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A Reduced Order Observer for Switching-Mode
Model State Estimation

Hirsh Majid, Hassane Abouaissa, Daniel Jolly, Gildas Morvan

Abstract—In this paper, we investigate the application of a
reduced-order observer for state estimation of freeway traffic
flow described by the so-called Switching Mode Model (SMM).
SMM is derived from the Cell Transmission Model and then
applied to the reconstruction of the traffic density, considered as
state variable. As the SMM is a hybrid system which switches
depending on the traffic conditions along the freeway, the paper
shows how, the proposed estimation method takes into account
such different modes. Several numerical simulation with different
data demonstrate the relevance of the proposed algorithm.

Index Terms—Reduced-order observer, traffic flow simulation,
Switching mode model.

1. INTRODUCTION

Freeway traffic control and the development of intelligent
transportation systems, which are able to provide continuous
forecasting of the traffic and allow to alleviate the congestion
phenomena, are closely related to the ability to have all needed
information about the traffic state. Indeed the performance of
any dynamic management action, usually requires the knowl-
edge of both the present and the future traffic behaviour. Such
information are provided by a set of sensors (detectors) which
are already installed along the freeway infrastructure. The
future traffic behaviour can be computed via a suitable traffic
model. The most used sensors are the loop detectors, the video
cameras, etc. Nevertheless, like any other device, the sensors
are facing problems of cost, maintenance, and dysfunction.
Moreover, loop detectors, for example could undermine the
road surface (paved), and accelerates the deterioration of the
infrastructure. Thus, reducing the number of sensors, can help
to alleviate the costs of system. In this context, state estimation
and reconstruction of missing data plays an important role.

The work proposed in this paper deals with traffic flow state
estimation using a reduced order observer which was proposed
by Luenberger [1].

The amount of attention devoted to the development of
an estimation strategy using a traffic flow model has been
relatively small compared to the modelling stage. Here we
mention some works; Nahi [2] shows the ability to estimate
the density closely in homogeneous situations. Various authors
like Gazis and Knapp [3], and Knapp [4] have used Kalman
Filtering techniques, they proposed a method which utilizes
the time series of speed and flow data from each detector and
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generates crude estimates of vehicles count. These estimates
are then filtered using a Kalman Filter. Extended Kalman
Filters have also been utilized in traffic state estimation using
second-order models [5]. Rashid R.Kohan [6] has designed a
sliding mode state estimator for estimating state variables of
traffic flow (speed, density) which is an estimator robust with
respect to bounded modelling errors and disturbances. In 2003,
Muifioz and al [7] derived a switching mode model (SMM)
from the cell transmission model (CTM) which has been
applied to the estimation of traffic densities at unmonitored
locations along highway. In (2004) Sun and al [8], proposed an
estimator using a mixture Kalman filtering (MKF) algorithm
on the switching-mode traffic model, their estimator is able to
provide estimated vehicle densities at unmeasured locations.
In (2010) Starnikovéa and al [9] dealt with the problem of the real
time freeway traffic density estimation/prediction for a jump
Markov linear model based on Daganzo’s cell transmission
model, to solve this problem they proposed a particle filtering-
based estimation/prediction method. In 2011 Morarescu and
al [10] proposed a new state estimation technique to reproduce
the state variable (density) in the real time traffic forecasting
by using switching mode model.

In this paper, an approach to estimate hybrid discrete-
time linear systems using Luenberger observer is presented.
The proposed Luenberger observer for such kind of systems
relies on the switching among different gains. Convergence
conditions have been found to ensure the stability of error
dynamics and the related gains may be selected by solving
a set of linear matrix inequalities. The model used in the
system is the switching mode traffic model (SMM). It is a
macroscopic linear time-varying traffic flow model. It can be
also defined as a hybrid system that switches among different
sets of linear difference equations, or modes.

This paper is organized as follows:

- Section II, recalls the used macroscopic model.

- Section III, outlines the basis of the state reconstructor
scheme used.

- in section IV, we apply the estimator on a section free-
way. The section provides some numerical simulations
and results.

- The conclusion, section V, summarizes the main gained
results and lists some promising perspectives and further
researches.

II. TRAFFIC FLOW MODELLING

Highway traffic flow system is an interesting but complex
phenomenon to model. Many efforts have been made to
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establish and validate models of highway traffic at different
scales (microscopic, macroscopic). However, they are not
easy to be used precisely for online estimation of the traffic
states. Here, we are interesting on the macroscopic model.
The first macroscopic model was developed by Lighthill and
Whitham in 1955 [11] and Richard 1956 [12]. The model
rests on the comparability of traffic flow on long crowded
roads with flood movements in long rivers. Thus, the model
is based on the equation of fluid dynamic, (¢ = pv), where,
q is the traffic flow in wvehicles/h. p, the traffic density in
vehicles/km and (v), the mean speed in km/h), and on
the equation of conservation law (see equation 1), in which
p(z,t) is the density of vehicles at point x and at time ¢,
q(z,t) is the flow function defined on [0 and p,,], where p,,
is called jam density. This model suppose that traffic is in
steady state.

Ip(,1) n 9q(z,t)
ot ox

The switching mode model is a macroscopic linear time-
varying traffic flow model; it has been derived from a modified
cell transmission model CTM [13], [14] that uses density
instead of occupancy as its state variable and consider the
triangular form of diagram fundamental. In the switching
mode model, the cell transmission model is described as a
hybrid system that switches between 5 sets of linear difference
equations or modes (see table I), depending on the congestion
status of the cells and the traffic situation of the mainline
boundaries. At each time step, the densities and flows at
boundary mainline segments are measured. There is at most
one status transition (or wave front) [7] in the highway section.
If both adjacent mainline segments are in the same traffic
situation, i.e., both congested or free flow, so it is assumed
that all mainline cells have the same traffic situation, either
all congested, or all free flow. While, if the adjacent mainline
segments are in different traffic situations, there exists a single
wave front in one of the cells mainline, upstream of which all
cells have congested (free flow) status, and downstream of
which all cells have congested (free flow) status.

The highway segment divided into 5 cells shown in figure
(1) is considered. The measured aggregate flows and densi-
ties at the upstream and downstream mainline detectors are
denoted ¢;n, pin and Gout, Pout respectively. All 5 modes of
the SMM can be summarized as follows:

=0 (1)

pi(t+1) = R s pi(t)+M; s wi(t)+Nis pm,i+0is Qm,i (2)
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where:
s...indicates the mode ! (1:FF, 2:CC, 3:CF, 4:FC1, 5:FC2).
pi...is the state (density) =[p;...p5]T.
;... is the flow input g;,,, measured on-ramp ¢,, measured
off-ramp ¢, and density output pout, = [¢in, 0, ¢r, Gs, Pout]
Prmiees is the vector of maximum (jam) density =
[Pm.1---pm.5]T, and, see figure (2)
Qm,i... 1is the vector of maximum flow rates (capacity)
[Qm,1-~-Qm75]T~

Here, we mention the state matrices in the FF, CC and CF
modes, because these modes can be observed [7], [10], while
the other modes (FC1, FC2) cannot be observed (see table I),
therefore, we found that it is not necessary to mention them.

1) In the FF mode, the state matrices are:

Ly
non 0 0 0
Risi=| 0 2 —F 0 0 | 0

My_s:=| 0 0 & 0 0 4)
0 0 0 0 0

1
L0 0 0 —2£ 0]

Ni_51 =05 x6,01-51 =05 x5 @)

2) In the CC mode, the state matrices are:

IFree flow-Free flow (FF), Congested-Congested (CC), Congested-Free
flow (CF), Free flow-Congestedl (CF1), Free flow-Congested2 (CF2).
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[—zr & 0 0 0]
0 I, I, 0 0
Rigo=| 0 0 - @ g (6)
o 0o 0 -7
Lo 0 0 0 —u ]

Mi_s2=|00 0 0 0 7)

fwmoo_mog 0 0 0
0w —wm o 0 0
Niga=] 0 0 ® _wm o g | (@
0 0 0w om0
. O 0 0 0 }‘jz —%g ]
O1-52=05x5 )

3) In the CF mode. For the simulation, it is assumed that
the wave front is located in between cells 3 and 4 and
the state matrices are:

L2 L2
Ri_s53= 0 0 -7 0 0 (10)
0 0 0 - 0
L 0 0 0 S
[0 0 0 0 0]
0 0 L% 0 0
My 53=|0 0 0 0 0 (11)
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Table 1
OBSERVABILITY FOR DIFFERENT SMM MODES

Upstream Cells  Downstream Cells Observable with

Free-flow Free-flow Downstream meas.
Congested Congested upstream meas.
Congested Free-flow Up. & Down. meas.
Free-flow Congested 1 Unobservable
Free-flow Congested 2 Unobservable
- w w -
w2 90 0 0
w w
0 e —12 000
Ni_¢3 = 0 0 1}5—; 0 0 O (12)
0 0 0 0 0 O
L0 0 0O 00 0]
[0 0 0 0 07
0 0 O 0 0
1
O155=]0 00 —4£& 0 (13)
1
0 0 O i 0
L0000 0 0]

III. REDUCED-ORDER OBSERVER

In this section, we will investigate how the state variable
(density) of traffic flow can be estimated using a mathematical
model (SMM model) and a few measurement. This is done by
building an observer that uses measurements of the inputs and
outputs of a linear system, along with a model of the system
dynamics, to estimate the state.

The estimator design method called Full-Order Estimators
reconstructs the entire state vector using measurements of
some of the state variables. If sensors have no noise, then
a full-order estimator contains redundancies, and it seems rea-
sonable to question the necessity of estimating state variables
that are measured directly [15].

The reduced-order observer reduces the order of the
observer by the number of sensed outputs. To derive this
observer, we start with the assumption that the output equals
the first state as, for example y = z;. We now partition the
state vector into two parts: xp, which is directly measured,
and x5, which represents the remaining state variables that
need to be observed. If we partition the system matrices
accordingly, the complete description of the system is given
by:

i‘l A11 A12 Tl Bl
= + u
&o Ag1 Az |22 By

(14)
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y=1[1 0] (15)

T2
The dynamics of the unmeasured state variables are given by

&g = Ao1x1 + Agaxe + Bou (16)

where the rightmost two terms are known and can be consid-
ered as an input into the zo dynamics. Because z; = y, the
measured dynamics are given by the scalar equation

1 =9 =Anx + A2xe + Biu (17)

If we collect the known terms of equation (17) on one side,

Aoz = §y— Anzy — Biu (18)
-

known measurement

We obtain a relationship between known quantities on the right
side, which we consider measurements, and unknown state
variable on the left. Therefore, equation (17) and equation
(18) have the same relationship to the state xo that the original
equation (16) had to the entire state x. Following this line
of reasoning, we can establish the following substitutions in
the original estimator equations > to obtain a (reduced-order)
observer of xs.

T — To, ' +— A9y, Gu +— Asix1 + Bou, Yy
y — Alll‘l — B1U and H <+— A12

Therefore, the reduced-order observer equation obtained by
substituting these items in equation (19)

Ty = Aga®s + An1@1 + Bou+L(A1282 — y + Ay + Bru)
measurement

(20)
If we define the estimator error to be &5 = &9 — xo. Then the
dynamics of the error are given by subtracting equation (16)
from equation (20) to get

input

Iy = (A2 + LA1) i (21
and its characteristic equation of the error is given by
det[s[ - (A22 + LA12)] =0 (22)

L is a matrix that tells how the error 25 is weighted and dis-
tributed among the states. If we choose L so that (A22+LA;2)
has stable and reasonably fast eigenvalues, then the error will
decay to zero. This means that £, will converge to 5. Now
equation (20) can be rewritten as

Z9 = (Aga+LA12)%9+ (A21 + LA )z1+ (B + LBy )u— Ly

(23)
The fact that we must form the derivative of the measurements
() in equation (23) appears to present a practical difficulty. It

2The original estimator equations means the golden rule [15]. When in
trouble, use feedback. Consider feeding back the difference between the
estimated and measured outputs and correcting the model continuously with
this error signal. The equation for this scheme is:

& =F%+4 Gu+ L(Hz —y) (19)
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is known that differentiation amplifies noise, so if (y) is noisy,
the use of () is unacceptable. To get around this difficulty,
we define the new controller state to be:

x3 = 39+ Ly (24)

In terms of this new state the implementation of the reduced-
order observer is given by:

i3 =g + Ly =
(Ao + LA12)3o + (Ao + LAyy)x1 + (Ba + LB1)u
(25
and y no appears directly. A block diagram representation of
the reduced-order estimator is shown in figure 3.

IV. SIMULATION AND RESULTS

Figure 4 is a schematic diagram of the freeway portion used
in the simulation. It shows the mainline segment partitioned
into 5 identical cells, 2.5 km in length (each cell length =
500 meters). Two mainline loop detector (sensor) stations are
labeled (St.1) and (St.2).

The traffic model (SMM) is a hybrid model with 5 different
modes. At any time, the system can change from one mode
to another. In order to the system functions permanently, the
observer is designed and implemented for the modes FF and
CC, that have been simulated. For the case of CF mode, it
is assumed that there is a wave front between cell 3 and Cell
4. It means that the capacity at between cells 3 and 4 is
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reduced. Thus, the traffic cannot flow with maximum capacity.
In consequence, congestion is produced from cell 3 to the
upstream, and traffic situation will be free flow from cell 4 to
the downstream.
1) In the case of FF mode, the equations of state variable
(density) are implemented as follows:

p1 (R11 + LR21)p1 + LRa2p2 + Mi1qin — Lpo
P2 (Ro2 + LR32)p2 + Ra1p1 + LR33p3 — Lps
ps |=| (Rs3+ LRy3)p3 + Ragpa + LRysps — Ly
pa (Raa + LR54)pa + Razps + LRssp5 — Lps
5 Rsapa + Rssp5

2) In the case of CC mode, the equations of state variable
(density) are implemented as follows:

ra 11 Ri1p1 + Ri2p2 + Ni1pm1 + Ni2pme

p1

ba (R22 + LR12)p2 + R23ps + LR11p1 + Na2pma+
Naspms + L(N11pm1 + Ni2pm2) — Lot

. (Rss + LR23)ps + R3aps + LR22p2 + N3spms+

Ps|- N3spma + L(Na2pm2 + Nazpms) — Lp2

. (Raa + LR34)pa + Rasps + LR33p3 + Naapma

P4 +Nuspms + L(N3zpms + Nzapms) — Lps

Ps (Rss5 + LR4s)ps + LRaaps + Msspous + Nsspms

J +Ns6pm,out + LNaapma + LNaspms — Lpa

3) In the case of CF mode, the equations of state variable
(density) are implemented as follows:

"o Ri1p1 + Ri2p2 + N11pm1 + Ni2pm2
}62 (R22 + LR12)p2 + Razps + LR11p1 + Nazpma+
Naspms + L(N11pm1 + Ni2pm2) — Lp1
P3| (R33 + LR23)p3 + LR22p2 + N33pms
+034qma + L(Na22pm2 + Nazpms) — Lp2
P4 (R4a + LRs54)ps + LRs5p5 + Os4aqma — Lps
L ps | | Rss5ps5 + Rsapa

The theoretical results are illustrated by some simulations.
The maximum (jam) density p,, = 180 veh/km, the free
flow speed v; = 90 km/h and the congestion speed w; =
22.5 km/h. The L values for FF, CC and CF modes
respectively are 1/5, —1 and 1. The macroscopic simulation
has been done during 100 minutes. In order to produce
different modes of the SMM model, several types of data are
used, one for producing the mode FF, one for producing CC
and the other for producing CF. So the upstream flow ¢;,, and
the downstream density p,,; of the main line are given a way
that the system can produce these three different modes (see
figure 5). As we can realize (see figure 5-top), the flow used
at the upstream, is always inferior to the capacity in the case
of FF mode. While, the flow is superior or equal to capacity
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Figure 6. Simulated and observed density for all the 5 cells in the FF mode

in the case of CC and CF modes. However, the density used at
the downstream of the mainline is given in figure 5-bottom, it
is obvious that the density for FF and CF modes is inferior the
critical density. While the density in the CC mode is always
superior or equal to critical density.

In figure 6, results of the FF mode is shown, it can be
noted that the observer reproduce the same trajectory as the
SMM model for all the cells. Figures 7, 8 and 9 show the
same results for the CC and CF modes respectively.  The
simulation with noisy data (Mean = 0 and variance = 0.0016)
is also tested, it is shown in figure 10, and 11 for the FF and
CC mode respectively.

V. CONCLUSION

In this paper, we have demonstrated the relevance of
reduced-order observer introduced by Luenberger in the intel-
ligent transportation systems area and particularly in freeway
traffic flow domain. The used macroscopic model rests on the
so-called SMM, which is linear time-varying model. Several
numerical simulations conducted for different modes of the
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traffic, show robust and efficient results even with noisy data.
Further works will consider this identification method for more
complex system including field real data, and will introduce
some control algorithm for ramp metering in order to alleviate
the congestion phenomena.
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