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Abstract—This paper studies the channel capacity of intensity-
modulation direct-detection (IM/DD) visible light communication
(VLC) systems under both optical and electrical power con-
straints. Specifically, it derives the asymptotic capacities in the
high and low signal-to-noise ratio (SNR) regimes under peak,
first-moment, and second-moment constraints. The results show
that first- and second-moment constraints are never simultane-
ously active in the asymptotic low-SNR regime, and only in few
cases in the asymptotic high-SNR regime. Moreover, the second-
moment constraint is more stringent in the asymptotic low-SNR
regime than in the high-SNR regime.

I. INTRODUCTION

The ever-increasing number of wireless devices and high-
speed communication requirements cause a spectrum scarcity
of conventional radio-frequencies (RF). A promising solu-
tion is visible light communication (VLC) with its abundant
unlicensed spectrum [1], [2]. In particular, when utilizing
the simple and practical intensity modulation—direct detection
(IM/DD) technology, transmitters directly modulate informa-
tion onto the real, non-negative optical intensity of the VLC
signals (in contrast to RF signals which modulate the complex
field) and receivers apply photodetectors to measure incoming
optical intensities. For eye safety reasons and hardware limi-
tations, both the maximum and average optical intensities of
VLC transmit signals typically have to be restricted. Since
these apply directly to the intensities, they impose both peak
and first-moment constraints on the transmit signals. Addi-
tional second-moment constraints are imposed by limitations
of the electronic circuits that control the transmit signal, such
as the boundedness of the linear amplification regime and
electric power consumption [3]]—[8]].

A close-form expression for the capacity of such IM/DD
systems is still unknown, even when some of the first or
second-moment constraints are relaxed. However, bounds and
asymptotic results in the high and low signal-to-noise ratio
(SNR) regimes are known under certain relaxations. For ex-
ample, various upper and lower bounds on the capacity, as
well as its exact high- and low-SNR asymptotics, have been
derived under only a first-moment constraint without a second-
moment constraint [9]-[15]. An interesting related model with
optical amplifiers was also studied in [[16].

In this work, we derive the exact expressions for the
asymptotic high- and low-SNR capacities under peak, first-

moment, and second-moment constraints. Our results show
that in the asymptotic low-SNR regime, only one of the
two moment constraints is stringent. Specifically, the second-
moment constraint is active if the peak-constraint A times
the first-moment-constraint cv; A exceeds this second-moment
constraint agAQ, and otherwise the first-moment constraint is
active. This can be seen as a consequence of the optimality of
on-off keying in the asymptotic low-SNR regime. Our results
further show that for most constraint-parameters (y, as) also
in the high-SNR regime, only one of the moment-constraints is
active. Interestingly, the second-moment constraint is inactive
over a larger region of (cv, ap)-pairs in the high-SNR regime
than in the low-SNR regime, and the first-moment constraint
over a smaller region. An additional second-moment constraint
is thus more restrictive in the low-SNR regime than in the
high-SNR regime. In the asymptotic high-SNR regime, we
further observe a small region of (aq, s )-pairs where both
moment-constraints are simultaneously active and limit the
asymptotic capacity.

II. CHANNEL MODEL

Consider a typical VLC communication link, where the
transmitter is equipped with a single LED or laser and the
receiver with a single photodetector. The photodetector mea-
sures the incoming light intensity, which can be modeled as
(91111, [13]-{15].

Y=x+7 (1

where = denotes the input signal produced by the transmitter’s
LED or laser, and Z is standard additive white Gaussian noise
independent of z. The noise Z includes both optical noise and
thermal noise. Note that, in contrast to the input z, the output
Y can be negative.

Inputs = are subject to both a peak and an average optical
power (average-intensity) constraints:

X €[0,A], (2

E[X] S O[lA, (3)

for some fixed parameters A > 0 and a3 € (0,1). These
constraints come from (eye- and skin-) safety reasons, and

from limitations (caused by non-linearities) on the optical
operating regimes of LEDs or lasers.



Due to battery limitations on the attached RF circuit and
power amplifier limitations, the second moment of the transmit
signal also has to be restricted:

E[X?] < apA® 4)

where ag € (0,5/4).

We denote the capacity of the channel (I) with allowed
peak power A, maximum average power a; A, and maximum
second moment c, A% by C(ay, g, A). Tt is given by [[17]

Clar, g, A) =sup I(X;Y), )
Px

where the supremum is over input laws Px satisfying (2)—@).

Notice that, for any random variable X € [0,A], we
have E[X?] < E[X]A and of course E[X] < /E[X?].
Therefore, whenever a; < a, the second moment constraint
(@) is inactive in view of the first moment-constraint (3],
and whenever /as < a, the first moment constraint (E[) is
inactive in view of the second moment-constraint (@). Observe
further that by the symmetry of the Gaussian density, for any
input X, we have I[(X;Y) = [(X’;Y) for the derived input
X’ = A — X, which has smaller first and second moments
than X if E[X] > A/2:

E[X'] = A —E[X] < 1/2A <E[X], (6)
and
E[X?] =A” —2E[X]A+E[X?| <E[X?]. ()

Therefore, for any oy > 1/2, the first-moment constraint (EI)
is not active, and for ay > 1/2, the second-moment constraint
(@) is not active.

As a consequence:

C(ag,az,A) = C(1, a2, A), Vaq > min{\/az,1/2}, (8)

and

C(Oél,ag,A) = C(Oq, I,A), VO&Q > min{oq, 1/2} (9)

In the remainder of the paper, we present bounds on the
capacities, and establish the exact asymptotic results in the
high and low SNR regimes, respectively.

The following functions will be used throughout the paper.
For ¢ = 0,1, 2, 3,4, define:

1
GO Ag) = / yle v rar’ gy (10)
0

III. THE ASYMPTOTIC HIGH-SNR CAPACITY

Consider first the asymptotic high-SNR regime, where
a1, ae are fixed and A grows without bound.

Theorem I: Depending on the parameters ag, e > 0, the
asymptotic high-SNR capacity satisfies one of the following
limiting behaviours.

1) If ag > % and oy > %, then both the first- and second-
moment constraints are inactive and

(C(al,ag,A) —log

lim
A—o00

A
TreaQ) =0. (1D

2) If 0 < oy < 1/2 is such that the unique solution A} to
the equation (in A1)

Ail = % = o, (12a)
satisfies
e M (1 + %)
()\?)2 = 1_64? < ay, (12b)
then only the first moment constraint is active and
lim (C(oq, as, A) —log A)
Ao V2rea?

=log Go(A1,0) + Ajar.

3) If 0 < ap < 1/3 is such that the unique solution A} to
the equation (in \o)

2R () = ) [ - @(VER) | = e

(13a)

(12¢)

satisfies
1 .
2\/mA5an [2 — Q(\/Q)@)] >1—e 2,

then only the second moment constraint is active and

(13b)

lim
A —00

A
C(aq, g, A) — log ——
( (a1,a2,A) g\/271'€0'2>
— log (o(0,A3) + Mg, (130)

4) Else, both moment constraints are active and

A—o0

lim (C(ozl7 ag,A) — log \/;72)
Teo

=log (o(AT, \5) + AJag + Msaa, (14)
for A7, A5 > 0 the unique solution to the equations
A7 A1 A1 A1+ 29
Aoe X 2 — — - “
v () o) -2 ()

=1— e (Aiti2) (15a)
and

(2% -5 o) o (52)
o\ T T W Mo

1 A A
— e (AL ) AL 15b
Mo </\2 ) 2\ (15b)

IV. THE ASYMPTOTIC LOW-SNR CAPACITY

Consider now the asymptotic low-SNR regime, where
a1, o are again kept fixed and A — 0.
Proposition 2: Given parameters oy, g > 0,

lim S(01:92,A) _ max VarlT]. 16)
Lm A E[T]<a1
Tel0,1]: %E[TQ]SQQ

Proof: The achievability follows directly from Prelov’s
and Verdud’s classical result on the mutual information of peak-



constrained channels [18| Corollary 2]. The converse follows
by the well-known Gaussian max-entropy bound:

Var[X] )

Clag,a9,A) < max;log(l + =
where the maximization is over random variables X € [0, 1]
satisfying (2)-@). Defining 7' := X/A and using that
limy o w = b, for any constant b > 0, establishes the
desired asymptotic converse bound. [ |

Lemma 3: The maximization in Proposition [2]is attained by

a binary random variable T € {0, A}:

max Var(T)= max Var(T) (17)
T€[0,1]: Te{0,A}:
E[T]<on E[T]<an
E[T?]<a E[T?]<a

Proof: Fix T satisfying the conditions in the minimization
and construct a new random variable 77 € {0, A} with pp :=
2
Pr[T" =A] = EKFQ] and Pr[T" = 0] = 1 — pa. Notice that
E[(T")?] = paA” = E[T?] and

E[7?] _ElT]-A
A T A
The new random variable 7"’ thus also satisfies the conditions
in the maximization, and moreover it has larger objective
function (variance) than T because Var[T'] = E[(T")?] —
(E[T)? > E[(T)?] — (E[T))? = Var[T]. =

Combining Proposition [2] with Lemma [3] establishes the
desired low-SNR asymptotics.
Theorem 4: For any parameters o, ag > 0:

E[T"] = paA = =E[T].  (19)

. Clag,a2,A) .
R%T—p(lfp )s (19)
where p* := min{ay, s, 1/2}.
Proof: By Lemma [3}
max Var(T)= max pa(l—pa). (20)
Tel0,1]: pa €[0,1]:
E[T]<o pPASal
E[Tﬂgag PA <2

Since the function ¢ — (1 — ¢) is continuous and monoton-
ically increasing over [0,1/2] but monotonically decreasing
over [1/2,1], the maximum value is obtained for pan =
min{a1, oz, 1/2}. Plugging this into Proposition [2] establishes
the desired result. ]

V. DISCUSSION OF ASYMPTOTIC RESULTS

Figure[l]and Figure 2] both illustrate the regions of (a1, az)-
pairs where both the first- and the second-moment constraints,
ie., (B) and (@), are inactive ar all SNR values: the first-
moment constraint (3) is not active in the red shaded region
and the second-moment constraint @) is not active in the blue
shaded region.

Figure [I| further shows the (a1, cs)-regions where the
constraints are inactive in the asymprtotic low-SNR regime.
Specifically, in the low-SNR regime the first-moment con-
straint is not active on the right of the thin red solid line,
i.e., whenever oy > min{as,1/2}, and the second-moment
constraint is not active above the thick blue dashed line, i.e.,

0.5
041 2nd moment constr.
always inactive

0.3 F
Il
3

0.2 |-

0.1F 1st moment constr.

P always inactive
0 — \ \ \
0 0.1 0.2 0.3 0.4 0.5

aq

Fig. 1: The shaded regions illustrate the parameter values (a1, g) where
the two moment constraints (3) and (@) are inactive at any SNR value. In
the asymptotic low-SNR regime the first-moment constraint is inactive on the
right of the thin red solid line and the second-moment constraint is inactive
above the thick blue dashed line.
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0.3 |
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always inactive
0 | | |
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Fig. 2: The shaded regions indicate the parameter values where the two
constraints are inactive for all SNR values. In the in the asymptotic
high-SNR regime the first-moment constraint is inactive on the right of the
thin red solid line and the second-moment constraint is inactive above the
thick blue dashed line.

whenever co > min{ay,1/2}. We see that the first-moment
constraint is far less stringent at low SNR than for general
SNR values.

Figure 2] shows the corresponding regions for the asymptotic
high-SNR regime. In the high-SNR regime, the first-moment
constraint is not active on the right of the thin red solid line
, and the second-moment constraint is not active above the
thick blue dashed line. Both constraints are simultaneously
active only in the small region between these two lines. We
observe that both constraints are less stringent in the high-SNR
regime than for general SNR values, and the second-moment
constraint is also less stringent than in the low-SNR regime.
The first-moment constraint however is more stringent in the
high-SNR regime than in the low-SNR regime.



VI. PROOF OF THEOREM/[]
A. Lower Bound

We first lower-bound the capacity with some simple
entropy-manipulations and by using the entropy-maximizing
input-density f%(z) over [0, A]. Under constraints (2)—@),
f%(x) has the form:

fx (@) =

where the parameters A, Ao have to be chosen to satisfy

M

(AC(Ar, X)) em A28 o e [0,A], 21)

A
/ fx(x) -z dr <A, (22a)
0

A
/ fe(z) - z? dz < asA? (22b)
0

Given the form in (2I)), through a simple variable substitu-

tion y = £, one can prove that (22)) are equivalent to
C1()\1, Az)
<a 23a
SO hg) = (23a)
2()\13 AQ)
< o, 23b
QA = 23
where recall that the functions (;, for ¢ = 0,1,...,4, are
defined in (T0). Then,
Clag, a2, A)
> Iy (X3Y) (24
=hp (Y ) WMZ) = hyy, (Y1Z) = W(Z) (25)
= Iy (X) = (2) 26)
1
= Epz [~ log fx (X)] = 3 log(2mea?) @7)
A1 A2
= log(A - Go(A1, A2)) + —= By [X] + Az Ef; [X7]
1
~3 log(2mec?) (28)
_ A - Co(A1, A2)
= log(m + )\1&1 + /\20&2, (29)

where all (A1, \2) satisfying (23] yield valid lower bounds.

B. Upper bound

We turn to the duality-based upper bound with the choice
of output density

) =7 f@) + Q-1 12 ),

where 7 € (0,1) is a parameter that we specify later on;

fé,l) (y) is a probability density function over the interval Z :=
[0, A] of the form

(30)

(1) _ 1 — 2y 22,2
= ¢ A A

Y= Gt

where A1, Ao > 0 are free parameters, over which we will

optimize in a latter stage; and f)(/2 )(y) is a probability density

function over the rest of the real line Z¢ := R\Z:

‘HyeI}, @

?/2

1 - .
9 —=—=ce 2 if y <0,

f}(/)(y) — V21To‘2 _(yiA)Z . (32)
o3 € 202 if y > A.

For the choice in (30), the duality-based upper bound yields

Clan, an, A) (33)
< Eg; [~ log fy (¥)] — 3 log(2meo?) (34)
<Ey; {—1og(Tf§ )‘Yez] Py, (Z)

+Eyp [* log ((1 - )’Y € IC} - Pry (Z°)

_% log(2mea?) (35)

= log - P (1)

A - Go(A1, A2)
+Eys [f ;g(T

A A
“r(Al Ef;[Y‘Y S I] + A722 Ef}*, [Y2|Y S I]) -Pf;(l—)

Py et Py

1
~5 log(2mec?). (36)

Following similar steps as, e.g., in [19, Eq. (209)-(226)], we
obtain the following lemmas proved in the extended version
of this paper [20].

Lemma 5: For the Gaussian-tail distribution defined in (32):

Eys {—log< fff)(Y)) ‘Y e IC} < logV2mea?. (37)
Lemma 6: For the distribution in (31):

Ef;; [Y|Y S I] . Pf}*/(I) < Ef;«/ [Y} + i(1 - 67%2) (38)

Vor
eA22> (39)
and

=Er X+ (
Ese [YPIY €I] - Py: (T) < Epy [Y?] = Ejpy [X?] + 02.(40)

1
V2T

We continue with our upper bound. By plugging these
lemmas into (36) and choosing

_ A - Co(A1, A2)
A - Co(A1, Xa) + V2meo?’

(41)

we obtain:

+i\1(1 _ eA;) ~ Log(amen?) (42)
= log (A Co()\l,)\g)—i—\/ZweJ) Py, (Z)

+log (A CoA1, Ao) + V2meo? ) Py, (19

(43)

2
< log (A . Co()\l,)\Q) + vV 27‘&'60’2> + Aaq + Asag + /\2%



A 1 1
+K1 (1 - f A) ) log(2mec?) (44)
_ A -G ( A2)
=log( 1+ o + A1a1 + A
o? A1 1 A2
+ro—+ —[1— —e 2 |. 45
We can conclude that for any choice of Ay, Ay > 0:
lim | C( A) -1 L
Aglloo aq, 02, 0g W
<log(o(A1, A2) + Adrar + Agas. (46)

C. Distinction of the Four Cases

We now show that the case distinction proposed in the
theorem partitions the set of all («j,s)-parameters and
that the described choice of A}, Aj-parameters exists in each
subset. More specifically, we show that the proposed case
distinction coincides with the case distinction that arises when
minimizing the right-hand side of (@6)), i.e., the function

F()\l, /\2) =

over the choices A\, A2 > 0, and we show that the AJ, A3
values given in the theorem are the minimizers of this function.
Consider the partial derivatives of this function:

log Co(A1, A2) + Arar + Aoaa,  (47)

or _ G(A,A)
— = % Ly 48a
A Gl (5
and
or G2(A1, A2)
— =2 4, 48b
Da GO (*5h)
as well as its Hessian matrix
8’I'(A1,A2)  9°D(Ai,)2)
N2 IA10Na
]HF()\l, )\2) = (49)
A?T(A1,M2) 92D (A1,)\0)
DA1ONs ONZ
_ (G A2) = (A1, A2) (A1, A2) (50)
c(A1, A2) C(A1 A2) = GG (A1, A2) )7
where
c(A1, A2) == (3( A1, A2) — Gi(Ar, A2) - G2 (A, A2). (51

Since for any pair (A1, A2) the Hessian HI'(A1, A3) is a two-
by-two matrix with positive trace and determinant, all its
eigenvalues are positive, and the Hessian itself is positive
definite for all (A;,A2). As a consequence, the function
(A1, A2) is jointly strictly convex in both arguments and the
minimizer (A}, A5) of T'(A1, A2), for A1, A2 > 0 is accordingly
obtained as follows, depending on the values of «; and ao:
1) If both partial derivatives of I" at the origin are strictly
positive, i.e.,

¢1(0,0) 1
_ =+ 0 52
(0,0) + a; 5 a; >0, (52)
¢2(0,0) 1
_ =+ 0 53
(0,0) + s 3 Ta2>0, (53)
then A\] = A3 = 0.

2) If for some A} > 0 the partial derivatives of T' satisfy
A
Cl( L )+a =0, (54)
Co(A1,0)
G(M,0)
>0, 55
()\,1, 0) +as (55)

then A\j = A\ and \j = 0.

3) If for some A, > 0 the partial derivatives of T" satisfy
Cl( A3)
0 56
Co(0, X0 +aoa1 > (56)
_&(0.%)
=0, 57
TG0 o7

then AT = 0 and \j = )\,

4) If for some A, A5, > O the partial derivatives of I at
(A}, \}) are both zero, i.e.,
Cl ()‘D /2)
Ta; =0 (58)
GO
C2(A1;A5)
- Tag =0, (59)
G N)

then A] = A\ and A\ = \,.
Since the strictly convex function I'(A, A2) has exactly one
minimizing pair, combined with continuity considerations, this
concludes the proof of the theorem.
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