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The recent measurement of a very low dielectric constant, ε, of water confined in nanometric slit pores leads
us to reconsider the physical basis of ion partitioning into nanopores. For confined ions in chemical equilibrium
with a bulk of dielectric constant εb > ε, three physical mechanisms, at the origin of ion exclusion in nanopores,
are expected to be modified due to this dielectric mismatch: dielectric exclusion at the water-pore interface
(with membrane dielectric constant, εm < ε), the solvation energy related to the difference in Debye-Hückel
screening parameters in the pore, κ , and in the bulk κb, and the classical Born solvation self-energy proportional
to ε−1 − ε−1

b . Our goal is to clarify the interplay between these three mechanisms and investigate the role played
by the Born contribution in ionic liquid-vapor (LV) phase separation in confined geometries. We first compute
analytically the potential of mean force (PMF) of an ion of radius Ri located at the center of a nanometric
spherical pore of radius R. Computing the variational grand potential for a solution of confined ions, we then
deduce the partition coefficients of ions in the pore versus R and the bulk electrolyte concentration ρb. We show
how the ionic LV transition, directly induced by the abrupt change of the dielectric contribution of the PMF with
κ , is favored by the Born self-energy and explore the decrease of the concentration in the pore with ε both in the
vapor and liquid states. Phase diagrams are established for various parameter values and we show that a signature
of this phase transition can be detected by monitoring the total osmotic pressure as a function of R. For charged
nanopores, these exclusion effects compete with the electrostatic attraction that imposes the entry of counterions
into the pore to enforce electroneutrality. This study will therefore help in deciphering the respective roles of the
Born self-energy and dielectric mismatch in experiments and simulations of ionic transport through nanopores.

DOI: 10.1103/PhysRevE.104.044601

I. INTRODUCTION

Ion selectivity by synthetic membranes as well as in bi-
ological nanopores is known to be controlled by electrostatic
interactions between the charged pore surface and mobile ions
in solution [1–7]. A closer examination reveals that several
mechanisms can be in competition in the transfer of an ion
from a bulk reservoir to the interior of a pore: the electrostatic
attraction of the counterions [8,9], as well as the exclusion
induced by the possible dielectric mismatches between the
confined electrolyte and membrane matrix, on the one hand,
and between the confined and bulk electrolytes, on the other
hand, the latter being at the basis of the so-called Born
contribution.

The same mechanisms studied here enter into the partition-
ing of nonaqueous electrolytes (ionic liquids) into nanopores
[10–13], a topic of great current scientific and industrial in-
terest, although the physical system parameters will take on
different values compared to aqueous electrolytes. The theo-
retical approach we develop is general enough to be employed
for both types of systems. A better theoretical understanding
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of both aqueous and nonaqueous electrolytes is necessary not
only for reaching a deeper fundamental understanding of these
rich physical systems, but also for optimizing these systems
for a variety of societally important industrial applications.

Characterization of the impact of dielectric permittivity on
ion concentration inside pores would also be useful for reach-
ing a better understanding of technologies that are currently
being investigated for the production of clean energy, for
example, those using nanoporous carbon electrodes for blue
energy [14,15], capacitive mixing [16] and capacitive deion-
ization [17]. Indeed the capacitance of pores in materials such
as carbide-derived carbon electrodes are directly dependent on
the permittivity of the electrode and the solvent.

The dielectric mismatch between the confined electrolyte
and the membrane matrix generates repulsive surface polar-
ization charge in the case where the confined electrolyte has
a higher dielectric constant (an effect simply interpreted in
terms of image charge forces for planar geometries) [18–25].
Such an effect can only be taken into account by going beyond
mean-field approaches since the dielectric exclusion effect is
embedded in the potential of mean force (PMF) via the excess
chemical potential. Different electrolyte concentrations in the
bulk and in the pore can also modify the solvation energy
and therefore PMF, more precisely the value of the Debye
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screening parameter κ (inverse screening length) if correla-
tions are taken at the Debye-Hückel (DH) level [26].

Similarly, the Born contribution to the solvation energy
requires going beyond mean-field theory because it is also a
dielectric effect that enters in the PMF via the excess chemical
potential. Indeed, it has been known since the pioneering work
of Stern [27] that to model experimental capacitance measure-
ments reliably [28,29] it is necessary to consider that close to
surfaces water has a reduced dielectric constant on a nanomet-
ric width. The dielectric constant of confined water has mainly
been studied using molecular dynamics simulations [30,31].
These simulations indeed confirm that the out-of-plane water
dielectric constant ε⊥ is lowered, close to surfaces, and that
this decrease is associated with the local ordering of water
molecules and the contribution of the multipoles (essentially
quadrupoles and octupoles). This alignment induced by the
presence of a surface induces a lower response of the water
molecules to an applied electric field, and therefore a lower
value of ε⊥ than in the bulk. Several attempts have been made
to model these effects using an extended Poisson-Boltzmann
approach (which includes a spatially varying dielectric term
∇ε−1

⊥ ) to describe the double-layer close to surfaces in wa-
ter, and using an ad hoc chemical potential μ that mimics
the wall repulsion, but neglects the electrostatic correlations
between ions [31,32]. Attempts have also been made to assess
the importance of dielectric effects in nanofiltration modeling
without [19,20] and with the Born contribution [5,6].

In 2018, Fumagalli et al. [33] were able to measure, using
local capacitance measurements, the out-of plane dielectric
constant ε⊥ of water in slabs of heights h down to 1 nm
bounded by hBN (of dielectric constant 3.5) with a very
well controlled geometry. They measured a limiting value
of ε⊥ � 2.1 for h < 2 nm, and recovered the bulk value for
h > 100 nm. Their data were well fitted by a simple model
of three capacitors in series made of a bulk layer (with a
bulk value ε⊥ � 80) sandwiched between two thin layers of
width 0.74 nm close to the surface. This low value of ε⊥
may arise simply from an averaging that includes the thin
layers of vacuum close to hydrophobic surfaces (of width
equal to twice the van der Waals radius of wall atoms) with
ε = 1, and a bulk value quickly reached in between (even for
nanometric water slabs), as has been suggested by all-atom
simulations [34].

A question which arises from these experiments is whether
a low confined water dielectric constant plays a major role
in the solvation energy barrier for ions entering in a pore of
nanometric thickness. Indeed, when an ion of charge q = ze,
where z is the valence and e the electron charge, is transferred
from a high dielectric bulk region (with dielectric constant εb)
to a lower one (with dielectric constant ε), Born [35] showed
in 1920 that a solvation energetic barrier, WBorn (in units of
kBT with T the temperature and kB the Boltzmann constant),
exists and is given by

WBorn = q2β

8πε0Ri

(
1

ε
− 1

εb

)
= z2�B

2Ri
(η − 1), (1)

where η = εb/ε measures the dielectric mismatch between
bulk and confined water and �B = e2/(4πε0εbkBT ) � 0.7 nm
is the Bjerrum length in bulk water (εb = 78) at room tem-

perature [β = (kBT )−1]. The effective ionic radius Ri is
approximately equal to the hard-core (or Pauling) ionic radius
plus the water molecule “radius.” WBorn is on the order of
1 for Na+ (Ri � nm) if ε � 50, but increases quickly with
the square of the ion valence z. The precise value for ε that
should be used in Eq. (1) is not known. In the following,
we will therefore study the whole range of ε, from 2 to εb.
We recall that the Born solvation energy plays a dominant
role in determining ion hydration from air (or vacuum) for
which ε = 1 and therefore in this case WBorn ∼ 100 − 200,
depending on ionic radius (see Refs. [36–41] and references
therein).

Following the pioneering work of Parsegian [18], the role
of this Born self-energy has been studied for the crossing
of a flat dielectric interface [42] in the context of the KcsA
K+ channel [43] by correcting the Poisson-Nernst-Planck
equations, or to study the binding selectivity of the L-type
calcium channel [44]. In this last paper, the authors use grand
canonical Monte Carlo simulations to compare the energy
barrier in the presence of low ε for monovalent Na+ and
divalent Ca2+ ions with the case where ε = εb. Interestingly,
they found no major difference, attributing this to a compen-
sation between the increase of the Born self energy and the
decrease of the electrostatic self energy when ε decreases.
This numerical study, however, focused on a specific biologi-
cal channel. Kiyohara et al. [45] studied numerically the effect
of the dielectric constant on electrolytes in porous electrodes
with applied voltage. They essentially showed that decreasing
the dielectric constant increases the electrostatic interaction
between ions and explained the observed behavior in terms
of the balance between the electrostatic interaction and the
volume exclusion interaction. In these two articles based on
numerical methods, despite their interest, a detailed physical
understanding of these different contributions to the PMF is
missing.

In this article, we develop a unified analytical theory that
considers on an equal footing the Born solvation, the dielectric
exclusion, and the ionic correlation free energies. We then
evaluate the role played by each in the ionic liquid-vapor
phase transition previously proposed in the absence of the
Born contribution [23,24,46]. We do not explicitly take into
account steric exclusion because in the present context, the
simplest way to do so would involve reinterpreting the pore
radius introduced here as an effective one equal to the nominal
pore radius minus the ionic one, leading to a multiplicative
factor in the ionic partition coefficients. We recall that this pre-
vious work predicts that the confinement of a common mineral
salt to a nanopore can lead to an ionic liquid-vapor phase
transition at room temperature, in contrast to what occurs in
the bulk (for which the theoretical transition temperature is
predicted to be far below freezing and therefore unphysical).
In contrast to most studies of nonaqueous electrolytes (ionic
liquids), where the shift in vapor-liquid coexistence induced
by confinement is studied in the density-temperature plane
[10], we work at room temperature and investigate how ionic
vapor-liquid coexistence is modified by the nanopore radius
and bulk reservoir concentration.

To make the calculation tractable and therefore more
clearly elucidate the basic physics at play, we choose to focus
on a simplified geometry, namely, a spherical nanopore [19],
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and go beyond the mean-field Poisson-Boltzmann approach
by using a field theoretic variational theory [22,47] already
developed for pointlike ions in various geometries such as
slits [22,48], spherical [49], and cylindrical [23,24] nanopores
(finite-sized ions including hard core steric effects were also
studied approximatively in Ref. [46], although in the absence
of the Born contribution). Taking into account fluctuations
around the mean-field Poisson-Boltzmann solution amounts
to including the contribution of the ionic self-energy in the
theory [50–55] (including some attempts to account for the
Born contribution). In Ref. [49] the field theoretic variational
theory method was used to study electrolytes excluded from,
but not confined to, spherical regions (the focus here). A
complementary splitting-field method was also used in con-
junction with Monte Carlo simulations to study electrolytes
inside spherical pores [56], although the focus was different
from our own and the question of the ionic liquid-vapor phase
transition was not addressed. It is crucial to underline that
the field theoretic variational method developed here, unlike
earlier methods [20], gives access to an approximate free en-
ergy (variational grand potential) functional that can be used
to establish ionic liquid-vapor phase diagrams.

For simplicity and as a first approach to the complicated
problem studied, we assume in this work that the solvent, the
membrane, and the pore surface can be treated as continuous
and homogeneous media characterized by continuous dielec-
tric constants and pore surface charge density.

In Sec. II, the full excess chemical potential is computed
for a single ion located at the center of the pore, and its
three contributions, namely, dielectric, ionic solvation, and
Born ones are compared. Then the variational theory is
developed in Sec. III to properly take into account ion-ion
correlations at the Debye-Hückel level, in the midpoint ap-
proximation, i.e., the excess chemical potential for an ion
located anywhere in the nanopore is taken to be equal to the
one computed in Sec. II for an ion located at the pore center.
Section IV is devoted to the computation of the partition coef-
ficient of ions in the pore. A phase transition, mainly induced
by the dielectric jump and already obtained for pointlike ions
[23,24] and also for finite-sized ones within a restricted ap-
proximation [46], is found between a state where no ions enter
the pore (vapor phase) and a state where the pore concen-
tration is more or less equal to the bulk one (liquid phase).
The role of a low confined water dielectric constant on this
transition is thoroughly studied. A discussion of the results
and a conclusion are given in Sec. V.

II. SOLVATION ENERGY OF A SINGLE ION IN A
SPHERICAL NANOPORE

We consider a spherical nanopore of radius R filled with a
solvent with dielectric constant ε. We use the Born model for
ions which assumes that solvent is excluded from a spherical
region of radius Ri around a point charge q = ze (restricted
primitive model) [26]. We call this Born radius Ri the effective
ionic radius, although it is approximately equal to the hard-
core (or Pauling) ionic radius plus the water “radius” taken to
be Rwater ≈ 0.142 nm [37]. One also could define this effective
radius as the value for which the pair correlation function
between the ion and the first water molecule reaches 1 [36].

FIG. 1. Sketch of the geometry: A test ion of effective radius
Ri with internal dielectric constant εi is transferred from the bulk
(dielectric constant εb = 78, Debye-Hückel constant κb) to the center
of a spherical nanopore of radius R embedded in a membrane of
dielectric constant εm = 2. The confined water has a lower dielectric
constant than in the bulk, ε � εb, and due to dielectric exclusion,
the Debye-Hückel screening parameter is smaller than in the bulk,
i.e., κ � κb. The internal nanopore surface possibly carries a surface
charge density σ .

For Na+ and Cl−, the latter definition leads to Ri ≈ 0.2 nm,
which yields the correct values for the Born solvation energies
Eq. (1) when compared to molecular dynamics simulations.
Although the former definition leads to larger values for the
effective radii of these two ions, and therefore less accu-
rate predictions for the Born solvation energies, qualitatively
speaking we can conclude that the appropriate range is be-
tween 0.2 and 0.3 nm.

This spherical region corresponds to the excluded
volume of the ion and has a dielectric constant εi (Fig. 1).
The membrane in which the nanopore is formed has dielec-
tric constant εm. This model can also be relevant for the
macropore-nanopore interfaces present in electrodes, where
the macropores play the role of an effective bulk medium.

For a general linear dielectric medium (assumed to be
the case here) the total (normalized) electrostatic energy of
a charge distribution is formally given by [57]

W = β

2

∫
d3x ρc(x)
(x), (2)

where 
(x) is the total potential (due to all charges) and ρc(x)
the total charge density (which may include point charges, as
well as continuous charge distributions). For point charges W
contains infinite bare self-energy contributions that must be
subtracted off to obtain physically meaningful results. For the
case of a single finite-size ion located at the origin of spherical
pore embedded in a general spherically symmetric dielectric
medium, possibly with a continuous spherically symmetric
charge distribution, this subtraction leads to a finite relative
ionic (normalized) self-energy [29,35,36]

Wp = βq

2
lim
r→0

[
<(r) − 
i(r)], (3)
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where


i(r) = q

4πε0εir
(4)

is the bare ionic Coulomb potential in a hypothetical uniform
dielectric medium with ε = εm = εi and 
<(r) is the electro-
static potential within the ion, i.e., for r < Ri. It is found by
solving the Poisson equation

1

r2
∂r (r2∂r
) = −qδ(r)

ε0εi
(5)

and the usual boundary conditions at interface between me-
dia 1 and 2 (with surface charge density σ ): 
1 = 
2 and
ε1∂r
1 = ε2∂r
2 − σ

ε0
, where σ is the surface charge density

on the pore surface. The solution to this equation for r < Ri

can be written as


<(r) = 
i(r) + 

, (6)

where 

 is independent of r and translates the influence of
the surrounding medium on the central ionic charge.

The relative ionic self-energy can therefore be simplified to

Wp = βq

2


. (7)

In the absence of pore surface charge the solution to the
Poisson equation gives



 = q

4πε0

[
1

Ri

(
1

ε
− 1

εi

)
+ 1

R

(
1

εm
− 1

ε

)]
, (8)

and therefore in this case

Wp = βq2

8πε0

[
1

Ri

(
1

ε
− 1

εi

)
+ 1

R

(
1

εm
− 1

ε

)]
. (9)

One notices the very similar expressions for both of these
two terms, which are both associated with dielectrics jumps.
The first term is the usual Born self-energy in an unconfined
solvent of dielectric constant ε (corresponding to the limit
R → ∞), originating in the dielectric mismatch between the
ion (εi) and solvent (ε). The second term is the dielectric
self-energy, originating in the dielectric mismatch between the
confined solvent (ε) and membrane itself (εm). In the special
case of an ion in the bulk (R → ∞ and ε → εb), the relative
ionic (normalized) self-energy simplifies to

Wb = βq2

8πε0

[
1

Ri

(
1

εi
− 1

εb

)]
(10)

and the difference in relative (normalized) self-energy be-
tween an ion in a pore and in the bulk,


Wp = Wp − Wb

= βq2

8πε0

[
1

Ri

(
1

ε
− 1

εb

)
+ 1

R

(
1

εm
− 1

ε

)]
, (11)

is independent of εi and controls ion partitioning into the pore
from the reservoir. The first term is the usual Born solvation
self-energy, WBorn [Eq. (1)], and the second is the usual dielec-
tric one. When εm < ε and ε < εb, both mechanisms disfavor
ion partitioning into the pore from the bulk reservoir. In the
case where the pore bares a surface charge density σ , one has

the following additional contribution:


Wp,σ = βqRσ

2ε0εm
, (12)

which is simply the mutual electrostatic energy of the ion and
the charged pore.

Generalizing the Debye-Hückel (DH) approach for bulk
electrolytes, we now consider the case of a finite-size test
ion located at the center of a spherical pore filled with a
(symmetric) electrolyte of concentration ρ. The potential in
this case is found by solving in the pore the DH equation,
instead of the Poisson one as done previously:

1

r2
∂r (r2∂r
) − κ2
 = 0, (Ri < r < R), (13)

with κ =
√

8πη�Bz2ρ the pore DH screening parameter and
the usual boundary conditions at interfaces between two me-
dia (see above). The Poisson equation, Eq. (5), still holds
elsewhere in the system.

Before studying the general case, we recall the bulk result
by taking ρ → ρb (bulk electrolyte concentration), R → ∞
and ε → εb, in which case κ → κb =

√
8π�Bz2ρb, which

leads to



b = q

4πε0Ri

[(
1

εb
− 1

εi

)
− κRi

1 + κRi

]
= 

B

b + 

DH
b .

(14)
The (normalized) relative bulk self-energy in the presence of
an electrolyte filled pore is then given by Wb = βq

2 

b. Up
until now we considered the central ion as an inserted test ion.
We now follow DH and consider the central ion to be part
of the electrolyte itself and make the major assumption that
the electrostatic part of the electrolyte excess ionic chemical
(normalized by kBT ) is given by μel

b = Wb:

μel
b = z2�B

2Ri

[(
1 − εb

εi

)
− κRi

1 + κRi

]
= μB

b + μDH
b . (15)

The first term on the right-hand side is the Born self-energy
and the second term is the classical DH excess electrostatic
chemical potential [58]. This results generalizes the DH cal-
culation to the more general case where εi 	= εb.

The above identification between μel = W is completely
equivalent to the DH charging method as usually presented
[26]. This method consists in computing the normalized vol-
umetric Helmholtz electrostatic free energy, f el

b = βF el
b /V

using the charging rule [58]

f el
b = 2ρbβq

∫ 1

0
dλ 

b(λq), (16)

which using Eq. (15) is rewritten as

f el
b = 2ρbμ

B
b + 2ρbβq

∫ 1

0
dλ λ 

DH

b (λκb) (17)

= 2ρbμ
B
b + f DH

b (κb), (18)

where we have used that 
B
b depends explicitly on q, but is

independent of κb, and that 
DH
b depends on q explicitly and

implicitly via κb(q) (which varies linearly with q).
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The electrostatic DH contribution is rewritten as a function
of κb using 2ρbβq2 = ε0εbκ

2
b :

f DH
b (κb) = ε0εb

2q
κ2

b

∫ 1

0
dξ 

DH

b (κb

√
ξ )

= ε0εb

q

∫ κb

0
κ 

DH

b (κ )dκ = − κ3
b

12π
τ (κbRi ), (19)

with

τ (x) = 3

x3

[
ln(1 + x) − x + x2

2

]
. (20)

We note that f DH
b (κb) can be written directly in terms of the

excess chemical potential:

f DH
b (κb) = 2ε0εb

βq2

∫ κb

0
κ μel

b (κ )dκ

= 1

2π�Bz2

∫ κb

0
κ μel

b (κ )dκ. (21)

The above result Eq. (18) for f el
b leads directly for a

symmetric electrolyte to a consistent result for the chemical
potential of the ionic species (cation or anion) μel

b,±:

μel
b,± =

(
∂ f el

b

∂ρb,±

)
V,T

=
(

∂ f el
b

∂ρb,±

)
κb

+
(

∂ f el
b

∂κb

)
ρb,s

(
∂κb

∂ρb,±

)

(22)

= μB
b + ε0εb

2q
κb

DH

b (κb)
κb

4ρb
= μel

b , (23)

where we have used that in the present case κb can be written
explicitly, using ρb = (ρb+ + ρb−)/2, in terms of the ionic
concentrations, ρb+ and ρb−, as κb =

√
4π�Bz2(ρb+ + ρb−),

and therefore ∂κb
∂ρb,s

= κb
4ρb

.
In general, the full ionic chemical potential is ob-

tained by adding the ideal gas entropic contribution to the
electrostatic one:

μ± = ln ρ± + μel
±. (24)

The normalized grand potential, ω = β�/V = −βp,
where p is the pressure, can be obtained directly from ther-
modynamics, leading in the present (symmetric electrolyte)
case to

ω = −βp = f − 2ρμ, (25)

since the total ionic concentration is 2ρ. This relation leads to
an explicit charging form for the excess (normalized) electro-
static grand potential in the bulk (proportional to the pressure):

ωel
b = −βpel

b = f el
b − 2ρbμ

el
b

= ρbβq

[∫ 1

0
dξ 

b(κb

√
ξ ) − 

b(κb)

]
(26)

= ε0εb

2q
κ2

b

[∫ 1

0
dξ 

DH

b (κb

√
ξ ) − 

DH

b (κb)

]
(27)

= 1

2π�Bz2

∫ κb

0
κ

[
μel

b (κ ) − μel
b (κb)

]
dκ. (28)

since the Born contribution, which is independent of κ , does
not contribute to the electrostatic pressure, or

βpel
b (κb) = − κ3

b

24π

[
3

1 + κbRi
− 2τ (κbRi )

]
. (29)

We assume now that the nanopore is filled by an electrolyte
with in general a different DH screening parameter,

κ =
√

8π�Bηz2ρ, (30)

from the one in the bulk, where ρ is the electrolyte con-
centration in the pore [see Fig. (1)]. Moreover, we limit
ourselves for the moment to the case σ = 0. Generalizing the
above bulk calculation to the case of an ion embedded in a
spherical nanopore geometry yields a more complicated, but
analytical, expression for the electrostatic potential 
p(r) =

i(r) + 

p(κ ) (see the Appendix). (The volumetric free
energy fp obtained from the charging method leads to an inte-
gral that cannot, however, be carried out analytically.) Using
μel

p = βq
2 

p(κ ), one obtains an analytical expression for the

excess electrostatic chemical potential in the pore:

μel
p = z2η�B

2Ri

[
2κRi(

e2κ (R−Ri )(1 + κRi )
κR−1+εm/ε

κR+1−εm/ε
+ 1 − κRi

)
(1 + κRi )

+
(

1 − ε

εi

)
− κRi

1 + κRi

]
. (31)

Taking R → ∞ kills the first term in the brackets, and we
recover Eq. (15) by replacing ε with εb (or η = 1). We assume
that the DH charging method, outlined above for the bulk case,
can be carried over mutatis mutandis to the pore case to obtain
f el

p and therefore ωel
p from μel

p and ρ:

f el
p = βρq

∫ 1

0
dξ 

p(κ

√
ξ ) (32)

and

ωel
p = ε0ε

2q
κ2

[∫ 1

0
dξ 

p(κ

√
ξ ) − 

p(κ )

]
, (33)

where we have used 2ρβq2 = ε0εκ
2. If we assume that the

pore interior is in equilibrium with a bulk external reservoir,

then the two electrochemical potentials are equal, μp = μb,
where

μp = ln ρ + μel
p (34)

and

μb = ln ρb + μel
b . (35)

Therefore, the partition coefficient is k = ρ/ρb =
exp(−
Wp), where


Wp(κ ) = μel
p − μel

b , (36)

is the difference in chemical potentials (or PMF). This PMF,
which controls the transfer of an ion from the bulk to the
center of the spherical nanopore, is given by
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FIG. 2. Potential of mean force 
Wp (in units of kBT ) given in Eq. (38) versus κ�B for κb�B = 1 (or ρb ≈ 0.19 M), and ε = 60: (a) Ri =
0.3�B and R = 2�B, εm = 2 (solid line); R = 2�B, εm = 10 (dashed line), R = 10�B, εm = 2 (dotted lines). Inset: various contributions to

Wp: dielectric Wdiel (yellow), solvation Wsol (green), and Born WB ones (red) for R = 4�B, εm = 2 with the other parameters being the same.
(b) Influence of the ionic size for κb�B = 1, ε = 60, εm = 2, R = 4�B, and Ri = 0.3�B (solid lines); Ri = 3�B (dashed lines). Inset: First
derivative W ′(κ ).


Wp(κ ) = Wconf (κ, εm/ε) + WDH(κ ) + WBorn (37)

= z2�Bηκ

e2κ (R−Ri )(1 + κRi )2 κR−1+εm/ε

κR+1−εm/ε
+ 1 − (κRi )2

+ z2�B

2

(
κb

1 + κbRi
− ηκ

1 + κRi

)
+ z2�B

2Ri
(η − 1). (38)

In particular, on can check that when κ and κb → 0, 
Wp(κ ) reduces to the correct result in the absence of electrolyte, Eq. (11),
composed of the usual Born self-energy, WBorn, and dielectric solvation contributions. In the case where the pore bares a surface
charge density σ , one should add the following pore-charge electrostatic energy


Wp,σ (κ ) = βqσκ

ε0ε

eκ (R−Ri )

e2κ (R−Ri )(1 + κRi )(κR − 1 + εm/ε) + (κR + 1 − εm/ε)(1 − κRi )
, (39)

which leads to Eq. (12) in the limit κ → 0.
One can, somewhat artificially, separate the excess chemi-

cal potential given in Eq. (38) into three contributions: (i) the
first term Wconf (κ, εm/ε) is associated with the confinement
of ions in a nanopore and depends on the ratio of dielectric
constants εm/ε and the cavity radius R (note that this term
increases dramatically when Ri increases but the divergence
occurs for Ri > R, i.e., an unphysical case); (ii) the second
term WDH(κ ) is the difference in solvation energies (related
to the DH chemical potential for an ion of effective radius
Ri) between a hypothetic bulk with DH constant κ and the
bulk with κb; and (iii) the last term WBorn is independent of
both κ and R. It corresponds to the classical Born solvation
energy of an ion which is transferred from the bulk to the
pore with ε 	= εb (η 	= 1). It dominates for small ion radii, and
diverges for vanishing Ri since, in this case, it corresponds
to the difference of the Coulomb self-energy for pointlike
ions. Hence, for ε < εb, the Born solvation energy impedes
the entrance of ions into the nanopore.

It is physically illuminating to define the three following
contributions to the PMF


Wp(κ ) = Wdiel(κ, εm/ε) + Wsol(κ ) + WBorn, (40)

where Wdiel(κ, εm/ε) = Wconf (κ, εm/ε) − Wconf (κ, 1) is the
dielectric jump one, Wsol = Wconf (κ, 1) + WDH(κ ) the sol-
vation one, and WBorn, the Born one. They depend on 6

dimensionless parameters which are κb�B, κ�B, R/�B, Ri/�B,
εm/εb, and η. The variation of 
Wp(κ ) and its different con-
tributions with κ�B are shown in Fig. 2(a) for κb�B = 1 (or
ρb ≈ 0.19 M), ε = 60, and Ri = 0.3�B and different values
of the other parameters. One clearly see that 
Wp decreases
exponentially with κR and that its value at low κ decreases
with increasing εm or R, as dielectric exclusion diminishes.
The inset in Fig. 2(a) shows that the behavior of 
Wp is
controlled by the dielectric exclusion, Wdiel, at small κ and by
the constant Born exclusion contribution, WBorn, for κ � κb.
In any case, the solvation contribution, Wsol, which accounts
for the distortion of the ionic screening cloud in a confined
geometry, is smaller than kBT and becomes slightly negative
for κ close to κb.

Finally Fig. 2(b) shows the effect of the ionic size Ri

on 
Wp(κ ) and its different contributions. For large ions
(Ri = 3�B), the Born contribution decreases as expected and
therefore W � Wdiel which remains strong for εm = 2. Inter-
estingly, changing Ri essentially shifts the PMF due to the
change in the Born contribution, but does not modify so much
its variations, and therefore its first derivative, as shown in the
inset of Fig. 2(b).

III. VARIATIONAL APPROACH

In the preceding section, the charged particle at the pore
center was first considered as a single ion in a dielectric
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cavity in the absence of electrolyte, possibly interacting with
charged pore walls, leading to the solvation self-energy, 
Wp,
Eq. (11). The special case where the pore surface charge ex-
actly counterbalances that of the ion (global electroneutrality)
corresponds to so-called strong coupling limit [59]. In this case
to the lowest order approximation the ion-ion interactions are
neglected and only the electrostatic interactions of ions with
the pore walls are taken into account.

If the ion is embedded, however, in an electrolyte-filled
pore, then the solvation self-energy, which depends on
electrolyte concentration, is computed using a screened elec-
trostatic potential and leads to the PMF given by Eq. (38).
In this case we have assumed that σ = 0 and generalized
the bulk DH calculation to an electrolyte-filled pore where
electroneutrality is enforced by the ionic cloud surrounding
the test charge.

In Sec. II, we have studied the self-energy of a single ion
inside a nanopore with a given Debye constant κ . In this
section, we use this self-energy to determine self-consistently
the optimized value of the Debye constant κv using a varia-
tional approach and then use this value to obtain the optimized
variational grand potential.

To study the many-body statistical physics of an electrolyte
in a spherical nanopore by properly incorporating the dielec-
tric, solvation, and Born energies, we must go beyond the
mean-field Poisson-Boltzmann approach and the lowest-order
strong coupling approach (developed in the previous section).
To do so we use the Gaussian variational theoretical approach
developed in Refs. [22–24,46,47]. The full Hamiltonian is

βH =
∫

dr
[

ε(r)

2βe2
[ �∇
(r)]2 − iρc(r)
(r)

−
∑
j=±

λ je
z2

j vi (0)/2+iz j
(r)

]
, (41)

where 
(r) is a fluctuating field related to the fluctuating
electric potential, ρc(r) = σδ(r − R) is the external (volumet-
ric) charge density that accounts for the pore surface charge
density, σ (in units of e), vi(r) is the bare ionic (dimension-
less) Coulomb potential in a hypothetical uniform medium of
dielectric constant εi [see Eq. (4)],

vi(r, r′) = �Bεb

εi|r − r′| (42)

[vi(0) is therefore the infinite bare ionic self-energy], and λ j

is the fugacity of ion of type j. This Hamiltonian is approxi-
mated by a Gaussian variational form,

βH0 = 1

2

∫
r,r′

[
(r) − i
0(r)]v−1
0 (r, r′)[
(r′) − i
0(r′)],

(43)
where 
0(r) = −i〈
(r)〉0 is the mean physical (dimension-
less) variational electrostatic potential (for the variational
Hamiltonian) induced by the fixed charges (e.g., the surface
charge density of the walls) and v0(r, r′) is the (dimension-
less) electrostatic kernel governing the interaction between
test ions located at r and r′. It depends directly on the dielec-
tric distribution, but only indirectly on the surface charge σ via

0(r). Hence, the two electrostatic interactions are partially
decoupled via their respective sources: 
0(r) has as source

only the fixed electrostatic charges and v0(r, r′) has as source
only the point test ion charges.

For sake of simplicity, we assume that in a small nanopore,

0 can be approximated by a constant Donnan potential and
is therefore determined by global electroneutrality in the pore.
We first consider only pointlike ions (i.e., εi = ε) and assume
that the corresponding v0 is the Green function solution to a
DH equation with a constant variational DH screening param-
eter κv ,

v0(r, r′; κv ) = vDH
0 (r, r′; κv ) + δv0(r, r′; κv ), (44)

where δv0(r, r′) is defined as the correction to an effective
bulk variational (dimensionless) DH potential in a medium
with dielectric constant ε,

vDH
0 (r, r′; κv ) = η�B

e−κv |r′−r|

|r − r′| . (45)

Clearly the correction δv0(r, r′; κv ) takes into account the
presence of dielectric inhomogeneities and therefore depends
on the pore geometry. It can be evaluated exactly for cylindric
[24] and spherical [49] pores (see the Appendix). The dielec-
tric mismatch parameter η has been introduced to handle the
case where ε 	= εb.

For pointlike ions the variational parameters κv and 
0 can
then be obtained by minimizing the dimensionless volumetric
variational grand-potential ωv = β�v/V , where

�v = �0 + 〈H − H0〉0, (46)

and the expectation value is taken with H0. Evaluating �v

using Eq. (44) leads to [24]

ω = −
∑
j=±

〈ρ j (r)〉 + κ3
v

24π
+ κ2

v

8π�Bη

∫ 1

0
dξ 〈δv0(r, r; κv

√
ξ )

− δv0(r, r; κv )〉 + 3

R
σ
0, (47)

where V = 4
3πR3 is the pore volume,

〈ρ±(r)〉 = λ±〈e−w±(r)〉 (48)

is the pore averaged concentration of cations (+) and anions
(−) (the symbols 〈. . .〉 stands for an average over the nanopore
volume), which can be identified using ρ± = −λ± ∂ω

∂λ±
and

w±(r) = z2

2
[δv0(r, r; κv ) − ηκv�B] ± z
0, (49)

with

λ± = ρb exp(−z2κb�B/2) (50)

the fugacity of ions of type ± (determined by the bulk reser-
voir with which the ions in the pore are in equilibrium). Since
we have limited our approach to symmetric electrolytes with
z+ = z− = z, λ+ = λ− = λ (the generalization to asymmet-
ric salts is straightforward but leads to more complicated
equations). The two first terms on the right-hand side of
Eq. (47) are equal to −βp, where p = pid + pel is an effec-
tive pressure, composed of the ideal osmotic pressure (first
term) and the electrostatic osmotic DH pressure of point ions,
−κ3

v/(24π ) (second term), for a hypothetical bulk with DH
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screening parameter equal to κv . The first (negative ideal os-
motic pressure) term with a PMF w(r) includes δv0(r, r) and

0, since the ionic concentrations are modified by the pres-
ence of the pore walls. The two last terms are surface terms,
equal to 3

Rβγ ( 3
R = S/V for a sphere), where γ is the surface

tension, that include the dielectric (δv0) and electrostatic (
0)
contributions induced by the presence of the pore wall. The
second bulklike term and the third surface term in Eq. (47),
which are computed using the variational DH Green function,
v0 = vDH

0 + δv0, are identical to the ones obtained following
the DH charging method [58]:

κ2
v

8π�Bη

∫ 1

0
dξ 〈v0(r, r; κv

√
ξ ) − v0(r, r; κv )〉. (51)

In the bulk (δv0 = 
0 = 0, ε = εb), it has been shown us-
ing this variational approach that the variational DH screening
parameter κv reduces to its usual bulk value for low enough
electrolyte concentration [24]

κ2
b = 4π�B

∑
j=±

z2
jλ j exp

(
z2

j

2
κb�B

)
= 4π�B

∑
j=±

z2
jρ j,b. (52)

In the case where R → ∞ and the pore is uncharged
(δv0 = 
0 = 0, ε 	= εb), the minimization of Eq. (47) leads
to the following variational equation:

κ2
v = 4π�Bη

∑
j=±

z2
jλ j exp

(
z2

j

2
ηκv�B

)
= 4π�Bη

∑
j=±

z2
jρ j,

(53)
which is the usual DH screening parameter for a bulk elec-
trolyte of dielectric constant ε.

In calculating the variational grand potential both bulklike
and surface contributions to the ionic self-energy [arising
from δv0(r, r)] must be accounted for in Eq. (47). Hence,
to take into account the ion finite size in the electrostatic
self-energy, and therefore the dielectric jumps both at the pore
surface and the ion surface, we have to modify δv0(r, r). In
the following we modify Eq. (47) by (i) taking into account the
ion finite size in the DH electrostatic potential (and free energy
and chemical potential), and (ii) using the midpoint approxi-
mation [20,22], i.e., computing the electrostatic self-energy
only at the center of the pore, which therefore provides a lower
bound for the dielectric exclusion, which is higher closer to
the pore wall. We focus here on already subtle electrostatic
effects and therefore do not consider the more complicated
case of hard-core repulsion, which can also be included in
this variational approach using a Carnahan-Starling formula
for the pressure and plays a nonnegligible role at high con-
centrations (roughly for ρb > 0.5 mol/l) [46].

Following points (i)–(ii) listed above, the difference in
chemical potentials of pointlike ions in a spherical nanopore

μ(r) − μb = z2

2
[δv0(r, r, κv ) + (κb − ηκv )�B] (54)

is therefore modified by taking r at the pore center in the aver-
age over pore volume (midpoint approximation) and replaced
by the difference of chemical potentials, 
Wp(κv ), given in
Eq. (38) to take into account the finite size of the ions. Hence,
z2δv0/2 is replaced by Wconf (κv, εm/ε), and z2�B(κb − ηκv )/2
is replaced by WDH(κv ) + WBorn.

The second and third terms of Eq. (47) are computed using
the charging method presented in the previous section, using
Eq. (25), which leads to

ω(κv,
0)

= −2ρbe−
Wp(κv ) cosh(z
0)

+ 1

8πR3
i

[
2κvRi − 2 ln(1 + κvRi ) − κ2

v R2
i

1 + κvRi

]

+ κ2
v

4πz2�Bη

[∫ 1

0
Wconf (

√
ξκv )dξ−Wconf (κv )

]
+ 3

R
σ
0.

(55)

As for point ions, the Born contribution enters in 
Wp, but
not the effective bulklike pressure contribution. It is useful to
write ω(κv,
0) entirely in terms of the difference in excess
chemical potentials, 
Wp, using κ as the charging parameter
[cf. Eq. (28)]:

ω(κv,
0) = −2ρbe−
Wp(κv ) cosh(z
0)

+ 1

2πz2�Bη

∫ κv

0
dκκ[
Wp(κ ) − 
Wp(κv )]

+ 3

R
σ
0. (56)

The second term on the right-hand side of Eq. (56) constitutes
the excess variational electrostatic grand potential, ωel(κv ).

Minimizing Eq. (56) with respect to the variational pa-
rameters 
0 and κv allows us to obtain the equilibrium
expectations values. In the following, we focus on the ionic
concentrations in the nanopore. The minimization with re-
spect to κv allows us to obtain immediately, owing to the
mid-point approximation (cf. Eq. (1) of Ref. [24]) and the
relation

∂ωel

∂κv

= − κ2
v

4πz2�Bη

∂
Wp

∂κv

, (57)

the following simple result:

κ2
v = 8π�Bηz2ρbe−
Wp(κv ) cosh(z
0) = 4π�Bηz2(ρ+ + ρ−),

(58)
where

ρ± = ρbe−
Wp∓z
0 (59)

are the concentrations in the pore and

k± ≡ ρ±
ρb

= e−
Wp(κv )∓z
0 (60)

are the partition coefficients. The relation Eq. (57) is simply
the variational analog of the usual thermodynamic identity
(∂ω/∂ρ) = −2ρ(∂μ/∂ρ) for a two component system, here
a symmetric electrolyte with a total ionic concentration of 2ρ.

The minimization with respect to the Donnan potential 
0

leads to the electroneutrality condition:

σ = 2

3
zRρbe−
W (κv ) sinh(z
0) = zR

3
(ρ− − ρ+). (61)

Two equations similar to Eqs. (58) and (61), but more general,
were obtained for pointlike ions in a cylindrical geometry [24]
(without the mid-point approximation).
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FIG. 3. (a) Graphical solution of the variational equation Eq. (63) for κb�B = 1, Ri = 0.3�B, ε = 60, εm = 2 and three different radii,
R/�B = 1 (solid line), 2 (dashed line), and 5 (dotted line). The black curves correspond to ηe−
Wp(κv ) and the red curve to (κv/κb)2. For R = �B

(respectively, R = 5�B) the solution corresponds to the vapor (respectively, liquid) phase. The case R = 2�B is in the liquid phase but with a
metastable vapor state. The blue curve corresponds to the asymptotic behavior ηe−WDH (κv )−WBorn . Inset: Associated grand-potential ω, the minima
of which correspond to the stable or metastable solutions. (b) Numerical solutions (symbols) corresponding to the intersection between the red
and blue curves in (a) versus η = εb/ε for κb�B = 0.5 (blue), 1 (red), and 2 (green). The curve corresponds to the approximate solution given
in Eq. (64).

In particular, in the bulk limit (R → ∞) for Ri 	= 0, we find
the usual DH finite-size result for the chemical potential in a
solution [58], which, for η 	= 1, is generalized to include the
Born contribution:

μ = ln ρ − z2η�B

2Ri

[
κRi

1 + κRi
+

(
1 − ε

εi

)]
. (62)

IV. PARTITION COEFFICIENTS AND PHASE DIAGRAMS

We first focus on the case where the pore surface is neutral
σ = 0 (and therefore, according to Eq. (61), 
0 = 0, because
we are considering only symmetric electrolytes). The parti-
tion coefficient is the same for coions and counterions, k =
e−
Wp(κv ). By minimizing the grand-potential ω(κv ), we find
one stable physical solution (ionic fluid phase) or two physi-
cal (vapor and liquid) solutions for κv (stable or metastable)
[and one unstable (unphysical) solution], corresponding to a
first-order phase transition, depending on the values of ρb (or
equivalently κ2

b ) and R. The variational equation Eq. (58) can
be rewritten

κ2
v

κ2
b

= ηe−
Wp(κv ). (63)

When there are three solutions, the (stable or metastable) so-
lution where κv � 0 corresponds to an ionic vapor phase with
almost no ions entering the nanopore. The second (stable or
metastable) solution is obtained for κv � κb and corresponds
to an ionic liquid phase. The solution in between corresponds
to a maximum of ω(κv ) and is therefore unstable. The graph-
ical determination of the solutions is illustrated in Fig. 3(a)
for κb�B = 1, Ri = 0.3�B, ε = 60, εm = 2 and three different
radii, R/�B = 1, 2, 5. The transition occurs as soon as the
value of 
Wp is large at small κ and its variations are abrupt
enough, i.e., when the dielectric contribution Wdiel is large
enough.

Although it is impossible to obtain an analytical expression
for the solutions of Eq. (63), one can give a simple estimate in
the limit of large pore radius R for which Wconf is negligible.
Indeed, in this limit the solution for the ionic liquid phase

(at large κv) is essentially controlled by the Born and to a
lesser extent DH contributions to the PMF. Graphically it cor-
responds to the intersection between the blue and red curves
in Fig. 3(a). Hence, an analytical estimate of the solution
in the liquid state, a priori valid at large R, is obtained by
neglecting both the confinement and DH contributions in the
PMF Eq. (38), leading to

κL
v ≈ κb

√
ηe−WBorn/2 = κb

√
η exp

[
− z2�B

4Ri
(η − 1)

]
. (64)

One can check in Fig. 3(b) that this expression is in good
agreement with the numerical solutions obtained by neglect-
ing Wconf in Eq. (63). It is slightly less good for large κb since
the DH contribution to the PMF becomes more important. In
particular, one notices that κL

v decreases when η increases,
since the Born effect, e−WBorn/2, overwhelms the factor

√
η

coming from the increase of the Bjerrum length.
Knowing that the ionic vapor phase is obtained for low

values of κv , a good and simple estimate of the solution to
Eq. (63) in this phase, κV

v , is obtained by taking the limit
κv → 0 on the right-hand side of Eq. (63). This approximation
allows one to make a connection between this limit of the
variational approach and the salt-free pore result previously
obtained in Sec. II (Eq. 11). One then has

κV
v ≈ κb

√
ηe−
Wp(0)/2, (65)

where


Wp(0) = z2�B

2

(
εb/εm − η

R
+ η − 1

Ri
+ κb

1 + κbRi

)
, (66)

which are, respectively, the dielectric and Born contributions
for an empty pore [see Eq. (11)] minus the classical DH
chemical potential in the bulk. We compare this result with the
numerical solution in Fig. 4. The agreement is extremely good
at low κb. One could in principle improve the approximate
solution Eq. (65) by expanding 
Wp(κv ) to order 2 in κv , but
this leads to a much complicated expression. Interestingly,
one notices that the ratio between κV

v and κL
v is essentially
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FIG. 4. Numerical solutions (symbols) of the variational equa-
tion Eq. (63) in the ionic vapor phase versus κb for R/�B = 2 (blue),
3 (red), and 4 (green) (Ri = 0.3�B, ε = 60 and εm = 2). The curves
corresponds to the approximate solution given in Eq. (65).

controlled by the first dielectric contribution of Eq. (66), i.e.,
the nanopore radius R and the dielectric jump ε−1

m − ε−1.
The partition coefficient k is shown in Fig. 5(a) for

nanopore radius R = 1, 2 and 5�B and η = 1 (without Born
exclusion). For the smallest radii a discontinuous increase
of k occurs at coexistence values of the bulk concentration:
for R = �B the coexistence value is ρcoex

b � 1.2 M and for

R = 2�B, it decreases to ρcoex
b � 0.11 M. This discontinu-

ous transition disappears when R = 5�B, leading to a smooth
increase of k(ρb) with ρb. This transition has already been
predicted theoretically without Born exclusion for pointlike
[23,24] and finite-sized ions [46] in cylinders. As already
noticed in Ref. [22] the mid-point approximation used here
leads to larger values of ρ in the bulk phase close to ρb,
whereas excluded volume interactions must be properly in-
cluded to obtain ρ � ρb without this approximation, as shown
in Ref. [46].

To illustrate the role of the finite ionic size in Wdiel and
Wsol, we present in Fig. 5(b) the variation of k(ρb) for various
ionic radii and η = 1: Ri = 0 (pointlike ions), 0.1, 0.2, 0.4,
and 0.8�B for R = �B. In all cases, one still observes the
discontinuous transition but the variation of the coexistence
bulk concentration, ρcoex

b , with Ri is nonmonotonous: it first
decreases slightly when Ri increases up to Ri = 0.2�B and
then increases, reaching a larger value than for pointlike ions
for Ri = 0.8�B. This is directly related to the variation of
the dielectric contribution to the PMF, Wdiel, which is also
nonmonotonous (see Fig. 2), decreasing when Ri increases up
to approximatively Ri ∼ R/2 and then increasing again due to
the term in exp[2κ (Ri − R)] in the first term of W in Eq. (38).

The role of the Born self-energy in the PMF, WBorn, is
highlighted in Fig. 5(c) for η 	= 1 and in Fig. 5(d) for various
values of Ri. The partition coefficients shown in these two

FIG. 5. (a) Ionic partition coefficient k = ρ/ρb = κ2
v /(ηκ2

b ) vs the bulk concentration ρb (log-linear plot) for various neutral pore radii
(R/�B = 1, 2, 5 from right to left), ε = εb = 78 and εm = 2. The transition from the ionic vapor phase (k � 0) and the ionic liquid phase
(k � 1) occurs for small radii and disappears for larger pores. The effective ionic radius has been fixed at Ri = 0.3�B. (b) Same figure for
different values of the effective ionic radius Ri/�B = 0 (purple), 0.1 (blue), 0.2 (orange), 0.4 (green), and 0.8 (red), from top to bottom (R = �B

and ε = εb). (c) Same as (a) for ε = 60 (η = 1.3) (corresponding to Fig. 3). One clearly observes the effect of the Born self-energy that
increases the critical ρb and decreases the limiting value of k in the liquid state. (d) Same as (b) for ε = 60 (η = 1.3) and Ri/�B = 0.1 (blue),
0.2 (orange), 0.4 (green), 0.8 (red), from bottom to top. The dashed lines correspond to the case of a single ion on average in the pore.
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FIG. 6. (a) Phase diagram (linear-log plot) in the pore radius R vs bulk concentration ρb plane for 3 different nanopore dielectric constants
(ε = 20, 40, 60, 70, 78 from top to bottom) for Ri = 0.3�B and εm = 2. The left bottom (respectively, right top) corner corresponds to the ionic
vapor (respectively, liquid) phase, and the critical point (R∗, ρ∗

b ) is shown in red. (b) Same figure as in (a) but for εm = 2, 5, 10 from right to
left (ε = 60 and Ri = 0.1�B, linear-log plot).

figures have a lower saturation value, controlled by
exp(−WBorn) which is independent of κv . Hence, even in the
liquid state, the Born solvation energy decreases the concen-
tration in the pore. This is a direct consequence of the result
that the Born contribution dominates the PMF in the liquid
state (see Fig. 2). Moreover, the transition is shifted to higher
bulk critical values, especially for small ions, due to the factor
1/Ri in WBorn. The dashed lines correspond to the case of a
single ion in the pore on average, fixed by k = ( 4

3πR3ρb)−1.
One clearly see that it crosses the transition for all R [Fig. 5(c)]
and Ri [Fig. 5(d)]. Hence, the vapor state corresponds to
less than one ion in the pore on average. As in Figs. 5(b),
and 5(d) shows a nonmonotonous variation of the critical bulk
concentration with Ri.

By plotting this coexistence concentration ρcoex
b corre-

sponding to the first-order transition as a function of the
nanopore radius, we can construct the phase diagram shown
in Fig. 6(a) for four different values of the confined water
dielectric constant, ε, and fixed membrane one, εm = 2. For
large ρb and R the nanopore is in the ionic liquid state, and
below the coexistence curve, for low ρb and R it is in the
ionic vapor one. Clearly the coexistence line moves to higher
ρb values when ε decreases (i.e., η increases). Indeed, the
dielectric contribution to the PMF Wdiel is proportional to η for
fixed κv , which thus favors the ionic vapor state. Interestingly,
the critical radius R∗ (in red) does not change with ε. This is
probably due to the result that the critical point is fixed by the
abrupt decrease of 
Wp(κv ), which is almost independent of
the Born self-energy [as shown in the inset of Fig. 2(b)].

In Fig. 6(b) we illustrate the role of the membrane dielec-
tric constant εm, by changing its value from 2 to 10 for a fixed
ε = 60. Increasing εm moves the coexistence line to the left
and favors the liquid state, but the critical point also moves to
lower radii R∗ and larger critical bulk concentrations ρ∗

b .
We illustrate the influence of the ion radius Ri in Fig. 7

using Ri = 0, 0.1, 0.2, 0.5, and 0.8�B for (a) ε = εb and (b)
ε = 60. The fact that the curves are almost superimposed in
case (a) confirms that Ri plays an essential role only in the
Born exclusion [last term on the right-hand side of Eq. (38)].
Indeed, the terms that depend on κRi � 1 do not influence
much Wdiel and Wsol. On the contrary, for η > 1, Fig. 7 shows
that the liquid state is favored when Ri increases, owing to

the decrease in 1/Ri in WBorn, leading to a decrease in Born
exclusion. The nonmonotonous behavior observed in Fig. 5(d)
(for R = �B = 0.7 nm) occurs only for small nanopore radius
R. In any case the shift of the coexistence curve remains small.

We study the influence of the pore radius R on the partition
coefficient k and the total osmotic pressure in the pore p =
−kBT ω by inserting κv after minimization for ρb = 0.5 mol/L
(see Fig. 8). Similar to Figs. 5(a) and 5(c), k abruptly increases
from the ionic vapor state at low radius to the liquid one for
large radius with a critical radius of R � 0.9 nm for η = 1,
� 1 nm for η = 1.3 (ε = 60) and � 1.2 nm for η = 1.95
(ε = 40). The saturation value for k is quickly reached and
decreases from 1 to 0.4 when η increases. It corresponds to
the decrease of κL

v given in Eq. (64) since k ≈ (κL
v )2/(ηκ2

b ) =
e−WBorn . Hence, in the liquid state and at fixed R, the concen-
tration in the pore ρ decreases when η = εb/ε increases. The
signature of the transition also appears in Fig. 8(b), where the
pressure increases by 3 orders of magnitude at the transition
for η = 1. When η increases the transition occurs at larger
radius and the jump is smaller, of one order of magnitude
for ε = 20.

FIG. 7. Same as Fig. 6 for three different ion radii (εm = 2): for
ε = 78 the three curves are almost superimposed [Ri/�B = 0 (light
blue), 0.2 (blue), and 0.5 (purple)], whereas they are shifted to larger
ρb values when Ri decreases for ε = 60 [Ri/�B = 0.1 (yellow), 0.2
(orange), 0.5 (red), and 0.8 (green), from top to bottom].
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FIG. 8. Influence of the pore radius R (for ρb = 0.5 mol/L, Ri = 0.3�B) on (a) the partition coefficient k (the dashed line corresponds
to the case of a single ion on average in the pore) for ε = εb, 60, 40 from left to right. (b) Total osmotic pressure p = −kBT ω (in units of
kBT/�3

B � 1.1 × 107 Pa at room temperature) versus R for ε = εb, 60, 40, 30, 20 from left to right.

In the liquid state and for large ρb or large R, the pressure
is given by the grand-potential, βp = −ω(κL

v ), by assuming
that the pore term (which depends on Wconf ) is negligible.
In this limit the pressure can therefore be approximated by
the usual bulk DH result (see, e.g., Ref. [58]), but with a
salt concentration and dielectric constant appropriate for a
nanopore and in general different from the real bulk values:

βpb = 2ρb e−WBorn − 1

8πR3
i

[
2κL

v Ri − 2 ln
(
1 + κL

v Ri
)

− (κL
v Ri )2

1 + κL
v Ri

]
, (67)

with κv approximated by κL
v , given in Eq. (64), which is a very

accurate for large R. This equivalent bulk pressure decreases
when η increases essentially due to the first ideal term, since
the concentration in the pore ρ decreases when η increases.
It is roughly 0.18kBT/�3

B � 20 bar (respectively, 0.06kBT/�3
B)

for Ri = 0.3�B, ρb = 0.5 mol/l and η = 1 (respectively, η =
1.95). It indeed corresponds to the limiting values for large R
of the black and light grey curves, respectively, observed in
Fig. 8(b). Hence the pressure is a good observable to study
the ionic LV transition and the influence of η on the critical
radius.

Finally, we consider the case of a slightly charged pore with
σ = −0.02 C/m2. We plot in Fig. 9 the partition coefficient of
counterions k+(ρb) and co-ions k−(ρb) for R/�B = 1, 2, and 5
and for ε = 78 and 60. As expected for this surface charge
polarity, k+ > 1 and k− < 1. Moreover, the transition remains
visible on k−, but not on k+. Finally, as also expected, the
decrease of ε from εb to 60 decreases both k+ and k− in the
liquid phase, due to Born exclusion. For low ρb, k− � 0 and
following Eq. (61), one has k+ � 3|σ |/(eRρb) which corre-
sponds to the asymptotic lines at low ρb observed in Fig. 9.

For a small pore radius, R = �B, and a lower value of
surface charge density, σ = −0.002 C/m2, which could be
due for instance to a (partial) charge defect on the nanopore
surface, the transition is also noticeable on k+ at almost the
same bulk density as for σ = −0.02 C/m2, ρcoex

b � 0.025 M
(respectively, 0.03 M) for η = 1 (respectively, η = 1.3). This
is because at this ρb, one has k+ = 3|σ |/(Rρb) � 0.35 < 1,
and a jump occurs at the transition to a value larger than 1.
Hence, for low enough surface charge |σ | and low nanopore
radius R, the transition is still noticeable on the counterions

partition coefficient. For larger |σ | the system remains in the
good co-ion exclusion (GCE) regime, where k− � k+, for a
wide range of reservoir concentration values ρb.

V. DISCUSSION AND CONCLUDING REMARKS

In this article, we have studied the statistical physics of an
electrolyte in a spherical nanopore of radius in the nanometer
range in contact with a bulk reservoir. We focused on the influ-
ence of the dielectric constant of the water confined inside the
pore εm � ε � εb and the Born ionic radius Ri (roughly equal
to to the hard-core ion plus water radius) on the partition co-
efficient and the osmotic pressure. To do so we first computed
the PMF for a test ion located at the center of the pore, given
in Eq. (38), and then we determined variationally the Debye
screening parameter κv inside the pore by minimizing the
variational grand-potential ω given in Eq. (55). The partition
coefficient inside the pore is governed by the three intertwined
contributions to the PMF that take into account ionic correla-
tions: the dielectric contribution, Wdiel, which is the only one
that depends on the dielectric jump at the nanopore surface
(ε−1

m − ε−1), the solvation one, Wsol, and the Born self-energy,

FIG. 9. Partition coefficient of counterions k+(ρb) (top) and co-
ions k−(ρb) (bottom) for various pore radii with ε = 78 (solid
lines) and ε = 60 (dashed lines) for a charged nanopore with σ =
−0.02 C/m2 (Ri = 0.3�B): R = �B (blue), R = 2�B (red), and R =
5�B (green), from right to left. The transition is also visible on k+ for
a smaller surface charge σ = −0.002 C/m2 (cyan).
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WBorn, which depends on the dielectric mismatch between the
pore and the bulk (ε−1 − ε−1

b ), but does not depend explicitly
on κv and is therefore independent of the ionic concentration
in the pore.

For εm = 2, the first-order transition between a ionic vapor
state (found for low bulk concentration ρb and small pore
radius R) to a liquid state (for larger ρb and R), is induced by
dielectric exclusion and has already been studied for pointlike
ions (and finite-sized ones without Born exclusion). Thanks
to the determination of the variational grand-potential inte-
grating Born exclusion, we are able to construct the phase
diagram and the coexistence curves in the plane (R, ρb) for
this more general previously unstudied case. We show that
this transition survives for 20 � ε � εb = 78 for ions of Born
radius Ri = 0.3�B � 0.2 nm. For lower ε values, the pore
remains in the vapor state, with no ions entering the pore
over the whole accessible range of ρb. We have shown how
the Born self-energy decreases by a factor � exp(−WBorn)
the value of the partition coefficient k = ρ/ρb in the liquid
state. Moreover, the critical radius R∗ does not change with
ε (whereas ρ∗

b increases when ε decreases) and its value is
fixed by εm. Finally we suggest that it would be insightful to
study experimentally the influence of the low water confined
dielectric constant by varying the pore radius R. In particular
the transition studied here has a clear signature on the osmotic
pressure inside the pore. For charged pores, the system re-
mains in the GCE regime, where k− � k+, for a wide range
of reservoir concentrations, ρb.

The application of our method presented in detail here can
be applied to blue energy production using carbon nanotubes
and other nanoporous systems where the external medium
(membrane) has a lower dielectric constant than that of the
confined electrolyte solution. In principle our approach can
also be extended to the opposite case where the membrane has
a larger dielectric constant than the confined solution. Ions are
then attracted toward the pore surface due to dielectric effects.
This is for instance the case for the carbon electrodes used
to harvest blue energy. It is then essential to include properly
in the theory the excluded volume interactions to avoid any
unphysical increase of the ionic concentration near the pore
surface. One way to do so would be to use the approach
developed in Ref. [46].

Although the ions are assumed to be in equilibrium in this
study, it is well known that, in the linear response frame-
work, the partition coefficients k± can be plugged into the
electrokinetic coefficients to study electrokinetic transport in
long nanochannels [1,2,20,60]. Within this framework we
intend in the future to study the role of the confined water
dielectric constant on the experimentally measurable transport
coefficients. An important question for ionic transport con-
cerns the influence of dielectric mismatch on ion mobility, a
topic already studied via simulations [61]. Especially impor-
tant industrial applications include membrane nanofiltration
[2,5,6,20] and blue energy production using osmotic pres-
sure gradients [4]. The potential role and importance of ionic
liquid-vapor phase transitions in these applications remain to
be determined.

Several approximations have been adopted in this study.
The main one concerns the mid-point approximation, which
consists in assuming that the PMF of an ion located anywhere

in the nanopore is equal to the one computed for an ion located
at the pore center. The PMF for a pointlike ion is given in the
Appendix and shows increasing dielectric repulsion close to
the pore wall. This effect, which forces the ions to be located
close to the center, can and should be studied by numerical
simulations. The second approximation is that we did not
consider explicitly the hard core excluded volume interaction,
the finite radius of the ions entering only in the electrostatic
contribution to the PMF. We have shown in Ref. [46] that
for cylindrical pores and without the mid-point approxima-
tion this excluded volume interaction increases the partition
coefficient k in the liquid phase roughly by a factor of 2,
such that it saturates to 1 for ρb > 2 M. Since in this study
we observe the expected saturation to 1, one can suppose that
there is a kind of beneficial compensation between these two
approximations. Moreover, we have assumed, in the case of a
charged pore, and following our previous studies [22–24,46],
that electroneutrality is satisfied following Eq. (61) and that
the surface charge does not appear explicitly in the self-energy

Wp. This issue, which has been questioned recently by Levy
et al. [62] remains to be clarified for instance by Monte Carlo
simulations. It would also be extremely interesting to study
the ionic LV transition for the mesoscopic model proposed
here using appropriate simulation techniques.

An open question in the theory of electrolytes concerns the
relationship between the field theoretical variational method
adopted here and the splitting field method [56] devel-
oped previously to study in an approximate way the subtle
crossover between the mean-field Poisson-Boltzmann and
strong-coupling limits. We have tried here to shed some (faint)
light on this question and plan in the future to use the simpli-
fied setting of a spherical pore to further elucidate it.

Finally, our results are obtained within the hypothesis of
continuous and homogeneous media. As already explained in
the introduction the profile of the dielectric constant is not
uniform in the nanopore, increasing from the surface to the
center [31,32]. This recent numerical work means that ions
will be further excluded from the region close to the pore
surface and forced to be located at the center. This effect can
be reinterpreted in our model as a reduction of the effective
pore radius. Hence the coexistence lines in the phase diagrams
in the pore radius versus bulk concentration plane (see Figs. 6
and 7) would be slightly shifted to the right (toward higher
bulk concentrations). Furthermore, taking into account the
ionic excluded volume in the grand-potential leads to a shift
of the coexistence line toward smaller bulk concentrations be-
cause, as shown in Ref. [46], this interaction strongly modifies
the PMF in the bulk.

Furthermore to properly model the dielectric constant
the solvent molecules should be modeled as self-orienting
dipoles, which makes it depend in principle also on the
salt concentration. This has been studied in the bulk using
field-theoretic approaches [63–65]. Developing these types of
approaches to the case of a confined electrolyte would be an
interesting objective for future work.

Extending our work to the case of discrete fixed charges
would be an important but challenging future endeavor. The
influence of such dopant charges located along the pore has
been studied in simple one-dimensional nanopores by assum-
ing a 1D Coulomb potential between charges (meaning that
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the electric field does not enter the membrane at all, see
Ref. [66]). These discrete fixed charges can induce interesting
and surprising effects phenomena, such as ion exchange phase
transitions [66] or the fractional Wien effect [67]. Because of
the complexity of the problem the case of discrete charges
with a tunable dielectric constant inside the pore would, how-
ever, most likely require numerical simulation techniques.
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APPENDIX

In this Appendix, we give the electrostatic potential of the studied system, composed of a charged ion (charge q, radius Ri,
dielectric constant εi) located at the center of a spherical nanopore of radius R. The inside of the pore is filled by an electrolyte
of dielectric constant ε and Debye screening parameter κ and the outside of the pore is composed of a dielectric medium of
dielectric constant εm devoid of electrolyte. For this system the electrostatic potential, 
(r), is given, respectively, within the
ion, inside the pore, and outside the pore, by


i(r) = q

4πε0ε1

[
1

r
− 1

Ri
+ ε1

εRi

2κRiσeκ (R−Ri ) + κR + 1 − εm/ε + e2κ (R−Ri )(κR − 1 + εm/ε)

e2κ (R−Ri )(κRi + 1)(κR − 1 + εm/ε) − (κRi − 1)(κR + 1 − εm/ε)

]
, (A1)


(r) = q

4πε0εr

eκ (R−r)[eκ (R−Ri )(κR − 1 + εm/ε) + σ (κRi − 1)] + eκ (r−Ri )[κR + 1 − εm/ε + σ (κRi + 1)eκ (R−Ri )]

e2κ (R−Ri )(κRi + 1)(κR − 1 + εm/ε) − (κRi − 1)(κR + 1 − εm/ε)
, (A2)


m(r) = q

4πε0εr

σ [κRi − 1 + e2κ (R−Ri )(1 + κRi )] + 2κReκ (R−Ri )

e2κ (R−Ri )(κRi + 1)(κR − 1 + εm/ε) − (κRi − 1)(κR + 1 − εm/ε)
. (A3)

For the general case of finite-size ions the link between 
(r) (Sec. II) and v0(r, r′; κv ) (Sec. III) is

z2v0(r, 0; κv ) = βq
(r). (A4)

The dimensionless electrostatic Green function (or potential) governing the interaction between an elementary point charge
located at point r′ and another one at point r (such that |r′| < |r|) in a neutral spherical pore can be computed exactly for
pointlike ions [49] and is given (in units of kBT ) by

v0(r, r′) =
∑
l,m

Vl (r, r′)Ylm(θ, φ)Y ∗
lm(θ ′, φ′), (A5)

where Ylm are the spherical harmonics and

Vl (r, r′) = 4πκ�B
εb

ε
i′l (κr′)

[
kl (κr) − κR k′

l (κR) + εm
ε

kl (κR)

κR i′l (κR) + εm
ε

il (κR)
il (κr)

]
, (A6)

with il (x) = √
π/(2x)Il+1/2(x), kl (x) = √

2x/πKl+1/2(x), where Il and Kl are the modified Bessel functions of the first and
second kinds, respectively, and i′(x) and k′(x) are their derivatives.

The case l = 0 corresponds to an ion located at the center of the spherical nanopore for which the potential, v0(r, 0), is
isotropic and r′ = 0. Using k0(x) = e−x/x and i0(x) = sinh(x)/x, v0(r, 0) simplifies to

v0(r, 0) = �B
εb

ε

e−κr

r
+ 2�B

εb

ε
D(εm/ε, κR)

sinh(κr)

r
, (A7)

where

D(a, x) = x + 1 − a

e2x(x − 1 + a) + x + 1 − a
. (A8)

Hence we recover z2v0(r, 0) = βq limRi→0 
(r) for pointlike ions and σ = 0.
From Eq. (A7) on obtains directly for pointlike ions

μ − μb = z2

2
lim
r→0

[v0(r, 0) − vc(r)] + z2κb�B

2
(A9)

= z2�B

2

[
εb

ε
2κD(εm/ε, κR) + κb − εb

ε
κ +

(
εb

ε
− 1

)
lim
r→0

1

r

]
, (A10)

where we identify the three contributions for pointlike ions corresponding to those of 
Wp(κ ) given in Eq. (38) for finite-size
ones. The final term (Born self-energy) for pointlike ions formally diverges when ε 	= εb, which shows the crucial importance
of taking into account the finite ion size in this case. For ε = εm (no dielectric jump), the first term in the brackets simplifies to
εb
ε
κ[1 − tanh(κR)] (confinement solvation term) and vanishes for R → ∞.
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