x) in terms of (_(s,x,z) by subtracting
its pole at s = % Since we only have given the relations for the traces with v, we restrict
to this case:

trp 1 S¢(x) = lim <— (12)* V2 trp el (s, x, ) — ml> , (4.91)
S—)% 27T(S — 5)
so that
. reg 1 m

trp 1 Se(x) = — trp 7.5 30T )+ %('y +1n4) . (4.92)

Comparing (4.92) and (4.88) we conclude

m s

trp vS¢(x) = trp vSr(z) + = <7 +In 5~ 1) . (4.93)

5 The variation of the gravitational action

5.1 Expression in terms of S; or Sgr

Recall our formula (3.10) for the gravitational action in terms of ((0) and ¢’(0). Their
variations under infinitesimal conformal rescalings with do(z) have been worked out above
and are given in (4.38) and (4.39). Combining (4.38) with (4.66) we get (writing again
explicitly the /g = €**+/§ and using A = [ /7)

m2 m2 m2
5¢(0) = —7/\@50— — —55/\@ = -4, (5.1)
"'We have I'(s) = I'(3) (1+4(5)(s —3)) with 9(3) = —2In2—7. Thus 5 = 7= (1+(2In2+7)(s— 3))-
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while combining (4.39) with (4.13) and (4.67) we get

5¢'(0) = —/\/§50<1§F + ”f) + Qm/\/§50<trp m*gr_eg@,x,m) 4 c) . (52)
Thus

5Sgrav = 10C(0) + 3 n 2 5(0) (5.3)

= (14 2m2)iA 1/ 5R+@/ Sot 'greg<1 >
= ~ar y n yr Vgoo 5 VG00 trp i, (_ 55T

Now, the terms ~ J A are just the variation of a cosmological constant term and

/\/§5O’R = 0 SLiouville (5.4)

is the variation of the Liouville action. Note that the coefficient of §SLiouville in 6Sgrav is

exactly % the one that occurs in the gravitational action of a bosonic scalar matter field.

It is interesting to trace back how this coefficient occurs. For the bosonic scalar field and

scalar Laplacian, the heat kernel coefficient a; is %. At present, a; is % — % = —%. But

because we are dealing with fermions, the gravitational action has an overall minus sign, so

that in the end one gets a —|—%, i.e. exactly one half the bosonic result.'? We conclude that
2

1 m m ) 1
5(Sgrav + ESLiOUViHe + g(l + Y + 21n 2)A> = 5 / \/§50' tI'D Z’Y*Cr_eg <2, Z, x) . (55)

We may use (4.92) to re-express this variation as

1 m?2 m
5<Sgrav + 4877_[_5Li0uville + 87TA> - _E \/.650’ trD V*SC(J:) ) (56)
or instead using (4.88) as
1 m2 s m
6<Sgrav + ESLiouville + g (27 +2Iln 5 - 1) A> - *E / \/§5U trp V*SR(-I) 3 (57)

It remains to characterise the right hand side of any of these last three equations and
express it as a total variation of some appropriate quantity. We will focus on the last form
which contains Sgy.

5.2 Conformal variations of the Green’s function S(z,y) and Sr(x)

Recall that S(z,y) is the solution of D,S(x,y) = (i¥, + my)S(z,y) = é(x — y)/\/9, see
eq. (4.15). We want to determine the variation of S under a conformal rescaling. Consider
two metrics g and § related by g = €>§, cf (2.41). Then, of course VI = e??/g and
from (2.44), V= e=37/2 §7e°’/2. Thus

(i, +my) Sy, y) = 5(93\/—53/) ,

(132§ 7 @12 | ) S, () = L8 —Y) (=so@)/2g=0w)/2 (5.8)

~

Vi

120f course, we also had the % multiplying the §¢'(0) and 6¢(0) instead of a % in the bosonic case. But

this extra % is offset by a factor 2 coming from the Dirac traces.
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We see that, for m = 0, one simply has Sq(z,y) = e*"(‘”)ﬂSg(w, y)e*"(y)/? This motivates
us to define
Sz, y) = eo(x)ﬂSg(a:, y)ea(y)/2 , (5.9)

so that the statement for m = 0 simply is Sy = S;. For non-vanishing m we may rewrite
the second equation (5.8) in terms of S as

a o(z)a o(z —
i¥Sg(z,y) + my.e ( )Sg(x,y) = 7( \/ﬁy) )

We let ¢ = do be infinitesimal and let S, = S; + 65 so that (z§7—|— my.)0S(x,y) =
—m.d0(x)S;(x,y). But we may now consider § as g and simply rewrite this as (relabelling
xr— 2)

(5.10)

D, 58(z,y) = (iV+ my)dS(z,y) = —mY.00(2)S(2,y) = —m.00(2)S(2,y), (5.11)

where in the last step we used that do is infinitesimal. We then multiply with S(z, 2)/g(2)
from the left, integrate over z and get, using the hermiticity of D,,

6S(x,y) = —m/dzz\/g}S(x,z)’y*da(z)S(z,y), (5.12)

5S(x,y) + %(50(@ +d0(y))S(z,y) = —m/d2z\/§ S(z,2)v00(2)S(z,y), (5.13)

Since SR is obtained from S by subtracting the short-distance singularity S8, we
need the conformal transformation of the latter:

. 1
6Ssmg($’ y) — 5( — E (’L%: + m%) lnM2£2($,y) 12><2)
503 (z,y)

= _4:;(1'6% In i %0%(x,y) + (i¥], + m'y*)w) loxa . (5.14)

We will only need the trace of this expression multiplied by 7., so that only the term ~ m-~,

survives:
m 6 (z,y)  m

sing _ _ " _
trp 1057 (2, y) 21 02(x,y) 27

(do(x) + do(y)) . (5.15)

Obviously then,

. 1 .
trp Ve <555mg(x, y)-{—i (do(x)+d0(y))S* 8 (x, y)) = —% (2+1n P03 (z, y)) (do(x)+d0(y)) -

(5.16)
Subtracting (5.16) from the trace with v, of (5.13) we get

trp Vs <5Sreg(:c, y) + %(50(@ + 0o (y)) S8 (x, y)) (5.17)

= —m/d2z\/§ trp V.S(x, 2)vd0(2)S(z,y) + % (2 + In 202z, y)) (do(x) 4+ do(y)) -
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One can check that the singularity of the integral in the first line is logarithmic as x — v,
and it is exactly cancelled by the one of the second line. In terms of Sg this can be
restated as

e~ §trp 7. (7 S(y)) = trp 7. (3Sr () +00(y) Sr () = =do(y) —mFly,do],
(5.18)
where we defined

Fly,do] = il—r;gl; (/sz\/ﬁ(So(z) trp 1S (z, 2)7S(2,y) — (Szglz_y)lnu%z(x,yﬂ . (5.19)
We may then rewrite the integral on the right-hand side of (5.7) as
/\/géa trp 7«Sr = / VG 6(e?) € trp v.Sr
= 5/\/§ trp v+ SR — /\/ge_" §(e? trp v+SR) (5.20)

where the integrand in last term is then given by (5.18). Thus (5.7) becomes

L G it t " (29421 T —3) 4 trp7eSr) === [ 5 Fly,o

48T Liouville oy (’Y"i_ n2 ) + = /\[ I'D Vx R) 2 /\/§ [yv U]'
(5.21)

Recall from (4.28) that trp v.S(z,y) = mtrp G(z,y). This same relation obviously is also

5 (ng +

valid for the corresponding singular parts that need to be subtracted to get S™& and G™&.
Hence also trp 7.5™8(x,y) = mtrp G*8(z,y), and in the coincidence limit:

trp v«Sr = mtrp G . (5.22)
We may thus rewrite (5.21) as
1 m?
o Sgrav+4877TSLiouville 8 27"‘2111*_3 A‘i‘i/\/»tI'DGR :—7/\/>F y,(SO' .
(5.23)

Let us then study the properties of Fy, do]. Recall S = (i¥+m~.)G and, from (4.21),
G = Go1 + Gy, Tt follows that v,Sv. = (—iV+ m~y,)G, and taking also into account
trp . = trp v W= trp Y= 0, we get
trp 7:S(x, 2)7:5(2,y) = —trpi¥,G(x, 2) i¥,G(2,y) + m* trp G(z, 2)G(z,y)
= i1 (1%, + )G, 2) (T, + m) Gz, )
+2m*trp G(m,z)G(z,y)
= —trp S(x,2)S(2,y) + 2m* trp G(z, 2)G(2,v), (5.24)

so that we can rewrite

T—Y

Fly,d0] = — lim (/sz\/géa(z) trp S(x,2)S(z,y) + (szg)lnuzﬁ(:c,y))

+2m2/d22\/§60(z) trp G(y, 2)G(7,y), (5.25)
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where the integral of the last line is of course regular, so that we could set = = y. It will
be useful to define a similar quantity without the do as

Hly] = —%gly </d2z\/§ trp S(x,2)S(z,y) + 217Tln,u2€2(x,y)>
+2m2/d2z\/§ trp G(y, 2)G(z,y) . (5.26)
Using (4.20) we see that the term inside the bracket is just trp G*8(x,y) and thus
Hly] = —trp Gr(y) +2m* trp Ga(y.y) (5.27)

where Ga(z,y) = (+(2,z,y). We want to express F' in terms of the variation of H, to
leading order in a small m-expansion.

5.3 The gravitational action on the sphere

In this subsection, we will restrict ourselves to the case where ¢¥ has no zero-modes, so
that all eigenvalues \,, are strictly positive, even for m = 0. This is the case, in particular,
for spherical topology, but also for the torus with a spin structure involving at least one
anti-periodic boundary condition. The important thing is that in all these cases there is
no zero-mode piece in the Green’s functions one would need to remove in the m — 0 limit
and, hence, in a small mass expansion, we may consider all Green’s function to be of order
m?. This would not be the case in the presence of zero-modes of i¥ where S would have
a piece ~ % and G a piece ~ # Thus in our previous equation for F' and H we may
already drop the terms ~ m2GG, and we rewrite
_ W)
"W H (y) = — lim (/d 257 trp S(x, 2)8(z,y) + 27rln,u2£2(a:,y)> +O(m?),
(5.28)

where S defined in (5.9) was such that §S = O(m), cf (5.12). It follows immediately that

a(y)
€ So(y) In p20(x, y))
s

5(ea(y)H(y)) = — h

/d2z 75¢7®) 60(2) trp Sz, 2)(z, y) +

50( )+ O(m)

foy) M2f2(x7y))

= "W hm (/d2z\f§0( ) trp S(z,2)S(z,y) + o

a(y)

oo(y) + O(m)
='W (F[y,aa] - 5‘;@)) +O(m) . (5.29)
Thus
5A
/\[F+(9 /\/5605 (e”H) +—
- /@620 (60H + 6H) +(;i1
5A
_ = ~ 20 20 v
—2/\/§ 56 H)+e 6H)+27r

:75/\[H+ /J6H+M (5.30)
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Now to lowest order in m, by (5.27) we have simply H = — trp G and thus

1 1 5A
/\/§F:—§6/\/§trpGR—§/\/gétrDGR—i—%—l—(’)(m). (5.31)

Inserting this into eq. (5.23) for the gravitational action we get

2

1 m T m?
v + — SLiouvi — 12 2lIn——-1)A4A+ —
5(ng + 48’/TSL ouville + 87T< ¥+ 2In 9 > + 1 /\/§ trp GR)

m2
_ T/\@MD Gr + Om?) . (5.32)

By (4.84) we may replace G = G¢ + 3=(In2 — 7)12x2 so that

5(5 S+ T 21 1)A+’”2/ ¢ G)
grav T o Liouville 81 nm 4 \/§ rp G¢

_ ”f/@(str,j Ge+0m®) . (5.33)

Finally, we need dtrp G¢ = dtrp Gr, up to terms of order m. It follows from (4.71)
and (4.70) that

1oyo 552(337.@))

L 1oy

T—Y

dGRr(y) m <5G(x, y) +

=l

which shows that dG(z,y) must have a finite limit as + — y. To compute 6G(x,y) it is
easiest to express G as [ SS and use that 65 = O(m):

0G(z,y) :5/d22 9(2)S(x,2)S(z,y)

:5/dQZ\/g(z)ea(z)_o(z)/%”(y)m?(x,z)g(z,y) (5.35)
:/dzz\/f](z)eg(z)_g(x)/Q_"(y)/Qg(x, 2)S(z,y) (50(7:) — W) +O(m).

If we let x — vy, integrate over y and take the trace we get

d*y\/9(y) S trp G(y,y)
= / d*y\/9(y) / d%21/§(2)e” @) 62, S(y, 2)S (2, y) (90 (2) — 6o (y)) + O(m)

=0+ O(m) . (5.36)

Note that it is only after taking the trace that the integrand is odd under exchange of y

and z. Thus
/dzy\/g(y)étra Gely) = /de\/g(y)étrD Gr(y) = % : (5.37)

Inserting this into (5.32) or (5.33) yields

1 m?
6<Sgrav + 7SLiouVille + 47
s

pro (e -4+ [ Vo Ge) =0m®),  (539)
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which we can immediately integrate to get
2

N 1 m
Sgrav[g, g] = _ESLiouville[ga g] + E(l —In 7T) (A — Ao)
m2 m2
-2 [VaunGelgl+ 7 [ Vit Gelal + 0% . (539)

We see that the order m? contribution to the effective gravitational action is entirely
determined by the integral over the sphere of the Green’s function at coinciding points, G¢
or GR.

This result for the gravitational action looks very similar to the result one gets in the
bosonic case for a massive scalar field. However, the Liouville action has an extra factor
—i—% that arose from a combination of a minus sign from the fermionic determinant and

another factor —% as explained above. Of course, this i is just the central charge of the

2

fermionic CFT. The term ~ m? is again the integral of G¢, but now with an additional
minus sign (fermions !), as well as 3 and the Dirac trace. But most importantly, G is the
regularised Green’s function of D? which is not simply the scalar Laplacian as one had for
the scalar field.

To go even further and determine G¢[g] in terms of G¢[g], or equivalently Grlg] in
terms of GRr[g], we could try to “integrate” the infinitesimal conformal variation (5.35).
Above, in (5.36) we could take advantage of symmetry arguments which we are lacking at

present. Note that from (5.22) we also have the relation

2 2
m?trp Ge = m*trp Ggr + ﬁ(’y —In2) =mtrpv.Sr + m—(fy —1n2). (5.40)
T 0

So instead of working with the variation of trp G¢ (to order m®) we can look at the variation
of trp 7«Sr (to order m). But this will lead us back to the same type of expression as (5.35).

Instead we will use directly the equality of G and [SS and use again that S is in-
dependent of the conformal factor, up to terms of order m (we write G4(z,y) instead of
Glg)(z,y), and similarly for S):

Golay) = [ d2[9(2)Sy(@.2)S,(2.9)
_ / P21 [5(2)e” D@20 WG (5 )T, (2, y)
= / A221/§(2)e” D=0 @)/ 2=0W)/ZG (1 2)84 (2, y) + O(m), (5.41)
so that (S; = 5;)

Gl )= Gglay) = [ d[5(e) (-2 1) 54 (2, 2)Sy (2, 4) +Om) . (5.42)

Note that since dG(x,y) has a finite limit as x — y, the same must be true for this finite
difference. As in (5.34) we let x — y and add the piece ~ o and take the trace to get

trp G¢lgl(y) — trp G¢lg](y)

= trp Grlg](y) — trp Gr[9](y) (5.43)

= /dQZ\/@(e”(z)_”(y) - 1) trp Sg(y, 2)S(z,y) + O’ETy) +O(m) .
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Finally, we get for the terms multiplying —m?/4 in the second line of the gravitational
action (5.39)

/\ftrDGC /\[U"DGC
= ;/\/562"04—/\/5(62”— 1) trp G¢lg] (5.44)

+ / dy\[§(y) / d?2y/g(2) (77 — 270 trpy 5y (y, 2)S5(2,y)

and thus

1 g ag
_7SLiouville[g7g]+4 (1—ln7r)(A Ag) _7/\/§62

4
/\/7 — 1 tI‘D Gd ] (5.45)

- / Py fay) [ af5() (00 - 270 b Sy(5.2)8y2.).

The last term of the first line is the characteristic term e2°¢ of the Mabuchi action

L4 = 95
51\4[9,9]22/\/562 o+ .., (5.46)

A

Sgrav [ga g} =

Obviously, this term is local, contrary to the other terms that are also present in (5.44) and
constitute the second and third lines in (5.45), and that are non-local. Despite some effort,
we have not been able to reduce these terms to purely local expressions in terms of the
conformal factor o or the Kéahler potential only. Such non-local terms involving the Green’s
functions on the manifold also are present in the effective gravitational action for massive
scalars at higher orders in m, starting at m*. It seems that in the present case of massive
Majorana fermions, such non-local terms are already present at order m?2. It is interesting
to note, that the Mabuchi action appears at present with a coefficient —% while in the

case of the massive scalar field one exactly obtained the opposite coefficient +45z= 24,

6 Discussion and outlook

In these notes, we have studied to some extent the effective gravitational action for massive
fermions in two dimensions. The appropriate mass term was a Majorana type mass term
S im0, and the spectral analysis we performed was based on the Dirac operator D =
i¥+ m~, whose eigenfunctions necessarily are complex. What might have looked as a
simple generalisation of the massive scalar case, actually turned out to be technically
quite involved. We performed a detailed study of the corresponding Green’s functions,
local zeta-functions and local heat kernels of the Dirac operator D and of its square D?.
In particular we studied the variations of these quantities under infinitesimal conformal
rescalings of the metric, and then tried to “integrate” these infinitesimal variations to get
the finite effective gravitational action S[g, §]. Our result was valid for non-vanishing mass
in which case there is no zero-mode which otherwise we would need to exclude from the
Green’s functions and zeta-functions. However, to get a proper small-mass expansion of
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the effective gravitational action one needs to deal with quantities that have a well-defined
limit as m — 0. One should thus properly take into account the zero-modes of the massless
Dirac operator i¥and define Green’s functions, zeta-functions and heat kernels with these
zero-modes subtracted. Of course the number and properties of the zero-modes crucially
depend on the topology of the manifold. We will come back to this question in a separate
publication. Here, in our last section, we restricted ourselves to spherical topology, where
i¥ has no zero mode and we could directly perform the small-mass expansion of all our
quantities. At order mP, the resulting effective gravitational action displays the well-known
Liouville action, correctly with a coefficient % times the one for a single scalar field, as well
as a cosmological constant action proportional to the area A of the manifold. At order m?
we found a local contribution involving the [1/goe?® term characteristic of the Mabuchi
action. This term appeared with the same coefficient as for a massive scalar field, but
with the opposite sign, as one might perhaps have expected. But we also found, at this

order m?

, several non-local terms involving the Green’s functions and Green’s functions
at coinciding points on the manifold. Such non-local terms showed up in the scalar case
only at order m?, but it seems that in the fermionic case they are already unavoidable at
order m?2.

Finally, let us note that the gravitational action for a massive Majorana fermion has
also been studied in a different approach long ago [14]. There, following the DDK ap-
proach [15, 16], the theory of a Majorana fermion with the mass term being gravitationally
dressed by the Liouville field has been explored to some extent. It would be interesting
to pursue this approach further and relate it to ours. We hope to come back to this in

the future.
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