N
N

N

HAL

open science

An optimal control problem for the continuity equation
arising in smart charging

Adrien Seguret

» To cite this version:

Adrien Seguret. An optimal control problem for the continuity equation arising in smart charging.

Journal of Mathematical Analysis and Applications, 2024, 531, 10.1016/j.jmaa.2023.127891 .

03353917v4

HAL Id: hal-03353917
https://hal.science/hal-03353917v4

Submitted on 24 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03353917v4
https://hal.archives-ouvertes.fr

An optimal control problem for the continuity equation arising in smart
charging

Adrien Séguret *

Abstract

This paper is focused on the mathematical modeling and solution of the optimal charging of a large population
of identical plug-in electric vehicles (PEVs) with mixed state variables (continuous and discrete). A mean field
assumption is formulated to describe the evolution interaction of the PEVs population. The optimal control
of the resulting continuity equation of the mixed system under state constraints is investigated. We prove the
existence of a minimizer. We then characterize the solution as the weak solution of a system of two coupled
PDEs: a continuity equation and of a Hamilton-Jacobi equation. We provide regularity results of the optimal
feedback control.

Keywords: Optimal control, optimality conditions, mean field control.

1 Introduction

This article studies the optimal control of a first order continuity equation with a reaction term under state con-
straints. Let us consider a finite time interval [0, 7] and a mixed state space equal to the product [0,1] x I, where
I is a finite space, the cardinality of which is denoted by |I|. The continuity equation is given by:

Oemii(t, s) + 0s(my(t, s)bi(s)) = — Z(O‘i’j (t,s)m;(t, s) — o i (t,8)m;(t, s)) (i,t,s) € I x(0,T) x (0,1), w1)
J#i .
mi(0,5) = mY(s) (i,5) € T [0,1],

where m : [0,T] — P([0,1] x I) is a curve of probability distribution, m® € P([0,1] x I) is the given initial
distribution, b : [0,1] — RI! is a velocity field, and the control a : [0,T] x [0,1] — RKIXIII is a jump intensity. The
notion of weak solution of (1)) is specified in Definition 3.1l We further assume that b vanishes at the boundary of
[0, 1] so that the mass conservation in I x [0, 1] is guaranteed without forcing a boundary condition. The distribution
m is subject to the following congestion constraints:

mi(t,[0,1]) < Di(t) ¥(i,t) € I x [0,T], (1.2)

where D : [0,T] — (Ri)m is given. The objective function J is defined as follows:

T(m, a) :_Z/OT /01 <cl-(t,s)+ S Liaglt s))>mi(t,ds)dt+Z/Olgi(s)mi(T,ds), (1.3)

iel JEI j#i iel

where ¢ is a running cost, L a function penalizing high values of the control a and g a final cost. Our purpose is to
study the optimization problem:

inf J(m,«), where (m,«) is a weak solution of (1) and satisfies (2. (1.4)
Our work is initially motivated by the optimal charging of a population of PEVs controlled by a central planner.
The continuous variable s € [0,1] in (II) represents the level of battery of a PEV. The discrete variable i € I
represents the mode of charging (e.g. idling, charging, discharging, etc...). For any (¢,s,4) € [0,T] x [0,1] x I, the
value m; (¢, s) represents the proportion of PEVs at time ¢ at state (s,7). The given velocity field b;(s) denotes the
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power of charge or discharge of a PEV in mode ¢ and with battery level s. For any (¢,s,,5) € [0,T] x [0,1] x I x I,
the value «; ;(t, s) denotes the jump intensity of PEVs from the state (s, %) to the state (s, j) at time ¢. The control
« is required to be a non-negative measurable function. The congestion constraint (I2)) avoids high demand of
energy at each moment over the period. By penalizing high values of «, the cost function L aims at avoiding the
synchronization of jumps of the PEVs and the consequent instability of the electrical network. The value ¢;(¢, s)
corresponds to the cost per PEV to pay at time t € [0,T") at state (s,4); gi(s) is the final cost per PEV to pay at
state (s,). Numerical results of Problem (L)) applied to smart charging can be found in [57]. Problem (I4) can be
interpreted heuristically as an approximation of the limit case N — oo of an optimal switching problem of N PEVs.
Combinatorial techniques as well as optimal control tools may fail to solve problems with large population of PEVs,
due to the curse of dimensionality [6]. To overcome these difficulties, a continuum of PEVs can be considered,
leading to the techniques of the optimal control of PDE. The connection between the finite population problem and
the mean field problem is addressed in a companion paper [56] by the author.

1.1 Contributions, methodology and literature

Contributions This paper makes three main contributions.

First we prove the existence of solutions of Problem (L4]).

Second, we derive optimality conditions of Problem (I4). More precisely, let H denote the Fenchel conjugate
of L and H' denote the derivative of H, we show that, if (m, a) is a solution of (I.4)), then there exists a pair (¢, \)
such that, for any i,j € I, a; ; = H'(p; — ¢;), and (¢, A\, m) is a weak solution of the following system:

—Oupi — bispi —ci =N+ Y H(pi— ;) =0 on (0,T) x (0,1) x I
JEI,j#i
dym; + Os(m;b;) + Z H'(pi —¢j)mi — H'(p; —pi)m; =0 on (0,T) x (0,1) x I
J#i
m;(0,5) = m(s), gi(T,s) = gi(s) + \i({T}) on (0,1) x I (1.5)
1
m;(t,ds) — D;(t) <0, A >0 on [0,T] x I

O 1

ier 70 0

The function ¢ is the Lagrange multiplier associated with the dynamic constraint (LI), and the measure A is
associated with the congestion constraint (I.2)). The first equation in (L3 is a backward Hamilton-Jacobi equation.
The existence, uniqueness and characterization of weak solutions of the backward Hamilton-Jacobi equation are
investigated in the paper. The second equation in (L3 is a forward continuity equation, where the control «,
defined by «a; ; = H'(pi — ¢;), is optimal. The measure A is non-negative and finite. The last equality in (L)
ensures that the congestion constraint (I2) is satisfied.

Third, we obtain regularity property for any weak solution (p, A\,m) of (LE). We prove that, under suitable
assumptions on the data b, g and ¢, the multiplier ¢ is in Lip([0, 7] x [0,1],R"l) + BV ([0, T],RI). As a result,
the optimal control « is bounded and Lipschitz continuous in space uniformly w.r.t. the time variable and the
measure m is in Lip([0, 1], P([0, 1] x I)). We show that if the initial distribution m® is absolutely continuous w.r.t.
the Lebesgue measure and has a smooth density, then the measure m is absolutely continuous w.r.t. the Lebesgue
measure and has Lipschitz continuous density.

Methodology The existence of an optimal solution is established by compactness arguments. We adopt a
duality approach to obtain (5. More explicitly, we relax the dynamics (ILT]) and the congestion constraint (L2)).
The resulting relaxed problem is then expressed as the dual of another convex problem. We show that the system
(T3 is the optimality condition of Problem ().

Literature Solving the optimal control of a Fokker-Planck equation by means of the duality theory has been
well known since decades [30, 59]. Our work follows the method developed in the seminal work by Benamou
and Brenier [7] for optimal transport problems. In [7], a continuity equation is controlled with initial and final
constraints; optimality conditions are obtained as a system of PDEs close to ([H). Similar method and results
also in optimal transport are derived in [I9]. More recently, this approach was applied to solve on optimal control
problem of a Fokker-Planck equation under state constraints in the 1-Wasserstein space [24] 25], where Lipschitz
regularity results of the optimal control are proved.



The optimality conditions (L)) typically arises in the Mean Field Game (MFG for short) Theory. This class
of problems, introduced by Lasry and Lions [42] 43| [44] and Huang, Malhamé and Caines [40], 4], describes the
interaction among a large population of identical and rational agents in competition. Mean Field Control (MFC
for short) and MFG theories have been extensively used over the last few years as a mathematical tool in electrical
engineering. More specifically, the optimal control of PDEs applied to smart charging can be found in |46 [58], and
to the management of a population of thermostatically controlled loads in [33, [51].

Conversely, the duality approach is close to the so-called variational approach used in MFG theory in [20], where
the weak solution of the MFG system is characterized as the minimizer of some optimal control of Hamilton-Jacobi
and Fokker-Planck equations. This approach allows to use optimization techniques to prove the existence and
uniqueness of the solution of MFG and MFC problems. We refer to [1l @ [I'7, 2T, 53] and the references therein.
Besides, the variational approach allows to apply optimization algorithms to numerically solve MFG problems
[8, 16, 17].

Note that different optimality conditions for control problems in the space of probability measures can be derived
by using a kind of Pontryagin Maximum Principle [12] [13].

A particularity of this paper is to deal with a congestion constraint (L2)) on the measure. Two kinds of congestion
effects are explored in the MFG and MFC frameworks. On the one hand, “soft congestion” increases the cost of
velocity of the agents in areas with high density. On the other hand, “hard congestion” constraints impose density
constraints, e.g. m < /m at any point (¢,s). The variational approach yields good results when applied to MFC [I]
and MFG with “soft congestion” in a stationary framework [27], as well as to MFG problems dealing with “hard
congestion” constraints. This was first investigated in [64] where the density of the population did not exceed a
given threshold, then in [49] where stationary second order MFGs were considered. In [22], a price which is imposed
on the saturated zone to make the density satisfy the constraints is obtained. In the same vein as the work of
Benamou and Brenier [7], “hard congestion” constraints were examined in optimal transport [I8]. We highlight
that our paper deals with aggregate “hard congestion” constraints on the measure m (2], i.e., our constraint is
less restrictive than a constraint of the type m < m a.e..

Besides, we consider a mixed state space with continuous and discrete state variable. This setting has seldom
been investigated in the MFG literature. Indeed, the articles cited in the paragraphs above looked only at continuous
state variables. The resulting continuity equation (I.1]) contains a term of reaction, indicating mass transfers between
states in I. Such PDEs also arised in [4] to model the mean field limit of Piecewise Deterministic Markov Proccesses
(PDMP for short). The velocity was controlled in [4]. Here, we control the intensity of the jump «, but the velocity
b is given. A MFG problem with discrete time and state space was explored in [35] and applied to socio-economic
sciences in [34]. The uniqueness of the solution of a finite state MFG was discussed in [5] and the convergence of the
N-player game to the mean field model as N — oo was obtained in [36]. Mixed state spaces in a MFG framework
were studied in [28] [29], where a major player can switch his state on a finite state space and minor players decide
their stopping time. A MFG problem in a finite state space and discrete time settings with “hard congestion” was
studied in [I1], also by variational methods.

Some of our regularity results, namely that « is Lipschitz continuous w.r.t. the space variable s, and that the
density of m w.r.t. the Lebesgue measure is Lipschitz continuous when m° is absolutely continuous w.r.t. the
Lebesgue measure, are unusual. We believe that it is mainly due to the linearity of the Hamilton-Jacobi equation
w.r.t. ds¢. These results will be used in a companion work [56] to quantify the mean field limit of the model. The
time regularity of ¢ may not be improved as far as we have no more regularity results on A\. The function ¢ is
discontinuous at each atom of the measure A. Regularity results about the multiplier of the density constraint can
be found in the literature: in [22], the authors showed some BV estimates on the pressure, whereas L estimates
for the price were proved in [25] and [45] in the special case of a quadratic Hamiltonian in a MFG problem. In [14],
sufficient conditions are provided to obtain Lipschitz regularity results, w.r.t. the space variables, of the optimal
control in a deterministic framework with continuous state variables. These results are closely related to those given
in the articles [31], 32} 48], which deal with first order MFGs. The Sobolev regularity of the weak solutions of a first
order MFG system was studied in [55] using duality arguments, in [37] for MFG problems with local coupling terms
and in [38] for planning MFG. The existence of classical solutions to first order MFG problems was first investigated
in [47] and improved in [52].

Organization of the paper The paper is organized as follows. In Section [2, we present our assumptions
and main results. The existence of a solution of Problem (I4)) is established in Section Bl In Section [ which
is independent of the other sections, we show the existence, uniqueness and regularity of weak solution of the
Hamilton-Jacobi equation in (LA]). In Section Bl we return to Problem (L4]) and develop the duality approach. We
formulate its Lagrangian relaxation and show it is the dual problem of another convex problem. We obtain the
optimality conditions ([l of Problem (LA4) in Section [l The Lipschitz continuity of the value of Problem (4]



w.r.t. the data (m°, D) is proved in Section [l Basic statements about weak solutions of (II)) and technical results
useful for Section [ are postponed in Appendix [Al

2 Assumptions and main results

2.1 Notations and Assumptions

Notations The space of Borel, positive and bounded measures on a space A is denoted by M™(A) and the space of
Borel probability measures on a space A is denoted by P(A). For any measure y € M7 ([0,T]) and 0 < t; < t5 < T,
we set fttf p(dt) := p([t1,t2]). The space of vector-valued, of dimension d € N™ (resp. d x d with d € N*), positive
and bounded measures on a space A is denoted by MT(A,R%) (resp. MT(A,RT*?)). Given a set S, for any
function f: S — Rl 7, (x) denotes the it" component of f(z), for any (x,i) € & x I. Similarly, for any function
g:8 — RIXII g, () denotes the element at the 7" row and j* column of g(x), for any (s,i,7) € S x I>.

For any probability measure p € P(SxI), we use the notation y;(S) := pu(Sx{i}) for any (i,S) € IxB(S), where
B(S) denotes the Borel o-algebra. By the so-called disintigration theorem [3| Theorem 5.3.1], for any probality
measure p € P(S x I), p; is in MT(S).

For any open subset O of R?, the spaces C°(O),C*(O) and C°(O) denote respectively the set of continuous
functions, of continuously differentiable functions, and of test functions compactly supported defined on O. If S
is a metric space, let Lip(S) denote the vector space of bounded and Lipschitz continuous maps f : S — R. The
space Lip([0,T] x [0,1], RI) + BV ((0,T),RI) denotes the set of functions with values in R/ that are the sum of
a function in Lip([0, T] x [0, 1], R} and a function in BV ((0,T),R!), where BV ((0,T), R/} is the set of vector-
valued functions of bounded variation function defined on (0,7") [2, Definition 3.1], i.e. the set of functions f in
LY((0,7),R"!y such that there exists a finite vector-valued Radon measure v in M((0,T), R!!) satisfying for any

¢ € C((0,T),RM)
Z/ fi(®)0rpi(t) Z/ @i (t)v;(dt).

i€l i€l
We denote by W the 1-Wasserstein distance on P([0, 1] x I), defined by

W(u, p) := sup {Z/ wi(i — pi) | ¢ is 1 — Lipschitz from [0,1] x I to R}
i€l

We recall that if a function ¢ is 1-Lipschitz continuous from [0, 1] x I to R, then |¢;(x) — ¢, ()| < 1 for any ¢,j € 1.
The space C°(]0,T],P([0,1] x I)) is the set of continuous functions from [0, 7T to P([0, 1] x I), where P([0,1] x I)
is endowed with the distance W. For any p € C°([0, T], P(R)), let

L2 0a([0,T] x R) := {f [0,T] XRHR/ /f tds)dt<+oo}

where p ® dt denotes the product measure between p and the Lebesgue measure on R;. The dual of a normed
space X is denoted by X*. For any x € X and y € X, we define the pairing (y, ) x~ x by (y,z)x~ x = y(z). For
any real valued function F' defined on R, we denote by F' the Fenchel conjugate of F', defined on R by

F(y) :=supay — F(z).
T€R

We consider the space

Q1= P([0,1] x 1) x CO([0, T, (R})1). (2.1)
For any € > 0, we define the subspace Q2 of 2, by
0. ={mnenle< it A0 - w1} (2.2
te[0,T),iel

We consider the following spaces for any § > 0:

Mo, 7R {ueM* (10,7, R | (o, 1)

i€l

c2 (o, 7}, R {feCO([OT R/ |/ G dt<5}

el



For any § > 0, the space CJ([0, T],RL{') can be considered as a subspace of M ([0, T],RL{') in the sense that, for
any f € CY([o, T],RL{I), we have fL € M;{([O,T],RK‘), where L is the Lebesgue measure on [0, 7.

Assumptions The following assumptions are in force throughout the paper.

1. For any i € I, b; € C'(R) with b;(s) = 0 for any s ¢ (0, 1).

The initial distribution of (L) m° € P(R x I) is such that supp(m?) C [0,1] for any i € T .
There exists €° > 0 such that the parameter D of (L2) and m° satisfy (m°, D) € Q..

For any i € I, it is assumed that ¢; € C*([0,T] x [0,1]) and g; € C*([0,1]).

A

L :R — R is a convex function, defined by:

l(x) ifz>0,
L(z):=4¢ 0 ifx =0,
400 otherwise,

where | € C'(Ry,R,) is an increasing strongly convex function satisfying 1imo I(x) = 0, and bounded from
Tr—r

above by a quadratic function. More explicitly, there exists C' > 0 such that for any € R :

[ V)

L <l@) < C@?+1),
C
where the first inequality is due to the strong convexity of I.

The function H being the Fenchel conjugate of L, by Assumption[B H is non-decreasing and non-negative. Further,
since L is strongly convex on Ry and H' equals 0 on R™, H' is Lipschitz continuous on R [39, Theorem E.4.2.1].
By Assumption [T for any s € [0,1], 7 € I and ¢ € [0, T, there exists a unique S;** satisfying the ODE below

de’S(T) _ 1 /ats
=L =hi(S(r), T, T, (2.4)
Si°(t) = s.

Remark 2.1. The main role of Assumptionsdl and[@ is to ensure that the support of the weak solution of (L)
is contained in [0,1] over the period [0,T] (cf. LemmalAdl in Appendiz[4]). Assumptionld provides an estimate on

Z Xi([0,T)) for any weak solution (p,\,m) of ([LA) and ensures that the control & = 0 is an admissible control.
icl

Correspondingly, the feasible set of Problem (L4) is not empty. Regularity results of the weak solutions of the system
(T3) are derived thanks to the assumptions formulated on ¢ and g in Assumption[§]

2.2 Main results
We introduce, for a given A € M ([0, T, RL{I), the Hamilton-Jacobi equation on (0,7") x (0,1) x I:

—0ipilt,s) = bi(5)Dspi(t, ) — cilt,s) = N() + D H((p; —i)(t:5) =0 (t,5,4) € (0,T) x (0,1) x I,
JeL j#i
@i(T,s) = gi(s) + M ({T'}) (s,i) €[0,1] x I,

(2.5)
where \;({T'}) := A ([T, T]) in the final condition of (2.5 denotes the measure of {T'} w.r.t. A; and the term \;(¢) in
the Hamilton-Jacobi equation of (2.1]) is an abuse of notation. We are mainly interested in weak solutions of equation
(Z3) (see Definition ET). We define the function A for any (¢, ) € (Lip([0, 7] x [0,1], RI'l) + BV ([0, 7], RI")) x

ME([0, 7, R by:
_ 1 T
A=Y / (0%, symO(ds) + / Di(t)Au(dt). (2.6)

icl

The following theorem summarizes the main results of the paper.

Theorem 2.1. Problem ([L4) has a solution. Furthermore, the minimizers have the following properties:



1. If (m, a) is a minimizer of Problem ([L4) and (p, \) € (Lip([O,T]X[O, 1],R‘I‘)—|—BV([O,T],R‘”)) x M ([0, T],RKI)

is such that A(g, \) = —J(m, ), then (p,\,m) is a weak solution of (LX) in the sense of Definition 61, and
a;j = H'(p; — ;) on {m; >0} for anyi,j € I.

2. Conversely, if (¢, \,m) is a weak solution of (L)) in the sense of Definition[6.1), then there exists ., defined
for any i,5 € I by: a; ; := H'(0; — ;) on {m; > 0}, such that (m, ) is a minimizer of (L) and A(p,\) =
—J(m,a).

3. If (m, ) is a minimizer of Problem (L4), then for any i,j € I, a; ; and Osav ; are both in L*°([0,T] x [0, 1]),
and m is in Lip([0,T],P([0,1] x I)).

The existence of a solution of Problem ([4]) is stated in Lemma The characterization of a solution, i.e.,
Theorem 2.2 is given by Theorem For this, we adopt a duality approach which is developed in Section
In particular, we introduce a convex problem, the dual of which is Problem ([4) up to a change of variable (cf.
Theorem [B.T]). The Lipschitz continuity of m stated in Theorem 218l is deduced from the regularity of ¢, which is
derived in Section @, and Proposition [A.Il The proof of Theorem [Z1]is finally given in Section

Further regularity results on the solution of Problem (L4]) are obtained with additional conditions on the initial
distribution m?.

Proposition 2.1. If the initial distribution m° is absolutely continuous w.r.t. the Lebesque measure with a density
in C1([0,1], R, then any solution (m,a) of Problem (LA) is such that m is absolutely continuous w.r.t. the
Lebesgue measure on [0,T] x [0,1], and has a density in Lip([0,T] x [0, 1], RI1).

The proof of Proposition 2.1]is given in Section [6.2)

3 Existence of an optimal solution

We introduce in this section a convex problem that is equivalent to (I4]). Standard compactness arguments are
used to show the existence of an optimal solution (see for e.g. [24] Theorem 3.1]). The definition of a weak solution
of ([T is specified below.

Definition 3.1. A pair (m, a) satisfies (L)) in the weak sense if m is in C°([0,T], P(R x I)), for any i,j € I with
i # j, it holds that o j € L2, o4,([0,T) x R) and for any test function ¢ € C°([0,T] x R, R, we have:

(T, s)m; s) — &; (0, s)m?(ds
;/}R@(T, ym (T, ds) — (0, s)m?(ds)
T
:/0 /RZ((?t¢i(t,s)+bi(s)3s¢i(t,s))mi(t,ds)+ Z (0;(t,s) — i(t, s))a ;(t,s)m;(t,ds)dt.

i€l jel,j#i

Remark 3.1. Using Assumptionsdl and[2, LemmalA]l in Appendiz[Al states that, for any weak solution (m,a) of
(1) in the sense of Definition[31), the measure m;(t,-) has its support contained in [0,1] for any (¢,1) € [0,T] x I.
Thus, we will consider throughout the paper only weak solutions (m,«) of (L) satisfying m(t,-) € P([0,1] x I) for
any t € [0,T].

Problem (L4) being not convex w.r.t. the variables (m,a), we make a change of variables E; ; := «a; ;m;, for
any 4,7 € I with ¢ # j. We now rewrite the continuity equation (LTl):

(L, s) + Os(my(t, s)bi(s)) = — Z (E;;(t,s) — Eji(t,s)) (i,t,8) €I x(0,T)x(0,1)
el (3.1)
m;(0,s) = mY(s) (i,8) € I x [0,1],

7

dE; ; dE; ;
where E; ; € MT([0,T] x [0,1]) is such that E; ; < m; ® dt, with W@Jdt = a; ; and W@Jdt € L2, 2a([0,T] x

[0,1]). For any (m°, D) € Q (Q is defined in (1)) satisfying Assumption B we introduce the set:

S(m°, D) := {(m,E) such that: E; ; < m; @ dt Vi, j € I, a > 0 and (m, o) satisfies (3.1).

dE; ; .
= W@;dt’ and m satisfies (EI:ZI)}

(3.2)

in the weak sense, where oy ; :



By the disintegration theorem [3, Theorem 5.3.1], for any (m, E) € S(m°, D) and 4,5 € I, we can write E; ;(dt, ds) =
E; ;(t,ds)dt. From Assumption [3 the set S(m°, D) is not empty. Indeed, denoting by (m,0) a weak solution of
() with control o = 0, the distribution m satisfies that, for any (t,4) € [0,T] x I, m;(t, [0,1]) = m{([0,1]) < D4(t).
Thus, (m,0) € S(m°, D). We define the function J on S(m°, D) by:

J(m, E) Z// tsmltdsdt—l—// > L dnizEgdt(ts))mz(tdsdt+Z/ gi(s)mi(T, ds),

iel INIS N el
(3.3)

where the function L is defined in Assumption Since m(t) is a probability measure for any t € [0,7], by
m € L2 ®dt([0 T] X [0 1]) and [ is

bounded by a quadratlc function according to Assumption B the second integral in (3] is also well defined. Thus,
for any (m, E) € S(m°, D), the quantity .J(m, E) is finite. The following optimization problem is considered:

Assumption [ the first and last integrals in (33) are well defined. Since

inf J(E,m). 3.4
(m,E)é%(mO,D) ( 7m) ( )

For any 7 > 0, we define the subset S, (m’, D) of S(m°, D) by:

/ / dm1®dt( Dmi(t’ds)dtSV}- (3.5)

For any (m, E) € Sv(mo, D), the next lemma states that m is §—Holder continuous, i.e. there exists C' > 0 such

that for any tq,ts € [0,7)
W(m(tl), m(tg)) S C\/ |t1 — t2|.

Lemma 3.1. For any v > 0, there exists a positive constant C, such that, for any (m,E) € S.Y(mO,D), m is
1
§-Hdlder continuous with constant C from [0,T] to P([0,1] x I) (endowed with the 1-Wasserstein distance W ).

S,(m°, D) := {(m,E) € S(mO,D

(Z el i#]

Proof. Let ¢ : [0,1]xI — R be globally 1—Lipschitz continuous and continuously differentiable w.r.t. the continuous
variable. Since (m, E) is a weak solution of [B.Il), we have, for any t1,t2 € [0,T] with t; < to,

Z/ ©i(s)(mi(t2, ds)—m(t1,ds)) Z/ / )0spi(s)mi(t, ds)dit+ Z / / (pj(s)—pi(s))E; ;(t,ds)dt.

el el i,5€1,5#1

Since ¢ is globally 1—Lipschitz continuous, ||0s¢]lee < 1, |¢;(s) —@i(s)| <1 and E is a non-negative measure, then
previous equality becomes

Z/ @i(s)(m;(t2,ds) — mi(tr,ds))

i€l

12
<l —tilble+ 3 //E”tds (3.6)

1,J€1,57#1

to
We need to find an upper bound of / / 5.5 (t,ds)dt. By Cauchy—Schwartz inequality, one has
i,j€1,j#i

to 1 E 2
Ei) ‘(t, dS)dt) t2 — tl / / ( ) (t S)) mi(T, dS)dT,
(/t1 /0 j " T dm; ® dt

and by Assumption Bl on L,

(/t / Eq (t,ds) dt) <Ct2—t1/ / Sor dmz®dt(t ))mi(t,ds)dt .

i,j€1,j#i
<C(t2 — 1),

where the second inequality used that (m, E) is in S,(m°, D) (defined in ([33)). Then, by previous inequality,
inequality (B:6) becomes

Z/ 901 mz t27d3) ml(tl,ds))

el

<Vt = 1| (VT bl + /C).




Setting C,, := (\/T [6]|0 + /C), one deduces from previous inequality

W(m(tz,-),m(t1,-)) < Cy/[t2 — ta].

By taking t; = 0 and ¢, = T in (37)), one has for any (m, E) in S,(m°, D) that

> Ei;((0,71,[0,1]) < /CTy. (3.8)

2]
The next lemma is useful to show that any minimizing sequence of Problem (3.4) is relatively compact.

Lemma 3.2. For anyy > 0, the subset S, (m°, D) is compact in C([0,T], P([0,1] x I)) x M*([0,T] x [0, 1], RI*IT1),
where M*([0,T] x [0,1], REXIN 45 endowed with the weak” convergence.

Proof. Let {(m™, E™)},, be a sequence in S, (m", D). By inequality (3.8), the sequence {E"},, is relatively compact
[2, Theorem 1.59] and converges weakly*, up to a subsequence, to E in M¥ ([0, T] x [0, 1], RFXI11Y By Lemma 3.1
the sequence {m"},, is uniformly continuous and by Arzela—Ascoli theorem converges uniformly, up to a subsequence,
to m in C([0,T],P([0,1] x I). By the linearity of the continuity equation (BI]) and the congestion constraint (L2,

(1, E) is a weak solution of (&) and satisfies (I2)). By assumptions @ and [ the functional .J, defined in 33), is

lower-semicontinuous (Ls.c. for short) [2, Theorem 2.34]. Thus, by the definition of L in Assumption [5 we have,

for any i,j € I, E; j < m; and v > liminfJ(m", E™) > J(, E). Thus, (i, E) is in S, (m°, D). O
n—roo

Lemma 3.3. Problem B4) admits a solution. Consequently, Problem ([[4) has a solution.

Proof. Existence of a solution of (B4 is a consequence of Lemma and of the Ls.c. of J w.r.t. the topology
induced by C([0,T],P([0,1] x I)) x M*([0,T] x [0,1], RF*II) (where MT([0,T] x [0, 1], RF¥I11) is endowed with
the weak™ convergence). Since Problem (4] is equivalent to Problem (B8] up to a change of variable, the existence
of a solution is straightforward. O

4 Analysis of the Hamilton-Jacobi equation

The purpose of this section is to study weak solutions of the Hamilton-Jacobi equation (2.5]) when X is in M ™ ([0, 77, RL{').
It is divided into three subsections. Section [1]is devoted to the analysis of the following equation

T
—0u)i(t,s) — bi(8)0s10i(t, 8) — ¢i(t, s) + Z H<(1/)1 —;)(t, s) —|—/ (N — )\j)(dr)) =0 on(0,7)x(0,1) x I,
J€lj#i ¢
vi(T,-) = g on [0,1] x I.

(4.1)
for a given X\ € Cg([O,T],RE‘). A classical solution 1 of [{@I]) associated with a function A in C3([0, T],RL{') isa
function in C*([0, T x [0, 1], R} satisfying @) for any (¢, s,7) in [0, 7] x [0,1] x I. Then, equation {@I) is studied
for a given A € M} ([0,T],R!!) in Section Finally, we obtain in Section [4.3] the existence and the uniqueness
of a weak solution to (2] by using the solution of (£T]).

For any A € M*([0,T],RIN), v e L2([0,7] x [0,1],RI)), (t,7, 5,1, ) € [0,T]? x [0,1] x I?, we consider in this
section the function H*, defined by:

T
H*(i, j,t, 7, 8,1) = H((’t/]l — ;) (7, 87°(7)) —|—/ (N — )\j)(dr)>, (4.2)
where S)*° is the unique solution of (Z:4).

4.1 The Hamilton-Jacobi equation for continuous data

The main result of this subsection is the following.



Proposition 4.1. For any X € Cg([O,T],RE‘), there exists a unique v € C1([0,T] x [0, 1], R11) satisfying, for any
(t,s,i) € [0,T] x [0,1] x I,

AMt, s) /t Z (i, 4,t, 7, 8,9™) + ci(r, SV (7)) dr + gi(SP5(T)). (4.3)

Jel,j#i
In addition, ¥ is the unique classical solution of @) on [0,T] x [0,1] x I

The next lemma states that a function 1 satisfies ([d.3)) if and only if it is a classical solution of [@I).

Lemma 4.1. For any A € CO([O,T],RL{I) and to € [0,T), a function ¢ € C((tg ,T] [O 1], RNy satisfies equation
E3) on [to, T] x [0,1] x I if and only if it is a solution of (@I on (to,T] x [0,1] x

Proof. If 1 € C*((to, T] x [0, 1], RI1) satisfies @3), then ¢(T,-) = g and by computing the partial derivatives in
space and time of ¢, one obtains that v is a solution of {1l on (¢, 7] x (0,1) x I.

Conversely, if ¢ € C'((to, T] x [0, 1], R} is a solution of (@I) then, by applying the method of characteristics
[3, Remark 8.1.5], the function defined, for any (t,s,i) € (to,T] x [0,1] x I), by 7 + (1, SI"*(7)), satisfies on
(to, T)

%wi(ﬂ SP(r) = 8u(r, 577 () + i(S77 (1) ds (7, 577°(7))

= ey Y H( s + [

Jjel,j#i

T (4.4)

(A — A»(r)(dr)) ,

and 9;(T, SP°(T)) = g:(SP°(T)). By integrating, for any ¢ in [to, T), equality @4 over [t,T], one obtains that 1)
is a solution of (&3] on [to, T] x [0,1] x 1. O

Before proving Proposition ([£1l), we need the following estimate on solutions of the Hamilton-Jacobi equation

@).

Lemma 4.2 (A priori estimate). For any & > 0, there exists M > 0 such that, for any X € C5([0,T], RL{I) and any
to € [0,T), if v € C((to, T] x [0,1], RI) satisfies @) on (to,T] x (0,1) x I, then ||¢]|o < M.

Proof. Let us define M :=||glloo + T(||¢lloo + |I|H(6)) + 1 and, for any ¢ € [to, T,

u(t) := —lglloc — (T = t)(||cfloo + || H(9)),
u(t) = llglloc + (T = t)(llclloo + [T[H(5)).

We note that ||ullcc < M and ||@]jcc < M. One has, for any (t,s,4) € (to,T] x [0,1] x I

“u) < Y H( / T(M—Aﬁ(r)dr)—ci(t,s)

jel j#i ¢

—oau(t) > — Y H(/tT()\i —)\j)(r)dr> +¢i(t, s).

Jel,j#i

(4.5)

We will show that 1) is bounded by u and @. For any t € (tg, T], we define:

v(t) ;==  max  wu(t) —(t,x) and (x4,4) € argmax w(t) — (L, x).
(z,3)€[0,1]x T (z,3)€[0,1]x I

Since u is independent of z and 4, we have (x¢,;) € argmin , ;ej0,17x7 ¥i(t, ). On the one hand, if ; € {0, 1}, then
bi, (x¢) = 0. On the other hand, if z; € (0, 1), then 9%, (¢, z;) = 0. Therefore, one has b;, (z;)0s ( () =, (t,my)) =

0. Since u and 1 are Lipschitz continuous in time uniformly in (s,7), v is also Lipschitz continuous and thus
differentiable a.e. on (tg,7T]. Using the Envelop Theorem [50, Theorem 1], 7 is absolutely continuous on (to, 7] and,
for a.e. ¢ € (to, T}, inequality (L.3) and equality (1)) give:

(0 =00 - vt = /tTw—Aj)(r)dr)—H(wi—wj)(t,xm /tTuz-—Aj)(r)dr).

Jel,j#i



Since for any j € I we have v, (¢, 2¢) < ¥;(t, ;) and w;, (t,7¢) = u;(t, z¢), the fact that H is non decreasing implies:

H(w (t20) ~ s t.) + [ " - Aj><r>dr) < H( / " - A»(r)dr),

and thus, 7/(t) > 0. Since v(T) < 0, we deduce that ¢» > u on (to,T] x [0,1] x I. With similar arguments,
one obtains @ > 9 on (tg,T] x [0,1] x I. Therefore, according to the definition of u and @, we have, for any
(t,s,i) € (to,T] x [0,1] x I :

—M < (t,s) < M. (4.6)

O

Proposition 1] will be proved by a fixed point argument [I5, Theorem 5.7]. For this, we need several lemmas.
We fix the constant M > 0 associated with 6 > 0 from Lemma The constant k > 0 is defined below and
depends only on M, ||V/||o, T and |I|. We consider the space

c%([0,T] x [0,1], Ry := {f e C°([0,T] x [0,1], RNy | 8, f; € C°([0,T] x [0, 1],R1)},

endowed with the norm || - [|§ ; defined by:

1116, = IF115% + 1195 1%
where, for any h € C°([0,T] x [0,1] x I),

175 = sup it s)e™ =0,
(t,s,4)€[0,T]x[0,1] x I

The space (C([0,T] x [0,1], R, || - [6.1) is a Banach space. We fix Cy > 0 and C; > 0 to be chosen below,
where Cy depends on ||0s¢|| oo, |g'[|00s [|6/|loc @and C; depends on M, §, T and |I|. We look for a solution in the space
Y defined by:

Y= {f € ([0, 7] x [0, 1], RN | [ flloe < M +1 and |05 f (£, )]0 < Coe“1 TVt € [O,T]}.

Remark 4.1. The set ¥ is bounded and closed and therefore complete w.r.t. the topology induced by the norm

- 1I6.

0,1

In this subsection, we are looking for a solution of (@I as a fixed point of the map T'* := (T'});c, which is
defined on C%1([0,T] x [0,1],RI) by

T
TN @)(t, ) ;:/ > —HMi gt 5,0) + (T, S7°(7))dr + gi(S7(T)). (4.7)
b jerj#i

Since the function H is not necessarily bounded on R, we need to introduce a smooth truncation F € C*(R, [~ M —
1, M +1]) to obtain a fixed point in 3. The function F' is defined on R such that F’' > 0, ||F’|lc < 1 and:

-M-1 ife<—(M+2),
Flz):=¢ z if —M—-1/2<z<M+1/2, (4.8)
M+1 ifM+2<z.
Finally, we define the function II* by:
Vo € %, IN(9) := (I1}(9), - .., ITjy (¢)) where I} (¢) := (F o T})(¢) Vi€ I
The following lemma states that II* maps ¥ into itself.

Lemma 4.3. For a suitable choice of the constants Cy and Cq, one has HA(¢) €Y for any ¢ € X.

10



Proof. Let ¢ € ¥ and, for any i € I, o; := I'}(¢). We have o € C%1([0,T] x [0, 1], RI). We need to show that, for
any t € [0,T], [|0s0(t, )]|co < Coecl(T %), According to the definition of I'}, we have, for any (i,t) € I x [0, 7],

1050, Moo < 105 5||ooK/ > llos(e t, Mloodt + T10s5 oo l|0sclloc + [0S l0llgll0
i,j€1
< %ecl(T*t) +C,
1
where K := sup |H'(z)] and C > 0 is a positive constant which depends on ||055||co, [|9s¢llocs 119 || cos

z€[—2M —6§,2M+4]
|[I|,T and K. Choosing carefully Cy and C; depending on C, one obtains that, for any (i,¢) € I x [0, 7],

10504(t, )| oe < Coe™ 1),
Finally, from the definition of F' in (48], the function I1(¢) = (F(01), ..., F(o|7)) is in X. O

The existence of a fixed point of IT* in ¥ is established in the following lemma.

Lemma 4.4. For a suitable choice of the constant r, the function II* admits a unique fized point * € . In
addition, we have ¥ € C1([0,T] x [0,1], RII).

Proof. Let ¢!, $* € . Since ¢' and ¢? are bounded by M + 1, one has, for any (¢, s,i) € [0,T] x [0,1] x I,

D) - £ 3 [ G560~ H k75,6

JGI J#i

<cy / (r. S (7) — 62(r. S ()| dr (49)

JeI
R(T t)

< o' - ¢°I% 7,

where C' > 0 is a constant depending on 4, || and sup |H'(x)|. Since H' is Lipschitz continuous
2 €[=2(M+41)—8,2(M+1)+0]
n [—2(M + 1), 2(M + 1)], one has, for any (t,s,4) € [0,T] x [0,1] x I

0. (PA6) (2, 5) — TA@?) (2, )|

T T
<y ’asws% =D (6} - ) (n S () + [ O = A (r)dr)
e 7 (4.10)
~0u(7 — D (r S (67 = (8 () + [ (= ar) | ar

Ken(T t)
< ¢~ g

where K > 0 is a constant that depends on |I|, T, ||V’|| s, M, Co, C1 and on the bound and the Lipschitz constant of
H' on [-2(M +1) — 6, 2(M + 1) + ¢]. From (£9) and (&I0), one obtains that:

[TM¢") = TX(@?)[[6., < max(C/k, K/K)|¢" — ¢?||61-

Choosing k > max(C, K) and the function F' being non-expansive, one deduces that the function I1* is a contraction
on ¥ and that it admits a unique fixed point ¥ € X. By the definitions of I and %, it is straightforward that
Y* e CH([0,T] x [0,1], R, O

We now turn to the proof of Proposition 411

Proof of Proposition[{1] The first step of the proof is to show that ¥, the fixed point of II* in %, is also a fixed
point of I'* in ¥. Tho this end, one needs to prove that the truncation F has no effect on ¢*, which is equivalent
to showing that [|1)*||ec < M 4 1/2. Let to € [0,T] be the minimum time such that [[¢*(t,-)]ec < M + 1/2 for
any t € [to, T]. Since [|[YMT,)|loo = ||gilloo < M for any i € I and 9* is continuous, the time tq is smaller than
T. The function ¢* is a fixed point of T* on [to,T] and thus, 1 is a solution of @3) on [to,T] x [0,1] x I. By

11



Lemma E1, we deduce that ¢* satisfies @) on (to,T] x [0,1] x I. If to = 0, then the conclusion follows. If ty > 0,
then ||1)* (o, )||eo = M + 1/2. By Lemma B2 one also has ||[¢*(to,)||cc < M. Hence, there is a contradiction.
Therefore, ¥” is a fixed point in ¥ of I'*. Since any fixed point of I'* is a fixed point of II* and that by Lemma
@4, TI* has a unique fixed point in ¥, one deduces that ¢ is the unique solution of @3)). By Lemma EI] 4 is
the unique classical solution of {1l on [0,7] x [0,1] x I O

Remark 4.2. One can show that ||0;0*||oe + ||050*||se is bounded by a function that is non-decreasing w.r.t. the
variable §. Indeed, by Lemma[f-3 and its proof, ||0s¢||s is bounded by Coe'T where Co and Cy depend on M
and on § by the definition of M in Lemma[f-3 By Lemmal[f1}, ¥ is a classical solution of @&I). Therefore,

1859 oo < [1lloo |85 (oo + llelloo + sup |H ()]
z€[—2M—5,2M+3]

Thus, |8, |so is bounded by a non-decreasing function of 6.

4.2 The Hamilton-Jacobi equation for measure valued data
In this subsection, we prove the following
Proposition 4.2. For any A\ € M™ ([0, T],RL{'), there exists a unique ¥ € Lip([0,T] x [0,1],RI) satisfying that,
for any (t,s,4) € [0,T] x [0,1] x I,
Ut 9) / S CHNi g b7 5, 0%) + eilr, SY (1) dr + (S5 (T)). (4.11)

JEIL,j#i

In addition, the map X — ¢ is continuous from M7 (|0, T],R'_fl), endowed with the weak® topology, to C°([0,T] x
[0,1], R, endowed with the norm || - |oe.

We recall that the definition of H*, with \ € M+([O,T],R¥‘), is given in ([@2). The proof of Proposition
relies on the results of the previous subsection. We define the map © : C9([0, T, Rl_il) — CY([0,T] x [0,1], Ry by:

0: A Y, (4.12)

where 1* is given by Proposition EZIl We know from Proposition Bl that © is well defined on C°([0, T],RL{').
We want to show that © can be continuously extended to a function defined on M ([0, T],RL{') with values in
Lip([0, T] x [0, 1], RI"l). We define the distance D on M*([0,7],R/[)? by

D\, ) : /Z/ (A — pi)(dr) dt+Z/O (A — pi)(dt)] .

el el
We show in Section in Appendix [A] that D is a distance and we provide some properties on this metric.

(4.13)

Lemma 4.5. The map © can be extended to a Lipschitz continuous map from M ([0,T],R m), endowed with
distance D, to C°([0,T] x [0,1],RI)), endowed with the norm | - ||so. In addition we have O(X) € Lip([0,T] x
[0,1), RN for any X € M;([O,T],RL{').

Proof. We need to show that there exists a constant C' > 0 such that, for any A\*, \* € Cg([O,T],RE‘), we have:
[O0AY) — O(M\?)|leo < CD(AY, \?). Since H is locally Lipschitz, there exists a constant K > 0 such that, for any
(t,s,4) €[0,T] x [0,1] x I,

Oty s) — OND)i(t,s)| = [ (t,s) — v (t,3)]

Z / HA Z j?t’T S 1/} ) (i’j7t’T’S’1/})\2)dT

JEL,j#i

|I|ZK/ (W (T))—¢;‘2(T,Sf’s(r))|—|—|/7-T)\}(r)dr—/TT /\?(r)dr|)d7'

jel

IN
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Taking the supremum over I x [0, 1] yields:

1™ (8, -) = 0 (¢, Yoo

T T T
< 1P / K6 (7, = 0 (7, ) o + |1 Kosup / N (r)dr / N2 (r)dr|dr

/

T
< 1P / KN (r,) — 0¥ (7, ) looddr + TPEDA, 22),
t

Then, by applying Gronwall Lemma to t — ||z/1)‘1 (t,-) — PN (t,)]loo, one has, for any ¢ € [0, 7],
1 (2, — 0N (8, )l < CD(AL, N?), (4.14)
where the constant C' > 0 depends on 6, K, T and |I|. Therefore,
[0") = 0N loe = 197" = ¥V [loc < CD(AT, X2).

From the previous inequality and Lemma[A.5lin Section[A.2] the map © can be continuously extended to a Lipschitz
continuous map from M;([O,T],R‘f‘) to C°([0, T x [0,1], RIF1.

Finally, by Lemma we approximate A € M;([O,T],RKI) by a sequence in {\"}, in C’g([O,T],RI_iI) w.r.t.
the distance D. One has that {©(A")},, is uniformly Lipschitz continuous on [0, 7] x [0,1] x I according to Remark
Thus, ©()) is in Lip([0, 7] x [0, 1], RI]. O

Proof of Proposition[].2 Let A\ € M+([0,T],RKI) and § > 0 be such that Zx\i([O,T]) < 0. By Lemma [A3F]
icl

the map O is Lipschitz continuous from M™ ([0, 7], RK‘), endowed with the distance D, to Lip([0, T] x [0, 1], R/l
endowed with the norm || - ||oo. We set: 1/* := ©()\). We want to show that ¢/* is the unique solution of II)). By
Lemma [A5 in Section [A:2] we consider a sequence {\"},, in C2([0, T], R‘f‘) converging to A w.r.t. the distance D.
For any n € N, we consider 4" := ©(A"), the solution of [{@3) associated with \". By the continuity of © stated
in Lemma A5 the sequence {¢*" },, converges to ¢ w.r.t. the norm || - ||s and by the continuity of H and the
dominated convergence theorem, ¥ is a solution of ([@I1) associated with A. Now we want to show that Y™ is the
unique solution of [II]) associated with A. Assume the function ¢ is a solution of ([@IT]) associated with A. Then,
by applying similar computations as in the proof of Lemma A5 one can show that:

[1* = Plloo < CD(A,A) = 0.

Thus, ¥* is the unique solution of ([@II)) associated with X. The continuity of the map A — > from M™ ([0, T7, Rl_il),

endowed with the weak* topology, to C°([0,T] x [0,1] x I), endowed with the norm || - ||, is a consequence of the
continuity of © stated in Lemma [£.5] O

Remark 4.3. By Remark[].3 and Lemmal[].5, one can show that for any A € M™ ([0, T],RL{'), the solution V> of

@EID) is such that, max (|| || o, |50 |oo) depends only on H,b,c,g and Z)\i([O,T]).
iel

4.3 Analysis of weak solution of the Hamilton-Jacobi equation (2.5)
For any A € M™([0,T], Rl_fl), we consider the function L* defined for any i € I and any ¢ € [0,T] by
LXM(t) = Au([t,T)). (4.15)

Since, for i € I, \; is a finite measure on [0, 7], the function L is in Ll([O,T],Rm). Observing that, for any test
function compactly supported f € C1((0,T),RI!), one has for any i € I

/OTatfi(t)L;-\(t)dtz/()Tﬁtfi(t)(/tT)\(dr))dtz/OT(/OT 6tfi(t)dt))\i(dr):/OTfi(t))\i(dt),

thus, L* is in BV ([0, 7], R!") [2| Definition 3.1]. We introduce the notion of weak solution for equation (2.3).

13



Definition 4.1. For a given \ € M+([O,T],RL{|), a function ¢ € BV((0,T) x (0,1),R) is a weak solution of
equation (Z3) if o — L* is in Lip([0,T] x [0,1], Ry and if, for any test function f € C*([0,T] x [0,1], R},

1 1 T 1
/ ©i(0,5)£:(0,s)ds — / 9i(s) fi(T, s)ds + /0 /0 (Orfi(t, 8) + 05 (fi(t, 8)bi(8))) pil(t, s)dsdt

0 0

+/OT /01 ( S H(pilt,s) — ¢t 5)) _Ci(t75)) fi(t,s)dtds_z/OT /01 £t $)dshi(d) (4.16)
—0

JEI j#i iel

where ¢;(0,-) is understood in the sense of trace [2, Theorem 3.87].

Remark 4.4. 1. There is no boundary condition in [@I6). This is due to the fact that b(0) = b(1) = 0, involving
a null incoming flow in the domain [0,1].

2. Since ¢ is in BV ([0,T], R + Lip([0,T] x [0,1],RI!), ©(0,-) ezists in the sense of trace. In addition, ¢ is
bounded and thus, it belongs to L*([0,T] x [0,1],RI!) so that the integrals in [@I0) ewxist.

3. The term A\;({T'}) in the final condition of (23] is present in ([EIQ) through the term fOT fol fi(t, s)dsh;(dt).

The main result of this subsection is the following.

Theorem 4.1. Let A € M+([O,T],R‘f‘). A function ¢ € Lip([0,T] x [0,1], Ry + BV ([0, T], RHI) is the unique
weak solution of [2.H) in the sense of Definition[.1), if and only if it satisfies that, for any (t,s,i) € [0,T] x[0,1] x I,

T
pitts) = [ Y ~H((pi— e SIM) +aln SE )+ LNO + g(SED). (41)
bojerj#i

Theorem 1] is a consequence of Lemmas 7 and .8 Lemma 7 shows that a function satisfying (£I7) is a
weak solution of (ZH). Lemma E.8 shows the converse. In what follows, for any A € M™ ([0, 7], R‘_{‘), we define ¢
as in Proposition @2 and define ¢* € Lip([0,T] x [0, 1], RNy + BV ([0, T], R1I) by:

o™ = + LA (4.18)

Remark 4.5. For any A € M+([O,T],R‘f‘), ©* is a solution of @ID) on [0,T] x [0,1] x I if and only if Y™ is a
solution of [@II) on [0,T] x [0,1] x I. According to Remark[J.3, the quantity max(||¢>|| o, |05 |loo) depends on

iel

Remark 4.6. Following Remark [@&3), for any A € C°([0, T],RL{'), @ is a classical solution of ZX) (in the sense
that @ is in C*([0,T] x [0,1], R!) and satisfies Z35) for any (t,s,i) € [0,T] x [0,1] x I)) if and only if Y is a
classical solution of (&T]).

Remark 4.7. For a A in CO([O,T],RE‘), the final condition in (@3) is understood as o} (T,s) = gi(s). For a A
in M+([O,T],R¥‘), by the definition of L™ in @IH), one has ¢)T,s) = gi(s) + M({T'}), similarly to the final
condition of the Hamilton Jacobi equation (2Z3]).

Lemma 4.6. For any \ € M+([O,T],R‘f‘), there exists a sequence {(A",¢")}n such that
(i) {\"}n isin CO([O,T],RKI) and converges to A w.r.t. the weak™ topology in MJF([O,T],RL{‘),
(i) for anyn € N, " is a classical solution of (Z3) associated with X on (0,T) x (0,1) x I,

(i) we have ILm e (t, ) — @™ (t,)||oo = O for a.e. t € [0,T] and ILm 2(0,-) = ¢™(0,)]lso = 0.

Proof. By Lemma [A5] we consider a sequence {\"},, in CO([O,T],RK‘) that weakly™ converges to . We set
Y" = ", where " is defined by Proposition B2 and ¢" := ¢" + L*". By Lemma E1l for any n € N, ¢"
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is a classical solution of ([@I)). Then, for any n € N, ¢" is a classical solution of (25) associated with A" on
(0,7) x (0,1) x I. The weak® convergence of {\"},, implies (see Lemma [A4] in Section [A.2] and its proof):

lim L' (t) = LMt) for ae. t € [0,7] and  lim L (0) = L*(0).

n—oo n—r oo

By Proposition 2, {¢"},, converges to ¢ w.r.t. the norm || - [|s. Then, the two previous equalities imply that:

lim @A, )~ @"(t, oo = 0 for ae. t€[0,7] and  lim ¢*(0,) — £"(0, ) = 0.

n—oo

Lemma 4.7. For any \ € MJF([O,T],RK‘), @™ is a weak solution of 1) in the sense of Definition [J-1]

Proof. We consider a sequence {\", "}, defined as in Lemma For any n € N, ¢" is a classical solution of
(@3). Thus, for any test function f € C*([0,T] x [O,T],R'”):

1 1 T 1
/@WMM@@%—/gmmwa+/ (001i(t, 5) + 0, (£t $)bi(s)) ) i (2, 5)dsdt
0 0
/ / Y H@i(ts) —9j(ts) —alt, s))fz(t s dtds—Z/ / fi(t, s)dsA? (t)dt (4.19)

JeI,j#i icl

The conclusion follows by using Lemma 6] the continuity of H, the limit of (@I9) when n tends to infinity and
by applying the dominated convergence theorem. o

The next lemma states the converse of Lemma [4.7]

Lemma 4.8. For any (\, ) € M*([0,T], Rm) x (Lip([0, T] x [0, 1], R + BV ([0, T],RN), if ¢ is a weak solution
of Z3A) associated with )\ in the sense of Definition [{-1], then ¢ satisfies (@IIT) for any (t,s,i) € [0,T] x [0,1] x I.

The proof Lemma 8l is postponed to Section [A3]

With the above lemmas, the proof of Theorem [£.1]is straightforward.

Proof of Theorem[4.1] The proof is a direct consequence of Lemmas [L7land 4.8 The uniqueness of a weak solution
is deduced by Remark B3l Indeed, since 9> is the unique solution of @II)), ¢” is the unique solution of @IT) and
thus, the unique weak solution of (Z3)) in the sense of Definition [£11 O

5 The dual problem

This section aims at showing that there exists a convex optimization problem whose dual problem is Problem (3.4)).
We consider the following spaces:

Xo = CY([0,T] x [0,1], RNy x ¢°([0, ), RI'!) and X, := C°(]0, T] x [0,1], Ry x €°([0,T] x [0, 1], RIIXIT],

Given (p, \) € Xy, we consider the following inequality:

—0pi(t, s) — bi(8)0spi(t, s) — ci(t,s) — Ni(t) + | Z H((gﬁZ —;)(t,s)) <0 on (0,T)x(0,1) x I 65.1)
@i(T,) < gi e on (0,1) x 1. '

The set Ko is defined by: Ko := {(¢,A) € Xo, A > 0 and ¢ satisfies (G.1]) associated with A\}. We introduce the
function A, defined on Ky by :

Z/ —¢i(0, s)m;(ds) + /)‘i(t)Di(t)dtv (5.2)

iel
and the following problem is considered:

inf A, \). 5.3
oot (s A) (5.3)
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Remark 5.1. Since we consider multipliers \ in C°([0,T), Ry in Problem [E3), one has for any i € I that
fT t)dt= 0. Thus, the final condition in (&I)) is @;(T,) < g;, unlike the final condition ¢;(T,-) = g; + Ni({T})
in (I?ZI) where we consider multipliers X in M+([O,T],R‘f‘).

The main result of this section is the following.

Theorem 5.1. We have:

inf  A(p,\) = — i J E).
(ap,l)\r)lelco (SL)’ ) (m,E)IGIlé?mO,D) (m7 )

This theorem is proved further in this section. It is a direct application of the Fenchel-Rockafellar duality
theorem [26], Chapter 3], which is stated as follows.

Theorem 5.2 (Fenchel-Rockafellar). Let Xy and X1 be Banach spaces and denote by X and X7 their duals.
Suppose A : Xog — X1 is a continuous linear operator with adjoint A* : X7 — X{. Finally, let F and G be convex
functionals on Xo and X1, with respective Fenchel conjugates denoted by F and G. If

mien)gof(x) + G(Ax)

is finite and there exists xg € Xo such that F(xg) < +oo and G is continuous at Axg, then

inf F(x)+ G(Az) = sup — F(A*y) —G(—y).

xeXo yeXy

To prove Theorem .1 using Fenchel-Rockafellar theorem, we rewrite problems (84]) and (B3] in a way similar
to the problems in the statement of the Fenchel-Rockafellar theorem.

We consider the linear and bounded operator A : X — X defined by: A(p, A) := (9pp + bdsip + A, Agp), where
Orp+b0sp := (Orp; +b;0s:)icr, Ap = (A%J)(i,j)ef with Ay, j = ¢; — i and, for any (s,4) € [0,1] X I, A;(-, s) :=
Ai(+). The linear operator A* : X — X[ is the adjoint operator of A. The functional F is defined, for any
(<Pa A) € XOa by

B Z/ —i(0, $)m?(ds) /D t)dt if oi(T,") < giand \; >0 Viel,

Flp,A): 161

otherwise.
Using that:

((m, B), Ao, M) x7,x,

-y / / (Oupi(t, ) + bi()0spilt, Nmilds, )+ S (p(ts) — ilt, ) Buy (1, ds)dt

iel GEIj#i

—|—Z//mztds ,s)dt,

iel
defining F as the Fenchel conjugate of F, we have:

/ Zgz s)m;(T,ds) if (m, E) is a weak solution of (B.1])
i€l

F (A (m, B)) := and /1mi(t,ds)§Di(t) V(t,i) € [0,T] x I,
0

+00 otherwise.

For any (z,y) € X1, the functional G is defined by:
0 if —ei(t,s) —xi(t,s) + Z H(—-y;;(t,s)) <0 ¥Y(t,s,4) € (0,T)x (0,1) x I,

G(x,y) = jEIj#i
+00 otherwise.
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Then, for any (¢, A\) € X, it holds:

0 if — ci(t,s) — Orpi(t, s) — bilt, $)0api(t,s) — Nilt, )+ > H(=Ap;;(t,s)) <0
i€l j#i
G(A(p, A)) = V(t,s,i) € (0,T) x (0,1) x I Y
+o0o otherwise.

Using that L is the Fenchel conjugate of H, i.e. L(z) = H(x), one can show, as in [7] for the quadratic case, that,
for any (v, w) € R?,
L(g)v ifv>0,
asggR{avﬂwa;aﬂLH(b)SO}: 0"  ifv=0andw=0,
’ +00 otherwise.

Then, with similar computations as in [20, Lemma 4.3], for any (m, E) € X7, the Fenchel conjugate G of G satisfies:
G(—(m,E))
= sup / /—xztsmltdsdt Zy”ts E, ;(t,ds)dt — G(x,y)

(z,y)€X1 icl G

= sup / / —x;(t, 8) — ci(t, 8) + ci(t, s))m(t, ds) — Zy”ts E; ;(t,ds)dt — G(x,y)
(z,y)€X1 icl i

:Z/ / i(t, s)m;(t,ds)dt + sup / /xltsmztds —I—Zywts E; ;(t,ds)dt — G(—z — ¢, —y)
iel (@9)€X1 e i

/ /Zcztsmztds —i—ZL( ®dt ))mi(t,ds)dt itm>0,F>0and E < m,

el
if m=0and F =0,

400 otherwise.
(5.4)
By the definition of F and G above, one has
inf  A(p,A\) = inf  F(p,A) +G(A(p, M), 5.5
oo (o, A) (oot (2, A) +G(Ap, N)) (5.5)
and R
(m,E)Iené?mO,D) J(m, E) = (m%§2XT F(A*(m, E)) +G(—(m, E)). (5.6)

Before to apply the Fenchel-Rockafellar theorem to our particular case, we need to prove that Problem (&.3]) is finite
(Lemma [51)) and that there exists (¢, A) in Xy such that F(¢, A\) < +o0 and G is continuous at A(¢, A) (Lemma

62).

Lemma 5.1. inf  A(p, ) is finite.
(<Px>\)€’co

Proof. Let (p,\) € Ko. Since ¢ is in C([0,T] x [0,1], R/} and satisfies (5.1)), using that H is non-negative, we
T
have, for any (i,s) € I x[0,1], v;(0,5) < THCHOO—F/ Ai(T)dT +||9]lo- Setting Q := —|I|(T||¢|loo + ||9]lco), OneE has:
0

@+ Y [ (Dt~ [ mbtas ) < e,

Since A > 0, we deduce from the Assumption [§] and previous inequality that Q < ( 1Ar)1f . A(p, N). O
w,A)EK0

Lemma 5.2. There exists (p, ) € Xo such that F(p,A) < oo and G is continuous at A(p, \).
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Proof. Let ¢ and A be such that, for any (¢,s,4) € [0,7] x [0,1] x I,
vilt,s) = —max(|lgiflc) — 1,

and
Ai(t) = lleilloc + 1,

Functions ¢ and A being constant, it holds that (¢, \) € Xy and F(p, \) < oo. Also, from the choice of ¢ and A, it
follows that, for any i € I, s € [0,1] and ¢ € [0,T],

—ci(t, 8) — Orpi(t, s) — bi(t, 8)Dspi(t, s) — Ni(t, 8) + Z H(pi(t,s) —pj(t,s)) <0.
JEI,j#i
Thus, G is continuous at A(p, A). O
We are now ready to prove Theorem .11

Proof. Using Lemmas[b.2and B Tland observing that (5.5) and (5.6]), the conclusion follows by applying the Fenchel-
Rockafellar duality theorem. O

Problem (53] may not have an optimum. The next proposition states that if the space of solutions Xj is relaxed,
then one can find a candidate (¢, \) in BV ((0,T) x (0,1), RIl) x MJF([O,T],RL{‘), such that A(p, \), where A is
defined in (Z6]), is equal to the value of Problem (5.3).

Proposition 5.1. There exists A € M™*([0, T],RL{I) such that:

AN ) = inf Ao, ),
(™, ) oot (¢, 1)

where @™ is defined in [EIS).
Before proving this result, we need the following lemma.
Lemma 5.3. For any K > 0, there exists a constant C > 0 such that, for any (¢, \) € Ko satisfying A(p, ) < K,
we have:
T

Z/ Ni(t)dt < C.

i1 ”0
Proof. Let K € RY and (p,\) € Ko be such that A(p,\) < K. Since (¢, A) € Ko, one can show, as in the proof of
Lemma [5.1] that, for any (z,s) € I x [0, 1],

T
0i(0,9) < Tlelloc + Nl + 3 [ Ao
i1 0
Therefore, recalling that A(p, A) < K:
T

Z/ Ai(@)(Di(t) = mi([0,1]))dt < K +T|c]|oo + [|g]loo-
ier 70
From Assumption [3 there exists €° > 0 such that D;(t) — m;([0,1]) > £° for any (¢,4) € [0,T] x I. Setting

C = (K + Tl + ll9llc) /<°, we have:
T
Z/ \i(t)dt < C.
0

iel

We are now ready to prove Proposition 5.1}
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Proof of Proposition[51l. Let {(¢™,\")}, be a minimizing sequence of ([B3]). For any n € N, we consider ¢" the
classical solution of (23] associated with A™. Using that ¢™ is a classical solution and that ¢" satisfies (B.]) on
[0,7] x [0,1] x I, and defining « on [0, 7] by

t) = v — ) (t
v(t) (m)i)rg[aoﬁw(@ @i )(t, @),

one can show by adapting the proof Lemma 2] that v < 0 on [0, 7] and thus, that the following comparison holds:
¢" < ¢". Thus, A(¢", \") < A(¢",\") for any n € N. Therefore, {(¢",A")}, is also a minimizing sequence
and, there exist K > 0 and n° > 0 such that for any n > n° one has A(¢",\") < K. From Lemma [5.3] the

T
sequence {Z / A (t)dt}y, is uniformly bounded. Thus, a subsequence of {A\"},, weakly™ converges to a measure
ier 70
A e MT([o, T],R'_f') w.r.t. the weak* topology in M™ ([0, T],R'_f') [2L Theorem 1.59]. We set, for any n € N,
=0\ + LY and " :=0O(\") + LV,

where © is defined in (@IZ). By the same arguments as in the proof of Lemma F6, one has lim [¢*(0,:) —
n—oo

©™(0,)]|ooc = 0 up to a subsequence of {¢"},, and, therefore, we have:

lim A(p", \") = A(QDA,)\),

n—00

and the conclusion follows. O

6 Characterization of the minimizers

The purpose of this section is to define and characterize the solutions of Problem (34]). We show that the following
system gives optimality conditions for (3:4):

—Oppi — bidspi —ci = Ni+ > H(pi— ;) =0 on (0,7) x (0,1) x I,
JEI,j#i
Oemi + Os(mibi) + Y H'(pi — pj)mi — H'(g; — i)m; =0 on (0,T) x (0,1) x I,
J#i
mz(oa S) = m?(‘s)a @Z(Tv S) = gl(s) + Al({T}) on (07 1) X Ia (61)
1
m;(t,ds) — D;(t) <0, A >0 on [0,T] x I,

0 T 1
Z/ </ mi(t, ds) — Di(t)> Ai(dt) = 0.

icr 70 0

The notion of weak solutions of system (G.1) is given in the following definition.

Definition 6.1. A triplet (o, \,m) € (Lip([0, T]x[0, 1], RN +BV ([0, T}, RI))x M* ([0, T], R/ x ([0, T), P([0, 1] %
1)) is called a weak solution of (G.II) if it satisfies the following conditions:

1. The function ¢ is a weak solution of (Z3)), associated with X in the sense of Definition[{-1);

2. m satisfies the continuity equation:

I
3

demi + D5 (mabi) + Y H' (i = ps)mi — H' (95 — pi)my = 0, m;(0,-) = my),
J#

in the sense of Definition [T, with o, ; := H'(p; — ¢;);
3. it holds that, for any t € [0,T],

/01 m;(t,ds) — D;(t) <0 and Z/OT </Olmi(t,ds) — Di(t)> \i(dt) = 0.

iel
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Remark 6.1. Since ¢ € Lip([0,T] x [0,1],RI'lY + BV ([0, T),R!) and H' is Lipschitz continuous, the control
;. j = H'(pi—p;) is bounded on [0, T]x[0,1]xI and Osc; ; € L>([0,T]x[0,1]). Thus, c; j is in L}, 24, ([0,7]x[0,1])
and the forward equation in (61)) makes sense.

The following theorem states the optimality conditions of Problem ([B4). We recall that the definition of
S(m°, D) is given in (32).
Theorem 6.1. 1. If (m,E) € S(m°, D) is a minimizer of Problem [B.4), and ¢ a weak solution of ZH) in

the sense of Definition [J-1] associated with \ satisfying A(p,\) = “ ir)lf’C Ao, ), then (o, \,m) is a weak
)€Ko
dE; ;

m = H'(¢; — ;) on {m; > 0} for any i,j € I.

2. Conversely, if (o, \,m) is a weak solution of [B.1), then A(p,\) = y ir)lf’C A(o, 1) and there exists E, defined
)€Ko

dE; ;

for anyi,j el by dig))]dt = H'(¢; — p;), such that (m, E) € S(m°, D) is a minimizer of (B.4).
Mg

Remark 6.2. If (p,\,m) is a weak solution of (GII), then (¢, ) is a minimizer of a relaved version of Problem

B3, i.e. (@, N) is the minimum of A, defined in ([Z4), over the space (Lip([0,T] x [0, 1],Rm) —|—BV([O,T],R|I|)) X

M ([0, 7], R,

Remark 6.3. The term \;({T'}), in the final condition of the backward equation of the system (61I), can be compared
with the Lagrange multiplier Sy in [22, Equation 1.2] of the density constraint at the final time. The term \;({T'})
ensures that the constraint (L2) is satisfied at time t = T and is strictly positive only if the constraint ([L2)) is
saturated.

solution of ([@I) and

Remark 6.4. One can not expect uniqueness of the solution of Problem (L4l) and of the system (61). This is
mainly due to the absence of a strictly convex function w.r.t. the distribution m in the definition of the objective

function J in ([L3).

6.1 Proof of Theorem 6.1
Before the proof of Theorem 6.1} we make the following remark. We recall that the definition of A is given in (Z0),
of J in B3] and of A in ([B.2]).

Remark 6.5. For any A\ € M™*([0,T], Rm) and any (m, E) € S(m°, D) one has —J(m, E) < A(e*,\). Indeed,
considering a sequence {(\", ")}, defined as in Lemmal[f.6 and using the proof of Theorem[i 1, we get: —J(m, E) <
A(@™, \") and, therefore, —J(m, E) < A(p*, \).

Proof of Theorem [6.1l [l By Theorem 5.1l one has:

inf  A(p,\)=—  inf J(m, E),
(P,N)EK0 (m,E)eS(mO,D)
and thus
Z/ gzmz 301 m + / D )\ + / / c; + ZL dE eV m; = 0. (62)
iel ] mi @ dt

We want to show that E; ; = H'(¢; — ¢j)m;. We consider a sequence {()\", ©™)}n defined as in Lemma For
any n € N, ¢" is smooth enough to be a test function for the weak formulation of (L)) satisfied by m. According
to Lemma L0 and the fact that D € C°([0,T],R/), it holds that, for any n € N and i € I,

> / gimi(T) — i (0)ymy + / "D,

el 0 .
= lim Z/ gzmz T QD?(O)WL? +/ Dl)\?
n— o0 Ze]

—limz 0o} +bids(P]) + Y (g — )LE’J + T)\"D»

_n—>oo tSDZ SDZ SDJ (pl dm ®dt i * ‘
el jel,j#i ? 0

1 n n dEZ T n !

:nll—{goZ/ / <_CZ+ Z i — o)+ Z (¢j—@i)m>mi+/ i (Di_/mi>-

iel jel,j#i jel,j#i ¢ 0 0
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By the previous equality and (6.2]),
dE; ; dE; ; r !
li L")+ L —2L o) —l |my / AP Di—/ i =0.
ninéoz/ / ( i)+ <dmi®dt) (] %)dmi@)dt)m TN o
el jeI,j#i

According to Lemma 6] for a.e. ¢ € [0,T], the sequence {¢(t,)}, converges uniformly to ¢. By the continuity
of H and the dominated convergence theorem, we get fOT fol miH (o} — ) converges to fOT fol m;H(p; — ¢j) for
any i,j € I. Since (m, E) is a solution of B4), J(m, F) is finite. Then one can show that, for any i,j € I,
fOT fol E;; < oo. Applying dominated convergence theorem, we can show that: fOT fol (¢} — ¢} )Ei;j converges to

fOT fol(goj —i)E; ;. Since, for any i € I, the map ¢ — D;( / m;(t,ds) is continuous, the weak™ convergence of
A" to Ain M+([O,T],R‘+‘) gives:

s [0 [ )5 [ 2o )

el el

Thus,
dE; ;

//( ‘PJ'HL(m)+(%—%)%>mﬁ/f&(Di—/olml->_0. (6.3)

1
Since A > 0 and / m;(t,ds) < D,(t) for any ¢ € [0,T], one has, for any ¢ € I and t € [0,T],
0

0< ' Dy(t) — 1mi(t,ds) A(dt). (6.4)
0 0

Recalling that L(p) = H(p), we have L(p) + H(q) — pq > 0 for any p,q € R. Thus, by inequality (64 and equality
©3), one deduces

JEL,j#i

dE; dE;
H(pi — ) + L[ =203 S Pl Y S
jelzj:# (i — @5) + (dmi®dt>+(% o) I m—a.ce

Therefore,
2% (t,s) = H'(pi(t,s) — ¢j(t, s)) a.e (6.5)
——(t,8) = i(t,s) — @;(t, m—a.e. , .
dm; ® dt v LEACE

and inequality (G.4]) becomes an equality. Thus,

/oT (Di - /Olmz‘@ads)) Ai(dt) =

By equality ([©5), the properties of H and the fact that ¢ € Lip([0,T] x [0,1], Ry + BV ([0, T],R), one has
dE; ;

m € L>=([0,T] x [0,1]) and 9 (7]&) € L>=((0,T) x (0,1)). Thus, by Proposition [A1]in Appendix [A]

we Zieduce that m € Lip([0,T],P([0, 1] x I))

2l We assume now that (¢, A, m) is a weak solution of (G.1]). Since ¢ is in Lip([0, 7] x [0, 1], R|I|)—|—BV([O 7], R
and X is a finite measure, the quantity A(p, \) is well defined. We want to show that A(ga, A\ 4 J(m,E) =0. We
approximate (A, @) by the sequence {(\", ¢")}, defined in Lemma L6l ([I)). For any n, ¢" is smooth enough to be
considered as a test function for the equation (II]) satisfied in the weak sense by m. We have, for any i € I,

Z/ gimi(T) — ¢} (0)m; +Z/ / —mbidspl —midepl + Y (¢} = f)H (9i — 9y)mi = 0. (6.6)

icl icl JjeI,j#i

For any i € I, ¢ is a classical solution of (23] associated with A™. Multiplying (235 by m;, summing over I and
integrating over [0, 7] x [0, 1], we have:

Z/ /—mlat% m;b;0sp) — mic; — mu A" + Z —<pJ = 0. (6.7)

i€l Jel,j#i
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Combining ([6.6]) and ([6.7) yields
1 T 1
S [ g = et@mt+ 5 [ [ it tmi S H o ei)el - ) - He - ) =0,
ic1 /0 icr /0 JO jel,j#i
Since (@, A, m) is a weak solution of (6.I), by Lemma 4.6l and letting n tend to infinity, one deduces:
1 1 T 1
> [ am@-omi+ X [ Do T [ [emerm( X H = eee - Hip—g) ) =0
ic1 Y0 ic1 Y0 icr /0 JO jeI,j#i
By the definition of L and H, we have:
1 1 T 1
Z/ gimi(T) — pi(0)m; + Z/ DX\ + Z/ / cim; + mi< Z L(H'(pi — gaj))) =0.
ier 70 ier 70 ier 70 JO JEI,j#i

By the definition of A in (Z8) and J in 33), we have A(p, ) + J(m, E) = 0. Finally, by Remark 6.5 one deduces
that (m, F) is a minimizer of ([B34]). O

6.2 Proof of Theorem 2.1
dE; ;

%

We are now ready to prove our main theorem by using Theorem[6.Tland applying the change of variable a; ; :=

Proof of Theorem [21l The existence of a solution to Problem (4] is given by Lemma B3

([ This statement is proved by Theorem [G.TI

This point is given by Theorem

The uniform bound on « and ds«v are deduced by Theorem 2T} using the fact that H has a globally Lipschitz
continuous gradient and that ¢ is in Lip([0, T] x [0, 1], RIl) +- BV ([0, T], R/l). The time regularity of m is obtained
by Proposition [A.2]in Appendix [Al O

We now prove Proposition 211

Proof of Proposition [Z1). Let (m, ) be a solution of Problem (4] and x° be the density of m® w.r.t. the Lebesgue
measure. By a fixed point argument [15] Theorem 5.7], it is easy to check that there exists a unique solution
u € Lip([0, T] x [0,1], RHI) of the following equation on [0, 7] x [0,1] x I:

pilt,s) = pO(S(0)) + / (7, (7)) 0ubi (S5 (7)) dr

[ X s S S () + 0 S (D (5L ()

Jjel,j#i

(6.8)

To prove the existence of a fixed point, it is crucial to have p in C*([0,1],R!) in order to define properly the
quantity u?(SE’S(O)) and to obtain uniform bounds and Lipschitz estimates on p;. Denote by £ the Lebesgue
measure on [0, 7] x [0, 1], the conclusion follows by proving that pL is the unique weak solution of (II). O

7 Stability with respect to the constraint and the initial distribution

In this section we study how the value of Problem (I4) depends on the initial distribution m® € P([0,1] x I)
and on the parameter D € C°([0, 77, (R*Jr)m) of the constraint (I.2). We endow the space 2 := P([0,1] x I) x

C0([0, 7], (R%)1) with the distance Dq defined by:
Do((m°, D), (m°, D)) := W(m® m°) + ||D = D| o,

where W is the 1-Wasserstein distance on P([0,1] x I). We recall that the definition of ). is given in (22]). For
any € > 0 we consider the function V : Q. — R defined by:

0 D) := inf J(m,E 71
V(m”, D) )0 ) (m, E), (7.1)

where the set S(m°, D) is defined in (32).
The main result of this section is the following proposition, which shows the Lipschitz continuity of the value of
the problem (I4) w.r.t. the initial distribution and the congestion constraint (L.2]).
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Proposition 7.1. For any € > 0, V is Lipschitz continuous on Q. w.r.t. the distance Dgq.

To prove the proposition, we need to introduce some lemmas. For any (mo, D) € ., we consider the function
Alm®, D] : C°([0,T] x [0, 1], R1) x €°([0, 7], Ry = R defined by:

Alm®, D)( Z/ —i(0, s)ym?(ds) + / Xi(8)D; (t)dt.
icl
The following result gives some properties of the function V.

Lemma 7.1. For any € > 0, the function V is bounded independently of €, convex and l.s.c. on Q.

Proof. Let e > 0 and C := (T||c|loc + [|9]loc)- By the definition of V in (), one can show, for any (m°, D) € Q.,
that |V(m®, D)| < C. For any (m°, D) € Q., the duality result in Theorem [5.1] gives

V(im®, D)= sup —A[m° D](p,\). (7.2)
(¢, N EK0
Since V is the supremum of continuous and linear functions, we deduce that V is convex and l.s.c. on .. O

For any € > 0 and (m°, D) € Q., we know by Proposition [5.1] that there exists (gamO’D, )\mO’D) € (Lip([0,T] x
[0,1], RN+ BV ([0, ], RN x M ([0, 7], R‘ﬂ) such that gpmo’D is a weak solution of (2.3]), in the sense of Definition
4] associated with A" and such that (wmo’D, )\mo’D) satisfies:

Z/ D0, s)mY(ds) /D APty = — inf  A[m®, D](, ) = V(m®, D).

A)EX
el (¢, A)EK0

The next lemma provides an estimate on gme’D and A™"P for any £ > 0 and (m% \) € Q..
Lemma 7.2. For any € > 0, there exists C > 0 such that, for any (mo, D) e Q.,
0 0 9
max (|| |oo, 10s™ P e, DA™ P([0.T])) < C.
icl

Proof. Let € > 0 and (mO,D) € Q.. According to Lemma [[T], there exists a constant K > 0, independent of ¢,

such that
Z/ D0, s)mY(ds) /D OA P (dt) < K.

icl
Thus, by using same arguments as in the proof of Lemma 53l and setting K := (K +T||¢||oo + ||9lo0) /€, one obtains:
m®,D %
STAP (0. 17)) < K. (7.3)
iel
By Remark and the previous inequality, there exists a constant C, which depends on K, such that ||g0m0’D Iloo
and Hasgpmo’DHOO are bounded by C. The conclusion follows by setting C' := max(C, K). O

We are now ready to prove the Lipschitz regularity of V.

Proof of Proposition[71} Let e > 0 and (m°, D), (m", D) € Q.. By the definition of V in (7)) and Lemma[7.2] one
has:

(m, D) <Z/ 0(ds) Z/ DiON™"P (dt) + [059™ Pl W(m®, %) + 3" A" P[0, T])||D — Do

iel iel el
< V(m®, D) + CDg((m°, D), (m°, D)),

where C > 0 is a constant defined in Lemma [.21 Similarly, we have:

V(m®, D) < V(m°, D) + CDq((m°, D), (m°, D)).

The conclusion follows. O
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A Appendix

A.1 Properties of the continuity equation

Some properties of the weak solution of the continuity equation (I]) are derived in this subsection. Assumptions
in Section [ are in force in the Appendix. A first result on the support of the solution is established in Lemma [A.1]

Lemma A.1l. For any weak solution («,m) of (1) in the sense of Definition [, m(t) has a support contained
in [0,1] x I for any t € [0,T].

Proof. Let e > 0 and ¢° € C°([0,T] x R, R!l) such that, for any ¢ € [0, 7] and i € I,
o5 (t,s) € 0,1], VseR; ¢5(t,s)=0, VseR\(-1—-¢,2+¢); and ¢i(t,s)=1 Vse[-1,2].

Since m is a weak solution of (L], b satisfies Assumption [I} and ¢; = ¢; for any ¢,j € I, we deduce that, for any
€(0,7),

/Zcpltsmltds /Zascplts (s)m;(t,ds)

ZEI
2+¢
/ Zascpl t, 8)b;(s)m;(t, ds) / Z@Sgoz t, 8)b;(s)m;(t, ds) (A1)
1=¢ jer icl
By (AJ)) and the continuity of m, we deduce that ¢ / Zcpl t,s)m;(t,ds) is constant on [0,T]. Let € tend to
i€l
+00, it holds that ¢ — / Zmz (t,ds) is constant over [0,T]. Then, we have for any ¢ € (0,7),

i€l

/Zmztds /Zm (ds) = 1.

el el

Now let us show that / Z mi(t,ds) = 1. Let & > 0 and ¢ be another test function in C2°([0,T] x R, R!) such
i€l
that, for any t € [0,T] and i € I,

U)zs(tv S) = Oa Vs € R\ (_Ea 1+ E); 351/’15(157 S) Z Oa Vs € (_Ea 0)7 351/’15@, S) S 07 Vs € (175);
and ¥ (t,s) =1, Vse[0,1].

By the same computation as in (A1) and Assumption [T} one has, for any ¢ € (0,7),

1+e
/Zwstsmltds / 2851/)5155 s)m;(t,ds) + / Zaswsts s)m;(t,ds) > 0.

icl el

Thus, t — / ZU)E (t, s)m;(t,ds) is non-decreasing on [0, T]. Taking the limit ¢ — 0, the map ¢ — / Zml (t,ds)

i€l i€l

is also non-decreasing on [0, T']. Finally, for any ¢ € [0,T]: 1 = / Z m;(0, ds) / Z m;(t,ds) / Z m;(t,ds) =
i€l el i€l

1. O

For any pair of weak solution (m,«) of (), the next lemma provides some regularity on m if o and Jd;« are
bounded.

Lemma A.2. Let m" € P([0,1] x I) and (m,a) be a weak solution of (L) in the sense of Definition [31, with
a € L=(]0,T] x [0, 1],R¥‘Xm) . Then, m belongs to Lip(]0,T],P([0,1] x I)) with a Lipschitz constant independent
of m”.
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Proof. The proof follows the same steps as the ones of Lemma Bl Using that « is uniformly bounded, one can
show that, for any t,t € [0,T],

W(m(t,-),m(t,-)) < [t = ¢ (][|b]loc + [l oo)-
The conclusion follows. O

Finally, the next Proposition states that, for any «, the existence and uniqueness of an m in C°([0, 7], P([0, 1] x
1)), such that (m, «) is a weak solution of ([ITJ).

Proposition A.1. Letm® € P([0,1]xI) and o € L>=([0, T]x [0, 1], RNy satisfy 8,00 € L ([0, T) % [0, 1], R,
Then, there exists a unique m € Lip([0,T],P([0,1] x I) such that (m, ) is a weak solution of (L)) in the sense of
Definition [31]

Proof. The existence and uniqueness of a weak solution are proved in [23] for controls a that are continuous in
space and time independent. The extension of this result to bounded controls that are measurable in time is
straightforward. O

A.2 Properties of the metric D
We recall that the function D is defined on M ([0, T, RL{')Q by

DA, ) : / Z ) dt+> /OT — p)(dt)] .

icl
We show in this section that the function D is a distance on M™ ([0, T], R‘f‘) (Lemma [A.3)). Then, a comparison
between the weak* topology in M ([0, T, R‘ﬂ) and the topology induced by the distance D is presented in Lemma

A4l Finally, we state in Lemma [A5 that for any § > 0, the space CJ([0, 77, RL{‘) is dense in M} ([0, T, Rl_il) w.r.t.
the topology induced by D.

)\ — ;) (dT)

Lemma A.3. The function D is a distance on M+([O,T],R|Jf|).
Proof. One can easily check that for any A\*, A%, \* € M™([0, T, Rl_il), we have:
DA, A?) =DM AY) >0,
and
DAY, A2) < DAL, A3 + D3 A2,

We need to show that if D(A',A\?) = 0, then A = A%, By the definition of D in @I3), if DA}, \?) = 0, then,
for any i € I, we have \;([0,T]) = A}([0,T]) and there exists 7 C [0, 7], such that £([0,7]\ T) = 0 (where L is
the Lebesgue measure on R, ) and for any ¢ € T, we have A} ([t, T]) = A\?([t, T]). By [2, Proposition 1.8], one gets
A; = A7 on the o—algebra generated by the set {[t,T],t € T U {0}}, which coincides with B([0,7]). Thus, A' is
equal to A? on B([0, T7]). O

Lemma A.4. Let a sequence {\"}, in M}([O,T],lel) converge w.r.t. the weak™ topology in M+([O,T],R¥‘) to
S M}‘([O,T],RL{I). Then we have lim DA™, \) = 0.
n—roo

Proof. Let {A\"},, weakly™ converge to A in M;([O,T],RK‘). Since, for any f € C°([0,1], R/,

nler;OZ/ Fi (AR (dt) Z/ fi(t) (A.2)

el

by a slight adaptation of the proof of [10, Theorem 25.8], one can show that, for any ¢ € [0, T] such that A;({¢t}) =0
for any ¢ € I, one has lim A!([t,T]) = \;([t,T]). Taking f = 1 in (A2), one obtains lim A}([0,T]) = \;([0, T]).
n—oo n—00

Since A is a finite measure, it has a countable number of atoms on [0, T]. Thus, for a.e. ¢ € [0,T] and for ¢ = 0, one
has lim A?'([¢,T]) = \i([t,T]). Applying the dominated convergence theorem, the conclusion follows. O
n—oo
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Lemma A.5. The space Cg([O,T],R‘f‘) is dense in M;([O,T],R‘f‘) w.r.t. the topology induced by D.

Proof. Let X € M}([O,T],RKI), and \ € MJF([O,T],RKI) be defined from X by A;(A) := \;(A N [0,T]), for any
(i,A) € T x B(R). Let ¢ be a standard convolution kernel on R such that £ > 0 and /ﬁ(x)d:v = 1. Let
R
&' (t) :=&(t/en)/en with £, —— 0. For any n € N, let the function A" be defined by:
n—00

A= 7 % ),

where * stands for the convolution product. More preciesely, one has for any t e R, n € Nand i € [
- / €n(t — T)Auldr). (A.3)
R

Then, A" € O (R,R‘f‘) and the sequence {A\"},, weakly* converges to A in M+([O,T],Rm) [3, Lemma 7.1.10]. By
the definition of the convolution (A.3)), one has for any n € N,
Z/ (/g t—Tdt> i(d7)

;/A” t)dt ;//gt—T dr)dt 3
—éz@(k(t;f)dt) o

Now considering, for any n € N, the function A" defined as the restriction of A" on [0,T], one has that A" €
([0, T, RL{‘) and by previous inequality

Z/ AP (¢ t<Z/ AP (t)dt < 6.

el iel

Thus, \"L € M}([O,T],Rm) (where L is the Lebesgue measure on [0,7]) and the sequence {A\"L},, weakly*
converges to A in M;([O,T],Rm) By Remark [A.4] we have, hm DA AML) = 0. O

A.3 Proof of Lemma 4.8
This section is devoted to the proof Lemma [£.8 stated in Section .3

Proof of Lemma[f-8 Let ¢ be a weak solution of () associated with . Let 8 € C*([0,T] x [0, 1], RI!) be a test
function. Then,

/1 ©i(0,5)B:(0, 5)ds — /lgi(s)ﬁi(Tas)dS + /OT /01 (3t5i(t78) + 55(@‘(%S)bi(s))>%(tas)d8df

0 0
T /1

S #tns) et -t | s oas— [ [ s s W

jel, j;é’L 0 0
=0.
We choose the function 8 such that there exist 8 € C*([0,T] x [0,1], R and ¢ € C*°([0, 1], RI*!) satisfying:

OPi(t, s) + 0s(Bi(t, 8)bi(s)) = 0:(t,s) for any (¢, s,4) € (0, ) (0,1) x (A5)
Bi(0,-) = &(") for any (s,i) € [0, ] .
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The function g is given by for any (¢, s,7) € [0,T] x [0,1] x I,

ﬁxus>—-[fexf¢£”<7»exp(—1[fbx85%r»dr)d¢4-a<55%0»exp(—létm<s?%r»dr>,

where S}*° is the unique solution of the ODE (24). To simplify (A4), we introduce, for any i € I, the functions v;
and m;, satisfying 8; = v; + m;, and for any (¢, ) € [0,T] x [0,1],

vi(t,s) == /Ot 0:(7,S;°(1)) exp (— /: b’i(Sf’S(r))dr) dr and  m(t,s) := &(S;°(0)) exp ( — /Ot b;(sfvS(T))dT)

Setting h;(t, s) := Z H(p;i(t,s) — @j(t,s)) — ci(t, s) for any (t,s,4) € [0,T] x [0,1] x I, we have h € L*((0,T) x
JeI,j#i
(0,1)). By the definition of 8, v, 7 and h, equality (A4)) becomes, for any i € I,

1
/ ©i(0,8)&(s) — gi(s)(v(T, 8) + mi(T, s ds—i—/ / 0;( s) + hi(t, s)(vi(t, ) + mi(t, s))dsdt
0

- /OT /01 Bi(t, s)dsh;(dt) = 0

We want to compute each integral of the previous equality. By the definition of v and by switching the order of
integration, one has

/oT /o1 Pl sall s)tds = /T /1 /th' t,5)0(7, 57°(7)) exp < - /:tbé(Sf’s(r))dr) drds dt
/ / / it )i, 87 (r ))eXP(—/T b’i(Sf’S(r))dr>dtdsdT,

d
The function s — S'*(7) being in C*([0, 1]), we consider the change of variable: & = S!"*(7), d_s = 9,5°(1). By
T

the definition of S)** in (2.4, one has s = S]"*(t) and Sf’sz,z(t) (r) = S (r). Thus, previous equality becomes

3

/OT /01 hi(t, s)vi(t, s)dtds = /OT /01 0;(t, ) /TT ha(t, ST (1)) exp ( B /Tt b;(SZ’””(r))dr) 0,57 (t)dt dx dr.

Since b € C*([0,1], R7), the flow S;, satisfies the following equation for any (i,7,t,s) € I x (0,T) x (0,T) x (0,1):

0,57 () = exp ( / t b’i(SiT’m(r))dr> .

/ / s)v;(t, s)dtds —/ / 0;(r,x / hi(t, S]"(t))dt dx dr. (A7)

By the same computations, for any i € I, one has:

(A.6)

One deduces

/1 gi(s)vi(T, s) :/ / (7,2)g:(S]*(T))dsdr, (A.8)
/ / (£, 8)ms(t, 5)dtds _/1@( )/T ha(t, SO (1)) dtda, (A.9)
AMMJS /&gﬁ“)) (A.10)

and:

//&tsds)\ dt) // (1, ) dxdr+/ &i(2) L7 (0)dz. (A.11)
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By the definition of h given above and (A7)-(ATT), (A-G) becomes

/ &ils) (%08 / S H((pi =) (80" )))—Ci(TaS?’S(T))dT—L{\(O)—gi(Sg’S(T)))ds

JEl, J#Z

// (e L >

JELj#i

— @)1, 57°(7))) = eilr, S7(7))dr — L) — gi(Sf"s(T))) dsdt

This equality holds for any test functions 6; and &. Then, one has for any s € [0, 1]:

i(0,5) / 1275 — @)(1,8°(7)) + ci(7, 57 (7))dr + L}0) + gi(S{*(T)),

and for any (t,s) € [0,7T] x [0, 1]:

piltis) = | >, —H (i = 25)(7, Si7(1))) + ei(r, S (7)dr + L (1) + gi(S;°(T)).
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