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ABSTRACT
We investigate the complexity of the evaluation problem for ECRPQ:
Conjunctive Regular Path Queries (CRPQ), extended with synchro-
nous relations (a.k.a. regular or automatic). We give a characteri-
zation for the evaluation and parameterized evaluation problems
of ECRPQ in terms of the underlying structure of queries. As we
show, complexity can range between PSpace, NP and polynomial
time for the evaluation problem, and between XNL, W[1], and FPT
for parameterized evaluation.

CCS CONCEPTS
• Information systems→Query languages for non-relational
engines; • Theory of computation→ Parameterized complexity
and exact algorithms; Database query processing and optimization
(theory).

KEYWORDS
extended CRPQ, graph databases, regular path queries (RPQ), syn-
chronous / regular / automatic relations

1 INTRODUCTION
Graph databases are finite edge-labeled graphs which find applica-
tions in several new domains [1]. In graph databases, a fundamental
querying mechanism is based on the existence of some paths in
the database with certain properties. These properties include that
the labels seen along a path must belong to a given language, or
that the starting or terminal vertices of some paths must be equal.
Path languages are typically specified by regular expressions (or
restrictions thereof) over the alphabet of edge labels. This gives
rise to the much studied class of Conjunctive Regular Path Queries
(CRPQ).

Example 1.1. An example of a CRPQ is

q1 = ∃y x
π1
−−→ y∧x

π2
−−→ y∧ label(π1) ∈ a

∗b ∧ label(π2) ∈ (a+b)∗c

which outputs all vertices v having one outgoing path with label
in a∗b and one outgoing path with label in (a + b)∗c . Further these
paths must end at the same vertex. One can think of such a query
as having a “reachability subquery” on variables x ,y (i.e., x

π1
−−→

y ∧ x
π2
−−→ y) and a “path testing subquery” on variables π1,π2 (i.e.,

label(π1) ∈ a∗b∧ label(π2) ∈ (a+b)∗c). Since this last part involves
only unary properties on path variables, such a query is usually

written more succinctly as ∃y x
a∗b
−−−→ y ∧ x

(a+b )∗c
−−−−−−−→ y. ◁

CRPQs are often considered as the graph database equivalent to
Conjunctive Queries (CQ) on relational databases. Indeed, it is the
closure under conjunction and projection of “RPQ atoms” of the
form x

rexp
−−−→ y, where rexp is a regular expression.

In the example above, the restrictions on the labels of paths are
given by monadic properties (i.e., languages). There is, hence, no
way to relate the path labels.

It has often been argued that the class of CRPQ is not expressive
enough for many natural querying tasks. One obvious shortcoming
is that we cannot express any inter-path dependencies, i.e., rela-
tions between the paths of the database that are matched by the
edges of the graph pattern, except that they must start or end with
the same node. Indeed, some scenarios require the capability to
compare these path labels (see [3] for several examples from differ-
ent domains) and the extension of CRPQ with non-monadic word
relations gives rise to several expressive extensions which have
been studied lately [2–4, 19]. Concretely, for a class of finite word
relations R one can consider “CRPQ+R”, as the result of extending
CRPQ with testing of R relations on path labels. Following our
example, we would now have that

q2 = ∃y x
π1
−−→ y ∧ x

π2
−−→ y ∧ (label(π1), label(π2)) ∈ R

is a formula of CRPQ+R, assuming R is a binary relation from R.
Using this terminology, CRPQ is equivalent to CRPQ+Reg, where
Reg is the class of regular languages (seen as unary relations).
Among the most basic and studied classes of finite word relations
we have the classes of Recognizable, Synchronous, and Rational rela-
tions, which form a strict hierarchy: Recognizable ⊊ Synchronous
⊊ Rational. It is well known that any CRPQ+Recognizable query is
equivalent to a finite union of CRPQ (known as UCRPQ), and that
the evaluation and satisfiability problems of CRPQ+Rational are
undecidable, even for very simple Rational relations [2]. Hence, the
first one has too little expressive power and the last one too much.
On the contrary, CRPQ+Synchronous enjoys a good tradeoff be-
tween complexity and expressive power. Synchronous relations are
relations recognizable by synchronous multi-tape finite automata,
and they constitute a very robust and studied class, closed under
Boolean operations and enjoying most of the decidabilty and al-
gorithmic properties inherited from regular languages. This is the
reason why CRPQ+Synchronous has been studied thoroughly in
[3], and is commonly known as ECRPQ (‘Extended’ CRPQ). One
may argue that ECRPQ considerably improves not only the ex-
pressive power of CRPQ, but also the succinctness, since they can
encode CRPQ-expressible queries in a succinct way, even by a non-
elementary factor [13].

The data complexity for the evaluation of ECRPQ queries is
the same as for CRPQ and even RPQ (i.e., NL-complete), but the
combined complexity jumps from NP (of CRPQ and CQ) to PSpace.
As we will show, even the parameterized complexity increases in
comparison with that of CRPQ or CQ. One may however consider
this as a reasonable compromise for having substantially more
expressive power and succinctness. Indeed, even first-order logic
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—arguably the kernel of the SQL language— is already PSpace-
complete. But is this necessarily the case? For which sort of ECRPQ
do we have a ‘low’ complexity for the evaluation problem? Can we
characterize these classes? These are the questions we study here.

As we will show, the complexity of the evaluation problem for
ECRPQ hinges on the interplay between the structure of the reach-
ability and path testing subqueries (borrowing the jargon from
Example 1.1). In a nutshell, we characterize the complexity of the
evaluation problem and of its parameterized version in terms of the
underlying skeletal structure of queries. For the evaluation prob-
lem, the complexity may vary between polynomial time, NP, and
PSpace, while for the parameterized evaluation it ranges between
FPT, W[1], and XNL. Concretely, for each class C of such underly-
ing query structures, ECRPQ(C) consists of all ECRPQ having some
element of C as underlying structure. Under some mild hypothesis,
we characterize all the C under which evaluation of ECRPQ(C) is
polynomial time, NP, or PSpace-complete. And similarly, those C
under which parameterized evaluation is FPT, W[1]-complete, or
XNL-complete. This can be regarded as the lifting to ECRPQ of the
following (now classical) result on CQs: For any class G of graphs,
evaluation of CQ(G) is in polynomial time iff parameterized eval-
uation of CQ(G) is FPT iff G has bounded treewidth [15].1 While
the underlying structure of a CQ is simply “a graph”, for an ECRPQ
the structure is slightly richer. For our characterization, instead of
having one measure (i.e., treewidth) we will need to handle three
independent measures. Depending on which combinations of these
measures are bounded we will obtain different complexity classes.

Related works. The most relevant related work is [3], where it is
shown that the evaluation problem for ECRPQ is PSpace-complete
and the containment problem is undecidable. [2] shows that the ex-
tension of ECRPQ with a single non-synchronous relation, such as
the suffix, infix or scattered subword relations, makes the evaluation
problem either undecidable or with non primitive recursive com-
plexity. [13] shows that the undecidability for containment holds
even for every simple queries, and that ECRPQ can be arbitrarily
more succinct than CRPQ.

Outline. Before giving the characterization statement we will
need to introduce more formally the query language and mea-
sures: we do this in the next preliminary Section 2. In Section 3 we
state the characterization results for the parameterized and non-
parameterized versions of the evaluation problem. The following
three sections are devoted to proving these results, in particular Sec-
tion 6 contains the proofs for the main theorems, using the bounds
and reductions of Sections 4 and 5. We conclude with Section 7.
The appendix contains some missing details.

2 PRELIMINARIES
For a set X , we use ℘(X ) to denote the set of all non-empty subsets
of X , and ℘2 (X ) to the denote all the non-empty subsets of size
at most 2. We write “c.e.” as short for computably enumerable
language (a.k.a. recursively enumerable). We write X ∗ to denote all
finite words over the set X , and Xk to denote k-tuples of elements
from X . We also write Xk∗ and X ∗k as short for (Xk )∗ and (X ∗)k

1Under the assumption that W[1] , FPT and G is computably enumerable.

respectively. By DFA and NFA we denote deterministic and non-
deterministic finite automata respectively, defined in the usual way.

Graphs. Amulti-hypergraph is a tupleG = (V ,H ,η) where V
is a finte set of vertices, H is a finite set of hyperedges, and η : H →
℘(V ). If η : H → ℘2 (V ), we say thatG is amultigraph. If η is also
injective we say that it is a simple graph (or just graph), and in this
case we just write it asG = (V ,E), where E = {η(h) : h ∈ H }. A tree
is a connected graph with no cycles. By the subgraph induced by
V ′ ⊆ V we denote (V ′,E ∩ ℘2 (V ′)).

Regular languages and synchronous relations. Let A be a finite al-
phabet and⊥ < A a special ‘blank’ symbol. Given wordsw1, . . . ,wℓ

over A, their convolution w1 ⊗ · · · ⊗ wℓ is the smallest word
over (A ∪̇{⊥})ℓ such that for every i ≤ ℓ, its projection onto
the i-th component yields a word from wi · {⊥}

∗. For example,
aab ⊗ c ⊗ bb = (a, c,b) (a,⊥,b) (b,⊥,⊥). A k-ary word relation R ⊆
A∗k is synchronous (a.k.a. regular, automatic) if {w1 ⊗ · · · ⊗wk :
(w1, . . . ,wk ) ∈ R} is a regular language over (A ∪̇{⊥})ℓ . In light
of this definition, we assume that k-ary synchronous relations are
represented as a NFA2 over an alphabet (A ∪̇{⊥})k . Observe that,
in particular, a unary synchronous relation is a regular language.
The class of synchronous relations is known to be particularly
well behaved: synchronous relations are effectively closed under
all Boolean operators (also component-projection, alphabetic mor-
phism, etc.), and they have decidable emptiness, universality and
containment problems [5]. They also admit logical characterizations
[12] on what is known as Automatic structures [6]. Some classi-
cal examples of synchronous relations include the prefix, equality,
and equal-length binary relations, and some non-examples are the
suffix, factor, (scattered) subword or alphabet projection.

Conjunctive queries. A conjunctive query (CQ) is a formula of
the form q(x̄ ) = ∃ȳ R1 (z̄1) ∧ · · · ∧Rk (z̄k ), where x̄ and ȳ are tuples
of pairwise distinct variables and each tuple z̄i ranges over the
variables of x̄ȳ. One standard abstraction of a CQ q as before is by
means of itsGaifman graph, which is the simple graph having the
variables as vertices and an edge between x and y whenever there
is an atom containing both x and y. In this way, for a set of graphs
C, we refer to CQ(C) as the class of CQ’s whose abstraction is in C.
Given a relational structure A, an assignment v from the variables
to the domain of A is satisfying for q if for every i , the relation
Ri contains the tuple t̄i obtained by replacing every variable of z̄i
with its assignment according to v . A tuple t̄ of elements of A is in
the answer of q to A if there exists a satisfying assignment x̄ to t̄ .
If q is Boolean (i.e., no free variables) then we write A |= q if there
exists some satisfying assignment.

ECRPQ on graph databases. A graph database is a finite edge-
labelled graph, that is, D = (V ,E) whereV is a finite set of vertices,
E ⊆ V ×A×V is the set of labeled edges, and A is a finite alphabet.
A path p of D from v0 to vn of length n ≥ 0 is a (possibly empty)
sequence of edges from E of the form

(v0,a1,v1), (v1,a2,v2), . . . , (vn−1,an ,vn ).

There is always an empty path fromv tov for anyv ∈ V . The label
label(p) of such a path is a1 · · ·an ∈ A∗, or ε if the path is empty.
2The choice of representation by NFA, DFA, or regular expressions is unessential for
the complexity results we shall present.
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We fix some infinite sets of node variables and of path variables.
An ECRPQ is a query which can test for synchronous relations on
paths between nodes of the graph. Let us first show an example
and then give the formal definition.

Example 2.1. Here is an ECRPQ:

q(x ,x ′) = ∃y x
π1
−−→ y ∧ x ′

π2
−−→ y ∧ eq-len(π1,π2)

where ‘eq-len’ is the binary synchronous relation {(w,w ′) ∈ A∗ ×
A∗ : |w | = |w ′ |}. The evaluation ofq on a graph databaseD retrieves
all the pairs of vertices (v,v ′) such that for some vertex u there is a
path p1 from v to u and a path p2 from v ′ to u such that p1 and p2
have the same length. Instead of eq-length we could have chosen
any other synchronous relation, such as, for example, “equality”, or
“edit-distance at most 14”. In this case it would mean that the word
of labels read by p1 and p2 are in the chosen relation.

An extended conjunctive regular path query (ECRPQ) is a
pair (q,R ) where R is a finite set of synchronous relations, each
R ∈ R having arity arity(R) ≥ 1, and specified as an NFA over
(A ∪̇{⊥})arity(R ) , for some fixed alphabet A. On the other hand, q
is a query, possibly having some free variables x̄ , of the form

q(x̄ ) = ∃ȳ ∃π̄ γ (x̄ȳπ̄ ) ∧ ρ (π̄ ). (1)

Here x̄ , ȳ are tuples which span over node variables and π̄ over path
variables. The idea is that γ tells us how node variables are con-
nected through path variables, while ρ describes the properties and
relations between path variables in terms of the regular languages
and relations of R. Concretely, the subformula γ (x̄ȳπ̄ ), called the
reachability subquery, is a finite conjunction of reachability
atoms of the form z

π
−→ z′, where z, z′ are from x̄ȳ and π is from

π̄ , with the restriction that no path variable π can appear in two
distinct reachability atoms. That is, node variables may repeat in
γ , but path variables may not. The subformula ρ (π̄ ) is called the
relation subquery and it is a finite conjunction of atoms of the
form R (π1, . . . ,πr ), were R ∈ R, r = arity(R) and π1, . . . ,πr are
pairwise distinct path variables from π̄ .

Given a graph database D = (V ,E) over an alphabet A, an as-
signment fn from x̄ȳ toV and an assignment fp from π̄ to paths of
D, we say that ( fn , fp ) is a satisfying assignment if (1) for every
reachability atom z

π
−→ z′ of γ we have that fp (π ) is a path from

fn (z) to fn (z
′) inD; and (2) for every atomR (π1, . . . ,πr ) of ρ the tu-

ple (w1, . . . ,wr ) is in the relation R ∈ R , wherewi = label( fp (πi )),
for every i . Assuming x̄ = (x1, . . . ,xℓ ), the answers q(D) of the
query q to the database D is the set of all ( fn (x1), . . . , fn (xℓ )) ∈ V

ℓ

for every satisfying assignment ( fn , fp ). If q is Boolean, then we
say that D satisfies q (and we write D |= q) if there exists some
satisfying assignment.

A Conjunctive Regular Path Query (CRPQ) is an ECRPQ
such that: (1) every relation is of arity one (i.e., a regular language);
and (2) no path variable appears in more than one atom of the
relation subquery. That is, a CRPQ q(x̄ ) is a query of the form

∃ȳ ∃π̄ (z1
π1
−−→ z′1 ∧ · · · ∧ zn

πn
−−→ z′n ) ∧ (L1 (π1) ∧ · · · ∧ Ln (πn )),

which is usually more succinctly written as

q(x̄ ) = ∃ȳ z1
L1
−−→ z′1 ∧ · · · ∧ zn

Ln
−−→ z′n .

In order to keep the technical developments down to the essential,
we henceforward assume that all queries are Boolean. However,
our results can be easily extended to UECRPQ, that is, finite unions
of possibly non-Boolean ECRPQ queries.

Two-level graphs. Observe that ECRPQs have two levels of atoms:
the reachability atoms stating a property of pairs of vertices x

π
−→ y,

and the relational atoms R (π1, . . . ,πr ) stating properties of tuples
of paths. In order to capture the structural information of these
queries in the same way as done for CQs through its Gaifman graph,
we introduce here the notion of a two-level graph. A two-level graph
is a graph having a first sort of edges between vertices and a second
sort of edges between edges of the first sort.

Formally, a two-level multi-hypergraph (or 2L graph for
short) is defined as a tuple G = (V ,E,H ,η,ν ), where (V ,E,η) is
a multigraph and (E,H ,ν ) is a multi-hypergraph. In other words,
V ,E,H are finite sets, η : E → ℘2 (V ) and ν : H → ℘(E). Intuitively,
E are “first-level” edges and H are “second-level” hyperedges. For
simplicity we shall always assume E ∩ H = ∅.

The abstraction of an ECRPQ query such as the one in (1) is
a 2L-graph (V ,E,H ,η,ν ), where (V ,E,η) is the multi-hypergraph
on the node variables and (E,H ,ν ) is the multi-hypergraph on the
path variables. That is:
• V is the set of node variables x̄ȳ,
• E is the set of path variables π̄ ,
• H is the set of relation atoms of ρ,
• η(π ) = {z, z′} if z

π
−→ z′ is an atom of γ , and

• ν (A) = {π1, . . . ,πr } if A = R (π1, . . . ,πr ) is an atom of ρ.
Given a class of 2L-graphs C we consider ECRPQ(C) as the set of
all ECRPQ whose abstractions are in C. On the other hand, the
abstraction of a CRPQ is a graph (V ,E) having V as set of node
variables, and and edge x ,y ∈ E for every atom x

π
−→ y in its

reachability subquery. Similarly, for a class C of graphs, we denote
by CRPQ(C) the set of CRPQ having an abstraction in C.

Treewidth A tree decomposition of a graph G = (V ,E) is a
treeT = (V ′,E ′) together with a mapping λ : V ′ → ℘(V ) such that
(i) for every {u,v} ∈ E there isw ∈ V ′ such that {u,v} ⊆ λ(w );
(ii) for every v ∈ V , the subgraph of T induced by {v ′ ∈ V ′ : v ∈

λ(v ′)} is a tree.
For v ′ ∈ V ′ we refer to λ(v ′) as the bag of v ′. The width of such
tree decomposition is maxv ′∈V ′ |λ(v ′) |, that is, the maximum size
of a bag therein. The treewidth of a graphG , denoted by tw(G ), is
the minimum width among all its tree decompositions. For a set of
graphs C, we define its treewidth as tw(C) = supG ∈C tw(G ), and
we write tw(C) = ∞ when it is unbounded.

2.1 Parameterized decision problems
A parameterized problem is a set P ⊆ A∗ × N, where A is a
finite alphabet. If (x ,k ) ∈ A∗ × N is an instance of a parameterized
problem, we refer to x and k as the input and parameter respectively.

Complexity classes. A parameterized problem is said to be fixed-
parameter tractable, or FPT, if every instance (x ,k ) ∈ A∗×N can
be solved in time f (k ) · |x |c for some computable function f and
constant c . A (many-one) FPT-reduction between a parameterized
problem P to another one P ′ (noted P ≤fpt P ′) is an algorithm that
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computes for every instance (x ,k ) of P an instance (x ′,k ′) of P ′
such that (i) (x ,k ) ∈ P iff (x ′,k ′) ∈ P ′, (ii) k ′ ≤ д(k ) for some
computable function д : N → N, and (iii) the algorithm runs in
time f (k ) · |x |c , for some computable f : N→ N and constant c .

Wewill consider here two other parameterized complexity classes,
namely W[1] and XNL. We will try to keep definitions at the mini-
mum needed. For our purposes we will not need the definition of
W[1], but just that it may be thought as the analog of NP in param-
eterized complexity. On the other hand, the class XNL, introduced
in [11] and studied in [10] under the name of [Uniform-XNL ]fpt,
is the closure under FPT-reductions of the class of parameterized
problems P such that there is a computable function assigning to
each parameter k an NL algorithm solving the decision problem
{x : (x ,k ) ∈ P }. For these classes we have FPT ⊆ W[1] ⊆ XNL,
and it is conjectured that these containments are strict.

Some complete parameterized problems. A complete problem for
XNL is the parameterized intersection non-emptiness problem. This
is the parameterized version of the classical PSpace-complete inter-
section non-emptiness problem for regular languages.

Problem Parameterized Intersection Non-Emptiness (p-IE)
Input A set S of DFA.

Parameter The cardinality of S .
Question Is

⋂
A∈S L(A) , ∅?

It was shown in [20] that p-IE is complete for XNL under FPT-
reductions. We denote by IE the non-parameterized version of this
problem, which is PSpace-complete [16].

For a class of query languages Q over relational structures, we
define the classical evaluation problem eval-Q and its parameterized
version p-eval-Q problems.

Problem Q evaluation (eval-Q)
Input A relational structure D; a Boolean query q ∈ Q.

Question Does D |= q?

Problem Parameterized Q evaluation (p-eval-Q)
Input A relational structure D; a Boolean query q ∈ Q.

Parameter The size of q
Question Does D |= q?
It is known that eval-CQ is NP-complete and p-eval-CQ is W[1]-

complete, and it is folklore that this extends to CRPQ. Regarding
ECRPQ, its evaluation problem is complete for PSpace.

Proposition 2.2 ([3]). eval-ECRPQ is PSpace-complete.

In fact, a characterization for the evaluation problem for CQ and
CRPQ can be stated in terms of the underlying graph:

Proposition 2.3 ([15]). For any c.e. class C of graphs,
(1) if tw(C) < ∞, eval-CQ(C) is in polynomial time;
(2) otherwise, p-eval-CQ(C) is W[1]-complete

Corollary 2.4 (Folklore). For any c.e. class C of graphs,
(1) if tw(C) < ∞, eval-CRPQ(C) is in polynomial time;
(2) otherwise, p-eval-CRPQ(C) is W[1]-complete

Proof of Corollary 2.4. Item 2 follows from the fact that on bi-
nary signatures CQ(C) ⊆ CRPQ(C), and item 1 from the existence
of a polynomial-time reduction from eval-CRPQ(C) to eval-CQ(C).
This relies on the fact that for every regular language L the relation

RL consisting of all pair of vertices (v,v ′) such that there is a path
with label in L from v to v ′ is computable in polynomial time. □

This implies that, assuming FPT ,W[1], CQ(C) [resp. CRPQ(C)]
has a tractable evaluation problem iff it has a tractable parameter-
ized evaluation problem iff tw(C) < ∞. This has been extended to
arbitrary classes of CQs in the following sense:

Proposition 2.5 ([14]). For any c.e. class Q of CQs,
(1) if for some k every q ∈ Q is equivalent to some q′ ∈ CQ of

treewidth ≤ k , eval-Q is in polynomial time;
(2) otherwise, p-eval-Q is W[1]-complete.

Item (1) above has been shown to hold also for CRPQ, where
equivalence has to be replaced by a well-suited notion of homo-
morphisms between CRPQ [18]. Proposition 2.5 assumes that the
arity of relations is bounded, and in fact a generalization of these
results also holds in the absence of such a constraint [9, 17], where
treewidth is replaced with a “more general” hypergraph measure.

For the purposes of the present work, we will sometimes focus
on CQs over binary relations, which we denote by CQbin. For tech-
nical reasons that will become apparent, it will be convenient to
use multigraphs as abstractions for CQbin (as opposed to graphs):
we define the multigraph of a CQbin query q as having the set
of variables as vertices, and for every two vertices x ,x ′ it has k
edges {x ,x ′}, where k is the number of atoms R (z, z′) of q such
that {z, z′} = {x ,x ′}. For example, the multigraph corresponding
to R (x ,y) ∧ S (z,y) ∧ S (y, z) ∧ S (z, z) ∧ R (z, z) ∈ CQbin is:

<latexit sha1_base64="AKCy7fJ7lWePjrC+s87oc9nT4Rc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IrvEqEcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Wu1C9L1fMsjjycwClcgAfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOAXjOc=</latexit>

x
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Then, for a class C of multigraphs we define CQbin (C) as the class
of all CQbin queries whose underlying multigraph is in C. It is easy
to see that the previous results imply that the same characterization
holds, where the treewidth of a multigraph is simply the treewidth
of its underlying simple graph.

Lemma 2.6 (Corollary of [15]). For any c.e. class C of multi-
graphs such that tw(C) = ∞, p-eval-CQbin (C) is W[1]-complete.

Proof. This follows directly from a trivial adaptation of the
lower bound reduction of [15, Theorem 17]. □

3 CHARACTERIZATION RESULTS
We wish to obtain a characterization result as the one for CQ’s or
CRPQ’s already mentioned, of the form
“The evaluation problem for ECRPQ(C) is tractable if, and only if,

C has bounded f -measure.”
for a suitable 2L graph measure f . For the case of CQ’s and CRPQ’s
the right measure f is treewidth, as witnessed by Proposition 2.3
and Corollary 2.4. For ECRPQ’s, the measure involves treewidth
but also other measures, and the situation for complexity classes is
more complex. In particular, remember that for CQ’s and CRPQ’s we
have that (assumingW[1] , FPT) eval-CQ(C) is tractable iff p-eval-
CQ(C) is FPT. However, for ECRPQ’s, there is a mismatch between
“tractable evaluation” and “tractable parameterized evaluation”. For
instance, there are classes which are FPT for p-eval-ECRPQ(C) but
PSpace-complete for eval-CQ(C). Further, the complexity for the
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parameterized evaluation of ECRPQ may be FPT, W[1]-complete
or XNL-complete while it can ‘only’ be either FPT or W[1] for CQ’s
and CRPQ’s. In a similar vein, the non-parameterized version may
vary between polytime, NP and PSpace-complete.

Going further: What measures on 2L graphs make sense for
characterizing the parameterized and combined complexity of the
evaluation for ECRPQ? Unsurprisingly, treewidth plays a funda-
mental role, but we also need to take into account two other mea-
sures. These two measures are the maximum size of connected
components in the underlying multi-hypergraph of the relation
subquery, either in terms of number of hyperedges it contains (de-
noted by cchedge) or in the number of vertices (ccvertex). Note that
neither a bound on the number of edges implies a bound on the
number of vertices nor the other way round, since we work with
multi-hypergraphs.

Before defining more formally these measures, we can already
give the general characterization statements we obtain.

Theorem 3.1 (Characterization for p-eval-ECRPQ). For any
c.e. class C of 2L graphs,
(1) if ccvertex (C) = ∞, then p-eval-ECRPQ(C) is XNL-complete;
(2) if ccvertex (C) < ∞ and tw(C) = ∞, then p-eval-ECRPQ(C) is

W[1]-complete;
(3) if ccvertex (C) < ∞ and tw(C) < ∞, then p-eval-ECRPQ(C) is

FPT.

Under the complexity theoretic hypothesis that W[1] , FPT
and some some mild assumptions on the class (cc-tameness, whose
definition follows), we also obtain a complete characterization for
the evaluation problem.

Theorem 3.2 (Characterization for eval-ECRPQ). For every
cc-tame class C of 2L graphs, and assumingW[1] , FPT,
(1) if ccvertex (C) = ∞ or cchedge (C) = ∞, then eval-ECRPQ(C) is

PSpace-complete;
(2) if ccvertex (C) < ∞, cchedge (C) < ∞ and tw(C) = ∞, then eval-

ECRPQ(C) is in NP and not in polynomial time;
(3) if ccvertex (C) < ∞, cchedge (C) < ∞ and tw(C) < ∞, then eval-

ECRPQ(C) is in polynomial time.

In the statement above, we say that a class C of 2L graphs is
cc-tame, if either ccvertex (C) + cchedge (C) < ∞ or there exists a
polynomial time function f : N → C such that ccvertex ( f (n)) +
cchedge ( f (n)) ≥ n for all n. In other words, that there is some
tractable algorithm to produce elements of C witnessing big con-
nected components.3

For data complexity, remember that RPQ, CRPQ and ECRPQ
are all NL-complete. In the next paragraphs we give the precise
definition of treewidth, ccvertex and cchedge for (classes of) 2L graphs.

2L graph measures
For a 2L graphG = (V ,E,H ,η,ν ), letGrel be themultigraph (E,H ,ν ),
and let Gnode be the graph (V ,E ′), where E ′ consists of all the sets
3This cc-tameness condition is solely used for the PSpace-hardness statement, and
its purpose is simply to show that it takes a very weak extra hypothesis to obtain
PSpace-hardness —and, in fact, the condition could be replaced with any hypothesis
enforcing that elements of C with big connected components can be produced in
polynomial time. Indeed, without the cc-tameness hypothesis we would obtain the
exact same theorem statement, with the only difference that “PSpace-complete” is
replaced with “in PSpace”.

{v,v ′} for which there are h,h′ ∈ H and e, e ′ ∈ E such that (1)
v ∈ e , v ′ ∈ e ′, (2) e ∈ h, e ′ ∈ h′, and (3) h and h′ belong to the
same connected component in Grel. Here is an illustration for a 2L
graph G = (V ,E,H ,η,ν ), where edges of η are depicted with full
lines and hyperedges of ν as dashed blobs.
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<latexit sha1_base64="GFvaPn6FRrOXTkE0tO6LiiTI1yQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZEAIbNDL0yYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/ql33iuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x3Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStm7LFfuLkrV0yyOPBzBMZyBB1dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ACJaNjQ==</latexit>x3

<latexit sha1_base64="Ts4Vr66MXazhHT10IeHe64SbKRU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7LFfuqqXaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AChqNjg==</latexit>x4

<latexit sha1_base64="svm3tnygjqcvQCCXcr2SeT68Z/k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8kiAkNmhFybMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFq+VSj4BLrhhuBrVghDX2BTX90M/Wbj6g0j+SDGcfYDelA8oAzaqx0/9S76BVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjo7dUJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa67KZdxYlCy+aIgEcREZPo36XOFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpexdlit356XqaRZHHo7gGM7Agyuowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AC56Njw==</latexit>x5
<latexit sha1_base64="kRd3fzjbPIQugm5KcetaDPPvIT8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEoEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3l6XaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADSKNkA==</latexit>x6

<latexit sha1_base64="39ufVRVpJlsb4vlrszxZ6WaFuvk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrtqxCOJF48Y5ZEAIbPDLEyYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHN1O/+ci1EZF6wHHMuyEdKBEIRtFK90+9Sq9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001np07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjupkLFCXLF5ouCRBKMyPRv0heaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGedm7Kl/cXZaqp1kceTiCYzgDDypQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4ADviNkg==</latexit>x7
<latexit sha1_base64="nQJlbV4JFN14bnqoaqRXis/VmMY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYFFclURFxVXBhS4r2Ae0sUwmN+3QySTMTKQl5FfcuFDErT/izr9x+lho64GBwzn3cO8cP+FMacf5tpaWV1bX1gsbxc2t7Z1de6/UUHEqKdRpzGPZ8okCzgTUNdMcWokEEvkcmv7gZuw3n0AqFosHPUrAi0hPsJBRoo3UtUu3j1lHw9BEMxEHkOfXXbvsVJwJ8CJxZ6SMZqh17a9OENM0AqEpJ0q1XSfRXkakZpRDXuykChJCB6QHbUMFiUB52eT2HB8ZJcBhLM0TGk/U34mMREqNIt9MRkT31bw3Fv/z2qkOr7yMiSTVIOh0UZhyrGM8LgIHTALVfGQIoZKZWzHtE0moNnUVTQnu/JcXSeO04l5Uzu7Py9XjWR0FdIAO0Qly0SWqojtUQ3VE0RA9o1f0ZuXWi/VufUxHl6xZZh/9gfX5A6C0lL4=</latexit>

Gnode :

The intuition is that Gnode is the graph resulting from replacing
connected components ofGrel with cliques on their incident vertices.
The treewidth tw(G ) of a 2L graphG is the treewidth ofGnode, and
for a class C we extend it as usual: tw(C) = supG ∈C tw(G ). We also
define the measures ccvertex and cchedge of 2L graphs which count
the sizes of connected components in Grel. We define ccvertex (G ) as
the maximum number of vertices of a connected component ofGrel,
and we define cchedge (G ) as the maximum number of hyperedges
contained in a connected component ofGrel. In the example above,
ccvertex (G ) = 3 and cchedge (G ) = 2, both of them witnessed by the
connected component of {π2,π3,π6}. For a class C of 2L-graphs,
we let Crel = {Grel : G ∈ C} and Cnode = {Gnode : G ∈ C}.

4 UPPER BOUNDS
For any 2L-graphG, let Ĝ be the result of merging all hyperedges
of Grel in the same connected component. Concretely, assuming
G = (V ,E,H ,η,ν ) let Ĝ = (V ,E, Ĥ ,η, ν̂ ), where

Ĥ = {hC ⊆ H : C is a maximal connected component of Grel}

and ν̂ (hC ) = {e ∈ E : e ∈
⋃
C} for every hC ∈ Ĥ . Observe that

q̂ uses relations of arity bounded by ccvertex (G ). In the proofs that
follow we will use the following fact.

Lemma 4.1. There is a PSpace procedure which produces, for any
ECRPQ q with abstraction G, an equivalent ECRPQ q̂ with abstrac-
tion Ĝ. Further, if ccvertex (G ) and cchedge (G ) are considered as being
constants, the algorithm runs in polynomial time.

Lemma 4.2. p-eval-ECRPQ is in XNL.

Proof. Consider the following procedure which produces, for
every ECRPQ q, an NL algorithm for {D : D |= q}. Fix an arbitrary
ECRPQ q with abstraction G, and suppose we are given a graph
database D as input. To simplify the algorithm, as a first step we
transform q into an equivalent ECRPQ q′ such that every connected
component ofGrel consists of only one hyperedge using Lemma 4.1.
This transformation is in constant time since q is fixed.

We now guess a mapping v from the node variables of q′ to the
nodes of the input database D in NSPACE(|q′ | · log( |D |)), hence in
NL since q is fixed. Next, we verify thatv is a satisfying assignment.
For each atom R (π1, . . . ,πℓ ) in the relation subquery such that
{xi

πi
−−→ yi }1≤i≤ℓ are the corresponding atoms in the reachability

subquery, we non-deterministically guess simultaneously a path
pi from v (xi ) to v (yi ) for each i ≤ ℓ (using ℓ log-sized pointers to
navigate the paths in D) and we verify that the labels of the guessed
paths p1, . . . ,pℓ are in the relation R. Since no two relations share
a path variable this implies that there is a satisfying assignment
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and thus that D |= q; and since ℓ is bounded by a constant, this last
step is also in NL. □

Lemma 4.3. Given a class C of 2L graphs such that ccvertex (C) < ∞
(1) there is an FPT reduction from p-eval-ECRPQ(C) to p-eval-

CQ(Cnode);
(2) if further cchedge (C) < ∞, there is polynomial time reduction

from eval-ECRPQ(C) to eval-CQ(Cnode).

Proof. Let G ∈ C be the abstraction of an ECRPQ q and D be a
graph database over an alphabet A. We show how to produce a CQ
q′ (depending only on q) and a relational database D ′ (depending
on q and D) such that
• D |= q iff D ′ |= q′,
• the underlying Gaifman graph of q′ is Gnode, and
• all relations used in q′ have arity ≤ 2 · ccvertex (G ).

Further, if cchedge (C) < ∞, the construction runs in polynomial
time. We first produce an equivalent query q̂ ≡ q having Ĝ as
abstraction using Lemma 4.1, which is in PSpace, or in polynomial
time if ccvertex (G ) and cchedge (G ) are constant.

We now show how to build q′, which will have one atom with
relation R′ for each atom with relation R in the relation subquery
of q̂. Let R (π1, . . . ,πn ) be an atom of the relation subquery of q̂,
where for every i there is an atom xi

πi
−−→ yi in the reachability

subquery of q. We then produce the atom R′(x1,y1, . . . ,xn ,yn ) in
q′. The CQ q′ is obtained as the conjunction of all such atoms R′.
Observe that the Gaifman graph of q′ is precisely Gnode.

Finally, the relational database D ′ is built using these relations
R′, where we populate each relation R′ of arity 2n as follows

R′ = {(u1,v1, . . . ,un ,vn ) : for every i there is a path from ui to vi
in D with labelwi ∈ A

∗ such that (w1, . . . ,wn ) ∈ R}

We then obtain that D |= q iff D ′ |= q′. Since ccvertex (G ) is bounded
by a constant, so is the arity of the relations inq′ and q̂. Thus,D ′ can
be produced from q̂ inO ( |D |2·ccvertex (G ) ), that is, in polynomial time.
That is, D ′ is built in time f ( |q |) · |D |2·ccvertex (G ) , where f is the time
needed to compute q̂ fromq. In other words, this is an FPT reduction
or even a polynomial reduction if we assume that cchedge (G ) is
bounded by a constant (and thus that f is polynomial). □

5 LOWER BOUNDS
5.1 Combined complexity
We begin with identifying the hardest, PSpace-complete, cases of
eval-ECRPQ. As a consequence of Lemma 4.3(2) of the previous
section, as soon as ccvertex (C) and cchedge (C) are bounded, the eval-
uation problem becomes an NP problem. We now show that, under
cc-tameness, the remaining case is PSpace-complete.

Lemma 5.1. For every cc-tame class C of 2L graphs, if ccvertex (C)+
cchedge (C) = ∞ then eval-ECRPQ(C) is PSpace-complete.

Proof. Since eval-ECRPQ is in PSpace by Proposition 2.2, the
statement boils down to showing that eval-ECRPQ(C) is PSpace-
hard. We reduce from the PSpace-complete problem of intersection
non-emptiness (IE) for regular languages over a fixed alphabet A.

Let the IE instance be given as n regular languages L1, . . . ,Ln . It
follows that there exists a computable 2L graph G ∈ C such that
Grel contains a ‘big’ connected component C , having either (1) at
least n vertices, or (2) at least one vertex incident to n hyper-edges
(see Lemma A.1 in appendix). In both cases we will construct, in
polynomial time, an ECRPQ q whose abstraction is G and a graph
database D such that the following holds.

Claim 5.1. D |= q if, and only if, L1 ∩ · · · ∩ Ln , ∅.

Case (1) If C has m vertices π1, . . . ,πm with m ≥ n, we define
each relation R (πi1 , . . . ,πik ) corresponding to a k-ary hyperedge
{πi1 , . . . ,πik } to be the set of all k-tuples

($u # · · · #︸︷︷︸
i1

$, . . . , $u # · · · #︸︷︷︸
ik

$) ∈ (A ∪̇{$, #})∗k

for every u ∈ A∗. It is easy to see that each such R is a synchronous
relation which can be built in polynomial time (see appendix for
more details). All other relations, corresponding to hyperedges
outside C , are simply ‘universal’. That is, we define the relation
R′(π ′1, . . . ,π

′
ℓ
) corresponding to a hyperedge outside the connected

componentC to be (A ∪̇{$, #})∗ℓ . In this way we have produced, in
polynomial time, an ECRPQ q whose abstraction is G.

Without loss of generality we assume that n =m, note that this
can be guaranteed by extending the intersection problemwithm−n
‘dummy’ languagesA∗. For each language Li let us define the graph
database Di as the transition graph of the NFA recognizing Li , plus:
(1) one distinguished vertex v , (2) i other vertices v1, . . . ,vi , (3)

edges v
$
−→ q0 and vi

$
−→ v , and (4) a path qf

#
−→ v1

#
−→ · · ·

#
−→ vi of

length i , for every final state qf . Here’s an example:

<latexit sha1_base64="MZL2UbAyvfmYzjetWqQ4gsKFY/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IrvEqEcSLx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+VMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzUrZuylX6tel6mUWRx7O4ByuwINbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AN0PjOU=</latexit>

v <latexit sha1_base64="Iyp0N7JbMYkpRMdVwEWA+yz6szk=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYlCswl0QtQzYWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr8V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasW7rFTvL8q1szyOAhzDCZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBF2aNlw==</latexit>

Li
<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$ <latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#
<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#
<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#

<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#

<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$

<latexit sha1_base64="uyJBwY/lWXPBsj/XuVZSJAfP+Ac=">AAACGXichVBNS8NAEJ34WetX1KOXYFE8laSIeix48VjBfkBbymYzaZduNmF3I5RQf4YX/4oXD4p41JP/xm2bg7aCDwYe780wM89POFPadb+speWV1bX1wkZxc2t7Z9fe22+oOJUU6zTmsWz5RCFnAuuaaY6tRCKJfI5Nf3g18Zt3KBWLxa0eJdiNSF+wkFGijdSz3U4qApS+JBSz+/8x7tklt+xO4SwSLyclyFHr2R+dIKZphEJTTpRqe26iuxmRmlGO42InVZgQOiR9bBsqSISqm00/GzvHRgmcMJamhHam6s+JjERKjSLfdEZED9S8NxH/8tqpDi+7GRNJqlHQ2aIw5Y6OnUlMTsAkUs1HhhAqmbnVoQNiUtImzKIJwZt/eZE0KmXvvFy5OStVT/I4CnAIR3AKHlxAFa6hBnWg8ABP8AKv1qP1bL1Z77PWJSufOYBfsD6/AdHxpR8=</latexit>| {z }
<latexit sha1_base64="EyMPB9pW9J5lffYZNOWXEXpfY8g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9q2qteVmpn+dxFOEETuECPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVuM2A==</latexit>

i

<latexit sha1_base64="HYMXtCzDOov6K7hCQNPwlCDZ1hk=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIviqswUUZcFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8Qown65Ypbdecgq8TLSQVyNPrlLxtkacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nt52SM6sMSBhr+xSSufo7kdHImEkU2MmI4sgsezPxP6+bYnjjZ0IlKXLFFh+FqSQYk9npZCA0ZygnllCmhd2VsBHVlKEtqGRL8JZPXiWtWtW7qtbuLyv187yOIpzAKVyAB9dQhztoQBMYPMIzvMKbEzsvzrvzsRgtOHnmGP7A+fwBpt+PGQ==</latexit>· · ·
<latexit sha1_base64="GZtfi67zO7SXHZvaeHHwim0Hy3s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbFU9ktRcVTQQ8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMoJNJt0N2M2gXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVZrD/VK4zyPowgncAoX4MEVNOAemtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/iRKN0w==</latexit>

Di : <latexit sha1_base64="cd1bD4ZYqfap37P9xOS5/19EKA4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnter1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gACgo2J</latexit>v1
<latexit sha1_base64="CrOCIDG4bOpKaMnwLnKnDX4jMyM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8NbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc1qxbuuVB+uyrWLPI4CnMIZXIIHN1CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEEBo2K</latexit>v2

<latexit sha1_base64="goECgF+ZNVLh1/ITQRBUv0R9b5g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/2MyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8a4r1Yercu0ij6MAp3AGl+DBDdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBXYo3B</latexit>vi
q0

<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#
<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#

Finally, we define D as the union of D1, . . . ,Dn , which is disjoint
with the sole exception of the distinguished vertex v . We finish this
first part of the proof by showing that Claim 5.1 holds.

If D |= q, consider the satisfying assignment of the m path
variables π1, . . . ,πm in the connected component C . These define
m words u1, . . . ,um ∈ (A ∪̇{$, #})∗ of the form ui = $w#i$ for a
givenw , by definition of the relation R. Further, by the shape of D,
the path πi must go through the subdatabase Di of D, for each i .
Hence w ∈ Li for every i , witnessing that

⋂
i Li , ∅. Conversely,

observe that for anyw ∈
⋂
i Li the assignment sending

• every node variable to v ,
• every path variable πi fromC to the path starting and ending
in v , going through Di along the path reading w from the
initial state to a final state (it exists sincew ∈ Li ), and
• every other path variable π ′ outside C to any arbitrary path
starting and ending in v

is a satisfying assignment, and thus D |= q.
Case (2) If, on the other hand, C contains an element π incident
to n hyperedges h1, . . . ,hn , we define a relation Ri for each hyper-
edge hi as follows. If hi is incident to k ≥ 0 other vertices ν (hi ) =
{π ,π1, . . . ,πk }, we produce an atom Ri (π ,π1, . . . ,πk ) defined by
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the synchronous relation {(u,u1, . . . ,uk ) : u ∈ Li and u1, . . . ,uk ∈
A∗} ⊆ A∗(k+1) . In a similar way as before, we define all other rela-
tions corresponding to hyperedges outsideC as being universal, and
we thus obtain, in polynomial time, an ECRPQ q whose abstraction
is G. Let D be the graph database having only one vertex, and a
self-loop labeled a for each a ∈ A. We then have that Claim 5.1 also
holds in this case. Indeed, q is satisfiable iff D |= q iff

⋂
i Li , ∅. □

5.2 Parameterized complexity
The lower bounds for the parameterized complexity will be based
on a reduction from parameterized evaluation problem for CQ’s
on graph databases. However, in order to present this reduction
in a clear and modular way, we will need to introduce yet another
multi-graph representation of a given 2L graph G, which roughly
corresponds to collapsing connected components ofGrel into single
vertices.

Concretely, given a 2L graph G = (V ,E,H ,η,ν ) let Gcollapse be
the multi-graph (V ∪̇C, {(v, e ) : e ∈ E,v ∈ η(e )}, µ ), where
• C ⊆ 2H is the set of maximal connected components of Grel,
• µ = {(v, e ) 7→ {v, c} : c ∈ C,h ∈ c, e ∈ h}.

For a class C of 2L-graphs, let Ccollapse = {Gcollapse : G ∈ C}. Here
is an example (with similar visual encoding as the example of p. 5).

<latexit sha1_base64="z/ZZle02L9Fk8CosA54h6OAdI5U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusVO8uyrWzPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEFjo2L</latexit>x1

<latexit sha1_base64="VhkA7nzOs8yYC9zjXSKar5jHi8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindZqd5dlGtneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMHEo2M</latexit>x2
<latexit sha1_base64="GFvaPn6FRrOXTkE0tO6LiiTI1yQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZEAIbNDL0yYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/ql33iuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x3Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStm7LFfuLkrV0yyOPBzBMZyBB1dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ACJaNjQ==</latexit>x3

<latexit sha1_base64="Ts4Vr66MXazhHT10IeHe64SbKRU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7LFfuqqXaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AChqNjg==</latexit>x4

<latexit sha1_base64="svm3tnygjqcvQCCXcr2SeT68Z/k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8kiAkNmhFybMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFq+VSj4BLrhhuBrVghDX2BTX90M/Wbj6g0j+SDGcfYDelA8oAzaqx0/9S76BVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjo7dUJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa67KZdxYlCy+aIgEcREZPo36XOFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpexdlit356XqaRZHHo7gGM7Agyuowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AC56Njw==</latexit>x5
<latexit sha1_base64="kRd3fzjbPIQugm5KcetaDPPvIT8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEoEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3l6XaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADSKNkA==</latexit>x6

<latexit sha1_base64="hciNpsVkGVkMrS8cZCnViBeUKs0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LR9/qVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQb5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1+oPV9XGRRFHCU7hDC7BgxtowD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx9whY5c</latexit>⇡1 <latexit sha1_base64="o/m8L7uRVu18gRC7xPJXfFTAvWs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+g2yIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rtUfrqqNiyKOEpzCGVyCBzfQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz9yCY5d</latexit>⇡2

<latexit sha1_base64="UZbkrNmiObXIPTlFaRi/XySyCx0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mqqMeCF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuynvXfbKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYlugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+SZq3qXVdrD1eV+nkeRxFO4BQuwIMbqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPc42OXg==</latexit>⇡3

<latexit sha1_base64="fbUJTZ3aaM6Rl+d65RrrPpFC87k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0lKUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv5eKfr1frrhVdwGyTrycVCBHs1/+6g0SlsVcIZPUmK7nphhMqUbBJJ+VepnhKWVjOuRdSxWNuQmmi2Nn5MIqAxIl2pZCslB/T0xpbMwkDm1nTHFkVr25+J/XzTC6DaZCpRlyxZaLokwSTMj8czIQmjOUE0so08LeStiIasrQ5lOyIXirL6+TVq3qXVdrD/VK4zKPowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHdRGOXw==</latexit>⇡4

<latexit sha1_base64="BAMpNDAedPnZ/xr4DlLohpBhQYQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKX8eCF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuynvXfXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYlugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+SZq3qXVdrD5eV+nkeRxFO4BQuwIMbqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPdpWOYA==</latexit>⇡5
<latexit sha1_base64="NFYuJ8yNdmQ1mTzMPyTnxUmk8PM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKVI8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv5eKfr1frrhVdwGyTrycVCBHs1/+6g0SlsVcIZPUmK7nphhMqUbBJJ+VepnhKWVjOuRdSxWNuQmmi2Nn5MIqAxIl2pZCslB/T0xpbMwkDm1nTHFkVr25+J/XzTC6DaZCpRlyxZaLokwSTMj8czIQmjOUE0so08LeStiIasrQ5lOyIXirL6+TVq3q1au1h+tK4zKPowhncA5X4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHeBmOYQ==</latexit>⇡6

<latexit sha1_base64="z/ZZle02L9Fk8CosA54h6OAdI5U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusVO8uyrWzPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEFjo2L</latexit>x1

<latexit sha1_base64="VhkA7nzOs8yYC9zjXSKar5jHi8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindZqd5dlGtneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMHEo2M</latexit>x2
<latexit sha1_base64="GFvaPn6FRrOXTkE0tO6LiiTI1yQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZEAIbNDL0yYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/ql33iuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x3Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStm7LFfuLkrV0yyOPBzBMZyBB1dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ACJaNjQ==</latexit>x3

<latexit sha1_base64="Ts4Vr66MXazhHT10IeHe64SbKRU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7LFfuqqXaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AChqNjg==</latexit>x4

<latexit sha1_base64="svm3tnygjqcvQCCXcr2SeT68Z/k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8kiAkNmhFybMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFq+VSj4BLrhhuBrVghDX2BTX90M/Wbj6g0j+SDGcfYDelA8oAzaqx0/9S76BVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjo7dUJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa67KZdxYlCy+aIgEcREZPo36XOFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpexdlit356XqaRZHHo7gGM7Agyuowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AC56Njw==</latexit>x5
<latexit sha1_base64="kRd3fzjbPIQugm5KcetaDPPvIT8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEoEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3l6XaeRZHHk7gFC7AgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADSKNkA==</latexit>x6

<latexit sha1_base64="Mw24Kcm/6W1Va6QL2w4xRxMfrqI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPiKewGUfEU8KDHKOYBSQizk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upn6zSdUmkfy0Yxj7IZ0IHnAGTVWeri97hVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjq7dEJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa66KZdxYlCy+aIgEcREZPo26XOFzIixJZQpbm8lbEgVZcaGU7AheIsvL5NGpexdlCv356XqaRZHHo7gGM7Ag0uowh3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4AEvWM+g==</latexit>

G :
<latexit sha1_base64="VJgNSQ1S3G5I/wQy8j51PIDNjl4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2BRXJWZIiquCi50WcE+oB1LJr1tQzOZIcmIZZyFv+LGhSJu/Q13/o1pOwttPRA4nHNPcnP8iDOlHefbyi0sLi2v5FcLa+sbm1v29k5dhbGkUKMhD2XTJwo4E1DTTHNoRhJI4HNo+MPLsd+4B6lYKG71KAIvIH3BeowSbaSOvXd1l7Q1PJhoYm7jJFKQphcdu+iUnAnwPHEzUkQZqh37q90NaRyA0JQTpVquE2kvIVIzyiEttGMFEaFD0oeWoYIEoLxksn+KD43Sxb1QmiM0nqi/EwkJlBoFvpkMiB6oWW8s/ue1Yt079xImoliDoNOHejHHOsTjMnCXSaCajwwhVDKzK6YDIgnVprKCKcGd/fI8qZdL7mmpfHNSrBxldeTRPjpAx8hFZ6iCrlEV1RBFj+gZvaI368l6sd6tj+lozsoyu+gPrM8f39OWkg==</latexit>

Gcollapse :

We will later exploit the following simple fact that, under the
hypothesis that C has bounded ccvertex, C has bounded treewidth
if Ccollapse has bounded treewidth.

Lemma 5.2. For every class C of 2L graphs, if ccvertex (C) < ∞ and
tw(Cnode) = ∞, then tw(Ccollapse) = ∞.

Proof. Assume ccvertex (C) = n < ∞. We show the counterposi-
tive tw(Ccollapse) < ∞ ⇒ tw(Cnode) < ∞. Given a tree decomposi-
tion ofGcollapse of width k , consider the result of replacing, on every
bag, each vertex c corresponding to a connected component ofGrel

with the set of all the vertices incident to c (at most 2n). Since each
bag is of size ≤ k + 1 we obtain bags of size ≤ (k + 1) · 2n. It follows
then that it is a tree decomposition of width ≤ (k + 1) · 2n − 1. □

We now show a reduction from the parameterized evaluation of
CQbin (C

collapse).

Lemma 5.3. For any c.e. class C of 2L graphs, there exists an FPT
reduction from p-eval-CQbin (C

collapse) to p-eval-ECRPQ(C).

Proof. Given q ∈ CQbin (C
collapse) and a database D, we first

find G ∈ C such that Gcollapse is the multigraph of q (computable
since C is c.e.). We now produce an ECRPQ query qG whose ab-
straction isG, and a graph database D̂ such that D̂ |= qG iff D |= q.

Without loss of generality, we assume that for every relation R
ofD we have also its inverse R−1 (i.e., that the relation R−1 is part of
the database alphabet, and it is interpreted as {(v,v ′) : (v ′,v ) ∈ R}),
otherwise we add it to the database.

Let us recall the shape of a multigraph of the form Gcollapse =

(V ∪̇C,E ′, µ ). It has two sorts of vertices: ‘node’ vertices fromV and
‘component’ vertices from C , corresponding to maximal connected
components of Grel. It is a partition, in the sense that edges go
always between these two sorts of vertices, and they are the result
of splitting each edge η(e ) = {v,v ′} into two edges: {v, ce } and
{ce ,v

′}, where ce ∈ C is the connected component of e in Grel. We
can then assume that the query q is of the form

q = ∃x̄ R1 (x1,y1) ∧ R
′
1 (y1,x

′
1) ∧ · · · ∧ Rℓ (xℓ ,yℓ ) ∧ R

′
ℓ (yℓ ,x

′
ℓ )

where the xi ’s and x ′i ’s correspond to node variables and the yi ’s
to component variables. Observe that we can ensure these precise
directions of q since we have the inverses: otherwise we could
transform q into an equivalent query with this form, having the
same underlying multi-graph.

Let qG be any ECRPQ query whose abstraction is G. Let A be
the alphabet of all the relation names of D, plus two new symbols:
0 and 1. We will now show how to implement the relations over
A. Remember that for every atom R (π1, . . . ,πr ) of the relation
subquery of qG (where r = arity(R)) and for every 1 ≤ j ≤ r , there
is (exactly) one atom of the form x ji

πi
−−→ x ′j′i

in the reachability
subquery of qG . Thus, for each such R (π1, . . . ,πr ) we produce the
following synchronous relation

R = {(Rj1wR
′
j′1
, . . . ,RjrwR

′
j′r
) : w ∈ {0, 1}+} ⊆ A∗r .

Intuitively, R is implemented to ensure that, in the context of the

evaluation of the database we construct, there are paths x ji
Rji
−−−→

yji

R′ji
−−−→ x ′j′i

for each i , where all the yji ’s are equal, and identified
by a word w ∈ {0, 1}∗. We have now defined qG , and we are left
with defining D̂, which we will define as an extension D̂ ⊇ D over
the expanded alphabetA, consisting of adding simple cycles labeled
with words over {0, 1}. Suppose D has (active) domain {v1, . . . ,vn }.
D̂ is the result of adding a simple cycle incident to vi reading the
n′ = ⌈log(n)⌉-bit binary expansion of i , that is, a word over the
alphabet {0, 1}n

′

. This involves adding (n′ − 1) · n new vertices to
D, and can be done in polynomial time. For instance:

<latexit sha1_base64="yoSF5ativHyLpti/tZSwAcHC0Ko=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jntur1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAA/o2I</latexit>v0

<latexit sha1_base64="cd1bD4ZYqfap37P9xOS5/19EKA4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnter1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gACgo2J</latexit>v1
<latexit sha1_base64="CrOCIDG4bOpKaMnwLnKnDX4jMyM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8NbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc1qxbuuVB+uyrWLPI4CnMIZXIIHN1CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEEBo2K</latexit>v2

<latexit sha1_base64="qNm7Y1ssUE9zjFXrOpZqKqf/bn8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1H3slssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz1J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5JGpexdlysPV6XqeRZHHk7gFC7Agxuowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABYqNiw==</latexit>v3

<latexit sha1_base64="6dpTBNYh8fhYsXO6Ru/R+Uta+Z4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiMBQmaHWZgwO7uZ6SUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEM95gkYx026eGS6F4AwVK3o41p6Evecsf38391oRrIyL1hNOY90I6VCIQjKKVHif9ar9YcsvuAmSdeBkpQYZ6v/jVHUQsCblCJqkxHc+NsZdSjYJJPit0E8NjysZ0yDuWKhpy00sXp87IhVUGJIi0LYVkof6eSGlozDT0bWdIcWRWvbn4n9dJMLjtpULFCXLFlouCRBKMyPxvMhCaM5RTSyjTwt5K2IhqytCmU7AheKsvr5NmpexdlysP1VLtMosjD2dwDlfgwQ3U4B7q0AAGQ3iGV3hzpPPivDsfy9ack82cwh84nz8HDo2M</latexit>v4
<latexit sha1_base64="PUUKpQFfCr/2PiEXIiAZcGqekX4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8khgQ2aHWZgwO7uZ6SUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndza+sbmVn67sLO7t39QPDxqmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGdzO/OeLaiFg94TjhfkT7SoSCUbTS46h71S2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN76E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0mjUvauy5WHy1L1PIsjDydwChfgwQ1U4R5qUAcGfXiGV3hzpPPivDsfi9ack80cwx84nz8Iko2N</latexit>v5

<latexit sha1_base64="EGTaYgZAgRhm+pdMpZlrfqqPHd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEoEcSLx4xyiMBQmaHXpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnju7nfmqDSPJJPZhpjL6RDyQPOqLHS46Rf7RdLbtldgKwTLyMlyFDvF7+6g4glIUrDBNW647mx6aVUGc4EzgrdRGNM2ZgOsWOppCHqXro4dUYurDIgQaRsSUMW6u+JlIZaT0PfdobUjPSqNxf/8zqJCW57KZdxYlCy5aIgEcREZP43GXCFzIipJZQpbm8lbEQVZcamU7AheKsvr5NmpexVy5WH61LtMosjD2dwDlfgwQ3U4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8KFo2O</latexit>v6

<latexit sha1_base64="jJ095u5efGKRX2wrt+7q9rGrTIw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEiEcSLx4xyiMBQmaHXpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnju7nfmqDSPJJPZhpjL6RDyQPOqLHS46Rf7RdLbtldgKwTLyMlyFDvF7+6g4glIUrDBNW647mx6aVUGc4EzgrdRGNM2ZgOsWOppCHqXro4dUYurDIgQaRsSUMW6u+JlIZaT0PfdobUjPSqNxf/8zqJCW57KZdxYlCy5aIgEcREZP43GXCFzIipJZQpbm8lbEQVZcamU7AheKsvr5NmpezdlCsP16XaZRZHHs7gHK7AgyrU4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8Lmo2P</latexit>v7

<latexit sha1_base64="ActkPTn7277CYkutCVBZJT0rfwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN/zeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTSrFe+yUr27KNfO8jgKcAwncA4eXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfLm41l</latexit>

R1

<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="iszxsIogOoPiXeYQ8YLclWLEFow=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJ3Wa7cVUu18yyOPJzAKVyAB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A0CeNaA==</latexit>

R4
<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="iszxsIogOoPiXeYQ8YLclWLEFow=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJ3Wa7cVUu18yyOPJzAKVyAB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A0CeNaA==</latexit>

R4
<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="ActkPTn7277CYkutCVBZJT0rfwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN/zeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTSrFe+yUr27KNfO8jgKcAwncA4eXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfLm41l</latexit>

R1

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3
<latexit sha1_base64="ZvP1yiEVWDsqbztXNSxmOHYAQ/I=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPiKewGUfEU0IPHKOYBSQizk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upn6zSdUmkfy0Yxj7IZ0IHnAGTVWeri97hVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjq7dEJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa66KZdxYlCy+aIgEcREZPo26XOFzIixJZQpbm8lbEgVZcaGU7AheIsvL5NGpexdlCv356XqaRZHHo7gGM7Ag0uowh3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4ADmaM9w==</latexit>

D :
<latexit sha1_base64="h9R+YY/Zp0+0lL+QNQTFHGxmrK4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxaJ4KkkRFU8FPXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWanWHFMndTa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZuRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqEijYEb/HlZdKsVrzLSvXholw7y+MowDGcwDl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz9q2Y7i</latexit>

D̂ :

<latexit sha1_base64="yoSF5ativHyLpti/tZSwAcHC0Ko=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jntur1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAA/o2I</latexit>v0

<latexit sha1_base64="cd1bD4ZYqfap37P9xOS5/19EKA4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnter1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gACgo2J</latexit>v1
<latexit sha1_base64="CrOCIDG4bOpKaMnwLnKnDX4jMyM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8NbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc1qxbuuVB+uyrWLPI4CnMIZXIIHN1CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEEBo2K</latexit>v2

<latexit sha1_base64="qNm7Y1ssUE9zjFXrOpZqKqf/bn8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1H3slssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz1J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5JGpexdlysPV6XqeRZHHk7gFC7Agxuowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABYqNiw==</latexit>v3

<latexit sha1_base64="6dpTBNYh8fhYsXO6Ru/R+Uta+Z4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiMBQmaHWZgwO7uZ6SUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEM95gkYx026eGS6F4AwVK3o41p6Evecsf38391oRrIyL1hNOY90I6VCIQjKKVHif9ar9YcsvuAmSdeBkpQYZ6v/jVHUQsCblCJqkxHc+NsZdSjYJJPit0E8NjysZ0yDuWKhpy00sXp87IhVUGJIi0LYVkof6eSGlozDT0bWdIcWRWvbn4n9dJMLjtpULFCXLFlouCRBKMyPxvMhCaM5RTSyjTwt5K2IhqytCmU7AheKsvr5NmpexdlysP1VLtMosjD2dwDlfgwQ3U4B7q0AAGQ3iGV3hzpPPivDsfy9ack82cwh84nz8HDo2M</latexit>v4
<latexit sha1_base64="PUUKpQFfCr/2PiEXIiAZcGqekX4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8khgQ2aHWZgwO7uZ6SUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndza+sbmVn67sLO7t39QPDxqmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGdzO/OeLaiFg94TjhfkT7SoSCUbTS46h71S2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN76E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0mjUvauy5WHy1L1PIsjDydwChfgwQ1U4R5qUAcGfXiGV3hzpPPivDsfi9ack80cwx84nz8Iko2N</latexit>v5

<latexit sha1_base64="EGTaYgZAgRhm+pdMpZlrfqqPHd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEoEcSLx4xyiMBQmaHXpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnju7nfmqDSPJJPZhpjL6RDyQPOqLHS46Rf7RdLbtldgKwTLyMlyFDvF7+6g4glIUrDBNW647mx6aVUGc4EzgrdRGNM2ZgOsWOppCHqXro4dUYurDIgQaRsSUMW6u+JlIZaT0PfdobUjPSqNxf/8zqJCW57KZdxYlCy5aIgEcREZP43GXCFzIipJZQpbm8lbEQVZcamU7AheKsvr5NmpexVy5WH61LtMosjD2dwDlfgwQ3U4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8KFo2O</latexit>v6

<latexit sha1_base64="jJ095u5efGKRX2wrt+7q9rGrTIw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvEiEcSLx4xyiMBQmaHXpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnju7nfmqDSPJJPZhpjL6RDyQPOqLHS46Rf7RdLbtldgKwTLyMlyFDvF7+6g4glIUrDBNW647mx6aVUGc4EzgrdRGNM2ZgOsWOppCHqXro4dUYurDIgQaRsSUMW6u+JlIZaT0PfdobUjPSqNxf/8zqJCW57KZdxYlCy5aIgEcREZP43GXCFzIipJZQpbm8lbEQVZcamU7AheKsvr5NmpezdlCsP16XaZRZHHs7gHK7AgyrU4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8Lmo2P</latexit>v7

<latexit sha1_base64="ActkPTn7277CYkutCVBZJT0rfwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN/zeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTSrFe+yUr27KNfO8jgKcAwncA4eXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfLm41l</latexit>

R1

<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="iszxsIogOoPiXeYQ8YLclWLEFow=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJ3Wa7cVUu18yyOPJzAKVyAB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A0CeNaA==</latexit>

R4
<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="iszxsIogOoPiXeYQ8YLclWLEFow=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJ3Wa7cVUu18yyOPJzAKVyAB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A0CeNaA==</latexit>

R4
<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="ActkPTn7277CYkutCVBZJT0rfwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN/zeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTSrFe+yUr27KNfO8jgKcAwncA4eXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfLm41l</latexit>

R1

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="j0KV09rd5FXA86b/obwSJdAQnkk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0g6jHgxWN85AHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cN+r9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95lpXp3Ua6d5XEU4BhO4Bw8uIIa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/NH41m</latexit>

R2

<latexit sha1_base64="GlBjbtG77T0ZtJU5Go8ByHRbmAY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67591iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/aT4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Wa7cXZSqp1kceTiCYzgDD66gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBzqONZw==</latexit>

R3

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1

<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1

<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="Xb5SG96klhYPt3EIa1nTJb4d1Ag=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcveMnw==</latexit>

0

<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1
<latexit sha1_base64="WyCkK8BxwuYDw00jRccdji60W+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9Va87JSP8/jKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPdHuMoA==</latexit>

1

Observe that this is an FPT procedure since (a) D̂ is generated
in polynomial time in |D | and does not depend on q, and (b) the
procedure to generate qG is effective since C is c.e. and does not
depend on D. We finally show that this is a sound reduction.

Claim 5.2. D̂ |= qG if, and only if, D |= q.

⇐ Assume D |= q through a satisfying mapping µ from the vari-
ables of q to the nodes of D. In other words, for every 1 ≤ i ≤ ℓ we
have that Ri (µ (xi ), µ (yi )) and R′i (µ (yi ), µ (x

′
i )) are in D. Remember

that G is the abstraction of qG , and Gcollapse is obtained from G by
splitting edges and adding component vertices. Let R (π1, . . . ,πr )
(where r = arity(R)) be an atom of the relational subquery of qG ,
and let 1 ≤ i ≤ r . Let the clause containing πi in the reachability
subquery ofqG be of the form x jk

πi
−−→ x ′j′k

. We then know that there
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is a subquery of q of the form Rjk (x jk ,yjk ) ∧ R
′
jk
(yjk ,x

′
j′k
), where

yjk is the variable corresponding to the connected component of

πi . Hence, by our construction of D̂, there exists a path µ (x jk )
Rjk
−−−→

µ (yjk )
w
−−→ µ (yjk )

R′jk
−−−→ µ (x ′j′k

), where w ∈ {0, 1}+corresponds to
reading the {0, 1}-labeled simple cycle attached to the vertex µ (yjk ).
Thus we build a satisfying assignment for qG on D̂.
⇒ Given satisfying assignments fn , fp for the node and path
variables ofqG on D̂, one can easily build a satisfying assignment for
q onD. We send every node variable x to fn (x ). Given a component
variable y of q corresponding to a connected component c of Grel,
consider any path variable π of c such that label( fp (π )) = RwR′ for
some R,w,R′, wherew is the binary encoding of the number i (by
construction, all such π in c will read the same w). Then, we can
send the variable y to vi . In this way we produce an assignment
witnessing D |= q. □

Lemma 5.4. For any c.e. classC of 2L graphs such that ccvertex (C) =
∞, p-eval-ECRPQ(C) is XNL-hard.

Proof. We show an FPT reduction from the p-IE problem (cf. § 2),
which is XNL-complete under FPT reductions [20]. We divide the
reduction into two cases: (a) the case where the size of hyperedges
in {Grel : G ∈ C} is bounded and (b) the case in which for every
n ∈ N there exists G ∈ C containing a hyperedge of size ≥ n.
(a) Bounded hyperedges Given k DFAA1, . . . ,Ak over an alpha-
bet A, we want to test whether L(A1) ∩ · · · ∩ L(Ak ) , ∅ where
k is the parameter. We can first look for a 2L graph G ∈ C such
that Gr el contains a connected component having a “long path”.
That is, a 2L graph G = (V ,E,H ,η,ν ) with a set of k hyperedges
h1, . . . ,hk ∈ H of size ≥ 2, and k − 1 edges u1, . . . ,uk−1 ∈ E
such that each ui is in hi , hi+1, and nowhere else. In other words,
ui ∈ (ν (hi ) ∩ ν (hi+1)) \

⋃
j<{i,i+1} ν (hj ) for every i . Observe that,

since ccvertex (C) = ∞ and the sizes of hyperedges are bounded, we
must necessarily find such 2L graph G. Further, this is computable
since C is c.e.

We now produce an ECRPQ q over an alphabet B = A ∪̇{#, $}
with abstraction G. Let hk+1, . . . ,hN be the remaining hyperedges
of H , and let q = φ ∧

∧
1≤i≤N Ri (t̄i ) be such that (1) q abstracts

to G, mapping Ri (t̄i ) to hi for every i , where φ is the reachability
subquery, and (2) ui is the last element of t̄i and the first element
of t̄i+1 for every 1 ≤ i < k . Observe that such q exists and that it
can be trivially produced from G in polynomial time. In order to
complete the definition of q, we need to define the synchronous
relation corresponding to each Ri . For i ≤ k , we define the relation
Ri ⊆ B

∗r of arity r as follows

Ri = {(#w $i ,u1, . . . ,ur−2, #w $i+1) : w ∈ A∗u1, . . . ,ur−2 ∈ B
∗}

and for i > k , we let Ri = B∗r , where r = arity(Ri ). Each Ri is
synchronous and can be built in polynomial time. Now we define
a graph database D such that D |= q iff

⋂
i Li , ∅. For each i ≤ n,

we build a graph database Di over the alphabet B, which consists
of the transition graph Ai plus i vertices v,vi1, . . . ,v

i
i−1, one edge

from v to the initial state of Ai reading #, and for every final state
vertex qf of Ai a path from qf to v going through vi1, . . . ,v

i
i−1

reading the word $i . Here is an example of D3, assuming A3 has 2
final states.

<latexit sha1_base64="oL4OOxGyxgfu7+Yu/vwifeE+8ac=">AAAB9HicbVDLSgMxFL3xWeur6tJNsCiuykwVdVlx47KCfUA7lEyaaUMzmTHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+T4seDaOM43WlldW9/YLGwVt3d29/ZLB4dNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mju8xvjZnSPJKPZhIzLyQDyQNOibGS1w2JGVIi0ttp76JXKjsVZwa8TNyclCFHvVf66vYjmoRMGiqI1h3XiY2XEmU4FWxa7CaaxYSOyIB1LJUkZNpLZ6Gn+NQqfRxEyj5p8Ez9vZGSUOtJ6NvJLKRe9DLxP6+TmODGS7mME8MknR8KEoFNhLMGcJ8rRo2YWEKo4jYrpkOiCDW2p6ItwV388jJpVivuVaX6cFmuneV1FOAYTuAcXLiGGtxDHRpA4Qme4RXe0Bi9oHf0MR9dQfnOEfwB+vwBmrKR6A==</latexit>A3
<latexit sha1_base64="MZL2UbAyvfmYzjetWqQ4gsKFY/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IrvEqEcSLx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+VMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzUrZuylX6tel6mUWRx7O4ByuwINbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AN0PjOU=</latexit>

v

<latexit sha1_base64="KQNH8onwq9c4n4TgWwZvdw4gMUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbFU0mKqMeCF49V7Ae0pWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3grGtzO/9cS1EbF6xEnCexEdKhEKRtFKD123X3a9ijcHWSV+TlzIUe+Xv7qDmKURV8gkNabjewn2MqpRMMmnpW5qeELZmA55x1JFI2562fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgR/+eVV0qxW/KtK9f7SrZ3ncRThBE7hAny4hhrcQR0awCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDxACjPg=</latexit>

#
<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$
<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$
<latexit sha1_base64="P4js+OuxzuizSgBqIGtDGZJjzJ8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxap4KkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dE97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV76pSvb8s187zOApwDCdwAR5cQw3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDxGGjPk=</latexit>

$
<latexit sha1_base64="7cR0fpsRc8opQCSi8TDA8hn/jro=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbFU9mtouKpoAePFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+765zf9csWtujOgZeLlpAI5Gv3yV28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfzm6dohOrDFAYKVvSoJn6eyLFQuuJCGynwGakF71M/M/rJia89lMm48RQSeaLwoQjE6HscTRgihLDJ5Zgopi9FZERVpgYG0/JhuAtvrxMWrWqd1mtPVxU6qd5HEU4gmM4Aw+uoA730IAmEBjBM7zCmyOcF+fd+Zi3Fpx85hD+wPn8ATcEjZ0=</latexit>

D3 :
<latexit sha1_base64="SwIP5d9Zb4RVS2u8CuA1G4y+99E=">AAAB7nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4+YyCOBlcwOA0yYnd3M9JKQDR/hxYPGePV7vPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmM7mZ+c8y1EZF6xEnM/ZAOlOgLRtFKzfFTejntet1iyS27c5BV4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFroJIbHlI3ogLctVTTkxk/n507JmVV6pB9pWwrJXP09kdLQmEkY2M6Q4tAsezPxP6+dYP/WT4WKE+SKLRb1E0kwIrPfSU9ozlBOLKFMC3srYUOqKUObUMGG4C2/vEoalbJ3Xa48XJWq51kceTiBU7gAD26gCvdQgzowGMEzvMKbEzsvzrvzsWjNOdnMMfyB8/kD8R2POg==</latexit>

v3
1

<latexit sha1_base64="1JIKXV1I9feH0aRLtRnvQ6+bJvY=">AAAB7nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF4+YyCOBlcwODUyYnd3MzJKQDR/hxYPGePV7vPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR3cxvjlFpHslHM4nRD+lA8j5n1FipOX5KL6fdSrdYcsvuHGSVeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOC10Eo0xZSM6wLalkoao/XR+7pScWaVH+pGyJQ2Zq78nUhpqPQkD2xlSM9TL3kz8z2snpn/rp1zGiUHJFov6iSAmIrPfSY8rZEZMLKFMcXsrYUOqKDM2oYINwVt+eZU0KmXvulx5uCpVz7M48nACp3ABHtxAFe6hBnVgMIJneIU3J3ZenHfnY9Gac7KZY/gD5/MH8qGPOw==</latexit>

v3
2

We finally define D =
⋃
i Di , which is a disjoint union except for v .

Consider, for each ui (remember ui is a path variable of q),
the source node variable xi and the target node variable yi such
that xi

ui
−−→ yi is an atom in the reachability subquery of q. Let

X = {x1, . . . ,xk ,y1, . . . ,yk }. For any mapping fn from the node
variables of q to the vertices of D such that fn (x ) = v for every
x ∈ X , observe that there is some fp such that ( fn , fp ) is a satisfy-
ing assignment for q if, and only if, L(A1) ∩ · · · ∩ L(Ak ) , ∅. On
the other hand, any assignment fn in which some node variable
x ∈ X is not mapped to v cannot be part of any satisfying assign-
ment ( fn , fp ), because the relations Ri (i ≤ k) demand the first and
last symbols of label( fp (ui )) to be # and $ respectively, and this
can only happen if fp (ui ) starts and ends at v —in other words, if
fn (xi ) = fn (yi ) = v . We have then produced D and q such that
D,q is a ‘yes’ instance of p-eval-ECRPQ(C) if, and only if, {Ai }i≤k
is a ‘yes’ instance of the p-IE problem. Further, the size of q depends
only on k and the class C (which is fixed) and can be bound via a
computable function (since C is c.e.), and the database D can be
produced in polynomial time (in fact, linear) with respect to the
size of {Ai }i≤k . All in all, this means that this is an FPT reduction.
(b) Unbounded hyperedges The FPT reduction just shown can be
adapted to this case by simply finding a 2L graphG with a hyperedge
h of size r ≥ k , implementing the graphG as an ECRPQ q as before,
this time with a relation R corresponding to h implemented as

R = {#w $1, #w $2, . . . , #w $k : w ∈ A∗} × B∗(r−k ) ⊆ (B∗)r

and defining all other relations R′ as universal: R′ = B∗arity(R
′) .

Note that R can be produced in polynomial time as a synchronous
relation, and we still have D |= q iff

⋂
i L(Ai ) , ∅. □

6 PUTTING ALL TOGETHER
We finally show how all ingredients fit together to prove the results
promised in Section 3.

Theorem 3.1 (Characterization for p-eval-ECRPQ). For any
c.e. class C of 2L graphs,

(1) if ccvertex (C) = ∞, then p-eval-ECRPQ(C) is XNL-complete;
(2) if ccvertex (C) < ∞ and tw(C) = ∞, then p-eval-ECRPQ(C) is

W[1]-complete;
(3) if ccvertex (C) < ∞ and tw(C) < ∞, then p-eval-ECRPQ(C) is

FPT.

Proof. (1) The upper bound follows from Lemma 4.2 and the
lower bound from Lemma 5.4.
(2) For the lower bound, suppose ccvertex (C) = c and tw(C) = ∞.
By Lemma 5.2, this implies tw(Ccollapse) = ∞, and thus we have
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that p-eval-CQbin (C
collapse) is W[1]-complete by Corollary 2.6. Ap-

plying the FPT reduction of Lemma 5.3, we obtain that p-eval-
ECRPQ(C) isW[1]-hard. The upper bound follows fromLemma 4.3(1)
combined with the upper bound of Proposition 2.3(2).
(3) Since tw(Cnode) < ∞, observe that p-eval-CQ(Cnode) is FPT
(further, in polynomial time) by Proposition 2.3(1). Hence, the FPT
reduction of Lemma 4.3(1) yields an FPT algorithm. □

Theorem 3.2 (Characterization for eval-ECRPQ). For every
cc-tame class C of 2L graphs, and assumingW[1] , FPT,
(1) if ccvertex (C) = ∞ or cchedge (C) = ∞, then eval-ECRPQ(C) is

PSpace-complete;
(2) if ccvertex (C) < ∞, cchedge (C) < ∞ and tw(C) = ∞, then eval-

ECRPQ(C) is in NP and not in polynomial time;
(3) if ccvertex (C) < ∞, cchedge (C) < ∞ and tw(C) < ∞, then eval-

ECRPQ(C) is in polynomial time.

Proof. (1) The lower bound is given by Lemma 5.1, and it is
the only place where cc-tameness is used. The upper bound follows
from the PSpace upper bound of eval-ECRPQ of Proposition 2.2.
(2) For the lower bound, observe that if eval-ECRPQ(C) was in
polynomial time, then in particular p-eval-ECRPQ(C) would be
FPT. The previous Theorem 3.1(2) has established that, however, p-
eval-ECRPQ(C) isW[1]-complete, and thus this would imply FPT =
W[1], contradicting the hypothesis. The upper bound follows from
the polynomial time reduction to eval-CQ of Lemma 4.3(2), com-
bined with the fact that eval-CQ is in NP [7].
(3) This follows again by the polynomial time reduction to eval-
CQ(Cnode) of Lemma 4.3(2), combined with the fact that, since
tw(C) = tw(Cnode) < ∞, eval-CQ(Cnode) is in polynomial time by
Proposition 2.3(1) [8]. □

7 CONCLUSION
We have studied ECRPQ, a previously studied expressive extension
of CRPQ with path relations. We have classified the complexity of
the (parameterized) evaluation probem for fragments of ECRPQ, as
defined by their underlying structure. Contrary to CQ and CRPQ,
the different scenarios in this case are more elaborate, and in par-
ticular tractable evaluation does not coincide with tractable param-
eterized evaluation. However, they can be succinctly described by
means of three measures: treewidth, and the sizes (either as #edges
or #vertices) of connected components of the relations used.

The characterization results can be extended in a standard way
to non-Boolean queries having free node variables (considering the
corresponding decision problem of whether a tuple of vertices is in
in the answerset), and to finite unions of ECRPQ (a.k.a. UECRPQ).
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A MISSING DETAILS
Lemma A.1. Let C be a cc-tame class of 2L graphs such that

ccvertex (C) = ∞ or cchedge (C) = ∞. Then, for every n ∈ N, there
exists a computable 2L-graph G ∈ C such that Grel contains some
connected component c having either (i) n vertices, or (ii) a vertex
incident to n hyperedges.

Proof. Recall that C is cc-tame and ccvertex (C)+cchedge (C) = ∞.
So there exists a computable function f such that for all k ∈ N,
ccvertex ( f (k )) + cchedge ( f (k )) ≥ n. LetG = f (n + (n − 1)2). ThenG
is computable (by the computability of f ).

We argue thatGrel contains a connected component c which has
either at least n vertices (Case (i)), or at least one vertex incident
to n hyperedges (Case (ii)). If (i) is not true, then every connected
component ofGrel contains at most (n−1) vertices, so ccvertex (G ) ≤

n−1. Further, if (ii) is not true, then every vertex inGrel is incident to
at most (n− 1) hyperedges, so cchedge (G ) ≤ (n − 1)2. Therefore, the
largest possible value of ccvertex (G )+ cchedge (G ) is (n−1)+ (n − 1)2.

https://doi.org/10.1145/2463664.2465216
https://doi.org/10.1145/2463664.2465216
https://doi.org/10.2168/LMCS-9(3:1)2013
https://doi.org/10.1145/2389241.2389250
https://doi.org/10.1145/2389241.2389250
https://doi.org/10.1145/3070822
https://www.worldcat.org/oclc/06364613
https://doi.org/10.1109/LICS.2000.855755
https://doi.org/10.1145/800105.803397
https://doi.org/10.1016/S0304-3975(99)00220-0
https://doi.org/10.1016/S0304-3975(99)00220-0
https://doi.org/10.24963/ijcai.2020/239
https://doi.org/10.1109/CCC.2003.1214407
https://doi.org/10.1109/CCC.2003.1214407
https://doi.org/10.1007/978-1-4612-0515-9
https://doi.org/10.1016/j.jcss.2013.01.008
https://doi.org/10.1016/j.jcss.2013.01.008
https://doi.org/10.1145/1206035.1206036
https://doi.org/10.1145/380752.380867
https://doi.org/10.1109/SFCS.1977.16
https://doi.org/10.1145/2535926
https://doi.org/10.1145/2535926
https://doi.org/10.1109/LICS.2017.8005106
https://doi.org/10.1109/LICS.2017.8005106
https://doi.org/10.1145/3375395.3387663


Diego Figueira and Varun Ramanathan

However, G = f (n + (n − 1)2) and by definition f satisfies

ccvertex ( f (n + (n − 1)2)) + cchedge ( f (n + (n − 1)2)) ≥ n + (n − 1)2)

This is a contradiction. Therefore either (i) or (ii) is true. □

Proof of Lemma 4.1. Consider an edge hC ∈ Ĥ , where C =
{h1, . . . ,hℓ } is a maximal connected component of Grel, and con-
sider the atoms R1 (π̄1), . . . ,Rℓ (π̄ℓ ) from the relation subquery of q
corresponding to C . Suppose that π̄1, . . . , π̄ℓ use the path variables
π1, . . . ,πr , and that each π̄i is of length ri (i.e., it denotes an ri -ary
relation). We build an r -ary relation RC (π̄ ) for π = π1, . . . ,πr such
that for every mapping f : π̄ → A∗ we have

f (π̄i ) ∈ Ri for every i ≤ ℓ if, and only if, f (π̄ ) ∈ RC .

Consider the NFAAi = (Qi ,q
i
0,δi , Fi ) over (A ∪̇{⊥})

ri correspond-
ing to each Ri of arity ri . Let |π | = r .

For every i ≤ ℓ, let γi : {1, . . . , ri } → {1, . . . , r } be the mapping
sending j to j ′ if the j-th variable of π̄i is πj′ .

We define the relation R via the following NFAA = (Q,q0,δ , F )
over (A ∪̇{⊥})r , where
• Q = Q1 × · · · ×Qℓ

• q0 = (q1
0, . . . ,q

ℓ
0 )

• F = {(q1, . . . ,qℓ ) : q1 ∈ F1, . . . ,qℓ ∈ Fℓ }

• (q1, . . . ,qℓ )
(a1, ...,ar )
−−−−−−−−−→ (q′1, . . . ,q

′
ℓ
) ∈ δ if we have that

qi
(aγi (1), ...,aγi (ri ) )
−−−−−−−−−−−−−−−→ q′i ∈ δi for every i ≤ ℓ.

The query q̂ is then be built by replacing eachR1 (π̄1), . . . ,Rℓ (π̄ℓ )
with RC , for every maximal connected component C .

The procedure is in polynomial space, since every element of
Q,δ , F can be described in polynomial space and the membership
to these three sets is in polynomial time. Observe that if ccvertex (G )
and cchedge (G ) are constant, so is r and ℓ in the construction above.
Hence, A can be built in polynomial time. □

Proof of Claim 5.2 (with more details). ⇐ Assume D |= q
through a satisfying mapping µ from the variables of q to the
nodes of D. In other words, for every 1 ≤ i ≤ ℓ we have that
Ri (µ (xi ), µ (yi )) and R′i (µ (yi ), µ (x

′
i )) are in D. Remember that G is

the abstraction of qG , and Gcollapse is obtained from G by splitting
edges and adding component vertices. Let R (π1, . . . ,πr ) (where
r = arity(R)) be an atom of the relational subquery of qG , and let
1 ≤ i ≤ r . Let the clause containing πi in the reachability subquery
of qG be of the form x jk

πi
−−→ x ′j′k

. We then know that there is a
subquery of q of the form Rjk (x jk ,yjk ) ∧ R

′
jk
(yjk ,x

′
j′k
), where yjk

is the variable corresponding to the connected component of πi .
Hence, by our construction of D̂, there exists a path

µ (x jk )
Rjk
−−−→ µ (yjk )

w
−−→ µ (yjk )

R′jk
−−−→ µ (x ′j′k

)

wherew ∈ {0, 1}+corresponds to reading the {0, 1}-labeled simple
cycle attached to the vertex µ (yjk ). Denote this path by fp (πi ), and
let fn = µ. Then fn , fp serves as a satisfying assignment for qG on
D̂.
⇒ Conversely, given satisfying assignments fn , fp for the node
and path variables of qG on D̂, one can easily build a satisfying
assignment µ for q on D. Restricted to node variables, µ (x ) = fn (x ).

Given a component variable y of q corresponding to a connected
component c of Grel, consider any path variable π of c such that
label( fp (π )) = RwR′ for some R,w,R′, where w is the binary en-
coding of the number i (by construction, all such π in c will read the
samew). Then, we can send the variable y to vi . For each 1 ≤ i ≤ ℓ,
the existence of the D̂ path

fn (x )
Ri
−−→ fn (yi )

R′i
−−→ fn (x

′
i )

shows that Ri (µ (xi ), µ (yi ))∧R′i (µ (x
′
i ), µ (yi )) holds true in D. Thus

µ is an assignment witnessing D |= q. □

Missing details from proof of Lemma 5.1. We show that the
relation R from Case (1) is synchronous and can be built in poly-
nomial time. Let n = max1≤ℓ≤k iℓ . We define R via the NFA A =
(Q,q0,δ , {qf }) over the alphabet (A ∪̇{$, #,⊥})k where

Q = {q0,q1, . . . ,qn+1,qf }

and δ has the following transitions:

• q0
($, ...,$)
−−−−−−−→ q1;

• q1
(a, ...,a)
−−−−−−−→ q1 for every a ∈ A;

• qi
(z1, ...,zk )
−−−−−−−−−→ qi+1 for every 1 ≤ i ≤ n where, for every j;

(1) zj = # if i ≤ i j ;
(2) zj = $ if i = i j + 1 and
(3) zj = ⊥ otherwise;

• qn+1
(z1, ...,zk )
−−−−−−−−−→ qf where, for every j

(1) zj = $ if n + 1 = i j + 1 and
(2) zj = ⊥ otherwise.

Observe that this NFA can be built in polynomial time and that it
denotes the relation R of all k-tuples

($u # · · · #︸︷︷︸
i1

$, . . . , $u # · · · #︸︷︷︸
ik

$) ∈ (A ∪̇{$, #})∗k

for every u ∈ A∗. □
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