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Total variation distance between a jump-equation and its
Gaussian approximation

Vlad Bally" and Yifeng Qin"

“Université Gustave Eiffel, LAMA (UMR CNRS, UPEMLV, UPEC), MathRisk INRIA,
F-77454 Marne-la-Vallée, France. Email address: bally@univ-mlv.fr

Abstract

We deal with stochastic differential equations with jumps. In order to obtain an accurate approximation
scheme, it is usual to replace the "small jumps" by a Brownian motion. In this paper, we prove that for
every fixed time ¢, the approximate random variable X; converges to the original random variable X; in
total variation distance and we estimate the error. We also give an estimate of the distance between the
densities of the laws of the two random variables. These are done by using some integration by parts
techniques in Malliavin calculus.

Key words: Stochastic differential equations with jumps, Malliavin calculus, Total variation distance,
Gaussian approximation
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1 Introduction

In this paper we consider the stochastic differential equation with jumps

¢
Xt:er/ / c(s,z, Xs— )N, (ds,dz)
0 J(0,1]

where N, is a Poisson random measure on (0, 1] with compensator p(dz)ds and ¢ is a coefficient which
verifies strong regularity hypotheses (see Hypotheses 2.1-2.4 in Section 2.1). The typical example that
we have in mind is u(dz) = z?—jpl{ze(o,u}, with p € [0, 1), so this is a truncated stable process - however,
throughout the paper, we keep the general framework in which p is a measure which has infinite mass
around zero. Our aim is to replace the "small jumps" by a space-time Brownian motion:

¢
X; = x4+ / c(s,z,X;_)N,u(ds,dz) ey
0 J{z>e}
t

t
—|—/ be(s,Xi)ds—i—// c(s, 2, X)W, (ds,dz),
0 0 J(0,]

where W, (ds, dz) is a space-time Brownian motion (in the sense of Walsh [36]) with covariance (dz)ds,
x € R, and the coefficient b, is defined by

be(s,x) = /(o,s] c(s, z, x)p(dz).

The interest of such approximations appears in various frameworks.

Our main motivation comes from numerical computations. If ;(E) < oo then there are a finite number
of jumps in any compact interval of time, so X; may be represented by means of a compound Poisson
process which may be explicitly simulated. But if u(E) = oo this is not possible anymore (except in very
particular situations - see Talay and Protter [34] for example), and the "small jumps" should be truncated
to revert to the case of a finite measure. This procedure is rather rough and gives large errors. In order to
improve the approximation scheme, one may replace the "small jumps", namely those smaller than ¢, by
a stochastic integral with respect to W, (ds, dz). Note that the Poisson measure dV, is not compensated,
which is why the drift corresponding to b. appears. This idea goes back to Asmussen and Rosinski [3].
In the case of SDE’s driven by a Lévy process, Fournier [16] gives a precise estimate of the error and
compares the approximation obtained just by truncating the small jumps to the one obtained by adding a
Gaussian noise as in (1). An enlightening discussion on the complexity of the two methods is also given.
However, in that paper, the strong error is considered, while in our paper we discuss the weak error.

A second motivation comes from modelization problems in chemistry and biology: we are concerned by
reactions which are naturally modelled by means of jump processes containing two regimes: one is very
rapid but the jumps are small, and another is much slower and the jumps are larger — see for example
[1], [2], [4], [13], [28], [29]. In this case the regime corresponding to the rapid scale may be modelled by a
stochastic integral with respect to a Gaussian process and the slow regime by a compound Poisson process.
It may also be reasonable to consider an intermediary regime and this would be modelled by a drift term.

A third motivation is given by a class of statistical problems (see [11], [15] and references therein), where
a stochastic process is observed at various times and it should be decided whether its increments are due
to small jumps or to a Gaussian component. In this framework it is important to estimate the error in total
variation sense. The authors explain that, if the error in total variation between the laws of X; and of X;
goes to zero, then there is no way to construct a test which decides if the noise comes from small jumps
or from the Brownian motion. So, asymptotically, the two models contain the same information.

Let us now discuss briefly our results and the relation to previously available estimates. If L; (respectively
L) represents the infinitesimal operator of X; (respectively of X7 ) then a development in Taylor series of
order two gives

(L = L) flloe <€ ||f||3,oo/ é(2)]” u(dz),

0,e



where é(z) := supsup |c(s, z,x)| and || f|l; .. == > [If@|oo. Then a Trotter-Kato type argument yields
s<T z€R ’ 0<i<3

sup [[(P; = PO) fllee < Cllflls 00 /(0 | (=) uldz)

s<T

where P, (respectively of Pf) represents the semigroup of X; (respectively of X}).

The drawback of the above estimate is that the bound on the error involves || f Hs,oo’ so it only applies
to smooth test functions. The main contribution of our paper is to replace || f||; ., by || f|[.., so as to prove
convergence in total variation distance. This is done under non-degeneracy and regularity assumptions
on the coefficient c. Moreover, under these hypotheses, we prove that P(X;(z) € dy) = p:(z,y)dy and
P(X:(x) € dy) = p§(z,y)dy with smooth densities y — p;(x,y) and y — p$(z,y). And, for every k and
every 0 > 0, we obtain

1-9
o~ 0pill.. < Coa( [ 16 na=))

This proves that p converges to p; in distribution norms as ¢ — 0.

Our approach uses a strategy based on integration by parts (an abstract Malliavin calculus) developed
in [6].

The paper is organized as follows. In Section 2, we give the main results and in Section 3, we recall
the integration by parts technique introduced in [6] and used here. In Section 4, we use these results
in the framework of stochastic equations with jumps and we prove the main result (Theorem 2.2). The
Appendix contains technical estimates concerning Sobolev norms in Malliavin sense.

2 Main results

2.1 The basic equation and the hypotheses

A time horizon 7" > 0 will be fixed throughout the paper. As already mentioned, we deal with the
one-dimensional jump equation

t
Xt:er/ / c(s,z, Xs—)Ny(ds,dz), 2)
0 J1]

where N, is a Poisson point measure with intensity ]ﬁ(ds, dz) = p(dz)ds, and p is a positive o-finite
measure on (0,1], ¢ € [0, 7.

For technical reasons which will be discussed in Section 4, we introduce the following change of vari-
ables. Let 6 : (0,1] — [1,00) be the function defined by 6(z) = 1, and let v(dz) := p o 7'(dz). Then
v is a positive o-finite measure on [1,00). Consider a Poisson point measure N, (ds, dz) with intensity

N,(ds,dz) = v(dz)ds. One may then check that for every ¢t € [0,7T], X; has the same law as X, with
(X¢)tejo,7) the solution of

t
X, :er/ / (s, 2, Xs— )N, (ds,dz), 3)
0 J[1,00)

where ¢(s, z,2) := c(s, L, z).
Since this paper deals with the laws of the solution to (2),it is equivalent to consider the equation (3).
We formulate our hypotheses in terms of ¢ and v (instead of ¢ and ).

Hypothesis 2.1 (Regularity with parameter ¢*) The map (s, z) — ¢(s, z,x) is continuous, and there
exists a non-negative and decreasing function ¢ : [1,00) — R and a constant ¢* € N such that for every
indices 31, 82, with 8; < ¢* and B3 < ¢*, we have

sup sup(|c(s, z, )| + \8526515(3,2,3:”) <¢(z), Vzell,00),
s€[0,T]) z€R



with
/ |e(2)|Pv(dz) =: ¢, < 00, Vp>1. )
[1,00)

Remark. We will use several times the following consequence of (4) and of Burkholder’s inequality (see for
example the Theorem 2.11 in [26]): We assume that ®(s, z,w) and ¢(s,w) are two non-negative functions
such that

[B(s, 2,w)| < (=)p(s,0)-

Then for any p > 2,

T T
E‘/O /1 )@(s,z,w)Nl,(ds,dz) : <C x CpE/O lp(s,w)|Pds, (5)

where C,, = maz{(¢2)%,¢,, (¢1)?} and C is a constant depending on p and 7.

Proof. By compensating NN, using Burkholder’s inequality and (4), we have

E|/ / (s,2,w) (dsdz|p<C'E|/ / (s,2,w) dsdz \p—HE\/ / (s, z,w)r(dz)ds|?)
[1,00) [1,00) 1,00)

<CE / (/ |®(s, z,w)|*v(d2)) 2ds+E/ / (s, z,w)Pr(dz) ds+]E/ / (s,2z,w)r(dz)|Pds)
0 [1,00) 1,00) 1,00)

<Cx CPE/ lp(s,w)|Pds.
0
O

Hypothesis 2.2 There exists a non-negative function ¢ : [1,00) — R such that f[1 00) |¢(2)|Pr(dz) =: ¢, <
oo, Vp>1,and
0:¢(8, 2, x)
1+ 9,¢(s, 2, x)

To avoid overburdening notation, since both hypotheses 2.1 and 2.2 apply, we will take é(z) = &(z).

<é(z), Vsel0,T],zeR,z e[l 00).

Hypothesis 2.3 (Ellipticity) There exists a non-negative function ¢ : [1,00) — R such that for every
s€[0,T),x € R,z € [1,00),

10.¢(s,z,x)[> > c(z) and [&(s,z x)]> > c(2).

Hypothesis 2.4 (Sector condition) This is a supplementary hypothesis concerning the measure v. Two
version of this hypothesis will be used; we state them separately below. Let I;, = [k,k + 1),k € N and
my, = v(Ij).

(a) Strong sector condition: We say that the strong sector condition is satisfied if there exist constants
g+ > 0and a; > ag > as > 0, such that

wd) :

I].]k (Z) e = ]]‘Ik (Z)Zl—ialdz for all & S N, (6)
c(z) > e for all z > 1 and,

00 =0, |P

/ @dz < o0 forall p > 1. 7
1 2T

Notice that if (6) is true for some a1, then it is also true for any a < a;. So (6) also implies
zx(dz) . Ex
1;,(2) p—— 17, (2)erdz, with e = EDE



for any a < ay.
(b) Weak sector condition: We say that the weak sector condition holds if there exist constants ¢, > 0
and « > 0, such that for every k£ € N, we have

1,029 s 3, (9)%d: forallkeN, ®)
mg z
c(z) > = for all z > 1 and,
Z@
|5 p
/ @dz < 0 for all p > 1. ()]
1

d .
VT(YL:) > ]].[,c (z)skdz with ¢, = k:s—Cl'

We notice that (8) also implies 1, (z)

Remark. Notice that hypotheses 2.1, 2.2 and 2.3 are analogous to those in [10] (2 — 7,2 — 26,2 — 24).
Henceforth, we will suppose that hypotheses 2.1-2.3 hold, as well as either 2.4(a) or 2.4(b).

2.2 Approximation

We come back now to equation (2). The goal of this paper is to replace the small jumps in (2) by a drift
and a Brownian motion. In equation (2), the Poisson point measure NN, is not compensated, so the first
step is to introduce a drift (see b. below) which represents the compensator. Afterwards, we introduce a
space-time Brownian motion W, in order to replace the "compensated small jumps":

¢
X; = er// c(s,z,X;_)N,(ds,dz)
0 J{z>e}

t t
+/ bs(s,Xj)ds—i—// c(s,z, XJ)W,(dz, ds), (10)
0 0 J(0,]
where
be(s, x) :/ c(s, z,x)p(dz)
(0,¢]

and W, is a space-time Brownian motion with covariance measure ;(dz)ds, which is independent of N,,.

Let us discuss this equation. We notice that we keep the "big jumps" with z > ¢ but we eliminate the
"small jumps" with z < . We replace the "small jumps" by the drift with coefficient . and by the stochastic
integral with coefficient c. This stochastic integral is driven by the so called space-time Brownian motion
W, as introduced by Walsh in [36]. The existence and uniqueness of the solution to this equation (10) are
also given by Kunita (see [26], [27]).

We recall that we work on a fixed interval of time [0, T']. We now precise the filtration that we consider.
Let

FV = o(Wu(ely) : ¢ € L2((0,1] x [0, 77, o x Leb)),
FY =o(Nu(plpy) : ¢ € L'((0,1] x [0,T], u x Leb)),
Fe=FVNFN, (11)

where Leb denotes the Lebesgue measure and

W) = / ' /( P Waldsn ), () = / ' /( | PNl d2).

So, X; is F;—measurable and X, is 7}V —measurable.
We denote

L*(W)={F e F}Y :E|F|? <o}, L*(N)={GeF}N E|G] <} (12)



Remark. Let ® be an adapted and piecewise constant process, that is

m

(I)(Sv 2, w) = Z Z (I)iu' (w)]l[si,si+1) (S)]]‘Bj (Z)7

i=1 j=1
where 0 < s; < -+ < 8p,4 = 1,---,n, Bj € B((0,1]),j = 1,--- ,m, are disjoint sets. Suppose that ®; ;

are 7,V —measurable for all j = 1,--- ,m, and sup E|®; ;|> < co. Then for every G € L*(N), we have
i’j

T
E[G ></ / (s, z,w)W,(ds,dz)| = 0. (13)
0 (0,1]

Proof. Since W, ([si, si+1) x Bj) is centered and independent of ®; ; and of G, foralli = 1,--- ,n, j =
1,---,m, it follows that E[G®; ;W,([si, si+1) x Bj)] = 0. Then it extends by linearity, and so (13) is
true. O

Now we write the infinitesimal operator of X, and X¢, respectively: For ¢ € C3(R) (the space of
functions with continuous and bounded derivatives up to order 3),

Loe) = [ (0tels.n0) - d)ulds)  and
(0,1]
Log(z) = /{ (00l 2,2) — 6EDHAE) + 0@l ) + 36 @aclsr), ()

where

a.(s,z) = /(o,a] le(s, z, @) |*pu(dz).

Using Taylor’s formula of order 2, we find

Lsg(x) = /{ N }(sb(ff +e(s,2,2)) = ¢(2))u(dz) + ¢ (2)b(s, 2) + 36" (2)ac(s, x) + Ry(z),

where
[Rs(x)] < %H¢>ll3,oo/ (s, 2, 2) [P u(dz),
(0.¢]
with [|¢]l, .o := > [[¢”]|l, the sum of all the uniform norms of the derivatives of function ¢ up to

0<i<I
order /. In conclusion, we find

1(Zs = L)lloe = [ Ralloy < 2116l 75(E), (15)
with
() = /( 1601/ i) = /[ P @), P21 (16)
0,e e~ 1,00

Then, we can give an estimate of the distance between the semigroups. We use the standard semigroup
notation, which we remind below. Let [X;(s, z)];>s and [X{ (s, z)];>, be the solutions to (2) and (10), re-
spectively, starting at time s from point z. Denote by Ps ;¢(z) = E¢ (X (s, v)) and PS¢ (x) = E¢(X; (s, 7).
Also, set P, := Py and Py := Fg,.

Lemma 2.1. There exists a constant C depending on T such that for ¢ € Cg’ (R) and 0 <t < T, we have

[Pr¢ — P ¢l < Clloll5 00 m3(€)- 17



Proof. Step 1 Trotter-Kato method: We know from Kunita [27] (Theorem 4.5.1) that we have the Kol-
mogorov forward and backward equations:

atps,tﬁb(x) = Rs,tLt¢(z)7 atpsfd)(x) = PffLE¢( ); (18)
asPs,t(b(x) = _LsPs,t¢)(x)a s s,t¢(x) = _L€P€t¢( ) (19)

Then using Newton-Leibniz’s formula and (18), (19),
t
P{6(a) - Pla / 0.(P5 Pn)o@)ds = [ (5 (L5 = L)Pu)ola)ds.
0

It follows that
t

||Pt¢—Pt€¢||oo < ||P0€,3(Li _LS)Ps,tQSHOOdS
< / I(Z5 — L) Pasd].
< Lm) / 1Pyl .. ds. (20)
0

Step 2 (propagation of regularity) In [27], Kunita has shown in Theorem 3.4.1 and Theorem 3.4.2
the regularity of the flow associated with the jump-diffusion. So in our case, we have

[1Pse0ll3 0 < Slég(EW(Xt(S» )| + El0:6(Xe(s,2))| + E|026(Xe (s, 2))| + E[076(Xe(s, 2))])

1911300 SUDE[1 + 3105 X (s, )] + 3102 X4 (s, ) +102Xe(s, )] < C Il - (2D
zTE

IN

Substituting (21) into (20), we obtain (17). O

Remark. A similar result has been obtained in [21] (Theorem 4.7). Besides, one may also consider an
approximate equation obtained just by discarding the small jumps:

—_— t —_—
Xe=z +/ / c(s,z, X:_)N,(ds,dz).
0 J{z>e}

Then, if f% is the infinitesimal operator of )A(T’;‘, we have ||(L; — E)gb”oo <
reasoning as above gives

(€). So the same

|Pio — Pio||.. < Cllgll, o x m(e) = 0. (22)

The gain in (17) is that we have n3(¢) instead of 7 (¢) in (22), which means that we have a faster speed
of convergence.

2.3 The main theorem

We are finally ready to state the main results of this paper. Denote by dry (F,G) the total variation
distance between the laws of two random variables F' and G.

Theorem 2.2. Assume that Hypotheses 2.1, 2.2. and 2.3 hold with ¢* > % + 1 for some 6 > 0.

(@) If in addition we assume Hypothesis 2.4 (a), then there exists a constant C' depending on ¢ and T such
that

dTv(Xt,Xf) S 0773(5)1_6. (23)

Under the above hypotheses, the laws of X; and X{ are absolutely continuous with respect to the Lebesgue
measure, with smooth densities px, (z) and px: (z). Moreover, if L is an index such that ¢* > - + 1, then
there exists a constant C depending on 6, T and [ such that

Ipx, — Px:llioo < Cns(e)'~°. (24)



(b) If in addition we assume Hypothesis 2.4 (b), then there exists a constant C' depending on § and T such

that for every t € [0, T) with t > %jl) (with e, and « given in Hypothesis 2.4 (b)), we have

dpy (Xy, X7) < Cns(e)' 2. (25)

For any index [ and for ¢ > %i”), both the laws of X; and X have I-times differentiable densities px, ()
and px: (z). Assume moreover that q* > % + 1. Then there exists a constant C' depending on § ,T and |
such that for t > max{%* (3 — 1), %ﬁw)}’ we have

Ipx, = pxz o < Cns(e)'=°. (26)

The proof of this theorem is left to Section 4.4.
Remark. Some recent results concerning the weak approximation of the SDE with jumps are also given in
[14],[22], [23] for example. But they do not concern the convergence in total variation distance.

2.4 A typical example

For ¢ € [0, T], we consider the following SDE driven by a Lévy process:
t
X, =z +/ o(X,_)dZs, (27)
0

where (Z;),e(0,7 is a Lévy process of Lévy triplet (0,0, 1), with pi(dz) = L(o1)(2) %, 0 < p < 1.
We approximate (27) by

t t t
Xt /0 o (X2_)dZE + b(e) /O o (XE)ds + o) /0 o(X%)dB,, 28)

where (Z7);c(0,1) is a Lévy process of Lévy triplet (0,0, 1;.~.yu(dz)), (Bt)iejo,) is @ standard Brownian
motion independent of (Z} );c[o, 1), and

ble) = /(0,5] zu(dz), c(e) = /(078] 22p(dz).

Then we have the following theorem.

Theorem 2.3. We assume that o € C;°(R), 0 < g < o(z) <gand -1 < a < o'(z) < 7, Vz € R, for some
universal constants &, o, a, where o’ is the differential of o in . Then for any § > 0, there is a constant C > 0
such that for any t € [0,T],

dry (Xy, X§) < CeP70,

Moreover, the laws of X; and X; have smooth densities px,(x) and px: (x) respectively. And for any index
and any 6 > 0, there exists a constant C' > 0 such that

Ipx, = px¢ oo < CE*7P70.

¢
Zt:// zN,(ds,dz),
0 J(0,1]

where N, is a Poisson point measure with intensity ;(dz)ds. Then (27) coincides with (2) with ¢(s, z,2) =
o(x)z, and (28) coincides with (10) with c(s, z, z) = o(x)z, be(s,z) = b(e)o(x), and f{z<8} W, (ds,dz) =
c(e)dBs. -

Proof. We notice that



Let 6 : (0,1] — [1, 00) be a function defined by 6(z) = L. By a change of variables,

1 1 dz
[ = —,x) = - dz) =pof Hdz) =1 —_.
cs,z,2) = cls, — @) = o(@) x -, w(dz) = po b7 (d2) = Ipeo)(2) 3=,
One can easily check that Hypothesis 2.1 is verified (for every ¢* € N) with ¢(z) = & x % and

o0 o0 =P
/ |e(2)|Pv(dz) = / S oo, Vp > 1.
1 1

ZP+1_P
We recall that I, = [k, k + 1),k € N and my, = v(I}). Then for sufficiently large z, we have

~ - 1 o
min{[0:7(s, 2, ), [o(s, 2,0)} = 0% x 5 2 e,
with some 0 < oy < 1. We also have
1 dz
5217(10’

v(dz)

]lfk (Z) ™

1
> ]llk (Z)Edz > ]lIk(Z)

with some oy € (aq,1). Moreover, since for any p > 1, p+ 1 — a9 > 1, we have

o0 | = p o0 1
/ ‘CI(ZN dz = 6/ ———dz < <.
1 z1—ag 1 Zpt+l—ag

So Hypothesis 2.3 and Hypothesis 2.4 (a) are satisfied. Finally,

0:¢(s, 2z, x) 1 1 1
— z__ < 1P x o x —,
|1—|—3xc(s,z,x)’*1—|—a><17max{1—|—a bxa z

so Hypothesis 2.2 is satisfied as well. Then we can apply Theorem 2.2(a) for the equation (27) and (28).

Since
6-3

-3 .3
ns(e :/ g° X 2°u(dz) = e’ P

we obtain the estimates from Theorem 2.3. O

3 Abstract integration by parts framework

In order to obtain the main theorem (Theorem 2.2), we will apply some techniques of Malliavin calcu-
lus. So firstly, we give the abstract integration by parts framework introduced in [6]. This is a variant of
the integration by parts framework given in [10].

We consider a probability space (Q2,.F,P), and a subset S C [ LP(€; R) such that for every ¢ € C;°(R)
p=1
and every I € 8%, we have ¢(F) € S (with C;¢ the space of smooth functions which, together with all
the derivatives, have polynomial growth). A typical example of S is the space of simple functionals, as in
the standard Malliavin calculus. Another example is the space of "Malliavin smooth functionals".
Given a separable Hilbert space 7, we assume that we have a derivative operator D : S — (| LP(Q;H)

p=1
which is a linear application which satisfies

a)
DyF :=(DF,h)y €S, forany h € H, (29)

b) Chain Rule: For every ¢ € C3°(R?) and F = (Fy,--- , Fy) € 8%, we have



d
D¢(F) = 9i¢(F)DF;, (30)
=1

Since D, F' € S, we may define by iteration the derivative operator of higher order D : § — (| LP(Q2; H®9)
p=1
which verifies (D?F, ®_, h;)y@a = Dp,Dh,_, --- Dy, F. We also denote Dgl’._ = Dn,Dp,_, Dy F.

Then, Df _, F=Dy,Di , Fg>2.
For F = (Fy, -, F;) € S?, we define op = (Uip’j)
U;;J' = (DF;, DF;)y and we denote

ijet,... d 1O be the Malliavin covariance matrix with

,(F) = E(1/ det o )P. (31)

For d = 1, which is the case that we discuss in this paper, detop = o = (DF, DF)3,. We say that F is
non-degenerated if 3,(F) < oo, Vp > 1.

We also assume that we have an Ornstein-Uhlenbeck operator L : § — S which is a linear operator
satisfying the following duality formula:
Duality: For every F,G € S,

E(DF,DG)y = E(FLG) = E(GLF). (32)
As an immediate consequence of the duality formula, we know that L : S € L?(Q2) — L?(9Q) is closable.

Definition 3.1. If D9 : S C L%(Q) — L?(Q;H®9), Vg > 1, are closable, then the triplet (S, D, L) will be
called an IbP (Integration by Parts) framework.

Now, we introduce the Sobolev norms. Forany !l > 1, F € S,

!
Fly, = Y IDFlyes, [Fl,=|F|+|F,. (33)

g=1

We remark that |F|o = |F| and |F|,; =0 for | = 0. For F = (F},--- , Fy) € 8%, we set

d d
|F|1,z = Z|Fi|1,la ‘F‘l = Z|Fl|l
i=1 i=1

Moreover, we associate the following norms. For any [,p > 1,
IFl,, = EIF)Y?, |IF|, = E|F])Y?,
1N L0 W+ ILE g, - (34)

We denote by D;,, the closure of S with respect to the norm |[of| ,

Dl,p — EHOHL,l,p’ (35)
and o -
Dy = m ﬂ Dip, Hi=Dips.
I=1p=1

For an IbP framework (S, D, L), we now extend the operators from S to D.. For F' € D, p > 2, there

exists a sequence F,, € Ssuchthat|[F — F,|, = 0, ||y — Fyl|,,, = 0and [|[LF,, — LF,||,_, , — 0. Since
D? and L are closable, we can define
DIF = lim DF, in LP(Q;H®?), LF= lim LF, in LP(Q). (36)

n— oo n— oo

We still associate the same norms introduced above for F' € D.
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Lemma 3.1. The triplet (Do, D, L) is an IbP framework.

Proof. Here we just show that D verifies (29): For F' € D, and h € H, we have (DF, h)y € Dwo.
In fact, for any k > 1,p > 2, any F' € D14, there is a sequence F,, € S such that ||F,, — F||g41,, — 0.
Then for any uq, -+ ,ux € LP(Q;H), h € H, any n,m € N,

p

ya
E<Dk(<DFm7 hya — (DFyp h)a),un @ -+ @ uk‘>7%[®k =E|Dy,Duy_ =+ Duy (D(Frn — F), h)w|?
=E[Dy, Dy,,_, - Dy Din(Fyp — Fn)‘g = E|<Dk+1(Fm —Fp),h@u ®--- ®uk>7-[®<k+1>|%

< IE|Dk-i_1(}7‘m - Fn)|7§.¢®<k+1> h@ui® - ® uk|7§.¢®(k+1) =0,

which yields that E|D*((DF,,, h)# — (DFy, h)%) % er — 0. Therefore, (DF, h)# € Dy, and (29) is veri-

fied. O
The following lemma is useful in order to control the Sobolev norms || F[ , .
Lemma 3.2. We fixp > 2,1 > 2. Let F € L*(Q) and let F,, € S,n € N such that

i) E|F,—F] — 0,
i) sup||Fnllp,, < Kip<oo.

Then for every 1 < p < p, we have F' € D, ; and ”F”L,l,;‘) <K5.
Proof. The Hilbert space H; = D, » equipped with the scalar product

l
U V)1 = > EDW,DWV)ye. +EUV]
q=1
-2
+ Y E(DILU,DLV)3eq + E|LU x LV

q=1

is the space of the functionals which are /—times differentiable in L? sense. By ii), for p > 2, || F,,|| iz <
|Fully,, < Kip. Then, applying Banach Alaoglu’s theorem, there exists a functional G € H; and a
subsequence (we still denote it by n), such that F;, — G weakly in the Hilbert space #;. This means
that for every Q € Hy, (F,,,Q)r.12 = (G, Q)L 2. Therefore, by Mazur’s theorem, we can construct some

convex combination
My

Gn=) MxFeS

i=n

My
with A\ > 0,i=mn,....,m, and >, Al = 1, such that

G — GHL,l,Q — 0.
In particular we have
E|Gn =G| <|Gn =Gl — 0.
Also, we notice that by i),
E|G, - F| < %j/\? xE|F; — F| = 0.

So we conclude that F' = G € H,. Thus, we have

2 2 2
E(|Gn - F|l) + E(‘LGn - LF|172) < ||Gn - F||L,l,2 — 0.

11



By passing to a subsequence, we have |G, — F|, + |LG, — LF|,_, — 0 almost surely. Now, for every
p € [1,p), we denote Y;, := |G,|? + |LG,|?_, and Y := |F|? + |LF|?_,. Then, Y,, — Y almost surely, and
for any g € [p, p,

My a Mn
EGolf + EILGull 5 < [Gullf, =D A x B < QA x[1Fllp)"
i=n Llg  =n
Mn ~ ~
< (upllFillp g x YA =sup|Fl, ; < KTy
i : %
=N

So (Y, )nen is uniformly integrable, and we have

IF|, 5 =E(FI7) +E(LF|]_,) =E(Y) = lim E(Y,) < K7

D’
n—o00 p

3.1 Main consequences: Convergence in total variation distance

We will use the abstract framework in [6] for the IbP framework (D, D, L), with D and L defined in
(36). Using Malliavin type arguments, [6] proves the following results. The first result, concerning the
density; is classical:

Lemma 3.3. Let F' € Dq.. If Xgpr4a(F) < 00, then the law of random variable F has a density pr(z) which
is p—times differentiable.

In the following, we define the distances between random variables F, G : Q — R:

<1}

o0

A (F.G) = sup{[E(f(F) = E(f(@G)]: > |9

0<i<k

For k = 1, this is the Fortet Mourier distance (which is a variant of the Wasserstein distance), while for
k = 0, this is the total variation distance and we denote it by dry. Now we present the second result
concerning the total variation distance:

Lemma 3.4. We fix some index I, some r € N and some § > 0. We define py = 2(r(} — 1) +2), p2 =
max {6l +4,2("H —r+2)}, g > r(3 —1)+4, g2 > “H —r+4. Let F,G € Do. Then one may find C € R
, p € N (depending on r and ¢) such that

i) dry(F,.G) < C(L+ S, (F) + 3, (G) +IFll g, + |Gl g, ) ¥ dr(F,G)' 0, 37)

and

too S O(1 43, (F) + Xp, (G) + || F|

where pr(x) and pg(x) denote the density functions of F' and G respectively.

i) |pr — pc| Gl gpp) X dr(F,G) %, (38)

L,q2,p

Comment The significance of this lemma is the following. Suppose that one has already obtained an
estimate of a "smooth" distance d, between two random vectors I’ and G (in our case r = 3 in (17)).
But we would like to control the total variation distance between them. In order to do this, one employs
some integration by parts techniques which are developed in [6] and conclude the following. We need
to assume that both F" and G are "smooth" in the sense that ||F|[, .+ [|G], ,, < oo for sufficiently
large ¢, p. Moreover, we need some non degeneracy condition: both F' and G are non-degenerated, that
is ¥, (F) + X,(G) < oo, with p large enough. Then (37) asserts that one may control dry by d,., and the
control is quasi optimal: we loose just a power ¢ > 0 which we may take as small as we want. And (38)
says that we may also control the distance between the derivatives of density functions by d,..

Then we can get the following corollary.
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Corollary 3.4.1. We fix some index [, some r € N and some § > 0. We define p1, p2, q1, q2 as in Lemma 3.4.
Let Fpy € Do, M € N such that for every p > 1,

S]L\lJp(HF]VI”L,ql,p + Xp, (Fm)) < Qqyppr < 00,

with Qq, p.p, aconstant not dependent on M. Consider moreover some random variable F such that d,.(F, Fa) —
0. Then there exists a constant C' > 0 such that

i) dpy(F, Fa) < Cd.(F, Far)' 0.

Moreover, if sup(||Fan | 1, o, p + Eps (FM)) < Qgo,p,p, < 00, the law of F is absolutely continuous with smooth
by 42,

density pr and one has
“) ||pF pFMHl 0 S cd, (F FM)1 5.

Proof. We take C to be a constant depending on p,p1,¢1,r and § which can change from one line to
another. By Lemma 3.4, for every M < M’, one has

drv (Far, Far) < Cdy(Fag, Far)' ™0 < Cldo(Fag, )0 4 dp (F, Fap ) ). (39)

So (Fy)men is a Cauchy sequence in dry . It follows that it has a limit G. But since d,.(Fy, F') — 0, it
follows that F' = G. Passing to the limit M’ — oo in (39), we get

dpv (Far, F) < Cdp(Fag, F)' 0.

The proof of ii) is analogous. O

4 Malliavin calculus and stochastic differential equations with jumps

In this section we present the integration by parts framework that will be used in the following. To
begin we give a quick informal presentation of our strategy. We will work with the solution of the equation
(10), but, for technical reasons, we make the change of variable z % so the equation of interest is now
the equation (49). We use the notation from that section. The intensity measure for our random measure
is 1[1,ar)(2)v(dz)ds and this is a finite measure. Then the corresponding Poisson Point measure N, may
be represented by means of a compound Poisson process. For some technical reasons, we produce the
representation on each set {z € I;, = [k, k + 1)}, k € N, so the equation (49) reads

R tM 1
XM = x—|—/ / (s, z XM) L (ds, dz)
0 {z€l}
/ bar(s, XM ds—|—/ / (s, 2, XYW, (ds, dz)
{z>M}
M-1 JE
= z+ Z Zc (TF, 7z, X )
k=1 i=1

t
bM (s, X ds—!—/ / (s, z, X YW, (ds,dz).
{z>M}

Here TF, k,i € N are the jump times of the Poisson process (Jf)teqo,r of parameter v(I,), and ZF k,i € N
are independent random variables of law 1, (z) E ) which are independent of J* as well. We will work

conditionally to T, k,i € N, so the randomness in the system comes from W, on one hand and from
ZF k,i € N on the other hand. Concerning W, we will use the standard Malliavin calculus (which fits in
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the framework presented in Section 3). But we will also use this integration by parts calculus with respect
to the amplitude of the jumps given by Z* k,i € N. We present this kind of calculus now.

Suppose for a moment (just for simplicity) the law of ZF is absolutely continuous with respect to the
Lebesgue measure and has a smooth density hy(z) which has compact support. We also assume that the
logarithm of the density In A, is smooth. Then we look to )A(tM as to a functional F(Z}, ..., Z %’1) and we

define the derivative operators

o
DZ.F = @F(zf,...,zﬁfl),

and
L?F == "D{,D{,F + D{,;F x 9. Inh(Z).
ki

And we check that these operators verify the conditions in Section 3. Since we want to use integration by
parts with respect to both W, and ZF, k,i € N, we will consider the derivative operator D = (D", DZ)
and the operator L = (LW, L#) where D' and LW are the derivative and Ornstein Uhlenbeck operators
from the standard Malliavin calculus for Gaussian random variables. With these operators at hand we
check the hypotheses of Lemma 3.4 and of Corollary 3.4.1, and these are the results which allow as to
prove our Theorem 2.2.

Roughly speaking this is our strategy. But there is one more point: the hypotheses we raise for the law
of ZF that it has a smooth density with compact support and has a smooth logarithm density, is rather
strong and we want to weaken it. This is the aim of the "splitting method". This amounts to produce three
independent random variables V;*, UF and ¢¥ such that ZF has the same law as £FV* + (1 — ¢F)UF with ¢F
a Bernoulli random variable and V;* a random variable with good properties. So we split Z¥ in two parts,
V¥ and UF. We may do it in such a way that V}* has the law vy (v)dv with ¢, € C2°(R) (see Section 4.1
for the precise procedure). And we perform the Malliavin calculus with respect to V;* instead of ZF (we
work conditionally to ¥ and U} which appear as constants).

4.1 The splitting method

We consider a Poisson point measure N, (ds, dz) with compensator Ny(ds, dz) = v(dz)ds on the state
space [1,00). We will make use of the noise z € [1,00) in order to apply the results from the previous
section. We recall that I, = [k,k + 1) and m;, = v(I}), and we suppose that for every k, there exists
€, > 0, such that

1 ()29 5 1, (2)er x de. (40)
mi
Remark. Under Hypothesis 2.4 (a), the splitting condition (40) is satisfied with ¢;, = W, for any

a < a;. If instead we assume Hypothesis 2.4 (b), (40) is also satisfied, with ¢, = kf—H
When (40) is satisfied, we are able to use the "splitting method" as follows. To begin we define the
functions

1
= 1= —- 11 1
a(y) e fr vl (1)
U) = Lyycy +Lpayepet. (42)
We notice that ¢ € C'S°(R) and that its support is included in [—%7 %] We also notice that for every ¢,p € N
the function y — [a(? (y)[P¢(y) is continuous and has support included in [—2, 1], so it is bounded: one
may find C, , such that
@) p(y) < Cop Yy ER. (43)
We denote
Ur(y) =y — (k+3)),  Ok(y) = 9y Inehy(y). (44)
By (43) (which is uniform with respect to ), we have
sup |(In ) D () [Ply) < Cyp Yy €R. (45)
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We denote
1/2

m(y) = Y(y)dy. (46)

—1/2

We consider a sequence of independent random variables Z* such that
VARNE Y, (z)il/(dz)
k mk

This is the sequence of random variables which are involved in the representation of the measure N, (ds, dz)
as long as z € [1,00) is concerned. We notice that, according to our hypothesis (40),

P(Z* € dz) = nlk(z)”g:)

> ]].]k (Z)Ek X dz.

Then we construct some independent random variables V*, U*, ¢¥ with laws

P(VF edz) = ﬁ@/}(z — (k+ %))dz
P(U* € d2) = ma@(zk € dz) — exib(z — (k+ ))dz) 47)
P(*=1) = em(®), PE* =0)=1-em(y).

We choose ¢, < 1/m(3)) so that 1 — g,m(1)) > 0. Using (40), one may check that P(U* € dz) is a positive
measure and has mass one. So it is a probability measure. And finally one can easily check the identity of
laws:
ZF ~ VR (1 - MUt (48)
In the following, we will work directly with Z* = ¢*V* 4 (1 — ¢¥)U*. This is possible because all the
results that we discuss here concern the law of the random variables, and the law remains unchanged.

The Poisson point measure N, can be written as the following sum:
o0
(ds,dz) Z 1, (2)N,(ds,dz) Z N,, (ds,dz),
k=1

where v (dz) = 11, (2)v(dz) and N,, is a Poisson point measure with intensity v (dz)ds.
The Poisson point measure N,, can be represented by means of compound Poisson processes as follows.
For each k € N, we denote by T7,i € N the jump times of a Poisson process (J});c(o,r) of parameter

mi, and we consider a sequence of independent random variables ZF ~ 1, (z)%5 (dz) ,i € N, which are

independent of J* as well. Then, for any ¢ > 0 and A € B([k,k + 1)), N,, ([0,] x A) = Z 14(ZF). And
for each k,i € N, we will split ZF as ZF = ¢FVF + (1 — ¢F)UF.

Remark. The law of ZF could be very irregular and it is not possible to make integration by parts based
on it. So we construct the V;*, which has all the good regularity properties in order to make Malliavin
calculus. This is the idea of the splitting method. The splitting method presented here is analogous to
the one in [10]. Therein, Bichteler, Gravereau and Jacod deal with 2 kinds of independent Poisson point
measures. One is very regular, and smooth enough to make Malliavin calculus on it (in our paper, V¥ play
the same role). The other one can be arbitrary, and it may be very irregular (in our paper, it corresponds
to UF). But the difference is that instead of splitting the Poisson point measure, we split the random
variables, and so this method can also be applied in a large class of different problems. For example, Bally,
Caramellino and Poly use the splitting method to show the convergence in total variation distance in the
central limit theorem in [5]. Other possible approaches to the Malliavin calculus for jump processes are
given in the papers [24], [25], [35], [37] and the book [19] for example.
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4.2 Malliavin calculus for Poisson point measures and space-time Brownian mo-
tions

In this section we present the IbP framework on a space where we have the Poisson point measure
N, presented in the previous section and moreover we have a space-time Brownian motion W, (ds, dz)
with covariance measure v(dz)ds, which is independent of N,. We recall that in Section 2.2 we have
introduced the random variables W, (¢), N, (¢) and the filtrations (F}")icp0.77, (F2 )tejo,r), and we de-
note F; = FV'\/ FN. We present now the Malliavin calculus. We recall the random variables T, and

= ¢fVE + (1 — ¢F)UF introduced in the previous section and we take G = o(UF,¢F TF : ki €
N) to be the o—algebra associated to the noise from UF,&¥ TF, ki € N. These are the noises Wthh
will not be involved in the Malliavin calculus. We denote by Cg , the space of the functions f : Q x
R™ ™ % R™ — R such that f is Fr—measurable, and for each w, the function (V] ey O Wy, W)
flw,vi, 0™, w, , W) belongs to C5°(R™ ™ x R™), and for each (v}, ..., v, wi, -+ ,w,), the func-
tion w +— f(w,vi,...,v™, wy, -+ ,w,) is G-measurable. Then we define the space of simple functionals

9 Ym’

§= {F = f(w7 (Vik)lgigmU (WV(QPJ))?:I) : f € Cg’p"pl? T, n € LQ([LOO)X[QTLVXLeb)>m/7m7n € N}'

1<k<m
On the space S we define the derivative operators

of

7/08]90

(w a(Vik)gigm’v(Wu(‘Pj))?:l)v ko,i0 € N

1<k<m

D(Zkovio)F Liko<m} Lig<m: }g

DlF =3 o

We regard DZF as an element of the Hilbert space Iy (the space of the sequences h = (h¥); ;e with
L[} =350, 3002, |hF[? < 00) and DY F as an element of the Hilbert space L?([1,00) x [0, 7], v x Leb).
Then

<m (WV(QDj));}:l)CPT(SaZ)a (572) € [O7T] X [1700)

<i
<k<m

1
1

DF := (D?F,DV F) € Iy ® L*([1,00) x [0,T],v x Leb).
We also denote DWW F = DF and H = I, ® L?([1,00) x [0,T],v x Leb). And we have

(DF,DG),, = Z ZD(k oF x DG +/ DY F x DI G v(dz)ds
1 i1 [0,T]x[1,00) ’
Moreover, we define the derivatives of order q € N recursively:
Z,W,q zZW ZW YA
Frir)(kavia) (5120 (a7 Dikgsia),(savza) PlEamsiige)(samrszam) " Plinsin) (1o B

and we denote DIF = D%W:4F, We also denote D%? (respectively D"'9) as the derivative D% (respec-
tively D) of order q.

We recall the function 6, defined in (44) and we define the Ornstein-Uhlenbeck operators LZ, L' and
L = L? + L (which verify the duality relation), with

L?F = *i

LYF = B, W (Vi) 1<icm W (0)j=1) W (1)
Wr 1<k<m

n 32f .
- Z (W’(V;k) igm’a(Wv(éﬁj))jzﬁ@l,SDT>L2([1,<>o)x[o,T],uxLeb)-

M=

(DGe.iy Dl iyF + 65D o F X 0x(ViF)),

One can check that the triplet (S, D, L) is consistent with the IbP framework given in Section 3. The
proof is left to Appendix 5.3.

In the following, we will close the operator D? and L, so we will use the IbP framework (D, D, L)
associated to (S, D, L) in Lemma 3.1.
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4.3 Malliavin calculus applied to stochastic differential equations with jumps

Now we will use the IbP framework presented in Section 4.2 for the equation (10).
Let 6 : (0,1] — [1,00) be a function such that §(z) = 1. By a change of variables, instead of dealing
with equation (10), it is equivalent to consider the following equation.

t
XM = sc—|—/ / (s, 2, XM )N, (ds, dz)
[1,M)
/ bar(s, XM) d5+/ / (s, 2, XYW, (ds, dz), (49)
{z>M}

where M = 1, v(dz) = po671(d2), &(s, z,x) = c(s, 1, z),

by(s,z) = / (s, z,x)v(dz), (50)
{z>M}

and W, is the space-time Brownian motion with covariance measure v(dz)ds. One can check that X has
the same law as X;.

Here we give two lemmas, concerning the Malliavin-Sobolev norms and the Malliavin covariance. We
recall that €, and « are introduced in Hypothesis 2.4 (b), and ¢* is introduced in Hypothesis 2.1.

Lemma 4.1. Assuming Hypothesis 2.1 with ¢* > 2 and Hypothesis 2.4 (either 2.4(@) or 2.4(b)), we have
XM € Do, and for all p > 1,2 < | < ¢*, there exists a constant C; ,(T') depending on [, p,x and T, such

that sup IXM|20p < Crp(T).

Lemma 4.2. Assume that Hypothesis 2.1 with ¢* > 1 and Hypothesis 2.2, 2.3 hold true.
a) If we also assume Hypothesis 2.4 (@), then for every p > 1, t € [0, T}, we have

supE(1/ogm)? < Oy, (51
M t

with C), a constant only depending on p and T.

b) If we assume Hypothesis 2.4 (b), then for every p > 1, t € [0,T] such that t > %a, we have
supE(l/U;{tM)p < Cp.
o ,

The proofs of these lemmas are rather technical and are postponed for the Appendix (Section 5.1 and
5.2).

4.4 Proof of the main result (Theorem 2.2)

Proof. (a) By Lemma 4.1 and Lemma 4.2 a), we know that for any ¢ > 0, for any p,p1 > 1,2 < ¢ < ¢*,
with ¢* > 2 + 1, there exists a constant Cy;, ,,, (T) such that for any M > 1, t € [0, T], we have

Sy (X)) + XM 200 < Coppn (T).
By Lemma 2.1, we know that

ds(Xy, XM = ds(Xy, X7) < Cis(e).
Then applying Corollary 3.4.1 i) for r = 3, we have

dpy (Xp, X5) = dpy (X, XM) < Cds (X, XM)'0 < Cyns(e)' 2.
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So we obtain (23). The proof of (24) is obtained by Corollary 3.4.1 ii), since ¢* > 37” + 1.

(b) The proof is almost the same. If t > ° = U then by Lemma 4.2 b), Spr (XM) < oo for py = 2(2 —1).
So Corollary 3.4.1 i) still holds, and we can obtain (25). For

e X{sﬁ(3;z 1)7804(381+2)

|2

by Lemma 4.2 b), £, (XM) < oo for p» = max{2(3t —1),6 +4}. So Corollary 3.4.1 ii) still holds, and
we obtain (26). O

5 Appendix

5.1 Proof of Lemma 4.1

In the followmg, we will only work with the measure v supported on [1,00) and with the processes
(Xt)te[o 71 and (XM);e0,r). So in order to simplify the notation, from now on we denote X; = X, and

XtM = XM. We remark that M = 1 is generally not an integer, but for simplicity, we assume in the
following that M is an integer.

Here is the idea of the proof. Since X7 is not a simple functional, we construct first the Euler scheme
(X))o, in subsection 5.1.1 and check that X;"" — XM in L' when n — co. We will prove that

E|X;""|? and E|LX;""|" are bounded (uniformly in n, M) in subsection 5.1.3. Then based on Lemma
3.2, we obtain that X € D, and the norms || X||,;, are bounded (uniformly in M).

5.1.1 Construction of the Euler scheme

We take a time-partition P;* = {r; = %,j =0,---,n} and a space-partition 75}& ={z =M+ n,j =
0,1,---}. We denote 7,,(r) = r; when r € [r;,7;41), and denote v,,(2) = z; when z € [z;, 2j41). Let

xpM = x+1/‘/ &ra(r), 2, XM )N, (dr, d2)
[1,M)

+/ b]\/[(Tn( Xn ](\f) d’l‘-l—/ / Tn Vn( ) X:J(\;‘I))Wu(drvdz) (52)
0 {z>M}

Then we can obtain the following lemma.

Lemma 5.1. Assume that the Hypothesis 2.1 holds true with ¢* > 1. Then for any p > 1, M > 1, we have
E|XM — XMP - 0as n — o
Proof. We first notice that since ¢(z) (in Hypothesis 2.1) is decreasing, sup ¢(7,(z)) < é(71(2)). So

neN

oo

‘[1wcwwm%MAS[mww@»%@asMm%mﬂ+/ &(=)Pr(dz) < C < 0. (53)

neN 1

Then by the Lebesgue dominated convergence theorem, (53) implies that

T
lim Sup/ / |e(s, 2, 2) = &ATa(s), 1 (2), 2)|*v(dz)ds = 0, (54)
n—=0 4cR Jo 1,00)
and
T
sup sup/ / [c(n(5), yn(2), 2)|?v(dz)ds < C. (55)
neNzeR Jo  J[1,00)
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In the following proof, C,(T) will be a constant depending on p and T which may be changed from line
to line. For p > 2, we write E|X;"" — XM | < C,(T)(E, + E; + E3), where

t
B, :E|/ / Fr(r), 2 XM )~ 2,2, X))
o J[1,M) "

t
E, = IE\/ bM(Tn(T),X:_:](\:{)) — by (r,
0

N, (dr,dz)|P,

XM)dr|P,

t
Ba=Bl [ [ am(r)on(a) X0~ Elr s XYW d)P.
{z>M} "

Then, compensating N, and using Burkholder’s inequality (see for example the Theorem 2.11 in [26]),

£y

with

Since [¢(7,(r), 2, XM) — &(r, 2, XM)|P < |2¢(2)|P € LY(Q x [1,00) x

IN

+

+

<

R

Cmm/(/m 6,2, XM ) =

c(r,

2, XM) v (dz)) % dr

/ / (Tn(r),z, X7 ](\:{) ) —¢(ry 2, XM)|Pu(dz)dr
1 M)

/ / & (), 2, XM )~ 2(r, 2, XM )u(de) ]
[1,M)

Co(T)[RL + ((2)% + ¢y + (¢ >>/01E|Xréi’)

Xy|pdr],

t
. / </ (1), 2, XM ) — &, 2, XM Pu(d2)) b dr
0 J[1,M)

t
+ E/ / |E(Tn(r)7z,X%) —E(r,z7XTA/£)|pV(dz)dr
o J[,M)

+

t
E/ |/ E(Tn(r),z,X%) — E(T,Z,X,{Vf)u(dz)\pdr.
0o J[1,M)

[0,T],P x v x Leb), we apply the

Lebesgue’s dominated convergence theorem and we obtain that B! — 0. Next,

with

Es

Es

IN

<

IN

IA

CoTRe + ) [ BN XM

dr],

/ / Ara(r), 2, X200) = &, 2, XM v (dz) Pr
{z>M}

¢
= IE/ |/ Arn(r), 2, XM = &(r, 2, XM)(d2)|Pdr — 0.
{z>M}

Finally, using Burkholder’s inequality,

t
T)E| / / ), (), XM
0 J{z>M}
3

)_

(DR + (e2)} / EIXT M) — XM rar)
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where (by (54)),
t
_ E|/ / (6 (1), 4 (2), XM) — &, 2, X M) Pu(dz) B — 0.
{z>M}

Therefore, B[ X" — XM [P < C,(T)[Ry, + [y EIX["(1) — XM|dr], with R, = R} + R? + RS — 0 as

n — oco. One can easily check that E| X" — Xf% [P — 0. Also there exists a constant C,,(7') depending
on p and T such that for any n, M € N and any ¢t € [0,7], E|X;""|? < C,(T) (see (71) for details).
Then, by the dominated convergence theorem, these yield fot E|X»M — X:%Pdr — 0. So we have
E|X/M — XM < C,(T)[R, + [TEIXPM — XMPdr], with R,, — 0 as n — oo. We conclude by using
Gronwall’s lemma. O

Remark. Some results on the convergence of the Euler scheme of a jump-diffusion can be found for example
in [32], [34]. The special thing in our paper is that we deal with the space-time Brownian motion instead
of the classical Brownian motion, and this is why we need to assume (54).

Now we represent the jump’s part of (X" )tejo,7) by means of compound Poisson processes. We recall
that for each k € N, we denote by 7}, € N the jump times of a Poisson process (J{);c[0,7] of parameter

my, and we consider a sequence of independent random variables Z¥ ~ 1j,(z) ”Sj) ,© € N, which are
independent of J* as well. Then we write

tM 1
XM J;+/ / Fra(r), 2 X2M )N, (dr, dz)
0 {z€l}
+ / bag (7o (r), X200 )i + / / Ara(r), m(2), X200 )W, (dr, dz)
0 {z>M} "
M—1 Jf
k=1 i=1
t
bas (7 (), X2 Y + / | Emm o) X Wl ds). 66
0 0 {z>IVI}

So for every ¢ € [0, 7], X" is a simple functional.

5.1.2 Preliminary estimates

In order to estimate the Sobolev norms of the Euler scheme, we need the following preliminary lemmas.
Lemma 5.2. We fix M > 1. Let y : Q x [0,T] x [M, c0) — R be a function which is piecewise constant with
respect to both t and z. We assume that y,(z) is progressively measurable with respect to F; (defined in (11)),

t
yi(z) € S, and E( f{zZM} lyr(2)|° v(dz)dr) < co. We denote I,(y fo f{Z>M} yr(2)W,(dr,dz). Then
forany l > 1,p > 2, there exists a constant C; ,(T') such that

@) ElLwI < CI’P(T)E/O (/{ o lyr (2)[Fv(d2)) 2 dr,

b EILLO) < Cu(E [ ( /{ Ly (o) viaz)ar+E [ /{ 9o () Fu(d2)) b,

z>M} z>M}

Proof. Proof of a): Let C; ,(T') be a constant depending on [, p and 7' which may change from one line to
another. For any [ > 1, we take lyy > 0 and [z > O such that 0 < Iy + 1z <.
It is easy to check that

t
Zilz _ Dz
D(kl,m-'(klzmZ)It(y)—/0 /{Z>M} (Rroia) (ki i) Ur (2) W (dr, ).
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And by recurrence, one can show that

lw
Wil . pwi Wilw —1 _
D(S1,‘2/1) (Styy» ZlW) y / /{z>M} (s1 ‘;Vl (Slwyzlw)yr(z)Wp(dr, dZ) + j; D(;‘:\J Iy —1Ys; (ZJ)]lsjgt,
with

—lw—-1

(s5,25) = (s1,21) - (85-1,2-1) (85415 24 1) - (St 2y )-

We denote
_ ) . Z,l .
Gr()(knsin, oo ki) = D(k?lvzll) (kzzauz)yr( z), yiz<z) = DZJZyT(Z) € léglz'

Then D%z [,(y) = I;(3'#), and
t
Wl Zly _ Wil _ . .
D(Sla‘;vl)"'(slwvzlw)D(klﬂl) (kg yig) Iily) = /0 /{z>M} D(Su‘;vl)“'(slwvzlw)yT(Z)(kl’Zl’.“ vkiz iz )W (dr, dz)

+ Z W/lzriv s (25) (kasins oo kg, ) s <o

(85 721

Let Hy, 1,7 = 1817 © L2([0,T] x [M, 00), Leb x v)®7 . We have
DY DR = [ DI 0 B (e sy v(day Y
T Joyw S ec)iw 2

t t
<o [ [ DUl w2 [ DT, v
0 J{z>M} zwe 0 J{z>M} zwes

Using Burkholder’s inequality for Hilbert-space-valued martingales (see [30] for example), we have

v(dz))%dr

Aw T

t
E[D"w DAL (), . < Cip(DE / (/ |DW!w D2y, (2)],
z:lw, 0 J{z>M} z

t
Wilw—1 2,1 2 z
+ E/O (/{Z>M} |DY*"W =D Zyr(z)\HlZ’lW_LTV(dz)) dr]. (57)

We recall that for F € Do, we have [DW'!w DZ12 |y,
Then (57) gives

< |F|i 41y, (see the definition in (33)).

Jdw T

t
ElL (), < Cip(T) Y EIDV'WDZ2L(y Wori, o gcl,,,(T)JE/ (/{ >M}\yr(z)|?v(dz))%dr. (58)
0 z>

lz+lw <l

Finally, using Burkholder’s inequality, we have

E|L (y)|P < Cl,,,(T)IE/O (/{ - lyr(2) 20 (d2)) % dr. (59)

So a) is proved.

Proof of b): We first show that
LIi(y) = I(Ly) + Li(y)- (60)

We denote

t S1 Sk—1
I]i(fk):k'/ / / / fk(sla"' 3 Sky R, azk)Wy(dskade)'"Wu(dslvdzl)
0 JO 0 [M,+o00)k
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the multiple stochastic integral for a deterministic function fj, which is square integrable with respect to
(v(dz)ds)®* and is symmetric with respect to the time variation (s, , sy) for each fixed (z1,--- , z).

Notice that LZ I} (f;) = 0 and LY I}(fx) = kIL(fx). So, LI} (fx) = kIf(fx). Then by the duality relation
(32),

E(LL(fi) L(11(9))) = E(Li(y) x LIi(fi)) = KE(L(y) < T (k). (61)

On the other hand, using the isometry property and the duality relation,

E(IL(fy) x I,(Ly)) = KE / /{ oy AU 2 D L ey

:k/ /{Z>M}]E[yr(2)><LIIZ1(fk(7",z,-))] v(dz)dr = k(k — 1)E //{2>M} )iy (fr(r, z,-))v(dz)dr

k(- / /{} Iiy (fi(r, 2, )W, (dr, d2))
= (k—DE(y) x It(fx))

Combining this with (61), we get
E(Ii(fr) (Le(y) + L(Ly))) = KE(L () Le(y) = E[LL(fr) x LL(y)]- (62)

Since every element in L2(W) (defined by (12)) can be represented as the direct sum of multiple stochas-
tic integrals, we have for any F € L?(W),

E[FLI(y)] = E[F(I(Ly) + L(y))]. (63)
For G € L?(N), one has LG = 0 and L?G € L?*(N). Then by using duality and (13),
E[GLIy(y)] = E[l:(y)LG] = E[l¢(y)L”G] = 0,

and by (13),
E[G(L:(Ly) + L:(y))] = 0.

So,

E[GLI(y)] = E[G(I:(Ly) + L:(y))]- (64)

Combining (63) and (64), for any G € L?(W)® L?(N), we have E[GLI;(y)] = E[G(I:(Ly)+I,(y))], which
proves (60).
Then, by Lemma 5.2 a),

t
ELLG)E < 2 \E / / Ly, ()W, (dr, dz)[? +E| / / (dr d2)]?)
0 J{z>M} {Z>M}

Cip(T)[E / ( /{ oy [T i@ i B / ( /{ o @) B

IN

O

We will also need the following lemma from [7] (Lemma 8 and Lemma 10), which is a consequence of
the chain rule for D? and L.

Lemma 5.3. Let F € S% Foreveryl € N, if ¢ : R? — R is a C'(R?) function (I—times differentiable
function), then

a) [$(F)11 < [VO(F)||Fl1y+Cr sup [07¢(F)||F|i,_s.
2<|BI<!
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If ¢ € C'T2(R?), then

b) L) < [VO(F)||LFi+Cy  sup  [0°¢(F)|(1+ [FI;{3) (1 + [LF]i-1).
2<|B|<t+2

For [ = 0, we have

) |Lo(F)| < |Vo(F)||LF| + Sup, 07 (P)IF ;-

We finish this section with a first estimate concerning the operator L.

Lemma 5.4. Under the Hypothesis 2.4 (either 2.4(@) or 2.4(b)), for every p > 2,p > 1,1 > 0, there exists a
constant C ,, 5(T) such that

k

M-1 J;
sup E( Y > a(ZB) L2 < Cuypp(T). (65)
MeN 421 =1

Proof. We notice that (with v, given in (44)), LZF = ¢F(Inyy )" (VF) and D" LZF = 0. Moreover,

l
D(Zrll,ml) (Tl,mz)LZ = H(érjkémji)gf(ln¢k)(l+l)(‘/ik)’

Jj=1
with §,, the Kronecker delta, so that
LZFi =¢8> [ngy) O], (66)
0<i<li

It follows that

M—1 JF i M—1 JF i

E(> Y @ZH)ILZFF) < Cipp E(Y Y a(ZF)e () EO (v Py,
k=1 i=1 o<l S k=1 i=1

Since ¢(ZF)¢F = &(VF)ek, we may replace ZF by V¥ in the right hand side of the above estimate. This
gives

1 Jf
G (Y S eV M i) D VP = oy 3 B A Lo e @A s o
i=1 1,M) /{0 1}

o<i<i k=141 o<i<l

where ¢ (v) := 3" 17, (v)¥(v— (k+ 3)) and A is a Poisson point measure on {0, 1} x [1, co) with compen-
k=1

sator

~ == (k+3))
A(ds,d¢, dv) =y [—u--22
2w

with b(v, d¢) the Bernoulli probability measure on {0,1} with parameter e;m(¢)), if v € I;. Then by
compensating A and using Burkholder’s inequality (the same proof as for (5)),

(i+1)
Cuos S [ [ [ et 0 . o

0<i<i

1z, (v)dv x b(v,d€)]ds

n ) (0)|2PA (ds v))?
< Clps) Y | //wxm o(0) 26 (10 5) D (o) PR (ds, €, dv))

0<i<l

t — -4 ~ o~ t — -4 ~ A~
+ / / 1&(v) [P€|(in )V (0) [PPR(ds, d, dv) + | / / c()E|(In )+ (0)|PR(ds, de, dv) ). (67)
0 J[1,M)x{0,1} 0 J[1,M)x{0,1}
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We notice that by (45),

M—-1

t c()IPE(In o (I+1) B V) — m(i )IP|(In (I+1) ppwk(’l)) v
L el 0 R s e tz/gk Pl )

m(i)
M-—1
(1) ; - /1 e

Similar upper bounds hold for the two other terms in the right hanf side of (67), so (67) is upper bounded
by

M—-1 M—-1

M-—1
Crps(DI(D gk/ |é(v)[2dv) % + Z gk/ |&(v)[Pdv + ( Z sk/ |&(v)|dv)P] (68)
k=1 T

If we assume the Hypothesis 2.4 (a), then we have ¢, = ¢, /(k + 1)!72, with oy given in (7). So the
above term is less than

Cuna@I( [ G2t [T s (7 oy

Ul [e 7] 'Ul @

S

which is upper bounded by a constant C;, 5(7") thanks to (7). On the other hand, if we assume the
Hypothesis 2.4 (b), then ¢, = ¢./(k + 1). So (68) is upper bounded by a constant C; , 5(7) thanks to
9.

O
5.1.3 Estimations of | X;""| 1,

In this section, our aim is to prove the following lemma.

Lemma 5.5. Under the Hypothesis 2.1 with ¢* > 2 and Hypothesis 2.4 (either 2.4(a) or 2.4(b)), for all
p > 2,0 <1 < g* there exists a constant C; ,(T") depending on I, p, x and T, such that

a) supsupE|X”M\p<Clp( ) (69)

n
and for 0 <[ < g* — 2,
b) supsupE|LX;"M [P < C),(T). (70)
n M

Proof. In the following proof, C; ,(T) will be a constant which depends on [, p, z and T, and which may
change from a line to another. ¢* > 2 is fixed throughout the proof.

a) We prove (69) for 0 <1 < ¢* by recurrence on I.
Step 1 For | = 0, using Burkholder’s inequality, Hypothesis 2.1 and (55),

t t
EIXMP < Cop(T)[z? + E| /O bM(Tn(r),XQZ?f))dr|p+E| / /{ >M}E(Tn(r),%(z),XZZJ(VT[))Wy(dr,dz)P
4

t
v E / / &), XM )N, (dr, d2))7]
[1,M) "

Cop(T —HE/ / 1n(r), 2 ij(\f) v(dz)|Pdr
{z>M}

IN

¢l nM oy 12 Sdr t e, 2, XM Y 2u(d2) s dr
" E/(/{M} (1), 0 (2), X2 ) 20(d2)) B d +E/O</[ [l X0 Pz

n / / Al Xn M )|Pv(dz)dr + ]E/ / (T (r), 2, X:_l’](\:{)i)l/(dz”l’dr]
1,M) 1,M) "
Cop(T) (71)

IN
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Step 2 Now we assume that (69) holds for [ — 1, with [ > 1 and for every p > 2, and we prove that it
holds for I and for every p > 2. We write E|X;""|? < O} ,(T)(A; + Ay + A3), with

t
Ay =B [ bartra(r), X200
K M
Ay = ]E|/ /{ o E(Tn(r),'yn(z),an’(r))Wl,(dr, dz)|7,

Az = IE\// Amalr), 2, X200 N (dr, d2)[7
[1,M)

We notice that by Hypothesis 2.1, ||bas||;,cc < ¢. Then using Lemma 5.3 «) and the recurrence hy-
pothesis, we get

Ay

IN

Cy (T /|bM Ta(r), X1 () [P r

IN

Crp(D)(@) +E / Obar (7a(r), X2 ) PIXTM 2
t

+Ef sup._ [0 (1), XL o)
0 2<|B|<K1

t
< CL(T)1+ / E| X0 [P, 72)
0

Next, we estimate As. By Hypothesis 2.1, for every n, ||¢(7,(7), v (2), ) |l1,c0 < |€(yn(2))|. Then using
Lemma 5.2 ¢), Lemma 5.3 a), (53) and the recurrence hypothesis, we get

Ay € C(T / ([ el m(a), X0t pu(de)) ar
{z>M}
< CDE [([ 1000, X X =)
0 {z>M}

+ E/(/{ sup 1072 (1), 3 (2), XIM) 21X (2 w(dz)) B dr

z>M} 2<|B|<I

t N , ”
+ Ef( /{zm}cm(rm(z) M) 20 (dz)) R

< Cp(M)1 / ]E|XT (T)|pd7"]~ (73)
Finally we estimate A3. We notice that D(ZT w2t = = 86,1 0mis D&Z)Zf =0, and for [ > 2,
D(ZT71V,V7;zll)"'(n7mz)7(817z1)"'(sz7zz)Zz = 0. So we have |Zk 1,0 — |§zk|p < 1. By Lemma 5.3 q) for d = 2,
Hypothesis 2.1, for any k,: € N,
e(ma(TF), ZF, X %m Ol < ez
+(|8ZE(TH(T[€),Z{“,anj(véik)fﬂ + |0 (TF), ZF, X ](Vék ODUZE |+ X2 A;k) |1,0)

~ n,M n,M
+C1p(T)  sup  (|02207 E(ma(TS), 27, X1 ) ODUZEL o+ 1X2 (- jmy
2<|B1+p2|<I
< Cup(M(ZE) (1 + X0 M i XM ),
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It follows that

M—1 JF M—1 JF
~ n,M _ n,M n,M
Ay < B(Y Y [Em(TE), 25, X7 i ) < Cup(T D eAZ U+ X (g i+ 1X i
k=1 i=1 k:l i=1
= C,(T // 2)(1+ [ X200 L+ X000 _li-1) Ny (dr, dz))P
1M) n
<

n,M
Cip(D)[L + / EIXTM Par],

where the last inequality is obtained by using (5) and recurrence hypothesis. Then combining (72),(73)
and (74),

t
BX; 7 < Cu ML+ | EIX ] 75)

So E|X" Jg 7 < Cp(T)1+ fT" ElX) ](V:)|pdr] < Crp(T)1 + fo EIX) ?f |V dr]. We denote temporarily
g(t) = E|Xn ‘il

which means that

E|X" [P < Oy p(T)eT e,

()1
Substituting into (75), we conclude that

sup E|X;"M|P < O, (T). (76)

As a summary of the recurrence argument, we remark that the uniform bound in n, M of the operator
D for [ = 0 is due to the Hypothesis 2.1, and it propagates to larger [ thanks to Lemma 5.3 a).

b) Now we prove (70) for 0 < < ¢* — 2, by recurrence on I.

Step 1 One has to check that (70) holds for I = 0. The proof is analogous to that in the following Step
2, but simpler. It is done by using Lemma 5.3 ¢), (60), Burkholder’s inequality, Hypothesis 2.1,2.4, (53),
(69) and Gronwall’s lemma. So we skip it.

Step 2 Now we assume that (70) holds for [ — 1, with [ > 1 and for any p > 2 and we prove that it holds
for [ and for any p > 2. We write E[LX;"™[? < C; ,(T)(By + By + Bs), with

IEJ\L/ b (T (r), X2 M ) )dr]?,

By = E|L/ / c(Tn(r), (2 )?X-,—"(T)) W, (dr,dz2)[7,
(2>M)}

By —E|L / / &A1), 2, XM )N, (dr, =)
o J[1,M) "
Using Lemma 5.3 b), Hypothesis 2.1, the recurrence hypothesis and (69), we get
t
Bl < C,(T)E / (Lbag (ra(r), X2 )Py
< DI [ 1020 ), X0 P

LR / sup 108 (7 (1), XM )P (L XM |22y (1 LM P Y]
0 2<Z|B|<I+2

IN

t
Cr (M1 +/ E|LX (7 [Pdr]. (77)
0

26

thenwe have g(t) < Cy,(T)[1+; g( dr ByGronwall’s lemma, g(t) < Cy,(T)eTCrr(T),

1)

(74)



Then by Lemma 5.2 b), we get
t
Be < CE [ ([ |Lelm(r)n(a) X0t ulda)far
0o J{z>M}

t ¢l M2 02))E dr
+ B[ /{ZZM} &), 3 (2), X2 ) () S ]
= Cl,p(T) [Bg,l + BQ,Q].

As a consequence of Lemma 5.3 b), we have

t
Bar < CME [ ([ () X0 PILX I Pold) fdr
0 {z>M}

t
+ B [(f sup  O0E(ra(r), (=), XM (14 XM D) (1 DX 2 () B,
{2>M} 2<|B|<1+2

And using Lemma 5.3 a),
t
Baz < Cp@E [ ([ ) (2, X4 Prlda)far
0 J{z>M}
t
b B[ 10 () X P ) Far
o J{z>M}

+ E/(/{ sup 1052 (1), 7 (2), XM RIXEM 21 o(dz) E ).

=>M} 2<|B|<!

Then by Hypothesis 2.1, (53), (69) and the recurrence hypothesis,
t
By < Cp,(T)[1 +/ EILX 00 [Pdr]. (78)
0
Now we estimate B;. By Lemma 5.3 b) for d = 2, Hypothesis 2.1, for any k,i € N,

~ . n,M ~ n,M n,M nM
(LE(r(TE), 28, X0, |y < (10:3(m (T8), 25, X0 )] 4 10,2 (TF), ZE XM, D(LZE] -+ LX) 1)

+Ol7p(T) sup (‘352651’5(7_”(11;@)’ Z,L«’“,X"/M )D

2<|B1+B2| <I+2 (T =
x(L+|ZF 35+ 1X 0 (k- TDA+|LZE - 1+|LX” 8y _li-1)
< Cp(T)E(ZE) (1 + |LZE | + |LX ™) ) L+ X0 (1) \ﬁﬁﬂX" |§ﬁx(\LZ’“|l L4 X Ty _li-1)-
Then
M—1 J}
By SE() Y |Le(ra(TF), 28, X )
k=1 i=1
M-1 Jf
k k n,M +2
< Cip(TEL Y Y eZE) A+ L2+ |LX D (g o+ X0y IS
k=1 =1 i
Xy N X (LZE o + LX) (=)
< Cip(T) (B3, + Bz + Bz 3),
where
M-1 Jf
By =E ;2 e(Z8)LX" 107
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M—1 Jf
Bsp=E| Y > aZ)(ILZF )+ 1X2 0 |13 < [LZE[1-0)PP,

Tn(Ti,k)
k=1 i=1
M-1 Jf
B3,3 = E| Z Z Zk 1 + |Xn (TF)— |§i% + |X:;](\§Ik)_‘éi? ‘LXn’(Tk ‘171)‘11'
k=1 i=1
By (5),
t
B3, = IE\/ / E(z)|LX::J(VZ)_|lNV(dr, dz)|P
1,M) '
t
< ) [ BExg 7
0
Using Schwartz’s inequality, (5) and (69), we have
M-1 Jf
E(Y > eZ)IXT iy 147 % [LZE i)
k=1 i=1
M-1 Jf M—1 J}
_ n, 2(142 1 1
SECY D aZhIX 2t 5T < B Y aZhILzE )7
k=1 i=1 k=1 i=1
t M—1 Jf
= [EI/ / )X PPN, (dr,dz)P)E < [BCY S ez nzk )P
o J[1,M) k=1 i=1
M-1 Jf
_ 1
< CLp(MIECY D aAZHILZE)")z.
k=1 i=1
Then applying Lemma 5.4, we get
Bs o < Cp,(T). (80)
By (5), (69) and recurrence hypothesis, we have
mo = ) / [ TSI 4 0 < X ool
< Cl,p (81)
So by (79),(80) and (81),
t
Bs < Cp,(T)[1 + / E[LX (7 _[7dr). (82)
0
Then combining (77),(78) and (82),
t
EILXPMP < Cyy(T)[1 + / BILX™ [Py, (83)
0
Using Gronwall’s lemma for (83) as for (75), we conclude that
sup E|LX;"M P < €, (T). (84)

n,M

As a summary of the recurrence argument, we remark that the uniform bound in n, M of the operator
L for I = 0 is due to the Hypothesis 2.1,2.4 and Lemma 5.3 ¢), and it propagates to larger [ thanks to
Lemma 5.3 b). O

Proof of Lemma 4.1.
By Lemma 5.1 and Lemma 5.5, as a consequence of Lemma 3.2, we have X¥ € D, , and sup || XM ||, 1, <
M

Cyp(T). O
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5.2 Proof of Lemma 4.2

In the following, we turn to the non-degeneracy of X¥. We consider the approximate equation (49)

t t t
M _ o —|—/ / &(r, 2, XM )N, (dr, dz) —|—/ bas (r, XM)dr —|—/ / &(ry 2, XMYW,, (dr, dz).
0 J[1,M) 0 0 J{z>M}

We can calculate the Malliavin derivatives of the Euler scheme and then by passing to the limit, we have
Do XM = Linanr 1y Licamy EF0-E(TF, ZF, X7H) +/Ttk /1 . 0u(r, 2, X} )Df, s X} N, (dr, dz)
/ Dubas (r, XM DG, Z)XMerr/ / Ouc(r, 2, XM)DE, o XMW, (dr, dz). (85)
T* J{z>M}
D XM = / /1 o Lo(r, 2, XM )DL XM N, (dr, dz) / Bubrr (r, XM )DL\ XM dr

1<ty Lizo> a3 (s, 20, X / / c(r, z XM)DE’ZZO)Xle,(dr, dz). (86)
{z>M}

We obtain now some explicit expressions for the Malliavin derivatives. We consider the tangent flow
(YM),e10,7) which is the solution of the linear equation

t t t
M1 / / Oy, 2, XMYYMN, (dr, dz)+ / Dubar(r, XYY Mdr+ / / Duc(r, 2, XMYY MW, (dr, dz).
1,M) 0 {z>M}

And using It&'s formula, Y, = 1/Y, verifies the equation

_1—// L2(r, 2, XM (1 + 0,8(r, 2, X M) YL N, (dr, dz) — /8bMTX ¥, dr
1,M)

/ / Orc(r, 2 XM)Y W, (dr,dz) + / / |0,¢(r, 2, XM))? Y V(dz)d
{z>M} {z>M}

Applying Hypothesis 2.1 with ¢* > 1 and Hypothesis 2.2, with K, a constant only depending on p,
one also has (the proof is standard)

E(sg;t)(’YSM’ )Y ) ) < K, < 0. 87)

Remark. Due to (4), we have

max{/[1 " E(Z)py(dz),/[M - |E(z)|1’y(dz)} < /[1 . &(2)|Pr(dz) = ¢,

so the constant in (87) is uniform with respect to M.

Then using the uniqueness of solution to the equation (85) and (86), one obtains

=M .
DG XM = Lpem-nylucm &Y MY e 08T, 28, X71 ),
—M
D(s zO)XtM = ]l{SSt}]l{ZOZM}YtA{Ys 6(55207)(.34)' (88)

And the Malliavin covariance of X is

M—1 Jf

oxm = (DXM DXM), =" |DG XM+ / / DY XM Pv(dz)ds. (89)

k=1 =1

29



In the following, we denote AM = o x . So the aim is to prove that for every p > 1,

E(IAY]7P) < C,. (90)
We proceed in 5 steps.
Step 1 We notice that by (88) and (89)
M-1 Jf iy t
A= 30 S WPV Ploart zE XY R+ e [ /{ [ XU uaz)ds
k=1 i=1 2>

We recall the ellipticity hypothesis (Hypothesis 2.3): There exists a function ¢(z) such that
10,8(s, z,2)|* > ¢(z) and |&(s,z,2)]> > ¢(z).

In particular

(s, z,2)|*v(dz) > c(z)v(dz),
/{ZEM}I( ) 2u(dz) /{ZZM} (2)0(d2)

so that
M—1 Jf
A >Q x (D) eke(z)) +1 / c(2)v(dz)) with Q, = inf [YMY).
k=1 i=1 {z>M} s<t
We denote
M—1 JF o I
o= S ehezhy, =SS ehe(zE), oM = / o(=)(d2).
k=1 i=1 k=M i=1 {z>M}
—M 4p
By (87), (Esup |[YMY, ’ )}/2 < C < 0, so that
s<t
E(AM|P) < C(E(|p}! + ta|727))3. (91)

Step 2 Let I'(p) = [~ sP~Le~*ds. By a change of variables, we have the numerical equality

0

1 1 > p—1_—s(pM tta)
= P~ e ¢ ds
(Pt +taM)p T(p) Jo

which, by taking expectation, gives

1 1
B ey = T

/ h sPIE (e3P +10™)) g, (92)
0

Step 3 (splitting). In order to compute E(e*S(PiVI + t"‘M)) we have to interpret pM in terms of Poisson
measures. We recall that we suppose the "splitting hypothesis" (40):
v(dz)

]]‘Ik (2) M

> 15, (2)erdz,

with I}, = [k, k + 1), my = v(I;). We also have the function ¢ and m(¢)) = [, ¥(t)dt. And we use the
basic decomposition
Z; =&VE+ 1= €Huy

where V¥ UF, ¢k k,i € N are some independent random variables with laws given in (47).
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For every k we consider a Poisson point measure Ny (ds,d¢, dv,du) with ¢ € {0,1},v,u € [1,00),s €
[0, T with compensator

Ni(ds,d¢, dv,du) = My(d€, dv, du) x ds

v —(k+ 1))dv

with M\k(dg,dv,du) = bk(df)XILIk(U)% 2

1 1
—1 P(ZF € du) — ¢}, — (k4 =))du).
Ty Ve (B2 € du) — ey — (k + 5))a)
Here by (d€) is the Bernoulli law of parameter e,m(¢)). The intervals Iy, k € N are disjoint so the Poisson
point measures Ny, k =1,--- , M — 1 are independent. Then

If gk .
fel(25) = ) GGV + (- EhUD) = — &)u) N (ds, d¢, dv, du).
;ég( 0 ;@g(&% +(1=€)U) /0/{0}1}/[1’00)2&(5%(1 €)u) Ni(ds, d, dv, du)

In order to get compact notation, we put together all the measures Ny, k < M — 1. Since they are inde-
pendent we get a new Poisson point measure that we denote by ©. And we have

M—1 Jf ‘
Pt = S ezl = [ [ [ edeor (10— gv)eds.de.dv,du).
el im1 o J{0,1} J[1,00)2
Step 4 Using Itd’s formula,
M t M M ~
E(e™®rt) = 1+IE/ / / (678(9T7+E§(£v+(1*§)v)) — e~ %Pr=)O(dr, d¢, dv, du)
0 J{0,1} J[1,00)2
. . M-1
= 1—/ E(e—spr—)dr/ / (1 — e €l tU=0) N My (d€, dv, du).

0 0,1} J[1,00)2 Pt

Solving the above equation we obtain

M—1
E(eisﬂ?j) — exp(—t Z / / (1 — eisfg(&ﬂr(li@u))ﬂk(dé} dU, du))
k=1 {0)1} [1700)2
We compute

1 1
W@/}(v — (k+ 5))dv.

Since ¢ > 0 and (z) = 1 if |z| < } it follows that the above term is larger than

k+%
ak/ (1 — ey,
k+g

. k+1
/ (1 — e~s6e€v =W, (dg, dv, du) = epm (<)) / (1 — ey
{0,1} x[1,00)2 k

Finally this gives

M M1 k+3
E(e™*t) < exp(—t Z Ek/ (1 — e dv)
k=1 k+3
M
— exp(—t / (1 — =<0 )m(dv)),
1
with
m(dv) = exl gt oy 3)(v)do. (93)
k=1
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In the same way, we get

[ee]

E(e=7") < exp(—t /M (1 — e~ )m(dv)).

Notice that ta™ > E(pM). Then using Jensen’s inequality for the convex function f(z) = e=%%, s,z > 0,
we have
e—sta™ < e~ sEn < E(e‘sﬁiw) < exp(—t/ (1- 6_55(”))m(dv)).
M

So for every M € N, we get

E(efs(inIthaM)) — efston > E(efspi”)
00 M
< exp(—t/ (1 — e )m(dv)) x exp(—t/ (1 — e™*<))m(dv))
M 1
= exp(—t / (1 — e=*<)m(dv)), (94)
1

and the last term does not depend on M.

Now we will use the Lemma 14 from [7], which states the following.

Lemma 5.6. We consider an abstract measurable space F, a o-finite measure n on this space and a non-
negative measurable function f : E — R such that [, fdn < co.Fort > 0and p > 1, we note

af(t):/E(l—e_tf(“))n(da) and If(f):/o sP=le—tos(s) gg.

We suppose that for some t > 0 and p > 1,

) > p/t, (95)

S

then IY(f) < .

We will use the above lemma for n = m and f = ¢. So if we have

lim Lm(g > l) = 00, (96)

47N g T u

then for every p > 1,t > 0, M > 1, (92),(94) and Lemma 5.6 give

]. ]. > M M
E(—— 2p  _ 7/ $2P— 1R efs(pt +ta™) ds 97
(pi” T T'(2p) Jo ( ) @7
1 /°° 2p-1 /°° -
< — sP™ exp(—t 1 — e *<))m(dv))ds < .
o | ] ()

Finally using (91), we conclude that if (96) holds, then

supE(AM)™? < co. (98)
M

Step 5 Now the only problem left is to compute m(c > ). It seems difficult to discuss this in a completely
abstract framework. So we suppose Hypothesis 2.4 (a): There exists a constant ¢, > 0 and there are some
a1 > ag > 0 such that for every k € N,

v(dz)

. Ex
]]-Ik(z)mik Z ILIk (Z)Ekdz with L = W,

@2

for any a € (az, 1], and c(z) > e,
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Then {z : ¢(z) > 1} D {z : (Inw)'/*2 > z}. In particular, for k < |(Inu)*/*2] — 1 := k(u), one has
I, C {z:¢c(2) > 1}. Then for u large enough, we compute
k(u) k(u k(u) (In )t/ o2
1 1 1 1
>2) > > e, - > e, —
mle = u) - kz:l Zak 6 z_:l (k+1)t- = 2° /z zl—o‘dz
= ;;«lnu)a/” -2).

Since a > a», (96) is verified and we obtain (98).

Now we consider Hypothesis 2.4 (b): We suppose that there exists a constant ¢, > 0 and there are
some « > 0 such that for every k € N,

v(dz) ) Ex 1
> . = > —.
e 2 11, (2)erdz  with e 1 and ¢(z) > o

Now {z:¢(2) > 1} D {z:2< u!/*}. Then for u large enough,

]]‘Ik (Z)

1.1 11 e 1
> 1) > s, > Ze, & (S Inu—n2).
> z58 ) k+1*28/2  ~go(gmu—n2)

And consequently

1 Ex
1 > —) > —
Hlu—oo 7, (e u) ~ 2a
Using Lemma 5.6, this gives: if
2p e dpa
— < — & >
t 2a Ex
then )
sup E P < o0,
and we have sup E(AM)~P < oo. O
M

5.3 Some proofs concerning Section 4.2

We will prove that the triplet (S, D, L) defined in Section 4.2 is an IbP framework. Here, we only show
that D1 is closable and L verifies the duality formula (32). To do so, we introduce the divergence operator
0. We denote the space of simple processes by

1<i<m Zu7<pr ¥ u. €8, 0, € L*(Ry x Ry, v x Leb),m’',m,n € N}.
lgkg r=1

n

For u = ((4F)1<icm’» >on_y Urpr) € P, we denote u? = (uf);,<, and ¥ = 3" u,¢,, so that
1<k<m 1<k<m
u = (u?,u").

We notice that P is dense in L2(;H), with H = I ® L2(Ry x Ry, v X Leb).
Then we define the divergence operator 6 : P — S by

S(u) = 6% (u?) + 5W(uW)

with 67 ZZ (o +&7a; < 0x(V}))
k=11i=1
5W(UW) = ZUTWV(%) - Z(Dwum Or)L2(Ry xRy ,vx Leb)-
r=1 r=1
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We will show that ¢ satisfies the following duality formula: For every F' € S,u € P,
E(DF,u)3 = EF6(u). (99)

In fact, if we denote V;*(z) the sequence (V;k“)1<10<m/ after replacing V¥ by , then for any m’,m € N,
1<

kogm

k=1 1i=1
= Z Zng@ka(w, (Vz’;“)K?gmu (WV(@]));L—l)af(w’ (‘/zlzo)l<zk?<m/7 (Wu(%))g 1)
k=1i=1 o<m o<m
=S [ €0 V@), (W) fr) X (e V@), (W ) ) 22
k=1i=1 m(1)
= ZE/ﬁff(w,V;k(x)»(Wu(%)) ) X [0 p 0 (w, VE (@), (W, (5))]=1)
k=1 1=1
_k sy % n 5ﬂ/}k($) ¢k($)
+uz (UJ7 [ (ZL’), (WV(QOJ)) ) ¢k($) ]m(¢) dx
=-> ZEF D{ i + EFaf o, (I, (V)] = E(F67 (u?)).
k=11:1=1

On the other hand, since L?(R, x R, ,v x Leb) is a separable Hilbert space, we can assume without loss
of generality that, in the definition of simple functionals, (1, - ,¢m, - ) is the orthogonal basis of the
space L?(R, x Ry, v x Leb).

Thenwithpr = [ ., ©2(s, z)v(dz)ds, for any n € N,

E<DWF7 uW>L2(R+><]R+,u><Leb) = E/ (g Z)F X Zur@r S, Z )d
]R+><R+

1<i<m’>» 1<i
r—1 1<k<m 1<k<m
=) E /R B, F(@s (V) 1<icms Wol1), -+ s Wil9r=1), 4 Wo(@rt1), -+ s W)
r—=1 1<k<m

2
XU (w, (V;k)lgigm’v Wo(o1), s Wolor—1), 4 Wol@ri1), -, Wi (en)) eiﬁ'ﬁdy X Pr

1<k<m 27D,

= ZE/ f(wv (‘/ik)lgigm’a WV(‘;Ol)v e aWV(SD’I‘fl)7y7 WV(‘:OTJrl)v T 7W1/(90n))
r—=1 R 1<k<m

X [61%“7"(("'}? (Vvik)lgigmH WV(QOI)’ o 7W1/(<)07‘—1)7 Y, WV(¢T+1)7 e 7WV(%0TL))

1<k<m
Yy k 1 _
——Up 7‘/; i LW, s W ler—1),y, W (er v s Wi (en 2pr r
o (w, ( )11%;;;; (1) (r—1), 4, Wo(ers1) (¢ ))]me yxp
= EF(ZW Z D™ up, o) 2R, xRy wxLeb)) = B(FOY (u')).
= r=1

Then (99) is proved. Using this duality formula recursively, we can show the closability of D?. If there exists
u € L?(Q;H®?) such that F,, — 0in L?(2) and DF,, — u in L*(Q; H®9), then for any hy,--- ,h, € P,
E(u,hy ® -+ ® hg)pea = li_>m E(DF,,h1 @ -+ ® hg)yoa = li_>m EF,,0(h16(h2(---0(hy)))) = 0. Since

P®4 is dense in L*(Q; H®?), we conclude that « = 0. This implies that D? is closable.
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We notice that from the definition of 6 and L, we get immediately that LF = §(DF), VF € S. And if
we replace u by DG in (99) for G € S, we get the duality formula of L (32).

Data avaibility statement. Data sharing is not applicable to this article as no datasets were generated
or analyzed during the current study.
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