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Abstract

This paper deals with the full dynamic modeling and control of a flying architecture called a flying parallel robot (FPR). This architecture, which
can be seen as a parallel robot whose actuators have been replaced by drones, offers novel possibilities for robotic and aerial manipulation.
Over the last decade, many prototypes have been developed in the field of aerial manipulation, like attaching a gripper or a manipulator to the
drone. Nevertheless, the proposed approaches suffer from several drawbacks such as a limitation of payload, autonomy constraints and also a
manipulability impacted by the quadrotor underactuation, if standard underactuated quadrotors are used. To overcome these limitations, the FPR
concept has several advantages: all possible DoF of the end-effector can be controlled; by sharing the efforts over several drones, and by using
no additional embedded motors, the payload capability is enhanced. In this paper, the generic dynamic model is established, whatever are the
legs topologies and number of drones used. It is shows that a decoupling property of the dynamic model can be established, which can be then
exploited for the design of a cascade controller handling the underactuation of the FPR. The proposed modelling approach and control strategy
have been applied in order to perform real experiments with a proof-of-concept prototype belonging to the category of flying parallel robots made
of three drones and three legs.

Keywords: Unmanned aerial vehicles, parallel robot, Newton’s law, Dynamic model, cascade controller.

1. Introduction

Unmanned aerial vehicles (UAVs) have become increasingly
used in commercial applications. In particular, UAVs are ex-
ploited in entertainment and surveillance applications, and work
is currently underway towards adapting their use to construc-
tion, inspection, and logistics industries (Ollero et al., 2018).
However, the possibility for air vehicles to grasp an object in
order to manipulate or transport it can considerably expand the
kind of missions and possible applications that can be carried
out by these vehicles: for instance, object manipulation, inspec-
tion and maintenance of industrial settings, structure construc-
tion, or also other outdoor applications. The new field of aerial
manipulation, which is at the boundary between robotic manip-
ulators and UAVs, has attracted the attention of researchers over
the past decade (Jimenez-Cano et al., 2013; Kondak et al., 2014;
Heredia et al., 2014; Zhou et al., 2016; Suarez et al., 2020).

Aerial manipulation is usually obtained with the integra-
tion of one or more robotic arms on an unmanned aerial vehi-
cles (UAVs), typically multirotors or autonomous helicopters,
in such a way that the manipulator is capable to perform certain
operations in workspaces at high altitude or in areas out of the

reach for ground robots.
The most basic approach to design this type of robot is sim-

ply to attach a gripper or an arm under the aerial vehicle, usually
a standard quadrotor UAV (Lindsey et al., 2011; Pounds et al.,
2011; Ghadiok et al., 2011; Backus et al., 2014). This approach
is not satisfactory because the manipulating capacities are lim-
ited due to the under-actuation of this type of vehicle, as well
as the limited on-board load and autonomy capacities. In fact,
the arm and the associated actuators weight are added to the ve-
hicle. A second approach consists of attaching a manipulating
arm to the vehicle (Huber et al., 2013; Kondak et al., 2013; Yang
et al., 2014; Danko and Oh, 2014; Ruggiero et al., 2015; Cataldi
et al., 2016; Suarez et al., 2017) which offers better manipulat-
ing capabilities but accentuates the problem of on-board load
and autonomy. The drawbacks of such solutions are a limited
payload and autonomy due to the additional embedded motors
and also a manipulability impacted by the quadrotor underac-
tuation. Alternatives using fully actuated multirotors have also
been explored Ryll et al. (2015); Rajappa et al. (2015); Nikou
et al. (2015); Lee et al. (2018), but they require the design of
specific flying devices that will not be available off-the-shelf
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and have generally a reduced autonomy and an increased sys-
tem complexity.

To overcome the limits in payload, some studies investi-
gated co-manipulation between several UAVs (Nguyen et al.,
2015, 2018; Loianno et al., 2018; Castillo-Zamora et al., 2019;
Rossi et al., 2019). Multiple UAVs working in unison have the
advantage of improving the payload capacity, achieving more
controllable degrees of freedom (DOFs), and exerting better
dynamic control over the suspended payload. An increase in
the load capacity and maneuverability of aerial payloads could
have applications in firefighting, inspection and repair of trans-
mission lines, and a number of other fields. Beyond new ap-
plications, multi-UAV collaboration is economically desirable
because of its inherent modularity and reconfigurability. It al-
lows the division of resources (Anzai et al., 2017; Zhao et al.,
2018) and, according to (Bernard et al., 2011), “the costs for
two small helicopters are often less than for one with double
load capacity”.

With the advances in UAV technology, recent work has been
undertaken to study the use of multiple vehicle actuation of a
payload using cables, with the goal of replacing manned heli-
copters in existing fields and extend the hitherto inaccessible
benefits of aerial manipulation into new sectors (Michael et al.,
2011; Sreenath and Kumar, 2013; Erskine et al., 2019; Jamshid-
ifar and Khajepour, 2020). However, cables cannot apply any
pushing forces to the environment, limiting the manipulation
area under the drones. Such flying devices can also be seen
as cable-driven parallel robots where the actuators have been
replaced by quadrotors.

Inspired by this analogy, a new architecture of flying par-
allel robot (FPR) using rigid links instead of cables has been
proposed in (Six et al., 2018). The use of rigid links requires a
new computation of the dynamic model to be able to implement
an appropriate control law. The study in (Six et al., 2018) has
however been limited to only one specific architecture and no
experiments were performed.

The main advantages of FPR architecture are described be-
low:

• A control of all possible DoFs of the end-effector;

• An enhanced payload capability, by sharing the efforts
between several drones;

• No additional embedded motors, the robot is controlled
only by the quadrotors;

• The end-effector can be placed away from the drone, lim-
iting the perturbations due to rotor wash;

• A large choice of leg topologies, issued from the study of
parallel robots, can lead to several properties of interest.

In this paper, the work initiated in (Six et al., 2018) is ex-
tended to the generic case of a flying parallel robot composed
of n drones. The main contributions of the paper are:

• The proposition of a dynamic model for a generic FPR,
i.e. whatever are the legs topologies, and whatever is

the number of drones used. While the work (Six et al.,
2018) investigates the dynamic model of a single partic-
ular case study, the results are generalized by showing
that this generic model can always be separated into two
subsystems, one describing the dynamics of the passive
architecture of the flying robot and the other describing
the dynamics of the orientation coordinates of the drones
(Section 3).

• The design of a cascade controller handling the under-
actuation of the FPR and exploiting the properties of the
dynamic model separated into two subsystems (Section
4). Here, the main difference with respect to (Six et al.,
2018) is the definition of an orientation control law based
on quaternions instead of Euler angles, thus avoiding any
type of representation singularity.

• The application of the previous modelling approaches and
control strategies for performing real experiments of tra-
jectory tracking with a proof-of-concept prototype of fly-
ing parallel robots made of three drones, developed at
LS2N (Section 5).

The rest of the paper is organized as follows. Section 2
describes the geometric and kinematics modelling of a generic
FPR and highlights all the parameterization used in the paper.
Section 3 describes the dynamic model of FPRs by computing
the dynamics of the passive architecture of the flying robot and
the dynamics of the orientation coordinates of the drones. The
control law design is presented in Section 4 and the experimen-
tal results are presented in Section 5. Finally, conclusions are
drawn in Section 6.

2. Geometric and kinematics modelling of generic flying par-
allel robots

In this section, the kinematic parameters of a flying parallel
robot are defined and its kinematic model is introduced.

2.1. Parametrization
In the scope of this study, a flying parallel robot is a multi-

body mechanism composed of (Fig. 1):

• A rigid platform named Bp, which is considered as the
robot end-effector.

• n legs. A leg i is denoted by Li, with i = 1, . . . , n, and is
composed of ni rigid bodies, denoted Bi, j, j = 1, . . . , ni.
The bodies are linked by passive joints, such that they
form a kinematic chain. For each leg, the body Bi,ni is
named the last body of the leg.

• n flying drones. Each drone i, i = 1, . . . , n, is denoted by
Di. In what follows, all drones will be considered to be
quadcopters, but any other kind of drones could be used
(e.g. hexarotors).

Each leg Li links the platform to a drone as follows. The
leg Li is attached:
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Figure 1. General scheme of a flying parallel robot

• to the platform Bp at point Ai by the body Bi,0 with a
passive joint, that could be of any type.

• to the drone Di center of mass (CoM) at Oi through the
body Bi,ni with a passive spherical joint. This joint al-
lows a free rotation of the quadrotor at the leg tip. As
a consequence, no torque applied by the drones at their
CoM is transferred to the leg. This choice of design
may be technically challenging but is mandatory to ob-
tain a decoupling between the drone rotation dynamics
and the passive architecture dynamics. This decoupling
is a key component of the control law design (see sec-
tion 4). Other joints could be proposed for the connec-
tion between a drone and a leg, but they would add a
considerable complexity to the controller design, and are
therefore considered to be out of the scope of this paper.

In what follows, the passive architecture refers to the tree
structure composed by the platform, associated to the legs, with-
out the quadcopters and the associated spherical joints.

The following frames are also defined in the form
F (O, x, y, z), with O being the origin of the frame and x, y, z its
three main axes:

• Fw(Ow, xw, yw, zw) a reference world frame.

• Fp(Op, xp, yp, zp) a frame attached to the platform Bp.

• Fi(Oi, xi, yi, zi) a frame attached to the quadcopter Di at
its CoM.

• F ′i (Oi, x′i , y
′
i , z
′
i) a frame attached to the last body Bni of

each leg at point Oi.

The position and orientation of any frame F relative to the
world frame Fw are defined by the position of its origin in the
world frame given by ξT =

[
x y z

]
and a unit quaternion

h ∈ H allowing a representation of the rotations without any
singularity (see (Campa and Camarillo, 2008; Kuipers, 1999)
and appendix Appendix A.1). Subsequently, the variables ξp
and hp (ξi and hi, ξ′i and h′i , resp.) will parameterize the posi-
tion and orientation of the frame Fp (Fi, F ′i , resp.) with respect
to the world frame Fw.

Table 1. Kinematic parameters of a flying parallel robot

Element Frame Coordinates Velocity
Platform
(end effec-
tor)

Fp ξp
hp

ξ̇p
ωp

Leg i F ′i

(last body)
qi q̇i

Drone i Fi ξi
hi

ξ̇i
ωi

The passive architecture configuration is then defined by a
vector q = [ξT

p hT
p qT

1 . . . qT
n ]T composed of the following co-

ordinates:

• The position ξT
p =
[
xp yp zp

]
of the platform Bp.

• The coordinates of the unit quaternion hp defining the
platform frame Fp orientation.

• All passive joint coordinates: for each legLi (i = 1, . . . , n),
the joint coordinates are grouped in the vector denoted qi.
The coordinates of the spherical joint linking the leg to its
associated quadrotor are not included in this vector.

The variable nq defines the number of degrees of freedom of
the passive architecture, i.e. the kinematic chain without the
drones. The vector q contains nq + 1 components because the
quaternion defining the platform orientation is composed of four
(dependent) coordinates.

For what follows, vq denotes the velocity vector composed
of the following nq components:

vT
q =
[
ξ̇

T
p ωT

p q̇T
1 . . . q̇T

n

]
(1)

where ωp denote the angular velocity of the platform frame Fp.
The Table 1 provides an overall view of the parameters in-

troduced in this section.

2.2. Geometric and kinematic models of the passive architec-
ture

In order to study the robot from a kinematic point of view, it
is necessary to obtain the relations between the position and ve-
locity of the drones CoM relatively to the configuration and co-
ordinates velocity of the passive architecture. Some details are
provided here on the computation of the geometric and kine-
matic models.

2.2.1. Inverse geometric model
The inverse geometric model is the model expressing the

Cartesian coordinates ξi of each point Oi, i.e. the drone Di’s
CoM, as a function of the passive architecture coordinate vector
q. This model is provided by 3n equations given by:

ξi = ξp + rPAi + rAiOi i = 1, . . . , n (2)

where rAB =
−−→
AB for any points A and B. rPAi is a constant

in the platform frame, and rAiOi = rAiOi (q) is a function of the
3
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passive architecture coordinates q. This analytical expression
can be obtained by using the conventional method for comput-
ing the forward geometric model of any tree structure robot, as
explained for instance in (Khalil and Dombre, 2002). Based on
this approach, Eq. (2) can be rewritten under the generic form:

ξi = fi(q) (3)

2.2.2. Direct geometric model
The direct geometric model gives the configuration of the

passive architecture as a function of the drones position in space.

q = f(ξ1, . . . , ξn) (4)

As for any parallel robot, the analytical computation of the di-
rect geometric model is not straightforward, even potentially
impossible, and will require a specific study for each architec-
ture (Merlet, 2004). Some numerical schemes based on Newton-
Raphson algorithm or interval analysis, such as the ones pro-
posed in (Merlet, 2004), could be defined or adapted. However,
in the experimental setup (see Section 5), the platform pose
is directly measured by exteroceptive sensors. Therefore, pro-
viding more details on the computation of the direct geometric
model is out of the scope of this work.

2.2.3. Kinematic model
The kinematic model of the flying parallel robot describes

the relation between the velocity of the drones CoM at Oi and
the vector of the coordinates velocity vq. The velocity ξ̇i of each
drone CoM Oi is given by the derivative with respect to time of
equation (2):

ξ̇i = ξ̇p + ṙPAi + ṙAiOi (5)

For each leg Li, by using the conventional methododology for
computing the forward kinematic model of any tree structure
robot, as explained for instance in (Khalil and Dombre, 2002),
it is possible to define the Jacobian kinematic matrix Ji giving
the twist Ai ti of the frame F ′i relative to the point Ai as a linear
function of the leg velocities q̇i:

Ai ti =

[
ṙAiOi
Aiωi

]
= Jiq̇i =

[
Jṙ,i

Jω,i

]
q̇i (6)

where Jṙ,i (respectively Jω,i) is the the sub-matrix of the Jaco-
bian Ji relative to the translational velocity (respectively the an-
gular velocity) of the frame F ′i .

Introducing (6) into (5), then recalling that rPAi is constant
in the platform frame, and using the fact that
ṙPAi = ωp × rPAi , the following expression is obtained for the
leg i:

ξ̇i = ξ̇p + ωp × rPAi + Jṙ,iq̇i (7)

Now, by stacking the equations of all legs, the complete kine-
matic model of the passive architecture is obtained under the
following matrix form:

v = Jvq (8)

where vT =
[
ξ̇

T
1 . . . ξ̇

T
n

]
is the vector of all drone CoM ve-

locities and:

J =



13 −r×OpA1
Jṙ,1 0 . . . 0

13 −r×OpA2
0 Jṙ,i

. . .
...

...
...

...
. . .

. . . 0

13 −r×OpAn
0 . . . 0 Jṙ,n


(9)

where r× is the cross product matrix of the vector r defined by:

r×ω = r × ω = −ω × r

for any vectors r and ω.
J is a (3n × nq) matrix. The dimensions and rank of the

matrix J can be interpreted, from a kinematic point of view, as
follows:

• If rank(J) < nq, then there is not a unique solution to
the inverse kinematic model. The robot will have one or
several uncontrolled degrees of freedom, which is out of
the scope of this study. This situation arises if 3n < nq

or if the matrix J is singular. Finding singularities of this
matrix is also out of the scope of this paper. However,
for the interested reader, an example of a study of the
singularities of a flying parallel robot with three drones
and three legs is proposed in (Six et al., 2018).

• If rank(J) = nq, then any solution to the inverse kinematic
model is unique and there is no uncontrolled degrees of
freedom, assuming that the robot can be assembled. Note
that in this case, there is 3n ≥ nq. If 3n = nq then the solu-
tion is guaranteed, while if 3n > nq there are more coor-
dinates in the vector xT

drone = [xT
1 . . . x

T
n ] of all drone CoM

than degrees of freedom in the passive architecture. This
case is similar parallel robots encountering overactuation
(Merlet, 2006).

The scope of this study is restrained to the case rank(J) = nq.
There is as much degrees of freedom in all drone translations
than in the passive architecture.

The computation of this Jacobian matrix has its importance
both in the computation of the kinematics of the flying parallel
robot but also for its dynamic model as the transpose of this
Jacobian matrix links the forces applied at the leg extremity
to the efforts in the passive architecture as it will be shown in
the next section that develops the computation of the dynamic
model for the generic flying parallel robot.

3. Dynamic model of flying parallel robots

As mentioned in section 2.1, the following hypothesis is
made: the last body of the leg Li is considered to be attached
to the drone Di CoM with a passive spherical joint (for i =
1, . . . , n). This gives the following properties for the dynamics
of the robot:

• No torques are transmitted between the passive architec-
ture and the drones, only interaction forces.
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• The interaction forces between the passive architecture
and each drone are applied at the drone CoM.

As a consequence, the drones rotations are not affected by the
passive structure and remains similar as if the drones were mov-
ing in free air. Also, the passive architecture dynamics is only
affected by the forces acting at the drones CoM, i.e. the thrust
force, the weight, and the acceleration of the drone.

Considering those properties, the dynamic model of the robot
is split in two parts. A first part considers the dynamic model
of the quadrotors rotations. Then, a second part focuses on the
passive architecture under the influence of the interaction forces
with each drone.

For the computation of the full dynamic model of the FPR,
the hypothesis of a quasi-stationary flight configuration of the
robot is considered. This hypothesis, widely adopted in the lit-
erature (see (Mahony et al., 2012), for example), will allow us
to neglect several friction and aerodynamic effects in the cal-
culation of the dynamic model, effects which will be partially
compensated by the controller (see section 4). In section 5, it
will be shown that the controller remains stable even in the con-
text of dynamic trajectory tracking.

3.1. Quadrotor rotation dynamics

In the scope of this study, all the drones are assumed to
be in a near hovering configuration. The propellers inertia and
ground and ceiling effects are also neglected. Given these stan-
dard hypotheses (see for instance (Bouabdallah et al., 2004;
Bristeau et al., 2009; Mahony et al., 2012)), the resultant forces
and torques provided by the four propellers of a quadrotor are
composed of a thrust force aligned with the propeller axes (in
this study, zi for the drone Di) and three moments that allow a
full control of the three rotations of the quadrotor. Those forces
are linearly mapped to the square of each propeller angular ve-
locity (Mahony et al., 2012). Thus, the thrust fi = fizi and three
independent moments mi will be considered as the drone inputs
for control purpose.

Because there is no torque transmitted via the spherical joints
between the passive architecture and the drone, the dynamic
equation of the drone rotation around its CoM is obtained by
straightforwardly applying the Newton’s law to the droneDi:

mi = Σiω̇i + ωi × Σiωi (10)

where Σi and ωi are the inertia matrix and the angular velocity
of the droneDi about its CoM Oi, respectively.

It is observed that, in (10), there is no variable related to
the passive architecture kinematics or dynamics. Therefore, the
dynamics of the drone rotations is not affected by the passive ar-
chitecture. This result will be exploited in Section 4 for the de-
velopment of a cascaded controller for the flying parallel robot.

In the next section the dynamic model of the passive archi-
tecture is computed.

3.2. Dynamic model of the passive architecture

The passive architecture of the flying parallel robot is actu-
ated by the total interaction force fd,i (i = 1, ..., n) produced by

the drone at Oi and acting on the last body of each leg (Fig: 2a).
In order to compute the dynamic model of the passive architec-
ture, three steps will be followed:

• First, the dynamic model of a virtual architecture, which
is similar to the passive architecture, except that all joints
and the platform will be considered virtually actuated
(Fig: 2b), will be developed (Section 3.2.1).

• Then, in order to link the dynamics of this virtual ar-
chitecture to the dynamics of the real robot, actuated by
the interaction forces fd,i between the passive architecture
and the drones, the principle of virtual powers (Khalil and
Dombre, 2002) will be used (Section 3.2.2).

• Finally, the interaction forces fd,i will be expressed as a
function of the drone thrust forces fi in order to obtain
the complete dynamic model of the passive architecture
(Section 3.2.3).

3.2.1. Dynamic model of the virtual architecture
The virtual architecture shown in Fig. 2b is similar to the

passive architecture, except that it is virtually considered that
it is a fully actuated free floating tree structure with all joints
being active. The vector τe is defined as the vector grouping all
the efforts on this virtual architecture composed of:

• A virtual 6-dimensional wrench acting on the platform.

• A vector stacking all virtual wrenches providing actua-
tion on each joint. The dimension of this vector is cor-
responding to the total number of degrees of freedom in
the joints.

The dynamic model of the fully actuated virtual tree architec-
ture takes the general form (Khalil, 2010):

τe =Me(q)v̇q + ce(q, vq) (11)

where Me(q) is the (nq × nq) generalized inertia matrix and
ce(q, vq) the nq-dimensional vector of Coriolis, centrifugal and
gravitational effects. As explained in the introduction of this
section, the system is considered in a near-hovering configu-
ration. Then the friction effects, either aerodynamic or in the
passive joints, are negligible compared to actuation forces and,
therefore, are not considered in this model. Details for com-
puting the matrix Me and the vector ce for any tree structure
robot are provided in (Khalil, 2010) and are not recalled here
for reasons of brevity.

3.2.2. Computation of the drone interaction forces
The interaction wrench applied at each point Oi by the drone

Di to the real passive architecture is denoted wd,i. In order to
compute how those wrenches affect the dynamics of the real
passive architecture, an arbitrary virtual displacement of all points
Oi is considered. Then, the Principle of Virtual Powers is used
to link the interaction wrench to the virtual efforts τe applied in
the virtual fully actuated architecture.

Since each drone Di is linked to the passive architecture
through a spherical joint in point Oi (the friction in the joint is

5
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(a) (b)

Figure 2. The passive architecture actuated by the interaction forces with the drones (a) and an equivalent fully actuated tree structure (b). In these pictures, the red
arrows stand for the actuation forces or torques of the passive architecture.

neglected), it is possible to consider that the interaction wrenches
are pure forces at each point Oi. Let us consider an arbitrary vir-
tual velocity vq

∗ of the passive architecture leading to a virtual
velocity v∗i of the center of mass of each drone Oi. The prin-
ciple of virtual powers can be written in the virtual equivalent
free-floating tree-structure as:

Pp + Pτe = 0 (12)

where

• Pp is the power developed by the inertial effect and the
gravitational forces on the passive architecture.

• Pτe is the power developed by the virtual joint actuation
in the virtual equivalent free-floating tree-structure.

Coming back now to the real robot, the principle of virtual pow-
ers gives:

Pp + Pi = 0 (13)

where Pi is the power developed by the interaction forces be-
tween the drones and the passive architecture. Equations (12)
and (13) allow us to write the equivalence between the power
provided by the interaction forces fd,i applied to the passive ar-
chitecture and the power provided by the virtual actuation τe in
the virtual architecture, giving

n∑
i=1

v∗i
T fd,i = vq

∗T τe (14)

Equation (14) can be rewritten as

v∗T fd = vq
∗T τe (15)

with

• v∗T =
[
v∗1

T . . . v∗nT
]

• fT
d =
[
fT
d,1 . . . fT

d,n

]
Introducing the kinematic relation (8) in (15) leads to

v∗q
T JT fd = v∗q

T τe (16)

This relation is valid for any virtual velocity v∗q which leads, by
identification of both sides of the equation (16), to the following
relationship:

JT fd = τe (17)

Introducing (17) into the dynamic model (11) leads to

JT fd =Me(q)v̇q + ce(q, vq) (18)

3.2.3. Final form of the dynamic model
Recall that in the scope of this study, it is considered that

the drones are only near hovering case. Thus, the aerodynamic
forces acting on each bodyDi such as aerodynamic friction are
neglected. For each legLi, the interaction force applied in point
Oi can be obtained computing the force resultant applied on the
droneDi (Mahony et al., 2012):

fi − fd,i + mig = miξ̈i (19)

where

• fi is the actuation force applied by the propellers (see sec-
tion 3.1).

• mi is the mass of the droneDi.

• g is the gravity vector.

The expressions (19) can be grouped for all the drones, giving

fd = f +Mdgn −Mdv̇ (20)

where

• Md is a (3n × 3n) diagonal matrix which takes the form

Md =


m113 0

. . .

0 mn13


• f =

[
fT
1 . . . fT

n

]T
• gn is the gravity vector expressed n times gn =

[
gT . . . gT

]T
.
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Introducing the derivative of the kinematic model (8) into (20)
allows the computation of the vector fd grouping all interaction
forces. The expression of fd becomes then a function of the
drone actuation forces f, the passive architecture coordinates q,
velocities vq and accelerations v̇q:

fd = f +Mdgn −Md(J(q)v̇q + J̇(q, vq)vq) (21)

Introducing (21) into the dynamic model (18) gives then the
expression of the relation between the drone actuation forces
f and the passive architecture coordinates q, velocities vq and
accelerations v̇q:

JT f = (Me + JT MdJ)v̇q + ce + JT Md(J̇vq − gn) (22)

The expression (22) of the dynamic model of the passive archi-
tecture can be then rewritten under the form

JT f =M(q)v̇q + c(q, vq) (23)

where M = (Me + JT MdJ) and c = ce + JT Md(J̇vq − gn). Equa-
tion (23) is the dynamic model of the flying parallel robot.

This structure of the dynamic model is close to the form of
the dynamic model of conventional robots. This structure will
inspire the feedback linearization strategy for the control law of
the passive architecture developed in section 4.

4. Control law

In this part dedicated to the control strategy, several layers
of control will be defined using auxiliary inputs. Thus, an aux-
iliary input of the control law associated to a variable x, resp. a
vector x, is denoted by αx, resp. αx.

The aim of the control law design is to obtain the conver-
gence of the passive architecture coordinates q towards a de-
sired configuration dq. In section 2.2, the hypothesis of a full
rank Jacobian matrix J is made. Then, given the dynamic model
of the passive architecture (23), the flying robot can be con-
trolled through the vector f grouping all the actuation forces
provided by the drones. In this case, to be fully actuated, the
flying parallel robot would require the action of three indepen-
dent forces at each point Oi. However, each quadrotorDi is un-
deractuated and can only provide a single unidirectional force
in the direction of its axis zi.

To handle this underactuation, the strategy that is proposed
is similar to some approaches developed in (Bouabdallah et al.,
2004; Castillo et al., 2005; Voos, 2009; Das et al., 2009; Lee
et al., 2010; Mahony et al., 2012), applied to classic quadro-
tors control. The principle of control in this case consists in
separating the translational control from the rotational control.
Indeed, in all cases, a first control law determines the vertical
thrust and the orientation necessary to stabilize the translation
dynamics. This orientation is then considered as the reference
to be followed by a second control law that stabilizes the rota-
tion dynamics. Thus, the outputs of the high level control serve
as set points for the low level control, hence the notion of hier-
archical control. It is interesting to note that each control law

can be developed separately. The main difficulty of this con-
trol structure is then to demonstrate the stability of the overall
closed-loop system, to ensure that the actuators are not satu-
rated and to guarantee good performance and robust behavior
with respect to disturbances.

Applying a similar approach for the Flying Parallel Robot,
the main point of the control strategy is to use a cascaded con-
trol (see Fig. 3). An outer loop computes the required force α fi
and orientation αhi of each drone Di to obtain the convergence
of the passive architecture coordinates q toward the trajectory
dq. This outer loop contains a PD controller 1 associated to

a dynamic model 2 that computes the desired force vector αf
to be provided by the drones (see Fig. 3). As the thrust provided
by each drone is unidirectional, the appropriate drone orienta-
tion αhi must be also computed 3 . Then, on each drone, an

internal control loop 4 ensures that it provides the appropriate
thrust with the desired orientation.

The designed control law will be presented using the fol-
lowing approach. First, the control law of the passive archi-
tecture will be expressed assuming that the drones can provide
forces in any direction. Then the cascaded control strategy for
the control of the overall system will be developed.

4.1. Passive architecture control law

This section describes the control approaches used in Blocks
1 and 2 of Fig. 3.

4.1.1. Control of the orientation errors
As the quaternions, used for the representation of orienta-

tions have four dependant coordinates, a specific control law
must be established to ensure the convergence of the orientation
coordinates. Let us denote as hT

i =
[
ηi ϵ

T
i

]
a unit quaternion,

where ηi is its scalar part and ϵ i its vector part. As mentioned
in appendix Appendix A.1, the Hamilton product of h1 by its
inverse h̄1 is the identity quaternion (see (A.5)). Reciprocally,
two quaternions h1 and h2 verifying

h1 ◦ h̄2 =

[
1
0

]
(24)

represent the same rotation. Thus, the quaternion error
δh(h1,h2) = h1 ◦ h̄2 is a natural way to represent the orien-
tation error between two frames. As orientations are repre-
sented by unit quaternions, the condition δϵ(h1,h2) = 0, where
δϵ is the vector part of δh, is a sufficient condition to guarantee
that h1 and h2 represent the same rotation. Therefore, aligning
frames which respective orientations are represented by h1 and
h2 is equivalent to make δϵ(h1,h2) converge toward zero, with
δϵ(h1,h2) obtained using (A.3) in Appendix Appendix A.1 ap-
plied to h1 ◦ h̄2

δϵ(h1,h2) = −η1ϵ2 + η2ϵ1 − ϵ1 × ϵ2 (25)

Let us now consider a C2 trajectory of desired orientation of a
rigid body dh and an auxiliary input αω̇ associated to the body

7
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Figure 3. General control scheme for a flying parallel robot

angular acceleration. The following PD control law is defined
for controlling the orientation of the considered rigid body:

αω̇ =
dω̇ + hKd(dω − ω) + hKpδϵ(dh,h) (26)

with

• dω and dω̇ respectively the desired angular velocity and
acceleration computed from the trajectory using (A.6).

• hKp and hKd diagonal positive gains matrices.

It should be noted that the asymptotic stability of this control
law is proven in appendix Appendix A.2. Then, the obtained
convergence of δϵ(dh,h) toward zero ensures the alignment of
the current frame with the desired one. As a result, this control
law on quaternions will be exploited in the PD control law de-
signed for the passive architecture coordinates in the following
section.

4.1.2. Passive architecture control law
Let us consider a desired passive architecture configuration

dq. The error vector eq on the robot configuration q is defined
by:

eq =



dxp − xp

δϵ(dhp,hp)
dq1 − q1
...

dqn − qn


(27)

The design of the control law of the passive architecture is based
on feedback linearization. An auxiliary input αv̇q associated to
the passive coordinate acceleration will be first considered. The
PD control law, corresponding to the block 1 in Fig. 3, is
defined as

αv̇q =
dv̇q +Kd(dvq − vq) +Kpeq (28)

with:

• dvq and dv̇q respectively the desired coordinate velocities
and accelerations.

• Kp and Kd diagonal positive gains matrices.

This control law leads to a convergence of all the coordinates
when v̇q = αv̇q :

• for the quaternion orientation coordinates as discussed in
section 4.1.1.

• for the other coordinates as it leads to a dynamic equa-
tion under the form of a second order ordinary differential
equation.

Then, the auxiliary input related to the propeller thrusts αf is
computed using the inverse dynamic model of the passive ar-
chitecture (23). It is assumed in Section 2.2.3 that the Jacobian
matrix J defined in (9) was square. Then, if the passive architec-
ture is not in a singular configuration, the matrix J is invertible
and it is possible to compute the drone actuation force auxiliary
input αf from (23) with:

αf = J−T (M(q)αv̇q + c(q, vq)) (29)

This equation corresponds to the block 2 of the control scheme
(Fig. 3).

Assuming that the desired input forces are obtained, i.e.
f = αf , and combining the dynamic model (23) with the control
law (29), this ensures that v̇q = αv̇q . Then, the convergence of
the passive architecture coordinates is obtained from (28). Im-
perfections in the estimation of the dynamic model can be com-
pensated by the choice of appropriate gains to maintain a local
convergence of the controlled system as discussed in (Samson,
1987).

The cases where the Jacobian matrix J is rectangular were
assumed to be out of the scope of this study. Nevertheless, it
should be mentioned that, for an overactuated robot, i.e. if
3n > nq, the control of the over-actuation could be handled
by applying conventional techniques, for instance, by using the
Moore–Penrose pseudo-inverse J+ (Merlet, 1996):

αf = J+(M(q)αv̇q + c(q, vq)) (30)

In this case, the kernel of the matrix J might be exploited for
secondary tasks.

8
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4.2. Drone orientation and thrust auxiliary inputs

This section describes the control approaches used in Blocks
3 and 4 of Fig. 3.

At this point, it is important to recall that the 3n coordinates
of the auxiliary input vector αf are not independent, as each
drones can only provide a single actuation force in the direction
of the propeller axes. A given vector αf can be obtained only
if the drones are properly oriented and provide the appropriate
thrust. Each droneDi must be oriented such that the frame axis
zi is aligned with its force auxiliary input vector αfi , i.e.

zi =
αfi

|αfi |
(31)

Note that, this equation suppose |αfi | > 0. |αfi | = 0 is a singu-
lar configuration that corresponds to acrobatic flight, out of the
scope of this study.

The vector zi is not enough to constrain the orientation of
the drone. From a valid orientation, any rotation along zi might
be used to control the robot. However, some configurations of
the drone are preferred to avoid a collision between the drones
arms and the legs of the passive architecture. To do this, it is
possible to choose the direction a second vector of the drone lo-
cal frame, in this specific case xi. Given a computed orientation
of the vector zi (31) and a desired orientation of the vector dxi,
it is possible to compute the rotation matrix of the drone frame
Fi by

Ri =
[
dxi zi ×

dxi zi

]
(32)

Then, the quaternion input αT
hi

to obtain the desired orientation
of the drone i can be computed from the rotation matrix Ri using
(Campa and Camarillo, 2008)

αT
hi
=

1
2
√

r11 + r22 + r33 + 1


r11 + r22 + r33 + 1

r32 − r23
r13 − r31
r21 − r12

 (33)

where rkl is the coefficient of the matrix R located at the kth row
and the lth column.

The thrust input α fi for each drone is then given by

αfi = |αfi | (34)

Equations (33) and (34), performed in the block 3 of the con-
troller (Fig. 3), give the desired orientation and force output for
each drone i.

Concerning each quadrotor internal control law (block 4
in Fig. 3), any thrust/attitude control law that is used for classic
quadrotor can be implemented on each quadrotor to reach the
desired auxiliary inputs α fi and αhi . Such a control law, is avail-
able in the autopilot the Pixhawk controllers used for the exper-
iments. The autopilot control law in the Pixhawk controller is
based on (Bresciani et al., 2013).

As a summary, the overall controller will then be a cascaded
controller inspired by quadrotor control laws (Mahony et al.,
2012)

• An external loop ensures the convergence of the passive
architecture coordinates using a target thrust force α fi and
orientation quaternion αhi for each drone (blocks 1 2

and 3 in Fig. 3).

• A internal loop for each drone ensures the convergence of
the thrust forces fi and orientation quaternions hi toward
the targets (block 4 in Fig. 3).

5. Experiments

In this section, some experimental results of trajectory track-
ing with a prototype of flying parallel robots, made of three legs,
developed at LS2N, are presented. To perform these experi-
ments, the previous modelling approaches and control strate-
gies are applied.

5.1. Robot architecture

In order to evaluate the efficiency of the control law pre-
sented in Section 4, a prototype of a flying parallel robot made
compose of three legs and a platform was designed. Each leg
is made of a rigid link whose extremities are connected to two
passive joints: a passive spherical joint connects the leg to the
drone, and a passive revolute joint connects the leg to the plat-
form (see Fig. 4). This architecture is denoted as a 3-DSR robot,
where D stands for an actuated drone, S for a passive spherical
joint and R for a passive revolute joint. The simulated kine-
matics and dynamics of this particular architecture have been
shown in (Six et al., 2018).

Based on the proposed architecture, a prototype, described
below, is designed. It should however be mentioned that this
prototype is a proof of concept: it was made at low cost for
validating the ability of a FPR to fly, and to track a trajectory.
It was not designed for accuracy nor manipulability purpose.
The characterization of such performance requires the use of a
better designed robot, with more expensive hardware, and it is
left as part of the future works.

The inertial parameters of the experimental prototype and
gains of the control law are:

• Distance from platform center to revolute joint (PAi):
0.127 m

• Leg length: 0.99 m

• Mass of the platform: 0.185 kg

• Mass of each leg: 0.139 kg

• Mass of each drone: 1.05 kg

• Control law gain P: 7.0

• Control law gain D: 5.0

• Control law gain I: 1.75

9
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1

23

Passive revolute joint

Passive spherical joint

Figure 4. Kinematic scheme of the 3-DSR flying parallel robot

Figure 5. The 3-DSR prototype

5.2. Hardware and software implementation

To design the experimental prototype (Fig. 5), the plat-
form was 3D-printed. The leg elements are all from a modular
robotic construction kit. Three aluminium bars were attached
through revolute joints to the platform. On the drone side, cus-
tom quadrotors based on a Lynxmotion Crazy2fly frame, with
MT2208 brushless DC motors, 12A ESCs, and plastic 8045
dual-blade propellers, are used. The legs are attached to the
drones using a spherical joint for each drone. However, due
to the arrangement of the drone frame, it was not possible to
align precisely the drone COM and the center of the spherical
joints, despite the assumption made for the computation of the
dynamic model (Section 3). This leads to additional coupling
moments between the drones and the passive architecture. The
controller is expected to be sufficiently robust to compensate for
those coupling moments not included in the dynamic model as
well as for the others unmodelled dynamic effects (especially
aerodynamic effects).

The controller on each drone is a Pixhawk 2.4 running PX4-
v1.7.3. Each Pixhwak controller computes the attitude/thrust
inner control loop for its drone. A Raspberry PI 3B+ is also
embedded on each drone to communicate using WIFI with the
command center. The pose of the passive architecture was gath-
ered using a Qualisys MOCAP system with eight cameras. All
data were nominally gathered at 200 Hz. A scheme of the hard-
ware implementation is given in Fig. 6.

The control software system is composed of several ROS

Figure 6. Hardware implementation of the experimental setup

nodes (Quigley et al., 2009) designed to:

• Ensure the collection of the MOCAP data. This node is
run on a central computer.

• Compute the outer loop of the control law and provide
the desired thrust/attitude for each drone. This node is
also run on the central computer.

• Relay the desired thrust/attitude to each Pixhawk con-
troller. One node is run on each Raspberry PI.

Given the low frequency of the data collected with the MOCAP,
a Kalman Filter is implemented. It fuses the measured data with
an estimation of the state accelerations obtained from the dy-
namic model of the flying robot (23). The technique is similar
to (Sarim et al., 2015) for the position estimation but using the
robot dynamic model instead of a single quadrotor model.

5.3. Compensation of the steady state error

The control law designed for the passive architecture in sec-
tion 4.1 is a PD computed-torque control. In order to compen-
sate for the steady-state error, it is possible to add an integral
term to the PD law in (28) while keeping the convergence under
the condition Ki < KpKd with Ki being the matrix associated to
the integral term (Lewis et al., 2004). Thus, a PID computed-
torque control law with anti-windup was implemented in the
context of the experimental setup.

5.4. Experimental trajectory design

A trajectory was designed to provide motions along several
degrees of freedom of the platform. The trajectory lasts 80 sec-
onds and is composed of the following steps (see also Fig. 8
and Table 2)

• From 0 to 15 seconds: take-off, pure translation of the
platform along the z axis.

• From 15 to 30 seconds: pure translation along y axis.

• From 30 to 45 seconds: motion of the leg 1 and the leg
2 while maintaining the platform in position and orienta-
tion.

10
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• From 45 to 60 seconds: pure rotation of the platform
along the z axis

• From 60 to 75 seconds: rotation of the platform along the
y axis and change of the orientation of the leg 1

• From 75 to 80 seconds: landing

A video of the experiment is available in the additional con-
tent and snapshots of this video are given in Fig. 7.

The desired trajectory is defined using 6-degrees polynomi-
als to ensure the C2 continuity of the trajectory in any point.
For this indoor experiments, the safe flight area available is 6
m long × 4 m width × 5 m height. Therefore, the trajectory
is designed such that it exploits the dynamic capability of the
benchmark given the environmental constraints. It will be seen
further that, along this trajectory, the thrust saturation on one
drone was reached.

5.5. Experimental results

To illustrate the measures obtained with the experimental
setup, the Fig. 8 shows the trajectory designed and the tracking
performed by the experimental setup along the nine degrees of
freedom of the passive architecture. The Fig. 9 shows the error
vector defined in Eq. (27) as an indication of the controller per-
formances. The ability of the controller to remain stable along
the different degrees of freedom can be observed, with the mean
and maximum absolute errors along the nine degrees of free-
dom given in Table 3.

Good mean error performances in the tracking of the de-
sired trajectory can be observed:

• Around 2 cm for the x and y coordinate of the platform
and 4 cm for the z coordinate.

• From 5◦ to 8◦ for the orientation coordinates of the plat-
form.

• A mean error around 4◦ for the orientation of the legs.

The flight has been reproduced dozens of times with similar
results. Those tracking results were obtained despite the sub-
optimal position of the spherical joint linking the drone to the
passive architecture and the several unmodelled aerodynamic
effects. This shows promising performances in general. How-
ever, It can also be seen that some configurations required dur-
ing the flight were more challenging to the system and led to an
increased tracking error but without loosing the overall stability.
The controller was able to converge back to the trajectory out
of those specific configurations. In these configurations, one of
the following issues appears:

• Ground effects when taking off and landing affect the
tracking of the trajectory along the z axis.

• The yaw rotation of the platform from 45 to 60 seconds is
too fast for the system and leads to a delay in the tracking
and an overshoot of the maximal value.

• When reaching the configuration around 70 seconds, the
thrust of the drone 3 (Fig. 10) is really close to the maxi-
mum thrust at full battery load (18 N). Thus, the tracking
performances are locally decreased. The platform pitch
angle in this configuration is such that the weight dis-
tribution between the drones is not as symmetric as in
the other configurations. In future works, a wrench anal-
ysis similar to Erskine et al. (2019) must be performed
to deeply analyse the practical workspace of such robot.
This configuration was kept in those results to put light
on the limits of the configurations that can be accurately
performed by the prototype. Also, in such configuration,
the drone 3 is more affected by the propeller wash of the
other drones as shown in Fig. 11.

As the objective of such robot is to perform aerial manip-
ulation, this precision might not be enough depending on the
application. However, it is recalled that for this work, a low
cost prototype was made for validating the ability of a FPR to
fly and track a trajectory. Then, several options can be explored
in order to improve the overall precision of the control strategy:

• Taking into account a more complete model of the pro-
pellers (Bristeau et al., 2009), that might also take into
consideration the transient states.

• A better model of the aerodynamical effects (ground ef-
fects, interaction between the drones) (Powers et al., 2012)
or the implementation of advanced control techniques to
compensate coupling and disturbances as in (Castillo-Zamora
et al., 2019).

• A better mechanical design to obtain the full decoupling
of the dynamic model on the experimental prototype.

• A study of the admissible configurations given the drones
thrust limit defining an achievable wrench space in an
approach inspired by works performed on aerial cable
towed systems (Erskine et al., 2019).

Those leads will be explored in the future work to improve
the performances of such robot.

6. Conclusions and future works

In this paper, a generic architecture of a flying parallel robot
with rigid links was presented. This robot is made of an artic-
ulated passive architecture, composed of several legs, actuated
with several UAVs (in this study, quadricopters). This new fly-
ing robot offers the ability to control a platform position and
orientation in space. The generic dynamic model of this robot
has been established. This model shows decoupling properties
between the dynamics of the generalized coordinates of the pas-
sive architecture and the dynamics of the rotation of the UAVs.
This decoupling is exploited to establish a cascade controller
that ensures the stability of the system and allows the tracking
of a trajectory imposed on the coordinates of the passive struc-
ture.
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time (s) xp (m) yp (m) zp (m) roll (°) pitch (°) yaw(°) q1 (°) q2 (°) q3 (°)
0 0 0 0.8 0 0 0 -54.4 -54.4 -54.4
8 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
15 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
20 0 1.5 2.5 0 0 0 -54.4 -54.4 -54.4
25 0 -1.25 2.5 0 0 0 -54.4 -54.4 -54.4
30 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
35 0 0 2.5 0 0 0 -37.2 -71.6 -54.4
40 0 0 2.5 0 0 0 -71.6 -37.2 -54.4
45 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
53 0 0 2.5 0 0 180 -54.4 -54.4 -54.4
60 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
65 0 0 2.5 0 -30 0 -71.6 -54.4 -54.4
70 0 0 2.5 0 -30 0 -71.6 -54.4 -54.4
75 0 0 2.5 0 0 0 -54.4 -54.4 -54.4
80 0 0 0.8 0 0 0 -54.4 -54.4 -54.4

Table 2. Experimental trajectory way-points: each way-points is reached using a 9-degree polynomial trajectory.

Figure 7. Snapshots of the experiment.
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Figure 8. Reference and tracked trajectories obtained for the 3-DSR. For a better readability, the tracking of the platform is displayed using the Roll/Pitch/Yaw
representation even if the controller uses the quaternion representation.

Figure 9. Measured tracking errors. For a better readability, the platform errors are displayed using the Roll/Pitch/Yaw representation even if the controller computes
the quaternion errors.
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Figure 10. Drone thrusts for each drone during the experiment.

Variable Mean absolute error Maximum absolute error
xp (m) 0.021 0.17
yp (m) 0.0227 0.16
zp (m) 0.039 0.28
roll (◦) 7.25 42.73
pitch (◦) 5.08 21.56
yaw (◦) 7.99 60.54
q1 (◦) 4.79 18.99
q2 (◦) 4.04 18.96
q3 (◦) 4.04 15.77

Table 3. Mean and maximum error absolute values during the experimental
flight. For a better comprehension, the platform orientation errors are com-
puted using the Roll/Pitch/Yaw representation even if the controller computes
the quaternion errors.

Figure 11. Configuration obtained at the 70th second of the trajectory

Experimental results showed controller performance against
noisy pose estimation and perturbations due to interaction be-
tween drones (e.g. propeller wind disturbance) and unmodelled
effects (e.g. aerodynamic effects). Despite some specific con-
figurations, where the tracking performances are degraded, the
controller showed the ability to perform a stabilized flight with
the prototype. The performances of position tracking are quite
good on average despite a few critical points where the maxi-
mum error reaches 20 cm. This is mainly due to the fact that at
that moment the thrust of one of the drones is very close to the
maximum thrust, in other words close to motor saturation.

As future works, several research directions can be explored
to improve the overall accuracy of the control strategy: a bet-
ter consideration of the propellers dynamics, better modeling of
aerodynamic effects (ground effects, interaction between UAVs)
and a study of the admissible configurations given the drones
thrust limit defining an achievable wrench space.

Finally, to show the robot’s ability to act or perform a task
in the environment, another very important aspect is to take
into account the physical interaction of the FPR with the en-
vironment (object/wall). Research efforts will be devoted to the
design of control strategies taking into account the interaction
between the drones and the legs, but also the interaction with
the environment (e.g. force applied on a wall) through a mea-
surement of the forces on the end-effector or through the design
of an ad hoc observer. With the help of this controller, manipu-
lating tasks in experimental conditions could be considered.

Appendix A. Appendix

Appendix A.1. Recalls on quaternions

Unit quaternions can be used to represent frame orientations
without any singularity of representation. Moreover, they are
useful for feedback control of robot frame orientations (Yuan,
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1988). In this section, some properties useful in the context of
this paper will be recalled.

A quaternion is represented with a scalar part η and a vector
part ϵ such that hT =

[
η ϵT

]
. A unit quaternion verify the

following normality property

η2 + ϵT ϵ = 1 (A.1)

Each rotation can be represented by two quaternions. The quater-
nion are linked to an axis u - angle θ representation by the fol-
lowing formula

η = ± cos(θ/2) ϵ = ± sin(θ/2)u (A.2)

The quaternions
[
η ϵT

]
and
[
−η −ϵT

]
represent the same ro-

tation. Note that even if quaternions have four coordinates, only
three of them are independent due to the normality condition
(A.1).

If hT =
[
η ϵT

]
represent the rotation from F0 to F1, then

the rotation from F1 to F0 is represented by the quaternion
h̄T =

[
η −ϵT

]
.

The Hamilton product of two quaternions h1 and h2 is de-
fined by

h1 ◦ h2 =

[
η1η2 − ϵ

T
1 ϵ2

η1ϵ2 + η2ϵ1 + ϵ1 × ϵ2

]
(A.3)

The rotation of a vector p by a rotation represented by a quater-
nion h is given by the conjugation of p by h using the Hamilton
product, as in the following expression:[

0
p′

]
= h ◦

[
0
p

]
◦ h̄ (A.4)

where p′ is the rotated vector. The Hamilton product allows
to combine quaternion. If h1 represents the rotation from the
frame F0 to F1 and h2 the rotation from the frame F1 to F2 then
h1 ◦h2 it the rotation from the frame F0 to F2. The product of a
quaternion by its inverse is the identity quaternion representing
a zero angle rotation

h ◦ h̄ =
[
1
0

]
(A.5)

The time derivative of the quaternion vector h associated
to a frame F is related to the frame angular velocity ω by the
following relations (Campa and Camarillo, 2008)

ḣ =
1
2

[
−ϵT

η13 − ϵ
×

]
ω =

1
2

[
0 −ωT

ω −ω×

]
h

ω = 2
[
−ϵ η13 + ϵ

×
]

ḣ
(A.6)

with 13 the dimension identity matrix in R3×3. For any vectors
ϵ and ω. The expression (A.6) can be used to compute the
passive architecture velocity vector vq from the derivative of
the coordinate vector q.

Appendix A.2. Proof of convergence of the orientation control
law

The convergence of the control law can be proven using the
Lyapunov’s second method for stability (Khalil, 2002). The

Lyapunov candidate is defined as

V2 =
1
2

(dω − ω)T (dω − ω) + hKpV1 (A.7)

where
V1 = (dη − η)2 + (dϵ − ϵ)T (dϵ − ϵ) (A.8)

V2 is positive and strictly positive if dω , ω or dh , h. Intro-
ducing (A.6) and (25) in the first derivative of (A.8) and skip-
ping the mathematical derivation, it is obtained

V̇1 = δϵ(dh,h)T (dω − ω) (A.9)

Assuming that the angular acceleration match the auxiliary in-
put αω̇ = ω̇ and introducing (26) and (A.9) in the first derivative
of the Lyapunov candidate (A.7) gives

V̇2 = −
hKd(dω − ω)T (dω − ω) (A.10)

V̇2 is negative semidefinite and the trajectories such that V̇2 = 0
verify ω = dω, therefore ω̇ = dω̇ and using (26) δϵ = 0.
LaSalle’s invariant principle ensures the asymptotic convergence
of δϵ towards 0.
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