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GENERALIZED PRINCIPAL EIGENVALUES OF SPACE-TIME
PERIODIC, WEAKLY COUPLED, COOPERATIVE, PARABOLIC
SYSTEMS

LEO GIRARDIN AND IDRISS MAZARI

ABSTRACT. This paper is concerned with generalizations of the notion of prin-
cipal eigenvalue in the context of space-time periodic cooperative systems.
When the spatial domain is the whole space, the Krein—-Rutman theorem can-
not be applied and this leads to more sophisticated constructions and to the
notion of generalized principal eigenvalues. These are not unique in general
and we focus on a one-parameter family corresponding to principal eigenfunc-
tions that are space-time periodic multiplicative perturbations of exponentials
of the space variable. Besides existence and uniqueness properties of such
principal eigenpairs, we also prove various dependence and optimization re-
sults illustrating how known results in the scalar setting can, or cannot, be
extended to the vector setting. We especially prove an optimization property
on minimizers and maximizers among mutation operators valued in the set of
bistochastic matrices that is, to the best of our knowledge, new.
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2 PRINCIPAL EIGENVALUES OF SPACE-TIME PERIODIC COOPERATIVE SYSTEMS

1. INTRODUCTION

In recent years, the study of principal eigenvalues has proved very fruitful, espe-
cially (but not exclusively) for the study of several biological phenomena. Indeed,
these eigenvalues encode several informations that are crucial in the understanding
of population dynamics; we refer to Section below for an overview of the moti-
vations. Although the scalar case is now rather well understood, several problems
remain open in the case of systems. In this paper, we propose a systematic ap-
proach for the case of space-time periodic cooperative systems, and we offer several
contributions to their spectral analysis and optimization.

Formally, this paper is concerned with eigenvalues of linear operators of the form

Q :u~ diag(P)u — Lu,

where u : R x R® — RY is a vector-valued function of size N € N*, with a time
variable ¢ € R and a space variable x € R", n € N* being the dimension of the
underlying space, L : R x R? — RV*¥ ig 3 square matrix-valued function of ¢ and
z, and each operator of the family P = (P;);c[n], where [N] = NN [1, N], has the
form

Pi:ur Ou— V- (A;Vu) + ¢ - Vu,
with 4; : R x R™ — R™*" and ¢; : R x R™ — R™ functions of ¢ and x, respectively
square matrix-valued and vector-valued. The functions A;, ¢; and L are smooth

and periodic (in a sense made precise later on).
The standing assumptions on P and L are the following.

(A1) The family (A;);eqn is uniformly elliptic:

0 < min min min At x)y) .
i€[N] yesn—1 (t,2)ERXR™ (v~ Ailt 2)y)

(A2) The matrix L € RV*Y whose entries are

L’,j = (t,x?el%{r;]R" li,j(t,x) for all (Z,j) S [N]2,

is essentially nonnegative: its off-diagonal entries are nonnegative.
(A3) The matrix L € RM*Y  whose entries are

lij = ¥ for all (i, j) € [N]?

b=, Jax lij(t, ) for all (4,7) € [N]*,
is irreducible: it does not have a stable subspace of the form span(e;, , ..., €;,),
where k € [N — 1], i1,...,9 € [N] and e; = (di;)je[n)- By convention,

[0] = 0 and 1 x 1 matrices are irreducible, even if zero.

Under these assumptions, the linear system Qu = 0 is uniformly parabolic,
space-time periodic, weakly coupled (namely, coupled only in the zeroth order term
[59]), cooperative and fully coupled [10,/60].

1.1. Organization of the paper. The remainder of Section 1 is devoted to a
detailed introduction (notations, motivation, definitions, main results and applica-
tions to semilinear systems). Section 2 is devoted to technical preliminaries. Section
3 contains the proofs.
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1.2. Notations. We fix once and for all n+1 positive numbers T', L1, ..., L, € R}.
For the sake of brevity, we use the notations L = (Lq,...,L,), (0,L) = (0, L) x
-+ x (0,Ly,) and |[0,L]] = [1_; Lo. Unless specified otherwise, time and space
periodicities refer to, respectively, T-periodicity with respect to ¢ and L-periodicity
with respect to x, for each a € [n] (or L-periodicity with respect to x for short).
The space-time periodicity cell (0,77) x (0,L) is denoted Qe and its volume is
7([0, L)

Vectors in RY and matrices in RV*¥ are denoted in bold font. Functional
operators are denoted in calligraphic typeface (bold if they act on functions valued
in RY). Functional spaces, e.g. W1 (R x R", R"), are also denoted in calligraphic
typeface. A functional space X denoted with a subscript Xper, Xi—per OF Xp_per is
restricted to functions that are space-time periodic, time periodic or space periodic
respectively.

For clarity, Holder spaces of functions with k € NU {0} derivatives that are all
Holder-continuous with exponent o € (0,1) are denoted C**; when the domain
is R x R", it should be unambiguously understood that C¥+**'+o" denotes the set
of functions that have k a-Holder-continuous derivatives in time and k' o/-Holder-
continuous derivatives in space.

For any two vectors u,v € RY, u < v means u; < v; for all i € [N], u < v
means u < v together with u # v and u < v means u; < v; for all i € [N]. If
u > 0, we refer to u as nonnegative; if u > 0, as nonnegative nonzero; if u > 0,
as positive. The sets of all nonnegative, nonnegative nonzero, positive vectors are
respectively denoted [0, 00), [0, 00)\{0} and (0, 00). The vector whose entries are
all equal to 1 is denoted 1 and this never refers to an indicator function. Similar
notations and terminologies might be used in other dimensions and for matrices.
The identity matrix is denoted I.

Similarly, a function can be nonnegative, nonnegative nonzero, positive. For
clarity, a positive function is a function with only positive values.

To avoid confusion between operations in the state space RY and operations in
the spatial domain R™, Latin indexes i, j, k are assigned to vectors and matrices
of size N whereas Greek indexes «, 3,7 are assigned to vectors and matrices of
size n. We use mostly subscripts to avoid confusion with algebraic powers, but
when both Latin and Greek indexes are involved, we move the Latin ones to a
superscript position, e.g. Ag,ﬁ(t,x). We denote scalar products in R with the

transpose operator, uTv = vazl u;v;, and scalar products in R™ with a dot, -y =

22:1 TalYa-

For any vector u € RY, diag(u), diag(u;);e[n) or diag(u;) for short refer to the
diagonal matrix in RV*¥ whose i-th diagonal entry is u;. These notations can also
be used if u is a function valued in RY.

Finite dimensional Euclidean norms are denoted | - | whereas the notation || - ||
is reserved for norms in functional spaces.

The notation o is reserved in the paper for the Hadamard product (component-
wise product of vectors or matrices) and never refers to the composition of functions.

Finally, when the focus of the paper is on the dependence of an eigenvalue on
(a parameter of) the underlying operator, and when the context is unambiguous,
we write with a slight abuse of notation the eigenvalue as a function of the varying
parameter (e.g., an eigenvalue A of the operator @ might be denoted A(Q), A(A1),
Aaq1s---5qn), ML), and so on).
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1.3. Motivation. The linear parabolic system Qu = 0 can be understood as the
linearization at the homogeneous steady state 0 of a semilinear, non-cooperative,
space-time periodic, reaction—diffusion system diag(P)u(t,x) = f(¢, z, u(t, x)).

From a modeling viewpoint, such systems appear for instance in population
dynamics, where each component of u models a population density for an age
class or a phenotypical trait class [20,/21},[28,33,[39]. In this context, the sign of
the principal eigenvalue of the linearization at 0 indicates, at least in simple spatio-
temporal settings, whether small populations survive and persist or, on the contrary,
go extinct.

The population dynamics models we have in mind use a simple growth term of
logistic type, also referred to as a Fisher-KPP, or simply KPP, reaction term [29}45],
that satisfies L(t, z)u(t,z) = Dyuf(¢,2,0)u > f(¢,2,u). Non-cooperative Fisher—
KPP systems have been the object of a growing literature in the past few years,
especially in the case of two components N = 2 (see, e.g., [1,/17,19L[21} 22,32
36,|381140,/41L|51L/53]). It turns out that for such models population persistence is
often equivalent to small population persistence, and this makes the study of the
principal eigenvalue even more crucial.

When the underlying model is a population structured with respect to a pheno-
typical trait, then L typically takes the form L = diag(r;) + M, where each r; > 0
is an intrinsic growth rate and the matrix M is a mutation matrix; in the simplest
case M is a discrete Laplacian with Neumann boundary conditions:

-1 1 0o ... 0
1 -2
(1) M=ul| o 0
.o =2 1
0 0 1 -1

where p > 0 is a mutation rate.
When the underlying model is a population structured with respect to age, then
L is a diagonally perturbed Leslie matrix:

b1 by b3 ... by

al 0 0 0
(2) L=—diag(d;+a;))+ [0 a2 0

0 PN 0 anN_—1 0

where each d; > 0 is a death rate, each a; > 0 an aging rate and each b; > 0 a birth
rate with by > 0.

Each one of these models can be understood as a discretized version of some
nonlocal equation [33].

The second example above explains in particular why we do not make any a
priori assumption on the symmetry of L.

Let us also point out that the periodic cooperative systems we consider find
applications in the chemistry of nuclear reactor cores [2,23]. Due to our long-term
goals (cf. Section , in this paper, we favor a population dynamics viewpoint.
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1.4. Generalized principal eigenvalues in space-time periodic media. In
[54], Nadin analyzed the scalar case N = 1. Following previous efforts [11,{13]/14./42],
he introduced and studied the following quantities:

A = sup{)\ R | Juel?, (R xR (0,00)) Qu > )\u},

t—per

! = inf {)\ ER | Jue W N2 (R xR, (0,00)) Qu < )\u} .

These two quantities turn out to be eigenvalues of Q (in the sense that associated
eigenfunctions exist), and are referred to as generalized principal eigenvalues (their
eigenfunctions are referred to as generalized principal eigenfunctions). Due to the
lack of compactness in the spatial variable, the existence of these eigenvalues can-
not be directly deduced from the Krein—Rutman theorem. However, they can be
related with classical Krein—Rutman principal eigenvalues: the first one, A1, is the
limit of the principal eigenvalues associated with the time periodic problem with
Dirichlet boundary conditions in growing balls; the second one, A}, coincides with
the principal eigenvalue of the space-time periodic problem. Actually, both eigen-
values are related to the family (A1.), crn of principal eigenvalues of the space-time
periodic problems associated with the operators

Q,:ur—e_,Q(e;u) whereeg,:x+— et
which can be expanded as
Q.u=0Qu—2z-(AVu) — (- Az+V - (4Az2) — ¢ - 2)u.

Since Q(e,u) = A1.e,u, A1, can be understood as the principal eigenvalue of Q
acting on the set e,.C};2 of space-time periodic multiplicative perturbations of the
planar exponential e,. Nadin showed that \] = A0 < A\ = max,ern A1, and
subsequently exhibited sufficient conditions for the equality Ay = A\] to hold; his
study is completed by several dependence and optimization results.

Our aim in this paper is twofold. First, we want to generalize the results of
Nadin; second, we want to illustrate the originality of systems compared to scalar
equations by means of new results without scalar counterpart. Let us point out that
most generalizations of scalar results we consider require work indeed. On one hand,
many proofs of [54] rely on algebraic operations that are at least ambiguous, at worst
unavailable, in the vector setting, like powers or quotients, and this often leads to
counter-examples. On the other hand, the strong coupling assumption that we use
to emulate the scalar strong comparison principle, is not a pointwise property
but rather a global property, and this makes some adaptations quite technical.

We will therefore study the following quantities:

(3) A1 = sup {/\ €R|JuecC? (RxR",(0,00) Qu> /\u} :

(4) N =inf {)\ ER|Fue W nCl2 (R xR",(0,00)) Qu < Au} :
as well as the family (A1.), crn» Where:

(5) >\1,z = >\1,per (Qz) )

(6) Q.=-e_,Qe, =Q —diag ((Az —I—AiT)z V4+2z-Aiz+ V- (4;2) — qzwz) .

We admit that the Krein—-Rutman theorem can be successfully applied to the
operator @, under additional spatial compactness assumptions, so that the periodic
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principal eigenvalue A1, = M per(Q) is well-defined; similarly, for any nonempty
smooth bounded connected open set Q2 C R™, the Dirichlet principal eigenvalue
A1.Dir(Q2, Q) is well-defined. The first one corresponds to the operator Q, acting

on C'Il,;fr (R xR™), and hereafter we denote u, such a positive principal eigenfunction.

The second one corresponds to the operator acting on Ctlfper R x Q) NCHR x Q),
where the subscript 0 denotes functions that vanish on 9. Eigenfunctions for these
principal eigenvalues are unique up to multiplication by a constant. For detailed
applications of the Krein—Rutman theory in the Dirichlet case, we refer to Bai-
He [10] or Antén—Loépez-Gémez [7].

Let us emphasize once more that the Krein—Rutman theorem cannot be used for
A1 and A\|. This is why the generalized principal eigenproblem is mathematically

challenging and has richer outcomes.

Definition 1.1. A generalized principal eigenfunction associated with Ap is a func-
tion u € Ctl’fper(R x R™, (0, 00)) such that Qu = A\ju.
A generalized principal eigenfunction associated with X} is a function u € Wh>°n

61’2 (R X R"a (07 OO)) such that Qu = /1u.

t—per

1.5. Results. Although the theorems and definitions in Section [[.5.1] are com-
pletely analogous to the scalar setting [54], the ones in Sections |1.5.2H1.5.6] will
require new restrictions specific to the parabolic vector setting and will show how
the time structure, the spatial structure and the multidimensional state space in-
teract intricately.

Before stating the results, we precise the standing assumptions on the smoothness
and periodicity of the coefficients of Q.

(A4) There exists 6 € (0,1) such that L € CSéE’S(R x R RV*N) and, for each
i €[N], 4; € Cgéf’IM(RXR",R"X") and ¢; € Cgéf’é(RxR",R"). Moreover,
A; = AT for each i € [N].
We point out that, in such a smooth and generic framework, the symmetry of
the diffusion matrices is assumed without loss of generalityl]

1.5.1. Existence and characterization of generalized principal eigenpairs.

Theorem 1.1. The generalized principal eigenvalues A\ and N are well-defined

real numbers related to the family (M,2),cpn

1
1= )\1,07 /\1 = Imax )‘1,2'
z€R™

The mazimum is uniquely achieved.

Consequently, | < A1, ug is a generalized principal eigenfunction associated
with \| and there exists a unique z* € R™ such that e «u,« is a generalized principal
etgenfunction associated with Ai.

Furthermore, the following maz—min and min-maz characterizations hold:

(Qzu)i

Al = max min min (> for all z € R™,
ueCy (RXR™,(0,00)) 1€[N] Qe Uj

Undeed, if A; is not symmetric, then we can write it as the sum of its symmetric part AT =
%(Ai + AT) and its skew-symmetric part ASkew = %(Al — AT). The operator V - (A5k°"V) acting
on the space of functions of class C2 can be rewritten as an advection operator a; - V, so that
—V (AiV)+q; - V==V (A7"V) + (g — a;) - V and the operator on the right-hand side has
the same structure; has “gained” the symmetry of its diffusion matrix.
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Al = min max max ((Qzu)l> for all z € R,
ueCh 2 (RxR",(0,00)) 1€[N] 0o, U
Al = max min inf ((Qu)z>
uec? (RxR",(0,00)) i€[N] RXR™ U

t—per

By simplicity of the periodic principal eigenvalue, the only non-negative periodic
eigenfunctions are periodic principal eigenfunctions. Under assumptions (Ay)]
if we further impose standard normalisation conditions on the eigenfunction (e.g.,
|u,(0,0)| = 1), classical compactness estimates on the family (A1 ,,u,) imply that
the spectral elements (A1, u,) are continuous with respect to the coefficients of Q..
In particular, this show the continuity of A\; and A| as functions of the coefficients
of Q.

It is well-known that the equality A] = A; can be false: in the scalar case,
the differential operator v — —u' + v/ is a classical counter-example. The key to
this counter-example is the nonzero advection term that moves the maximum of
A1, away from z = 0; thus a similar counter-example of fully coupled cooperative
parabolic system that does not reduce trivially to an elliptic scalar equation is, in
spatial dimension n =1, @ = 0y — Oy + 9, — (1/8)I — M, where I is the identity
matrix in RV*¥ and M is the discrete Laplacian defined in . By uniqueness of
the periodic principal eigenpair and the fact that the coefficients depend neither on
time nor space,

A,z = —App (z(l —2) I+ éI + M) =z(1-2)— % —Apr(M) = 2(1 — 2) — %,
where App denotes the Perron—Frobenius eigenvalue of an essentially nonnegative
irreducible matrix in RV*Y. Therefore \; = —1/8 < A\; = 1/8, and this also
confirms that, as in the scalar case, A; and \] need not have the same sign.

In the elliptic scalar setting, the absence of advection implies that z — A . is
even, whence the equality A\; = \] follows [54}, Proposition 3.2]. In the elliptic vector
setting, Griette and Matano have very recently proved with a counter-example that
this is not the case |37, Proposition 4.1]: the mere asymmetry of L(x) can induce
the strict inequality \] < A;. For the sake of completeness, we will recall their
counter-example in Remark [3.5]

Asin [54], our method of proof actually establishes a few results on A; in arbitrary
domainsﬂ For any nonempty open connected set {2 C R", we define:

() Ai() = sup {/\ €R|TueC? (R x0(0,00)NC R x ) Qu > )\u} :

Since ) is not necessarily smooth, the set C*(R x Q) is understood here as
the set of functions u € C!'(R x Q) such that both u and Vu can be continu-
ously extended at any boundary point admitting a strong barrier (cf. Berestycki-
Nirenberg—Varadhan [13]). The subset C}(R x £2) is the set of functions in C*(R x 2)

vanishing continuously at such boundary points.

2In the spirit of Berestycki—Rossi [15], A} can also be defined in an arbitrary domain Q and
further results on A1(€2) and X (Q) are likely achievable. We choose not to dig deeper in this
direction: the focus of this paper is not on arbitrary domains but rather on the effect of space-
time periodicity.



8 PRINCIPAL EIGENVALUES OF SPACE-TIME PERIODIC COOPERATIVE SYSTEMS

Definition 1.2. Let Q@ C R™ be a nonempty open connected set. A general-
ized principal eigenfunction associated with A1(Q2) is a function u € c? (R x

t—per
Q,(0,00)) NCH(R x Q) such that Qu = A\ju.

Theorem 1.2. Let Q2 C R"” be a nonempty open connected set such that there exists
xo € Q satisfying [xo,x0+ L] C Q. Then the generalized principal eigenvalue A (2)
is a well-defined real number and there exists an associated generalized principal
etgenfunction.
If Q=R", () = M. If Q is bounded and smooth, A1 () = A pir(©).
Furthermore, the following max—min characterization holds true:

A(Q) = max min_inf ((9“)"> .

ueC? (RxQ,(0,00))NC (Rx Q) i€[N]RxQ Us

t—per

1.5.2. Monotonic or convex dependence with respect to the coefficients. As an im-
mediate corollary of the max—min characterization of Theorem we already know
that the eigenvalues A ., as functions of the matrix entries [; ;, are decreasing: if
lij <lij (ie, (t,x) = l; ;(t,x) —1; ;(t,x) is a nonnegative nonzero function), then
M.z(lij) > M.(li;). This applies in particular to A\; and A}, by virtue of the
identifications Ay = max A1 , and A} = A1 0.

Our first theorem on coefficient dependence is concerned with the concavity of
the eigenvalues A; . as functions of the entries /; ;. It generalizes a well-known
result by Nussbaum [58] on matrices in RV XY as well as a result by Nadin |54] on
the scalar parabolic case.

Theorem 1.3. Let z € R™ and let

[0,1]
(Lls]) e € (G2 (R x R, RVXN))

per
be a family of matrices satisfying and such that, for oll (t,z) € R x R™
and i € [N],
(1) s = 1;:[s](t, z) is conve;
(2) for all j € [N|\{i}, s = l; ;[s](t,x) is either identically zero or log-convex.
Then the map
s €[0,1] = Apper(Q:[s]),
where Q,[s] is the operator Q, with L replaced by L[s], is affine or strictly concave.
It is affine if and only if there exist a constant vector b > 0, a function c €
Cper(RXR™,(0,00)) and a function f € Cper(R, RY) satisfying fOT f € span(1) such
that the entries of L have the form:

i'S:ax’_) . Sst.,LT. . 3
2 lz‘,j[o](t733) (a(wa)) e (.fo i Tfo fJ) if i # j.
Furthermore, if, in addition, L[0](t,x) is irreducible at all (t,x) € R x R™,
then the above necessary and sufficient condition can be strengthened as follows:
it is affine if, and only if, there exists a constant vector b > 0 and a function

f € Cper (R, RY) satisfying foT f € span(1) such that the entries of L have the form:

1 -ls] - (¢ 1i,:[0](t, ) — sfi(t) ) ifi =7,
" [3] . ( ’m) ~ ZLJ[O](t,ZE) (%)sesfo/(fj_fi) Zfl %]

i
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We explain in Remark [3:2] that the above statement is sharp, in the sense that
the necessary and sufficient condition for strict concavity when L[0] is not pointwise
irreducible cannot be improved to obtain the one given for the pointwise irreducible
case.

Although Theorem directly applies to A} = 1,0, we are only able to prove a
weaker concavity property on the generalized principal eigenvalue \; in arbitrary
domains — in bounded and smooth domains, a result exactly analogous to Theorem
[I.3 applies, ¢f. Proposition [3.7] Similarly, in the elliptic case with general spatial
heterogeneities in R™, Arapostathis-Biswas—Pradhan |8, Lemma 2.3] proved the
concavity of A\; with respect to the diagonal entries of L — they did not consider
the off-diagonal entries but, their arguments being the same as ours, their result
can be extended accordingly.

Theorem 1.4. Let Q C R"™ be a nonempty open connected set such that there exists
xo € Q satisfying [xo,xo + L] C Q.
Let

[0,1]
(Lfs])sefo) € (CO20 (R x @, RMM))

per

be a family of matrices satisfying|(Az)| and such that, for all (t,z) € R x Q
and i € [N],

(1) s = 1;;[s](t, z) is conve;

(2) for all j € [N|\{i}, s = l; j[s](t,x) is either identically zero or log-convex.

Then the mapping s € [0,1] — A1 (R, Q[s]), where Q[s] is the operator Q with
L replaced L[s], is concave.

Monotonicity or convexity results on the dependence on the diffusion matrices
A; or the advection vectors g; are in full generality false (in the scalar setting, cases
of non-monotonic dependence with respect to the diffusion rate are exhibited in
Hutson-Mischaikow—Polacik [43]).

1.5.3. Asymptotic dependence with respect to the coefficients. The next theorem
shows how the generalized principal eigenvalues A . and A; behave close to the
boundary where |(A;)} [(A2) and |(A4)| remain satisfied but the full coupling assump-
tion does not’l We recall that a nonnegative square matrix can be conjugated
into block upper triangular form by a permutation matrix, with each diagonal block
an irreducible nonnegative square matrix (recall that 1 x 1 matrices are by conven-
tion referred to as irreducible even if zero). A similar permutation property holds
for cooperative linear parabolic systems, and therefore we can assume without loss
of generality that the limiting matrix L is already in block upper triangular form

with each block satisfying

Theorem 1.5. Let L* € Cgéf’é(R x R™" RNXNY be a block upper triangular essen-
tially nonnegative matrir. Let N' € [N] and (Ni)ren'—1] such that

No=0<1<N <Ny<:--- <Ny _1 <Ny =N

and such that
JAN
(153) () (NN [Nk -1))2

30f course, if @ is spatio-temporally homogeneous, then the theorem reduces to the well-known
continuity of the dominant eigenvalue in the set of essentially nonnegative square matrices.
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is the k-th diagonal block of L (with the convention [0] = 0). Assume

( max lﬁ(t,x)) is irreducible for all k € [N'].
( (.9 €(INKI\ [Nk 1)

t,2)EQper
Let
Q. = diag(P)ievu\Ne ] — (1)) (e _a)?  for all k € [N'].
Then, as L — L in Cgéf"s(R x R RV*NY
Az (Q) — klen[%ll A2 (Qk)  forall z € R",
A(Q) — max kren[%l/] A1,2(Qk) < Ien[%l A1 (Qk)-

We comment specifically on this important result in Section [T.6]

The next theorem is concerned with concurrently vanishing diffusion and ad-
vection rates — the question of vanishing diffusions rates when the advection rates
remain nonnegligible is much more difficult, even in the scalar case [49], and is
beyond the scope of this paper; for now, it remains open.

Theorem 1.6. Let § € (0,1). For alle > 0, let

D. = {A € C‘S/2 AR x R™, R | A= AT, 0< érsun y - Ay, Hﬂl;eix [Aa.sllcor mxrn gy < 52},

per

A ={q e 2 ® xR, R") | |llallley

per 0er (RXR™ R) < 8} .

Denote (with a slight abuse of notation) L(x) : t — L(¢t,x). Then, for all z € R™,

Mz ((Ad)ieny, (@i)iern)) — H[%HL] M per (0r — L(z))

lir% sup = 0.
—
30 (Ad)ien €DY

(g:)icin €AY

Beyond showing that z — X , converges pointwise to a constant in a correctly
scaled vanishing diffusion—advection limitﬂ the uniform limit above implies the
following two limits:

lim M (9, — diag(e®V - (A;V) —eq; - V) — L) = min Ay per (0, — L(2)),
E—r

°38 z€[0,L]
lim A} (9; — d ANV)—qi -V L)= A per (0 — L .
Ji X6~ iag (007 (A9) =0 9) =) = 1 o (01 L(a)

Although the two limits look similar, they do not refer to the same underlying
questions.

The first one is related to a slowly varying medium. Indeed, assume, for the
sake of simplicity, that all L, coincide and denote € = Ll_l. Then the change
of variable * — ex changes the [0,7] x [0, !|"-periodic operator Q into the
[0, T] x [0, 1]"-periodic operator §; — 2 diag(V - (A5V) + e diag(q¢f - V) — L, where
A5 ¢ (t,x) — Ai(t, %), ¢f and L being defined in a similar way. In the scalar
case, the limit & — 0 has been studied by Nadin [54]. In the vector case with

4Actually, since z — A1, is concave, this convergence is locally uniform in z, but there is really
no hope for uniform convergence since A1, — —oo as |z| — +oco. Also, in general, A\; = max Ay .
does not converge to the same limit: indeed, even for the spatio-temporally homogeneous one-
dimensional operator 9; — €20z + €0x — M, with M the discrete Laplacian, the maximum of
z > A1,z is 1/4, independently of €, whereas the pointwise limit as € — 0 is 0.
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temporally homogeneous coefficients and an extra time scaling, it has been studied
by Allaire and Hutridurga [2] (parabolic scaling) and by Mirrahimi and Souganidis
[52] (hyperbolic scaling).

The second one corresponds for instance to the early stages ¢ — t/e of a fast-
reaction system L — %L, when spatial processes (dispersal, transport) are still
negligible. In bounded domains with Dirichlet boundary conditions, the singular
limit € — 0 has been studied by Bai and He |10]. As explained by Lam and Lou in
their paper on the Neumannn elliptic case [46], the fact that the vanishing parameter
is the vector d € RY and not an amplitude parameter £ € R is meaningful: the
spatial processes for one species may be much faster than for the others (e.g.,
dy = emax;c[y_1)d;), as long as they are all slow compared to the parameter &
measuring the time scale and the speed of the reaction.

By considering a uniform limit, we bring together these two frameworks and
prove both limits concurrently. We believe this approach is new.

The next theorem is, on the contrary, concerned with how very large diffusion
rates impact the periodic principal eigenvalue A . The large diffusivity limit for
the whole family (A1,.(Qa)).ern is an entirely different problem, since the large
parameter d appears also in the zeroth order term which will therefore blow-up as
soon as z is nonzer(ﬂ This problem is beyond our scope and is left open.

The question of very large advection rates, already much more delicate in the
scalar case [50], is also beyond our scope.

Theorem 1.7. Let

1
({43}, (@Dierm), (L) = 75

and, for all d € (0,00), let Qq be the operator Q with (A;)ien) replaced by
(diAi)icin)-
Then, as mine () d; — +00,

)\l,per(gd) — A1,per (at - <L>) .

This theorem basically means that, for the periodic principal eigenvalue A per,
very large diffusion rates tend to replace spatially heterogeneous coefficients by
their mean values in space. Again, the fact that the multiplicative coefficients d;
can go to +oo at different rates is meaningful.

In the scalar case [54], the inequality

)\l,per(at - <l1,1>) 2 xrer[l(l)nL] )\l,per(at - ll,l(x))

((Ai, 4i)iein), L) (¢, 2)da
[0,L]

)

holds, and implies a comparison between the large diffusion asymptotic and the
vanishing diffusion asymptotic. In the vector case, this inequality is still true if
for instance the periodic principal eigenfunction associated with 9; — L(x) depends
neither on ¢ nor on z. Indeed, by integrating the equality it satisfies over [0, L],

1 .
)‘17per(8t — (L)) = m 0.1) /\l,per(at -L()) > xg(l)nL] )‘17per(at — L(x)).

5More precisely, using £°° bounds on the coefficients of the zeroth order term, we can readily
deduce that —|Pi(2)| max;ec;n] di < A1,2(Qa) < —|P2(2)| min;e () di for some second-order poly-
nomials Pj, Po. What would then be relevant would be to figure out an asymptotic expansion of

/\l,z(gd)~
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However it is not true in full generality, as shown by the counter-example of Remark
1.9

1.5.4. Dependence on the space or time frequencies. As explained before, assuming
that all spatial periods L, coincide and changing appropriately the variables ¢
and z, the Qe -periodic operator @ becomes the following [0,1] x [0, 1]"-periodic
operator:

1

1 1
Or ., = 0 — — diag(V - (A V)) + — diag(q{ - V) — LY,
’ T L? Ly

where
<(A§>’qz<>>1€[N] 7LO> : (tvx) — ((Alaqz)ze[N]7L) (Ttale) .

Theorems and and Remark have immediate interpretations in this con-
text, summarized in the following corollary.

Corollary 1.8. The generalized principal eigenvalues of Qr 1, satisfy the following
properties.
(1) If L1 — 400, then

. 1
M (Qrr,) — zerr[éull} M per (Tat — L<>(x)> for all z € R™.

(2) If ¢ =0 for each i € [N] and Ly — 0, then
1 o
Al,per(QT,Ll) — )\1,per fﬁt - <L > .

ere exist a choice o ; s | q; an such that L; —
3) Th ' hoice of (AP & d L° such that L
1€[N] - /i€[N]

M.per(Qr.1,) s decreasing, a choice such that it is constant and a choice
such that it is neither.

It remains to investigate the effect of the time frequency 1/T. In the case of
a scalar equation in a bounded domain with Dirichlet boundary conditions, this
problem was recently studied thoroughly by Liu, Lou, Peng and Zhou [48]. They
identified cases where T' — A1 pir(Qr,1,) is constant, cases where it is decreasing
and cases where it is neither; additionally, they studied the asymptotics 7' — 0 and
T — 400 — reusing the proof of Nadin [54] for the limit 7' — 0. We will adapt the
arguments [48/54] to prove the following result.

Theorem 1.9. For allw € (0,400), let Q. be the operator Q with 0y replaced by
w;. Then:

(1) if w— 0, then for all z € R™,
1 T
M@0 = 1 [ A (-~ ding( ¥ (AOV) — a0 V)~ Lie)
0

1 T
M (Qw) — T/o A1 (—diag(V - (Ai()V) — qi(t) - V) — L(t)) dt,

where we denote (with a slight abuse of notation) ((A;(t), qi(t))icin), L(t)) :
T = ((Ai(ta (E), Qi(t’ m))iE[N]a L(t’ $)),
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(2) if w — +oo, then for all z € R™,

Al,z(gw) — )\l,z (7 dlag(v : (/LV) - ljl : v) - i‘) )

A(QL) = A (— diag(V - (A, V) — g, - V) — L) ,

where

((Aw%)ze[N]: T = / 27% i€[N]» L) (t,l’)dt.

Corollary 1.10. The generalized principal eigenvalues of @ 1, satisfy the follow-
ing properties.

(1) If T — +o0, then for all z € R™,

1
Mo(Qrr,) — /0 M <—L1% diag(V - (A% (1)V)) + Lil diag(q (1) - V) — L<>(t)> dt.

M(@r,) — / M ( 1 ding(v -<A§><t>v>>+;diag(q?<t>-v>L%s)) dt.

(2) If T — 0, then for all z € R™,

1 . N <>
M (Qr,L,) = M,z (LQ diag(V - (A?V)) + — dlag( V) — > )
1

1 . 1 .
M(Qr.L,) = M (—L2 diag(V - (A0V)) + i diag(¢® - V) — L<>> )
1 1

Theorem [[.9]shows that large time frequencies tend to replace time heterogenous
coeflicients by their mean values in time, whereas small time frequencies tend to
replace the parabolic operator by the elliptic operator parametrized by t before
averaging the eigenvalue.

1.5.5. Explicit formulas for operators_ with space or time homogeneity. Recall the
notations, introduced earlier, A;, §;, L for the mean values in time and (4;), (g;),
(L) for the mean values in space. In this section, for the sake of brevity, we use
these notations repeatedly. The combined notation, e.g. (ﬂ), denotes naturally a
space-time mean value.

Our next two theorems are concerned with operators whose coefficients depend
only on time or only on space, and generalize [54, Propositions 3.1 and 3.2]. In the
statements, the Perron—Frobenius eigenvalue of a reducible matrix is defined by con-
tinuous extension of the dominant eigenvalue on the set of essentially nonnegative
matrices; for the sake of simplicity, its nonnegative eigenvectors are still referred to
as Perron—Frobenius eigenvectors, even though they might not be positive and the
eigenvalue might not be simple (algebraically and/or geometrically).

Theorem 1.11. Assume:

(1) (Ai)ien)s (@i)iein) and L do not depend on x,
(2) there exists a constant positive vector u € (0,00) such that u is a Perron—
Frobenius eigenvector of L(t) for all t € R.
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Let z € R™. The equality
)‘LZ = —Zz- fllz —+ (?1 cZ— )\PF(fJ)

is true if z =0 or (A1,q1) = (A2,q2) = -+ = (AN, qn).
Consequently, if:
(1) (A1,q1) = (A2,¢2) = --- = (AN, qn),
(2) 41 =0,

then

A=A = —App(L).

We explain in Remark [3.11] that if the assumption on the existence of a constant
positive eigenvector is not satisfied, then the claimed equality on A; . is false in
general. This is striking, since in the scalar setting, the existence of a constant
positive eigenvector is not required.

Theorem 1.12. Assume:
(1) (Ai)iein) and L do not depend on t,
(2) L(x) is symmetric for all x € R™,
(3) there exists = € R™ and Q € C*(R™,R) such that f[O,L] VQ =0 and

ATl = Ay e = - = Alqn = 22+ VQ.
Then
N
/ (Z (Vuy; - AiVui)2 — uTLQ7Zu>
. [OvL] =1
M =A1, = min ,
uecz,, (R, RN )\{0} / |u|2
[0,L]
where

LQ,z =L + diag (;V . (AZVQ) - EVQ . AZVQ + V- (AZZ) —zZ- AZ(Z + VQ)) .

Furthermore, if there exists a constant positive vector u € (0, 00) such that u is
a Perron—Frobenius eigenvector of Lq ,(x) for all z € R™, then

A= A1 < =App((Lg.2))-
We will explain in Remark [3.13] that if L is not symmetric, then, even in the

simple case z = q1 = g2 = --- = 0, there are counter-examples where
N

/ Z (Vuy, - AiVui)2 —u'Lu
’ . [0,L] \;=1

A > min .
uecy,, (R ,RV)\{0} 2
v [
[0,L]

As noted before, we will also recall in Remark [3.5] the counter-example of Griette—
Matano [37] where the mere asymmetry of L breaks the equality A\; = A].

We will also explain in Remark that if the assumption on the existence of a
constant positive eigenvector is not satisfied, then the inequality between —\] and
the Perron-Frobenius eigenvalue of (Lg .) can fail. Again, in the scalar case, this
assumption is not required [11].
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The following theorem is similar in spirit and requires a line-sum-symmetry as-
sumption (L1 = LTl). Examples of line-sum-symmetric essentially nonnegative
matrices are doubly stochastic matrices, essentially nonnegative symmetric matri-
ces and essentially nonnegative circulant matrices. For more details on line-sum-
symmetric matrices, refer for instance to Eaves—Hoffman-Rothblum—Schneider [27].

Theorem 1.13. Assume L(t, x) is line-sum-symmetric at all (t,x) € Qper.
Let z € R". If, for alli € [N], V- (¢; —2A;2) =0, then

N N
1 A A )
Az S - Z (lij) + 2 Z (<A2>Z - <CI1>)
i,j=1 i=1
and this inequality is an equality if L+ diag(V - (A;z) +z - (Aiz — q;)) is irreducible
at all (t,x) € Qper with Perron—Frobenius eigenvector 1 and constant Perron—
Frobenius eigenvalue.

This theorem has several interesting consequences, which we detail in Corollaries
.28 and B.29

Two similar results without line-sum-symmetry follow.

Theorem 1.14. Let z € R™. If, for alli € [N], V- (¢; — 2A;z) = 0, then
A € As (8 diag(V - ((4)V) = (@) - L#)),

where the entries of the matriz L¥ = (l#-

are defined by:
“)(i,j)e[NP f Y

m j‘[(LL} li,’i(ta x)dx Zf’l, = j,
lfj St { exp (Ho—lL“ f[o,L] In lm-(t,x)dx) ifi# j and . agleigiorli’j(t’x) > 0,
0 otherwise.

Theorem 1.15. Let z € R™. If (Ai)icin), (¢i)icin) and L do not depend on z,
then

Az < =Apr (Lb + diag (z . fllz —q; - z)) ,

. . b _ (1b .
where the entries of the matriz L” = (liﬁj)(i,j)e[NP are defined by:

T U
%fo li,iT if i = j,

lE’j = {exp (% Jo lnlm) ifi # 7 and tg[loig] l;j(t) >0,
0 otherwise.

The operator introduced in Theorem [T.14] is spatially homogeneous, so that

A (00 - ding (V- ((4)9) = (gi) - V) = L#) = A (;t -

These two theorems show that when comparing heterogeneous environments with
averaged environments, heterogeneities tend to decrease the generalized principal
eigenvalues, provided the geometric mean is used for the off-diagonal entries of
L. This is of course related to the convexity property of Theorem This is
also related to the asymptotic results of Theorems [I.7] and [I.9] although in these
asymptotics the off-diagonal entries are averaged with the arithmetic mean instead

L#  diag(z - (A))z — (4 ~z>) |
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of the geometric mean. By comparing the arithmetic and geometric means and
using the monotonicity of A\, with respect to L, we can try to compare these
results; however, inequalities are in the wrong sense. For instance, in the simple
case z = 0 with each ¢; divergence-free, what we get is:

d d
Mg (55 = 1) 2 max [X(Q) g (5 - D)

= max [)\’1(9), ~ lim )\'I(Qd)} .
min; [N di —+00
1.5.6. Optimization. Our first optimization result is a highly nontrivial generaliza-
tion of a result on matrices of Neumann—Sze [57]. To the best of our knowledge, in
the context of cooperative partial differential operators, it is the first time such a
result is stated and proved.

Recall that a doubly stochastic matrix S € RV*¥ is a nonnegative matrix such
that S1 = ST1 = 1. Denote 8 C L322 (R x R" RN*N) the set of all periodic func-
tions whose values are doubly stochastic matrices almost everywhere and Sy 1)
the restriction to functions valued in the set of permutation matrices almost every-
where.

A decomposition L = diag(r) + (S —I) diag(u) of a given essentially nonnegative
matrix L with S doubly stochastic and g nonnegative exists in many cases (in
particular, as soon as L(¢,z) is irreducible) and its uniqueness can be ensured
by an appropriate normalization of the pair (S, i), as explained in Lemma m
The main property of this decomposition is that the so-called mutation part (S —
I)diag(p) admits 1 as left Perron-Frobenius eigenvector, with eigenvalue 0. In
other words, summing the lines of the system makes the mutations disappear:
if the phenotypes do not differ in intrinsic growth rate (all r; coincide), then the
phenotype distribution has no effect on the growth of the meta-population Ef\il ;.
This is indeed under this form that L appears in several papers on reaction—diffusion
models for phenotypically structured populations [211|38}53].

Theorem 1.16. Assume L can be decomposed as L = diag(r) + (S — I) diag(p)
with S € 8, r € COLZ° (R x R™,RY) and p € COLZ (R x R™, [0, 00)).
Then, for all z € R™,
s8I AL:(S) = min A (S) < mag e o(8) = max Aia(S).

This theorem does not require the assumption (which is not satisfied for
some choices of S; in such cases, the generalized principal eigenvalues \; , are de-
fined by continuous extension, c¢f. Theorem . In particular, the set of optimal
permutation matrices might a priori be reduced to the singleton {I}. Also, in
this theorem, and as usual in optimization problems, we consider £>° constraints
on S instead of Holder-continuity constraints; the optimizers might be for instance
“bang-bang” discontinuous piecewise-constant functions. Let us also point out that,
as explained in Remark [3:20] the result remains true with any more general decom-
position L = B + SA with A nonnegative and B essentially nonnegative.

The modeling viewpoint on this result is natural and enlightening. Say we want
to optimize the chances of, for instance, survival of a population, and, for simplicity,
that the environment is homogeneous; the phenotypes are labelled as follows: u; is
the best phenotype when there are no mutations, us is the second best phenotype,
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and so forth. Intuitively we should select a (reducible) mutation strategy such that
the type u; is 100% heritable. Thus the first column of S should be e;. Since S
is doubly stochastic, its first line is then e], whence the first phenotype is in fact
completely isolated from the others. Subsequently, whatever the mutation strategy
for the phenotypes us, ug, etc., is, the periodic principal eigenvalue is optimal and
equal to the periodic principal eigenvalue of the scalar equation satisfied by ;. If
ug is just as good as wi, then similarly the pair {uj,us} has to be isolated, but
apart from this restriction the two blocks of S can be chosen freely, and in particular
they can have the form of permutation matrices. The extension of this intuition to
spatio-temporally heterogeneous environments explains why the optimal S is not
in general constant; it has to “switch” as soon as the optimal family of phenotypes
changes.

Let us stress that although the set of doubly stochastic matrices is the convex
hull of the set of permutation matrices (a classical result known as the Birkhoff—
von Neumann theorem), S € & — A1 ,(S) is not concave (c¢f. Theorem [1.3), so
that Theorem does not follow from mere convexity considerations. Let us also
stress that as soon as all (P;, ;) coincide with constant r;, S — Ay .(S) is constant:
maximizers and minimizers need not be in Sy 1} and can coincide.

The proof of Theorem [[.16)is in fact quite involved and requires the construction
of an explicit rank-one correction of S, localized in space-time.

Our second optimization result, closely related to Theorem [1.16] generalizes a
theorem due to Karlin and later generalized by Altenberg [3}[44] which states that,
for any irreducible stochastic matrix S and any diagonal matrix D with positive
diagonal entries, the mapping 7 € [0,1] — Apr(((1 — 7)I+ 7S)D) is nonincreasing.
Karlin’s theorem has been interpreted as “greater mixing produces slower growth”
and shows how, in a space-time homogeneous setting, mutations reduce the chances
of survival.

Theorem 1.17. Assume L can be decomposed as L = diag(r) + (S — I) diag(p)
with S € 8, r € CYLE° (R x R™,RN) and p € COL2 (R x R™, [0, 00)).

Then the mapping
s € (0,1] — | (sdiag(P) — diag(r) — s(S — I) diag(p))

is mondecreasing, identically zero if r = 0, and increasing if r # 0 depends on x.
Furthermore, this is true for the whole family (A1 z).ern if diag(P) = P11 and
(A1,q1) does not depend on (t,x).

The proof will establish a more general result that might be of independent
interest; we state it in Corollary

Note that, in the above statement, the parameter s is not a true mutation rate,
as it also multiplies diag(P). It is unclear to us whether a stronger result, where
s only multiplies (S — I)diag(p), can be achieved, apart from of course the very
special case where the coefficients of Q are all space-time homogeneous.

Our last optimization result deals with the spatial distribution in the matrix
L in one dimension of space. In this context, the spatial periodicity cell is then
the interval (0,L;). Our result is a generalization of a result by Nadin [54] and
makes use of the periodic rearrangement. We recall that for any scalar Li-periodic
function u there exists a unique L;-periodic function u! whose restriction to [0, L1]
is symmetric (with respect to the midpoint L;/2) and non-increasing in [Lq/2, L]
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and that has the same distribution function as u. The distribution function of wu is
o st [{u >t} N[0, Ly]]

and uf, the periodic rearrangement of u, is the left inverse of j,. For a time
dependent scalar function u, u' stands for the function rearranged, at every ¢, with
respect to . For a time-dependent, vector (respectively matrix) valued function
u, the notation uf is understood as the vector-valued function with i-th (resp.
(i,)-th) component u| (resp. u;r])

Theorem 1.18. Assume n =1 and diag(P) = 0y — DA for some diagonal matriz
D with constant, positive diagonal entries.
Then
Mper(Q) = At per(diag(P) — L)

where LT is the entry-wise periodic rearrangement of L.

Note that this theorem optimizes the distribution of each I; ; but does not op-
timize the distribution of mass in the matrix L. Brenier [18] showed that the
rearrangement of a function of x and the polar decomposition of an invertible ma-
trix in RV*N are related notions, via the relations u(z) = p#(u(x)) (u¥ is the
spatial rearrangement, u is unitary) and M = RU (R = (MM7)? is symmetric
positive definite, U is orthogonal). In particular, it is well-known that, similarly to
A per(—A — p#) < i per(—A — i), any essentially nonnegative matrix M € RV*V
satisfies App(M) < )\max((MMT)%), where Apax denotes the maximal eigenvalue
of a real symmetric matrix. In other words, if @ has only constant coefficients,

A per(diag(P) — (LTL)?) < Ay por(diag(P) — L),

where the periodic principal eigenvalue Ay per on the left-hand side is defined via
the spectral theorem for self-adjoint compact operators instead of via the Krein—
Rutman theorem — the matrix (LTL)% is not, in general, essentially nonnegative.
However the proofs of Aj per(—A — u*) < Mper(—A — p) and of App(M) <
)\max((MMT)%) differ strongly. The first one typically uses the Hardy-Littlewood
inequality, which is false for matrices as showed by Brenier [18]. Therefore it seems
that optimizing L in the spatial sense and in the matrix sense simultaneously is
much more difficult and we leave it as a very interesting open problem.

1.6. Extension to systems with a coupling default. Theorem [I.5] shows how
results on fully coupled cooperative systems (and especially the results of Sections
1.5.1H1.5.6)) can be applied to more general cooperative systems, that need not
satisfy [(As)l by understanding them as networks of fully coupled subsystems. It
also shows that such a perspective is limited regarding A\;, as we are now going to
explain.

Recall that the Perron—Frobenius eigenvalue Apr can be understood as the re-
striction to the set of irreducible essentially nonnegative matrices of the dominant
eigenvalue, which is a well-defined continuous mapping from the set of essentially
nonnegative matrices to R. Therefore it is natural to suggest the following extension
of the generalized principal eigenvalues A\; , and A1 (f2):

Al,z(g) = klell[%l’] Al,z(gk) = krél[%l'] Al,per(e—z lez)a

)\l(Qy Q) = kglﬁ\’n’] )\I(Qk?a Q)v
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where Qy denotes as in the statement of Theorem [I.5] the k-th fully coupled block
of @ = diag(P) — L” in block upper triangular form. With these definitions,
Theorem shows that the extension of each A ., and in particular that of A}, is
continuous. However, as explained in Remark the inequality

L1—1>I£IA AM(Q) = max min A1z (Qr) < RS A(Qk)
is in some cases strict: the extension of A; suggested above is not lower semi-
continuous, and a fortior: not continuous.

It might be tempting to think that this discontinuity is caused by a wrong choice
of generalized definition, and that the correct choice should be continuous. For
instance, defining A; as max,cr» A1, would give a continuous extension to systems
with a coupling default. In view of the literature [8,/13}|14}/54], it is also natural to
consider the original definition of A1, and since the coupling default induces a
weaker maximum principle, it is also natural to consider a relaxed definition with
nonnegative nonzero super-solutions instead of positive super-solutions. In order
to compare these quantities, let us denote them as follows:

A = min A ,
1= min 1(2k)

A= max \;
L™ Jern 0%

A2 :sup{)\ eR|Juec?  (RxR"(0,00) Qu> Au},

t—per

t—per

A} = sup {)\ €R|Juec? (R xR"),[0,00), u0, Qu> Au}.
Then we can showl] that

M <A< max A (Qr) =23, A2 <)\
ke[N']

The inequality A} < )3 is strict as soon as two A\ (Qj,) differ. The equality A = \2
is easily verified if @ is block diagonal; although the proof seems to require some
work, we believe that it remains true even if @ is not block diagonal. In any case,
since the counter-example of Remark is block diagonal, there are block diagonal
operators Q@ such that A < A} = A\? < 3. This shows that reasonable definitions
of A\; other than A} cannot be continuous as ceases to be true.

Let us point out that Al is indisputably the least natural definition. In par-
ticular, having in mind that A\; < 0 should be a criterion for population growth
(see Section below), then the natural definitions would be either A} (growth
of at least one population) or A3 (growth of all populations). In both cases, the
default of lower semi-continuity means that populations with vanishingly small
couplings might have much stronger chances than decoupled populations. This
has strong implications for modeling, as simplifying a vanishingly coupled model
into a decoupled one is often tempting. It has been related to the emergence in
eco-evolutionary models of unexpectedly large spreading speeds in the vanishing
mutation limit. Refer to Elliott—Cornell [28] for the first formal calculations and to
Morris-Borger—Crooks [53] for the rigorous analysis.

6The proof is voluntarily not detailed, for the sake of brevity.
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1.7. Relation with KPP-type semilinear systems. In the scalar framework of
KPP-type reaction—diffusion equations, A\; < 0 implies the locally uniform conver-
gence of all solutions to the unique periodic and uniformly positive entire solution,
whereas A} > 0 implies the uniform convergence of all solutions to 0, as proved
by Nadin [56]. The study of entire solutions is much more delicate in the mul-
tidimensional setting, simply due to topological freedom [32}35,[36}/53], and their
uniqueness and stability properties cannot in general be inferred from the lineariza-
tion at 0. However, we will show in a sequel that in the multidimensional case, the
results of Nadin [56] can be generalized in the following weak form: A; < 0 implies
the locally uniform persistence of all solutions and the existence of a periodic and
uniformly positive entire solution, whereas A} > 0 implies the uniform convergence
of all solutions to 0.

Going toward these results is one of our main motivations for the present work,
the other one being the future construction of pulsating traveling waves [55].

2. PRELIMINARIES

Many of our proofs will use a strong maximum principle and a Harnack inequal-
ity for parabolic cooperative systems. These already exist in the literature under
slightly different forms (refer for instance to [10,30,59] or to [6,9}/16}[24H26l60]
for the elliptic case). For the sake of self-containment and because the parabolic
Harnack inequality in [30] is insufficient for our purposes, in this section, we state
or prove what we need afterward.

2.1. Strong maximum principle. The strong maximum principle for time peri-
odic nonnegative solutions of Qu + Ku = 0 with large K > 0 (actually, K > A1)
is established as a side result of the preparation of the application of the Krein—
Rutman theorem, just as in Bai-He [10]. In fact, we can repeat the argument
of |10, p. 9882] to obtain the strong maximum principle for all values of K € R,
including K = 0 (large values of K are required only for the inversion of the opera-
tor), and for super-solutions that might not be time periodic but are well-defined in
a sufficiently distant past. For clarity, we state this version of the strong maximum
principle below.

Proposition 2.1 (Strong maximum principle). Let u € C1?((0, +00)xR™, [0, 00))N
C([0,+00) x RN) such that Qu > 0 in (0, +00) x RY.

If there exist t* > T, x* € R™ and i* € [N] such that u;« (t*,2*) =0, thenu =0
in [0, +00) x RY.

A similar property is satisfied in bounded domains. For the sake of simplicity,
we only consider smooth boundaries.

Proposition 2.2 (Strong maximum principle in bounded domains). Let Q C R™ be
a nonempty smooth bounded open connected set and u € C*2((0, +00) x Q, [0, 00))N
C%1(]0, +00) x Q) such that Qu > 0 in (0, +00) x Q.

Assume that there exists xg € Q such that [xg,zo + L] C Q.

If there exist t* > T, * € Q and i* € [N] such that u;« (t*,2*) =0, thenu =0
in [0, +00) x Q.

If there exist t* > T, x* € 90 and i* € [N] such that u; (%, %) = v(z*) -
Vu (t*,2%) = 0, where v(z*) € R™ is the outward pointing unit normal vector,
then u = 0 in [0, 4+00) x Q.
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These versions of the strong maximum principle fully exploit the irreducibility
assumption if one component of u is zero, then so are the others. Nonnegative
super-solutions are either zero or positive. Without this alternative is false in
general; we refer, for weaker statements applicable to general cooperative systems,
to the celebrated book by Protter and Weinberger |59, Chapter 3, Section 8].

2.2. Harnack inequality. In this section, we denote by o > 0 the smallest positive
entry of L and by K > 1 the smallest positive number such that

K~'<min min  min_ (y- A4;(t2)y),
1E[NTyeS™ 1 (¢ 2)eQper

max max max_ (y-A;(t,x)y) < K,
iC[NTyeS" ! (1,2)€Qper

max max max |¢ (¢t z)| < K,
i€[N] a€[n] (t,2)€Qper
max  sup |l ;j(t,7)] < K.
i,jE€[N] (t,7)EQper

Applying Foldes—Polacik’s Harnack inequality |30, Theorem 3.9] to the operator
Q, we obtain the following property.

Proposition 2.3. Let 0 > 0. Assume the irreducibility of the matriz

L:( min li,j(tax)>
(t,2)EQper (i,5)€[N]?

and denote n > 0 its smallest positive entry.

There exists a constant K¢, > 0, determined only by n, N, n, K and the param-
eter O such that, if u € C([—26,60] x [—3£, 391" [0, 00)) is a solution of Qu = 0,
then

min min u;(t, ) > Ry, max max u;(t, ).
i€[N] (t,2)€[560,60]x[—§,5]" i€[N] (t,2)€[0,20]x [~ £, 2]

However, our irreducibility assumption |(As)|is concerned with the matrix

L:( max lm(tvx))
(t,2) EQper (i,5)€[N]?

and not with L. By continuity and essential nonnegativity, L is irreducible if and
only if

(T|[0,L]|)—1/Q L(t, z)dtdz

is itself irreducible. Hence we can understand the assumption as “L(t,z) is
irreducible on average”. It is known that such an assumption is sufficient, and in
some sense necessary, for full coupling of the parabolic or elliptic operator; refer,
for instance, to [9,/10,/16}60].

Since Foldes—Polacik’s Harnack inequality requires the pointwise irreducibility of
L, which is a much stronger assumption than the irreducibility on average (there are
simple examples of matrices that are irreducible on average but reducible pointwise
at all (¢,2), cf., e.g., Remark , it is not satisfying for our purposes. Actually,
going through the proof of [30, Theorem 3.9], it appears that its adaptation to our
setting is not straightforward, as Foldes and Polacik overcome the key obstacle by
constructing a nonnegative nonzero sub-solution smaller than 1 multiplied by some
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positive constant. Nevertheless, since is known to be the optimal assump-
tion for full coupling, it is natural to expect a similar Harnack inequality to hold,
provided the parabolic cylinder under consideration is sufficiently larger than the
periodicity cell Q,e,. This is what we prove below, drawing inspiration from the
elliptic case studied in Araposthathis-Ghosh-Marcus [9].

By convenience for future use, we state the result for a zeroth order, diagonal,
non-necessarily periodic perturbation of @. The diffusion and advection terms can
be perturbed similarly if needed.

Proposition 2.4 (Fully coupled Harnack inequality). Let 8 > max (T, Lq,...,L,),
feL£°nC/?9(R x R*,RN) with § € (0,1) and

F >max sup |fi(t,x)|.
1€[N] (t,z)eRxR™

There exists a constant kg, p > 0, determined only by n, N, o, K and the
parameters 6 and F such that, if u € C([—26,60] x [-32, 32]" [0, 00)) is a solution
of Qu = diag(f)u, then

min min u;(t, ) > Ko, p max max w;(t, x).
i€[N] (t,x)€[50,60] x [ §,4]" i€[N] (t,2)€[0,20] x [~ &, 2]

Proof. Define, for all ¢ € [N], the n 4+ 1-dimensional hypercube
0 6 6 6 o\
Q. (59 2“,69) x ( Py 21) CRx
Note the series of compact inclusions
0 0\"
Q1 =(40,60) x (—0,0)" D Q2D --- D Qn D (50,60) x (—2,2> .
Following carefully the proof of Foldes—Pola¢ik’s Harnack inequality [30], we

observe that we only have to prove the following claim.

Claim 1: let & € [N — 1]. If there exists I C [N] of cardinal k£ and a positive
constant ki determined only by k, n, N, o, K, 6 and F, such that, for all j € I,

min _ u,;(t,x) > Ky max u(t, x),
(t,2)€Qy (t,2)€[0,20]x [~ 5, 51"
then there exists ¢ € [N]\I and a positive constant kx41 < kj determined only by
k,n, N, o, K, 8 and F, such that

min__ u;(t,2) > Kgt1 max up(t, x).
(£,2)€Qr+1 (t,2)€[0,20]x[~ £, §]"

We prove first the following simpler claim, inspired by |9, Lemma 3.6].

Claim 2: Let k € [N — 1], i € [N] and g € C(Q,[0,+00)). There exists a
positive constant C} determined only by k, n, K, 8 and F, such that, if v is a
solution of Pju—I; ;u — fiu = g in @}, with v = 0 on the parabolic boundary 0pQy,
then

min__ u(t,z) > Cy max_g(t,x).
(t,2)EQK+1 (t,z)EQk

Proof of Claim 2. When g = 0, u = 0 as well and the result is obvious (with, say,
Ck = 1). Therefore we assume without loss of generality that g > 0.

Up to dividing u by maxg-g, we assume without loss of generality maxeg-g =
1. Since the solution u of the Cauchy-Dirichlet problem with zero data on the
parabolic boundary is unique, we only have to prove that this solution has a positive
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minimum in Qx4 1, and that the infimum of these minima when Q, f and g vary
in the correct class is still positive.

The nonnegativity of u is a direct consequence of the (weak) maximum principle.
The positivity of its minimum in Q41 is a consequence of the strong maximum
principle and the fact that 0 cannot be the solution.

Now, define Uy, as the set of all

U=(Aq.l f.g)€CPH(Qu,R™)xC?°(Q, [~ K, K]"* [ K, K]x[~F, F]x[0,1])
such that A = AT, maxg-g =1 and

K'< min min (y-A(t,2)y) < max max (y-A(t,z)y) < K.
ves T (t,2)€Qx ves ! (t,2)eQx

For all U € Uy, denote uy the solution of
Ou—V - -(AVu)+q¢-Vu—lu— fu=g in Q,
u=20 on 0pQy,

and denote m(U) = ming —uy > 0. Let us verify that infyey, m(U) > 0.

Assume by contradiction infyey, m(U) = 0. Then there exists a minimizing
sequence (U, )pen such that m(U,) — 0 as p — +o00. By classical compactness and
regularity estimates [47], up to extraction, (U,) converges uniformly to a limit

Uso = (Ao Goos loos foos Goo) € COH(Qr, R ™) xC(Q, R™*"x [~ K, K]" x[~ K, K]|x[~F, F]x[0,1])
such that A, = AL | maxg-goo = 1 and

K7'< min min_(y-Ax(t,z)y) < max max (y- Ax(t,z)y) <K
yeS™ 1 (t,x)eQk vest T (ta)eQn

and (up)pen = (uUp)p oy converges uniformly to the solution u., of

u=20 on 0pQy.

Moreover, by definition of (Up), m(Us) = lim,_, oo m(Up) = 0. But then the
strong maximum principle yields u., = 0, and this contradicts g-, > 0. Hence

{atu V- (Ao VU) + oo - Vit — loott — foolt = oo in Qp,

infyey, m(U) > 0 and Claim 2 is proved with Cy = infyey, m(U) > 0. O
Proof of Claim 1. Let k € [N — 1], I C [N] of cardinal k,
M= max u(t, x),

(t,2)€[0,20]x [~ §,8]~
and assume that for all j € I,

min _w;(t,z) > kM.
(t,®)€Qk
By , there exists ¢ € [N]\I and j € I such that [; ; > 0, or else maxg—1; ; > 0.
Let u be the solution of Pju—1; ju— fiu = kM, ; in Qk, u =0 on OpQy. Since
Q1. contains a translation of {lpe, and [; ; is periodic, applying Claim 1, we get:

min u > Cykp M maxl; ;.
Qr+1 Qper

Moreover, in Q,

Piui - li,iui - fiui == Z li,kuk Z li,j’U,j 2 li,j miIL U Z H’CMli,j'
kelNI\(3} ()€
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Also, on the parabolic boundary dpQp, u; > 0 = u. Therefore, by virtue of the
comparison principle, u; > u in @, and subsequently, using the definition of o,

min u; > min 4 > CykpM max{; ; > CprpMo.

Qrt1 Qr+1 Qper
Setting k41 = Cxkro, we have proved Claim 1. O
This ends the proof. (I
Note that, as an immediate corollary, if u is time periodic, then Ky r < 1 and
min min ui(t,r) > Ko p max max ui(t, ).
i€[N] (t,2)ER X[~ §,§]" () " i€[N] (t,2)eRx[- &, 8" i(t,2)

If u is space-time periodic, then an even stronger estimate holds:

min  min  w;(t,x) > Re,p max max  u,(t, x).
1E€[N] (t,x) ERXR™ 1€[N] (t,x) ERXR"

3. PROOFS

3.1. Existence and characterization of generalized principal eigenpairs.
Most proofs in this subsection are direct adaptations to the vector case of the
proofs by Nadin [54], written here only for the paper to be self-contained. The only
proofs whose adaptations truly require some care are those of Propositions and
0.9

3.1.1. The generalized principal eigenvalue Ay in arbitrary domains.

Proposition 3.1. Let Q C R™ be a nonempty open connected set such that there
exists xg €  satisfying [xo, o + L] C Q. Then the generalized principal eigenvalue
A1(Q) € R is well-defined.

Furthermore, if 022 is bounded and smooth, then A1(2) = A pir(€2).

Proof. We begin with the case of bounded smooth domains. The inequality A pir (2) <
A1(Q) is obvious by definition of A\;(£2), using the Dirichlet principal eigenfunc-
tion as test function. The converse inequality is proved by contradiction: as-
sume that A pir(£2) < A1(2). Then there exists p € (A1 pir(£2),A1(Q2)) and u €
Ctl;zper(R x €,(0,00)) N CHR x Q) such that Qu > pu. By boundedness of the
Dirichlet principal eigenfunction v, the quantity

k*=inf{k >0 | ku—v> 0}
is well-defined in R. The function w = k*u — v satisfies
Ow = k" puu — A\ pir()v > A pi(Q)w  in R x Q,
w>0 inRxQ,
w>0 onR x9N,
and there exists (i*,4*,2*) € [N] x [0, T] x Q such that w;-(t*,2*) = 0. If z* € Q,
then by virtue of the strong maximum principle (¢f. Proposition , w is the
zero function, which contradicts g > Ay pi(€2). Hence w > 0 in R x €. Since
u € CHR x Q), the normal derivative of w at any point (t,z) € R x 99 is well-
defined. The optimality of k* implies the existence of (i/,¢',2’) € [N] x [0, T] x 99
such that that both w; (¢, 2’) and the normal derivative of w; at (¢',z') are zero,

which contradicts the boundary version of the strong maximum principle. Hence
A1(2) < Aq pir(€2). This ends the proof in the case of bounded smooth domains.
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Then we turn to general, not necessarily bounded and smooth, domains. Let
v = —)pr(L) € R, where the square matrix L is defined in and let u € RV
be a positive Perron-Frobenius eigenvector for L, namely Lu = —vu. Then clearly
Qu > vu, which proves that the set

t—per

{NeR|Fue )2, (Rx0,(0,00))NC (R x Q) Qu > \u}

is nonempty. Hence its supremum, A1 (€2), is well-defined in R x {oo}.

Next, it follows directly from the definition that A;(Q) < A1(€) for any open
set ' C Q. Since  is open and contains a periodicity cell [zg, 29 + L], it contains
a bounded smooth connected open set ' satisfying [zo, 20 + L] C Q' C @' C Q.
Therefore

A(Q) <A () = M pir(Q) < Ho0.

This ends the proof. O

Proposition 3.2. Let Q C R™ be a nonempty open connected set and let () ren
be a sequence of nonempty open connected sets such that, for some xg € €,

[0, 20+ L] C 1, Qp C Uyt U Q= Q.
keN
Then A1 () = A1(Q) as k — +oo.

Furthermore, there exists a generalized principal eigenfunction associated with
A1(92).

Proof. In order to work with bounded and smooth domains, we consider a family
(%) ken, nondecreasing and convergent to € in the inclusion sense, and such that

Qk C Qy for all k € N (with [xo,xo +L] C Ql) Denote (pg)ren = ()\I,Dir(ﬂk))kENa
()ken = (A1pi(Q))ken, and note that both sequences converge, with limits
satisfying

A(Q) < lim pp < lim vy

T ko4 k—-+o0

Let v = lim v. We now aim to prove that v < A1(Q) by constructing an eigen-
function for the eigenvalue v of the operator Q acting on Ctl’fper(R x 2, (0,00)) N
CY(R x Q). Since such an eigenfunction will in fact be a generalized principal
eigenfunction for the generalized principal eigenvalue A1 (f2), this will complete the
proof.

Fix y € O = MNien Q. and consider the sequence (u)zen of positive princi-
pal eigenfunctions associated with v, and normalized by max;en) uix(0,y) = 1.
Extend these eigenfuctions as functions defined in R x by setting uy = 0 in
R x Q\Qk

By virtue of the time periodicity of u; and of the Harnack inequality of Propo-

sition , the sequence (||uk|| £ ([0 T]Xﬁk))k N is bounded. By standard regu-
’ €
larity estimates [47], (ug)ren converges up to a diagonal extraction to a function

Uso € Ctl’_2per(]R x Q) satisfying
Qu,, = Vu, in R x Q.
Moreover, u., is nonnegative, nonzero at (¢,z) = (0,y), and by the maximum

principle it is therefore positive in R x €. -
In order to establish v < A\;(Q), it only remains to verify that u., € C}(R x Q).
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Let R
C = [A ()] sup HukH[:OO([O,T]ka)
k€[N]
and define 0 € Ctleper(R x €2, (0,00)) N C(R x Q,[0,00)) as the time periodic
solution of the following (decoupled) system:

diag(P)i=1 inRxQ,
a=0 on R x 99.
Then, for any k& € N,

diag(P)((Ca —u) > C1 — sup (M(Q)) up = C1 — A\ (Q1)uy > 0.
ke[N]
This leads to uy < C1 for all k& € [N], and then, passing to the limit, u, < Ct in
R x . Hence uy € Co(R x Q). The continuity of its gradient Vue, on the regular
boundary points follows from classical regularity estimates up to the boundary [47].
This ends the proof. (I

Remark 3.1. The proof uses the interior Harnack inequality of Proposition [2.4]
which, as stated, requires that the domain of definition contains a translation of
[0,30]™, with 8 > max(T, Ly,...,L,). This is not optimal and just for convenience
of notation; what truly matters for the interior Harnack inequality is that the
domain of definition is strictly larger than a closed periodicity cell, as expressed
in the preceding statement. We leave the necessary correction of the proof of
Proposition [2.4] as an exercise for interested readers.

Proposition 3.3. Let ) C R™ be a nonempty open connected set such that there
exists xo € Q satisfying [xo, xo + L] C Q. Then the generalized principal eigenvalue
A1(Q) can be characterized as:

A (@) = masx win it (122,

ueC!? (RxQ,(0,00))NC (Rx Q) (€[N]RxQ Uy

t—per

Proof. Testing @ against a generalized principal eigenfunction (whose existence is
guaranteed by Proposition [3.2)), we directly find

A (Q) < sup min inf ((Qu)> .

ueCH? | (RxQ,(0,00))NC! (Rx ) FENIEX A Ui

Next we assume by contradiction that the above inequality is actually strict.
Then there exists 1 > A1(Q) and a test function u such that Qu > pu. This
contradicts the definition of A; ().

Finally, the existence of a generalized principal eigenfunction shows that the
supremum is in fact a maximum, as in the statement. O

3.1.2. The family of periodic principal eigenvalues A1 .. For any z € R™, the exis-
tence and uniqueness of the eigenpair (A1 ,,u,), up to multiplication of the eigen-
function by a constant, follows from the Krein—Rutman theorem. We do not detail
the proof of this claim.

Proposition 3.4. Let z € R™. Then the periodic principal eigenvalue A1 . can be
characterized as:

(8) ALz = max min min <(Qzu)’> 7

’ ueCl2 (RxR™,(0,00)) {€[N] Oy, Uj
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u):
(9) A1z = min max max ((Qz)l> .
ueCy (RXR™,(0,00)) ¢€[N] Qe Ui
Proof. We prove only the max—min characterization, the min—max one being proved
quite similarly.
Using the existence of the periodic principal eigenfunction u,, we immediately

obtain
u)s
Az < sup min min ((Q'z)l> .
ueCl2(RxR",(0,00)) ‘€] Qper Us

Next we assume by contradiction that the above inequality is actually strict.
Then there exists a test function u € CL2(R x R",(0,00)) and a real number
1> Aq such that Q.u > pu. Let

k*=inf{xk >0 | ku—u, > 0}.

Applying the strong maximum principle to k*u — u,, just as in the proof of Propo-
sition 3.1} we find a contradiction.

Finally, the existence of u, shows that the supremum is in fact a maximum, as
in the statement. [

3.1.3. Concave dependence on z and L. In order to show later on that A\; =
max,crn A,, we need to establish first the strict concavity of z — A,. Since the
proof of Theorem on the concavity of L — X, (L) is quite similar, we prove the
two results directly together.

Proposition 3.5. Let 21,25 € R™.
Let

[0,1]
(Lls]), o € (CHZ7(R x R, RYXN))

per
a family of matrices satisfymg and such that, for all (t,z) € R xR"™ and
i€ [N],
(1) s 1;i[s](t,x) is convex;
(2) for all j € [N|\{i}, s = l; j[s](t,x) is either identically zero or log-convex.
For all s € [0,1], denote

Q[S] = C_(1—5)z1—522 (dlag(Pl) - L[S])€(175)21+3z2

and A[s] = A per(Q]S]) the associated periodic principal eigenvalue.
Then s € [0,1] — A[s] is affine or strictly concave and it is affine if and only if
the following conditions are satisfied:
(Cond. 1) z = zo;
(Cond. 2) there exist a constant vector b > 0, a function ¢ € Cper(R x R™, (0, 00))
and a function £ € Cper(R,RY) satisfying fOTf € span(1l) such that the
entries of L have the form.:

Lisls] s () 1i,i[0](t, z) — s fi(t) ,, ) Fizi
i, -\t lz,j[o](tVT) (Cq(bt],;c)> es(fo fi—% j‘o fJ) Zfl ?é]

Furthermore, if, in addition, L[0](t, x) is irreducible at all (t,z) € R x R", then

in the above equivalence, [(Cond. 2)| can be replaced by:
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(Cond. 2-1) there exist a constant vector b > 0 and a function f € Cper(R,RY) satis-
fying fOTf € span(1) such that the entries of L have the form:

Liil0)(t, @) = sfi() ifi=j,
g0l o) (1) e U i

i

Lijls] : (t,x) —

Proof. We divide the proof into four steps: the concavity of s — A[s], the alternative
between affinity or strict concavity, the characterization of the affinity case, and the
characterization of ¢ under the additional pointwise irreducibility assumption.

Step 1: concavity. Fix s € [Q, 1], set z = (1 — 8)z1 + 822 and, for all (¢,z) € R x R™,
define the auxiliary matrix L[s](¢, ) whose entries are:

i (= al0(t) + slial(t) i = j
bialsl(t ) = {(zm 0(ta) = ()b e)* i

(with 0° = 0 by convention). By construction, and by our convexity assumptions,
L[s] < L[s] in R x R™. Hence, as a direct consequence of the min—max/max—min
characterizations of the periodic principal eigenvalue of Proposition we get:

(10) Als] = Arper(Q[s]),
where Q[s] = QJs] + L[s] — L[s].
Recall the notation e : # — ¢* and note that, by definition of QJs],

(Qlsl(e—zw), _ Piwi = (M), o e CH2(R x R", (0, 00)).

e_,U; U;

Hence there is a bijection between space-time periodic eigenfunctions of Q[s] and
time periodic eigenfunctions of diag(P) — L[s] whose product with e, is space
periodic.

Let u = )\17per(Q[O]), v = )\17per(Q[1]) and e_,, u, e_,, v two respectively asso-
ciated space-time periodic positive eigenfunctions:

Q0](e—zyu) = pe—zu,  Q[lf(e—,v) = ve_.,v,

or else . .
diag(P)u — L[0]Ju = pu, diag(P)v — L[1]v = vv.
Define w = (u%_svf)ie[m. Since e_,w; = (e_,,u;)'7%(e_.,v;)® for all i € [N],

e_,W is space-time periodic and therefore we can use it as test function for Q[s]
Following Nadin [54] for the expansion of the P; part and using the uniform ellip-

ticity assumption we find:
Piw; — L i iUi iU i i i i
w; — (Ls]w), :(1—3)7?1% +s7’v +s(1—s) (Vu W ) A, (Vu B Vv)

w; U; Vi U Ui Usg Ui

7 7 1 T —s(7 s

= (1= 8)liil0] = slia[1] = — > (Fy[00uy) el s (1))

Je[NN{s}
> (17 )P1u1 + szz

U; (]
- 1 -

— (1= 8)li3[0] = sli[1] — — (li,100uy) > (L 5 [1]wy)°

w; .
JEINN\{I}
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Following Nussbaum [58] and using the Holder inequality, the equalities satisfied
by u and v and the inequality between arithmetic and geometric means, we get

(Q[s](e,zw)),

(11) t>(1—s)p+sv forallie[N],

and, eventually, the max—min characterization yields:
(12) A per(Qls]) = (1= s)p 4 s = (1= 8)A1 per (Q[0]) + 5A1 per (Q[1)).

Combining and and using the fact that Q[s] and Q[s] coincide at s = 0
and s = 1, we find indeed the claimed concavity:

(13) ALper(Q[s]) = (1 = 8) A1 per (Q[0]) + 5A1 per (Q[1])-

€_,W;

O

Step 2: affinity or strict concavity. Assume that s — A[s] is not strictly concave.
This means that there exists sg € [0, 1] such that is an equality at s = so.
The equality in at s = sg ir~nplies the equality in at s = so, which in
turn implies the equality L[sg] = L[so] in R x R™. Since all s — ;;[s](¢,z) are
linear and all s +— [, ;[s](t,z) are convex, l;;[s](t,z) < I;[s](t,2) together with

the equality at s = 0, s = so, s = 1 imply {;; = l;; identically for all ¢ € [N].
Similarly, {; ; = INM identically for all 4,5 € [N]. Hence, as functions of (s,t,x),
L = L identically in [0,1] x R x R™.

Similarly, the equality in at s = sg implies the equality in at s = s,
and then the max—min characterization (Proposition implies equality in
at s = sg for all 4 € [N] in R x R™. Then, this implies, for all ¢ € [N]:

e Vu;/u; = Vv;/v;, that is there exists a function a; of the variable ¢ only
such that u; (¢, z) = a;(t)vi (¢, z);

e for all j € [N]\{i}, there exists a positive function ¢; of ¢ and x such that
I j[0)u; = ¢ili ;[1]v; (equality in the Holder inequality);

o % —14[0] — p = % — I;i[1] — v (equality in the inequality between
geometric and arithmetic means).

Putting the two together, the equality in at s = sg implies:

(Cond. 1) L = L identically in [0,1] x R x R™;

(Cond. 2') there exists a function a; of the variable ¢ only such that u, (¢, z) = a;(¢)v; (¢, z);

(Cond. 3') for all j € [N]\{é}, there exists a positive function ¢; of ¢t and = such that
Li j[0]u; = cili;[1]vy; )

(COI’Id. 4’) 7);7:“ — lz,z[o] — U= 77;)7:)1 — lz)l[l} — V.

These four conditions do not depend on sy. Going back through Step 1, it
appears that under these conditions, all inequalities are equalities. Hence is an
equality at all s € [0, 1], or in other words s — A[s] is affine. It will be useful in the
next step to note that this argument precisely shows that |(Cond. 1")H(Cond. 4")|
are equivalent to the affinity of s — A[s].

O

Step 3: necessary and sufficient conditions for affinity. From Step 2, we know that
s+ A[s] is affine if and only if|(Cond. 1")H(Cond. 4")| Let us prove that this group
of conditions is equivalent to the group |(Cond. 1)H(Cond. 2)|
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Note first that without loss of generality, we can assume that u and v are uniquely
identified by the following normalizations:

[ur (0, Mcoe@nry =1L (010, )l o mn z) = 1.
To verify that |(Cond. 1)H(Cond. 2)| imply [(Cond. 1")H(Cond. 4’)| it suffices to

set
b; /t t/T
a; :t— —ex P — = il
B p<of T ), I

and to check % fOT fi=p—vand u=aov. Actually, it can be easily verified that
4 = a o v satisfies

T
Piu; — (L[0Jw); = <)‘1,per(Q[1]) - %/0 fi) ;.

Since e_,,v is space-time periodic, e_,, 1 = e_,,a o v is also space-time peri-
odic, whence by uniqueness A1 per(Q[1]) — 771 fOT fi = M per(Q[0]) and e_, 0 €
span(u,, ). This exactly proves the existence of C' > 0 such that Ca = u, and, in
view of the chosen normalizations on u and v, C' =1, or else 1 = u.

Now, we prove that |(Cond. 1")H(Cond. 4")[ imply [(Cond. 1)H(Cond. 2)} From
ui(t, ) = a;(t)v;(t, x), we deduce z; = z5 (recall that e_,,u and e_,,v are both

space-time periodic) and pu—" = PU—” + Z—/ The equality Pu“ — l~“[0] —u =
—1;4[1] — v reads o= 1; i[0] = I;.i[1] + p — v, or in other words there exists

b € RN such that

a; : t— b exp (/0 (l}vi[()](t/,x) — L1, z))dt’ + (p— l/)t) .

Pivi
P

This directly implies that f; = l~“[0] — l~“[1] does not depend on x. Moreover, the
positivity of both w; and v; implies b; > 0, the normalizations imply b; = 1, and
the time periodicity implies that f; is periodic with mean value v — y, independent
of 4.

a

Step 4: characterization of ¢ when L is pointwise irreducible. Assume|(Cond. 1)land
L[0] is pointwise irreducible in R x R™ and let us show that [(Cond. 2)|is equivalent
to[(Cond. 2 1)l The converse implication being obvious, we only have to prove that

(Cond. 2)|implies [(Cond. 2-I), In order to do so, we assume and prove

that a = c.
Rewriting the systems satisfied by u and v,

diag(P)u — L[0Ju — pu = 0, diag(P)v — L[1]v —vv =0,

and using the relation u(t,x) = a(t) o v(t,z) = diag(a(t))v(t, =), we deduce

A

diag(a — c)L[1]lv=0 in R x R",

where L[s] = L[s] — diag(l;i[s]) is the off-diagonal part of L[s]. Since L[0] is
pointwise irreducible and since the entries of L satisfy the special form of
L[s] is pointwise irreducible for all s € [0,1], and in particular at s = 1. Hence
L[1)(t, z) is a nonnegative irreducible matrix at any (¢, ) € Qper, and subsequently

i[l]v > 0 holds true pointwise and implies c(¢, z) = a(t) for all (¢,2) € RxR™”. O
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The proof of the theorem is complete. O

Remark 3.2. It may seem surprising that ¢ cannot be characterized when
and hold but L[0] is not pointwise irreducible, especially since pointwise
irreducible matrices are densﬂ in the set of admissible matrices (namely, matrices

in CSQE"S(R x R RVN*NY satisfying and .

As a matter of fact, we can construct a counter-example where L[0] is not point-
wise irreducible and c is not uniquely determined. This shows that the statement
of Proposition [3.5] is indeed sharp.

Let h € C° ., (R, R) be an even function such that:

hiorse) =1, hjrserss €10,1],  hjrysr/ =0,

and let L[0] be the matrix whose entries are all equal to h. Clearly, L[0] is smooth,
periodic and it satisfies and Let a be the time periodic positive function
constructed in the course of the proof and let € Cgg,(RxR™, R) be any nonnegative
nonzero function such that:

M)([0,T/3)u[2T/3,1)) % [0,L] = O-

By construction, hn = 0. Then holds true with ¢ = a if and only if it
holds true with ¢ = a + n1. Hence c is not uniquely determined.

Corollary 3.6. With the notations of Proposition if z1 # 22, then s € [0,1] —
A[s] is strictly concave. In particular, z — A1, is strictly concave.

Very minor adaptations of the proof of Proposition not detailed here, lead
to the following analogous result in the Dirichlet case [

Proposition 3.7. Let Q C R" be a nonempty, bounded, smooth, open, connected
set such that there exists xog € Q satisfying [xo, xo + L] C Q.
Let

[0,1]
(Lls]), o € (CHEI(R x Q,RYXM))
a family of matrices satisfying and such that, for all (t,z) € R x Q and
i€ [N],
(1) s = 1;;[s](t, z) is conve;
(2) for all j € [NI\{i}, s+ 1 ;[s](t,z) is either identically zero or log-convez.
Then s € [0,1] — A1 pir(€2, Q[s]), where Qls| is the operator Q with L re-

placed L[s], is affine or strictly concave and it is affine if and only if there exist
a constant vector b > 0, a function ¢ € Ci_per(R X £,(0,00)) and a function

f € C_per(R,RY) satisfying fOTf € span(1) such that the entries of L have the
form:

Lils] - (¢ Ll =sht) -~ #i=d
iglsl: (t,2) — zi,j[O](t,a:)(Ci(btj,m))ses(foff%fo 5) it

Furthermore, if, in addition, L[0](t,x) is irreducible at all (t,xz) € R x 2, then
it is affine if and only if there exist a constant vector b > 0 and a function f €

7 Just change L into L + elnyxn-
8The absence of z actually makes the proof shorter.
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Ci—per (R, RY) satisfying fOT f € span(1) such that the entries of L have the form:

Lig[0](t, @) = sfult) ifi=j,
li’j[O](t“’lﬁ) (%)Ses\fo (f5—1£) ZfZ ?é]

7

li,j[s] : (t, I) —

As a corollary, we obtain the concavity of A1 in arbitrary domains, namely The-

orem [[.41

Corollary 3.8. Let Q C R" be a nonempty open connected set such that there
exists xg € Q satisfying [z, o + L] C Q.
Let

(0,1]
(Lis]),epo € (CHEOR x Q,RVN))

per

a family of matrices satz’sfying and such that, for all (t,z) € R x Q and
i €[N],

(1) s~ 1;i[s|(t, ) is convex;

(2) for all j € [N\{i}, s+ 1 ;[s](t,z) is either identically zero or log-convez.

Then the mapping s € [0,1] — A1 (R, Q[s]), where Q[s] is the operator Q with
L replaced Lls], is concave.

Proof. Just as in the proof of Proposition we work with a sequence (Q)ren of
smooth, bounded, nonempty, open, connected subsets of {2 such that

[zo,20+ L] C 1, % C yr, [ JUu=0
keN
By virtue of Proposition[3.7) all s € [0,1] — A1 pir (€%, Q[s]) are concave. By virtue
of Proposition 3.2 A1,pir(Q, Q[s]) = A1(€2, Q[s]) as k — +oo, for all s € [0, 1].
The pointwise convergence of a sequence of concave functions on the compact
set [0,1] is automatically improved as uniform convergence in [0, 1], and the limit
is concave on [0, 1] as well. This ends the proof. O

Remark 3.3. We will establish in the next section that A\; = max,cgn A,. However,
the maximum of a family of concave functions is in general not a concave function
itself, so that this identity cannot be used to prove the concavity of ;.

3.1.4. Relations between A1, X} and \,.

Proposition 3.9. There exists z € R™ such that e u, is a generalized principal
eigenfunction of Q associated with A1 and A\ = Ay ..

Proof. From Proposition [3.2] there exists a generalized principal eigenfunction u €
CH2(R x R™, (0, 00)) associated with ;.

We first prove that there exists z; € R and a new generalized principal eigen-
function u' such that (¢,z) + e~*%1ul(¢, x) is Li-periodic with respect to z;.

Define the translation 7 : x € R" + x + Lie;, where e; = (01a)ac[n], and
denote u” : (t,2) — u(t, 7(x)) and v = (u /u;),c [y} By virtue of the fully coupled
Harnack inequality of Proposition and periodicity of the coefficients of Q, v is
globally bounded. Let

z1 =L n (max sup vi(t,x)> .

i€[N] (¢,2)eRx R
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Recalling that u and consequently v are time periodic, there exists i € [N] and
(tk, 2k)pen € ([0,T] x R™)N such that vs(ty,z,) — €71 as k — +oo. Moreover,
there exists (yx);cy such that, for all ¥ € N, 2 —yp € [1Z x --- x L,Z. Up to
extraction, we assume that (tx, yr) = (toos Yoo) € Dper-

Now, define, for all k € N,

1

ag: (t,x) —» ——
(’ ) U;(tk,xk)

u(t + tx, z + xp),

ay : (t,z) = g (¢, 7(2)),
wy o (tz) = e lray — aj,

Once more by virtue of the Harnack inequality and the periodicity of the coef-
ficients of Q, ({ix),cy is globally bounded. By periodicity of the coefficients of Q,
it satisfies:

Ot +tg,x + yp)x(t,x) = Mg(t,z) for all (t,z) e RxR", ke N.

Therefore, by classical regularity estimates [47], (1ix),cy converges up to a diagonal

extraction to Ui € Ctl’_zpcr(]R x R™, [0, 00)) which satisfies:

Ot + too, T+ Yoo )Uoo(t, ) = MU (t,z) for all (¢,2) € R x R”,
or else:
Qt, 2)loo (t — tooy T — Yoo) = MUoo(t — too, T — Yoo) for all (£,z) € R x R™.

Moreover, ﬁg,oo(O, 0) = 1, whence i, is nonzero. By the strong maximum principle
(¢f. Proposition , it is in fact positive.

We can now extend the family (wy) in NU {oo} with wo, = e*1F1i,, — 0.
Since, for all k € N,

Wy = U 0 (ezlLll - Vk) ,  where vy : (t,2) = v(t + g, x + 1),

we deduce by definition of z; that wo > 0 with w; __(0,0) = 0. Moreover, W,
satisfies the same equation than ti,. Therefore, by virtue of the strong maximum
principle, wo, is the zero function. This exactly means that e*1 L1, = a7 .

It is now clear that u' : (t,2) — s (t — too, T — Yoo ) is positive, time periodic, a
solution of Qu'! = \ju!, and that the function (¢,2) + e~ ***1ul(t,2) Li-periodic
with respect to x1. The first part of the proof is done.

Next, we iterate this construction, replacing u by u', in order to obtain a new
generalized principal eigenfunction u? such that (¢, z) — e=*1%1e=2*2%2u(¢, x) is L;-
periodic with respect to x; and Lo-periodic with respect to xs. Iterating again, we
finally obtain z € R™ and u”™ € Ctl’_QPer(]R xR™, (0,00)) such that u™ is a generalized
principal eigenfunction associated with A; and such that e_,u" is space periodic.
The uniqueness of the eigenpair (A »,u,), up to multiplication of u, by a constant,
yields finally A; = A; , and e_,u" € span(u,). O

Corollary 3.10. The generalized principal eigenvalue A1 satisfies:

(14) A1 = max )‘1’2

zER™

and there exists a unique z € R™ such that A\ = A1 .
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Proof. Proposition @ already shows that A; is in the image of z — X;. and
Corollary already shows that z — A; , is strictly concave. Thus it only remains
to show A1 > sup,cgn A1,.. This is actually obvious, since the equality Q(e.u,) =
A1,2€,u, (which is just the definition of the eigenpair (A1 ., u,)) directly implies, in
view of the definition of Aq, the inequality A; > A; .. O

Remark 3.4. Let
E = {)\ eR|Juec?  (RxR" (0,00)) Qu= )\u}

t—per

and denote A C R the image of z € R™ +— A; .. From the equality Qe u, =
A1.e.u;, the following set inclusions hold true:

ACEC{AGR\EIuGCLQ (R x R", (0, 00)) Quz)\u}.

t—per

By strict concavity, A = (—oo, max A; |, and since A\; = max A1, is by definition
the supremum of the larger set above, all inclusions above are actually set equalities.

This shows in particular that the set E of eigenvalues of Q acting on the set
Ctl’_zper(R x R™ (0,00)) is (—00, A1]. This is of course in striking contrast with the
case of smooth bounded domains, where the Krein—-Rutman theorem can be applied
and the principal eigenvalue is unique. For the same result in the elliptic case with
general spatial heterogeneities, refer to Berestycki-Rossi |14, Theorem 1.4] (scalar
setting) and Arapostathis—Biswas—Pradhan [8 Theorem 1.2] (cooperative vector

setting).
Proposition 3.11. The generalized principal eigenvalue N| satisfies:
(15) A = Aio.

Proof. Since uy = egug is globally bounded, we can use it as test function in the
definition of A} and obtain A] < Aq .

Now, we assume by contradiction that this inequality is actually strict, so that by
definition of A}, there exists u € (A}, \1,0) and u € W n Ctlfper(R x R™, (0, 00))
such that Qu < pu.

We can now define

k*=inf{xk >0 | kug —u>> 0}

and study the sign of v = k*ug — u. This function satisfies

Qv = (A1,0 — p)r*ug + pv,
is time periodic and nonnegative, and by optimality there exists ((tx,Zr))pcy €
([0,7] x R")" and i € [N] such that

vi(tk, k) =0 as k — 4oo.

Define
vi: (t,z) = v(t+tg,x + k) forall k € [N].

By standard regularity estimates [47], (vi), <y converges up to a diagonal extraction

to a function vo, € LN Ctl’_zper(R x R™, [0, 00)) which satisfies v;,0,(0,0) = 0 and

(Q — Voo > (A1,0 — )™ min min (ug,) 1 > 0.
i€[N]Q

per

By virtue of the strong maximum principle (¢f. Proposition [2.1]), vo, = 0, but then
this contradicts the preceding inequality. This ends the proof. [
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Remark 3.5. The pair of equalities A\ = max,ern A1, and A] = A1 together
with the concavity of z — A; . means in particular that the equality A\; = A is
equivalent to the evenness of z — \; .. The scalar counter-example with constant
coeflicients Q = 0y — 02 + q0; — I shows that both outcomes are possible, since
M, = z(g—z)—lis evenin z if and only if ¢ = 0. Identifying precise conditions for
evenness becomes then one of our main goals. A very recent contribution by Griette
and Matano [37, Proposition 4.1] shows that in the vector setting, the absence of
advection is not enough.
Their two-dimensional counter-example in one-dimensional space is:

. . a1 Tl_ép é(l—p)
o= (i (2)0) - ("3 140%)

with ay, ag, 1, 2 and p periodic functions of . As & — 0, locally uniformly with
respect to z,

)‘I’Z(Q) — A1z (_am(aam) +q0, — (7" - ql))
with
a=(1-pai+pay, r=(1-p)ri+pr2, q=(a1—az)p.

Under the condition fOLl q/a # 0, the limit is not even [37, Appendix A], whence
A1,.(Q) is also not even when ¢ is sufficiently small. For more details, we refer
to [37].

Finally, using the cooperativity assumption (A )| the min—max characterization

of Proposition the equalities A\; = max A; , and A} = Ao of Corollary and
Proposition respectively, and the corresponding scalar results [54], we deduce

the following corollary which relates the generalized principal eigenvalues of the
operator Q to the generalized principal eigenvalues of the scalar operators P; —1; ;.

Corollary 3.12. For all z € R,

M2 (Q) < erel[% A,z (Pi = lig).

Consequently,

Al(Q) S max /\1(731 — l,ﬂ') and /\ll(Q) S max )\/1 (,Pz — li,i)~
i€[N] i€[N]

Rougher but explicit estimates can subsequently be derived by considering con-
stant test functions in the min-max characterization of A1 .(P; — l;;):

1/2
n n
Az (Pi—lii) <l — ‘ nax, |Aiy|‘ |2f* - Z Z 0o 40517 121 = laillll=l,
a=1 ||5=1
where L is defined in [(A2)| and the notation || - || refers to the norm in the space

L£2(R x R™, R).

3.2. Dependence with respect to the coefficients. Proposition already
proves Theorem [I.3] Below, we prove the remaining theorems on coefficient depen-
dence.
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3.2.1. Asymptotic dependence. We begin with the proof of Theorem [I.5] whose
statement is recalled below.

Proposition 3.13. Let L® € Cgéf’5(R x R", RVN>*NY) be a block upper triangular
essentially nonnegative matriz. Let N' € [N] and (Ny)pen/—1] such that

N0:O<1SN1§N2S"'§NN/_1§NN/:N
and such that
A
(15.3) G eI\ Nk -1))2
is the k-th diagonal block of LA (with the convention [0] = (). Assume

t,2)EQper

( max lﬁ-(t,x)) is irreducible for all k € [N'].
( () €N\ [Ni-1])2

Let

Qi = diag(Pi)ie[Nk]\[Nk_l] — (liA,j)(i,j)e([Nk]\[Nk_l])? forall k € [N/]

Then, as L — L® in COLZ° (R x R?, RN <N

M2(Q) — min A\ ,(Qk) forall ze R,
ke[N']

A1(Q) — max min A\ ,(Q) < min A\ (Qy).
z€ER™ kE[N'] ke[N']

Proof. Step 1: the special case z=0. Let (L,)pen be a sequence of matrices sat-
isfying and that converges to L” in Cgéf’é(R x R R¥*N) " Denote

Q, = diag(P;) — L, and Qy. , = diag(Pi)sc (v \(Ne_1] — Up.ig) (6.5) € [N\ [N 1])2 -
Since

0<L,<|{sup max [,;;(t,z)]|,
PEN (¢,2)€Qper

we can derive from the max—min and min—max characterizations of Aj(L,) (cf.

Proposition [3.4) uniform bounds on (Aj(Ly)),cy. Therefore up to extraction this

sequence converges to a limit A € R. Similarly, up to extraction, the associated

generalized principal eigenfunction u, € CL.2(R x R", (0, 00)) with normalization

per
[u,(0,0)] = 1 converges to a nonnegative nonzero limit u € C}2(R x R", [0, 00))
satisfying the same normalization and satisfying
diag(P;)u — L%u = \u.
Note that for each k € [N'],
A
Qe (Ui)ie N\ [Ne—1] = MUi)ic[N\[Ny_1] T Z L i

7€Mk LN\ i€ [N\ [Nia]

> A(ui)iE[Nk]\[Nk—l]'

Therefore, from the strong maximum principle of Proposition either (u;)ie[Ny\[Ne_1] =
0 or (u;)ie[N\[Nx_1] > 0. Forall k& € [N'] such that (u;)ie[n,\[v,_,] > 0, it follows

from the characterization of A1 per(Qx) (¢f Proposition that A < A\ per(Qk).

Since u is nonzero, there exists at least one such k. Let I C [N'] be the set of all

such k and let J = [N']\I.
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If N’ € I, then from the special block upper triangular form of @, A = X\ (Qn-).
Otherwise, there exists k € [N’ — 1] N I. It follows then from a classical inductive
argument that there exists indeed k € [N'] such that A = N[ (Qy).

Now, assume by contradiction that there exists & € [N'] such that A > M| (Qy/).
Let n = A — M (Qy) > 0. Let uy be a periodic principal eigenfunction associated
with A1 per(Qx). Let u be defined as

. = UK =Ny if i € [N ]\[Ni 1],
- 0 otherwise.

Then, for all i € [N],

(Qrrp — Lr)u)i + N (L), if i € [N ]\[Ner—1],
(Qpu); = ¢ — Z lp’i,jgj otherwise.
JE[N N\ Ny _4]

On one hand,

- Z lm,]@j S 0= u, for all 4 ¢ [Nk/]\[Nk/_l].
JEN N[Ny _4]
On the other hand, by convergence of L,, and the Harnack inequality of Proposition

applied to the fully coupled operator Qj/, we can assume that p € N is so large
that, for all ¢ € [Ng/]\[ Nk 1],

((Qurp — Q)W) = (i — Li)w)i < Ju,

A

A
where Ly p = (Ip,i.3) (i jye (v (v, )2 20d Ly = <li,j . Hence

>(ixj)e([Nk’]\[Nk’—1])2

Qu= (M(Qw)+2)u=(r-1)u

If \1(Qp) > A — 3, then we can study ~*u, — u with

m[ax} max__ u;(t,x)

EINT (t,0)€Qper

P : ( z) P >0
min  min  u,;(t, )
1€[N] (t,2)€Qper

and, by full coupling of Q,, deduce a contradiction from the strong maximum
principle. Hence A\1(Q,) < A — Z. But now, assuming in addition that p is so
large that A\1(Q,) > A — 3, we find a contradiction. Therefore, for all &' € [N'],
A < N (Qy), or in other words:

A< min N (Qp).

= e[V 1(Qw)
Combining this with A = A (Q}), we deduce that the preceding inequality is an
equality.
This argument shows that any convergent subsequence of the sequence (X} (Ly)) oy

converges to minge(n/) A1(Qx). The conclusion follows. O
Step 2: the general case z € R™. In view of
A2 (Q) = N(Q2) = N\ (Q — diag ((AZ + AlT)z V42 -Az+V-(4;2)—q;- z)) ,

in order to prove the convergence of \; ., for any z € R", we only have to apply the
preceding step to the operator Q.. [
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Step 3: convergence of A1 = max,ern A1 5. Since all z — Ay .(Q,), p € N, are con-
cave, the pointwise convergence is automatically improved to locally uniform con-
vergence.

On one hand, recall from Corollary the estimate, valid for all p € N,

1/2
n n
A12(Qp) < max 11,55 — || max, [Aiy] 22 =D 1D 10aAL sl 12l = lllalll2]
a=1||p=1
where the notation || - || refers to the norm in £L2°(R x R™ R). It follows from the

ellipticity assumption [(A;)|that there exist A > 0, B > 0 and C € R, independent
of p, such that

M2(9Q,) < —Alz]2 = Blz| - C forallpeN.

On the other hand, for all p € N, A\1(Q,) > M (Q,). In particular, \;(Q,) >
inf,en A (Qp) and this lower bound is finite by virtue of Step 1 above.

Consequently, for all p € N, the point z, where the maximum is achieved (which
is indeed uniquely defined, cf. Corollary is necessarily in the set Z defined as:

Z = {z €R" | inf \(Q,) < —Al|z|*> — B|z| — C}.
pEN

This set is compact.
To conclude, from the already established equality:

P A1z(Qp) = min Ar-(Qr),

and from the uniform convergence in Z and the concavity in R™, we deduce

pgrﬁx A(Qp) = lim max\ .(Qp)

p—+o0 2672

= el M)

=max lim A .(Q,)

z€R™ p—+o00

= max min A\ .(Q
zER™ kE[N'] Z( k)

Finally, from the inequality A1 ,(Qx) < A1(Qy) for all k and z, it follows that
min Ay . (Qx) < klél[i]\lll,] A (L),

ke[N']
whence
A,z < A
Eé%’ikgl[%l,] 1,2(2w) gﬂ{} 1(Qk)-
O
This ends the proof. |

Remark 3.6. We will use repeatedly the arguments of Step 2 and Step 3 above in
what follows, in order to deduce the convergence of A; , and A; when the conver-
gence of \] has been established.

Note however that the estimate A1 .(Q) < —A|z|*> — B|z| — C with A > 0 and
B > 0 becomes useless when the diffusion matrices A; vanish. This is consistent
with the fact that, in Theorem the convergence of \; is in general false.
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Remark 3.7. The inequality max.ecgn mingeng A1,.(Qxr) < mingen A1(Qx) is
strict in some cases. Consider for instance the following space-time homogeneous,
one-dimensional, two-component counter-example:

_ T Opuy — Opgun o
Q = Q. = diag ((&uz — Opzun + 20,ug — 1)) —€ ( 1 —1) )

where ¢ > 0. The operator is diagonal if € = 0. The two scalar operators on the
diagonal, Q1 = 0; — 0,y and Qs = 0y — Opy + 20, — 1, satisfy A1 ,(Q1) = —2? and
A1 2(Q2) = —(2 — 1)%. In particular, A\;(Q1) = A\;(Q2) = 0. However, the function
z — min(—22%, —(z — 1)?) coincides with

—(2—-1)? ifz<1/2,
Z
e if z>1/2,

whose maximal value is —1/4 < 0, which is attained at 1/2.

Below, 6 € (0,1) and L € Cgéf"s(R x R™", RN*N) gatisfying and are
fixed and we prove Theorem [1.6| on vanishing diffusion and advection rates.

Recall from the statement of Theorem the definition of the following sets,
parametrized by € > 0:

D. = {A €CHUPPR xR R™™) | A=AT0< min y- Ay, max [ Aaslessmxrn) < 62} )

As = {q € GO R R™R) | [lal g, mxmm) <€

Note that (4, q) € D. x A. if and only if (¢72A4,e71q) € D; x A;. Recall also the
notation L(z) : ¢t — L(¢, z) for a fixed z € R™.

For any choice of ((Ai)ieny, (¢i)iciv)) € DY x AY and any z € R”, we denote
in this subsection

Az (7, (Adievys (@)ien)) = Ar,2(0r — diag(v?V - (A;V) —vg; - V) — L)
When the context is unambiguous, the notation Ay , (’y, (Ad)ierny, (qi)ie[N]) is short-

ened as Ay, (7). In the special case z = 0, we use the notations X; (7, (A:)ie(ns (¢i)ie[n])
or N (v) for short. Also, we denote

A (z) = N (0; — L(z)) for all z € R".

In general, is not sufficient for the full coupling of the operators of the family
(0t —L(x))ze[o,r]- The principal eigenvalue A} (x) can still be defined by continuous
extension, and it is a continuous function of x, however its eigenfunctions might
not be positive and unique up to a multiplicative constant. Up to replacing L by
L — (ming¢jo,z) A} (2))I and up to a spatial translation, we can assume without loss
of generality that

min Ai(z) = A1(0) = 0.

With these notations and simplifications, to prove Theorem is to prove that,
for any z € R™ and any small € > 0, there exists 7. > 0 such that, for any v € (0, 7¢]
and any ((4;)ie(n, (¢:)iev)) € DY x AY,

—e <A1 2(7) = Az (7, (Ad)ieiny, (@i)ievy) < e
This is what we will prove. Due to the default of full coupling, some care will be
needed. Before starting, we reduce the problem further and introduce some useful
quantities.
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By virtue of the Holder continuity of L, there exists a constant K > 0 that
depends only on L such that
Lij(tx) =i j(ta")| < K|z —2')°.
Zr]nea[%] (t,m,x’)e[o,nTl]axX[O,L]x[o,L} |lij(t, @) — i (t,2")] < Ko — 2|

Up to increasing K in a way that depends only on n, the following lemma holds.

Lemma 3.14. For all (A,q) € D1 x A4,
max max _(y-A(t,z)y) < K,

YES™ 1 (t,2) €N per
max Z |00Au p(t, z)| < K,
(t’I)GQpCr a,Be[n]

max max |A,g(tz)| < K,
a,BEN] (t,2)€Qper

max_|g(t,z)| < K.
(t,2)EQper

Proof. We only have to verify

sup max max (y-A(t,x)y) < +oo,
AeD; ¥ES" T (t,2)€Qper

which follows directly from
- A < 30 | el 3 [Aapt)llgs] | <0* max [1Aa sleg ey = 7
a=1 B=1 .Peln]
O

We are now in a position to prove Theorem in the special case z = 0, which
is the combination of the forthcoming Lemmas [3.15] and [3.16] Since, by definition
of A1z, A12(7) is the periodic principal eigenvalue of the operator

d—diag (Y’V - (AiV) — (@i — 29°Aiz) - V) —L—diag (v*z - iz +9°V - (Aiz) —yq; -

and since we are only interested in pointwise convergence with respect to z, the
general case z € R” is a straightforward consequence of the case z = 0 applied to
the operator above.

Lemma 3.15. There exists ¢g > 0 such that, for any € € (0,£¢), there exists
Ye1 > 0 such that, for any v € (0,7:1] and any ((Ai)ie[N], (qi)ie[N]) € DN x AV,
Ni() <e.

Proof. Up to a permutation of the lines of the system, we can assume without loss

of generality that there exists Ny € [N —1]U {0}, N € [N — Ny] such that:

e L(0) is a block upper triangular matrix (with only one block if N = N)
and the diagonal square block whose top left and bottom right entries are
INo+1,No+1(0) and Iy | 5 n, 4+ 5 (0) respectively, namely the block

L(0) : t € R (ligNo,t Mo (1, 0)) s jyerye € RVY,
is such that

max I; ; t,0
+€[0.7) +og+No ))(i,j)e[mz

is irreducible;
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e ), (9;,—L(0)) = 0 with periodic principal eigenfunction v € Cher(R, (0, +00) V).
By continuity, there exists Ry > 0 such that, for all z € B(0,2Ry),

max [; t,x
(te[o 5 +No.j+No (E; )>(i,j)e[1\7}2

is still irreducible.

Using Foldes—Polac¢ik’s Harnack inequality [30] (more precisely, a slight refine-
ment of it for time periodic solutions of time periodic systems fully coupled in the
time period [0,7T], proved exactly like Proposition and therefore not detailed
here), define
max max v;(t)
i€[N]t€[0,T]

min min v;(¢)
i€[N]t€[0,T]

Let g = R)2K N and fix from now on ¢ € (0, ).
Define

1
£ .9 _E_( € )3:
R= max{T>O|Kr r-n-g N7 O}
L R +3 +( %
T2 K \" 2KN/<L

Sy
71 = R ok NE)
Note that, by construction, Rv. 1 < Ro.
Fix ((Ai)ie(n)s (@i)iein)) € DY x A and v € (0,7:,1]. Denote
Q, =0 —diag(V - (4]V)) — ¢/ - V)iein) — Ly,
with A (t,z) = A;(t,vx), ¢/ (t, ) = q:i(t,yx), Ly (t,z) = L(t,yx) (these new func-
tions are all [0, T] x [0,y L]-periodic) and
L, : (t,z) = L(t,y2),

Q, =0 —diag(V - (A}, 5,V = @ v, - View) — L

In view of the definition of X} (refer to Proposition , in order to prove

M () < &, we only have to construct a positive bounded time periodic sub-solution
u satisfying @,u < eu. In fact, by comparison and full coupling of QﬁY in B(0, R),
the construction of a nonnegative bounded time periodic continuous u whose com-
ponents (w4 n,);ex) are positive in B(0, R) and zero outside and that satisfies

9, (u Ui Ny )ie[N] S €(Uign,)iey) 0 B(0, R) is sufficient. Indeed, considering a pe-
riodic principal eigenfunction v, associated with A} () and defining

K* = inf {Ii >0 | (K008 — Wiany )iy >0 IR x B(07R)} :

the function w = (K*vy,i4 Ny — Uit N, )ien Satisfies in R x B(0, R):

wa > R*M(’Y)(U'y,HNo)ie[N] + K Z Ly,i,jVy.j B s(gHN”)ie[m
FE[N],i—Nog[N] i—No€[N]

> N (y)w + (Ay = 5)(%‘+N0)¢e[1\7]7
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and subsequently A (v) > ¢ contradicts the strong maximum principle since Q,, is
fully coupled in R x B(0, R).
We look for a sub-solution of the form

. 0 ifi — No ¢ [N]’
u:(t,z)— {v(x)@i(t) if i — Ny € [N].

For any v € C2(B(0, R), [0, +00)),
Q. (v9) = (L, (0)~L, ) ¥diag (~V - (A7 V) + 4] - V), _y,c ¥ in [0.T]xB(0, R).
On one hand, for any v € C2(B(0, R), [0, +00)) and all (¢, z) € [0,T] x B(0, R),
v(@)(Ly (¢, 0) — Ly (¢, 2))9(t) = v(x)(L(t, 0) — L(t, 7)) ¥(t)

< %sv(m)\"/(t).

On the other hand, let n > 0 and v : @ + exp (ncos (F|x|)) — 1. For any i € [N]
and all (¢,z) € [0,T] x B(0, R)\{0},

__nm T -
Vole) =~ g sin (el ) (o) + 1)
P sin (5 |gc|)2
-V (A]Vv) (t,x) =— 2k (v(z) + 1)z - A} (t,2)z
16 R* 4R2| x|?
2
nm z
1)-— il
+ 1 oo (3phl) @) + 0 | AT o)
™ i Zp
I in (= 1 WAL (t,yz) ZE
+ oz sin (g lal) (v(2) + wa;a balt)
2 gin (E
nm? sin (F5|x ) < xa;pﬁ)
+ i (@) +1) Y AL 3
4R2 ﬁ' aﬁzl |.’IJ|2
so that, denoting
A= min min min y-A;(t,x)y >0,
P€[N]yeS™ 1 (t.2)eQper
we find
Amy|z|> 7K Kn
_V - Y < nl _= n
V- (A]Vv) (t,z) < 2R(v(x)+1)< iR + 5R + 7.1 K+ 7

and, by the discrete Cauchy—Schwarz inequality,

K
. <77L
g - Vv < 5R (v+1).
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Subsequently,

nm 2n+m A, o
(<7 (A790) ] - o) (1) < J(oto)+1) (K (P v 1) = Toglol ).

and, by continuity, this is also true at z = 0. If z € B(0, R/2),

2n+m
max (=V-(A'Vv)+¢q - Vo) (t,z <me’7K<
max (V- (A79) 4 q] - Vo) () € S (T

L e"K (n+ % +7.1R+ R)

SR exp(n/V2) -~ 1

+ 7571 + 1)

v(z).

If 2 € B(0, R)\B(0, R/2),

2n+m nmrA
—V - (A)V Y. V) (t ) < Ien/V2 (K 1) - =
iy TV AV Rl V) (he) < 5pe or ) T iR

and the right-hand side is negative provided n > 125\1?‘ (272”15” + Ve + 1). Hence,
in [0,7] x B(0, R),

K us R R
max_ (=V - (A)Vv) + ¢ - Vo) < -2 (n+%+7-1R+R)
i—No€[N] 2R exp(n/v2) — 1
Assuming now that 7 is indeed large enough and using the definitions of v, ; and
R, we obtain

en/vV2 1

1
max _(=V-(A4]Vv) +¢] -Vv) < -ev in[0,T] x B(0, R).
m™em  i—Nye[N] 2

n/v2
Therefore, replacing v by € ]7/T 2; Ly and extending continuously the function v as
ne

the zero function outside of B(0, R), @, (v¥) < ev¥ in R x B(0, R) with vv = 0 on
R x R™\B(0, R). This ends the proof. |

Lemma 3.16. Let ¢ > 0. There exists ve,2 > 0 such that, for any v € (0,7.,2] and
any ((Ai)ien, (¢)ien)) € DY x AY,
Ai(v) = —e.

Proof. Since, for any v > 0, ((Ai)ie[N], (qi)ie[N]) € DY x AN, v > 0, the generalized
principal eigenvalue A} of the operator Q. — v1yyn satisfies, by monotonicity of
the generalized principal eigenvalue,

)\Il(Q»Y - V1N><N) < )‘/1(Q’Y)v

it suffices to prove the result in the case where L is replaced by L, = L + vlyxn
for an appropriately small v € (0,1), which is what we do below.

By pointwise irreducibility of L, we can define a continuous and space periodic
function W which associates with (¢,2) € R x R™ the evaluation at ¢ of the unique
periodic principal eigenfunction v|[xz] of the operator 9; —L, () satisfying in addition
the normalization

max max v[z);(t) = 1.
1€[N] t€[0,T]

Note that, by virtue of the Harnack inequality of Proposition and of the a priori
bounds

— i in X (9, — L, < N(0, — L, ,
S 2 O T B = I MO T ) < e
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there exists a constant %,, independent of x € R™, such that

1 . .
— < min min v[z];(t).
Ry i€[N] (t,2)EQper
Note however that K, — +00 as v — 0, so that we truly need v > 0 in what follows.
Fix € > 0. Assume from now on that v > 0 is fixed and so small that
€
in X\ (0, — L, > ——.
i (0 = Lo (y2)) 2 —¢
By a classical regularization procedure taking advantage of the fact that %, > 0
(refer to Bai-He [10, Lemma 4.3] for details), there exists a C1.2 approximation u.

per
of U satisfying, for some constant K. > 0, for all (¢,2) € R x R",

B (t, ) > dyv]z](t) — gﬁg(t,x),

—L,(t, 2)uc(t,2) > —Ly,(t, 2)v[z](t) — gﬁs(m)?
o o - .
3in 2100~ L(@)vlal(t) 2 iyl 201 — L (2))Te(t,2) - Te(t,2)

(1Vae,i(t,2))) ey € Kee(t, ),

Z |aa5ﬂ5>i(t7$)| < Ksﬁa(t,x).
o f€ln] 1€[N]
Define
€
Ve,2 maX{v >0 (2 +1)y2+v— SR 0}

1 4(n? 4+ 1)e
=—— | -1 14 - - 2=

2(n? +1) VY TSRR.

Fix ((Ai)iein)s (@i)iein)) € DY x AY, v € (0,7¢,2] and denote
Q. = Qy — vlyxn =0, — diag(y’V - (4;V) +7¢: - V) — L.
By definition of v, o,
(—7*V - (AiVe i) +7Gi - Vei)iepn) =7 (—7V - (AiVae i) + g, - Ve i) e (n)

> _’YEKKE('YE,QTF +Ye,2 + 1)ﬁ6

g__
2 _gua

so that, for all (¢,z) € R x R™, using the assumptions on U,
) )

Q. u.(t,x) > Opviz](t) — Ly (¢, z)v[z](t) — %ﬁg(t,x)
oy 3e_
> min X0~ L)V - T (.2)

> min A (0; — L, (x))u.(¢,z) — 4ggﬁs(t, x)

z€[0,L]
> —euc(t,x).
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By the min—max characterization of Propomtlonﬂ in order to prove i (@) >
—e¢, it is sufficient to prove that for any n < —e and any u € C ,10,00)) such
that @, ,u <nu, u=0.

Let n < —¢ and u € CL2(R,[0,00)) such that Q. ,u < nu. Since U, > 0, we
can define

per(

wta) o

K* = max max
i€[N] (t,z)ERXR" Ug ; (¢, T)

The function w = k*u] — u is nonnegative and periodic in R x R", satisfies
wi« (t*,2*) = 0 for some (i*,t*,2*) € [N] x [0,T] x [0, L], and satisfies

Q, ,W>—er* U, —nu > —ew  in R xR".

By the strong maximum principle of Proposition w =0 in R x R", or in other
words k*u, = u in R x R™. But then

0>(n+eu>9Q,, uteu=r"(Q,, U +cu.) >0

which implies that all inequalities are equalities. Recalling that n < —e, we deduce
u =0 (and k* = 0).
This ends the proof. [

We now prove Theorem [T.7]
Proposition 3.17. Let

1
(((A3), (gi))ierny (L)) : t = 7 ((Ai gi)ievy, L) (¢, 2)da
110, L]| Jjo.zy
and, for all d € (0,00), let Qq be the operator Q with (A;)ien) replaced by
(diAi)ie[N]'
Then

lim Al’per(gd) - )\1,per (at - <L>) .

minie[N] d;—+o0
Proof. Let d > 0 and uq be the periodic principal eigenfunction associated with
A (Q4) and normalized by
1
70, L]| Jape:

Multiplying (Qqua): — A\;(Qa)ud,; by ua,; and then integrating over e, we find
for each i € [N]:

lugl* =

di Vug,; - AiVug,; = /
Tper Dper

N
Vg

<( 5 T /\Q(Qd)> ug; + Zli,jud,iud,j> :

i=1
Since L >L >L,

—Apr(L) < A1(Qa) < —Apr(L),

(L might not be irreducible but its Perron—Frobenius eigenvalue is still well-defined
by continuous extension and it admits nonnnegative nonzero eigenvectors that can
be used as sub-solutions), whence there exists a constant K > 0 independent of d
such that

K
evy di

O<Z/ Vug,; - AVudl_mm
Qper i
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Let (ua) : t = gy Jio.oy Wa(t, 2)de and va = ug — (ug). By the Poincaré
inequality, there exists another constant K’ > 0 such that

N N

Z Vud7i . AiVud,i = Z V’Udﬂ' . Aindvi > K’ |Vd‘2.
i=1 [0,L] i=1 [0,L] [0,L]

Since the mean value in [0,7] of the nonnegative function on the left-hand side
converges to 0 as min;¢|y] d; — +00, so does the mean value in [0, 7] of f[O.L] [val?,
whence vq itself converges to 0 almost everywhere. '

Since, for each i € [N],

T
_ =
/0 (ua); = [0, Z]] /Q
1/2
< ([0, Z]))~V/2 ( / u>

N 1/2
< ([0, L]|)~*/2 (/Q Zu?m) =1,
per 4—1

{(ug); is bounded in £([0,T]) uniformly with respect to d.
Integrating Qqua = A} (Qa)ua over [0, L] and dividing by |[0, L]|, we find:

By (ua) = [0, 2] /[ , (ns(¥ - aua) + 0,2 /[ ,, () X (Qa) )

[0 [ diag(V - atua) + 0,11 [ Liua) +2(Qa) )
[0,L] [0,L]

o.z) ! /[ , (@(¥ 0) +T)va)

= (L)(ua) + \1(Qa)(ua) + |[0’L]|1/[ B ((diag(V - @) + L) va) -
0,

Recalling that the last term converges to 0 in £1([0,T]), we deduce that each
component of d;(ug) is bounded in £!([0,7]) uniformly with respect to d. Hence
each component of (uq) is bounded uniformly in W*'1([0,T]), and then via the
fundamental theorem of calculus it is bounded uniformly in £°°([0,T]), whence it
is bounded uniformly in the space of functions of bounded variation BV([0,T1).
By compactness of the embedding W'! < L1, each component of (ug) converges
up to extraction in £!([0,7]). Using the equation and assuming up to another
extraction that Aj(Qaq) — A € R, so does each component of 9;(uq). Denoting by
Uy the limit of (uq), we deduce that the limit of 9;(uq) is, in distributional sense,
the derivative of u, so that u., satisfies

Oy = (L)us + Aus  in (L£7°)(R).

Again by virtue of the fundamental theorem of calculus, each component of u.
is actually in £°°([0,T]), and now from the equation it appears that so does each
component of J;u,. Therefore uy, is in fact Lipschitz-continuous, and using again
the equation it is C!. Since it is periodic, nonnegative (by almost everywhere
convergence, up to another extraction) and nonzero (if on the contrary it was zero,
then ugq would converge to 0 almost everywhere and this would contradict the
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normalization on ug) and since the operator 9, — (L) is fully coupled in [0, 7] by
we deduce by uniqueness of the classical solution that

A= M per(0r — (L)
By uniqueness, the sequence (A} (Qd))dso has a unique closure point and thus:

lim )\&(Qd) = )\17per(at - <L>)

min;en] di——+00

O

Remark 3.8. Contrarily to what was claimed by Nadin in [54], the large diffusion
limit of the family (A1 ,).er» and of the generalized principal eigenvalue A\; cannot
be directly deduced from the above proof. Indeed, the large parameter d appears
in the zeroth order term of the operator Q. and makes the eigenvalue \; . blow-up
to —oo as mind; — +oo.

Remark 3.9. Contrarily to the scalar setting [54] or the special cases where 0; —L(x)
admits a space-time homogeneous periodic principal eigenfunction, it is in general
false that for systems without diffusion and advection, spatial average and periodic
principal eigenvalue commute, namely

A per(0r — (L)) # (2 = Aper (9 — L(2))).

In fact, even the inequality

Al,per(at —(L)) > mgﬁi}&] Al per (0r — L(2))

is false in general, as shown by the following very simple time-homogeneous one-
dimensional counter-example

if x €10,L1/2] + L1Z,
L:(t,z) —
ifxe [L1/2,L1] + L1 7Z.

— = O
_ O ==

In a time homogeneous setting,

Atper(0r — (L)) = —Apr((L)), xreIE(i)flL] Atper(0r — L(z)) = — :cIen[gfi] Apr (L()).
With the counter-example above, these two quantities turn out to be respectively
f% and —1: the averaged matrix has a larger Perron—Frobenius eigenvalue than
the matrix at any point in space. In other words, considering for instance the
operator J; — dA — L, the limit d — 0 of the periodic principal eigenvalue is larger
than the limit d — +o0o. This is in sharp contrast with the variational formula
of Theorem [I.12] which indicates a nondecreasing dependence on d but does not
apply here due to the asymmetry of L. Of course L in this counter-example is not
continuous and therefore does not satisfy however, any smooth sufficiently
precise approximation of L will give the same conclusion, by continuity of the
Perron—Frobenius eigenvalue. As a side result, this counter-example also shows that
the variational formula of Theorem does not hold if only (L) is symmetric,
namely if the pointwise symmetry assumption is replaced by an assumption of
symmetry on average.
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Now we turn to the proof of Theorem [I.9] Denoting by Q,, the operator Q with
0y replaced by wdy, we first prove the small frequency limit w — 0 in Proposition
[3:I8] then the high frequency one w — +o00 in Proposition [3.19]

Proposition 3.18. For all z € R™,

1 T
lim Ay +(Qu) = / M. (= diag(V - (A,()V) — g:(t) - V) — (1)) dt,

w—0
}}% M(Qu) = %/0 Ar (= diag(V - (A4;()V) — ¢;(t) - V) — L(¢)) dt,

where, with a slight abuse of notation, for all t € [0,T],
((Ai(?), qi(8))ieiny, L(D)) = @ = ((Ailt, 2), qi(t, @) )ieiny, Lt ).

Proof. 1t is sufficient to prove only the case z = 0, since we can deduce the general
case for Ay . by applying the result to the operator Q, and then we can deduce the
result for A\; by applying the same argument as in the proof of Proposition [3.13]
using Corollary and the strict concativity of z — Aq ;.

The proof requires two steps.

Step 1: the pointwise irreducibility of L can be assumed without loss of generality.
Assume the limit has been proved provided L(t, z) is irreducible at all (¢, z) € Qper.
Define

L:sel0, +oo)r—>L+(e -1) 1NxN—(e - 1L
Obviously, L(0) = L and, for all s € ( ) is irreducible at all (¢,z) €
Qper- Moreover, by virtue of Pr0p031t10ns . and . the periodic principal
eigenvalue \] (w s) associated with the operator
Q.. =woy —diag(V - (A;V) —¢; - V) — L(s)
is, as a function of s, continuous in [0, +00), decreasing in [0, +00), strictly concave
in [0, +00).
Let

K= inf lim A&@) — AL W)
we(0,1] s<1 s—1
s—1

By concavity, the one-sided derivatives of s +— M\ (w,s) are well-defined at any
s €[0,1], forallw € (0,1]. Thus K € (—o0,0) and, by monotonicity of s — A (w, s),
all functions s € [0,1] — Aj(w,s) are |K|-Lipschitz-continuous. Therefore the
family (s € [0,1] = A (w, 8)),e(0,1) IS equicontinuous. By virtue of the Arzela-
Ascoli theorem, it is relatively compact in C([0, 1]).

Let A € C([0,1]) be any closure point of the family as s — 0. Since we assumed
the pointwise convergence

v
}g% M(Qu.s) = T/o Ap (= diag(V - (A4i(1)V) — ai(t) - V) = L(s, 1)) dt,

w—0

it follows that A coincides in (0, 1] with

1 T
o T/O Mz (= diag(V - (Ai(D)V) = ¢i(1) - V) = L(s, 1)) dt.

By continuity of A and of the above function (due to Proposition [3.13)), they also
coincide at s = 0. Hence there is a unique closure point for the sequence, whence
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the whole family (s — A (w, 5)),,¢(0,1) converges uniformly to the above function as
w — 0. This implies the pointwise convergence at s = 0, and this ends the proof of
this step. O

In the following step we assume, without loss of generality, that L(¢, z) is indeed
irreducible at all (¢, z) € Qper.

Step 2: the proof in the pointwise irreducible case. Let w > 0, ¢ > 0 and
At = N (—diag(V - (A;(O)V) — qi(t) - V) = L(#)) .

By virtue of the pointwise irreducibility of L, which implies the full coupling of all
operators in the family

(—diag(V - (Ai(0)V) = qi(t) - V) = L(t)) e 10,77 -
the function A is continuous and periodic.

By positivity of the principal eigenfunction associated with A(¢) and by a regu-
larization procedure similar to that of Proposition | there exists v. € CL2(R x

per
R™,(0,00)) and K. > 0 satisfying in Qpe,:

fgvg + v < —diag(V - (A;V) —q; - V)v. — Lv,. < %vs + Avg,

—K.v. < 8tVa < K.v,,
so that - -
(fKEw —3 +)\) ve < 9, v < (KEer 5 + A) Ve

Provided w < 5 KE

(me+AN)ve < Quve < (e+A)ve

vt exp (i} (; /OT A(tHdt — /Ot A(t’)dtl))

which is positive, periodic and satisfies wv’ = (% fOT A — /\> v. Then

17 17
—c + —/ A ove <wv'v. +09, v, < | e+ —/ A ov,.
T Jo T Jo

Since wv'v, + vQ,v. = Q,(vv.), this shows that vv. can be used both as a
super-solution and as a sub-solution to derive the following inequalities:

Let

—/ A)dt —e < N(Qy) < /A t)dt + e.

This ends the proof. O
O

Remark 3.10. Proposition turns out to be surprisingly difficult to prove di-
rectly, i.e. without resorting to pointwise irreducible approximations of L.

The proof that we used in the pointwise irreducible case, which is a direct adap-
tation of the proof in the scalar case [48], cannot be applied to the general case,
since it uses the pointwise positivity of the mapping which associates with (¢, z)
the value at x of the principal eigenfunction of the elliptic problem at ¢. This prop-
erty is not satisfied in general. In fact, the following simple counter-example shows
that the aforementioned mapping might have components that oscillate between
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0 and a positive value and also components that are identically zero, despite the
full coupling of the parabolic problem. Consider the matrix L defined in {pe, as
follows:

01 1
sin(25¢) [0 0 1 if t € [0,7/2],
000
L(t,z) =
000
—sin(37t) [1 0 0] ifte[T/2,T).
010

It is indeed Holder-continuous (this is the only role of the sinusoidal prefactor), co-
operative and fully coupled, and its Perron—Frobenius eigenvectors are the periodic
principal eigenfunctions of the operator, say, —A — L(t). The Perron-Frobenius
eigenvector is, up to a multiplicative constant, (1,0,0)T in (0,7/2) and (0,0,1)T
in (T/2,T).

Another possible strategy of proof would be a time rescaling and a study of
the limiting parabolic problem, as in the proof of the vanishing viscosity limit in
the scalar case [54]. However, the idea of this strategy is to identify the limiting
problem as the principal elliptic problem at the time around which the rescaling
was performed, and this identification uses the fact that any nonnegative nonzero
eigenfunction of the elliptic operator is a principal eigenfunction. Again, this is
true if L is pointwise irreducible but not in general, as shown by the following
counter-example:

sin (22¢) (8 é) ift €10,7/3],
L(t,x) = q —sin (3%¢) <(2) (1)> if t € [T/3,2T/3],

32y [0 O .

sin (22¢) (1 o) if t € [27/3,T).

A third possibility would be to try to adapt the proof of the vanishing viscosity
limit in the present paper, ¢f. Lemmas [3.16] and [3.15] However the sub-solution
there was localized in space. The only nonnegative sub-solution satisfying v < Cv
and v = 0 at both ends of a time interval is zero. Moreover, any localized nonzero
sub-solution would likely fail to capture correctly the expected limit, which is an
average in time and therefore requires global knowledge.

Next we prove the limit w — +oc0.

Proposition 3.19. For all z € R,
lim A(Qu) = Aus (— diag(V - (4:V) — ;- V) - L),

lim \(Qu) = (- diag(V - (4iV) - ;- V) — L),

w—+00

where

. R e
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Proof. Similarly to the proof of Proposition [3.18] it is sufficient to prove only the
case z = 0.
Since L > L > L,

Hence there exists a sequence (wg)reny and Ao € R such that, as k — 400, wy —
+oo and A\ = M (Qu,) = Aoo-

Let uy, € C}2(R xR, (0,00)) be the unique generalized principal eigenfunction
associated with )\ satisfying the normalization fm lugl? = 1.

Multiplying (Qu,uk)i — Ak by u.i, integrating by parts over Qpe,, and us-
ing the Cauchy—-Schwarz inequality f@ Up, jUk,; < ||uk,j||£2(m)

uk_,iHEZ(@), we
obtain the uniform boundedness of (Vuy,;)ken in £2(Qper) for each i € [N], just as
in Nadin [54, Proof of Theorem 3.10].

Multiplying (Q., Uk): — Akuk,; by Opu ;, integrating by parts over m and using
the symmetry of each A;, we deduce that for each ¢ € [N],

N
1
Wk/ (Oyur.i)* = 5/ Vuk,r(atAiVUk,i)*/ (Qi'vuk,i)atuk,HrZ/ Ui juk, jOpug ;.
Qper Qper Qper j=1 Qper

By the Cauchy—Schwarz inequality, there exists Ky > 0, K5 > 0 and K3 > 0,
that only depends on £ bounds on (4;);c(n], (¢i)ie(nv] and L, such that, for each
i€ N,

(16) wk||8tuk7i|

2 < AlVuri|® + Bllowu ||| Vur il + CllOpun,;

)

where || - || denotes the norm in £2(Qpe,). Therefore, if M = supj,cy || Vug,i|, then
M < +o0 and X = |Oyug ;|| satisfies wp X2 — (BM + C)X — AM? < 0, whence

1
Ounill < 5— (BM +C+/(BM+C)?+ 4AM2wk) .
Wi

The bound on the right-hand side is uniformly bounded with respect to k£ € N and
actually converges to 0 as k — 4o00. Back to the estimate 7 we deduce that
lwr O ;|| is also uniformly bounded with respect to k € N.

Hence, for each i € [N], (uri)k, (Otk.i)k, (WeOiuk,:)r and (Vuyg ;) are all uni-
formly bounded in £%(Qper), with ||8tuk,i||£2(®) — 0 as well. Therefore, up to

extraction of a subsequence, uy, ; converges in L2 (Qper) to alimit uso i, Vug i, Oy i,
wiOpuy,; converge weakly in £2 (@) to limits Ve i, Ottiss,i, V; Tespectively. By
weak lower-semicontinuity of the norm in EQ(@), the convergence Oiuy; — 0
occurs in fact in the sense of the strong convergence in £2(Qper).

Let Gy : ¢ — % fOT uy(t,x)dt and vi = ug — 4. By the Poincaré inequality,
there exists a constant K > 0 such that, for each i € [N],

T T T
[ @ = [ 0wz x [ o,
0 0 0 7
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Since the mean value in [0, L] of the nonnegative function on the left-hand side
converges to 0, so does the mean value of the right-hand side. Also, since

1 7 1 7
[Tk, — Uoo,i :/ */ Uk, — */ Uoo,i
/[O,L] 0.2] | T Jo T Jo

1
< T K|Ulm — Uoo 4|

0L 1/2

for each i € [N], i, converges to u.. in £([0, L]). Similarly, for any test function

€ L3 (R),
/ (Vg — Vuse,i)p| < /7(Vukz — Vi,i)p|
[0,Z] per
so that Vg — Vu in £2,,(R™).

Integrating for k € N (Q,,, ug); — Agug,; in [0,T] and dividing by T', we deduce
1 T 1 /T 1 N T
0= ?V . /0 (A1Vuk,,) - ? /O (Qi . Vu;w;) + T ;/0 l¢7juk7j + )\ku;m

N
=V (AiV’l)k7i) —G; - Vg, + Z l@jﬂkd + /\kak,i
=1

1 T 17 1L [T
+ TV <A (szvk,1)> — T/O (Qi . Vvk,i) + ? ;/0 lmvk,j.

2

per(R™) and using the convergence of (vi)x to 0

Testing against a test function in C,
in £2(Qper) as well as the convergence of ({ig)x t0 Uso in £1(Qper), we deduce that

T — Uy () is a weak solution in the dual of 2., (R") of

diag(V - (A;V) — Gi - V)ueo + Ly + Auy, = 0.

(R™), or in other words
(;R”) By elliptic regularity [31], us € H}(R™) is

Ser(R™). Since u., is nonnegative and satisfies the

By density, this remains true with test functions in 7},

. . -1
U is a weak solution on H g,

in fact a classical solution, in C
normalization fﬂ lus|? = |[0, L]] fOT [us|? = 1, it is nonnegative nonzero, and
then positive by the maximum principle (the elliptic operator under consideration is
fully coupled in [0, L]), whence it is a generalized principal eigenfunction associated
with X, (— diag(V-(A4;V)—§;-V)—L). Thus A = X, (— diag(V-(4;V)—§-V)—L). As
a conclusion, the limit point of (Ag)gen is unique and therefore the whole sequence
converges. O

3.2.2. Explicit formulas for operators with space or time homogeneity. Recall the
notations A;, §;, L for the mean values in time, (A;), {g;}, (L) for the mean values

~ A

in space and (A;), (§;), (L) for the mean values in space-time.

Proposition 3.20. Let z € R™. If
(1) A1, ¢1 and L do not depend on x,
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(2) there exists a constant positive vector u € (0,00) such that u is a Perron—
Frobenius eigenvector of L(t) for all t € R,
(3) either z =0 or (A1,q1) = (A2,q2) = -+ = (AN, qn),
then
)\172 = —Z- 12112 + le cZ— )\PF(iJ)

Proof. First, writing the equality satisfied by u and taking the mean value in time,
we obtain fOT Apr(L(t))dt = App(L). Note that L is irreducible.

Next, let f:t— —z-A1(t)z+q1(t) - z— Apr(L(t)). By uniqueness of the periodic
principal eigenpair of Q, it suffices to verify that the space-independent function

t T
(t,z) — exp (—/0 fHat' + %/0 f> u

is a C12, periodic, positive eigenfunction of Q. associated with the eigenvalue

=+ foT f(t)dt. The continuity of ¢ — Apgr(L(t)) follows from m and the continuity
of the Perron—Frobenius eigenvalue as function of the entries of the matrix. O

Corollary 3.21. If

(1) A1, ¢1 and L do not depend on x,
(2) there exists a constant positive vector u € (0,00) such that u is a Perron—
Frobenius eigenvector of L(t) for allt € R,

then
A = =Apr(L).
Furthermore, if (A1,q1) = (A2,q2) = -+~ = (AN, qn), then Ay = N| if and only
if 41 = 0.

Remark 3.11. Although we do not know if the second condition in the statement is
truly optimal, we know that the first condition alone cannot be sufficient. Indeed,
simple counter-examples exist.

For instance, consider in dimension N = 2 the matrix

Lite <n(t —OT/2) ng)>

where 7 is the continuous T-periodic function that coincides on [0,7] with ¢ —
max (sin (%’Tt) ,0).

Even though L(t) is actually always reducible, its Perron-Frobenius eigenvalue,
understood as the continuous extension of the Perron—Frobenius eigenvalue to es-
sentially nonnegative matrices, is 0 for all ¢ € [0, 77, it is always a geometrically sim-
ple eigenvalue and its unit Perron—Frobenius eigenvector is (1,0)T in (0,7/2) and
(0,1)T in (T/2,T). The matrix L is symmetric and admits 1 as Perron-Frobenius
eigenvector and 1/7 as Perron—Frobenius eigenvalue.

Due to the uniqueness of the periodic principal eigenfunction and the symme-
tries of L, the periodic principal eigenfunction necessarily has the form u : ¢t —
(u(t),u(t — T/2))T. Moreover, we can choose to normalize it with u(0) = 1. Tt
follows that u satisfies:

’ t vy 2
u(t)e ™t =1 +/ e M sin (;#) u(t' —T/2)dt’ for all t € [0,7T/2],
0

u(t)e =112 — y(T/2) for all t € [T/2,T).
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Since u(t’ — T/2) = u(0) = 1 for all ¢’ € [0,7/2] by periodicity, the first equality
is simplified as u(t) = et + fg et (=) gip (22t') dt’. This gives an expression for
u(T/2). Plugging this expression in the second equality and rewriting the period-
icity condition w(7T") = u(0), we find:

, Tz, o onT (e~ MT/2 1)
T = “Migin [ =t )dt=1 )
¢ +/0 ¢ e ( T ) TN T

Solving this equality for A} is tedious, however it is easily checked that neither 0
nor —1/7 are solutions. More precisely, on one hand, the impossibility of A} = 0 is
direct, and on the other hand, assuming \| = —1/mx, then the equality reads:

T 2 T/7m _ T/(2m) T 2
(7r2+477>e =2nTe +ﬁ+4ﬂ- + 27T,

or else f(T/w) = 0 where f : 7 = (72 + 4w2)e” — 2n%7e™/? — 72 — 47? — 2727,
The function f has an obvious zero at 7 = 0, diverges to +00 as 7 — +00, and its
derivative is, at any 7 > 0, f/(7) = (12 +27+472)e” — 72 (7+2)e7/2 —27 —272. Thus
7 = 0 is a critical point of f, and provided there is no critical point in (0, 400), then
f is increasing in (0, 4+o00) and therefore f(7T/7) =0 with T > 0 is a contradiction.
Differentiating twice more, it appears that f’ is strictly convex in (0,+o00) with
f7(0) = 272 > 0. Hence f” > 0 in (0,400), whence f' > 0 in (0, +oc), whence
there is no critical point of f in (0, 4o00) indeed.

Therefore this counter-example shows that in general, Aj per (di

T — L) coincides
neither with — fOT Apr (L) nor with —App(L).

Remark 3.12. In the preceding counter-example, we can show that A; (0;—A—L) =
M (0 — A —L) < 0. Indeed, assume by contradiction that A; > 0; then by
definition, there exist € > 0 and a time periodic positive super-solution U satisfying
u’ > Lu+eu. By positivity of L, @, € and integration on [0, 7], we deduce fOT Lu=
€ fOTﬁ = 0, which is obviously impossible. Similarly, if A\; = 0, then A} = 0 and
using the periodic principal eigenfunction u and the exact same reasoning, we find
again a contradiction. Therefore A} < 0.

Now, consider a diagonal perturbation of L of the form L, = L — vI with v > 0.
Then, clearly, A} is replaced by A} + v and the pointwise equality Apr(L(t)) = 0
is replaced by Apr(L,(t)) = Apr(L(t) — vI) = —v < 0. Therefore, at each time
to € [0, 7], all eigenvalues of L, (tp) have negative real parts, yet \y +v = N + v
remains negative provided v > 0 is small enough: although the trajectories of the
“frozen in time” dynamical system u’(¢) = L, (to)u(t) converge exponentially fast
to 0, the nonnegative nonzero solutions of the nonautonomous dynamical system
u'(t) = L, (t)u(t) diverge from 0 exponentially fast. Hence the stability properties
of the two systems are completely unrelated.

This fact should not surprise readers familiar with nonautonomous dynamical
systems, since the existence of such counter-examples, relying strongly upon the
non-symmetry, is classical. Yet other readers might not be aware of this quite
interesting possibility and this is why we highlight it here.

The following property concerns variational formulas in the self-adjoint case.

Proposition 3.22. If
(1) (Ai)ien) and L do not depend on t,
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(2) L(x) is symmetric for all x € R™,
(3) 1 =gqa=-=qn =0,
then the periodic principal eigenvalue satisfies:
N
f[O,L] (Zizl (V- AiVu)* — uTLu)
ueCq, (R™ ,RV)\{0} f[07L] |ul? ’

and, for any nonempty bounded smooth open set ), the Dirichlet principal eigen-
value satisfies:

N =

fBR (Zf\;1 (Vu; - ANui)Q — uTLu>
min > .
ueC) (B, RN\ (0} [

It is classical and we admit it, at least in the elliptic case; to prove it for the
parabolic operator Q, it suffices to remark that, by uniqueness of the periodic
principal eigenpair, respectively Dirichlet principal eigenpair, ] = A1 per (—L), re-
spectively A1 (Q2) = A1 pir(—L, ), where £ = diag (V - (4;V))+L is the underlying
self-adjoint elliptic operator.

Note that the diffusion matrices A; are invertible (due to , with peri-
odic inverses A; '

Recalling that

Q.=09—diag(24,z - V+z2-A4z+V-(Aiz) —q; - 2),
it is clear that Q. is self-adjoint if and only if L is symmetric and ¢; = 24,z for
all i € [N]. This last condition is satisfied for one z if A;lqi is spatio-temporally
homogeneous and independent of i, and none otherwise. Therefore, up to changing
(¢i)iernvy and L into (g; — 2A4;2);eqny and L + diag(z - Az + V - (Ai2) — q; - 2)
respectively, we can assume z = 0 without loss of generality. Therefore, we first
focus on the case z = 0.

Proposition 3.23. If

(1) (Ai)iein) and L do not depend on t,
(2) L(z) is symmetric for all x € R™,
(3) there exists Q € C*(R™,R) such that f[O,L] VQ =0 and

A(Q) =

AT'qr = A e = - = Aylgy = VQ,
then
N
/ Z (Vu; - AiVui)2 — uTLQu
/ . [0,L] \;=1
A=A = min ,
ueCy,, (R™ RNV)\{0} 2
[
[0,L]
where

1 1
Lo=L+ 1 diag (2V - q; — A7 '¢; - q;) =L+ 1 diag (2V - (4;VQ) — VQ - A,VQ).
Proof. Let £ = diag (V- (A;V) —¢; - V) + L.

Step 1: the case g1 = g2 = -+ = qn = 0, i.e. Q constant. By uniqueness of the pe-
riodic principal eigenpair,

A,z = A per (—e—.Le;) forall z € R"
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(in particular, A\(Q) = A (—£L) and M (Q) = M (—L)) and space-time peri-
odic principal eigenfunctions of @, are space periodic principal eigenfunctions of
—e_,Le,. Therefore we only have to prove the statement for the elliptic operator
L. Also, we already know that Aj = A1 o < A\ = max,egn A1 2.

Following Berestycki-Rossi [14], we consider an even function x € C*(R,[0,1])
such that x = 0 in R\[—1,1] and x(0) = 1. Next, we construct a family of radial
smooth cut-off functions (xr)p-, such that, for each R > 1, xg =1 in Br_; and
Xr(z) = x(Jz| — (R—1)) if # € R"\Bgr_1, where Br_; is the open ball of center 0
and radius R — 1. By construction, the family (||XR||COO(R71,R))R>1 is bounded.

Let R > 1 and denote pg the Dirichlet principal eigenvalue A1 pir (—£, Br). By

Proposition [3.22]
fBR (vaﬂ (Vu - Aivui)Q - uTLu)

min
ueCt (Br.RN)\{0} J5,, u?

Taking xgrup as test function (recall that ug is a positive periodic principal eigen-
function of £) and using the equality —Lug = A\ gug satisfied pointwise in Bp_1,
we find

)\170 fBR\BR—l X%|u0‘2 + fBR\BR—l XRug‘C’(XRUO)

tr < Ao — fBR Gluol?
- Mol S ma_, XUl + 505, XRUG L(xRUO)]
, fBR—l |uo|2
<y 5 Pollixmuol® + w1 £0co)| Joas b
’ min_[ug(z)? Jpp 1

TE€Qper

where the norm || || is defined as ||v| = sup, g [v(2)| (appropriate for C(R™, RY)).
Thus, from the boundedness of the operator £ : C2(R",RY) — C(R",RY) and
the boundedness in C*(R",R") of the family (xgruo)pg.;, there exists a constant
K > 0, independent of R, such that

Rn—l
(R—1)"

and, passing to the limit R — 400, we deduce finally A; < Ajo (the proof of
the convergence of Dirichlet principal eigenvalues in growing balls to the periodic
principal eigenvalue for the elliptic operator —L is done exactly as in the parabolic
case, cf. Proposition .

The variational formula in this case is a mere consequence of Proposition [3.22]
|

wr < Ao+ K

Step 2: the general case. From now on, for all i € [N], ¢; = A;VQ with f[07L] VQ =
0. Following Berestycki-Hamel-Rossi [12], the idea is to change variables to reduce
this case to the previous one.

Preliminarily, we check that Q € C*(R™,R) is necessarily space periodic. Fix
a € [n]. The function z — Q(z+ Laeq) — Q(x), where eq = (0ap)ge[n), is constant,
since

V(Q(x + Laea) — Q) = A7 (2 4 Laea)qi(z + Laea) — Ay (z)q1 (x) = 0.
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Then

Q(Laca) = Q(0) = ([0,Z])) " Q(z + Laea) — Q(z)dx

[0,1]

oo [ @
= (|[0, L]}) /0 /[O7L] oz, (x + seq)dads
=0

Hence @ is indeed periodic with respect to x,, and then with respect to x.
Then, introducing the transformation v(z) = exp(Q(z)/2)u(z)) and following
[12], we get:

—(;CV),' = eQ/2 —(Lu)i — % (uzv . (AZVQ) + 2Vu; - (AzVQ) + %quQ . (AzVQ) — U Qi * VQ):|

1
=e@2 | —(Lu); — =

1
5 (Uiv "4+ 2Vui g — 5uiVQ- Qz)]

1 1
—eR/2|_vy. (A;Vu;) — (Lu); — 3 (V cq; — §VQ : Qi> Ui] .

Therefore v is an eigenfunction of —£ if and only if u is an eigenfunction of the
new periodic elliptic operator:

—L:Q = — diag (V . (A1V)> — LQ,

and the periodic and Dirichlet principal eigenvalues coincide: for instance, with u
a periodic principal eigenfunction of —Lg, v satisfies —Lv = | (—Lg)v, and since
v = e@/2u is periodic, it is then (by uniqueness) a periodic principal eigenfunction
of —L, whence N[ (—L) = N[ (—Lq). Using the characterization of A\ as the limit of
Dirichlet eigenvalues in growing balls and the variational formula for the operator
—Lg, the proof is ended. O

O

Remark 3.13. The symmetry assumption on L is crucial, both for the equality
between \; and A} (as explained above in Remark [3.5) and for the equality between
A} and the minimized integral.

Denote

. f[O,L] (vaﬂ [Vu|* — UTLU)
R= min ,
uecz,, (R",RN)\{0} Jio.py 1al?
which is the quotient appearing in the variational formula in the special case ¢; = 0
and A; = Id for each i € [N].

It is well-known that for a general non-symmetric square matrix, the maximum
of the Rayleigh quotient needs not coincide with the dominant eigenvalue. More
precisely, the maximum of the Rayleigh quotient of a matrix L coincides with the
dominant eigenvalue of the symmetric part (L + L"™). Similarly, R is the periodic

principal eigenvalue of the symmetrized operator —A — %(L + LT).
Therefore, using a constant irreducible non-symmetric matrix

L(l 1) with ¢ > 0,
e 1
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we obtain a counter-example of the equality between \] = —1 — /¢ and R =
—(3+¢)/2.

Subsequently, replacing (g;)icin) by (¢ —24i2)ien) and L by L + diag(z - A;z +
V - (A4;z) — q; - z), we obtain the following corollary.
Corollary 3.24. If

(1) (Ai)ien) and L do not depend on t,
(2) L(z) is symmetric for all x € R™,
(3) there exists = € R™ and Q € C*(R",R) such that f[o,L] VQ =0 and

Al'qr = Ay o = - = Aylan = 22 + VQ,
then
N
/ (Z (Vu; - AZ-Vui)2 - uTLQVzu)
. [OaL] =1
A= )\1,.2 = min )
uecz,, (R*,RN)\{0} / ul?
[0,L]
where

Lg,. = Lo + diag (V- (4iz) — 2 - Ai(z + VQ))
and Lq is defined as in the statement of Proposition [3.23

With no symmetry assumption on L and more general advection terms, we can
still compare \; . with the variational formula.

Corollary 3.25. Let z € R™. If
(1) (Ai, gi)icin) and L do not depend on t,
(2) forallie€ [N], V- (q; —24;2) <0,
(8) for alli e [N], q¢;-z>0,
then )
Me 2 M2 (9 — diag(V - (4:V)) = (L +LT)).

Proof. By time homogeneity of the coefficients, the periodic principal eigenfunction
of the parabolic operator @, is time homogeneous. Taking the scalar product

between the periodic principal eigenfunction u, € C2.,.(R", (0, 00)) associated with

A1, and Q,u, and then integrating in [0, L], we get immediately:

N
)\172/ |'l,lz|2 = Z/ (Vuzvi . AiVuzvi)Q 7/ UELUZ
[0,L] i=1 [0,L]

[0,2]

N
: 2
- ;/[O,L] <2V (g — 24:2) + (2 Aiz) + V - (Aiz) — (qi-z)) e

The conclusion follows from ulLu, = uE%(L + L")u., the sign assumptions on

V(g —2A;z) and ¢; - z and the variational formula for A\ ,(9; — diag(V - (4;V)) —
L(L+LY)). O
Remark 3.14. In the nonnegative square matrix context, the inequality App(L) <

APF (%(L + LT)) is a consequence of a theorem by Levinger which states that
t € [0,1] = Apr (tL +(1- t)LT)) is nondecreasing in [0,1/2], nonincreasing in
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[1/2,1], and that the function is constant if and only if the unit Perron-Frobenius
eigenvectors of L and LT coincide. There are many works on this theorem and
on its extension to Banach spaces. We refer for instance to the recent paper of
Altenberg—Cohen [4] and references therein.

Remark 3.15. The second and third assumptions are obviously satisfied if ¢; is
divergence-free and z = 0, but it is also interesting to consider for instance the case
z # 0 with shear flows g; : * = (a;(72,...,2,),0,...,0)T with a; of constant sign.
In biological applications (climate change at constant speed towards the north, fish
populations living in a river, etc.) or when studying planar spreading, such shear
flows appear naturally.

Taking as a test function in the variational quotient any constant eigenvector of
Lg,.(z), we obtain that the mean value of the corresponding eigenvalue is smaller
than or equal to —A; = —A; .. In particular, noting that a constant Perron—

Frobenius eigenvector implies |[01L]/[ ]/\PF(LQ7Z(I))d1‘ = Apr((Lg,-)), the fol-
0,L

s

lowing corollary holds.

Corollary 3.26. If
(1) (Ai)ien) and L do not depend on t,
(2) L(x) is symmetric for all x € R™,

(3) there exists = € R™ and Q € C%(R™,R) such that f[ VQ =0 and

0,L]
ATl = Ayl = - = Alqn = 224+ VQ,
(4) there exists a constant positive vector u € (0,00) such that u is a Perron—
Frobenius eigenvector of Lg .(x) for all x € R,
then
A=A < =dpr((Lg,2))-

Remark 3.16. Again, denote
N
f[O,L] (Zz‘:1 |V, |* — uTLu)

min
uecz,, (R",RN)\{0} Jio.py 1al?

Let us construct a counter-example where all the conditions of the statement are
satisfied but where, due to heterogeneities in L(z),

1
R < _)\PF(<L>) = — APF (L(J?)) dx.
110, L Jio,1)
(The existence of such counter-examples in the scalar setting is well-known, we
provide a vector counter-example just for the sake of completeness.)
In a spirit similar to that of Remark we set

L:z— (77(;1) n(fl)>

where 7 is the continuous L;-periodic function that coincides on [0, L;] with z; —
maX(L1/4 — |IL'1 — L1/4|, 0)
For all z € [0, L], Apr(L(z)) = 1+ n(x1) with constant eigenvector 1, whence

1 [ Ly
< - 1 doy = -1 - 2L
R< L1/0 (1 +n(21)) dzy 16

R =
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Considering test functions of the form u(x) = u(x1)1, we get

Ly
B < o / u'(z1)]? = (1 +n(x1)) w(z1)?) dz
uecpur( )Hu”L2:1 0 (‘ ( 1)| ( 17( 1)) ( 1) ) 1

Testing against (a C? approximation of) u : 21 ;/;n(:vl), we find:
1

96 [ ) 3
R< ﬁ/o (1777(11) —n(xq1) )dzl
1
96 3L,
= —1 _—— —
LN FRRT:
Ly . 1/3

Remark 3.17. More interestingly, in the vector setting, the inequality

—R> Apr(L)
110, L[ Jio,1)
might not be satisfied if the fourth assumption of the statement, regarding the
existence of a constant positive eigenvector, fails.
To verify this claim, we consider the counter-example Qu = d;u — Au — Lu,
where

L:z— 1 (1 +n(z1 — L/3) n(w1) )
L+n(z)+n(z— %) +n(z — 25) n(z1) 1+mn(z1 —2L/3))"

where, this time, 7 is the continuous L;-periodic function that coincides on [—L; /2, L1 /2]
with 1 — max(L1/6 — |z1|,0). The Perron-Frobenius eigenvalue of L(z) is 1, for

all z € [0, L]. The unique one-dimensional left-continuous unit Perron-Frobenius
eigenvector is

1
% <1> if 21 € (0, 2] U (32, Ly] + ZLy,
upp ! T —

if vy € (&, 8] + ZLy,

if 1 € (71,%] + ZL.

_ o O =

All other unit Perron—Frobenius eigenvectors coincide with this one at all continuity
points.
Now, let u € C2.(R™,[0,00)) and A < —1 such that —Au — Lu < Au. Taking

the scalar product in R? with u and integrating by parts in [0, L], we obtain:

/ Z\VUZF / u' (L - Tu
0,0] i3 (0,L]

Since, at all 2 € [0, L], L(z) —I is a symmetric matrix with nonpositive eigenvalues,
u(z)T(L(z) — Du(x) < 0. Therefore all inequalities above are actually equalities,
and in particular u is a constant vector satisfying uT(L(z) — I)u = 0. Since no
Perron—Frobenius eigenvector is constant, necessarily u = 0.
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Therefore no A < —1 can satisfy —Au — Lu = Au for some positive periodic C?
eigenfunction u, and this directly implies that \] > —1, or in other words

-R <

Apr(L).
110, L] Jio,1) er(L)

In a similar spirit, the following property requires a line-sum-symmetry assump-
tion (L1 = LTl) and uses the property described in Eaves—Hoffman—Rothblum—
Schneider [27), Corollary 3].

Proposition 3.27. Let z € R™. Assume:
(1) for alli € [N], V- (¢; —24;2z) =0,
(2) L(t,x) is line-sum-symmetric for all (t,x) € Qper.

Then
1 N N
A< _Zl Y+ 2 ;<A z— )
i,j= i=

and this inequality is an equality if L+ diag(V - (A;2) + 2 - (A2 — q;)) s irreducible
at all (t,x) € Qper with Perron—Frobenius eigenvector 1 and constant Perron—
Frobenius eigenvalue.

Proof. Denote, for all i € [N], ¢; — 2A;z = b; and recall
Q. =0 —diag(24;2-V+2z- 4,2+ V- (Aiz) —q; - 2)
=diag (8, — V- (A;V) +b;- V=V - (A;z) —z- (Aiz —q;)) — L
Denote u = u, the unit periodic principal eigenfunction associated with A; ..
Taking the scalar product in RY between u°~! = (1/ui)i€[N] and Q. u — A\ ,u,
integrating by parts in {2, using the fact that all b; are divergence-free and using

N
(17) Z (Lw); > Zl” and Vul. Vul >0,

i=1 i,7=1 Qper

we get

N N
1
Mz < ——— E / li;+z-§ / (Aiz — qi)
NTHO’LH i,j=1 Qper ! i=1 Qpe!‘

From the equality case in , we deduce that this inequality is an equality if
u, € span(1) and L(t,z) is irreducible at all (£,2) € Qpe,. These conditions are
satisfied if and only if L+diag(V-(A4;2)+2-(4;2—¢;)) is irreducible at all (¢, z) € Qper
with Perron-Frobenius eigenvector 1 and Perron-Frobenius eigenvalue A; ., both
constant. Finally, by uniqueness of the periodic principal eigenvalue, the assump-
tion that the Perron-Frobenius eigenvalue is A . can be replaced without loss of
generality by the assumption that the Perron—Frobenius eigenvalue is constant. [

Remark 3.18. Circulant matrices and doubly stochastic matrices are line-sum-
symmetric and always admit 1 as eigenvector. Hence all inequalities on A; , are
equalities if:

(1) all A; are constant and coincide and all ¢; are constant and coincide,

(2) Lis, at all (¢, z), irreducible and either circulant or doubly stochastic,
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(3) its Perron—Frobenius eigenvalue App(L(t, x)) = Zjvzl l1,;(t,z) is constant
(this condition being automatically satisfied in the doubly stochastic case).

This shows in particular that the inequalities can all be equalities even if L is not
spatio-temporally constant.

The following two corollaries are concerned with special cases.

Corollary 3.28. Assume:
(1) for alli€ [N], V-q; =0,
(2) L(t,x) is line-sum-symmetric for all (t,x) € Qper.

Then
N

1 ~ 1 .
A < N Z (lij) = *N1T<L>1
ij=1

and this inequality is an equality if L is drreducible at all (t,x) € Qpey with Perron—
Frobenius eigenvector 1 and constant Perron—Frobenius eigenvalue.
Corollary 3.29. Assume:

(1) for alli € [N], ¢; and each column of A; are divergence-free,
(2) L(t,x) is line-sum-symmetric for all (t,x) € Qper.

Denote
1L, 1L
[A] = N ;(AQ, lq] = N;(‘M-
Then
M < - 1N+ lg] (4]
with equality if
Lo+ g ding (V- (LA + 147 (A4 - o)

is irreducible at all (t,z) € Qper with Perron—Frobenius eigenvector 1 and constant
Perron—Frobenius eigenvalue.

Proof. The assumption that all ¢; and all columns of all A; are divergence-free
implies that, for all i € [N] and z € R", ¢; — 24,2 is divergence-free (and actually
the converse implication is also true: consider the special cases z = 0,eq, ..., e,

where eq = (0ag)ein])-
By [A] is invertible, so that the inequality of Proposition reads

1 - 1
>\1,z+%[A]*1[q] S —N1T<L>1 —Z- [A]Z + Z[q] . [AH(]]

The inequality on A; = max,cr~ A1, and the associated equality case follow di-
rectly. (Il

Proposition 3.30. Let z € R™. If, for alli € [N], V- (q; — 24;z) = 0, then

Me € Mper (9 = L = diag (- (42)2 = (@) .
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where the entries of the matriz L¥ = (lf&) are defined by:
g )
(4,3)€[N]
1 o .
w07 Jio.ua bii ifi=J

lf&j — {exp (\[O,IL]\ f[O,L] lnlm) ifi#jand min [ ;(t,x) >0,
’ (t,2)EQper

0 otherwise.

Proof. The proof is quite similar to that of Proposition we only sketch it.
Multiply each line of @,u— A; ,u by 1/u;, integrate by parts in [0, L], divide by
[0, L]|, define J; = {j € [N]\{i} | minﬂ—l” > 0}, use the Jensen inequality:

1 li,j“J / — In(us)+1In(li, ;) +1In(u;)
10, L[ Jo,1; .G[NZ]\{Z.} u; 0L| OL];

O LTT (= In(ug)+In(l; ;) +In(uy))
> Z euo,Ln (0,L]
JEJ:

1 . 1 )
e l0.LT] f[o,L] ln(l”J)e 110, LT f[o,L] In(u;)

JjeJi em f[O,L] In(u;) ’
define the positive function v : t — (exp (‘[O}L” f[o,L] In(ui(t, x))dx>)i€[N]’ fnd
L# + diag | z - 1 (Aiz—q) || v> A2V,
110, L]| Jjo L]

and subsequently use the min—max formula for the periodic principal eigenvalue.
The result follows. O

Repeating the exact same procedure but this time with mean values in [0, 7], we
also find the following estimate, that can be directly combined with the previous
one.

Proposition 3.31. Let z € R™. If (A;)ien], (¢i)icin) and L do not depend on x,
then

A < der (L + diag (2 Az — 6i-2))
where the entries of the matrix L’ = (l'z’]) ) are defined by:

(i,5)€[N]?
T .
%fo li,i . Zfl =7
[E,j = {exp (% Jo lnlw-) ifi # 7 and té?&%] l;,j(t) >0,
0 otherwise.

3.3. Optimization.

3.3.1. Optimization of the mutation matriz. In this section we prove Theorem [1.16
and Theorem

We recall that a doubly stochastic matrix S € is a nonnegative matrix
such that S1 = ST1 = 1. Denote 8§ C L0 (R x R™ ,RVXNY) the set of all periodic
functions whose values are doubly stochastic matrices almost everywhere and Sy 1}
the subset of all functions valued almost everywhere in the set of permutation

matrices.

RNXN
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Although we assumed until now that the zeroth order term L of @ is Holder-
continuous, it is readily verified that the family (A1 ;).err can still be defined if L
has only an £ regularity, using for instance a standard regularization procedure
not detailed here.

We begin with the following decomposition lemma.

Lemma 3.32. Let A € RY*N be an essentially nonnegative matriz. Assume
A — diag (Z;\le ajyi) admits a positive Perron—Frobenius eigenvector v € (0, 00).

Then a decomposition A = diag(r) + (S — I)diag(p), withr € RN, S € RVXN
doubly stochastic, p € [0,00), exists.
Furthermore, for any v > 0 such that S, = I4+~(S —1) is still doubly stochastic,

diag(r) + (S, —I) diag (%) is another decomposition and, with the normalization
minc(ni si; = 0, the decomposition is unique.

Proof. The vector r € RY is defined as

N

T 2 :
r=A"1= Q.

j=1

1E[N]

The vector g € (0,00) is chosen in span <(Ui_1)i6[N])’ with a norm |p| so large

that (A —diag(r)) diag(p) ! +1 is doubly stochastic — it can be easily verified that
this matrix is essentially nonnegative, in [0,1]V*¥ provided |p| is large enough,
and admits 1 as Perron—Frobenius eigenvector with Perron—Frobenius eigenvalue 1.
Finally, the matrix S is defined as S = (A —diag(r)) diag(p) ' +1. By construction,
the triplet (r, ut, S) gives indeed a suitable decomposition.

Note at this point that r is uniquely defined and that g/|u| is uniquely defined as
well (even though A might be reducible, its positive Perron—Frobenius eigenvectors
are necessarily all equal up to multiplicative constants). Also, once |u| is fixed,
S is uniquely defined. On the contrary, once an admissible value m > 0 of |u| is
identified, any choice |u| > m leads to a new, different decomposition.

By construction of r, a;,; —7; < 0 and |a;; —r;| > a;; > 0 for all i € [N]
and j € [N]\{i}. Therefore the N inequalities (a;; —7;)/p; > —1 together form a
necessary and sufficient condition for S to be doubly stochastic. Fixing |u| exactly
so that at least one of these inequalities is an equality, the pair (g, S) is now uniquely
defined. |

Remark 3.19. Clearly, the only true question lies in the existence of the pair (u, S).
As a by-product of the proof, the assumption of the statement (satisfied, e.g., if A
is irreducible) actually ensures the positivity of all u;, whereas only their nonneg-
ativity was required. In fact, whenever such a decomposition exists, the positivity
of all u; is equivalent with the positivity of the Perron—Frobenius eigenvector of
A — diag(r). On the contrary, when A is reducible and A — diag(r) has Perron—
Frobenius eigenvectors only in 9(0, 00), the existence of such a decomposition can
be both a true or a false statement, as shown by the following two examples:

0 1 1 0 1/2 1/2
A —diag(r)=0 -1 1 | = 0 1/2 1/2| —1] diag(0,2,2)
0 0 -2 1 0 0
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~1 1 1/3
A —diag(r)=| 1 -1 2/3
0o 0 -1

Proposition 3.33. Let r € L2 (R x R",RY), p e L3 (R x R",[0,00)) and
assume L has the form L = diag(r) + (S —I) diag(p) with S € S.
Then, for all z € R™,
. . < _ .
segin Aa(8) = QoL h+(8) < qup b1 +(8) = myax h1+(8)
Proof. We prove only that the minimum is attained in Sy 1}, the property on the
maximum being proved similarly. Also, it is sufficient to prove only the case z = 0.

Step 1: strengthening the full coupling. To begin with, we show that, denoting B(n)
diag(r — p) +n1nxn, it is sufficient to prove the claim for the matrix L where B(0)
is replaced by B(n) with > 0. Indeed, assume by contradiction that the result
holds true for any 1 > 0 but not for = 0. Then there exists S* € §\S{o,1} such
that
(18) A (B(0) + S* diag(p)) < 5 glf A1 (B(0) + Sdiag(p)).

€S{0.1)
Denoting € > 0 the gap between these two real numbers and using the uniform
continuity of L — X| (L), there exists a small > 0 such that, for any S € S 13,

(19) 0 < X (B(0) + S ding()) — X, (B(n) + S diag(w)) < .
Combining and , we deduce that for all S € Sy 1,
. * . 3
M (B(n) + Sdiag(n)) — M (B(0) + 8" diag(n)) = 3,
which implies
dnf X1 (B(n) + S diag(n)) < X (B(y) + S diag(p))
< M\ (B(0) + 8™ diag(p))

< _inf MN(B(n) +Sdi :
sl M(B(n) + S diag(p)

which contradicts the assumption that the claim is true for any small nonzeron. O

From now on, we fix a small n > 0, denote B = B(n) and show that a minimizer
of M1(S) = M (B + Sdiag()) is indeed valued in the set of permutation matrices.

Step 2: exhibiting a minimizer in §. The closed and bounded set
S = {S € L% Qper, RVN) | 8§ >0, S1=8T1=1 a.e.}

is, by virtue of the Banach—Alaoglu theorem, compact in the weak-x topology of
L°(Qper) = (LY (Qper))’. Hence a minimizing sequence (Sk)ken converges, up
to extraction, to a weak-x limit S, € L£(Qper, RV*Y). Extending periodically
Seo € Lo (R x R, RV*N) it only remains to verify S € & and M\ (Ss) =
limg 400 AL (Sk)-

The nonnegativity of S, in the sense of linear forms is immediate, testing the
convergence against arbitrary nonnegative functions in £'(Qper). Subsequently,
testing for all (i,7) € [N]? against e; multiplied by the indicator of {ssc;; <
O}Qm, we deduce the nonnegativity almost everywhere. Testing for any (¢, zg) €
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Qper, p > 0, against 1 multiplied by the indicator of B((to,zo),p) and divided
by |B((to,z0), p)|, we deduce by virtue of the Lebesgue differentiation theorem
Se1 = 1 almost everywhere. Next, testing the convergence against all (e;);e[n,
we find that all entries s ;; converge in the weak- topology of £%°(Qper, R), so
that (SE)keN also converges. Similarly, S;rol = 1 almost everywhere. Therefore
S, € 8 indeed.

Let u, € CL2(R x R™, (0,00)) be a periodic principal eigenfunction associated
with Sy, k¥ € NU {oc} and normalized so that [z— |ug|?> = 1. Up to extraction,

per

uy converges as k — +oo to a limit v € CL2(R x R",[0,00)). Taking the scalar

per

product in RY between (diag(P;) —B—Sj, diag(u))uy, and an arbitrary test function
w € CL2(R x R™) and integrating over Qpc,, we find

per

A1 (Sk) /TWTuk = /TWT diag(P;)ur — wiBuy, — w'S; diag(p)uy.

per per

Since

/ wTS, diag(p)ug = /7WTS]€ diag(p)v + /7 w'S,, diag(p)(ug — v)
Qper Q Q

per per

and since the first term on the right-hand side converges, by weak-* convergence of

Sk, to fQ—WTSOO diag(p)v whereas the second term converges, by boundedness
per

of Sy, and uniform convergence of uy — v, to 0, we deduce:

lim A\ (Sk) / wlv = / wT diag(P;)v — wIBv — w'S,, diag(u)v.
k—r+o00 o o

per per

1,2

per (R X R™), whence v is a weak solution

This holds true for any test function w € C
of

diag(P;)v — Bv — S diag(p)v = lim M| (Sk)v,

k—+oo
and then by standard parabolic regularity [47], it is in fact a classical solution. It is
nonnegative and, by virtue of the normalization fm lug|? = 1, it is nonzero. By
uniqueness up to a multiplicative constant of the nonnegative periodic eigenfunc-
tion, we deduce v = uy, and limg_ 4o Aj(Sg) = A (Swo). Therefore S, € S is
indeed a minimizer of A} in the strong topology of £ (R x R™ RN*N), O

per

Define the function:
®: SXxRxR* — [V]
(Sit,x) = #{(i,5) € [N]* | si5(t,x) =1}

and remark that, for any S € S,
S €81y == H{{t,2) € Qer | ©(S,t,2) = N} = [Qper| = T[0, L]|-
In other words, defining Qpe; (S, No) = {(t,2) € Qper | Y(S,t,7) = No},
S €801y &= VNg €[N —1] [Qper(S,No)| = 0.

Let S” € S be a minimizer. Assume S” ¢ S(0,13- This means that there exists
Ny € [N — 1] such that Qu, = Qper(S”, No) has a positive measure. We are now
going to correct this minimizer step by step.
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Step 3: correcting the minimizer in a large subset of Qy,. Let u,v € CL2(RxR", (0, 00))

be respectively a periodic principal eigenfunction of @ and a periodic principal
eigenfunction of the adjoint operator

Q" = 0, —diag(V - (A;V) + ;- V+ V- q) — BT — diag(p)(S")".

By irreducibility of B, both operators are fully coupled in {),e; and u and v are

positive. With the normalizations [s—|u*> = [5—v™u = 1 (the second one
per per

is possible because, by positivity, u and v cannot be orthogonal), u and v are
uniquely defined.

Let (t,z) € Qn,. There exist two permutation matrices P(t,z) € S{o1} and
Q(t,z) € 81,1y such that:

(1) the matrix g/\(t,x) = P(t,2)S"(t,2)Q(t,x)" is doubly stochastic and has
a block diagonal form:

A
Stop(t,ac) » 0
0 Sbottom (t7 I)

with Sﬁomom(t, z) € {0, 1}NoxNo empty (if Ny = 0) or a permutation matrix
(if Ny > 0) and all entries in Si\op(t, z) smaller than 1;
(2) for all i € [N — Ny,

el P(t,z)v(t,z) < el P(t,z)v(t, x);
(3) for all j € [N — Ny,
e]TQ(t,x) diag(p(t, z))u(t, z) < el Q(t, x) diag(u(t, z))u(t, ).
The three properties together imply that,
(20) (301 (t,2))ie Pt 2)v(t, 2) < e P(t,2)v(t, @),

(21) (370 (t,2))jen QU @) diag(p(t, 2))u(t, x) < ef Q(t, z) diag(pu(t, z))u(t, z).
Next, define, for the same (¢,z) € Qp,,
—(1 =50, (t,x))

59,1(t, x

a(t, l‘) = —e; + (gz/'\,l(t7x))i€[N] = §Q—N0,1(tv 13) >
0

—(1—587,(t 7))
51\,2@7 I)

b(t,z) = —e; + (§f7j(t,w))j€[N] = 5?,N7N0 (t,z) ,
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T(t,z) = 1—§fi(t,x)a(t’x)b(t’x)T'
Let us verify that "+ T s doubly stochastic at (¢,x). Since SA(t,x) is doubly
stochastic, we only have to verify that QA(t, x) + T (t, ) is nonnegative and that
a(t,z)b(t,r)"1 = b(t,z)a(t,2)T1 = 0. Both properties turn out to be obvious.
By construction, <I>(§A + T", t,2) = Ny + 1. Indeed, g/\(t,x) + T™(t,z) has Ny
entries equal to 1 in its bottom right block and its upper left entry satisfies
1

sa(t @) +11, (@) = 80, (¢, @) + T3 (o)
1,1\"

(-8 (t2)? = 1.

Let w C Qn, be a measurable subset. Setting

T (t,z) if (t,2) € w,

T : (t,2) € Qper — _
v (b2) P {O if (t,2) € Qper\w,

extending T/, periodically in R x R” and verifying routinely that T/, is measurable,
we are now in a position to verify that this construction does not modify the periodic
principal eigenvalue A}, namely s" +Th e Lo (RxR™, RV *N) is still a minimizer,
provided w is appropriately chosen.

Denote, for any « € [0, 1],

Q. = diag(P;) — B~ P" (T} +$") Quiag(w),

AMa) = N (Q4), and let u, and v, be two positive periodic principal eigenfunctions
of respectively Q, and of the adjoint operator

- T
Q;, =~ — diag(V - (4V) + ;- V+V - ¢;) - BT — diag(1)Q" (aT) +8") P,

. 5 T
normalized so that f—ﬂper lu,|® = oo Vala = 1. For any «, 5 € [0,1], a # S,
A(B) = Aa) 1 / T ~* / T
= ua Q Vg — v Qaua
B—a (B—a) prer Vgua Qper g Qper b

1
= (B—a) fmvgua
1
= (B —a) fmvgua
1 TrpA (Y
= —m (/QPH(PVB) Tdelag(N)ua>
1 / (a™Pv;)(b" Qdiag(p)u,)
f@vgua - 130, ’
Taking the limit 8 — «, this leads to
N(a) = _/ (aTPVa)(bTQ diag(#)ua).

A
1-— 811

_ 1 T _ T
~(B-a) [qoviua (/QPHVB Lot /Qpervﬁ Qaua)
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In view of this equality and of (20)—(21)), A’(0) < 0. We claim that in fact \'(0) = 0.
Indeed, if this is not the case, then there exists a small & > 0 such that A(«) < A(0).
Then the minimality of A(0) = A, (PTS"Q) = A{(S") in & is contradicted?}

Since A'(0) = 0 for any choice of w, using the Lebesgue differentiation theorem,
we obtain:

(aTPv) (bTQ diag (p) u)

— =0 almost everywhere in Qp,.

Subsequently, for almost every (¢,x) € Qn,,
TG, (t,2)Q(t, ) diag(p(t, x))u(t,z) =0 or Tg (t,2) P(t,z)v(t,z) = 0.

Let
wa = {(t,2) € U, | Th,, (1,2)Q(L2) diag(u(t, 2)ult,z) = 0},

Wy = {(t,x) € Oy, | TQNO (t,z)"P(t,2)v(t,z) = O} .

The subsets wy and wy\wy are measurable, disjoint and satisfy |wy U (wy\wu)| =
|2, |- One of the two, denoted below w, satisfies |w| > 3|Qn,|. Choosing this w in
the definition of T/}, we deduce directly that the corresponding eigenvector (u, if

W = Wy, Vq if w=wy) does not depend anymore on «. Then, using again the same
calculations, we deduce A(a) = A(0) for any « € [0,1]. In particular,

M (S™) = X0) = 1) = N (S" +PTT)Q).
(Il

Step 4: correcting the minimizer in Qy, almost everywhere. Let ST = SA—FPTTQQ
and Qn, 1 = Qper(S{\,No). Note that w = Qn,\Qn,,1 up to a negligible set. The
new minimizer S satisfies, by construction:
b |Ql/>\er(si\aN0 + 1) T || + |Qper(SA7N0 + 1),
* SDmmay, = CDmaay,
d |QN0,1‘ < %|QN0|7
° QNo,l C QNO-
Iterating the construction, we obtain a sequence (S} )xen € S" of minimizers and
a sequence of measurable sets (2n, x)ren such that, for each k > 2,
(1) Qper(sfc\/\? NO) = QNo,ka N
(2) [Q2per(Sks No + )| = [ k-1 \ g k| + [Qper (Sk—1, No + 1)1,
A _ A _
(3) (Sk)‘ﬁ\QNo,k—l - (Sk_l)lgper\QNo,k—17
(4) [92n0k] < 31900, k-11,
(5) QNo,k C QNoykfl.
In particular,

1
0 < |Qn, x| < o o, [Qper (S No +1)| = [Qn] = [0,k ] + [Qper (8™, No + 1))

9Note that we cannot in general extend A on the left of = 0, since for a < 0, the matrix
aT"+8" might loose the crucial property of essential nonnegativity. Thus the minimizer of A(«),
a =0, is not in general an interior critical point and A’(0) = 0 cannot be deduced only from the
first-order optimality condition. The role played by 7 is indeed crucial. By reversing one
of the two inequalities, we obtain the proof of the complementary result on maximizers.
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whence, as k — +00,
Qg 6l = 0, | Qper(Sh, No + )| = |, | + |Qper (S, No + 1)].
Let
SNty x) if (8,2) € Qper \ o,
S (t,z) if (t,z) € Qv \ O 1,
SOt (tx) € Qper > { Sa (@) i (t,2) € Qg1 \ Qv 2

I if (t,x) S nkeN QNo,k-

and extend it periodically in R x R", so that S5, € 8. Note that | (¢ Qnp.k| = 0.

Then the sequence (S} )ren converges almost everywhere, and in any L8 (R x
R™, RV*N) with p € [1,4+00), to SL,. Moreover, by continuity of the mapping
S — M| (S) with respect to the topology of, say, Eier (R x R*, RNVXN) ' S” is still a
minimizer. Finally, it satisfies

‘Qper(sé\ovNO)‘ =0 and |Qper(SQo,No+1)| = |Qper(SAaNO)|+‘Qper(SA7NO+1)|~
[l

Step 5: correcting the minimizer in all possible sets Q1y,. Performing the construc-
tion of Steps 3 and 4, first for

N§ =min{Ny € [N — 1] | |Qper (S, No)| > 0},

and then for N +1, etc., up to N — 1, we obtain in the end a new minimizer whose
restriction to {2per is valued in the set of permutation matrices almost everywhere,
that is a new minimizer in Sy 13- O

This ends the proof. O

Remark 3.20. Consistently with Neumann—Sze [57], the decomposition L = diag(r)+
(S —1) diag(p) can be replaced by a more general decomposition L = B+ SA with
A nonnegative and B essentially nonnegative. The generalization of the proof is
straightforward.

Remark 3.21. From Proposition and the fact that max, and maxg commute,
we can deduce a similar result on the maximizers of max,ern A1,.(S). Yet we do
not insist on it, for two reasons:

(1) from the discussion in Section we know that max,egn A1 .(S) is not a
satisfying generalization of A (S) when S ceases to satisfy and clearly
there are many S € Sy 1} that do not satisfy

(2) since there is no reason why ming and max, should commute (in particular,
(S,2) = A1,2(S) is not convex—concave), the argument does not apply to
minimizers.

The problem of optimizing S € & — A1(S), that needs both a unambiguous defini-
tion of A\; when L ceases to satisfy [(As)|and a new method of proof that applies to
minimizers, remains therefore open.

Next we prove Theorem [I.I7] The proof relies on a dual convexity lemma of
Altenberg (3, Lemma 1] whose statement is recalled below.
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Lemma 3.34 (Altenberg’s dual convexity lemma). Let f : (0,4+00) x [0, +00) — R
be a function of two wvariables v and s, positively homogeneous of degree 1, and

convex with respect to its second variable s.
Then:

(1) f is convex with respect to its first variable r; furthermore, r — f(r,s) is
strictly convez if s # 0 and if the convexity with respect to s is strict;

(2) for all (r,s) € (0,+00) x [0,+00), z — f(r,s) + zf(1,0) — f(r + z,s) is
either identically zero or positive; furthermore it is positive if s # 0 and if
f s strictly convex with respect to s;

(8) for allr € (0,+00),

lim f(’l“/, S) B f(?", S) f(?"/, 8) B f(T‘, 5)

r—r r—r r —r r—r
r'<r r'>r

< lim

< f(1,0) for all s € [0, +00),

and the first inequality is an equality except possibly at a countable number
of values of r.

In our context, this lemma brings forth the following result, which is more general
than Theorem [[.17] and might be of independent interest.

Corollary 3.35. Let z € R", s € [0,1] and r € CJLP° (R x R, RN).
Then the mapping

A:r € (0,1 = A, (rQ — sdiag(r))
is concave, strictly if v depends on x and s > 0, and, for all r € (0,1],
)\/(7") 2 /\172(9)7

with strict inequality if A is strictly concave.

Proof. Tt suffices to consider the case r # 0. Fixing z € R™, we apply Lemma [3.34]
to the function

fir,s) = =X, (rQ — sdiag(r))
which is, by virtue of Theorem [I.3] convex with respect to s, strictly if r depends
on z, and which is of class C* in (r,s) away from r = 0. O

As a direct corollary, replacing L by (S—1I) diag(u) and noting that, for instance,
A (diag(P) — (S — I) diag(p)) = 0 with left-eigenfunction 1, we obtain Theorem
C17

3.3.2. Optimization of the spatial distribution of L in dimension 1. In this section,
we prove Theorem

First, we investigate a Talenti inequality for cooperative elliptic systems, as such
estimates are milestones to proving spectral comparison [54, Theorem 3.9]. Let us
recall that the core idea underlying these estimates is to compare some L£P norms
(here, the £ norms) of the solution of an elliptic problem with that of a related
equation, the coefficients of which have been replaced by their symmetrization. It
should be noted that our results would also hold for boundary conditions of Dirichlet
type in the spatial domain B(0, R), R > 0.

Remark 3.22. In what follows, we will use a few specific notations.
It will be convenient to identify [0, Lq] with [f%, %], this amounts to trans-

lating the functions, and has the advantage of having 0 as a symmetry point. In
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this context, let us recall the fundamental ordering on the set of functions: for two
functions f,g € £2([0, L1], [0, 00)), the notation f < g stands for:

T r I
/2f§/2g for all 7 < 2.

2 2
In particular, these inequalities hold component wise.
For any non-negative scalar function, we may identify its rearrangement u! with
a non-increasing mapping @ : [0, L1 /2] — R. For any non-negative u, we denote by
u' its periodic rearrangement.

The first step in the proof of Theorem [I.18]is the following comparison result for
elliptic systems.

Proposition 3.36. Assume diag(P) = 9, — DA for some diagonal matriz D with
constant, positive diagonal entries and assume that L is nonnegative and depends
only on x.

Let ¢ > 0 and ¢, ¢ € £2([—%, %} ,[0,00)) such that ¢ < 1p. Let u and v be
the (unique) solutions of

. L, Ly
—DAu+cu=L¢ in [—7, 7] ,
ue w2
and
~DAv+ev=Lp i -4 L]
vewls:
Then u < v.

Proof. First, let us verify that if ¢, 1 are nonnegative and satisfy ¢ < 1, then
(22) Ligp" < Liapt.

First of all, for any s € [O, %] and any j € [N],

T T
X[fs.,s]¢j = X[fs,s]wj,

where x denotes the characteristic function of a set. This property is stable by
addition and multiplication by a nonnegative constant [5]. As a consequence, since
any nonnegative nonincreasing function can be approximated from below by a non-
negative step function, follows from the monotone convergence theorem.

For the sake of simplicity, assume the level sets of each w; have zero Lebesgue
measure- should this not be the case, we can argue exactly as in [61]. Let 7 > 0 be
a fixed real number and let ¢ € [N]. Integrating the i-th equation on the level set
{u; > 7}, we get

d; |Vuz\ = —C/ u; +
{ui=7} {ui>7}

Since u and u! are equimeasurable by the definition of the periodic rearrange-

ment, there holds
c/ u; = c/ ul
{u;>7} {uiZ‘r}

N

> /{Ui>7} lij 9.

j=1
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By (22),
N N
bt ot
Z/ LR DN N PO
=1 ez} = Hulzr}

At this point, we have obtained
N

d; V| < —C/ uj + / lj Bt
(w=r) o " 2 S B

We introduce the distribution function p; of w;,

pi(r) = H{ui > 3.

From the co-area formula,

1
/
o= [ e
( {u;=7} | ul'

Since the periodic rearrangement decreases the perimeter of level-sets, we have

Per ({ui = T}) < Per ({u; =7}).

From the Cauchy-Schwarz inequality, we obtain

Per ({uf = 7)) < Per ({u; =}’

1
< [V,
/{ui—r} Vil Jgui=ry
N

LY I EE 2 Y BN ES o AN )
{u;,=7} d; {’U.IZT} {UIZT}

Jj=1

Since we are working in one dimension,
; 2
4 < Per ({ul = T}) .

Furthermore, by definition of the rearrangement,

wi(T)
{u;>7} 0

L 13
k;l:ge[o,im/ .
2 0

From this definition, we obtain

We define, for i € [N],

1
EN (i (1)) = (i (7)) = ——.
(k)" (ni(T)) (ki(7)) 0
With these notations, we obtain the following differential inequality: for any
g S [07 Ll]a

c Y ET f
AR (€) < - SR (£)+; / i

Furthermore,
k7 (0) = 0.
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Working with 1) instead of ¢ and with v instead of u, all the previous inequalities
are equalities. Thus, with transparent notations, k) solves the differential equation

vy €y o~ [
74(]%') (g)gidikz (§)+;/0 li7j’¢)j'

Similarly,
kY (0) = 0.
Hence, from the vector K := k" — kV satisfies, component-wise,
K"+ SK; <0,K;(0) = 0.

d;
Finally, integrating both equations in u and v on the domain we obtain

1 1
[ w=t [ weisi [ we-[
[0,L4] € Jo,Lq] € JI0,L4] [0,L1]

K(L;) < 0.

so that

From the maximum principle,
K<0in (0,L1).
However, this is exactly the desired conclusion. (I
We now apply Proposition to derive a comparison principle.

Proposition 3.37. Assume diag(P) = 0, — DA for some diagonal matriz D with
constant, positive diagonal entries.
Letug € L2.(R,[0,00)) and let u, v be the respective space-periodic solutions of

per
Qu=0 in (0,T) xR,
u=uy on{0} xR
and
diag(P)v —Liv=0 n (0,7) xR,
v = u:g on {0} x R.
Then, for allt € [0,T], u(t,-) < v(t,-).
Proof. Following [5], we use a classical time discretization of the system.
Let ¢ > 0 so large that I;; + ¢ > 0 for all i € [N]. Let K € Nand § = £ > 0.

We define, for any w € [K],

wd wd
L,=K (L(7,") +cl)dr, Lyt=K (L(7,-) + cD)dr.
(w—1)8 (w—1)8
Clearly L, + K1 < L, 1 + KT and both are nonnegative and only depend on space.
We set u’ = ug, v¥ = ug, and consider, for any w € [K], the space-periodic solutions

of the elliptic systems
(K +c¢)u¥ — DAu® = Ku“ ! + L,u* ™,
(K +c)v¥ — DAVY = Kv¥ ™! + L v 1,

By Proposition for any w € [K], u* < v¥. Passing to the limit K — oo ends
the proof. O
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Proposition 3.38. Assume diag(P) = 9y — DA for some diagonal matriz D with
constant, positive diagonal entries.
Then

Al,per(g) > Al,per(diag(lp) - LT)

where LT is the entry-wise periodic rearrangement of L.

Proof. The proof relies on Proposition [3.37}
We proceed as in [54] and introduce, for some ¢ > 0 so large that L + ¢I > 0,
the Poincaré mapping

per per

g LR R R,RY)  — L2 (R x R,RY)
Lol ug — u(ug, L+ cI; T, )

where (t,z) — u(ug, L + cI; ¢, z) is the solution of diag(P)u+ cu = (L + cI)u with
initial condition uy.

We define r(L + ¢I) as the principal eigenvalue of the operator Gpi.. As is
classical, this eigenvalue can be obtained as

P+ D) = lim (6l

where the notation || || stands for the norm on the vector space of linear map-
pings from £33, (R x R,RY) into itself (for the £ — £ norm), and the two

quantities (L + cI) and A\ per(diag(P) — L) are immediately related through
r(L 4 cI) = — 1 A1 per(diag(P) — L). As a consequence, in order to obtain the re-
quired comparison result, it suffices to establish that, for any up € L3, (RxR,RN),

G rertollcoe mxmzn) < Gnt el oo mxry)-

per per

Yet this is a direct consequence of Proposition [3:37] O

Remark 3.23. The previous result established the optimality of periodically rear-
ranged coefficients when all the coefficients are rearranged one by one independently,
namely when the coefficients are not correlated. However this optimality can fail if
the coefficients are correlated, as the following counter-example shows.

We consider, in the one-dimensional case n = 1 with L; = 2, a space-periodic
function x whose restriction to [—1, 1] is the indicator function of (—y,y), 0 < y < 1,
a real number 7, and the matrix

. —1+x(®) 1+x(z—n)
L'xH<1+x(ﬂs—n) —1+x<x>)'

The vector 1 is a Perron—Frobenius eigenvector of L(z) with Perron—Frobenius
eigenvalue i, (z) = x(x) + x(z —n). Let u be a periodic principal eigenfunction
of @ = 0, — A — L. The function u, = 1%u is positive, time homogeneous, space
periodic and solves

—Auy = fiyty + A per(Q) .
Therefore A\ per(Q) = A1 per(—A — pyy), where the last operator is a scalar space-

periodic elliptic operator. Note that y and any spatial translation of it are invariant
by periodic rearrangement: L = L'. Nonetheless, L is not optimal as soon as n # 0.
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Indeed,

0 ifze(-1,—y)U(y+n,1),
p(r) =q1 ifze(—y,—y+n)Uyy+n),
2 ifxe(—y+ny).

Hence all (p),er are piecewise-constant, space periodic functions of total mass
equal to 4y > 0. It is well-known, cf. [54], that among these the one that minimizes
A per(—A — py,) is that corresponding to n = 0.
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