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Abstract 

 

We have measured the three-dimensional coordinates of retroreflecting glass spheres using a multilateration technique. 

To this end, the distances between each target and our measurement heads have been determined by an in-house prototype 

of electro-optical absolute distance meter. The used targets are spheres of glass refractive index n=2 and of diameter 14.2 

mm. They offer a much larger aperture than corner cubes and a lower cost, but they present a low reflectivity. However, 

this paper shows that with a proper collimation of the laser beams it is possible to reach a range of operation of 20 m. The 

standard uncertainty on such distances is better than 11 µm, including the mechanical errors of the gimbal mechanisms 

of our aiming systems. This uncertainty has been validated thanks to a comparison with an interferometric bench. In 

addition, the measurement of the coordinates of 16 glass spheres using a self-calibration multilateration algorithm has 

also confirmed the performances of the developed system: the standard deviation on the position errors has been estimated 

to about 10 µm. 

 

Keywords: Large Volume Metrology; Absolute Distance Metre; retroreflecting glass spheres; coordinate measurement 

system; multilateration technique with self-calibration. 

 

1. Introduction 

 

Many high-value industries are seeking ways to improve their production process. To this end, the industrial robots can 

increase automation of tasks such as milling, drilling and assembling, and so decrease both operating time and costs. 

However, the positioning accuracy of these robots are often worse than 0.4 mm [1], which has to be compared to the 

accuracy of 0.01 mm of a typical machine tool. The robots need therefore to be assisted by external instruments to correct 

their motion and improve their absolute positioning. Such an approach has been demonstrated for instance in [1, 2] using 

laser trackers for real-time correction. Industry also uses coordinate measuring systems (CMS) for the alignment of large 

structures, for instance in the aerospace field where the assembly tolerances of aircraft wings are lower than 0.3 mm [3].  

The science facilities request alignments at micrometre levels in a range of tens of meters, for instance to improve the 

performances of particle accelerators [4], nuclear fusion reactors [5] or large telescopes [6]. Another example of 

application is the determination of the geometric reference points of astrometric very-long-baseline interferometry (VLBI) 

space-geodetic systems. From the observation of trajectories of targets mounted on a radio telescope, the telescope can 

be characterized to determine its invariant reference point, the offset between its axes, and then expressed in an Earth 

fixed global geodetic reference frame. In this case, a positioning accuracy better than 1 mm is required [7] and recent 

results already demonstrated uncertainties lower than 50 µm [8]. 

In practice, the laser trackers are the leading CMS for high-accuracy position measurements. They record a distance along 

with two angles to provide the target position in a spherical coordinate system. Manufacturer claims for interferometric 

laser trackers accuracy of 10 µm + 5 µm/m [9], value corresponding to the maximum permissible error (MPE) and mainly 

limited by uncertainties in the measured angles [10, 11]. However, the positioning errors can be higher in environments 

without temperature control, for instance in factory workshops. First, the temperature gradients induce beam deflections 

that impact the measured angles and so the measured positions, up to several tens of micrometres as explained in [12, 13]. 

Then, in extreme cases as outdoors, the air turbulences compromise the proper functioning of the interferometers. 

To overcome these limitations, a multilateration technique based on absolute distance meters (ADM) can be adopted. 

Multilateration determines the position of a target in space from multiple distance measurements between the target and 

several separated stations (also named heads) of known coordinates. In that case, only distance information is required. 

Moreover, the positions of the heads can be determined by a self-calibration process, without additional instruments [14]. 

We have developed such a system composed of a common ADM and four measurement heads. A previous work has 

already demonstrated an uncertainty of 4.7 µm on the distance measurements (for a coverage factor k equal to 1) and a 

range of operation of 140 m, using a hollow corner cube as retroreflector. The three-dimensional coordinates of corner 
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cubes have also been determined using a multilateration algorithm with self-calibration: the position errors have been 

estimated at 24 µm in the worst case with a standard deviation around 13 µm in a large volume with distances up to 11.5 

m [15]. 

The hollow corner cubes are well adapted targets for long distance applications with very low optical losses. However, 

they have a limited acceptance angle of, in the best case, 60°. They must therefore be aligned in the direction of the 

measurement head. In practice, the corner cube is mounted on a motorized gimbal mechanism which can be remotely 

controlled. This brings complexity, and adds measurement errors. Indeed, if the centre of the corner cube is not perfectly 

positioned at the intersection of the two rotating axes of the gimbal mechanism, or if the gimbal mechanism presents some 

misalignments, the measured distances vary with the orientation of the target. As demonstrated in [15], the uncertainty 

contribution of such a mechanical design to a distance measurement can be reduced to 3.9 µm, which remains the main 

contribution of the multilateration system we have developed. 

The cat’s eye retroreflector, an alternative to the corner cubes widely used for laser interferometer systems, can also be 

used for the multilateration systems. They offer a larger acceptance angle, up to 150° [16]. However, to be visible from 

almost any angle, the use of a gimbal mechanism for the target is still necessary. 

The use of a retroreflecting sphere of n=2 as retroreflector, originally an idea of Takatsuji [17], enables an acceptance 

angle as large as 360° in principle. Thus, the target can be seen from any angle, and so visible from several measurement 

heads simultaneously, which could make possible real time multilateration. In addition, as it does not require gimbal 

mechanism, it is more compact, simpler to use, and does not induce mechanical source of error. 

The purpose of this paper is to validate the multilateration system we have developed using glass spheres of refractive 

index n=2 as retroreflector instead of hollow corner cubes. We aim at a range of operation of at least 10 m like in [18] 

where absolute distance measurements were performed with a laser tracker based on pulsed interferometry, or like in [19] 

where the distance measurements were performed with a frequency scanning interferometer. In our case, it will be shown 

that such a range is reached and that distances up to 20 m can even be considered with some optimisations, which can 

address a wide range of applications. 

The work described in this paper is organized as follows. In the next section the multilateration system is presented. 

Section 3 explains the principle of the reflection on a glass sphere using a ray-tracing simulation. Then section 4 evaluates 

experimentally the performances of this target in terms of received power, the most important criteria to perform accurate 

distance measurements. It will be emphasized that there is an optimal beam collimation for propagation over long 

distances. Section 5 evaluates the uncertainty of our absolute distance measurement system when it is used with such a 

glass sphere. Lastly, section 6 evaluates experimentally the performances of the multilateration system with self-

calibration technique and 16 positions of the glass sphere to be determined in a small volume. 

 

2. The multilateration system 

 

As depicted in Fig. 1, the multilateration system consists of three parts: a common ADM, four measurement heads named 

A, B, C and D, and one (or several) target. 

 

 
Fig. 1. Functional diagram of the multilateration system. 

 

2.1. The absolute distance meter 

 

The ADM determines the distances di,j between each measurement head i and a target position j. To do this, a phasemeter 

measures the phase accumulated by a Radio Frequency (RF) carrier, which is propagated in air by a laser beam at 1550 

nm: 

𝑑 =  
1

2
 × (

𝜙

2𝜋
+ 𝑘)  ×  

𝑐

𝑛 × 𝑓𝑅𝐹

(1) 

where ϕ is the measured phase shift, c the speed of light in vacuum, n the group refractive index of air, fRF the frequency 

modulation, and k an integer number corresponding to the number of synthetic wavelengths Λ = c / (n×fRF) within the 
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distance to be measured. In practice, the RF signal is processed by a Field Programmable Gate Arrays (FPGA) where 

each individual phase measurement is integrated over 20 ms. 

The developed ADM uses affordable components from the telecommunications world. At the emitter side, the modulated 

signal comes from a Distributed FeedBack laser diode (DFB) modulated at 4895 MHz by an Electro-Absorption 

Modulator (EAM), while at the receiver side, the phase-shifted signal is detected by a PIN photodiode. Before this 

photodetection, a variable optical attenuator has been implemented to always get a suitable RF power at the phasemeter 

input. The choice of a fiber-guided ADM enables to use a common system between several spatially separated heads 

connected all together thanks to an optical-fiber network and an 1x4 optical switch. 

 

2.2. The measurement heads 

 

The measurement heads play the role of collimating system and of aiming system. To achieve these points, and as detailed 

in Fig. 1 for head A, a 90° off-axis parabolic mirror has been set up to collimate the optical beam coming from the ADM. 

It is mounted on a two-stage gimbal mechanism for rotation of the laser beam in every direction of space and around an 

invariant point in space. 

The first stage of the gimbal mechanism consists of a movable platform rotating around two perpendicular axes (standing 

and transit axes), which can be oriented in any direction with an angular resolution of around 450 µrad using stepper 

motors. This stage is used for the coarse alignment of the beam on the target. 

For a fine alignment, and as shown in Fig. 2, the parabolic mirror has been mounted on a second gimbal mechanism 

driven by two linear piezoceramic actuators. This second stage offers an angular motion around 2 mrad with a resolution 

better than 1 µrad. However, the angular displacement of the collimating mirror impacts the beam collimation. This point 

is studied in section 4. 

 
Fig. 2. The second stage of the gimbal mechanism. 

 

This two-stage gimbal mechanism is an unusual approach compared, for instance, to the ones adopted by the commercial 

total stations, which are based on linear piezoceramic actuators acting laterally on a ring-shaped runner to create the rotary 

motion. However, even if our approach does not allow continuous motion with high speed, it offers an affordable aiming 

system of high angular resolution. In the current system, the aiming process is manual. The measurement heads cannot 

track a moving target, they can only rotate to recorded angular positions thanks to encoders or perform a slow angular 

scan around an angular position until they detect a signal. 

At the end, each measurement head is subject to misalignments, offsets and eccentricities that lead to errors on the distance 

measurements: this has been studied in [15] and their global standard uncertainty contribution to a distance measurement 

is equal to 1.4 µm (k=1). 

 

2.3. The glass sphere target 

 

The design of the target is depicted in Fig. 3. It is a sphere of 14.2 mm diameter made of TAFD65 glass from Hoya Corp. 

with an index n very close to 2 (n = 1.99890 at λ = 1529.6 nm [20]). This sphere rests on three feet on the top of the 

holder. The latter, highlighted in red in Fig. 3, are portions of a 90° solid cone. The contact between the sphere and these 

feet is therefore a portion of a circle. The in-house fastening system to prevent the glass sphere from falling down is based 

on a harness with three arms of 0.30 mm wide and 0.12 mm thick. Two of these arms are fixed to the holder by simple 

screws, while the third arm is fixed by a spring. By this way, a moderate force is always applied on the glass sphere 

whatever the temperature. However, the fastening system has some drawbacks: the stainless-steel harness may scratch 

the surface of the glass, and the optical beam can be partly masked by the harness. This last point will be studied in section 

5.3. At the end, the developed design offers a zenithal aperture of 240° and azimuthal aperture of 360°. 
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Fig. 3. The retroreflecting sphere and its in-house fastening system. On the left, a photograph of the developed target, 

and on the right, the 3D model with the feet of the holder in red. 

 

Other holding options to maintain the glass sphere on its holder could be considered such as vacuum suction or glue. 

Keeping vacuum in a chamber underneath the glass sphere is difficult without pumping regularly. Moreover, this option 

requests a seal between the sphere and the holder. Gluing is an appropriate solution if the glue is stable in time with bonds 

that resist shocks. However, the harness appeared to us as the best option since it is very resistant to shocks and it allows 

to disassemble the ball from its holder without great damage. 

 

3. Principle of retroreflecting spheres of glass refractive index n=2 

 

Fig. 4 depicts a ray tracing view of the propagation of the laser beam in air up to the target. The optical beam emerges 

from a singlemode fiber of 0.095 effective numerical aperture, then it is collimated by an off-axis parabolic mirror located 

at 33 mm from the fiber. Thus, an optical beam of 6.3 mm diameter is obtained. When this beam reaches the target, it 

crosses the sphere a first time, focuses on its rear face, reflects on the glass-air interface, and crosses back the sphere 

again. The portion of incident light reflected (R) and transmitted (T) at the boundary between the two mediums is: 

R = [ ( nglass – nair ) / ( nglass + nair) ] ² = ( 1/3 )² = 11.1 % and T = 1 – R = 88.9 %  (2) 

Therefore, the glass sphere presents a low reflectivity with an optical signal reduced by 10.6 dB. 

Rtotal = R × T² = 8.8 %  (3) 

In addition, the incident light is reflected back with an important beam deflection [21, 22], which reduces still further the 

received power. 

 

 
Fig. 4. Propagation of the laser beam up to the target using ray tracing. 

 

This deflection simulated under Matlab using a classical ray tracing approach (and depicted in Fig. 4) depends on two 

parameters: the glass index and the height of the incident ray. As depicted in Fig. 5, with an index value slightly smaller 

than 2, there are three different areas where the beam deflection is equal to zero. For these incident ray heights, the 

reflected beam is parallel to the incident beam and it will be reinjected in the singlemode fiber. On the contrary, if the 

deflection becomes too high, the reflected beam will not reach the fiber. In our simulations, the criterion to validate the 

reinjection in the fiber is the position of the optical ray after full propagation: it should be inside the 17.9 µm of the mode 

field diameter of the singlemode fiber, i.e. twice the distance from the fiber center where the intensity of the output beam 

has dropped down to 1% of its total intensity (corresponds to 10.4 µm at 1/e²). By this way, the full beam is considered. 

The fraction of the incident gaussian beam reinjected in the singlemode fiber is called the effective reflection area. 
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Fig. 5. Deflection angles at the output, i.e. after reflection, of a sphere of diameter 14.2 mm obtained from ray-tracing 

simulations. 

 

The results of the ray-tracing simulation with a glass sphere positioned at 0.5 m, with the assumption of a gaussian beam 

perfectly collimated (divergence of the gaussian beam has not been taken into account), show that only the portion of the 

light corresponding to deflection angles lower than 27 mrad is reinjected in the fiber after propagation in air and reflection 

on the glass sphere. This induces 4.9 dB of additional optical losses. Cumulated with the 10.6 dB of optical losses due to 

the reflection of the beam on the glass sphere material, total optical losses of 15.5 dB are obtained. In practice, 18 dB 

more optical losses (i.e. 36 dB for the RF signal at the input of the phasemetre) have been observed when a glass sphere 

is used instead of a corner cube for short distances, which is very close to the value of 15.5 dB from the simulations. This 

will limit the range of operation of our system. However, the collimation of the laser beam can be adjusted to optimize it 

as will be shown in the next section. 

 

4. Effects of the beam collimation on the received power 

 

The simulations help to understand the mechanisms responsible for the optical losses after reflection on the sphere, but 

they are not sufficient to finely quantify and so predict the losses observed experimentally. Actually, the beam collimation 

has to be taken into account for more realistic simulations. Thus, the distance between the fibre end and the parabolic 

mirror has been set differently on the different measurement heads to study the effect of the beam collimation on the 

received power and so on the range of operation of the telemetric system. 

The results are summarized in Fig. 6. For each head, and different piezoceramic actuator configurations (the ones mounted 

on the parabolic mirrors to finely aim at the targets), the RF power measured at the phasemeter input was recorded as a 

function of the distance up to the glass sphere. This shows that the received power for a given distance strongly depends 

on the collimation of the laser beam, as expected. If similar curves are obtained for the heads A, B and C with a received 

power which decreases as the distance increases, the head D presents a different behaviour: first, the received power 

increases, up to about 10 m, then it decreases with an important drop of around 2 dB/m. At the end, the head D receives 

more RF power up to 22 m, compared to other heads. 

Moreover, the behaviour of the heads also depends on the piezoceramic actuators that control the fine alignment, 

especially for the heads B and D. As a reminder, these actuators can move the collimating mirror if the latter is not well 

centered on its gimbal mechanism, and thus impact the beam collimation (see Fig. 2). 

 

1 2 3

n=1.99890
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Fig. 6. Received RF power as a function of the distance for different beam shapes. The horizontal lines show the RF 

power level for which the Signal to Crosstalk Ratio (SCR) takes different values for a crosstalk at -69 dBm. 

 

To quantify the divergence of the different beams, their intensity profile has been recorded along the two orthogonal axes 

of the parabolic mirrors, X (in the plane of the laser beam) and Y. An example corresponding to the head C, piezoceramic 

actuators in their zero position, and a distance of 7.7 m is presented in Fig. 7. The diameters of the beams on these axes 

were then measured for different distances. 

 

     
Fig. 7. The intensities of a laser beam along the two main axes 

of the parabolic mirror and the 2D reconstruction of the beam profile. 

 

The variation of a gaussian beam radius ω with the distance z is given by: 

𝜔(𝑧) = 𝜔0 × √1 + (
𝜆 × (𝑧 + 𝑧0)

𝜋 𝜔0
2

)

2

 (4) 

where z0 is the position of the beam waist, i.e. where the beam radius reaches a minimum value, ω0 is the waist, i.e. the 

minimum radius, and z is the distance travelled by the beam from the parabolic mirror. If the parabolic mirror is positioned 

at a distance equal to its reflective focal length from the optical fibre end (33 mm in our case), we should obtain a gaussian 

beam well collimated with a beam waist of 3.1 mm located on the parabolic mirror (z0=0). The dashed line in Fig. 8 on 

the left shows how the beam diameter should evolve in such a case: it diverges and at a distance of 20.1 m corresponding 

to the Rayleigh range, the beam diameter is √2 larger than its waist. In this figure, the blue and red points are the beam 

diameters of the head C measured from the recorded intensity profiles in X and Y axes, respectively, and the 

corresponding solid lines are the best fitting curves from the mathematical model in formula (4). This reveals the existence 

of a strong asymmetry between the transverse beam profiles, which are due to the inevitable misalignments of the off-

axis parabolic mirror. 
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Fig. 8. Beam diameters at 1/e² as a function of the absolute distance from the measurement heads. On the left: beam 

diameters of the head C on both axes X and Y. On the right: equivalent beam diameters for the four measurement heads 

and for different positions of their piezoceramic actuators. 

 

To take into account these asymmetries, we have introduced an equivalent beam radius ωequivalent to characterize the laser 

beams with a single parameter. This equivalent beam radius is defined as the radius of a virtual circular beam of the same 

area as the measured beam, assuming that the actual beam has an elliptical profile of area π × ωx × ωy with ωx and ωy the 

beam radius measured on the X and Y axes: 

𝜔𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡(𝑧) = √𝜔𝑥(𝑧) × 𝜔𝑦(𝑧) (5) 

Fig. 8 on the right presents the equivalent beam diameters of the four heads. Comparing these curves with the ones in Fig. 

6, it appears that the equivalent beam width is strongly correlated to the received RF power, as expected since the RF 

power (in dB) should be proportional to -20·log10(π·ω(z)²). 

This demonstrates that the RF power received after reflection on the glass sphere can be optimized by adjusting the beam 

collimation. To understand why, the parabolic mirror of reflected focal length f = 33 mm has been considered as an ideal 

thin lens of same focal length. Thus, using the equation developed in [23], the waist of the input beam has been processed 

as an object and the waist of the output beam as an image. For a gaussian beam, the position of the waists relatively to 

the parabolic mirror can therefore be described as: 

1

𝑧0

=
1

𝑧𝑠 +
𝑧𝑅

2

(𝑧𝑠 + 𝑓)

+
1

𝑓
(6)

 

where zs and z0 are the waist positions of the input and output beams, respectively, and zR is the Rayleigh range of the 

input beam. It is equal to: 

𝑧𝑅 =
𝜋 × 𝜔𝑠

2

𝜆
=

𝜋 × (0.5 × 10.4·10-6)
2

1550·10-9
= 54.8 µm (7) 

with ωs is the waist of the input beam, in our case it is the mode field diameter of the singlemode fiber at 1/e². 

The calculation of zs as a function of z0 from formula (6) consists in solving a quadratic equation, which has two solutions. 

As a consequence, the focal error zs+f depicted in Fig. 9 on the left has also two possible values. At this point, the 

ambiguity was resolved choosing the focal error inducing a theoretical output waist the closest to the measured one.  

At the end, for all the measurement heads, the focal error decreases on the X axis and increases on the Y axis when the 

piezoceramic actuators travel from their zero position to their full position, with variations included between 30 µm and 

73 µm. This demonstrated that the parabolic mirrors are not well centred on their gimbal mechanism, with always 

systematic positioning errors in the same direction. 

The theoretical output waist ω0, depicted in Fig. 9 on the right, is then determined by the following equation: 

𝜔0 =
𝜔𝑠

√(1 −
𝑧𝑠

𝑓
)

2

+ (
𝑧𝑅

𝑓
)

2

(8)

 

 

The output waist location has both minimum and maximum possible values, which are obtained when the parabolic mirror 

is shifted of ±zR from its nominal value f. When the parabolic mirror is too close to the fiber end, at z = -zR, the output 

beam focuses at 10 m to reach a minimum radius of 2.2 mm as shown in Fig 9 on the right, then it diverges. This 

corresponds to the best setting of the parabolic mirror for propagation up to 20 m. Nevertheless, the gain of received 

solid line: pzt at zero position

dotted line: pzt half position

dashed line: pzt at full position

Head C

Pzt at full position
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power before 20 m is rapidly lost for longer distances due to high beam divergence and so greatest loss per meter. For 

long distances, it is better to limit the beam divergence and so respect the focal length of the parabolic mirror. 

 

 
Fig. 9. Focal error and output waist as a function of the output waist location for the two axes, 

X is depicted with dots while Y is depicted with crosses. 

 

In practice, the beam waist should be located at 10 m from the parabolic mirror (like the measurement head D) to optimize 

the received optical power up to 20 m.  

 

5. Uncertainty assessment on a distance measurement 

 

The assessment of the uncertainty on a distance measurement is quite complex as it depends on many parameters: the 

different sources of errors due to the telemetric system, and the ones due to the mechanical designs of the measurement 

heads and the glass sphere. A last factor is the knowledge of the group refractive index of air, already studied in [15], 

even if it is not specific to the developed system. 

 

5.1. Sources of errors due to the telemetric system 

 

As shown in formula (1), the calculation of the distance is based on the value of the modulation frequency fRF, known 

with an uncertainty of 1.5 10-9 thanks to a lock on a 10 MHz atomic Rubidium clock, and on the measurement of a phase 

shift ϕ. The uncertainty on the phase measurement depends on different sources of errors: the crosstalk, the amplitude-to-

phase coupling, and the random noise. The contribution of each of these errors has already been studied in [24] when a 

hollow corner cube is used as target. When a glass spheres of n=2 is used, the magnitude of these contributions is 

significantly different.  

The main difference comes from the effect of the crosstalk, which refers to the addition of a spurious signal at fRF to the 

ideal measurement signal due to optical and electromagnetic leakages from the emission stages to the reception ones. In 

practice, the RF level of this spurious signal can be up to -69 dBm. When a glass sphere is used as target instead of a 

corner cube, the Signal to Crosstalk Ratio (SCR) depends much more on the measured distance. As shown in Fig. 6, the 

received signal can vary by more than 20 dB over 20 m, which can lead to SCR lower than 40 dB. As explained in [24], 

such values induce a related uncertainty component varying from 3.4 µm for 60 dB of SCR to 34.5 µm for 40 dB of SCR. 

In addition, the random noise, which refers to the noise performance of the phasemeter with input signals that have been 

propagated through the whole system, is higher when a glass sphere is used as a target, keeping a low value of 2.1 µm, 

compared to 0.8 µm for a corner cube. 

 

Table I. Sources of errors of the telemetric system and their contributions when a glass sphere is used. 

Parameter Description Value Contribution (k=1) Error distribution 

1 u RF 
modulation 

frequency 
fRF = 4895 MHz 1.5 · 10-9 × L 

gaussian 

distribution 

2 u crosstalk crosstalk 
SCR from 60 dB 

to 40 dB 
3.4 µm to 34.5 µm arcsine 

distribution 

3 u AM/PM 
amplitude-to-phase 

coupling 
5 dB power variations 0.2 µm 

uniform 

distribution 

4 u noise random noise σφ = 0.43 mrad 2.1 µm 
gaussian 

distribution 

 

To determine the impact of the four additive sources of errors in Table I on a distance measurement, a Monte Carlo 

simulation has been performed as described in [15]. At the end, the uncertainty contribution of the telemetric system 

equals to 4.0 µm (k=1) for a SCR of 60 dB. However, it can increase to 11.1 µm for a SCR of 50 dB, which corresponds 

to propagation distances up to 20 m when the beam collimation is optimized, such as head D. For the other heads, a SCR 

of 50 dB corresponds to a typical distance of 10 m (Fig. 6).  

zR
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+

zR
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5.2. Sources of errors due to the mechanical designs. 

 

Like any mechanical system, the gimbal mechanisms developed for the measurement heads are not perfectly machined 

and assembled. This induces errors on the geometric distances, which depend on the angular orientations of the heads. 

The latter, shared by other instruments such as the laser trackers, total stations or theodolites, and well described in 

literature [25], have been studied for our specific design [26] considering only the errors that affect the measured distances 

(not the angles), i.e. the relevant errors for a multilateration system. It was concluded that the mechanical errors of the 

measurement heads are characterized by a Lorentzian distribution with a standard deviation of only 1.4 µm. 

Besides, the mechanical errors induced by the glass sphere roundness are even smaller. According to the manufacturer, 

the balls are produced with a roundness value (RONt), i.e. difference between the maximum and minimum radial 

deviation from the least square reference sphere, of around 0.3 µm, which corresponds to a standard uncertainty 

contribution of 87 nm assuming uniform distribution (k=1) and which is negligible compared to other contributions. 

Lastly, the average value of the sphere diameter is known with an uncertainty of 5 µm (k=1). But this systematic error is 

included in the offset instrument, which is determined automatically thanks to multilateration algorithm with self-

calibration.  

 

5.3. Effect of the harness. 

 

To quantify the interaction between the optical beam and the harness that maintains the glass sphere, the target has been 

placed at the centre of two rotation stages (one horizontal and one vertical), at a distance of 1.15 m from the measurement 

head A. Thus, as depicted in Fig. 10, the RF power received by the phasemeter has been recorded for different angle 

positions of the glass sphere, with or without interaction of the optical beam with the harness or the feet which carries the 

sphere. 

First, by tuning the azimuthal angle, three different situations have been characterized: when the incident beam crosses 

one of the arms of the harness at the rear face of the sphere, i.e. at its focus point (1st case), when it hits one of the arms 

at the front face of the sphere (2nd case), and lastly when it avoids any contact with one of the arms (3rd case). In the 1st 

case, due to reflection on the metallic surface of the harness, an increase of the RF power up to +15 dB is observed. This 

interaction between the optical beam and the harness occurs only for very precise angles, over ~0.5°. Then, in the 2nd 

case, when the incident beam crosses one of the arms of the harness at the input of the sphere, around 10 dB of additional 

optical losses are observed. In Fig. 11, a photograph on the left depicts this case, and curves on the right show the 

variations of the received RF power in detail for angles between 311° and 332°. The simulated and experimental curves 

are very similar, even quantitatively, although the ray-tracing simulation in a two-dimensional plane is a limited approach. 

As explained previously, only a fraction of the incident gaussian beam is reinjected in the singlemode fiber due to beam 

deflection. This fraction, called effective reflection area, is depicted in brown in Fig. 12, case a). This area varies when 

one arm of the harness obstructs a part of the incident beam: the part that hits the arm at the input of the sphere, represented 

in red, and the one that hits the arm after reflection on the rear surface of the sphere, represented in blue, are two areas of 

the beam which are masked, symmetrically with the central axis of the beam. In case b), this only impacts the ends of 

effective surface area. The received power begins to decrease. In case c), as the arm has moved with the rotation of the 

stage, parts of higher power of the beam of gaussian profile are then masked. The received power continues to decrease. 

At one point, in case d), the two parts begin to overlap: the closer the arm approaches the centre of the beam, the more 

the masked surface of the beam decreases. The received power increase and we observe in case e) a local peak of received 

power. 

The RF power received by the phasemeter has also been recorded as a function of the elevation angle for an azimuth angle 

fixed to 261.5°, i.e. when the optical beam interacts with the harness over a wide range or with one of the three feet which 

carry the sphere. In this case, the elevation angle can vary between 65° et 310°, i.e. an aperture of 245°. As previously, 

the reflection on the metallic harness increases the received power with gains up to +15dB. Around 151°, there is also a 

strong interaction between the optical beam and one of the three feet on which the sphere is installed. 
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Fig. 10. Impact of the harness: received power when the sphere is rotated around its vertical axis (at the top) and its 

horizontal axis (at the bottom). 

 

 
Fig. 11. Photograph of the harness when one of its arm passes in front of the incident beam on the left and the 

corresponding RF power variations observed and simulated on the right. 

 

 
Fig. 12. Impact of the harness when one of its arm passes in front of the incident beam coming from the left: effective 

reflection area in brown, and parts of the incident and reflected beam masked by the arm in red and blue, respectively. 

 

For the different points in Fig. 10, the distance up to the sphere has also been measured as a function of the angle of the 

rotation stages. The harness has no specific impact on the measured distances in terms of absolute value or random noise, 

except when the RF losses are too significant, i.e. typically higher than 10 dB. In that case, the SCR value predicts well 

the uncertainty on the measured distance.  

We could expect that when the optical beam is partially reflected by the surface of the harness, and when the harness is 

not perfectly in contact with the sphere, errors in the distance measurement would be observed. In practice, such a case 

has not been identified. This can be explained by the fact that, when the harness is not in contact with the sphere, a small 

angle between them avoids the reflection of the optical beam on the harness to be reinjected into the fiber. 

 

5.4 Global uncertainty on a distance measurement 

 

Previous parts have shown there is two additive sources of errors. The main uncertainty contribution comes from the 

telemetric system, which mainly depends on the SCR and so on the received power. It has been estimated to 4.0 µm (k=1) 

for a SCR of 60 dB, and of 11.1 µm for a SCR of 50 dB. The second uncertainty contribution comes from misalignments 

in the two-stage gimbal mechanism of each measurement head. It has been estimated to 1.4 µm (k=1). At the end, these 
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two sources of errors lead to a combine uncertainty on a distance measurement equal to 4.3 µm (k=1) for a SCR of 60 

dB, and of 11.2 µm for a SCR of 50 dB. 

 

 

5.5 Comparison with an interferometric bench. 

 

a) Hollow corner cube as target 

 

The validation of the uncertainty budget of the telemetric system is achieved by a comparison with a laser interferometer. 

As depicted in Fig. 13, this has been done for length displacement up to 35 m: the ADM beam, propagated over 35 m, 

has been corrected by the group refractive index of air for a wavelength at 1550 nm, while the interferometric beam 

propagated over 70 m thanks to double roundtrip has been corrected by a factor of 2 and by the phase refractive index for 

a wavelength at 633 nm. 

 

 
Fig. 13. Comparison between an interferometer and the ADM using a corner cube as target. 

 

To get the best possible conditions in terms of received power, and so minimize the crosstalk effect, the comparison has 

been first performed with a hollow corner cube as target. This provides a reference measurement. In such a case, the 

received power can be adjusted thanks to a variable optical attenuator before the photodetection to get, for all the measured 

distances, a RF power around -4 dBm and a SCR higher than 65 dB. 

The difference between the interferometric distance and the ADM distance is presented in Fig. 14. It is characterized by 

a standard deviation of 2.2 µm. Small displacements over two synthetic wavelengths around 1.8 m and 26.8 m 

demonstrates the absence of cyclic error (crosstalk better than 65 dB). 

 

 
Fig. 14. Difference between the interferometer and the ADM with a corner cube as target. 

 

b) Retroreflecting sphere of n=2 as target 

 

In a second time, the ADM has been compared to the laser interferometer using the retroreflecting sphere of n=2. In this 

new setup depicted in Fig. 15, the corner cube mounted on the moving carriage is used in a direct way for the 

interferometric measurement, while the glass sphere is reached by our ADM after reflection on this corner cube. In 

practice, the movement of the carriage around the measurement axis (because the bench is not perfectly aligned) adds 

locally important drops of the received RF power, which limits the characterization of our system. To fix this problem, 

i.e. to always reach the maximum possible power and so to minimize the crosstalk effect, a piezoelectric mirror has been 

added at the ADM output to refine the alignment on the retroreflecting sphere. However, these angle corrections are small 

enough to have a negligible impact on the measured distances. 

 

ADM 

working at 
1550 nm

moving carriage

with a corner cube

0 m10 m20 m30 m

small

corner
cube

Interferometer

Renishaw XL-80
working at 633 nm

beam-splitter and
fixed corner cube 

plan 

mirror

movement

Λ =
𝑐

2𝑛 𝑓𝑅𝐹

Std = 2.2 µm



12 
 

 
Fig. 15. Comparison between an interferometer and the ADM using a sphere of n=2 as target. 

 

At the end, the different reflections on the mirrors, i.e. the piezoelectric mirror (silver mirror with ~96% of reflectance at 

1.5 µm) and the three faces of the corner cube (aluminium mirrors with ~92% of reflectance at 1.5 µm), induce for this 

double roundtrip 5 dB additional RF losses (LRF). 

𝐿𝑅𝐹 = 20 log10(0.961×2 × 0.923×2) = -5.1 dB (9) 

The comparison has been achieved using the measurement head D with its piezoceramic actuators in their zero position 

to optimize the received power up to 20 m. The RF power as a function of the distance follows the same curve as the one 

presented in Fig. 6 (the red curve of the head D) with just 5 dB additional losses. During this comparison, the crosstalk 

level was close to -81 dBm and the SCR was higher than 60 dB up to 23 m. At such a value, and as explained in section 

5.1, the uncertainty contribution of the telemetric system should be equal to 4.0 µm (k=1). The results, presented in Fig. 

16 in blue, are consistent with the expectations: the difference between the interferometric distance and the ADM one is 

lower than 8 µm up to 22 m with a standard deviation of 3.3 µm. These results validate the uncertainty budget defined in 

Table I. 

 
Fig. 16. Difference between the interferometer and the ADM with the glass sphere as target 

and when the measurement head D is used. 

 

Displacements over two synthetic wavelengths with small steps of 3 mm have also been done at different distances 

(indicated by letters from a to e in Fig. 16) to reveal the presence of the cyclic error. Magnification of these curves are 

presented in Fig. 17. At the end, the cyclic error is written as follow: 

𝑐𝑦𝑐𝑙𝑖𝑐 𝑒𝑟𝑟𝑜𝑟 =  𝑎 × 𝑠𝑖𝑛 (2𝜋 
𝑑

𝛬
 +  𝜑0)   with   𝛬 ~ 30.6 𝑚𝑚 (10) 

In Fig. 17, the parameters a and φ0 of the cyclic errors have been determined by the least squares method. The 

amplitude of this cyclic error, i.e. the factor a, is directly related to the SCR: 

𝑎 =  
1

4𝜋
×

𝑐

𝑛 × 𝑓𝑅𝐹

× 10−𝑆𝐶𝑅/20 (11) 
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Fig. 17. Difference between the interferometer and the ADM for small displacements. 

 

For each curve in Fig. 17, the SCR is measured, and so an expected amplitude of periodic error, has been calculated. This 

is detailed in Table II: the cyclic error experimentally obtained is very close to the expected one. 

 

Table II. Analysis of the crosstalk. 

case 
received RF 

power (dBm) 

distance associated to this RF 

power if no mirror losses (m) 

SCR for a crosstalk 

at -81 dBm (dB) 

expected error 

amplitude (µm) 

a -4.3 18.0 76.7 0.7 

b -10.9 21.6 70.1 1.5 

c -23.4  28.4 57.6 6.4 

d -33.2  47.8 19.8 

e -41.3  39.7 50.4 

 

At the end, the main limitation is the crosstalk, which depends on the received power and on the crosstalk level. Without 

the 5dB of additional losses due to the different reflections on the mirrors, the received power can be deduced from Fig. 

6. As for the crosstalk level, it varies over time between -81 dBm and -69 dBm. 

On the assumption of the worst case, i.e. a crosstalk level at -69 dB, the power received by the measurement head D is 

sufficient up to 23 m to obtain a SCR higher than 50 dB and so a cyclic amplitude error lower than 15.4 µm when 

comparing with an interferometer: as explained in section 5.1, this induces an uncertainty contribution equals to 11.1 µm 

(k=1) considering all the sources of error of the telemetric system. The other measurement heads, with a beam collimation 

complying with the value of the focal length of the parabolic mirror, can claim similar performances for distances up to 

~10 m only. 

 

6. Experimental validation by a multilateration coordinate measurement   

 

This part evaluates experimentally the performances of the developed system through position measurements based on a 

multilateration technique when it is used with a retroreflecting sphere of glass refractive index n=2. This is a way to verify 

the accuracy of the whole system, by taking into account the uncertainties on each distance measurement established in 

section 5, but also the uncertainty induced by the multilateration algorithm with self-calibration. The latter is not detailed 

here, as it would require a dedicated study in a separate paper.  

 

6.1. Configuration 

 

The four measurement heads have been connected to the telemetric system by 2m-long singlemode fibres for the heads 

A, B and C, and a 10m-long fibre for the head D. As shown in Fig. 18 and 19, they form a tetrahedron with edges between 

1.1 m and 1.6 m. Their coordinates are: 

A = [0, 0, 0], B = [547, -194, 967], C = [1100, 0, 0] and D = [555, 1318, 537] (units in mm). 

This is close to a regular tetrahedron, one of the optimal configurations for multilateration algorithm as explained in [27]. 

Then, 16 different target positions have been chosen: 14 points are inside the volume formed by the 4 measurement heads, 

and 2 points have been positioned largely outside for testing longer distances, up to 3.5 m. In this configuration, the 

smallest measured distance is equal to 226 mm. 

Among all these target positions, the points 1, 2 and 3 are a first triplet of aligned target positions mounted on a same 

breadboard as depicted Fig. 19 (at bottom left). During the experiment, this breadboard has been displaced to also compose 

the points 4, 5 and 6 (Triplet 2), then the points 7, 8 and 9 (Triplet 3). If the developed coordinate multilateration 
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measurement system works properly, the relative distances between the different positions of this triplet should be the 

same at the different locations. Points numbered from 10 to 16 are isolated points depicted in black in Fig. 18. 

 

 
Fig. 18. Top view of the layout of the 4 measurement heads and 16 target positions. 

 

The experiment was carried out in an air-conditioned room with a temperature around 19.9 °C, a pressure around 1010.80 

hPa, and a humidity around 47.8%. From these values, each distance measurement has been corrected by the air group 

refractive index. 

 

 
Fig. 19. Photograph of the experimental setup, with the triplet of aligned target positions on the bottom left, and the 

glass sphere n=2 mounted on a Leica carrier on the bottom right. 

 

In practice, each target position is defined by a Leica tribrach, i.e. an adapter able to receive the target mounted on a Leica 

carrier. Thus, the target can easily be set by an operator at a given position. The four optical distance measurements are 

then performed after alignment of the measurement heads, one after another. Then the target is moved to the next position 

to obtain at the end a set of 64 measurements, 16 per measurement head. Each of these distance measurements is an 

average value over 576 points recorded over 20 s, a point corresponding to 20 ms integration time. 

 

6.2. Data processing 

 

The multilateration algorithm with self-calibration requires accurate initial values in order to converge efficiently. Since 

the measurement heads are equipped with angle encoders of around 400 µrad of resolution, the initial values of the target 

positions are determined from measurements of distances and angles of one of the four measurement heads, in the same 

way as a laser tracker. Thus, in a cartesian system, the 16 initial positions of the target j are: 

xj = di,j × sin(φij) × cos(θij),   yj = di,j × sin(φij) × sin(θij),   zj = di,j × cos(φij) (12) 

with di,j the measured distances, θij and φij the azimuth and elevation angles of the measurement head i when it aims at 

the target j. Once the 16 initial target positions are determined, the initial coordinates of the four measurement heads are 

calculated by a classical multilateration algorithm [28]. 

Fig. 20 depicts the difference between the distances measured by the telemetric system and the distances obtained from 

the coordinates of the measurement heads and of the targets. For each target position, four errors are thus calculated, one 
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per head. The global standard deviation is equal to 0.80 mm. This gives an order of magnitude of the uncertainties of the 

coordinates of the measurement heads used as initial values into the self-calibration algorithm. 

 
Fig. 20. Differences between the measured distances and the distances obtained by three-dimensional coordinate 

differences using the polar measurements based on distances and angles. 

 

To determine the 16 positions Tj of the target and the 4 positions Hi of the measurement heads using length measurements 

only, a multilateration algorithm with self-calibration based on [14] has been developed. It consists in a nonlinear 

optimization problem where the quadratic sum of the differences between the squared distances measured by our ADM, 

di,j², and the squared distances calculated from the positions provided by algorithm is minimized: 

cost function = Σ ( (di,j – oi)² - || Hi – Tj ||² )²  (13) 

The unknown variables to determine are, of course, the coordinates of the 16 target positions and of the 4 measurement 

heads, but also the instrument offset of each measurement head, named oi. The latter is an additive constant that 

compensates from delays in electrical cables and optical paths. Thanks to these corrections, absolute distance 

measurements can be achieved between each measurement head and the target. 

To minimize the cost function described in formula (13) correctly, at least ten target positions have to be measured [14]. 

This is the minimum of points required to have an equation system with more observations than unknowns. In our 

experiments, with 16 points, this condition is largely satisfied: this redundancy helps the algorithm to converge. 

 

6.3. Experimental results 

 

Fig. 21 presents the results after applying the multilateration algorithm with self-calibration. In this figure, the error is the 

difference between the distances measured by the telemetric system and the distances deduced from the multilateration 

algorithm that provides the coordinates of the measurement heads and of the targets. For each target position, four errors 

are still calculated, one per head. With errors lower than 12 µm and a standard deviation around 3.3 µm, it can be 

concluded that the multilateration algorithm with self-calibration has perfectly converged. 

 
Fig. 21. Experimental results of the multilateration with self-calibration. 

 

In parallel, the relative distances between the different positions of the triplet have been measured in a direct way by the 

ADM; it means without multilateration. To this end, the measurement head A has been positioned in the alignment of the 

three positions of the triplet, then by moving the target from one position to another, the relative distances between them 

can be determined: 

|| P1-P2 ||ref = 150.096 mm ± 5.3 µm, || P2-P3 ||ref = 174.410 mm ± 2.2 µm, 

and || P1-P3 ||ref = 324.506 mm ± 1.9 µm. 

The uncertainties on the relative distances correspond to the standard deviation over 9 successive measurements. These 

uncertainties include the performances of the ADM and the centering repeatability of each tribrach, i.e. when the target 

Standard deviation for each head =

0.56 mm, 0.22 mm, 1.17 mm, 0.96 mm

Std = 3.3 µm
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is removed and mounted again in the tribrachs with unchanged levelling and orientation of the carrier. According to [29], 

centering repeatability is between 2 and 5 µm. 

 

Table III. Comparison of the triplet distances: direct distance measurements versus multilateration results. 

Triplet || P1-P2 || – || P1-P2 ||ref || P2-P3 || – || P2-P3 ||ref || P1-P3 || – || P1-P3 ||ref 

1 -5.0 µm 0.8 µm -5.9 µm 

2 -7.8 µm 12.0 µm 2.5 µm 

3 10.4 µm 11.9 µm 20.6 µm 

 

The distance differences for the different positions of the triplet are below 21 µm, with standard deviation on these 

differences of 9.8 µm. This is a little bit higher than the combined standard uncertainty between the reference distances 

(between 1.9 µm and 5.3 µm at k=1) and the distances measured by our multilateration system (4.3 µm at k=1 since for 

short distances the SCR is higher than 60 dB). The multilateration algorithm with self-calibration adds therefore 

uncertainties to the measured positions, which will be quantified through a future study.  

 

7. Conclusion 

 

We have developed a multilateration system composed of a common ADM and of four measurement heads. It has been 

validated using a glass sphere of refractive index n=2 as retroreflector instead of a hollow corner cube. In this case, the 

range of our system is limited since at least 18 dB more optical losses are induced by the bad reflectivity of this target 

and the beam deflection at its output. 

Nevertheless, it has been demonstrated that it is possible to optimize the received power for distances up to 20 m by 

slightly adjusting the focal length of the parabolic mirror used for beam collimation. By this way, the laser beam at the 

output of a measurement head converges up to 10 m before diverging. The received power is thus sufficient up to 20 m 

since the SCR is higher than 50 dB and the contribution of the crosstalk to the uncertainty on a distance measurement is 

reduced to 11.2 µm (k=1). In practice, only one head has been adjusted to have such an optimal beam configuration. The 

other measurement heads, with a beam collimation complying with the value of the focal length of the parabolic mirror, 

can claim similar performances for distances up to ~10 m only. 

The uncertainty budget of the whole system has been established, and the uncertainties concerning the ADM has been 

experimentally validated thanks to a comparison with an interferometric bench up to 38 m. At the end, it has been shown 

that the uncertainty on a distance measurement using a glass sphere as a target is mainly limited by the SCR. However, 

with a SCR higher than 60 dB, the standard deviation of the difference between the interferometric measurements and the 

ADM ones was 3.3 µm, for an expected value of 4.0 µm at 60 dB of SCR. 

In parallel, it has been verified that the in-house fastening system we have developed to maintain the glass sphere, a 

harness with three arms of 0.30 mm wide, does not perturb the distance measurements. It appears that the received power 

can vary when the incident beam crosses one of the arms, but the measured distance is not affected as long as the SCR 

remains at an acceptable level. 

Lastly, the performances of the developed system have been validated through position measurements based on a 

multilateration technique with self-calibration. This was performed over a small volume with distances up to 3.5 m: the 

three-dimensional coordinates of 16 target positions have been determined, the multilateration algorithm with self-

calibration has perfectly converged, and the position errors have been estimated at 21 µm in the worst case with a standard 

deviation around 10 µm. 

In the future, the developed system will be improved for multilateration measurements over larger volumes. To this end, 

the measurement heads should be modified, more specifically their beam collimation, to optimize the signal propagation 

up to 20 m. This can be an opportunity to simplify the collimation system, currently based on a parabolic mirror, for a 

multi-element lens design for the collimation paired with a deflection mirror mounted on piezoceramic actuators for the 

aiming of the target. 
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Figure captions 

 

Fig. 1. Functional diagram of the multilateration system. 

Fig. 2. The second stage of the gimbal mechanism. 
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Fig. 3. The retroreflecting sphere and its in-house fastening system. On the left, a photograph of the developed target, and on the right, 

the 3D model with the feet of the holder in red. 

Fig. 4. Propagation of the laser beam up to the target using ray tracing. 

Fig. 5. Deflection angles at the output, i.e. after reflection, of a sphere of diameter 14.2 mm obtained from ray-tracing simulations. 

Fig. 6. Received RF power as a function of the distance for different beam shapes. The horizontal lines show the RF power level for 

which the Signal to Crosstalk Ratio (SCR) takes different values for a crosstalk at -69 dBm. 

Fig. 7. The intensities of a laser beam along the two main axes of the parabolic mirror and the 2D reconstruction of the beam profile. 

Fig. 8. Beam diameters at 1/e² as a function of the absolute distance from the measurement heads. On the left: beam diameters of the 

head C on both axes X and Y. On the right: equivalent beam diameters for the four measurement heads and for different positions of 

their piezoceramic actuators. 

Fig. 9. Focal error and output waist as a function of the output waist location for the two axes, X is depicted with dots while Y is 

depicted with crosses. 

Fig. 10. Impact of the harness: received power when the sphere is rotated around its vertical axis (at the top) and its horizontal axis (at 

the bottom).  

Fig. 11. Photograph of the harness when one of its arm passes in front of the incident beam on the left and the corresponding RF power 

variations observed and simulated on the right.  

Fig. 12. Impact of the harness when one of its arm passes in front of the incident beam coming from the left: effective reflection area 

in brown, and parts of the incident and reflected beam masked by the arm in red and blue, respectively. 

Fig. 13. Comparison between an interferometer and the ADM using a corner cube as target. 

Fig. 14. Difference between the interferometer and the ADM with a corner cube as target. 

Fig. 15. Comparison between an interferometer and the ADM using a sphere of n=2 as target. 

Fig. 16. Difference between the interferometer and the ADM with the glass sphere as target and when the measurement head D is used. 

Fig. 17. Difference between the interferometer and the ADM for small displacements. 

Fig. 18. Top view of the layout of the 4 measurement heads and 16 target positions. 

Fig. 19. Photograph of the experimental setup, with the triplet of aligned target positions on the bottom left, and the glass sphere n=2 

mounted on a Leica carrier on the bottom right. 

Fig. 20. Differences between the measured distances and the distances obtained by three-dimensional coordinate differences using the 

polar measurements based on distances and angles. 

Fig. 21. Experimental results of the multilateration with self-calibration. 

 

Table captions 

 

Table I. Sources of errors of the telemetric system and their contributions when a glass sphere is used. 

Table II. Analysis of the crosstalk. 

Table III. Comparison of the triplet distances: direct distance measurements versus multilateration results. 

 

 

 

 

 

 


