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Abstract

In data visualization, Elastic Embedding adds an ex-
ponential penalty to an Euclidean criterion. It is able
to separate the natural classes but its lacks a proba-
bilistic generative setting which brings more flexibil-
ity to the modeling and the inference. Hence, it is
proposed a new generative interpretation of Elastic
Embedding which is closely related to LargeVis. Nu-
merical experiments compare the proposed model and
several alternative ones via two new visual indicators
among different approaches.

1 Introduction

In data visualization, the observations in the available
sample are vectorial: the rows or the columns of
numerical data matrices or tables. A family of
methods is dedicated to the symmetric numerical
matrices which contain the distances or similari-
ties between high-dimensional data vectors. An
extensive literature exists and diverse approaches
have been developped until today in this domain
of research but they can appear in very different
domains of research even if they are closely related:
visualization, word embedding, statistical analysis
and clustering analysis. Currently, the method
t-Distributed Stochastic Neighbor Embedding (t-SNE
or tSNE) [1] is the state of art for large datasets, it
is non generative and scaled well for large datasets.
For a generative/probabilistic basis, it can be cited
for instance Probabilistic Principal Component

*A nearly similar version of this document was sent to review
previously from 2018, and after a shorter version without section
3.3 was accepted at a conference in 2020 but canceled.

†rpriam@gmail.com

Analysis [2], Glove [3], and LargeVis [4] with a very
good scaling. Nextafter, this section presents the
notation, the purpose and the plan of the paper.

Data notation and reduction: Let have the avail-
able high-dimensional data as a set of data vectors in
a space with M dimensions as follows:

X = {xi ∈ RM;1≤ i≤ N} .

Let define W = (wi j) from the distance between xi

and x j, for instance di j =‖ xi− x j ‖, with wi j = di j,
or more generally a function of di j. Typically, a
weighted nearest neighboors graph such as a heat
matrix with for instance wi j = e−0.5d2

i j/τ for τ > 0
when di j is enough small, and wi j = 0 otherwise. A
weighted graph G = (V,E,W ) is defined from V ,
E, and W which stands respectively for the set of
vertices, edges and weights: an edge ei j comes from
from a pair of vertices (vi, v j) in the graph of nearest
neighboors. It is also denoted Ē for the set of pairs of
vertices that are not neighboors.

The purpose of a reduction is to summarize X by
finding relevant lower dimensional representations:

Y = {yi ∈ RS;1≤ i≤ N} .

Generally S = 2 as the visualization appears in the
two dimensional plane, even if three dimensions or
even more remain possible. Existing models consider
an embedding of low dimensional positions via their
pairwise distances/similarities plus bias/intercept
terms. The parameterization approximate the true
distances di j between data pairs (xi,x j) via the
distances between pairs of S-dimensional lower
position vectors (yi,y j) denoted δi j. Let also
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denote the Poisson mass functions as follows,
ϕPSN(.,δ ) =

1
.!(.)

eδ

e−eδ

.

Purpose of the paper: Among the existing non
parametric methods, the Elastic embedding [5] has
been shown to perform well on several datasets such
that it may be extended for even better results. EE
is defined via a penalized Eudlidean criterion which
aims at retrieving the true pairwise distances between
each couple of data through new variables which
represent the data in a lower dimensional space.
Parametric probabilistic models for visualization
are generally more flexible than ad hoc criterion
and the probabilities have an intuitive interpretation,
hence introducing such framework for EE is of main
interest.

Plan: Section 2 presents EE, its probabilistic ver-
sion, links with the current literature and its illustra-
tion with real data. Sections 3 presents an analytical
evaluation of the model under some hypothesis with
a new framework for the comparisons. Section 4
concludes the paper with future perspectives.

2 Generative Elastic Embedding

In this section, Elastic Embedding is reviewed before
introducing a new parameterization in order to deduce
a probabilistic model for visualization.

2.1 Elastic Embedding

The model EE was introduced as an alternative of
SNE [6] for dimensionality reduction. The author
Miguel A. Carreira-Perpinan notices a link between
SNE [6] and Laplacian eigenmaps (LE) [7]. The
SNE criterion is rewritten into two parts: a) the first
term is exactly equal to the LE objective except that
normalised affinities would be considered, and b) the
second term encourages latent points to be far away
with a log of a sum of exponential quantities. The
author explains that the SNE criterion induces that
the data vectors in a same neighboor are mapped into
a same area of the low dimensional view and also
separates every projections points instead of focusing
on the separation of the clusters themself.

In the more formal setting, when w+
i j and w−i j stands

for given weights, and δi j =‖ yi−y j ‖2, the objective
function of EE is as follows,

CEE(Y ,γ) = ∑
i, j

w+
i jδi j + γ ∑

i, j
w−i j exp(−δi j) .

For choosing the input values for the two sets of
weights w+

i j and w−i j , many approaches are possible as
explained by the author of the method.

- In the original paper of EE it is choosen the
following one:

w+
i j = e−0.5d2

i j/τ

w−i j =

{
d2

i j if i 6= j
0 otherwise.

.

It is underlined in the research paper on EE
that other weighting are possible such as sparser
graphs.

- For sparser weights, it can be noticed that for
xi and x j enough near the weight w−i j vanishes,
hence summing for only non neighboors pairs
for the original space leads to a very similar cri-
terion. In the same idea for xi and x j enough far
away the weight w+

i j vanishes hence summing
for only neighboors pairs leads also to a similar
criterion. These approximations have for cor-
responding criterion C̃EE with new weights w̃+

i j
and w̃−i j as follows,

w̃+
i j =

{
w+

i j if j ∈Ni

0 otherwise

w̃−i j =

{
w−i j if j 6∈Ni

0 otherwise
.

This difference of modeling for each part of the
graph E and Ē recalls recents models in the lit-
erature, in particular LargeVis. A limit of the
approximation is to not separate well projection
in a given cluster but for very large dataset, this
problem may be limited because viewing sepa-
rately each point appears not relevant for a hu-
man and only zooming at a given area of the map
might suffer from this approximation. Some au-
thors add an additional pernalty for the local
projection but this is not studied herein and only
this criterion is considered hereafter, with same
name EE.
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2.2 Generative version

For a generative setting of EE, it is proposed to rewrite
the approximated criterion denoted C̃EE with the con-
stant1 Cw. The weights are supposed w+

i j integer and
w−i j binary, such that for α > 0 small,

−C̃EE(Y ,γ)−Cw

= + ∑
(i, j)∈E

w+
i j loge−δi j+logα − γ ∑

(i, j)∈Ē
w−i je

−δi j −Cw

≈ + ∑
(i, j)∈E

log{e−δi j+logα}w+
i j −αw+

i je
−δi j − logwi j+!

+γ ∑
(i, j)∈Ē

log{e−e−δi j }

= log

[{
∏

(i, j)∈E

(δ̃i j)
wi j e−δ̃i j

wi j!

}{
∏

(i, j)∈Ē
e−δ̃i j

}γ]
.

Hence, it is obtained,

argminY C̃EE(Y ,γ) ≈ argmaxY L̃EE(Y ,γ) ,

when,

δ̃i j =

{
e−δi j+logw−i j denoted δ̃

−
i j for Ē

e−δi j+logα denoted δ̃
+
i j for E

More formally, this is the behavior of the Poisson
mass distribution associated to Euclidean distance
which is in stake here,

Let denote δ a real and w a positive inte-
ger. Then the logarithm of the mass distribution
ϕPSN(w,e−δ+logα) behaves like the limit value −wδ

for a real enough small α .
This is a consequence of the logarithm of ϕPSN

with the introduced parameterization is equal to
−wδ +w logα −αe−δ − logw!. This induces that
only the quantity−wδ is in stake in the maximization
and is minimized as wanted for EE. The proposed
likelihood for EE is then,

L̃α
EE(Y ,γ)

= ∏
(i, j)∈E

ϕPSN(w
+
i j , δ̃

+
i j ) ∏

(i, j)∈Ē
ϕPSN(0,γδ̃

−
i j ) .

Note that this is enough general to apply to some other
methods for visualization in order to define a genera-
tive version. This model can be seen as a mixture be-
tween the observed nodes and the non observed nodes
with a classifying likelihood. It is named genEE and
the inference for the parameters Y is discussed next
subsection.

1Cw =−∑(i, j)∈E logw+
i j − logα∑(i, j)∈E w+

i j

2.3 Links with the literature

Several models are closely related to genEE as latent
position models have a long history in the statistical
and computational literature. The generative model
for correspondence analysis [8] is based on a Poisson
with a parameterization eyT

i y j+bi+b j . The scalar quanti-
ties aggregated in B = (bi)i are fixed and equal to the
logarithm of the margin sums normalized to one: the
similarity is different to the Euclidean distance and
less flexible than in Glove [9]. Here δ̃i j is written with
a scalar product instead of the less flexible Euclidean
distance. This model is also defined for a rectangular
matrix of positive integer and was shown to lead to
almost perfectly equal estimation of the latent posi-
tion than the matricial correspondence analysis [10].
In genEE, a criterion very similar to LargeVis (LV) is
recognized except that a Poisson is the foundation for
the underlying distributional hypothesis instead of a
Bernouilli distribution, as suggested in [11]. The prob-
abilistic interpretation with wi j an integer remains the
product between the likelihood of the observed edges
with the likelihood of the non observed edges with
a weighting γ for regulating the importance of each
distribution. As a remark, alternative distributions
such as multinomial, negative poisson, binomial or
even normal may be also possible. The main differ-
ence with genEE is that the weights are included in
the model hence a fully probabilistic approach may
be possible if the fitting is statistically relevant. The
model genEE may be also able to exactly behave like
LV when a suitable parameterization is chosen for the
expression of the expectations.

2.4 Empirical illustration

In this section, the models are compared with a real
dataset in order to discuss the quality of the clusters
obtained on the nonlinear embedding by several meth-
ods. Several indicators are considered for the evalu-
ation of the compactness and the distance between
clusters.

- Data: The MNIST dataset is a subset of a larger
set available from NIST, it counts 60000 exam-
ples in the training set and 10000 examples in
the test set. The digits have been size-normalized
and centered in a fixed-size image. The original
bicolor images from NIST were first coded in
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(gen)EE tSNE

LargeVis UMAP

Figure 1: Nonlinear embeddings for MNIST.

20x20 arrays with grey level and then centered
in 28x28 arrays.

- Experimental settings: For the learning of the
quantities Y in EE, a sequential algorithm is
processed, this approach is recently widely stud-
ied. In particular, it is implemented the prob-
abilistic edge sampling [4] and negative sam-
pling [9] for an approximate stochastic gradient
descent algorithm without normalization. For
tSNE, LargeVis and UMAP [12], the available
packages in language python have been used.

- Empirical results: On the Figure 2, the 10
classes are almost perfectly separated on the
map from the recents methods tSNE, LargeVis
and UMAP with large frontiers for the two last
ones. EE performs less well for this dataset with
smaller frontiers around the clusters.

Next section is dedicated to explaining the differ-
ences between the results of the different methods.

3 Numerical comparison of the cri-
teria

A study of the behavior of the criteria under simple
hypothesis are presented in this subsection in order to
help the understanding of their empirical difference

in practice. A trade-off between the clusters com-
pactness, clusters separation plus the quality of the
global and local projection needs to be found in order
to bring the best map. According to the indicators in
this section, two proporties of the criteria a checked.
For the compactness of a cluster, the coefficient of
variation (CV) has to be enough small. For the sep-
aration between the clusters, either the clusters are
degenerated into their center either their compactness
has an influence with the frontiers.

3.1 Distance between two clusters

Following [13], the distance between two subgraphes
can be modeled via the approximation that every
nodes in each subgraph have same final positions.
Let denote the number of nodes in first subgraph n1
and n2 the number for the second subgraph, and the
numbe of edges ne, with ne� n1n2 and f = n1n2/ne.
The criterion has the following form:

u(δ ) = ne g(δ )+n1n2 h(δ ) .

The function g(.) and h(.) depends on the criterion
in stake, several functions are presented in [14] for
older methods. Note that the function g(.) and h(.)
have the following proporties: g is increasing and
h is decreasing from a value δ > 0 hence h′(δ ) >
0 and h′(δ ) < 0 while the second order derivatives
are supposed positive for insuring a solution. The
functions g(.) and h(.) lead to competitive results
when they lead to small clusters and large frontiers
between the clusters.

For the distances, this framework results into the
solutions a) for [15] such as δ̂ 2 log x̂ = f , b) δ̂ = 3

√
f

in [16], c) δ̂ = 4
√

f in [17] and δ̂ = f for LinLog
in [13, 14]. This leads to justify the better results for
the method LinLog with an empirical illustration with
perfectly symmetric clusters where the frontiers was
shown to be more apparent. For Elastic Embedding
with full weigths, it may be found δ̂ = log(γ f ). A
limit of this criterion is when only the nearest neigh-
boors are involved for the local projection, then the
function g(.) may not anymore be involved too. A
complement of this study is the influence of the com-
ponents of the criteria to the compactness of the clus-
ters which is underlined hereafter.
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3.2 Compactness of the clusters: indicator

For a better idea of how behave a criterion from the
point of view of the visualization of clusters it may
be observed the first moments of the part related to
the local projection and the global projection. To our
knowledge, this question has not been studied in the
literature for the quality of a visualization in a general
situation.

- Hypothesis: it is supposed the Gaussianity of
the clusters with ellipsoidal shapes. The random
variables in stake are,

δi j = ‖ yi−y j ‖2

With G (µ,Σ) is for a Gaussian random variable
with mean µ and variance Σ, the distribution is
as follows,

yi ∼ G (µ, 1
2 Σ) .

When yi and y j are independent, yi − y j ∼
G (0,Σ) hence their difference has a similar
distribution but with a zero expectation and a
double variance. For diagonal matrices Σ =
diagk(σ

2
k ) with non null elements σ2

k for the vari-
ances per dimension, according to [18], the dis-
tribution of δi j is the sum of S random variables,
say informally,

δi j ∼ ∑k Γ(0.5,2σ2
k ) .

In the simple case when σk = 1, it is known that
the Euclidean distance follows a χ2 hence the
variance is 2S and the mean is S. For the more
general case, under the hypothesis of diagonal
Gaussianity for yi, the expectation and variance
of δi j are respectively,

µδ = E[δi j] = ∑k σ2
k

σ2
δ

= Var[δi j] = 2∑k σ4
k .

It is retrieved the case of the χ2 when it is re-
placed σk by 1 with corresponding mean and
variance.

- Coefficient of variation (CV): this is a measure
of the dispersion of a probability distribution. It
is written as the ratio of the standard deviation
to the mean. A function with smaller coefficient

of variation may lead to more compact clusters
because the values of the function has less varia-
tions during the projection where the positions yi

are constructed. The expression of the indicator
for the measure of the scattering is as follows,

ICV =

√
Var[g(δi j)]

E[g(δi j)]

≈

√
(g′(µδ ))

2σ2
δ
+

(g′′(µ
δ
))2 σ4

δ
4

g(µδ )+
g′′(µ

δ
)σ2

δ
2

.

For a given function g(δi j), a functional expan-

Table 1: Indicators of compactness with Σ = diag(a,b).
Function g or h ICV ICV ICV

a = 1.0 a = 0.5 a = 2.0
b = 1.0 b = 1.0 b = 1.0

δi j 1.00 1.04 1.05
log(1+ e−δi j ) 1.24 1.04 1.50
log(1+δi j) 0.55 0.58 0.51

eatan(
√

δi j) 0.24 0.24 0.23
e−1/(0.1+δi j) 0.44 0.50 0.38

log(δi j)− log(1+δi j) −1.22 −1.11 −1.36
e−δi j 1.34 1.13 1.62

− log(δi j) −1.57 −2.47 −1.11

sion suggests an approximate value. This indi-
cator is for instance estimated via simulation of
Gaussian distributions for yi, and the computa-
tions of the resulting distance. It is computed via
simulation of (1000 here) vectors for S = 2 for
some Gaussian distribution, in the Table 1. Note
that the function eatan(

√
δi j) is also evaluated be-

cause of its derivative proportional to (1+δi j)
−1

which is very similar to the logarithmic case for
log(1+δi j). The table 1 presents the indicators
for different shapes of projection: it may con-
firm the compacity of the clusters for LargeVis
in comparison to other methods with a smaller
indicator. The alternative functions with an even
smaller indicator ICV are expected candidates to
behave well at least for small datasets and well
separated classes. Next a more general model
is proposed for evaluating a criterion when the
clusters have spherical shapes.
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3.3 Compactness of the clusters: model

The generalized criterion of EE is approximated for
binary weigths, with E = ∪`E`, as follows,

CEE(Y ,γ)
= ∑

(i, j)∈E
g(δi j)+ γ h

(i, j)∈Ē
(δi j)

≈ ∑k ∑
(i, j)∈E`

g(δi j)+ γ ∑
(i, j)∈Ē

h(δi j)

≈ ∑` n`
∫

g(δ ) f+` (δ )dδ + γ ne
∫

h(δ ) f−(δ )dδ .

Here it is clear that under an hypothesis of clustering,
the distances δi j are considered separately in each
cluster for the positive interactions (left part) while
an unique cluster is considered for the negative inter-
actions (right part). As seen in the paragraph above,
under Gaussianity, the densities f+` and f− are the
Gamma depending on the variances of δi j, respec-
tively in E` and Ē.

The hypothesis of indendence between the dis-
tances may be strong but is taken nextafter. For com-
parison purpose, it is supposed only two clusters and
all the variances per dimension equal to σ2 hence in
each cluster the distribution of δi j is chosen:

f+` ∼ Γ(1,2σ
2) .

For modeling the distribution outside the clusters it
is taken an ad hoc value equal to 2.1σ2 which is the
double of one cluster plus some variability from the
frontier such that the distribution involved is chosen:

f− ∼ Γ(1,4.2σ
2) .

Even if this choice is not optimal because the variance
for the interactions may vary from a model to another,
it leads to a first informative result. The optimization
for a projection is reduced at finding the value of
σ2 which makes minimal the simplified criterion for
several choice of function g(.) and h(.).

The first results with such model is very encourag-
ing. The obtained curves of the criteria against the
variable σ2 are shown just after for Elastic Embed-
ding (EE), LinLog (LL) and LargeVis (LV), when
n1 = n2 = 50 and n2 = 350 while γ = 1.

The proposed modeling of a criterion for visual-
ization is able to show without any simulation of
the related method how would behave the method
in practice. In particular, LinLog seems more prone

EE LL

LV EE+LV−

Figure 2: Values of the criteria against the variable σ2.

to construct projections with larger clusters. The re-
sult for LargeVis leads to an optimal variance higher
than Elastic Embedding for this choice of parame-
ters. The corresponding optimal values for σ2 are
approximatively after graph reading,equal to 0.4 for
EE, 1.8 for LL and 1.2 for LV. Note that for LV, the
optimum exists and for a larger interval of values the
concavity of the curve leads to a clear maximization
of the log-likelihood. The fourth methods is with the
first part of EE and the second part of LV with its
optimum around 0.8. In future, a comparison with
different settings of the parameters and an improve-
ment of the modeling for the interactions, attractions
and repulsions is required for further informations.
For instance, the shape for the macro cluster can be
chosen ellipsoisal as its accounts for the two spherical
clusters.

4 Conclusion and perspectives

In this article, it is shown that Elastic Embedding is
directly related to LargeVis with a particular choice
of sparse weighting and with a Poisson mass function
instead of the Bernoulli one. The method is com-
pared from different points of view with alternative
ones in order to understand further their differences.
Two new approaches are proposed as a complement
of the estimation of the distance in a particular sit-
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uation when two clusters collapse into their centers
with zero variances. In the two proposed approaches,
the variances of the clusters are in stake in order to
discuss the reasons why some methods lead to smaller
clusters during the projection than other ones.
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