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Quick review of Models under
Location Uncertainty (MLU)
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Let A C RY(d = 2,3) be a domain and Xo = x € A.
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dX,

dt

= u(Xy, t) (1)

Stochastic flow [Mémin, 2014, Bauer et al., 2020]:
AX, = u(Xe, t)dt + > &"(Xy, t) WY (1t3)
n

— (u — % Z(g"-V)g") dt+ ) gmodwy (Stratonovich)

n

o
— {W{}, is a set of independent standard Brownian motions defined on a
filtered probability space (£2, F, {F:},P) with Ep[d W, |F:] = 0.

— {€"(e,t)} is a set of orthogonal eigenfunctions of the spatial covariance at

each time t.



Transport under LU

Transport of tracer:
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Transport under LU

Transport of tracer:

O(Xtyor, t +dt) = O(Xy¢, t) (2)
Deterministic transport:
DO 00

E—E‘FU-V@:O (3)

Stochastic transport [Bauer et al., 2020, Resseguier et al., 2020]:

D.0 = d© + (u* dt+Y g"odwg) V=0, (4)

where d:O(x, t) = ©(x, t + dt) — O(x, t).



Re-weighting of Brownian motion

AW, = dW; + . dt (5)
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Re-weighting of Brownian motion

AW, = dW; + . dt (5)

Change of probability measure:

Q7 (F,},P) Q,F,{F},Q)
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Cameron-Martin-Girsanov theorem:

1 T z dQ_ T 1 T .
Ep{exp(i/o (pee) dt)]<oo == d—]p—exp{/0 utth—E/o we dt



Adjust drift in MLU
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Stochastic flow under Q:

dX, = (u - Zg”ﬂg’) dt + Z&"d\?\/g Q)



Adjust drift in MLU
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Adjust drift in MLU

dX, =wu*dt+ ) & dW; ()

Stochastic flow under Q:
dX; = (u = Z&"u?) dt+> € dwy (Q)
= (U* - ZS"/L?) dt+ ) €"edwy (6)

u*

Stochastic transport under ():

DO = d© + (.T* dt + Zg“odW:) VO=0 (7)



Application to ocean
quasi-geostrophic (QG) dynamics




Deterministic QG model
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Governing equations:
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u= Vi-w Figure 1: lllustration of the
Quasi-Geostrophic Coupled Model (Q-GCM)
from [Hogg et al., 2003, Hogg et al., 2004]
(see details in http://www.q-gem.org).

T = mixed layer temperature; g = potential vorticity (PV); D = dumping terms; F =
forcing terms; 1) = streamfunction; fy + Sy = Coriolis approximation; N = buoyancy

frequency; V2 = 92 + 02; V+ = (=0, Ox).


http://www.q-gcm.org

Deterministic simulations
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Figure 2: Snapshot (Year 95) of upper layer PV from deterministic simulations
at different resolutions. (REF: eddy resolving reference; DLR: deterministic
low-resolution.) Baroclinic Rossby radii are (39,22) km.



Stochastic QG model

Governing equations:

D: T = (Dr + Fr)dt (92)

Deq = (D, + F,)dt — > J(uj, (dXe)i) (9b)
o (2o

v+ o (&5 ) —a-br (90)

where J(u, v) = Oudyv — dyudyv, (dX:)i = uf dt + 3, €7 od W, and
V x ((vV)u) =v-V(V xu)+ 3, I(ui,v).



Stochastic QG model

Governing equations:

D: T = (Dr + Fr)dt (92)

Diq = (D, + F)dt = > J(u;, (dXe);) (9b)
o (12 o

v+ o (&5 ) —a-br (90)

where J(u, v) = Oudyv — dyudyv, (dX:)i = uf dt + 3, €7 od W, and
V x ((vV)u) =v-V(V xu)+ 3, I(ui,v).

Energy conservation (D = F = 0) [Bauer et al., 2020]:

dt/% <(V¢)2 + ,6’22(215)2) dA=0 (10)



Calibration of EOFs and correction drift
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v, = (I — F1) |1, and deriving the geostrophic velocity
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Calibration of EOFs and correction drift

Given a set of eddy-resolving streamfunction {4;(x, t;)}n=1,... n

e Spatially high-pass filtering data for coarse grid points,
] = (I — F)vr |, and deriving the geostrophic velocity
fluctuations, u} = V1.

e Detrending v} = u) — u’Lt and performing POD:

uf(x, £) = Y0y a"(£)$"(x) with (¢", &™) 4 = Spm and

anamt = A0 nm.

e Rescaling the noise EOFs by £"(x) = VAT ¢"(x) with 7 the
small-scale correlation time (usually chosen as At;).

e Finding the coefficients of correction drift 1" by solving

—t2 . —t
mmHV‘ ' —u; H4 e p”=(up,§"),.



Stochastic simulations
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Figure 3: Snapshot (Year 120) of upper layer PV from different models.
Baroclinic Rossby radii are (39,22) km.
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Long-term mean
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Figure 4: Temporal mean (from 110 yrs to 210 yrs) of upper layer
streamfunction for different models.
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Vertical effect

“Barotropic noise”: EOFs and drift learned from [ u} dz

“Baroclinic noise”: EOFs and drift learned from u] — [ u] dz
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Vertical effect

“ ": EOFs and drift learned from [ u} dz

“ ": EOFs and drift learned from u} — [u} dz
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Figure 5: Temporal mean (from 110 yrs to 210 yrs) of bottom layer
streamfunction for different models. (MLU-BT: MLU with “barotropic noise”;
MLU-BC: MLU with “baroclinic noise".)
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Dynamical parametrization

Updating noise in time by projection:

o V() 9 (fF oY
P=L=1war "~ 5z \ N2 oz (11)

“New noise” = " P&"odW;" (recalling that ¢ = V¢ +n + By)
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Updating noise in time by projection:

S /(0 4) M < 7 aw)

Ve "= 8z \WE Bz (1)

“New noise” = " P&"odW;" (recalling that ¢ = V¢ +n + By)

REF (5 km)

MLU (80 km) MLU-P (80 km)

4000

3000

y (km)
y (km)

2000

1000

0 Ve Lo s
0 500 1000 1500 2000 2500 3000 3500
x (km)

[ e e e ——
0 500 1000 1500 2000 2500 3000 3500

0
0 500 1000 1500 2000 2500 3000 3500

80 -60 -40 -20 00 20 40 60 80

80 60 -40 -20 00 20 40 60 80
(107%57)

-8.0 -60 -40 -20 00 20 40 6.0 80
(105571

Figure 6: Snapshot (Year 120) of upper layer PV from different models.

(MLU-P: MLU with projection noise.) Baroclinic Rossby radii are (39,22) km. 13



Diagnosis of variability
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Application to ocean-atmosphere
coupling




QG atmosphere (p, q)

e & &

\Atm mixed layer (T, hj

Wind stress

Ocn mixed layer (T)
i ' {%

QG Ocean (p, q)

Ekman layer momentum:

foxu=-Vp+ 0,7
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Ekman layer momentum:

QG atmosphere (p, q)

@ {E} % @ foxu=—-Vp+0,7 (14a)

(e mixed layer 0 1) Wind stress [Duhaut and Straub, 2006]:

Wind stress
| Ocn mixed layer (T) 7—3 = paCD‘lla — uo‘(ua — UO)
£y & ¥

QG Ocean (p, q)
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Ekman layer momentum:

QG atmosphere (p, q)

@ {E} % @ foxu=—-Vp+0,7 (14a)

(e mixed layer 0 1) Wind stress [Duhaut and Straub, 2006]:

| Ocn mixed layer (T) 7'a = paCD‘ua — uo‘(ua — UO) (14b)
te & ¢

QG Ocean (p, q)

Current stress:

T = (p*/p°)T° (14¢)

p — pressure; T — stresses; a — atmosphere; o — ocean; Cp — drag coefficient

(assumed to be constant here); p — density.
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Mixed layer noise

Let dU: =), £"dW,", dP: be a random pressure and dT; be a (possible)

random stress.

Mixed layer noise satisfying geostrophic equilibrium:

fo X (updt +dU;) = =V (pdt + dP;) + 9,7 dt (15a)
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Mixed layer noise

Let dU: =), £"dW,", dP: be a random pressure and dT; be a (possible)

random stress.

Mixed layer noise satisfying geostrophic equilibrium:

fo X (updt +dU;) = =V (pdt + dP;) + 9,7 dt (15a)
fo x AU, = —VdP, (15b)

Mixed layer noise satisfying ageostrophic regime:

fo x (uydt +dU;) = =V (pdt + dP;) + 0, (T dt +dT,) (16a)
fy x dU, = —VdP; + 8,dT, (16b)

AT = p?Cp|dU7 — dUF|(dUT — dUY) (16¢)

dT? = (p*/p°)dT] (16d)
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First results
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Figure 7: Comparison of 15-years-mean of the ocean upper layer stream function
(top) and the sea surface temperature anomaly (bottom) for different coarse-grid (40
km for ocean and 160 km for atmosphere) runs. (MLU-GN: MLU with geostrophic

mixed layer noise; AGN: with ageostrophic noise.) T



Current feedback

REF (5 km)

Eddy wind work [Renault et al., 2016,
Renault et al., 2017]:
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Figure 8: Eddy wind work
for eddy-resolving simulation
data (5km for ocean and
80km for atmos). Here a
2-years high-pass filter is used
for 80-years data.
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Current feedback

REF (5 km)
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Figure 8: Eddy wind work
for eddy-resolving simulation
data (5km for ocean and
80km for atmos). Here a
2-years high-pass filter is used
for 80-years data.

Eddy wind work [Renault et al., 2016,
Renault et al., 2017]:

FeKe = (o) - (uo)  (17)

Under ageostrophic mixed layer noise:

((roy dt+aT¢) - ((ue) dt +dUy)
= (r°) - (w°) dt+d7r7-dU, (18)

(for a long term mean)
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e Calibrate dynamical EOFs using advanced data analysis techniques
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Next steps

Calibrate dynamical EOFs using advanced data analysis techniques

Account relative vorticity into Ekman layers momentum
[Pedlosky, 2008]

e Extend the uniform drag coefficient to a spatially depended version
[Fairall et al., 2003]

Include adjustment of the wind forcing with the temperature

variations

Combine the stochastic QG model and the stochastic SQG model
[Lapeyre and Klein, 2006]
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Thank you very much!

Questions?
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