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Multifidelity Surrogate Modeling for Time-Series Outputs”

Baptiste Kerleguer\dagger

Abstract. This paper considers the surrogate modeling of a complex numerical code in a multifidelity frame-
work when the code output is a time series and two code levels are available: a high-fidelity and
expensive code level and a low-fidelity and cheap code level. The goal is to emulate a fast-running
approximation of the high-fidelity code level. An original Gaussian process regression method is
proposed that uses an experimental design of the low- and high-fidelity code levels. The code output
is expanded on a basis built from the experimental design. The first coefficients of the expansion
of the code output are processed by a cokriging approach. The last coefficients are processed by a
kriging approach with covariance tensorization. The resulting surrogate model provides a predictive
mean and a predictive variance of the output of the high-fidelity code level. It is shown to have
better performance in terms of prediction errors than standard dimension reduction techniques.
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1. Introduction. Advances in scientific modeling have led to the development of complex
and computationally expensive codes. To solve the problem of computation time for tasks such
as optimization or calibration of complex numerical codes, surrogate models are used. The
surrogate modeling approach consists in building a surrogate model of a complex numerical
code from a data set computed from an experimental design. A well-known method to build
surrogate models is Gaussian process (GP) regression. This method, also called kriging, was
originally proposed by [16] for geostatistics. This method has subsequently been used for
computer experiments and in particular in the field of uncertainty quantification (UQ); see
[32, 34].

It is common for complex codes to have different versions that are more or less accurate and
more or less computationally expensive. The particular case that interests us is when codes are
hierarchical; i.e., they are classified according to their computational cost and their accuracy.
The more accurate the code, the more expensive it is. The autoregressive scheme presented
by [14] is the first major result in the field of multifidelity GP regression. This technique has
been amended by [21] in order to reduce the overall cokriging problem to several independent
kriging problems. The papers [10, 29] present different application cases, and [9] is a synthesis
of the use of multifidelity for surrogate modeling. In [22], the author introduces objective
prior for the hyperparameters of the autoregressive model.
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New methods for multifidelity surrogate modeling have been introduced. In particular,
deep GPs have been proposed to solve cases where the interactions between code levels are
more complex [27]. This type of methods can deal with UQ [4], but they are time consuming
and do not scale up the dimension of outputs. Neural networks have also been used to emulate
multifidelity computer codes. In particular, the method proposed in [23] is a neural network
method with an AR(1)-based model and is scalable to high-dimensional outputs. However,
UQ is not taken into account in this method.

Among the codes with high-dimensional outputs, we are interested in those whose outputs
are functions of one variable. When they are sampled, such outputs are called time series.
Previous work has solved the problem of functional outputs only in the single-fidelity case.
Two methods have been considered to solve the single-fidelity problem: reduce the dimension
of the outputs [25] or adapt the covariance kernel [30]. In the context of dimension reduction,
surrogate models generally neglect the UQ of the dimension reduction, which can be prob-
lematic for the quantification of prediction uncertainty. Moreover, large data sets (containing
many low-fidelity data) lead to ill-conditioned covariance matrices that are difficult to invert.
As proposed in [28], it is possible to strongly constrain the covariance kernel, which makes
it possible to improve the estimation compared to the dimension reduction method. How-
ever, this method implies that the covariance must be separable, which reduces the use cases.
Knowing that the AR(1) multifidelity model for GP regression uses cokriging, [26] presents
an interesting approach for cokriging in the context of functional outputs, which is based on
dimension reduction. An approach to multifidelity with functional outputs is presented in [11]
for multivariate Hilbert space valued random fields.

In this work, we introduce an original approach to the construction of a surrogate model
in the framework of hierarchical multifidelity codes with time-series outputs. The main idea is
to combine a reduction method of the output dimension that fits well with the autoregressive
model of multifidelity cokriging and a special single-fidelity method that allows to treat time-
series output by GP regression with covariance tensorization. We address the case of one
high-fidelity code and one low-fidelity code.

In section 2, we present the problem of multifidelity surrogate model for time-series out-
puts. Then we present our model to solve this problem.

The following three sections present the three parts of the method. In section 3, we present
the method to reduce the dimension. Section 4 presents the multifidelity regression method
for scalar outputs. The GP regression with the tensorized covariance method is presented in
section 5.

In section 6, we find the calculation of the posterior mean and variance of the model.
This section is divided into two subsections: one where we make the assumption that the
orthogonal part is zero and one where we relax this assumption. In each subsection, we
use two different constructions: the Dirac distribution and the cross-validation--based (CVB)
method of dimension reduction.

The results presented in the numerical example in section 7 confirm that the processing
of the orthogonal part is important. In this example, we test the different methods presented
in the paper as well as neural network state-of-the-art multifidelity methods, and we assess
their performance in terms of prediction errors and UQ.
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2. The AR(1) multifidelity model with tensorized covariance and projection. The auto-
regressive multifidelity model has been introduced by [14]. The authors in [21] have simplified
the computation. We present our AR model in section 4. In parallel, GP regression has been
used with covariance tensorization in [30] and improved in [3, 28]. This method allows to
extend GP regression to time-series outputs. We have exploited this method to build our own
methodology for time-series regression, and we present it in section 5.

Let us consider a complex numerical code where the input is a point Wfity Q, with Q being
a domain in \BbbR ¢ and the output a function of a one-dimensional variable. We are interested
in hierarchical codes, which means that there are several code levels that can be classified
according to their fidelity. In this work, we focus on only two code levels: a high-fidelity
code and a low-fidelity code. In what follows, H represents the high-fidelity code and L the
low-fidelity code, and the generic notation is F \in \{ H, L\} . For any given input tfitx, we a
o the F code and observe the data zy(bfitx, t) for all t in a fixed regular grid \{ t,u=1,...,
N:\} in [0, 1]. However, the cost of the code allows only a limited number of code calls.
This induces the use of the experimental design Dy = \{ Wfitx X, ..., Wfitx (N )\ } . My is the
number of observations
of the code F. The N; \times N matrix containing the observations for Wfitx \in Dyupds Witz ™
(7]
goal is to predict the values of (zu(\bfitX, t.))u=1,.n,  given [bii H , \bﬂIZ,:ET ) for a point \bfitx \in Q with
the quantification of the prediction uncertainty. We model the prior knowledge of the code
output (2, zn) as a GP (Z,, Zu). We denote by saZ ™™ the random vector containing the random
variables (Zu (bt ™, £.))u=1,...n.. The combination of lsaZt and \saZH is |scrZ.

I

=1,.., N

2.1. Decomposition. We recall that (Z, Zu) is a stochastic process. The temporal grid
is &fu\in\{1,..,N,\} - We assume a hierarchical model. First, we define a model for the ke
determined by an orthogonal matrix bfGamma, in the space BbbRN of the time-series outputs. Second,
given the basis, we propose a model for the \bfitx -dependent coefficients of the decomposition of
(ZL Zn) onto this basis.

Without prior knowledge, the matrix \bfGamma is assumed to have a noninformative distribution
in the orthogonal group O, the group of N; \times N orthogonal matrices.

Projection. Let N be an integer, smaller than the time dimension N.. Let biGanma be an orthog-
onal matrix; as presented in section 3, the columns of biGamma are \{ \Gmm i\ } i=1,\cdot \cdot \cdot N, AS

@l in subsection 6.1.3, the full computation of all N; surrogate models may not give good
results. l

This leads to the idea of the introduction of the orthogonal subspaces Sy and SpPet, where

S,‘\‘, =span\{ \Gmmay, ..., \Gmman \ } n@nd S\bot =span\{ \Gmmans1, ..., \Gmman \} .

With a given basis \hfGamma, it is possible to decompose the code outputs. The decomposition

over the basis \hicanma gives us coefficients. We decompose Zy and Z. over the subspace SNH . The
rest are denoted Z\bot and Z\Pot | Consequently, we get

H L
\jum
(2.1) Z(\bfitx, t.) = Z H(\bfitx, ty) + Z\bot (\bfitx, t,) = AL (lfi)\Gamma;(ty) + Z\bot (Ibfitx, t,)
L L L
i=1
and
_ | \$im .
(2.2) Zy(\bfitx, tu) = Z |, (Ibfitx, t.) + 2\t (Iofitx, t.) = A (bi)\Gammai(te) 112\bot (bfitx, t,).
i=1
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We are able to describe the code outputs with the basis bftanman = \{ \Gammg; \ } i=1,....n Of Sn ,Nte
coefficients A4 and A;., and the orthogonal parts Z\bot and Z\bot' |[et \alphﬂi,\mathr%jé\bfélé)
L H i=1
\BbbR™-valued function:

\shin
(2.3) \opha s () = T, i 1)

u=1

We denote by lii] the 1\times Ng row vector (Lc\pmi,-_:(‘\}mg({’))”F that contains the available data. &
full data set is \alpha = (\alpha", \alpha"). The expression of the posterior of |alpha; . is given in section 4.

We will use the method presented in section 4 for all i g N. Given bfGanma,

Vet o ,
Ain(h) = Vo, (8) A L (1) + \detia{\bfitx ),
(2.4) Ai L () \bot \delti(bfitx)
7 oi, () = g (i) betasyno,

where

gl \higr
(\deto (i) | \ofGamma, \betai, |sigmai ] \Sim \scrG \scrP i,|g.|(fT (\ofitx )\betgips Isigma® ~ ryp(\Fitx, bfitx \prime ) d

and ANi,L(\bfitX) is a GP conditioned by ldphe". Its distribution is the one of [A; v (hitt)| biGamma, \scrA -

\olsha, lbetay, \sigma,], where the law of [A;, v (lit)| \biGamma, \beta; , lsigna;r] is of the form

gl l
(2.5) [A, L (tir)] \bfGamma, \beto;, \sigma; ] \ sim ;\scrG \scrP i,Lg(fT (bt e, \sigma® s, o (M, it \prime ) Q).

gi are vectors of g regression functions, fi w(lfit) are vectors of pump regression functions, ri (i, \bfitx \prime
)are correlation functions, |beta; e are prams-dimensional vectors, \betay, are g-dimensional vectors,
and

‘m‘;muiz’.n.: are positive real numbers.

For the orthogonal Part projected onto Sykot, the method is different. The hypothesis is
Ehat the projection Z\bot (\bfitx, tu) of Zy (I, tu) has a negligible influence on the projection Z\bot (\hfitx,

L H
of Zn(liv, t,). Our assumption is that Z\got (bfit , t,) is a GP with a tensorized covariance. &
method we will use on Z\pet (\bfitx, tu) is described in section 5.

Note that the value N =0 corresponds to full single fidelity; in this case, we use only GP
regression with covariance tensorization as in section 5. For N = N,, the dimension reduction
is minimal, and cokriging is applied to all pairs (A, Ain) fori\leq N.. We will see in section
7 that the optimal N is in fact positive but smaller than N,.

3. The basis litama . In this section, we present different models for the random orthogonal
matrix biGanma . Its law depends on the available information. If we have access to a lot of infor-
mation based on the output of our code, we can use a Dirac distribution concentrated on one
orthogonal matrix Wfigma (it is a form of plug-in method). In contrast, the least informative law
is the uniform law, i.e., the Haar measure over the group of orthogonal matrices. In order to
make the best use of the available information, i.e., the known results of the code, an empirical
law can be used.

3.1. Dirac distribution. We can choose the distribution of the random matrix it as a
Dirac distribution concentrated on a well-chosen orthogonal matrix lfiggma. This matrix is chosen
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518 BAPTISTE KERLEGUER

when the basis is known a priori or if the basis can be efficiently estimated from the observed
code outputs. Motivated by the remark below (2.1), the matrix lifima can be computed using the
singular value decomposition (SVD) of the code outputs.
The general idea is to choose subsets D" mmfl \SUbSe@t Dy of size wammmm and to apply an
Pon
the N i (IV H o+ IVL) matrix E\mm[onmm]\mms] that contains the observed values (zu(lf, tu))-1..n, ~ and

,,,,,

\bﬁb(\iﬂDH
(zL(\bfitx, ty))u=1,...
Wtkin D,

(3.1) b =i

n,. The SVD gives

The choice of biganna is b~

The first idea is to mix all available data, high- and low-fidelity: D" w=Dyand D" =D,.
However, we typically have that N \gg Ny, so the basis is mainly built from the low-fidelity
data. In addition, the small differences in the data between high- and low-fidelity code outputs
that would be useful to build the basis have negligible impact because they are overwhelmed
by the low-fidelity data. This method is not appropriate in our framework.

We have to choose between high- and low-fidelity. High-fidelity has the advantage of being
closer to the desired result. However, it is also almost impossible to validate the chosen Uiifganma
because the high-fidelity data size Ny is small. The low-fidelity data set is larger; hence,
the estimation of biitjinma is more robust. In order to choose lfitgnm: , we therefore suggest to use the

low-fidelity data and to calculate the SVD with D~ 1 = |t and D~ L= D\

3.2. Uniform distribution. We can choose a random matrix \hfGamma using the Haar measure
on the orthogonal group Ou,, the group of N; \times N; orthogonal matrices. This is the
unorthogonal matrix law.

To generate a random matrix from the Haar measure over Oy,, one can first generate
an N; \times N; matrix with independent and identically distributed coefficients with the el
normal distribution, then apply the Gram--Schmidt process onto the matrix. As shown in [5],
this generator produces a random orthogonal matrix with the uniform orthogonal matrix law.
This method completely ignores the available data and is not appropriate in our framework.

3.3. CVB distribution. The downside of the Dirac distribution is that the uncertainties
on the basis estimation are not taken into account. A CVB method to assess the uncertainty
estimation is therefore considered.

The proposed method uses only the low-fidelity data because it is assumed that there are

too few high-fidelity data to implement this method, so D" y= lempyset . For the construction of the
basis, we try to have different sets to evaluate the basis in order to have empirical estimates of

the moments of the basis vectors. Let k be a fixed integerin \{ 1,..., N.\} . Let / = \{ /o,
..., Jk\'} be a random set of k elements in \{ 1,..., N.\} , with uniform distribution
over the subsets of k elements in \{ 1,..., N.\} . The empirical distribution for the
matrix hitanms is defined as follows: For any bounded function f: O, \rightarrow BiR,

1 \sum
(3.2) B [l | T § O o)
K\ juendi\F\subset \f LN\
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where ¥ (). ;1 is the matrix of the left singular vectors of the SVD of (z. (lfix®,

tu)) ulin {1,...,N3 . This distribution depends on the choice of k, which will be discussed
I\ln {1 ..... NL}\{Jl,...,Jk}
in section 7.

4. Multifidelity coefficients A;. In this section, we want to build a surrogate model of a

code |alpha 1 (b ) whose input \bfitx is in Q € \BbHR ¢ and whose scalar output is in \BobR . The construction
of a surrogate model for complex computer code is difficult because of the lack of available
experimental outputs. We consider the situation in which a cheaper and approximate code
\alpha _(lf ) is available. In this section, we apply the regression method presented by [14], reviewed
in [8], and improved in [21].

We model the prior knowledge of the code output (lope 1, \apho 1) as a GP (AL Aw). The vector
containing the values of |aphaymg(bfitt) at the points of the experimental design Dyump are denoted by
\alpha "= and AmH s the Gaussian vector containing Apmbfite ), Wit € Dy The combination of At
and Atis A. So is lphe , the combination of lapha - and lapha 7. We present the recursive model of

multifidelity introduced by [21]. The experimental design is constructed such that Dy C D,.
We assume that the low-fidelity code is computationally cheap and that we have access to a

large experimental design for the low-fidelity code, i.e., N \§g N.
We consider the hierarchical model introduced by [21],

Vet | o _
An(l) = Yo ()AL (1) + |delta(lofite),
(4.1) Av@i) | [Huli)
rho (1) = g (ofitx)\betaymo,

where 1 means independence, T stands for the transpose,
, bigl — oign)
(4.2) (\deta (fitx ) \beta, \sigmay] ~ 5P f itk \betos, Isigma i (2, i)~

and ANL(\hfitx) is a GP conditioned by the values \aphd". Its distribution is the one of [A (lfit))| At =
\oke et sgna] vith

i
g(fT

higr
(4.3) [AL (1) \betay, \sigma ~ 5P (1bfie ) betay, \sigma® i, \bfitx ) ! .

Therefore, the distribution of Ay (liiX) is Gaussian with mean \muA\~L(\bfitX) and variance |sigma®_ i ):

higl l
(4.4) |maye (bfitx) =f L(bfitx ) beta, + " fbfitx)C-* ,_g(\alphaL — FoLit, Q),
(4.5) i /2«\1 (1bfitx) =lggmo2 (rro (&, \bfitx) —r" (fitx )g—rro_ (i)
Here

- 5P means a GP;
- gi(\bfitx) is a vector of q. regression functions;
- S (Wfits) are vectors of pram regression functions;

- T (\0fitx, \DitXT) are correlation functions;
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520 BAPTISTE KERLEGUER

- |bettyamyy are pramrdimensional vectors;

- ‘m‘gm are positive real numbers;

- \befa\m0 is a g-dimensional vector of adjustment parameters;

= Gpaimy = (e (0T ot G )))N‘i,jzl is the Mutmi X Mt COrrelation matrix of Amime

- TsnifBfX) = (Pt DX )N is the Muamprdimensional vector of correlations between Apam(bfitx)

and A\mathrm{F};
- Fuatfy 1S the Myt X Pty Matrix containing the values of f7(\bfitx) for bfitx € Dy
For \bfitx € Q, the conditional distribution of Au(\bfitx) is
gl g gl ‘ by

(4.6) Adbft)A = labto, Vet \eto, ligma® "~ Ny () i’y BR)
where |beto = (\beﬂT, \IlietaT)T is the pu +pi-dimensional vector of regression parameters, |sigma? = (|sigma?2, \sil_c{maz|)4

are the variance parameters

a,,(bite) = [\l?_fitx)\beta\,ho\mtﬂ;\big\ﬁfitx) +f! (pftx et

\bigr
(4.7) +r (bfitx )=t alpha™ — \rho'(Dw) © lalpha'(Dy) — F i ey g),
H H
and
, \bgl( iy, ‘g\( , i
(4.8) s (fitx) = ¢ (Ifite ) e }g@maz (bfite) + fsigme® 1 7 (bite)CRy (hite)

The notation © is the element by element matrix product, o “(Dn) is the Ny-dimensional

vector containing the values of |rho  (lfit ) for \bfitk € Dy, and \alpha (D) is the Nu-dimensional vector
containing the values of |apha,_(lft) at the points of Dy.

The prior distributions of the parameters |keto and |sigma are given in Appendix A. The hyper-
parameters of the covariance kernels r. and ru can be estimated by maximum likelihood or
by leave-one-out (LOO) cross validation [2]. The nested property of the experimental design

sets Dy C D\ is not necessary to build the model, but it is simpler to estimate the parameters
with this assumption [36]. Moreover, the ranking of codes and the low computer cost of the
low-fidelity code allow for a nested design for practical applications.

5. The orthogonal part Zt. In this subsection, we address GP regression for a simple-
fidelity code with time-series output. For the calculation of surrogate models with functional
outputs, there are two different techniques. The simplest ones are dimension reduction tech-
niques as presented in [1, 25]. An alternative is presented here; this method is GP regression
with covariance tensorization. The method is presented in [30] and the estimation of the
hyperparameters is from [28].

In this section and the following ones, we consider that the output is a time-dependent
function observed on a fixed time grid {t,}u-1,- - - N, With N¢1gg 1, which is called a time series.
The experimental design in a times-series output case is very different from a scalar output
case. In particular, for a value lftt in the experimental design D, all the t, foru=1, -, N;

are in the experimental design. The N N, matrix containing the observations is WtZ yumimatmintmy =
(z(89, t4))u= L. . In GP regression, we model the prior knowledge of the code output as
=z

YRRRVAN b4

a GP Z (i, tu) W|th bfitx € Q and u=1,..., N: with a covariance function C given by (5.2) and
a mean function \mu given by (5.1). We focus our attention to the case N: > Ny. We assume
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MULTIFIDELITY METAMODELING FOR TIME-SERIES OUTPUTS 521

that the covariance structure can be decomposed into two different functions representing
the correlation in \fitx and the correlation in t. If we choose well both functions, the kriging
calculation is possible [28, 30].

In the following, we present a simplification of the method proposed in [28]. The a priori
BbbR N:-valued mean function is assumed to be of the form

(5.1) \mu (i) = B (bitx),

where f(\hfitx) is a given \BbbRM-valued function and B € \scrMy, xm (BDOR) is to be estimated. We define
by F the Ny x M matrix [fT (bfitx")]iz1,..n_-

The a priori covariance function C(t,, tuw, Wfitx, \bfitx ) can be expressed with the N X Ny matrix
R: and the correlation function C: Q X Q — [0, 1] with G(\bfitx, \bfitx) = 1:

(52) C(tu, tu\w\me, \betX, \bf|fX ) = Rt(tu, typime )CX(\M\IX, \betX I]

The covariance in time is expressed as a matrix because the temporal grid is finite and fixed.

The covariance “matrix"" (here a tensor) of (Z(\bfitx ", tu))u=1,...n, is
=1,...,Ny

(5.3) R =R, \otimes Ry,

with (Ry)k1 = G(\bfitx ®, bfitk®") k, 1=1,..., Ny. lotimes is the Kronecker product described in [33,
section 4.5.5].

If Rx and R: are not singular, then the a posteriori distribution of the \BobR™N:-valued process
Z given the covariance functions and the observations WitZ ymmminamy iS Gaussian,

(5.4) (Z(\bfltX, tu))u=1 N |R‘(, Cx{ \bmz \mathrm{of\mathrm{ef\mathrms} SP(\mU A(\bfltx ), RA(\bfltx, \me r)Rt),

.....

with the Ni-dimensional posterior mean,

(55) \mu «'\betX] = \betZ \m;rmmm\mnmmwmmR_lrx(\) t B'\U'\hmx),

where r,(\bfitx) is the Ny-dimensional vector (G(\bfitx, bfitx?))-1,..y . The posterior covariance
function Ri(\bfitx, bfitx") is

(5.6) Rf\ofitx, \bfitx7) = oi\ofitx, \ofitx")(1 + w(\bfitx, \bfitx ) .

The functions that are used in the regression are

leftl{ , , ,
u(\bfitx) = f(\ofitx) — FT R rsc(lir)
(5.7) ¢ it Wfibe)= ¢ (lggtx, biite)  —r [fitc)TR—1r (pfitxT),

" y(bfitx, \bfitkr) = w (b)) (FT R%F )—Lu(tir)c—2 (i, \fitxr),
and

(58) Bl\ = \bmz \malhrrwfm\rrathrm[h]\malhrm[x\R _1F (F ! R_lF )_l'
X X
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The correlation function Cy is assumed to be a Matgrn 2 kernel with a tensorized form

2
(see [34, Chapter 4]),

je gl

(5.9) G{\bfit, \bfitx) = if
F1

i W V- \biggr
P2 l o0 L )
Wy, ’

Sh—xl  sho—x
\E”Xi 3\6"%(1

with \ellwix = (lellx,, .. ., lelly,) the vector of correlation lengths. Other choices are of course possible.
R: is estimated using R—! and the observations WitZ gy by maximum likelihood, as in [28],

W Biy) iyl Bigr);

(5.10) m: Ni ‘\bmz':‘(’fi'.'; —h\ B WfitZase _ﬁ\ )

where I is the N; X Ny matrix of empirical means L\’\u,i = _Nx\sum '\}il(\hﬂlhmmpmmmw Vi=1,..., Ny
andu=1,...,N.

It remains only to estimate the vector of correlation lengths \ell i = (lell x,, . . ., \ellx,) to determine
the function C.. As presented in [28], the maximum likelihood estimation is not well defined
for \ell pi. Indeed the approximation of R: by (5.10) is singular because Nx < N.. In fact, we
do not need to invert Ry, as seen in (5.4)--(5.8). The method generally used to estimate the
correlation lengths is cross validation and, in our case, LOO. The LOO mean square error

that needs to be minimized is

x

(5.11) b (sn) = || ki 087 ™ W) — O et |
k=1

length vector il 4, using all observations except the kth, at the point lftt ® and] ||is the
Euclidean norm in BiiR N*. We can use an expression of |uesin % (i 1 ) that does not require multiple
regression, as in [2, 6]. For more detail, see Appendix B.

6. Posterior law of the multifidelity model. This section is divided into two parts. The
first part presents truncation in which Z+ is neglected. The second part presents the compu-
tation without neglecting Z'

6.1. With truncation. The goal of this section is to calculate the posterior distribution

of Zn(bfitx, t.), wherenZ+ is null. The equations are computed with N = N;, and a discussion
about the value of N is proposed in subsection 6.1.3. The problem can be split into two parts:
the multifidelity regression of the basis coefficients knowing \hiGamma and the integration with respect
to the distribution of WbfGanma. The Dirac and CVB distributions described in section 3 can be used
to define the law of bfGamma.

Multifidelity surrogate modeling of the coefficients. By applying the model proposed in
section 4, we can therefore deduce the prediction mean and variance. Their expressions are
given in Appendix D.1.

6.1.1. Dirac law of hiGamma . Here we assume that the law of lilanma is Dirac at bitygnma . Consequently, the
posterior distribution of Z (fitx, t) is Gaussian. In order to characterize the law of Z (\bfitx, tu), it
is necessary and sufficient to compute its mean and variance.
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Mean. The posterior mean is
N,
\sum
(6.1) 1BOBE [Z,/(\bfitx, t.)|A = \aha] = \gomma; (tu )i [A: m (8)] A = lalpha],

i=1
where the expectation \BbbE[A;4(\bfitx)|A = |alpha] is given by (D.1).
ariance. The posterior variance is
\sthty

(6.2) BoV [Z(\bfitx, t,)|A = \apha] = \oorpma 2 (0 )M [Ai, i (B)|A = lalpho],
i=1

where the variance \BbbV[A;u(\bfitx)|A = alpha] is given by (D.2).
6.1.2. CVB law of iftanma . Because the law is different from Dirac, the posterior distribution

of Zn(\bfitx, t) is not Gaussian anymore. However, we can characterize the posterior mean and
the variance of Zn (lbfitx, tu).

We enO a\p [ ] E[ ‘A = \GWIO], a\pha['] B \BbeHA - \ﬂlﬂha], \BbbE\me T ['I B \thEH\Sch IIZ \mathrmof\mathrmf ma{hym\l an Bbbv 7 | vl o v ['I =
V[ ‘ ZMW| ] fmmh]
Mean. The linearity of the expectation and the law of total expectation give
Qi
(6.3) 1BDDE e [Zy(\DAitx, t)] = 1BEOE s \Gamma (£ ) gt [y a1 ) | ]
i=1

where the expectation \BbDE . [Ain(\bfitx ) | bicamma] is given by (D.1).
Variance. The law of total variance gives

(6.4) BOOV s [Z4 (', )] = \BOOV gty [BOOE itz [ 2 (, ) ofGamma]] + BOOE s (BOOV ity [Z4 (., ) \0fGAMMA])
By Appendix D.2, we get

BOOV g [Z1(, ru)] Bbe [\Gamma; (tu) i [ (1) | Woma]

(6.5) \Sum {\Ij‘—l i COViapa (\Gamma s (£ )iy apha\b[j| Hl fGamma] \Gamma (tu\% s [Ajn( ) | bGamma])
01|
+\SUT=N£|_ \BbbE\a\pm ?[\Gamma (tu)i\a\pha Ainl) |\' ] Q]

Equations (6.3) and (6.5) are combinations of expectations of explicit functions of biGamma . We
can compute the result using our knowledge of the law of ifGanma. The expectation of a function of
IbfGamma is given by (3.2).

6.1.3. Truncation. There is a problem with the surrogate modeling of the coefficients of
the decomposition with indices larger than N.. Indeed, we typically have N. < N so the
vectors \Gamma ; with indices larger than N, of the basis are randomly constructed, which is not
suitable for building surrogate models. To solve this problem, it is possible to truncate the

sum. Only the first N coefficients, with N \leg V., are calculated. This would be reasonable
if the contributions of the terms A; i (Ifitx \Gamma ;(¢ty) for i > N were negligible. However, it turns
out that these terms are often not collectively negligible (see section 7), and the truncation
method does not achieve a good bias-variance trade-off even when optimizing with respect to
N (e.g., by a cross-validation procedure). The high- and low-fidelity outputs do not necessarily
have the same forms. Thus, it is possible that an important part of the high-fidelity code is

neglected because it is not taken into account by the subspace spanned by {\wm i }iwn . We will
therefore propose in the next section an original method to tackle this problem.
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6.2. Without truncation. In this section, we first make a quick reminder of the methods
presented in section 5. Moreover, with different assumptions about the law of liGanma, we present
the regression using the model and the data.

Multifidelity of coefficients. As in subsection 6.1, we compute the N multifidelity models
of the first N coefficients of the expansion of the code output given WfGamma . If we apply the
method proposed in section 4, we can therefore deduce the prediction mean and variance, as
in subsection 6.1.

Tensorized covariance regression. The orthogonal part of the regression is computed using
the method presented in section 5. The adaptation is that the regression must be carried out

in subspace S+pgiven lifGanma,
i, L

lopha (! Gamma f) ,
usl,- -+ ,N;
it in B

(6.6) Wl

i -
fil i)
i=1

where |apho; 1 is given by (2.3).
This does not have any consequence on the Wbfitx part but only on the t part. Contrarily to

2,2 (\bfitx, tu), only one surrogate model is needed for Z¢; (\bfitx, tu). The detail of how we can deal
with Z+(\pfitx, t.) and ZHH (\bfitx, tu) is explained in Appendix C.

6.2.1. Dirac law of hiGanma. Here we assume that \ifGanma is known and its distribution is Dirac at
hftgamma. Consequently, Zy(\bfitx, t) is a GP by linear combination of independent GPs. Its posterior
distribution is completely determined if we can evaluate its mean and covariance.

Mean. The \Gammai(t.)'s are constant and equal to |gamma;(t,). Consequently,

i §opN
(6.7) e Zbfite, tIN = B e [Ainl )]t
i=1
and
| \ lbig i
(6.8) Bt (20 (1 0 el = BORE A e G ¢ BOE g[z%m, 40 el g /

where \BDOE e [Ai, 1 (bil)] is given by (D.1) and \BobE4;  [Z+(\ofitx, t,)IN, \ell ] by (5.5).
Variance. The formula of the variance is

(6.9) BOOV s A\t \Gamma (A = 1BDOV v [doftk ] \gommaif

The uncorrelation of the coefficients A g (Witt) gives Coviggm, [Ai n(\bFitx ), Aj, 1 (biix)] = 0 for i=j and
Covigha [Ai(\DFitX ) \gammai(ty), Z (M, t,)] = 0. The expression of the variance becomes simple,

\sum g oigr

(6.10) Bl [Zya(t, t)IN Vellwin] = =g 8O0V [Ad e 1] laommot + BODV g, ‘”M N el "
where \BbbV e [Ai, 1 (Hfl)] is given by (D.2) and \BbbV 47 [Z4Abfitx, tu)|N, \ellwix] is given by (5.4).

6.2.2. VB law of liGanma . The posterior distribution of Zn(\bfitx, t) is not Gaussian anymore.
However, to predict the output of the high-fidelity code and to quantify the prediction uncer-
tainty, we are able to compute the posterior mean and variance of Zn(lbfily, t).
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Mean. We can decompose the process into two parts:

(6.11) Z\ofitx, t,) = Z,(\bfitx, t,) + Z-(\bfitx, t,)
The linearity of the expectation gives us
M | By
(6.12) v (Z4(\bfitx, )N, \ell win] = Bwe . [Ai,n(l\cammai(t,)] + Btgs . Z (i, )N, \ell
i=1

The theorem of total expectation gives us

i 0N
(6.13) M. gbi, LN = g i R ) e ) (]
i=1
and therefore
\shin
11T R— 74 (, 60 el ] = 1 BOE b2 o 16T () 5 Wi nll ) (]
b iyl iy iy
(6.14) T o (1 T P

where B [A;, i (i) i) is given by (D.1) and BbbViug, [Z¢(\bfitx ) [Wimm] is given by (5.5). Equation (6.14) is
a combination of expectations of explicit functions of lfGanma, which can be computed by (3.2).

Variance. The theorem of the total variance gives us

BbbV iz B O, ) 0 i = 00V TBOOEZ o [, ) GRS, Tl ), el
0 e B0V [, () ofGamma, N Vel ] I Vel .

fnakrn mmr“\

ol b

(6.15)

By Appendix D.3, we get g | i i
By [Za (ofitx, t) [N, wn4=mﬁwm W%Mu ZLWJUHM%HWM A, Yl
\ i fi I
+ifj W B o g[ZH ffitx, t) (bfGamma, N, \ e”‘hu:l]] N, \ell |

+\sum i 1 i li\Gamma i(tu) ot [Aip (1) | Weenna ]]‘]

Bive,,  \Gamme;(f, ) RA (bfitx) bfGamma]
kmummmmﬂammmmmmmﬂnmm

(6.16)
sum |\| =1 C
i LOVibfitz
\sumN a J\bg[ g gt gt
¥ . _ Covipiiz \Gamma i (ta) sz (A (1) |Uim] | BOOE 3, Zi0 ta) e N el 0 el

where B0V i [A;, 1 (b ) [Weamns ] is given by (D.2) and BoOV i (£ (\bfitx ) [litan ] is given by (5.6). Equation (6.16) is a
combination of expectations and variances of explicit functions of biGamma , which can be computed
by (3.2).

6.2.3. Effective dimension. For the formulas in subsection 6.2 to be valid, N must be
fixed. We may choose N by knowledge of the physical system or of the code, but it is
impossible in most cases due to the high-/low-fidelity differences. The best solution is generally
to determine N by a K-fold cross-validation procedure.

The criterion that we choose to maximize is ‘

ny, 8 By . g 2
(6.17) Q(t)=1— ko1 2 (ofite®, & |- BE & (ofitk®, & J\biGamma, o, o, Wi stes

N u Nu\BbbV [ZH(DH, tu)]
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Table 1
Distributions of the input variables.

Ms k o ‘o Yo
sarU (10, 12) Vsorl (1; 1.4) \sarU (2, ) Nsorl (0,2 ) sl (0;0.2)

where BbbV[zu(Dy, tu)] is the empirical variance of the observed values:

Nt Big(q b2

1 1 .
BOV [z(Dw, tu)] = ,\Ek—l zu(\bfitx ), t,)2 — N_Hk—l 2(\bfitx ¥, t,)

The procedure we propose starts with the dimension 0. For the case N = 0, the surrogate
model depends only on high-fidelity regression:

- We compute the surrogate model for all N =0, ..., N.
- We calculate the mean in t, of Qf(tu):

A 1 \siim
adi=" Qi)

u=1

We compare the &f\l values and the value N with the largest &f\l chosen. In order to

. . A A
evaluate the surrogate model in the next section, we compute d 2 = maxn d ZN.

7. lllustration: Double-pendulum simulator. The purpose of this section is to apply the
methods proposed in the previous sections to a mechanical example. The example is based
on a simulator of a pendulum attached to a spring-mass system. We have two codes: The
high-fidelity code numerically solves Newton's equation, and low-fidelity code simplifies the
equation by linearization for small angles of the pendulum motion and solves the system.

7.1. Characteristics of the outputs.

The physical system. The system can be seen as a dual-oscillator cluster. The first oscillator
is a spring-mass system whose axis is perpendicular to the gravitational axis. The parameters
of this system are the mass of the system Ms and the spring stiffness k. The initial position
of the mass is denoted yo, and its initial velocity is 0. The second oscillator is a pendulum. A
schematic representation of the system is presented in Figure 1. The parameters are the mass
m and the length of the pendulum lel, which are fixed. The initial value of the angle is |thetaso, and
its derivative is \theta\-o. By Newton's law of motion, the dynamics is governed by a system of two
coupled ODEs. However, we do not have a closed-form expression that gives the solution of
the system. This forces us to use computer codes. The output signal is the position of the
mass m at time t € {t, ..., tn,} with Ny = 101. The input vector is Wit = {Mis, k, yo, \thetao, \theta\~o}.
The input variables are assumed to be independent and identically distributed with uniform
distributions as described in Table 1.

The two different code levels. We propose two codes. The high-fidelity code numerically

solves the coupled system of ODEs by an Euler's derivation of the position y and the angle
thets for each t,. This gives functions |theti(t,) and y(t.). The low-fidelity code assumes that the
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Figure 1. The double-pendulum system with its parameters.

angle of the |thets pendulum is small so that the linearization of sin(tietr) makes it possible to get a
simpler form of the expression of the two coupled ODEs and a faster resolution.

Code analysis. A sensitivity analysis is carried out for information purposes, but it is not
used in the forthcoming surrogate modeling. The sensitivity analysis makes it possible to
determine the effective dimension of our problem. We compare outputs of the high- and low-
fidelity codes and the associated Sobol indices on Figure 2. We estimate Sobol indices by the
method described in [31] and implemented in the R library [13] by using a Monte Carlo sample
of size 10° for each code. No surrogate model was used to estimate the indices in Figure 2.
The indices are computed as in [12, equation 11] for each t,. The areas shown in Figure 2
are the compilation of all the incides calculated in each t,. The difference between the sum
of the indices of order 1 and 1 is considered as interactions. The main result is that the two
codes depend on the same input variables. The four most important input variables are yq, k,
M, and \theta 0. It can be seen in Figure 2 that the interactions between codes are mostly linear.
Maximum amplitude points of z(x, t.) and zu(x, t.), which are more complex interactions
between codes, can be seen in the horizontal part of the bottom graph of Figure 2.

7.2. Comparison between methods. The experimental designs used to compare the
methods are presented in [19]. They are constructed from two independent maximum LHS
(Latin hypercube sampling) designs with Ny = 10 and N. = 100 points. The low-fidelity
design is then modified so that the designs are nested. Only the points of the low-fidelity
design closest to the points of the high-fidelity design are moved. To generate these designs,
the R packages [7, 17] are used. A random uniform nested design can also be used, but we
choose a more effective design for GP regression. The test design is composed of 4000 points
randomly chosen in the hypercube determined by the supports of the uniform distributions
described in Table 1.

In this section, we want to demonstrate the interest of the method presented in section 2.
For this, we will compare several methods:

\bullt The multifidelity method is presented in subsection 6.1 with a Dirac distribution of
IbiGamma, called the SVD method.

lbulet The multifidelity method uses GP regression of the orthogonal part with covariance-
tensorization, and the distribution of ltitanma is Dirac at lifiganma , the matrix of the SVD of the
observed low-fidelity code outputs. Its prediction is computed as in subsection 6.2 and
called the Dirac method.
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Figure 2. Comparison between low-fidelity (top left) and high-fidelity (top right) code outputs. Sobol indices
for high- and low-fidelity codes (center left: low-fidelity; center right: high-fidelity). For each time t in the time

grid, we report the first-order Sobol indices, and “‘interactions

stands for the sum of the Sobol indices of order

larger than 2. Finally, the bottom plots represent the interactions between codes (plots of (zr(x, tu), zr (X, tu))ﬁfl
for different x). The bottom left graph is for 10 values and the bottom right graph for 3 values of \lfitx.

\bullet The multifidelity method is presented in subsection 6.2 with the CVB distribution,
called the CVB method.

\bullet The neural network (NN) method is presented in [23]. We extend this method for time-
series outputs by considering Ni-dimensional outputs for the low- and high-fidelity
neural networks and by removing the physical inspired NN (PINN) part. The PINN
part is removed in order to reduce the parameters and allows the learning phase to be
faster and more accurate; see [35] for more details. We used the parameters proposed

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.



MULTIFIDELITY METAMODELING FOR TIME-SERIES OUTPUTS 529

in the article, i.e., 2 hidden layers for each network with 20 neurons per layer. We also
tested the NN method up to 100 neurons per layer, but the best results were obtained
with approximately 20 neurons.

The method we would like to highlight is the CVB method.

CVB basis. The law of liftanma needs to be determined in order to compute or estimate the
moments (6.3), (6.5), (6.14), and (6.16). The distribution of WhiGamma is the CVB distribution
described in subsection 3.3. As shown by (3.2), it depends on the size k of the random suﬁ‘(sew‘
/. Here we choose k = 4. Because it is too expensive to compute the sum over all '\|1<L ‘

different subsets {j4, ..., jk}, we estimate the expectation (3.2) by an empirical average over
n =64 realizations /j of the random subset /,

(7.1) B | B \Sim% S b o)
j=

1

where hh,. is the matrix of the left singular vectors of the SVD of (z. (bfix™, tu)) win{1,..N }} )
\in {2, NL\ I

We have checked that the stability with respect to k is conserved if 1 <k < N, — Ny and that
the stability with regard to n is valid if n > max(k, 50). We have tested the construction of
the CVB basis for all k values in this range and found that changes in kK do not influence the
basis significantly.

The computational cost of calculating the basis is very important in particular because it
is impossible for us to calculate it for all subsets. A method to compute the basis with only
a cost of O(N3) is given in [24], whereas we compute it with O(N]N:) by our method. The
gain is, however, very small, especially if N_ \Il N; which is our case. We have therefore not
implemented this method in the results presented in this paper.

Prediction of the orthogonal part. A simple model for the a priori mean function is chosen
as M =1 and f(\bfitx) = 1. Consequently, FTR'F =\sum LR}

Multifidelity regression of the coefficients. Our implementation of the multifidelity regression
is based on [17]. We use an informative prior for the regression of the coefficients. For
more information, refer to [19, section 3.4.4]. In this example, the size of the priors is g =
pL = pu = 1. Considering the relation between the two codes, we choose b'™ = 1. The
trend is supposed to be null; consequently, b\ﬁa = b. = 0. The variances are |sigms. = 0.5 and
lsigms w = 0.5 with ,y\‘”“ = 2 and V| = 2. The parameters for the inverse gamma distribution are
my=my=0.2 and rsigna . = Jrsigm 4 = 1.5. We have checked the robustness of the results with respect
to the hyperparameters of the prior distributions. Alternatively, the article [22] presents
noninformative priors for the autoregressive cokriging.

Prediction. In order to estimate the errors of the surrogate models, we calculate their
d\z's and report them in Figure 3. To compute d'\ 2 for a model, we calculate the difference
between the validation set of size 4000 and the predictions of the model. We have averaged
the estimates of the Q"2 over 40 different experimental designs.

The SVD method gives a very interesting result because the dAZ is almost always higher
than 0.8. However, in Figure 4, we can see that it does not capture the form of the times
series. The Q" 2 of the Dirac and CVB methods are larger than the ones of the other methods.
The error is also less variable as a function of t. And the variance is much lower for both
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Figure 3. Comparison between the methods in terms of time-dependent df 2. Averages over 40 random
experimental designs are computed. The colored fields represent the confidence intervals determined by \pm 1.96
empirical standard deviation. Here Ng= 10, N, =100, and N;=101.

zu(X, 1)

</
~

Figure 4. Comparison between the predictions of the CVB method (left) and the SVD method (right). The
black solid line is the exact high-fidelity time series, the colored solid line is the prediction mean, and the dashed
lines are the confidence intervals. In this example, the value of N obtained by cross validation is 8. The
uncertainty interval is 1.96 times the standard deviation.

methods. However, even if there is a difference between the Dirac and CVB methods, it is
not possible to say that the CVB method is better in this application. The difference between
the Dirac and CVB methods is small in our example.

The variance of the prediction is very important for the quantification of prediction uncer-
tainty. All formulas are given in the previous sections, and we illustrate the results in Figure 4.
We can see that the variance of the projection method is not accurate and overestimates the
quality of the prediction. This method is not acceptable for prediction. The Dirac method
and the CVB method have almost the same variance. If we compare to the variance of the
SVD method, it means that most of the uncertainty relates to the orthogonal part. This leads
to the conclusion that this part is important in the regression.

In order to understand the interest of the method with covariance tensorization for the
orthogonal part, we study in more detail the orthogonal part. First, we study the role of the
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Figure 5. Estimation of the different time-dependent prediction variance terms for the CVB method.

value of N. Here N = 100, so the possible values of N are between 0 and 100. We find that
the optimal value of N for 40 learning sets is between 8 and 10. Even when the value of Ny is
increased, N remains constant in the 8 to 10 range. This means that the low-fidelity code can
give reliable information on the high-fidelity code output projection into an eight-dimensional
space. The high-fidelity code output is, however, higher dimensional, and it is important
to predict the orthogonal part with a dedicated method, namely, the proposed covariance
tensorization method.

We have carried out extensive numerical simulations with values of Ny in the range
[5 : 20] and values of N. in the range [50 : 1000]. If only very small data sets are available

(5 \leq NV \leq 7), the prediction is not satisfactory whatever the method. Moreover, for values of
N\ greater than 200, there is no significant change except for the NN method, which improves
to the level of the CVB method for the largest data sets. There is also a decrease in prediction
uncertainty with the increase of the Ny number, as can be expected. At the same time as the
prediction uncertainty increases when Ny is decreased, there is also a decrease in prediction
performance but independently of the method. The code we used is available in [15].

8. Discussion. The objective of this work is to propose a method that generates a sur-
rogate model in the context of multifidelity and time-series outputs and that quantifices the
prediction uncertainty. The method we propose is based on three main ingredients: dimension
reduction, cokriging, and covariance tensorization. The model we present is based on mul-
tifidelity (cokriging) regression. By reducing the output dimension, multifidelity regression
becomes possible. To take into account all the information contained in the data sets, the
part that cannot be treated with the previous method is predicted by GP regression with
covariance tensorization.

First, we have presented different ways to build the basis that allows to represent the high-
and low-fidelity code outputs. Second, we have presented a model that allows to estimate the
high-fidelity code outputs from data collected from the high- and low-fidelity codes. The
combination of a multifidelity part and a single-fidelity part with tensorized covariance is the
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central point of the proposed method. The performance of our model has been tested on a
mechanical example. We have been able to use multifidelity in a very convincing way to build
a robust surrogate model better than any other method presented so far.

There are several ways to extend the method presented in this article. Sequential experi-
mental designs in a multifidelity context have already been dealt with by [20]. However, they
deserve to be extended to the case of time-series outputs. We can consider regression problems
for more than two levels of code. It is conceivable in this case to build several levels of bases
which from code to code would improve the basis and thus reduce the orthogonal part. In
addition, high-dimensional outputs are not different from time-series outputs as considered
in this paper. It is therefore conceivable to adapt this method to more general functional
outputs.

Appendix A. Multifidelity priors for AR(1) model. In the following, we define the priors
needed to use the AR(1) model defined in section 4.

The goal of a Bayesian prediction is to integrate the uncertainty of the parameter esti-
mation into the predictive distribution as in [18]. Here the parameters are \sgma , \beta , and \beta . As
explained in [21], the result is not Gaussian, but we can obtain expressions of the posterior

mean BbbE [Ax(\bfitx )| A = |alpha ] and variance \BbbV [Ax(\bfitx )|A = |apha ]. It is possible to consider informative
or noninformative priors for the parameters [21, 22]. Here we consider informative conjugate
priors:

bgl \big

(A.1) g[\n‘gma2 g]~\scrl 5 (my, \wrsigna,) ,

] (il i i
(A.2) g[\betaLm2 I Ny o g(bb lsimg* Vi,

i i i
(A.3) \fgmo? | A" = alpha®, \eeto, [sgma.~ ~\scrl 5 (my, lorsgney) ,
i . oy g gl i g | | 2\b\ggl(v\mo 0\b|ggr)\b\ggr)
(A.4) Wy lwd =5 d e b ~Ngep, by = e iyl = \sigma, 0 vk
H H

Here

- b. is a vector of size p;

- b is a vector of size g;

- b% is a vector of size py;

- V¥ is a pn X pu matrix;

- V™ isa g X g matrix;

- Viis a pL X pL matrix;

- My and |sgmiy are positive real numbers, and \ scrl 5 stands for the inverse gamma
dimBy using these informative conjugate priors, we obtain the following a posteriori
distribu-

tions as in [21]:

(A5) g2l AL = ot \serl 5 (dy Q)
A.6) \big”\betaLlAL = \alph", higmaz\bigr] Ny (Cui, G,
(A.7) \big”\;gmaz |A = \a!pha\bigr] ~I5 (dw, Qu),

(A.8) \bigl[\betaH, \betoyzo | A = \aphessigma? b ~Np +q (Chlty, Cy).
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- dmahrm{] ‘L + Mty

é\m (m -H bl) (JWM H}(nm 3 hi)
- Qmahrm{] :\ |methrnf] * \VafSlgma ) ¥ (b \ma hrng bl ﬂm\) (Vma rm[} t (H [ lHr)) (bmm - M\mathrm )

utef| ot

C= HEH v ;
Yt M w it W \B\gﬂ
= L b

- Hyatmp is defined by HL = F. and Hy =[G © (alphaTbimede ) Fu;

G' is the Ny X g matrix containing the values of g' (\bfifx) for \bfitk € Dy;

kﬁgfoneqL is a g- dlmen5|onal vector contalnmg 1;
- Pty = (H C—2Hw) —*H" C—"{alpho "™
el il ]

Consequently, the posterior distribution of A (Wfitx) has the following mean and variance:

\b
(A.9) \BLDE [A 1 (lt)|A = \alpha] =h} \bfitx )Culnuy + (wltX)C— (\alpha — HuChiy Igr)’
BOV (A (i) A = \opha] = (h"z (Bjt) + Vorepsion \Ix) \5;gmg{~ (i) + L(l — g () Cytr i)
2(dh — 1)
g 0 g by
(A.10) + lg(iﬂ — (bt )™ 1 Ch lg(lqu — g [bftx)Cg*H H T,

where I (lit) = g" (\pﬁtxw\\mo, Piio = [Cilnuslen 1. pu +o and s () = g" (fir) & hgu (bix)with & 4 =
[CH]i,jsz+1,...,pH+q-

The posterior mean \BbbE [Ax(\bfitx )|A = \albha ] is the predictive model of the high-fidelity response,
and the posterior variance \BbbV [ A i (\bfitx) | A = \apha] represents the predictive variance of the model.

Appendix B. LOO formula and discussion.

LOO without loop. In order to quickly minimize the LOO error with respect to the vector
of correlation lengths \ell yix, there exist formulas to evaluate |uresin 2(H i) with matrix products [2], [6].
The LOO optimization problem is equivalent to minimize a function few (ki) given by

ligl(~ \oigr)

(B.1) fev (i) =z"R—'diag ~ R, Rwlz,
where z is a vector that collects all the data.

Considering (5.3) and the mixed-product property, the inverse of a Kronecker product,
and the formula diag(A \otimes B) = diagA \otimes diagB, the cost function can be expressed as

1Bigl b|g|( b|gr) Bi) B g g9, B0

(B.2) fev(ls)=7  R-'diag 2p-! . \otimes  R-'diag "~ R, 2p- Loz
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However, the term in R: is impossible to calculate because R: is not invertible. R'
dlag(R H— ZR— can be approximated by Iy in order to have a tractable problem. This

t

assertlon is equwalent to the hypothesis

(B.3) R? = diag(R—1)—=
t t

This assumption can be seen as the fact that the error is estimated by taking into account only
the spatial distribution of the covariance. Indeed, to calculate the error, only the matrix Ry
is used, even if the value of R is calculated by maximum likelihood later in the GP regression
method.

Thus, the minimization described in (5.11) makes it possible to calculate the correlation
lengths by minimizing | | i gl i, [
(B.4) (8 ) \simeq zTI (- 1diag R f Z

CcV i N; X Xt x !

where Iy, is the N; X N identity matrix. The main interest of this method is to give an
approximate value of the error and to make the optimization much faster.

Optimization with hypothesis (B.3). Efficient minimization algorithms require to have the
derivative of the function so that it does not have to be calculated by finite differences. Thanks
to the simplification (B.4), it is possible to calculate the derivative of the LOO error [2],

tbiggl , bige) ‘
il
\V;}ﬂ —fevlds) =227 In, \dtines, 8- 1d|ag\b (Rxl S \P"’““’bel 1 ri bl W}ﬂ Rz
(B.5) s —2z 1 R _ dlakg B T _ Wm "z,
T 1 1
Ne  x < ", >
with
\bigg\g )] 5 \biggl( iggr)
Ry B \ell)s (Xij — Xi,i) . |Xk,j - Xk,i|
(B.6) By g — i s (™
and
r 5 Bg( /- Bg) Bg( ./ By
(B.7) h%(x)=—§x 1+ 5x exp — b5x

The method used to calculate the value of \ell wix is the Nelder--Mead method with only one
starting point because starting from more points will be more costly and the function fev is
close to quadratic and consequently does not need multiple starting points.

Optimization without hypothesis (B.3). When hypothesis (B.3) does not hold, a way must
be found to calculate \ell vix without this assumption. By a regularization of the matrix R, it
is possible to calculate few(ll wix) and its derivative by (5.11), (B.2), and (B.8). However, the
solution will be a regularized solution and not an exact solution.

There are different types of regularization that allow matrices to be inverted. Two methods
have been investigated here. The first one is standard (Tilkonov regularization):

(B.8) !"1=\blg|(RT5 ¢! I Nt\blgr)_1 d

t
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Table 2
Benchmark of the different LOO optimization techniques for estimating the f (Wfitx, t) = cos(4\pi (x2 +
1)t) sin(3\pi x1t) function using the separable covariance method. Loop LOO processes the error by comput-
ing the approximation, full LOO processes the regularized analytic expression, and simplified LOO processes the
simplified one given by (B.4).

Loop LOO Full LOO Simplified LOO

7.06 107* 872 107 814107*
time 18.41 s 3.47 min 0.17 s
The second one is
(B.9) Ett-(Rt + arepsioning )t .

It has the disadvantage of being more sensitive to lesin than the first one, which is why it will
not be used.

However, in the calculation of the determinant, this adjustment may have advantages.
Denoting by K¢ = VC—!UT, the SVD of R: with C—' = diag_*' ,,.whereas the same de-
composition gives for (B.8) C—! = diag ‘_‘;\S‘Em“; . This is the reason why the two adjustments
presented are not used in the same case. Indeed, - +\VMOH is less efficient for the calculation of a

determinant but more efficient for the calculation of t\h'@'ﬁnvers@ig}(f Aﬂgr)_z \biggy)
|t £ )=27 Eleiag ELI :

CVv i t t
| igft i), O | L
(B.10) otimes R—ldiag R R—1\ X R—1 diag = R R
big oo by Wk, T g X

kidag k' k! \otimes)ﬁ—ldiag Ml

t

0— -2, R,

X il
Equations (B.6) and (B.7) are still valid.

This complete approach was compared to the LOO calculation using a loop. However,
the calculation time of Kronecker products is too long compared to the calculation of the
simple error with a loop. Moreover, the differences in the errors of the different methods are
negligible. Thus, this solution is only recommended when the calculation of (B.2) and (B.10)
is optimized.

Table 2 shows that the gain in calculation time by the simplified method is significant
even though the error difference is very small. The extremely long time for the complete LOO
is mainly due to an implementation of the Kronecker product that is not very effective in our
implementation.

Appendix C. Tensorized covariance of the orthogonal part. For Rx, we assume that Cx
is chosen in the Matkrn-5/2 class of functions. The function only depends on the correlation

length vector \ellyiy. The matrix R: is estimated as described in section 5 by the matrix Ayidehat given
by

’ i Big)  Bigl Bigy);
R =Ni M —8 Wiz, —F
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\sum ‘h@\ W]
where ' is the N tx N x matrix of empirical means fjl = 1Nx N il ., uwj Vi=1,...,Nx

andu=1,..., N Its range is indeed in Si,
The prediction mean is the sum of two terms, \bf Zi R— Ir(\bfitx), which is Sl valued, and

Buwu(\bfitx), also §‘-valued, because

L Ihigr) —
(C.1) B = WfitZ 4 R—F g(FTR*%(C o) 1,

with F the Ny X M matrix [f7 (bitt?)]i=2,.._n.. Consequently, we have
(C.2) 2u(ofite, )]\l s, bfGamma, N, \bfiZst  ~ SP{\mu(bfitx ), Ri\ofitx,, \bfitx ),

where the mean is given by (5.5) and the covariance by (5.6) with \bfitZ . as the observed inputs.
LOO estimation of the vector of correlation lengths el given biGanma and N is carried out by the
method presented in Appendix B.

Appendix D. Expressions of some expectations and variances.

D.1. Computation for uncorrelated GPs Given \bfGamma, (A, (bib, tu), A, L (U, tu)) wiwina are

u=1,..., ¢
independent with respect toi. This independence makes it possible to generate N: independent
surrogate models, with mean and variance given by (A.9) and (A.10):

bigl L
(D.1) \BOOE [Abfitx ) | e, pha] A (bfit)Clnui + 7 Ofit)C T lalpha® — HinGinim
i M LHo
’ iy .
BOAV (A, (1) [, A = [apho] = (W (hﬁlm\varepsﬁm,\m(\bﬁlx) / \sigmazA\NuﬂhW)
S (L= (bl ey (i)
| z(le o 1) i,H iH i,H
\Blgl( Wb By
(D.2) t abfite) = 5 bfit )G i1 Cin A fx) = 7, (bfite G iH
D.2. Variance for projection The law of total variance gives
(D.3) B0V [Z00 (, ) = B0V [BOOE s (2, t0EGMM] + BEOE s [BOBVig [ 24, ) iGamma]].
The variance term can be expressed as follows: ,
Biglg By
B B (20, ) B G s A1) )
(D.4) LT (tu) " [A. 1) [V
um y,
+ |J 1 l/_J COV \elpha (\Gamma (tu) \elpha [A|,H( )l fGﬂmmﬂ], Gammaj (tu) \alpha [Aj,H() |\thﬁmma])
where BObE iy [Ai n(\bfitx ) [biGamma] is given by (D.1). The expectation term can be expressed as
g \Bhb%hﬁl[ wi [Zn(, ta)[E] = By

e '\=' \BODV v [Ai 1 (1)\Gamma s (tu)II]+ Nr_ i/ Covigra (A1 )\9 Tma‘(tu) Ajn()\Gammajj () [f)

(D.5)
= Sum’\: 1 \BbbE bt \Gamma (tu) [ [A| H( )| amm
sm

i,j=1,i/=j \BOE s [\Gamma; (tulimj (tu)Cov, (Ain(), Ajri () |biGanma)]
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where B0V s [Ai, 1 (Hi)\Gamma; (£ ) |WiGama] is given in (D.2) and CoViaipha (Ai, 1 (), Aj, k(Ui ) | biGanma) = 0 if i & j. Con-
sequently,

m
Bbbv\alpha [ZH( tu)] \Bbbv a\pha [\Gamma (tu) \doha [A| H( )|\h i ]]
(D.6) + \Sum 1 ]Ll |/—J COV a\pha (\Gamma (tu) a\pha [A| H( )l tGﬂmmﬂ] GammaJ (tu) a\pha [AJ H( )| Gﬂmmﬂ])

\sum ] \bgr]
+ i=N1 \Bth dphe i \Gamma (u] dphe lAiIH(: ) “ ﬂmm .
D.3. Variance for tensorization of covariance and projection The theorem of the total
variance gives us

\Bbe\m\[z — (U, ) 0 Vel ] = BV g o [BOAE 52 — (1t £) DofGamma, 0, Vel | N, Vel ]

(D.7) ‘
+‘J1l[[‘mz — [B (I B (M, 1) \\thamma,M\elem] W el gy ]

The two terms of (6.15) are

(D.8) B B B B 0, 06 Ll W] o
by, gmmhnmmwwmmr\mwm Q%XAHMMMN\N
and
BiEsp .., bev —- () YT ““]ﬂ i) = T
‘Eu‘l\ﬂthwz, \Bthanﬁ Z Npﬂx t) bfGamma, ¥ lells [N, \ellis g i B
(D.9) +lifi ... 2Covwiz . H(bﬂx 4,2 (b t"”bf%r[“m%@ﬁ e Il
bz, ‘\ 4” (o, ¢ [fGamma, b [V

The uncorrelation of the A; w (lill, t.) coefficients given \bfGamma gives Cowyaipna [Ai, 1 (i), Aj, e (b ) | biGanne] =

fori# jand Covipfitz - [Ain(\bitx )\Gammai(t.), & - (Wi, t.)\ofGammay] = 0. This leads us to SImp“fV (D-8) and (D. 9)
into b O
W, M. [ZaC, to) |l N el i) = BOOVis . BOEus — Z4(, tu )l 0 el [N el
+\SUmN ‘HUWW [\Gamma (tu) \dpha [AI H( )“b e ]]

(D.10) Isum N=1;i/=j Covivfiz .. ﬂGamma (tu)iaete (Al ) | biGamma] , \Gammaj (tu )lugma [AzH( ) | biGama]
\sum \b|g|[ \h|g|[ g g
+2 COV \bfitz . \Gamma; (£ ) i [Ai () |\|]f ), BObE yz % I, tu)wi, N, el g ‘ | bl g
and | o by ]
Moo (il (O ) oiGamme, el ) = BbEwe Moyt ) G s [0 bl
(Dll) i \Sum N m i Lt ‘m\m‘ﬂmmkmm H W]
+ o M \ammas (tu )2 (A (0) IbiGamma) [N, Vell e
The full formula of the variance can be expressed aw[ g lig]
Bl (2 (ofite, t.) [N, \e”\bfnx,] = \BbbV sz m“‘ﬁ]nfr- Z-(i, ta) [l N , el N Vell i
i ) w Bl [ Il
iy Wil 2, (hitx, t) (bfGamma, N\ N,Hell‘mX ' N el e

+\sum' 1 \Hthmz M\Gamma i(tu) o [Ai (1 ) | Wi llw

Bz, Gyt &A (bfite) |bfGamma)
fYGamma (I [A.H M iGanne] , \Gammaj (t Yo 1A () | iGenma]

(D.12)
Rl N=1;i/=j CObenZ

\su'rﬁN big| \bgl[ gt g
12 i=1 Covipfiz .. \Gamma (tu)\ \dote [A. H( ) |\ |T| BbbE\hmZ Zt (1, tu)|‘f;, N, el e ‘ ) N, Vel s ,
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