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An optimal control problem for the continuity equation arising in smart
charging

Adrien Seguret *

Abstract

This paper is focused on the mathematical modeling and solution of the optimal charging of a large population
of identical plug-in electric vehicles (PEVs) with mixed state variables (continuous and discrete). A mean field
assumption is formulated to describe the evolution interaction of the PEVs population. The optimal control
of the resulting continuity equation of the mixed system under state constraints is investigated. We prove the
existence of a minimizer. We then characterize the solution as the weak solution of a system of two coupled
PDEs: a continuity equation and of a Hamilton-Jacobi equation. We provide regularity results of the optimal
feedback control.

Keywords: Optimal control, optimality conditions, mean field control.

1 Introduction

This article studies the optimal control of a first order continuity equation with a reaction term under state con-
straints. Let us consider a finite time interval [0, 7] and a mixed state space equal to the product [0,1] x I, where
I is a finite space, the cardinality of which is denoted by |I|. The continuity equation is given by:

Oemii(t, s) + 0s(my(t, s)bi(s)) = — Z(O‘i’j (t, s)m;(t, 8) — o i (t,8)m;(t, s)) (i,t,s) € I x(0,T) x (0,1), 1)
J#i .
mi(0,s) = m{(s) (i,5) € I x[0,1],

where m : [0,T] — P([0,1] x I) is a curve of probability distribution, m® € P([0,1] x I) is the given initial
distribution, b : I x [0,1] — R is a velocity field, and the control o : I x I x [0,T] x [0,1] — Ry is a jump
intensity. The notion of weak solution of (II)) is specified in Definition Bl We further assume that b vanishes at
the boundary of [0, 1] so that the mass conservation in I x [0, 1] is guaranteed without forcing a boundary condition.
The distribution m is subject to the following congestion constraints:

mi(t,[0,1]) < Di(t) Y(i,t) € I x [0,T], (1.2)

where D : [0, 7] — R is given. The objective function J is defined as follows:

T 1 1
J(m, ) ::Z/O /o (cilt,s) + Z L(aij(t,s)))mi(t,ds)dt—i-Z/O gi(s)mi(T, ds). (1.3)

icl GEI,j#i icl
Our purpose is to study the optimization problem:

inf J(m, ), where (m,«) is a weak solution of (I.1]) and satisfies (I.2). (1.4)

m,o

Our work is initially motivated by the optimal charging of a population of PEVs controlled by a central planner.
The continuous variable s € [0,1] in () represents the level of battery of a PEV. The discrete variable i € I
represents the mode of charging (e.g. idling, charging, discharging, etc...). For any (¢,s,4) € [0,T] x [0,1] x I, the
value m; (¢, s) represents the proportion of PEVs at time ¢ at state (s,i). The given velocity field b;(s) denotes the
power of charge or discharge of a PEV in mode ¢ and with battery level s. For any (¢,s,,5) € [0,T] x [0,1] x I x I,
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the value «; ;(t, s) denotes the jump intensity of PEVs from the state (s, %) to the state (s, j) at time ¢. The control
a is required to be a non-negative measurable function. The congestion constraint (I.2)) avoids high demand of
energy at each moment over the period. The cost function L penalizes high values of a. It aims at avoiding the
synchronization of jumps of the PEVs and the consequent instability of the electrical network. The value ¢;(¢, s)
corresponds to the cost per PEV to pay at time t € [0,T") at state (s,4); gi(s) is the final cost per PEV to pay at
state (s,4). Numerical results of Problem (.4]) applied to smart charging can be found in [48]. Problem (L4) can be
interpreted heuristically as an approximation of the limit case N — oo of an optimal switching problem of N PEVs.
Combinatorial techniques as well as optimal control tools may fail to solve problems with large population of PEVs,
due to the curse of dimensionality [5]. To overcome these difficulties, a continuum of PEVs can be considered,
leading to the techniques of the optimal control of PDE. The connection between the finite population problem and
the mean field problem is addressed in a companion paper [47] by the author.

1.1 Contributions, methodology and literature

Contributions This paper makes three main contributions.

First we prove the existence of solutions of Problem (L4]).

Second, we derive optimality conditions of Problem (I4). More precisely, let H denote the Fenchel conjugate
of L and H' denote the derivative of H, we show that, if (m, a) is a solution of (I.4)), then there exists a pair (¢, \)
such that, for any i,j € I, a; ; = H'(¢; — ¢;), and (gp, A,m) is a weak solution of the following system:

—Oupi — bi0sp; — ¢ — Ni + Z —¢;)=0 on (0,T) x (0,1) x I
JEI,H'éz
dymi + s (b +ZH ymi — H'(; — pi)m; =0 on (0,T) x (0,1) x I
J#i
mi(0, 5) = m(s), ¢i(T,s) = gi(s) on (0,1) x I (1.5)
mi(t,ds) — D;(t) <0, A >0 on [0,7] x I
Z/ </ m(t, ds) — ()>)\i(dt)_0.
iel

The function ¢ is the Lagrange multiplier associated to the dynamic constraint (LI), and the measure A is associated
to the congestion constraint (I2]). The first equation in (I3 is a backward Hamilton-Jacobi equation. The existence,
uniqueness and characterization of weak solutions of the backward Hamilton-Jacobi equation are investigated in
the paper. The second equation in (L)) is a forward continuity equation, where the control «, defined by «; ; =
H'(pi — ¢j), is optimal. The measure X is non-negative and finite. The last equality in (LE) ensures that the
congestion constraint (L2]) is satisfied.

Third, we obtain regularity property for any weak solution (X, p, m) of (LH). We prove that, under suitable
assumptions on the data b, g and ¢, the multiplier ¢ is in Lip([0,T] x [0,1] x I) + BV([0,T] x I). As a result,
the optimal control « is bounded and Lipschitz continuous in space uniformly w.r.t. the time variable and the
measure m is in Lip([0, 1], P([0, 1] x I)). We show that if the initial distribution m® is absolutely continuous w.r.t.
the Lebesgue measure and has a smooth density, then the measure m is absolutely continuous w.r.t. the Lebesgue
measure and has Lipschitz continuous density.

Methodology The existence of an optimal solution is established by compactness arguments (see for e.g. [6]).
We adopt a duality approach to obtain ([H). More explicitly, we relax the dynamics (I and the congestion
constraint (L2). The resulting relaxed problem is then expressed as the dual of another convex problem. We show
that the system (L3]) is the optimality condition of Problem (4.

Literature Solving the optimal control of a Fokker-Planck equation by means of the duality theory has been
well known since decades [26, 50]. Our work follows the method developed in the seminal work by Benamou
and Brenier [6] for optimal transport problems. In [6], a continuity equation is controlled with initial and final
constraints; optimality conditions are obtained as a system of PDEs close to (LH). Similar method and results
also in optimal transport are derived in [I5]. More recently, this approach was applied to solve on optimal control
problem of a Fokker-Planck equation under state constraints in the Wasserstein space [20] 21], where Lipschitz
regularity results of the optimal control are proved.

The optimality conditions (LH)) typically arises in the Mean Field Game (MFG for short) Theory. This class
of problems, introduced by Lasry and Lions [34] 35 [36] and Huang, Malhamé and Caines [32, 33], describes the



interaction among a large population of identical and rational agents in competition. Mean Field Control (MFC
for short) and MFG theories have been extensively used over the last few years as a mathematical tool in electrical
engineering. More specifically, the optimal control of PDEs applied to smart charging can be found in [38, 49], and
to the management of a population of thermostatically controlled loads in [27] [42].

Conversely, the duality approach is close to the so-called variational approach used in MFG theory in [16], where
the weak solution of the MFG system is characterized as the minimizer of some optimal control of Hamilton-Jacobi
and Fokker-Planck equations. This approach allows to use optimization techniques to prove the existence and
uniqueness of the solution of MFG and MFC problems. We refer to [I], Bl 13} 17, 43] and the references therein.
Besides, the variational approach allows to apply optimization algorithms to numerically solve MFG problems
7, 12, 13).

Note that different optimality conditions for control problems in the space of probability measures can be derived
by using a kind of Pontryagin Maximum Principle [10} [IT].

A particularity of this paper is to deal with a congestion constraint (I2) on the measure. Two kinds of congestion
effects are explored in the MFG and MFC frameworks. On the one hand, “soft congestion” increases the cost of
velocity of the agents in areas with high density. On the other hand, “hard congestion” constraints impose density
constraints, e.g. m < m at any point (¢, s). The variational approach yields good results when applied to MFC [1]
and MFG with “soft congestion” in a stationary framework [23], as well as to MFG problems dealing with “hard
congestion” constraints. This was first investigated in [44] where the density of the population did not exceed a
given threshold, then in [40] where stationary second order MFGs were considered. In [I§], a price which is imposed
on the saturated zone to make the density satisfy the constraints is obtained. In the same vein as the work of
Benamou and Brenier [6], “hard congestion” constraints were examined in optimal transport [I4]. We highlight
that our paper deals with aggregate “hard congestion” constraints on the measure m (L2)), i.e., our constraint is
less restrictive than a constraint of the type m < m a.e..

Besides, we consider a mixed state space with continuous and discrete state variable. This setting has seldomly
been investigated in the MFG literature. Indeed, the articles cited in the paragraphs above looked only at continuous
state variables. The resulting continuity equation (ILT]) contains a term of reaction, indicating mass transfers between
states in I. Such PDEs also arised in [3] to model the mean field limit of Piecewise Deterministic Markov Proccesses
(PDMP for short). The velocity was controlled in [3]. Here, we control the intensity of the jump «, but the velocity
b is given. A MFG problem with discrete time and state space was explored in [29] and applied to socio-economic
sciences in [28]. The uniqueness of the solution of a finite state MFG was discussed in [4] and the convergence of the
N-player game to the mean field model as N — oo was obtained in [30]. Mixed state spaces in a MFG framework
were studied in [24] 25], where a major player can switch his state on a finite state space and minor players decide
their stopping time. A MFG problem in a finite state space and discrete time settings with “hard congestion” was
studied in [9], also by variational methods.

Some of our regularity results, namely that « is Lipschitz continuous w.r.t. s, and the density of m w.r.t.
the Lebesgue measure is Lipschitz continuous when m? is absolutely continuous w.r.t. the Lebesgue measure, are
unusual. We believe that it is mainly due to the linearity of the Hamilton-Jacobi equation w.r.t. ds. These results
will be used in a companion work [47] to quantify the mean field limit of the model. The time regularity of ¢ may
not be improved as far as we have no more regularity results on A\. The function ¢ is discontinuous at each atom
of the measure A. Regularity results about the multiplier of the density constraint can be found in the literature:
n [I8], the authors showed some BV estimates on the pressure, whereas L estimates for the price were proved
in [21] and [37] in the special case of a quadratic Hamiltonian in a MFG problem. The Sobolev regularity of the
solution of a first order MFG was established in [39] and improved in [46]; also see [31].

Organization of the paper The paper is organized as follows. In Section 2] we present our assumptions
and main results. The existence of a solution of Problem (4] is established in Section Bl In Section @ which
is independent of the other sections, we show the existence, uniqueness and regularity of weak solution of the
Hamilton-Jacobi equation in ([A). In Section Bl we return to Problem (L4]) and develop the duality approach. We
formulate its Lagrangian relaxation and show it is the dual problem of another convex problem. We obtain the
optimality conditions ([3]) of Problem (LA4) in Section [l The Lipschitz continuity of the value of Problem (L4])
w.r.t. the data (m°, D) is proved in Section[Zl We recall basic statements about weak solutions of (I1]) in Appendix

Bl

2 Assumptions and main results



2.1 Notations and Assumptions

Notations The space of Borel, positive and bounded measures on a space A is denoted by M™1(A) and the
space of Borel probability measures on a space A is denoted by P(A). For any measure p € M([0,7]) and
0 <t <ty <T, we set fttf wu(dt) := u([t1,t2]). Given a set S, for any function f defined on I x § and any
measure g € M(S x I), we use the notations f;(z) := f(i,z) for any (i,z) € I x § and p;(S) := u({i} x S) for
any (i,5) € I x B(S), where B(S) denotes the Borel algebra. Similarly, for any function g defined on I x I x S
and any measure v € M(S x I x I), we use the notations g; ;(z) := g(i,j,z) for any (i,5,2) € I x I x S and
vi i(8) = pu({i} x {j} x S) for any (i,4,5) € I* x B(S). If S is a metric space, let Lip(S) denote the vector space
of bounded and Lipschitz continuous maps f : S — R. For any u € C°([0,T],P([0,1])), let Li([O,T] x R) :=
{f:]0,T] xR~ R, fOT fol f(t,8)?u(t,ds)dt < +o0}. We denote by W the Wasserstein distance on P([0,1] x I),

defined by W(u, p) :=sup{>_,c; fol ©( — p) | ¢ is 1 — Lipschitz from [0,1] x I to R}. We recall that if a function
¢ is 1-Lipschitz continuous from [0,1] x I to R, then |p(x,i) — ¢(x,j)| < 1 for any i,j € I. The dual of a normed
space X is denoted by X*. We consider the space 2 := P([0,1] x I) x C°(I x [0,T],R%). For any ¢ > 0, we define
the subspace ). of 2, by

Qo= {(nf)eQle< it filt) = pua((0,1)}. 1)

€[0,T]

We consider the following spaces for any § > 0:
ME(O.TIx 1) = {pe MH([0,T] x I) | u([0,T] x T) < 6},
T
CY[0,T) x I,Ry) := {f € C%[0,T] x I,R,) | / Zfi(t)dt < 5}.
0 er

For any & > 0, the space C§([0,T] x I,R;) can be considered as a subspace of M ([0, 7] x I) in the sense that, for
any f € C§([0,T] x I,R.), we have f£ € M ([0,T] x I), where L is the Lebesgue measure on [0, 7.

Assumptions The following assumptions are in force throughout the paper.

1. For any i € I, b; € C*(R) with b;(s) = 0 for any s & (0,1).

The initial distribution of () m° € P(R x I) is such that supp(m}) C [0,1] for any i € I .
There exists €” > 0 such that the parameter D of (L2) and m° satisfy (m°, D) € Q..

For any i € I, it is assumed that ¢; € C*([0,T] x [0,1]) and g; € C*([0,1]).

oUW N

L :R — R is a convex function, defined by:
l(z) ifz>0,

L(z):=4¢ 0 ifx =0,
400 otherwise,

where I € C'(R,,R,) is an increasing strongly convex function bounded from above by a quadratic function.
More explicitly, there exists C' > 0 such that for any x € R:

2

% —C<i(z) <O +1),

where the first inequality is due to the strong convexity of I.

The function H being the Fenchel conjugate of L, by Assumption [, H is non-decreasing, non-negative, and H’ is
Lipschitz continuous on R. For any A € M™([0,T] x I), ¢» € L*([0,T] x [0,1] x I), (t,7,5,4,5) € [0, T]* x [0,1] x I?,

we define H* by:
T

H NG, jt, 7, 5,0) == H((wi — ) (7, 85 (7)) + / (i — )\j)(dr)). (2.2)

T

By Assumption [ for any s € [0,1], 7 € I and t € [0, T], there exists a unique S** satisfying the ODE below
dS’f’S(T)

dr
SLE(t) = s.

— bu(s(r)), T[0T, (2.3)



Since b € C'([0,1] x I), we recall that the flow S; satisfies the following equation for any (i, 7,t,s) € I x (0,T) x
(0,7) x (0,1):
t
0.5 (t) = expl | (S (r))dn). (2.4)
Remark 2.1. The main role of Assumptionsdl and[@ is to ensure that the support of the weak solution of (L)
is contained in [0,1] over the period [0,T] (c¢f. Lemmal81 in Appendiz[8). Assumption[3d provides an estimate on
A[0,T] x I) for any weak solution (¢, \,m) of () and ensures that the control « = 0 is an admissible control.

Correspondingly, the feasible set of Problem ([L4) is not empty. Regularity results of the weak solutions of the system
(L3 are derived thanks to the assumptions formulated on c and g in Assumption[]

2.2  Main results
We introduce, for a given A € M*([0,T] x I), the Hamilton-Jacobi equation on (0,7) x (0,1) x I:

—0upi(t, ) = bi(5)Dspi(t, s) — cilt, s) = Ni(t) + > H((p; — i)(t,9) =0 (t,s,i) € (0,T) x (0,1) x I,
JELi#i
@i(T, s) = gi(s) (s,i) €[0,1] x I.

We define the function A for any (p,\) € (Lip([0,T] x [0,1] x I) + BV([0,T] x I)) x MT([0,T] x I) by:

5 1 T
A(p, ) := Z/o —<pi(0+,s)m?(ds)+/0 D;(t)\;(dt). (2.6)

i€l
The following Theorem summarizes the main results of the paper.
Theorem 2.1. Problem (L) has a solution. Furthermore, the minimizers have the following properties:

1. If (m, ) is a minimizer of Problem ([L4) and (o, A) € (Lip([0,T] % [0,1] x I)+BV([0,T] x I)) x M*([0,T] x I)
is such that A(p,\) = —J(m,a), then (¢, \,m) is a weak solution of (LB in the sense of Definition[61], and
a;j = H'(p; — ;) on {m; >0} for anyi,j € I.

2. Conversely, if (¢, \,m) is a weak solution of (L)) in the sense of Definition [6.1), then there exists ., defined
for any i,5 € I by: «; j := H'(0; — ;) on {m; > 0}, such that (m, ) is a minimizer of (L) and A(p,\) =
—J(m,a).

3. If (m, @) is a minimizer of Problem (L4)), then for any i,j € I oy ; and Oscy ; are both in L°°([0,T] x [0, 1]),
and m € Lip([0, T],P([0,1] x I)).

The existence of a solution of Problem ([4]) is stated in Lemma The characterization of a solution, i.e.,
Theorem 2.TIMH2] is given by Theorem For this, we adopt a duality approach which is developed in Section
In particular, we introduce a convex problem, the dual of which is Problem (4 up to a change of variable (cf.
Theorem [5.1]). The Lipschitz continuity of m stated in Theorem 218l is deduced from the regularity of ¢, which is
derived in Section [ and Proposition 81l The proof of Theorem 2] is finally given in Section

Further regularity results on the solution of Problem (L4]) are obtained with additional conditions on the initial
distribution m?.

Proposition 2.1. If the initial distribution m° is absolutely continuous w.r.t. the Lebesque measure with a density

in C*([0,1] x I), then any solution (m,a) of Problem (L) is such that m is absolutely continuous w.r.t. the
Lebesgue measure on [0,T] x [0,1], and has a density in Lip([0,T] x [0,1] x I).

The proof of Proposition 2] is given in Section

3 Existence of an optimal solution

We introduce in this section a convex problem that is equivalent to (L4]). Standard compactness arguments are
used to show the existence of an optimal solution (see for e.g. [6]). The definition of a weak solution of (I1J) is
specified below.



Definition 3.1. A pair (m, «) satisfies (1) in the weak sense if t € [0,T] — m(t, ) € PR x I) is continuous, for
any i,j € I with i # j, it holds that o ; € L2, ([0,T] x R) and for any test function ¢ € C°([0,T] x R x I), we
have:

/@ T, s)m;(T, ds) — ¢; (0, s)m?(ds)

iel

/‘/23@@ 0001 )Mt ds) + 3 (95(ts) — dulty5)ai (1, s)ma(t, ds)d.

iel jeI,j#i

Remark 3.1. Using Assumptions[dl and[2, Lemmal81l in Appendiz[8 states that, for any weak solution (m, o) f
(@1 in the sense of Definition[3 1], the measure m;(t,-) has its support contained in [0,1] for any (¢,4) € [0,T] x
Thus, we will consider throughout the paper only weak solutions (m,«a) of (L) satisfying m(t,-) € P([0,1] x I) for
any t € [0,T].

Problem (I4) being not convex w.r.t. the variables (m,a), for any i,j € I with i # j, we make a change of
variables E; ; := «; jm;. We now rewrite the continuity equation (LIJ):

Btmi(t, 8) + 6s(mi(t, s)bl(s)) = — Z (E@j (t, S) - Ej)i(t, S)) (i, t, S) el x (O,T) X (O, 1)
JEI,j#i (3.1)
mi(0,5) = m2(s) (i,5) € % [0,1],
+ : . dEi,j dE; G5y 2
where E; ; € M™(]0,T] x [0, 1]) is such that E; ; < m;, with T = Qi and . € Ly, ([0,T] x [0,1]). For any
my my

(m®, D) € Q satisfying Assumption B} we introduce the set:

dE; ;
S(m°, D) := {(m, E) such that E; ; < m;Vi,j € I, (m, «) satisfies (8.1) in the weak sense, where «; ; := d—’],
my;
1
dFE; ;
with additional constraints: / m;(t,ds) < D;(t) V(i,t) € I x[0,T], and d—J > 0}.

0 my

(3.2)

From Assumption B the set S(m°, D) is not empty. Indeed, denoting by (m,0) a weak solution of (L)) with
control o = 0, the distribution m satisfies that, for any (t,7) € [0,7] x I, m;(t, [0,1]) = m;([0,1]) < D;(t). Thus,
(m,0) € S(m°, D). We define the function J on S(m°, D) by:

J //cZ mztdsdt—i—//
(3.3)

where the function L is defined in Assumption Since m(t) is a probability measure for any t € [0,7], by
dE;
Assumption [ the first and last integrals in ([B.3]) are well defined. Since d—J € L2 ([0,7] x [0,1]) and I is
[

bounded by a quadratic function according to Assumption [Bl the second integral in (3.3)) is also well defined. Thus,
for any (m, E) € S(m°, D), the quantity J(m, E) is finite. The following optimization problem is considered:

(‘iﬁ;% s)> mi(t, ds) dt—f—Z/ gi(s)ma(T. ds),

i,j€1,57#1 icl

inf J(E,m). 3.4
(m,E)é%(mo,D) (B,m) (3-4)

For any ~ > 0, we define the subset S, (m°, D) of S(m°, D) by:

§,(m”. D) = 3 (m, B) € S(m°, D)| // (dE” )>ml(t ds)dt < b (3.5)

(Z el i#]
For any (m, E) € S,Y(mo, D), the next lemma provides a Holder regularity property on m.

Lemma 3.1. For any v > 0, there exists a positive constant C, such that, for any (m,E) € S.Y(mO,D), m is
1
§-Hdlder continuous with constant C, from [0,T] to P([0,1] x I) (endowed with the Wasserstein distance WV ).



Proof. The proof relies on classical arguments for the time regularity of weak solutions of the continuity equation
(see [2]) and on the estimate, for any ¢,7 € [0, T] with t <,

(/tr/olEi,j(t,dS)dt)2 < T—t// > < ))Qmi(T,ds)dT

INIS NS

<c// (dE” )>mi(t,ds)dt+c

where the first inequality is obtained by Cauchy-Schwarz inequality, C,, := C(y + 1) and C' > 0 is the constant
defined in Assumption O

The next lemma is useful to show that any minimizing sequence of (B4 is relatively compact.

Lemma 3.2. For any v > 0, the subset S, (m°, D) is relatively compact in C([0,T],P([0,1] x I)) x M*(]0,T] x
[0,1] x I?)), where MT([0,T] x [0,1] x I?)) is endowed with the weak® -convergence.

Proof. The compactness is derived from Lemma Bl and standard arguments in Optimal Transport [45]. O
Lemma 3.3. Problem B4) admits a solution. Consequently, Problem ([LL4) has a solution.

Proof. Existence of a solution of (B4 is a consequence of Lemma [3.2] and of the l.s.c. of J w.r.t. the topology

induced by C([0,T],P([0,1] x I)) x M([0,T] x [0,1] x I?) (where M([0,T] x [0, 1] x I?) is endowed with the weak*-
convergence). Since Problem (4] is equivalent to Problem ([B4) up to a change of variable, the existence of a
solution is straightforward. O

4 Analysis of the Hamilton-Jacobi equation

The purpose of this section is to study weak solutions of the Hamilton-Jacobi equation ([Z.35) when X is in M ([0, T x
I). Tt is divided into three subsections. Section [1]is devoted to the analysis of the following equation

T
—Opi(t, 8) = bi($)0si(t, 8) — cilt, ) + Y H< 1/)j)(t75)+/ (A —/\j)(dT)> =0 on (0,7)x (0,1) x I
Jel,j#i ¢
(T, ) = g on [0,1] x I.
(4.1)
for a given A € C§([0,T] x I,R;). Then, equation (ZI) is studied for a given A € M7 ([0,T] x I) in Section
Finally, we obtain in Section the existence and the uniqueness of the solution to (Z3) by using the solution of

@I.
4.1 The Hamilton-Jacobi equation for continuous valued data

The main result of this subsection is the following.

Proposition 4.1. For any A € C([0,T] x I,R,), there exists a unique ™ € C1([0,T] x [0,1] x I) satisfying, for
any (t,s,4) € [0, 7] x [0,1] x I,

A, s) / SO CH gyt 75, 07) + ei(n, 8P (R + gi(SUH(T), (4.2)
Jelj#i
In addition, ¥ is the unique classical solution of @I) on [0,T] x [0,1] x I.

We recall that the definition of H” is given in ([Z2). The next lemma states that a function 1 satisfies {2) if
and only if it is a classical solution of ({@.]).
Lemma 4.1. For any A € C°([0,T] x I,Ry) and to € [0,T), a function ¢» € C*((to, T] x [0,1] x I) satisfies equation
HE2) on [to, T] x [0,1] x I if and only if it is a solution of @I) on (to,T] x [0,1] x I



Proof. Tf ¢ € C*((to, T] x [0,1] x I) satisfies [@Z), then ¢(T,-) = g and by computing the partial derivatives in
space and time of ¢, one obtains that v is a solution of {1l on (¢, 7] x (0,1) x I.

Conversely, if 1 € C*((to,T] x [0,1] x I) is a solution of @I then, by the method of characteristics one deduces
that ¢ is a solution of [@2]) on [tg,T] x [0,1] x I. O

Before proving Proposition ([#1I]), we need the following estimate on solutions of the Hamilton-Jacobi equation.

Lemma 4.2 (A priori estimate). For any § > 0, there exists M > 0 such that, for any A € C([0,T] x I,Ry) and
any to € [0,T), if » € C*((to, T] x [0,1] x I) satisfies @) on (to, T] x (0,1) x I, then ||[¢]co < M.

Proof. Let us define M :=||g]loo + T (||l + |[I|H(6)) + 1 and, for any (¢,s,i) € [to,T] x [0,1] X I,

u;(t,5) := —llglloc = (T' = t)([|c]loc + [T H(5)),
ui(t,s) := ||gllec + (T" = t)([[clloc + [T|H(5))-

We note that ||ullcc < M and ||@]|o < M. One has, for any (¢,s,i) € (to,T] x [0,1] x I,

T
—8tgi(t, S) < - Z H (/ (/\z — /\J)(T)dT> —|—Ci(t, S)

Jelj#i

. (4.3)
—0ui(t,s) > — Z H (/ (N — /\j)(r)dr> + ¢i(t, s).
JEILj#i T
We will show that 1) is bounded by u and @. For any t € (tg, T], we define:
v({t) = max (u;, —¥;)(t,xz) and (z,4) € argmax (w; — ¥i)(t, ).
(z,9)€[0,1]x 1 (w,i)€[0,1]% I

Since u is independent of x and i, we have (z¢,i;) € argmin, ;)c(0,1]x7 ¥i(f, ). On the one hand, if z; € {0,1},
then b;, (z¢) = 0. On the other hand, if 2; € (0,1), then 0544, (¢, z¢) = 0. Therefore, one has b;, (x;)0s(u;, (¢, z¢) —
¥;, (t,x¢)) = 0. Since u and v are Lipschitz continuous in time uniformly in (s, ), v is also Lipschitz continuous
and thus differentiable a.e. on (to, T]. Using the Envelop Theorem [41, Theorem 1], v is absolutely continuous on
(to,T] and, for a.e. t € (to,T], inequality ([@3) and equality (LI)) give:

T T
Y (1) = 0wy, (b we) =i, (t20)) > > H </ (Ai —Aj)(r)dr> -H <(1/fi — )7, 87°(7)) +/ (Ai —Aj)(T)dT> -

JEIL,j#i

i

Since for any j € I we have 9;, (t, ;) < 9;(t,z;) and w,, (t,21) = u;(t, z¢), the fact that H is non decreasing implies:

T T
H (w (t2) — y(t,0) + / (i, — Aj><r>dr> <m ( / (A, — A»(r)dr) ,

and thus, 7/(t) > 0. Since v(T) < 0, we deduce that ¢ > w on (to,T] x [0,1] x I. With similar arguments,
one obtains @ > 9 on (tg,T] x [0,1] x I. Therefore, according to the definition of u and @, we have, for any
(t,s,i) € (to,T] x [0,1] x I :

— M <(t,s) < M. (4.4)

O

Proposition LIl will be proved by a fixed point argument. For this, we need several lemmas. We fix the constant
M > 0 associated to § > 0 from LemmaL2l The constant x > 0 is defined below and depends only on M, ||b'||cc, T
and |I|. We consider the space

COL[0,T] x [0,1] x I) := {f € C°([0,T] x [0,1] x I)|Dsf; € C°([0,T] x [0,1] x I)},
endowed with the norm || - [|§ ; defined by:

1116, = If115% + 1195 fll%



where, for any h € C°([0,T] x [0,1] x I),

1All5 == sup |hi(t, s)e (1.
(t,5,3)€[0,T]x[0,1]x T

The space (C*'([0,T] x [0,1] x I), || - ||5.,) is a Banach space. We fix Cy > 0 and C; > 0 to be chosen below, where
Co depends on [|9s¢|sos || |loos [|0']|c and Cy depends on M, 4§, T and |I|. We look for a solution in the space 2
defined by:

Y= {f € COM[0,7) x [0,1] x I) || flloc £ M + 1 and |95 f(t,)||cc < Coe™* T D vt € [O,T]},

Remark 4.1. The set ¥ is bounded and closed and therefore complete w.r.t. the topology induced by the norm
Il 116,1

In this subsection, we are looking for a solution of @I as a fixed point of the map I'* := (T}
defined on C**([0,T] x [0,1] x I) by

)i617 which is

P @)t / ST —HMNi g7, 8) + (7, SE(1))dr + gi(SPH(T). (4.5)

JEL,j#i

Since the function H is not necessarily bounded on R, we need to introduce a smooth truncation F' € C*(R, [~ M —
1, M +1]) to obtain a fixed point in 3. The function F' is defined on R such that F’' > 0, ||F’|lc < 1 and:

~M -1 ifz<—(M+2),
F(z):={ =z if —M—1/2<z<M+1/2, (4.6)
M+1 ifM+2<u

Finally, we define the function II* by:
Vo € 5, IN(9) := (I1}(9), - .., 1T}y (¢)) where [T} (¢) := (F o T})(¢) Vi€ I
The following lemma states that II* maps ¥ into itself.

Lemma 4.3. For a suitable choice of the constants Cy and Cy, one has II(¢) € X for any ¢ € X.

Proof. Let ¢ € ¥ and, for any i € I, 0; := I'}(¢). We have o € C*([0, T] [0,1] x I). We need to show that, for
any t € [0,T], [|0s0(t, )]|co < Coecl(T %), According to the definition of I'?, we have, for any (i,t) € I x [0, 7],

[0s0i(t, )lloo < 10 SHOOK/ > o t,Mloodt + [0Sl oo l0sclloo + 1105 Sl 19 ll oo
oC i,j€1
0~ Ci(T—t)
< ——e™t C
=70 e + C,
where K := sup |H'(z)] and C' > 0 is a positive constant which depends on ||055||oo, [|0s¢llocs 119 || s

T€[—2M—5,2M 4]
|I],T and K. Choosing carefully Cy and Cy depending on C, one obtains that, for any (i,t) € I x [0,T],

Ha oi(t, )Hoo < COecl(T 2
Finally, from the definition of F' in (.6]), the function II(¢) = (F(01),...,F(o|z)) is in X. O

The existence of a fixed point of II* in ¥ is established in the following lemma.

Lemma 4.4. For a suitable choice of the constant k, the function I admits a unique fized point Ve s In
addition, we have ¥* € C*([0,T] x [0,1] x I).

Proof. Let ¢!, $* € ¥. Since ¢! and ¢? are bounded by M + 1, one has, for any (t,s,4) € [0,T] x [0,1] x T

NG (ts) —TX ) s)| < 3 / G ot 7,5, 61) — BN, jot,7,5,6%)] dr

JGI J#i
<o [ 1650 - s o) ar @7
JeI
R (T—t)
e



where C' > 0 is a constant depending on 4, || and sup |H'(x)|. Since H' is Lipschitz continuous
2€[~2(M+1)—6,2(M+1)+9]
n [—2(M + 1), 2(M + 1)], one has, for any (t,s,4) € [0,T] x [0,1] x I

0T} (@) (t,5) = TXO™)(E,5))| < Y / 0sHA(i, j, t,7,8,0") — O HN(i, j, t, 7,5, 6%)| dT
]617.7751 (4.8)
L ) Ke K(T—t)
<ll¢" = ¢l ——

where K > 0 is a constant that depends on |I|, T, ||V’| s, M, Co, C; and on the bound and the Lipschitz constant of
H' on [-2(M +1) — 6§, 2(M + 1) + ¢]. From (&) and (48)), one obtains that:

ITA(¢") = T*(@)§, < max(Co/r, K/r)ll¢" = ¢*[5 1.

Choosing x > max(Cy, K) and the function F being non expensive, one deduces that the function I1* is a contraction
on ¥ and that it admits a unique fixed point ¥* € X. By the definitions of II* and ¥, it is straightforward that
Y* e CH([0,T] x [0,1] x I). O

We now turn to the proof of Proposition {1l

Proof of Proposition [J-1. Let to € [0,T] be the minimum time such that ||[¢*(t,)||ec < M + 1/2 for any t € [to, T].
Since || (T, )loo = ||gilleo < M for any i € T and ¢ is continuous, the time t; is smaller than 7'. The function ¢*
is a fixed point of I'* on [tg, 7] and thus, 1 is a solution of @2)) on [ty, T x [0, 1] x I. By LemmaI] we deduce that
Y™ satisfies (@I) on (to, T] x [0, 1] x I. If ty = 0, then the conclusion follows. If tg > 0, then |9 (to, )||eo = M +1/2.
By Lemma 2] one also has [|1)* (to, -)||ec < M. Hence, there is a contradiction. Therefore, ¢/* is a solution of (2

and a classical solution of (1) on [0,7] x [0,1] x I. O

Remark 4.2. One can show that ||0;0*||oe + ||0s0*||0e is bounded by a function that is non-decreasing w.r.t. the
variable §. Indeed, by Lemma[f-3 and its proof, ||0s¢||s is bounded by Coe“*" where Co and Cy depend on M
and on § by the definition of M in Lemma[f-3 By Lemmal[f-1}, ¥ is a classical solution of @&I). Therefore,

1859 oo < [1Blloo |85 (oo + llelloo + sup |H ()]
z€[—2M—5,2M+4]

Thus, ||0:¢|so is bounded by a non-decreasing function of §.

4.2 The Hamilton-Jacobi equation for measure valued data

In this subsection, we prove

Proposition 4.2. For any A\ € M ([0, T] x I), there exists a unique ¥ € Lip([0,T] x [0,1] x I) satisfying that,
for any (t,s,4) € [0,T] x [0,1] x I,

e /t SO CH gyt 75, 07) + ei(r, SY () + gi(SUH(T), (4.9)

JEL,j#i

In addition, the map X — ¥ is continuous from MT([0,T] x I), endowed with the weak topology, to C°([0,T] x
[0,1] x I), endowed with the norm || - | co-

We recall that the definition of H*, with A € M™([0,T] x I), is given in (ZZ). The proof of Proposition
relies on the results of the previous subsection. We define the map © : C§([0,7] x I,R,) — C*([0,T] x [0,1] x I)
by:

0: A Y, (4.10)

where 1 is given by Proposition @Il We know from Proposition Bl that © is well defined on C°([0,T] x I,R.).
We want to show that © can be continuously extended to a function defined on M ([0,7] x I) with values in
Lip([0,T] x [0,1] x I). We define the distance D on M™([0,T] x I) by

D\ ) : / Z/ — ;) (dT) dt—l—z

el el
10

(4.11)

/O (i — pi)(d) .



Remark 4.3. If a sequence {\"},, in M ([0,T] x I) converges w.r.t. the weak topology in M*([0,T] x I) to X €
MF([0,T] x I), then lim D(A",\) = 0. Indeed, since {\"},, weakly converges to X, then lim (A" —\;)([t,T]) =0
n—oo n—00

foranyiel, ae. t€[0,T] andt =0. Applying the dominated convergence theorem, the conclusion follows.

The next remark will be useful to extend the domain of ©.

Remark 4.4. The space C§([0,T] x I,R.) is dense in MF([0,T] x I) w.r.t. the topology induced by D. More
precisely, for any X € MF ([0, T|xI), there exists a sequence {\"},, in C§([0, T]xI,R,), such that lim D(\,\"L) =
n—00

0 (where L is the Lebesgue measure on [0,T]).
Lemma 4.5. The map © can be extended to a Lipschitz continuous map from ./\/l;r([(), T]x 1), endowed with distance
)

D, to C°([0,T] x [0,1] x I), endowed with the norm || - ||so. In addition we have ©(X\) € Lip([0,T] x [0,1] x I) for
any A € MI([0,T) x I).

Proof. We need to show that there exists a constant C' > 0 such that, for any \*, \? € C$([0,T] x I,Ry), we have:
O\ — O(M\) |l < CD(A',A?). Since H is locally Lipschitz, there exists a constant K > 0 such that, for any
(t,5,3) € [0,7) % [0,1] x T,

Oty s) — OND)i(t,s)| = [ (t,s) — ¥ (t,5)]

T
> / HY (i, 5,t,7, 8,0 ) — HN (4,4, ¢, 7, 5,0 )dr
t

jELj#i

T T T
|I|ZK/t <|¢;1(T,S§*S(T))—¢;2(r, Sf’s(r))|+|/ A}(r)dr_/ A?(r)dr|> dr.

jel

IN

Taking the supremum over I x [0, 1] yields:
162 () = 0N (8 ) oo
T . 9 T T T
suP/zwwcnwwkwNMM+umaw/|/’ﬁMM—/’ﬁmmw
t el Jt T T

T
s|ﬂ2/“zaw¢<rf>—wk(n»nmdf++ﬂ%ro@%xﬁ.
t

Then, by applying Gronwall Lemma to ¢ — ||1/))‘1 (t,) — 1/)A2 (t,)|ls, one has, for any t € [0,T],
1 (2, = 0 (8, )l < CD(AL, N?), (4.12)
where the constant C' > 0 depends on §, K, T and |I|. Therefore,
[0() =0 = 97" = ¥V loo < CD(, ).

From the previous inequality and Remark 4] the map © can be continuously extended to a Lipschitz continuous
map from M ([0, 7] x I) to C°([0,T] x [0,1] x I).

Finally, we approximate A € M} ([0, T] x I) by a sequence in {\"},, in C§([0,T] x I,Ry) w.r.t. the distance D.
One has that {©(\")},, is uniformly Lipschitz continuous on [0, 7] x [0, 1] x I according to Remark 42l Thus, ©(A
is in Lip([0,T] x [0,1] x I).

o o<z

Proof of Proposition -2 The proposition is a direct consequence of Lemma

Remark 4.5. By Remark[[-9 and Lemma[f-3, one can show that for any A € M*([0,T] x I), the solution ¥ of
@E3) is such that, max(||*]|se, [|0s9* ||oc) depends only on H,b,c,g and X([0,T] x I).

4.3 Analysis of weak solution of the Hamilton-Jacobi equation (2.5)

For any A € MT([0,T] x I), we consider the function L* € BV([0,T] x I) defined for any i € I and any ¢ € [0, T]
by:
LMt) == Ni([t, T)). (4.13)

We introduce the notion of weak solution for equation ([2.5]).

11



x I), a function ¢ defined from [0,T]x [0,1] X I to R is a weak solution

Definition 4.1. For a given A € M™([0,T]
] x [0,1] x I) and if, for any test function f € C*([0,T] x [0,1] x I),

of equation (Z3) if ¢ — L* is in Lip([0,

1 1 T 1
/ ©i(0,5)£:(0,s)ds — / 9i(s) fi(T, s)ds + /0 / (Orfi(t, 8) + s (fi(t, 8)bi(8))) pil(t, s)dsdt

0 0

/ / H(pilt,s) = ¢j(t,s)) —cilt,s) | filt,s) dtds—Z/ / Fult, s)dsh(dt) (4.14)

Jel, J#z iel
where ¢;(0, ) is understood in the sense of trace.

Remark 4.6. 1. There is no boundary condition in [@Id). This is due to the fact that b(0) = b(1) = 0, involving
a null incoming flow in the domain [0, 1].

2. Since ¢ is in BV ([0,T] x I) + Lip([0,T] x [0,1] x I), ¢(0,-) exists in the sense of trace. In addition, ¢ is
bounded and thus, it belongs to L*([0,T] x [0,1] x I) so that the integrals in (@) exist.

3. The final condition in [2.3) is misleading. Indeed, any weak solution ¢ of [2.I) in the sense of Definition[f.]]
satisfies pi(T,-) = gi(-) + LN(T), where ;(T,-) and L}(T) are in the sense of trace. Thus, p;(T,-) > gi(-).

The main result of this subsection is the following.

Theorem 4.1. Let A € MT([0,T] x I). A function p € Lip([0,T] x [0,1] x I) + BV ([0, T] x I) is the unique weak
solution of (Z3)) in the sense of Definition[{.1], if and only if it satisfies that, for any (t,s,i) € [0,T] x [0,1] x I,

%-(t,S):/T > —H((pi — 0)(1,S0°(7)) + cilr, S7° (1) dr + L (t) + gi(S° (T). (4.15)
tojelj#i

Theorem 1] is a consequence of Lemmas 7 and .8 Lemma 7 shows that a function satisfying (£I5) is a
weak solution of (Z.5). Lemma F.8 shows the converse. In what follows, for any A € M™*([0,T] x I), we define 1)*
as in Proposition @2 and define p* € Lip([0,T] x [0,1] x I) + BV ([0,T] x I) by:

A=t 4 LN (4.16)

Remark 4.7. For any A € M*([0,T] x I), ©* is a solution of @IB) on [0,T] x [0,1] x I if and only if " is a
solution of (@J) on [0,T] x [0,1] x I. According to Remark[J-5, the quantity max(||¢” |, [|0s¢™||oo) depends on
A([0,T] x I).

Lemma 4.6. For any A € MT([0,T] x I), there ezists a sequence {(\", ¢™)}, such that
(i) {\"},, is in C°([0,T] x I,Ry) and converges to X w.r.t. the weak topology in M™([0,T] x I),
(i) for anyn € N, o™ is a classical solution of (23] associated to A™ on (0,T) x (0,1) x I
(iii) we have nh_)ngo o (t, ) — @™ (t,)|loo = 0 for a.e. t €[0,T] and nh_)ngo (0, ) = ©™(0,)||oo = 0.
Proof. We consider a sequence {\"},, in CO([O T] x I,R,) that weakly converges to A. We set )" = 4", where
" is defined by Proposition IEL and " :=Y" + L)‘ By Lemma [£1] for any n € N, ¢" is a classmal solution

of (@I)). Then, for any n € N, ¢" is a classmal solution of (23] associated to A" on (O,T) (0,1) x I. The weak
convergence of {A\"},, implies:

lim LM (t) = LMt) for ae. t € [0,7] and  lim L (0) = L*(0).

n—00 n—oo

By Proposition 2, {¢"},, converges to ¢ w.r.t. the norm || - ||s. Then, the two previous equalities imply that:

lim ||<p)‘(t, ) =" (t,)]|loo =0 for ae. t€[0,7] and lim ||<p)‘(0, )= ¢"(0,) |l = 0.

n—oo n—oo

Lemma 4.7. For any A € M1 ([0,T] x I), ¢* is a weak solution of (Z3) in the sense of Definition [{1}

12



Proof. We consider a sequence {\", ©"},, defined as in Lemma For any n € N, ¢" is a classical solution of
(@3). Thus, for any test function f € C*([0,T] x [0,T] x I):

1 1 T 1
| er0.9)50.5)ds - / sOLT st [ [ @9 + 00t )b(9) 20 1 5) s

0 0

/ / e (t,s) — ¢ (t,5)) —cilt,s) | filt, sdtds—Z/ / Filt, $)dsAT (£)dt (4.17)

jel, g;éz el
=0.

The conclusion follows by using Lemma [0, the continuity of H, the limit of (AIT) when n tends to infinity and
by applying the dominated convergence theorem. O

The next lemma states the converse of Lemma [4.7]

Lemma 4.8. For any (\,¢) € MT([0,T] x I) x (Lip([0,T] x [0,1] x I) + BV ([0,T] x I)), if o is a weak solution
of @3) associated to X in the sense of Definition[].1] then ¢ satisfies (AI5) for any (t,s,7) € [0,T] x [0,1] x I

Proof. Let ¢ be a weak solution of () associated to A. Let 8 € C*([0,T] x [0,1] x I,R) be a test function. Then,

1 1 T A1
/ ©i(0,5)B:(0, 5)ds — / 9i(5)B:(T, s)ds + / (OrBi(t, 8) + 05 (Bi(t, 8)bi(8))) wilt, s)dsdt
0 0

/ / H(pi(t,s) — pj(t,s)) —ci(t,s) | Bi(t, s)dtds — Z/ / Bi(t, s)dsA;(dt) (4.18)
jel, J;éz icl
=0.
We choose the function 8 such that there exist § € C*°([0,T] x [0,1] x I) and £ € C*°([0,1] x I) satisfying:
atﬂi(ta S) + as(ﬂl(ta S)bl(S)) = oz(tv S) fOI‘ any (t S, Z) € ( ) X (05 1) x I

Bi(0,-) = &(+) for any (s,4) € [0, ] « I. (4.19)

The function g is given by for any (¢, s,7) € [0,T] x [0,1] x I,

(£, 5) / 0:(r, SV (7 exp( /Tt bg(st(r))dr) dr + & (SP4(0)) exp (— /Ot b;(sfvS(T))dT)

To simplify (£I8), we introduce, for any ¢ € I the following functions v; and m;, satisfying 5; = v; + m;: for any
(t,s) €[0,7] x [0,1],

vi(t, s) = /0 0; (T, SE’S(T)) exp <—/ b’i(Sit’S(T))dr) dr  and m(t,s) = {1(5’55(0)) exp <—/O b’i(Sf’S(T))dT) .
Setting h(t, s) := Z H(pi(t,s) — p;(t,s)) — ci(t,s) for any (¢,s,4) € [0,T] x [0,1] x I, we have h € L*((0,T) x
JEI,j#i

(0,1)). By switching the order of integration, and applying the change of variable z = S}"*(7) and equality (4,
one has:

/OT /01 h(t, s)vi(t, s)dtds = /T /1 /t h(t,s)0;(t, SL° (7)) exp (— /Tt fg(S’f’S(T))dT) drds dt
/ / 0i(t,x / h(t, ST (t)) exp (—/T b'i(S;"z(T))dT) ST (t)dt dx dr,
/ / (1.2 / h(t, ST (1)) dt dar dr-

By the same computations, for any ¢ € I, one has:

(4.20)

1 T 1
/Ogi(s)ul-(T,s)ds :/0 /Ogl-(Si" (1))0;(r, x)dsdr, (4.21)
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T 1 1 T
i(t, s s = i(z 0,2 x )
| [ neomtoiis = [aw [ nst o (1.22)

1 1
/ ()T (T, s)ds = / £4(2)g: (5% (T)) de, (4.23)
0 0
and:
T 41 T 1 1
(L, 8)ds\; = s(7, 2) L) (7)dzdr s(2) L2 0)d. 4.24
| [ s = [ [ e+ [ e@ion (4.24)
Using (£20), (E22), (£23), @24) and ([{I9), equality [I]) becomes:

1 T
/0 &) [ @i(0,5) + / S H((pi — 3)(1, 87 (1)) — es(r, SY*(1))dr — LX(0) — gi(S7*(T)) | ds

jELj#i

Jel,j#i

T 1 T . . \ .
+ / / 0:(t,5) | it s) + / S H((gi = 93)(r, 81 (7)) — eilr, S (7))dr — LN®) — ga(S1°(T)) | dsdt
=0

This equality holds for any test functions ; and &;. Then, one has for any s € [0, 1]:

T
i(0,5) = Y —H((pi = 9)(7,8]°(1))) + eilr, 57 ()dr + L0) + gi(S]* (1)),

T
@i(t, s) :/ Y —H((pi = 9)(7, 57 (7)) + eilr, 57 (1)dr + L) + 9i(S;* (T))-

b el g#i

With the above lemmas, the proof of Theorem [Tl is straightforward.

Proof of Theorem[{.1] The proof is a direct consequence of Lemmas [7] and The uniqueness of a weak solution
is deduced by Remark L7l Indeed, since ¥* is the unique solution of {@J), ¢* is the unique solution of {@I5) and
thus, the unique weak solution of (23] in the sense of Definition [4.11 O

5 The dual problem

In this section, an optimization problem (&3] is introduced. Using tools from convex analysis [22], we show that
this problem is in duality with (34]). We consider the following spaces:

Eo = C[0,T] x [0,1] x I) x C°([0,T] x I) and E; := C°([0,T] x [0,1] x T) x C°([0,T] x [0, 1] x I?).

Given (p, \) € Ey, we consider the following inequality:

—0rpi(t,8) — bi(8)0sipi(t, 8) — ci(t, ) — A(t) + | Z H((gol —¢;)(t,s)) <0 on (0,7) x (0,1) x I, 65.1)
oi(T,) < gi e on (0,1) x I. '

The set Ko is defined by: Ko := {(p,A) € Ep, A > 0 and ¢ satisfies (G.1]) associated to A\}. We introduce the
function A, defined on Ky by :

1 T
AN =3 [ —0.mas) + [ noDio, (62)
ier 70 0
and the following problem is considered:
inf  A(p, A). (5.3)
(p,N) €K,
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Lemma 5.1. inf  A(p,\) is finite.
(<Px>\)€’co

Proof. Let (p,\) € Ko. Since ¢ is in C*([0,T] x [0, 1] x I) and satisfies (5.1)), using that H is non negative, we have,
T
for any (,s) € I x [0,1], ©i(0,s) < T|l¢|loo +/ Xi(T)dT + ||g]lso- Setting Q := —|I|(T||c|loo + ||g]]o0), One has:
0

@+ Y [ a0 (P~ [ mitas)) < A,

iel

Since A > 0, we deduce from the Assumption B and previous inequality that Q < ( 1>\I)lf . A(p, N). O
P,A)ER

We consider the linear and bounded function A : Ey — E; defined by: A(p, \) := (8yp + by + A, Ayp), where
Ao +00s0 == (Orpi+bi0si)icr, Ap := (Api ;) jyer With Ap; j = ¢j —p; and, for any (s, i) € [0,1] x I, Ai(-, s) =

Ai(+). The linear function A* : E] — E{ is the adjoint operator of A. The functional F is defined, for any
((pu )‘) € E07 by

Flp,A) = ;/ —i(0, 5)m7 (ds) /D tydt if o;(T,") <g;and \; >0 Viel,
otherwise.
Using that:
((m, E), A(p, ) By B,
/ / (Depi(t, s) + bi(s)Dsipilt, 8)mi(ds, ) + Y (9;(t,5) = @ilt, ) Ei (¢, ds)dt
el Jeljti

/ /mltds ,s)dt,

defining F* as the Fenchel conjugate of F, we have:

el

/ Zgl s)mi(T,ds) if (m, E) is a weak solution of (BI))

iel

Fr (A% (m, B)) := and /1 ma(t,ds) < Di(t) V(t,i) € [0,T] x I,
0

+00 otherwise.

For any (z,y) € F1, the functional G is defined by:

0 if —ei(t,s) —xi(t,s) + Z H(-y;;(t,s) <0 ¥Y(t,s,4) € (0,T)x (0,1) x I,
G(x,y) = JEIj#i
+o00  otherwise.

Then, for any (¢, \) € Ey, it holds:

0 if — ci(t,s) — Orpilt, s) — bi(t, s)Dsepi(t, s) — Ni(t, s) + | Z ‘H(—Acpi,j(t, $)) <0
G(A(p, ) := W(t,5.4) € (0,T) x (0,1) x I JeI,j#i

+00 otherwise.
Using that L(z) = H*(x), one can show, as in [6] for the quadratic case, that, for any (v,w) € R?,

L(E)U ifv>0and w >0,
v
SLIPR{GU‘FbUf;a‘f'H(b)SO}: 0 ifv=0and w=0,
@€ 400 otherwise.
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Then, with similar computations as in [16, Lemma 4.3], for any (m, E) € E}, we have:

g*(=(m, E))
= sup / / —z;(t, 8)m;(t,ds)dt — Zy” E; ;(t,ds)dt — G(x,y)

(z,y)€EL el VE
= sup / / —x;(t,s) — ci(t, s) + ci(t, s))m(t, ds) — Zyuts E; ;(t,ds)dt — G(z,y)

(z,y)€EL el YE)
:Z/ / cltsmltds)dt—i— sup / / x;(t, s)m;(t, ds) —l—Zyw VE; ;(t,ds)dt — G(—x — ¢, —y)

i€l z.y)€EL j#i

dEzg .
chtsmltds —|—ZL m;(t,ds)dt ifm >0,E>0and E<m,
_ i€l JF#i
if m=0and E =0,
400 otherwise.

(5.4)
The following lemma shows the constraint qualification for Problem (G.3).

Lemma 5.2. There exists (p, ) € Ey such that F(p,\) < oo and G is continuous at A(p, \).
Proof. Let ¢ and A be such that, for any (¢,s,4) € [0,7] x [0,1] x I,

itu = - i|] oo _17
vi(t,s) = —max(||gil )

and

Ai(t) = [leilloo + 1,
Functions ¢ and A being constant, it holds that (p, \) € Ey and F(p, A) < oo. Also, from the choice of ¢ and A, it
follows that, for any i € I, s € [0,1] and ¢ € [0,T],

—cilt,s) — Oupit, s) — bi(t, 8)Dspi(t, ) — Nit,s) + > H(pilt,s) — p;(t,5)) < 0.

Jel j#i
Thus, G is continuous at A(p, \). O
The main result on the duality of this section is the following.
Theorem 5.1. We have: R
oo AN = oy Bl ) 17 )

Proof. On can observe that:

inf  A(p,A\) = inf  F(p,\)+G(A(p, M),
(p,N)EKO (90 ) (0 N)EEo (<P ) ( (‘P ))
and ~
i f J 7E’ = 1 f JT' A* ,E 4 *( ,E 7
(m.B) eS8 (m0, D) (m, E) (m BB (A*(m, E)) + G*(—(m, E))
Using Lemmas and [0.T] the conclusion follows by applying the Fenchel-Rockafellar duality theorem [22]. O

For any (p,\) € (Lip([0, 7] x [0,1] x I) + BV ([0,T] x I)) x M™([0,T] x I), we define the function

Z/ :(0, s)m?(ds) + /D (5.5)

i€l

Proposition 5.1. There exists A € MT([0,T] x I) such that:

A )\, QD>\ = inf A (ZS, M),
( ) (p,pn)EK0 ( )
where @ is defined in EI15).
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Before proving this result, we need the following lemma.

Lemma 5.3. For any K > 0, there exists a constant C > 0 such that, for any (¢, \) € Ko satisfying A(p, ) < K,

we have:
> / t)dt < C.

i€l

Proof. Let K € RY and (p,\) € Ko be such that A(¢,\) < K. Since (¢, A) € Ko, one can show, as in the proof of
Lemma B.1] that, for any (i,s) € I x [0, 1],

p05) < Tl + ol + 3 [ A

i€l

Therefore, recalling that Ao, \) < K:

S [ MO0~ mi0,10)it < K + Tl + ol
i€l
From Assumption [3 there exists €” > 0 such that D;(t) — m;([0,1]) > £° for any (t,4) € [0,T] x I. Setting
C = (K +T||clloc + [Ig]loc) /<", we have:
Z/ t)dt < C.

i€l

We are now ready to prove Proposition 5.1}

Proof of Proposition[51l. Let {(¢",\")}n be a minimizing sequence of (B3]). For any n € N, we consider ¢™ the
classical solution of (ZH]) associated to A\". Since " is a classical solution and ¢" satisfies (5.1)) on [0, 7] x [0,1] x I,
we can easily check that the following comparison holds: ¢™ < ¢™. Thus, A(cp", A") < A(¢™, ") for any n E N.
Therefore, {(¢", A\™)}, is also a minimizing sequence and, there exist X > 0 and n” > 0 such that for any n > n° one

has A(¢", \") < K. From Lemma[5.3] the sequence {Z / A7 (t)dt}y, is uniformly bounded. Thus, a subsequence
i€l
of {\"},, weakly converges to a measure A € M7 ([0,T] x I) w.r.t. the weak topology in M™([0,T] x I). We set
A= O\ + L and ¢ := O(\") + L*" for any n € N, where © is defined in I0). By the same arguments as in
the proof of Lemma B8] one has lim ||¢*(0,-) — ¢™(0,-)]lsc = 0 up to a subsequence of {¢"},, and, therefore, we
n—00

have: ~
lim A(p", A\") = A(gp’\,)\),

n— oo
and the conclusion follows. O

6 Characterization of the minimizers

The purpose of this section is to define and characterize the solutions of Problem ([34]). We show that the following
system gives optimality conditions for (3:4):

—athi - biasgoi —ci— N + Z H(g@l - QDj) =0 on (O,T) X (O, 1) x I,
JELJ#%
Oemi + Os(mabi) + > H'(¢p; — H'(; —@i)m;j =0 on (0,T) x (0,1) x I,
J#i

ml(Ovs) = m?(s), wl(Ta S) = gl(s) on (Oa 1) x I, (61)

1

m;(t,ds) — D;(t) <0, A >0 on [0,T] x I,

Z/ (/ mi(t, ds) — ()))\i(dt)_()
el

The notion of weak solutions of system (6.1]) is given in the following definition.
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Definition 6.1. A triplet (p, \,m) € (Lip([0, T]x [0, 1]x I)+BV ([0, T]xI))x M ([0, T]xI)xC°([0,T], P([0, 1] x I))
is called a weak solution of [G.1) if it satisfies the following conditions:

1. The function ¢ is a weak solution of (ZHl), associated to A in the sense of Definition [{_1};
2. m satisfies the continuity equation:
Oymi + Os(mibi) + Y H'(pi — j)mi — H'(9; — i)m; =0, m(0,-) =m},
J#i
in the sense of Definition 31, with o, ; := H'(p; — ¢;);
3. it holds that, for any t € [0,T],

/01 mi(t,ds) — Di(t) <0 and Z/ (/ mi(t, ds) — Dy(t )) Ai(dt) = 0.

i€l

Remark 6.1. Since ¢ € Lip([0,T] x [0,1] x I) + BV([0,T] x I) and H' is Lipschitz continuous, the control
i = H'(pi— ;) is bounded on [0,T]x [0,1] x I and dscv; ; € L°([0,T] x [0,1]). Thus, o j is in L2, ([0,T]% [0,1])

and the forward equation in ([G.II) makes sense.
The following theorem states the optimality conditions of Problem (B.4]).

Theorem 6.1. 1. If (m,E) € 8(m°, D) is a minimizer of Problem B4), and ¢ a weak solution of X)) in the
sense of Definition [{.1] associated to X satisfying A(p, \) = “ ir)lf/c A(g, 1), then (p, A, m) is a weak solution
€lo

of (I and S —

H'(¢; — ¢j) on {m; > 0} for anyi,j € I.
2. Conversely, if (o, \,m) is a weak solution of [B.1), then A(p,\) = “ ir)lf/C A(op, 1) and there exists E, defined
) ERO
dE; ;
foranyi,jel by —= p = H'(pi — ¢j), such that (m, E) € S(m°, D) is a minimizer of (B.4).

g

Remark 6.2. If (p,\,m) is a weak solution of (G1)), then (¢, \) is a minimizer of a relaved version of Problem
G3), i.e. (p,N) is the minimum of A over the space (Lip([0,T] x [0,1] x I) + BV ([0,T] x I)) x M*([0,T] x I).

6.1 Proof of Theorem 6.1
Before the proof of Theorem [6.]] we make the following remark.

Remark 6.3. For any A\ € MT([0,T] x I) and any (m, E) € S(m°, D) one has —J(m, E) < A(@A,)\) Indeed,
considering a sequence {(\", ¢ )}n defined as in Lemmal[f-6 and using the proof of Theorem[Edl, we get: —J(m, E) <
A(@™, \") and, therefore, —J(m, E) < A(*,\).

Proof of Theorem [6.1 [l By Theorem 5.1l one has:

inf  A(p,\)=—  inf J(m, E),
(&, A\)eKo (m,E)eS(mO,D)

T T 1 dE: .
Z/ gim; (T gpi(())m? —|—/ D;\; +/ / ¢ + ZL <#) m; = 0. (6.2)
0 o Jo o dm;

i€l

and thus

We want to show that E; ; = H'(¢; — ¢j)m;. We consider a sequence {(A\", ")}, defined as in Lemma For
any n € N, ¢" is smooth enough to be a test function for the weak formulation of (ILI]) satisfied by m. According
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to Lemma 6 and the fact that D € C°([0,T] x I), it holds that, for any n € N and i € I,

Z/Olgimi(T) — i (0)m + /OT \iD;

el

1 T
= lim Z/ gimi(T)—ga?(O)m?—l—/ D\
T dE, T
—im Y [ [ aervbaen+ X e -en T fmis [,
ier /0 JO jel,j#i v 0
T T
S S [ [ (e X o -en+ X p-enied fmer [ (o [
T nsoo ‘ i i i i dm; i : ! mi )
ier 70 70 JeI,j#i Jel,j#i ! 0 0

By the previous equality and (6.2]),
T 1 T 1
dFE; ; dFE; ;
li H(pl' — ")+ L | —2L n )L i / AP Di—/ i) =0.
nl_)ngoiezl/o /0 jelzj;éi e+ (dmi ) T e, | et o 0o

According to Lemma 6] for a.e. ¢ € [0,T], the sequence {¢(t,-)}, converges uniformly to ¢. By the continuity
of H and the dominated convergence theorem, we get fOT fol miH (] — @) converges to fOT fol m;H(p; — ;) for
any i,j € I. Since (m, E) is a solution of [4), J(m, E) is finite. Then one can show that, for any 4,5 € I,
fOT fol E;; < oo. Applying dominated convergence theorem, we can show that: fOT fol(gp;? — ¢! E; ; converges to

1

fOT fol(goj — ;) E; ;. Since, for any ¢ € I, the map t — D;(t) — / m;(t,ds) is continuous, the weak convergence of
0

A" to X in MT([0,T] x I) gives:

T 1 T 1
lim / )\Zl (Dz —/ mi) = / )\i (Dz —/ mi> .
"‘“’O; 0 0 1621 0 0

Thus,

T 1 T 1
dFE; ; dE; ;
H(p; — -+L< w)+ i) =2 ml-+/ )\i(Di_/mi>—0' 6.3
/o/o 2. Hwi—v) dm; & S0)0177%' 0 0 03

Jelj#i

1
Since A > 0 and / m;(t,ds) < D;(t) for any ¢ € [0,T], one has, for any ¢ € I and t € [0,T],
0

0< /O ' (Di(t) - /O 1 mi(t,ds)) No(dt). (6.4)

Recalling that L*(p) = H(p), we have L(p)+ H(q) — pg > 0 for any p,q € R. Thus, by inequality (6.4) and equality
©3), one deduces

dE, dE;,
Z H(@i_@j)+L<dm1?)+(@j—(ﬂi)dm?—0 m — a.e..
jelj#i i i

Therefore,

dml-

(t,s) = H'(pi(t,s) — p;(t,s)) m—ae. , (6.5)

and inequality (6.4)) becomes an equality. Thus, fOT (Di - fol m(t, ds)) Ai(dt) = 0. By equality (6.5), the properties

dE; ;
of H and the fact that ¢ € Lip([0,7] x [0,1] x I) + BV ([0,T] x I), one has 3 e L>([0,T] x [0,1]) and

%

dFE; ;

35( 3 ’J) € L*°((0,7)x(0,1)). Thus, by Proposition[8Ilin Appendix, we deduce that m € Lip([0,T], P([0, 1] xI)).
m;

We assume now that (X, ,m) is a weak solution of (6.I). Since ¢ is in Lip([0, 7] x [0,1] x I) + BV([0,T] x I)

and A is a finite measure, the quantity A(ep, A) is well defined. We want to show that A(p, A) + J(m, E) = 0. We
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approximate (A, ) by the sequence {(\", ¢")},, defined in Lemma L6l ([I). For any n, ¢" is smooth enough to be
considered as a test function for the equation (ILI]) satisfied in the weak sense by m. We have, for any i € I,

Z/ gimi(T) — @} (0)m§ +Z/ / —mibidsp} —midpf + Y (pF — @]V H (9 — pj)mi = 0. (6.6)
iel iel Jel,j#i
For any i € I, ¢} is a classical solution of (23] associated to A". Multiplying (Z3) by m;, summing over I and

integrating over [0, 7] x [0, 1], we have:

/ / —m; Ol — mib;0sf — mic; — miA™ + Z —7)m; = 0. (6.7)

icl JjeI,j#i

Combining ([6.6]) and ([6.7) yields
Z/ gimi(T) = & (0)m; +Z/ / comi+ X+ mi [ S0 H (00— o)) (e — o) — Higl — &) | = 0.
iel iel JELj#i

Since (@, A, m) is a weak solution of (6.1), by Lemma .6l and letting n tend to infinity, one deduces:

Z/ gimi(T) =il m+Z/D/\+Z/ /Clmﬁ'ml > H'(pi— )i — @) — H(pi — @) | =0.

iel el el JjeI,j#i

By the definition of L and H, we have:

Z/gzmz ~ pi(0)m; +Z/DA +Z/ /czmz+m1 S L(H (i~ ) | =0.

i€l i€l i€l Jel,j#i

By the definition of A in (5.8) and J in B3), we have A(p, ) + J(m, E) = 0. Finally, by Remark 6.3} one deduces
that (m, F) is a minimizer of ([B.4]). O

6.2 Proof of Theorem 2.1

%

We are now ready to prove our main theorem by using Theorem[I]and applying the change of variable a; ; :=

Proof of Theorem [Zl The existence of a solution to Problem (4) is given by Lemma

[[ This statement is proved by Theorem

This point is given by Theorem

Bl The uniform bound on « and d,« are deduced by Theorem BII], using the fact that H has a globally Lipschitz
continuous gradient and that ¢ is in Lip([0, 7] x [0,1] x I) + BV ([0,T] x I). The time regularity of m is obtained
by Proposition in Appendix B O

We now prove Proposition 211

Proof of Proposition [Z1). Let (m, ) be a solution of Problem (4] and x° be the density of m® w.r.t. the Lebesgue
measure. By a fixed point argument, it is easy to check that there exists a unique solution p € Lip([0,T] x [0,1] x I)
of the following equation on [0,7] x [0,1] x I

t

pilt,s) = ui(S; 5(0))+/ pi (7, 8777 (1) 9sbi (57" (7)) dr
/ Y i (S (M) 87 (7)) + aa(r, Sp (1) (r, 87 (7))

JEL,j#i

(6.8)

Denote by £ the Lebesgue measure on [0, 7] x [0,1]. The conclusion follows by proving that uL is the unique weak
solution of (T)). O
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7 Sensitivity analysis of the value of the optimization problem w.r.t.
the data

In this section we study how the value of Problem (4] depends on the initial distribution m° € P([0, 1] x I) and on
the parameter D € C°([0,T]xI,R% ) of the constraint (IZ). We endow the space  := P([0,1]xI)xC°(Ix[0,T],R%)
with the distance Dg defined by:

DQ((mOaD)a (mOaD)) = W(movmo) + HD - D”Oov

where W is the Wasserstein distance on P([0,1] x I). We recall that the definition of Q. is given in 21I). For any
€ > 0 we consider the function V : Q. — R defined by:

0 — ; 7
V(m°,D) = (m,E)é%f(mO,D) J(m, E), (7.1)

where the set S(m°, D) is defined in (32).
The main result of this section is the following proposition, which shows the Lipschitz continuity of the value of
the problem (I4) w.r.t. the initial distribution and the congestion constraint (L2]).

Proposition 7.1. For any € > 0, V is Lipschitz continuous on Q. w.r.t. the distance Dgq.

To prove the proposition, we need to introduce some lemmas. For any (mo, D) € )., we consider the function
Am, D] : C°([0,T] x [0,1] x I) x C°([0,T] x I,R;) — R defined by:

A[lm®, D)( =Y / —i(0, s)ymY (ds) + / Xi(t)D; (t)dt.
el
The following result gives some properties of the function V.

Lemma 7.1. For any € > 0, the function V is bounded independently of €, convex and l.s.c. on Q.

Proof. Let ¢ > 0 and C := (T||c||co + ||g]loo)- By the definition of V in (1)), one can show, for any (m°, D) € €.,
that |V(m®, D)| < C. For any (m°, D) € Q., the duality result in Theorem [5.1] gives

V(mO,D) = sup _A[movD](<Pa A) (72)
(M€K0
Since V is the supremum of continuous and linear functions, we deduce that V is convex and l.s.c. on (.. o

For any € > 0 and (m°, D) € Q., we know by Proposition [5.1] that there exists (gamo"D, )\mO’D) € (Lip([0,T] x
[0,1] x I) + BV([0,T] x I)) x M*([0,T] x I) such that gomo’D is a weak solution of (ZH]), in the sense of Definition
AT associated to A™ 2 and such that (<pm0’D, /\mU’D) satisfies:

Z/ Do, sym?(ds) / D,( )\m Dty = - inf  A[m°, D](p,\) = V(m®, D).

A)EX
el (¢, N EK0

The next lemma provides an estimate on gme’D and A2 for any € > 0 and (m°,\) € Q..

Lemma 7.2. For any € > 0, there exists C > 0 such that, for any (m°, D) € Q.,
0 0 0
max ([ 0™ P [loo, [195¢™ P lloc, AP (I x [0,T])) < C.

Proof. Let € > 0 and (m D) E Q According to Lemma [Tl there exists a constant K > 0, independent of ¢,
such that )., fo <pm D(O s)m fo i ’D(dt) < K. Thus, by using same arguments as in the proof of

Z

Lemma 5.3 and setting K := (K + THCHOO + Hg||oo)/5, one obtains:
AP (I x [0,T]) < K. (7.3)

m°,D
oo

By Remark 7] and the previous inequality, there exists a constant C', which depends on K, such that ||¢
and [|95¢™ || are bounded by €. The conclusion follows by setting C' := max(C, K). O
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We are now ready to prove the Lipschitz regularity of V.

Proof of Proposition [T Let e >0 and (m°, D), (m°, D) € Q.. By the definition of V in () and Lemma[Z.2} one
has:

V(m°, D) <Z/ m%D 20 (ds) Z/ DN P (dt) + | 050™ P | W(m®, %) + A™"P (I x [0, T))| D — Do

iel iel
<V(m°, D) + CDq((m", D), (m°, D)),

where C > 0 is a constant defined in Lemma [.21 Similarly, we have:

V(m°, D) < V(m°, D) + CDqo((m", D), (m°, D)).

The conclusion follows. O

8 Appendix

Some properties of the weak solution of the continuity equation (II]) are derived in this subsection. Assumptions
in Section [I] are in force in the Appendix. A first result on the support of the solution is established in Lemma [B11

Lemma 8.1. For any weak solution («,m) of (L)) in the sense of Definition [31, m(t) has a support contained
in [0,1] x I for any t € [0,T).

Proof. Let e > 0 and ¢° € C2°([0,T] x R x I) such that, for any t € [0,7] and i € I,
©i(t,s) €10,1], VseR; ¢i(t,s)=0, VseR\(-1—¢,24¢); and ¢i(t,s)=1 Vse[-1,2]

Since m is a weak solution of (L], b satisfies Assumption [} and ¢; = ¢; for any ¢,j € I, we deduce that, for any
€ (0,7,

/Z% (t,s)m;(t,ds) /Z@S% (t, s)bi(s)m;(t, ds)

ZEI

2+¢ (81)
Zas% (t, $)bi(s)m;(t,ds) + Zas% (t, $)bi(s)m;(t,ds)
—1—¢

iel el

By (B1) and the continuity of m, we deduce that t — / Z o5 (t, s)m;(t,ds) is constant on [0,7]. Let € tend to
icl

~+00, it holds that ¢ — / Zml (t,ds) is constant over [0,T]. Then, we have for any t € (0,T) /ZmZ (t,ds) =
el iel

/ Zm (ds) = 1. Now let us show that / Zml (t,ds) = 1. Let € > 0 and ¢° be another test function in

i€l 0 i€l
C°([0,T] x R x I) such that, for any ¢ € [0,T] and i € I,

PYi(t,s) =0, VseR\(—e,14+¢); 0s95(ts) >0, Vse (—e0); 0Os9i(t,s) <0, Vse(l,e);
and ¥ (t,s) =1, Vse|[0,1].

By the same computation as in ([81]) and Assumption[I] one has, for any ¢ € (0,7,

dt Z¢8 s)m;(t, ds) / Z@S@Zf: s)m;(t, ds) /Hazlxw t, 8)b;(s)m;(t,ds) > 0.

Rier il el

Thus, ¢ — / Z ¥g (t, 8)m;(t, ds) is non-decreasing on [0, T]. Taking the limit &€ — 0, the map t — / Z m;(t,ds)
i€l el

is also non-decreasing on [0, T]. Finally, for any ¢ € [0,T]: 1 = / Zml 0,ds) / Zml (t,ds) / ZmZ (t,ds) =
i€l el i€l
1. o
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For any pair of weak solution (m,«) of (1)), the next lemma provides some regularity on m if @ and d;« are
bounded.

Lemma 8.2. Let m® € P([0,1] x I) and (m,«) be a weak solution of (L)) in the sense of Definition [31, with
a € L([0,T)xIxIx[0,1],Ry) . Then, m belongs to Lip([0,T],P([0,1] x I)) with a Lipschitz constant independent
of m°.

Proof. As in Lemma B] following standards arguments and computations from Optimal Transport [2], one can
show that, for any ¢, € [0, T,

W(m(tv ')7m(£7 )) < |t - E|(|I|HbHOO + ”O‘Hoo)
The conclusion follows. O

Finally, the next Proposition states that, for any «, the existence and uniqueness of an m such that (m,«) is a
weak solution of (LTJ).

Proposition 8.1. Let m® € P([0,1] x I) and a € L>=([0,T] x I x I x [0, 1]) satisfy soc € L°°([0, T] x I x I x [0,1]).
Then, there exists a unique m € Lip([0, T, P([0,1] x I) such that (m, ) is a weak solution of (L)) in the sense of
Definition [T 1]

Proof. The existence and uniqueness of a weak solution are proved in [19] for controls a that are continuous in
space and time independent. The extension of this result to bounded controls that are measurable in time is
straightforward. O
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