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UNIVERSAL DYNAMICS FOR THE LOGARITHMIC
SCHRODINGER EQUATION

Rémi CARLES!

Abstract We consider the nonlinear Schrodinger equation with a logarithmic nonlinearity,
whose sign is such that no non-trivial stationary solution exists. Explicit computations
show that in the case of Gaussian initial data, the presence of the nonlinearity affects the
large time behaviour of the solution, on at least three aspects. The dispersion is faster than
usual by a logarithmic factor in time. The positive Sobolev norms of the solution grow
logarithmically in time. Finally, after rescaling in space by the dispersion rate, the modulus
of the solution converges to a universal Gaussian profile (whose variance is independent
of the initial variance). In the case of general initial data, we show that these properties
remain, up to weakening the third point (weak convergence instead of strong convergence).
One of the key steps of the proof for the last point consists in using the Madelung transform.
It reduces the equation to a variant of the isothermal compressible Euler equation, whose
large time behaviour turns out to be governed by a parabolic equation involving a Fokker—
Planck operator.

Keywords Nonlinear Schrodinger equation, logarithmic nonlinearity, large time be-
haviour, Euler equation, Fokker-Planck operator
2000 MR Subject Classification 35Q55, 35B40

1 Introduction

1.1 Two linear equations leading to different asymptotic behaviours

We begin by recalling some basic results, which can be found for instance in [37].

Consider the heat equation on R?,
1 d
Opu = §Au, (t,x) € Ry x R%. (1.1)

This equation can be solved thanks to Fourier analysis. We normalize the Fourier transform as

FIHE = 1) = Gy [, S @dn, < SE,

Rd

so that it is exactly an isometry on L%(R%) by Plancherel theorem. We solve (T.1)) for initial
data uj;—o = uo € S(R?) (a larger class of initial data can easily be considered),

alt, €) = dg(€)e 517,
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2 R. Carles

where the Fourier transform is taken in the space variable only (and not in the time variable).
We note the following decomposition and the associated estimates, for any p € [1, oo

at, &) = e 2 ag0) + e HE (ag(6) — a0(0))
N————’

order t=4/(2p) in LP O(\&\efémz): order t—(d+1)/(2p) in Lpr

Therefore, if 4g(0) # 0, we have

alt, €)  ~ e 218740 (0) in LP(RY), Vp € [1,00).
Using the Fourier inverse formula, and recalling that 4y(0) = [pq uo(x)dz =: m denotes the
total mass (which is conserved by the heat flow), we infer that if m # 0,

m

~ —|z\2/(2t) : 2 oo (pd
+500 (2mt)a2 in L7 0 L¥(RY),

u(t, x)
where we have used Hausdorff-Young inequality. We note that at leading order, the only
role played by the initial data is the presence of the total mass m. The asymptotic profile is
universal, and corresponds to the Gaussian

y(x) = e/, (1.2)

up to a scaling in time corresponding to the diffusive properties of the heat flow. The unusual
factor % in front of the Laplacian in (|1.1)) was there for the sake of consistency with the conven-

tion used for the Schrodinger equation below. It turns out that this Gaussian, whose precise

1

normalization stems from this factor 5, will be central in the rest of the analysis.

Consider now the linear Schrodinger equation
1
i0u+ 5Au=0, (t,z)€RX RY. (1.3)

It can be solved by Fourier analysis in the same fashion as for the heat equation, and we find
the classical formula

1 jlz—ul®
uta) = G [ )y,

By factorizing the Schrodinger group as
u(t,x) = My Dy JF Myug(x),

where the three operators,

_ ilal/20) I N
Mt € ) Dt@(z) (Zt)d/QSD <t> ’ and -Fv

are unitary on L?(R?), we get the leading order asymptotics in L%(R%),

1 o\ 2
Ju(t) = Aol 2y 52, 00 where A(uole) = oo (7) A0 (1)

This large time asymptotic solution shows two features:
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(28)

e The main oscillation, eilzl*/ , is universal, in the sense that it does not depend on the

initial data wug.
e The asymptotic profile, 4y, which appears rescaled by the dispersive rate D;, does depend

on the initial data, and is not universal, as opposed to the heat flow case.

Concerning the second point, one may argue that for fixed x, we have

T

o (£) o iol0) = / uofe)ds,

t/ t—+oco

somehow like for the heat equation. However, this asymptotics ruins the preservation of the
L? norm (the asymptotic profile obtained after this limit is not even in L?(R%)), which is an
important conserved quantity for the Schrodinger equation,

d
£\|U(t)”2L2(Rd) =0.

This is why it is sensible to consider the quantity A(¢)up for the leading order asymptotic
behaviour of u(t,x).
1.2 Nonlinear Schrodinger equation with a power nonlinearity

We now recall results which can be found in e.g. [I1]. The most standard nonlinear pertubation
of (L.3)) (at least for the mathematicians) is

1
i0yu + §Au = MNul*u, (t,z) € R xR%, (1.5)

with A € R and o > 0. The case A € R yields a Hamiltonian equation, for which in addition the
total L? norm (usually referred to as “mass” in mathematics) is conserved. This means that
we have, at least formally,

d 2 d (1 2 A 2042
P @72 @y = i §||vu(t)”L2(]Rd) + m||u(t)||Lzo+2(Rd) =0.

mass energy

Consider for instance initial data u—g = uo € H*(R%), and o < 2/(d—2), so that the (initial)
energy is well-defined thanks to Sobolev embedding. The sign of A may be crucial as far as the
formation of singularity is concerned:

e If A > 0, then the corresponding Cauchy problem has a unique, global solution u €
C(R; H'(R%)).

e If A\ < 0 and ¢ < 2/d (L*-subcritical nonlinearity), then the same conclusion holds,
u € C(R; HY(R?)).

e On the other hand, if A < 0 and ¢ > 2/d, then finite blow-up may occur, in the sense
that there may exist T* > 0 (or T, < 0 with a similar conclusion) such that the Cauchy
problem has a unique solution u € C([0,7*); H*(R%)) and

t .
[ Vu( )||L2(Rd) t;)* o0
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The case A > 0 is refered to as “defocusing” or “repulsive”, while the case A < 0 is called
“focusing” or “attractive”. In the defocusing case, we have an extra piece of information
regarding the large time behaviour of the solution, provided that the power o of the nonlinearity
is sufficiently large (this distinguishes between short range and long range scattering). Typically,
if o > 2/d and

w €Y =H' NFH) ={f € H'(RY), 2z |z|f(z) € L*(RY)},
then there exist u4+ € > such that

—_3tA .
lle™*22u(t) ui||gt_:>000.

Since e~722 is unitary on H! (it is not unitary on F(H'), see e.g. [I1]), we infer from (T.4)
that in L2(R%), we have

1 T\ 1p2
~ . (2 el 2D
ut®), o (it)dr2 "+ (t) ¢ '

In fact this result remains true under weaker assumptions on o, and even in some cases when
A < 0, but entering into such details is not the goal of these notes; see e.g. [11] [22].

1.3 The logarithmic Schrédinger equation

From now on, we consider
1
i0su + iAu:/\ln(|u|2)u7 Ujp—o = Uo (1.6)

with z € R%, d > 1, A € R\ {0}. It was introduced as a model of nonlinear wave mechanics and
in nonlinear optics ([], see also [6l, 28, 29] 30} [35]). The mathematical study of this equation
goes back to [12] [I0] (see also [I1]). The sign A < 0 seems to be the more interesting from a
physical point of view, and this case has been studied formally and rigorously (see [15} 29] for
instance).

On a formal level at least, (1.6 satisfies conservation laws which are similar to the standard

counterpart ([1.5)): for
M (u(t)) := [[u(t)|| 2 ga) »
1
E(u(t)) := 5IVa(®) 72 + A/Rd u(t, )* Infu(t, z)*dz,
we have,
@ M((t) = L B(u(t) =0
—M(u(t)) = —E(u(t)) =0.
dt dt
The last identity reveals the Hamiltonian structure of ([1.6)). Note that unlike in the case of
(1.5), the energy for (1.6) never has a definite sign, due to the logarithm. Therefore, it is not
obvious to derive a priori estimates for the solution, whichever the sign of A. In addition, since
the map
u > uln|ul?

is not Lipschitz continuous, constructing even a local solution is not straightforward; one should
typically forget about the classical fixed point argument which turns out to be so powerful in

the case of (1.5).
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Another striking difference between ((1.5) and ([1.6) concerns the effect of a scaling factor.
It is readily checked that if u solves (1.5]), then for k& > 0,

ug(t,z) = ku (t,x),

solves with A replaced by Ak2°. In the case A < 0, the standard virial argument (see
e.g. [I1] implies for instance that for any uy € S(R?), the solution to with initial datum
kug will be global in time if k > 0 is sufficiently small, and blow up in finite time if £ > 0 is
sufficiently large. This is an easy way to see that scaling factors strongly affect the nonlinear
dynamics. In the case of however, scaling does not affect the dynamics, except for a
somehow irrelevant time dependent oscillatory factor. Indeed, if u solves , then for k& > 0,
ku solves
10y (ku) + %A(ku) = An (|kul?) ku — 2X(In k) ku.

The scaling factor thus corresponds to a purely time-dependent gauge transform:
ku(t, Z)62it>\ Ink

solves (with initial datum kug). In particular, the L2-norm of the initial datum does not
influence the dynamics of the solution. This can be compared to the large time of the solution
of the linear heat equation , and might suggest that nonlinear effects in are rather
weak. We will see that on the contrary, they alter the dynamics in a fairly unique fashion.

We now recall the main results in the case A < 0. The Cauchy problem is studied in [12]
(see also [I1]). Define

W= {u € H'(RY), 2 [u(z)|? n |u(z)|? € Ll(Rd)} .

Proposition 1.1 (Théoreme 2.1 from [12], see also Theorem 9.3.4 from [I1]) Let the initial
data ug belong to W. In the case when A < 0, there exists a unique, global solution u € C(R; W)
to (L.6). In particular, for allt € R, |u(t,-)|*In|u(t, )* belongs to L'(R?), and the mass M (u)
and the energy E(u) are independent of time.

In the case A < 0, it can be proved that there is no dispersion for large times, whichever the
initial data. This is already a striking difference with the power case ([L.5)). Indeed the following
result holds.

Lemma 1.1 (Lemma 3.3 from [10]) Let A < 0 and k < oo such that

Lii={ueW, |lu| @ =1, Blu) <x}£0.

Then
Jnf - lull Lo ray > 0.
1<p<oo
This lemma, along with the conservation of the energy for (|1.6)), indicates that in the case
A < 0, no solution to (1.6) is dispersive: typically, the L* norm is bounded from below.
Actually in the case of Gaussian initial data, some solutions are even known to be periodic in
time, as proved in [I5] (and already noticed in [4]).
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Proposition 1.2 ([15]) In the case A < 0, the Gausson exp(—2idwt + w + d/2 + \|x|?) is
a solution to (1.6)) for any period w € R.

We emphasize that several results address the existence of stationary solutions to in
the case A < 0, and the orbital stability of the Gausson; see e.g. [ [0, 15, [B]. Note that
Theorem provides a C*° solution to also in the case A > 0, but then, the solution is
not even in S’(R%), the space of tempered distributions.

1.4 Main results

Throughout the rest of this paper, we assume A > 0. The method followed in [12] does not seem
to extend to the case A > 0 to prove the existence of a solution. On the other hand, a beautiful
estimate established there yields uniqueness. To state our first result, introduce, for 0 < a < 2,
the weighted L? space

F(H®) = {u e L2(RY), z — (2)%u(z) € L2(Rd)} ,

where (z) := /1 4+ |z|?, with norm

[ull 7y == (1@ ul@) L2 ey -

Note that for any o > 0, F(H%) N H' ¢ W. The Cauchy problem for is investigated
in [25], where in three space dimensions, the existence of a unique solution in L>(R; H'(R?))N
C(R; L*(R3)) is proved as soon as the initial data belongs to F(H') N H'(R?). Actually it is
possible to improve that result into the following theorem.

Theorem 1.1 Let the initial data ug belong to F(H*)NH(RY) with 0 < o < 1. In the case
when X\ > 0, there exists a unique, global solution u € LS (R; F(H*) N H') to (1.6). Moreover

the mass M (u) and the energy E(u) are independent of time. If in addition uy € H?*(R?), then
u e Lo (R; H?).

loc

Note that due to the lack of regularity of the nonlinearity, propagating higher regularity
(H*®, with s > 2) is a challenging question. We will see that the case of H? can be treated
thanks to Kato’s trick, which allows for little regularity on the nonlinearity.

Once a unique, global solution is available, the natural question concerns its large time
behaviour. A striking feature of is that important hints are given by explicit computations
in the case of Gaussian initial data. As noticed already in [4], an important property of is
that the evolution of initial Gaussian data remains Gaussian for all time. Since is invariant
by translation in space, we may consider centered Gaussian initial data. The following result
is a crucial guide for the general case. We define from now on the function

Inlnt
Lt) = el

Theorem 1.2 Let A > 0, and consider the initial data

d
ug(x) = b exp ( — % Zagj:c?), (1.8)
j=1
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with by, ap; € C, agj = Reag; > 0. Then the solution u to (L.6) is given by

[v)

1 T (b)) @

d
u(t,r) = bojgl O (i¢j (t) = ao; 22 " ?)

[

for some real-valued functions ¢;,7; depending on time only, such that, ast — oo,
ri(t) = 2t/ Aag, Int (1 + O(f(t))) . #(t) = 2y/Aag; Int (1 + o(e(t))) . (L9)

In particular, as t — oo,

1 l[uollz>

(i)™ e ™

[[w()]| Lo ey ~

On the other hand u belongs to L (R; H(RY)) and as t — oo

loc
I90(t) 32 gy, ~_ 27duol[3 gy It

At least three aspects of this result differ from the more standard Schrodinger equations, as
discussed in more detail below:

e The dispersion is of order (tvInt)~%?2, as opposed to t=%2 in the case of the free
Schrédinger equation , or of defocusing nonlinear Schrédinger equations with suf-
ficiently short range nonlinearity ( with A > 0, and ¢ > 2/d typically). The nonlin-
earity therefore has an effect on the dispersion rate.

e Even though the solution is dispersive, its H'-norm is unbounded. This is due to the
discrepancy between the dispersive rate and the rate of the main oscillations, since

(1)
5(t)

e Up to a rescaling, the modulus of u converges for large time to a universal Gaussian

=.
<o

NS
|5

~
t—o0

<

profile,

(2tv/A1nt)?/? ‘u (t733 X 2tv)\lnt) — %e“xlz/g,

t—oo T
that is, regardless of the value of the variance of the Gaussian initial datum (a more
precise statement is given in Corollary below).

We see that like in the case of the Schrodinger equation (1.3)), the asymptotic behaviour displays
a universal oscillation, which is the same as for ([L.3]), of the form

Gilel2/(20)

Leaving out the exotic dispersive rate, we see that like for the heat equation, the asymptotic
profile of the solution is the universal Gaussian 7 defined in (1.2)).

The parameter functions r; are given by ordinary differential equations, whose large time
behaviour turns out to be independent of the initial data. This motivates us to introduce the
universal dispersion rate 7 through the following lemma.
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Lemma 1.2 (Universal dispersion) Consider the ordinary differential equation

T:? (0)=1, #(0)=0. (1.10)

It has a unique solution T € C%(0,00), and it satisfies, as t — oo,
() = 2tV lnt(l + o(zz(t))) . A(t) =2V lnt(l + O(E(t))) .

In view of the previous discussion on scaling factors, we may suppose |[uol| L2y = [|7]l 24y
an assumption that we make in the next statement in order to lighten the notations.

Theorem 1.3 Let ug € ¥ = H' N F(H"), with ||uo|lp2rey = 1Vllr2re), and rescale the
solution provided by Theorem to v =uv(t,y) by setling

1 x F(t) |z)?
tx) = ———=v(t,— —— . 1.11
wt0) = e (1755 ) o0 (g ) -
There exists C such that for all t > 0,
1
/Rd (14 [y + [ fo(t, 9)?]) J(t, y)|*dy + Wllvyv(t)lliz(w) <C. (1.12)
We have moreover

1 1

/ v | ot y)lPdy — v |7 (w)dy. (1.13)
Rd 2 o JRd 2
vl [yl
Finally,
lo(t, ) |? e 72 weakly in L'(RY). (1.14)

The above result shows that all solutions are dispersive in the case A > 0, which is the reason
why this case may be called “defocusing”, by analogy with the case of ([1.5)), even though the
energy functional has no definite sign.

Remark 1.1 If the initial data is not normalized in L?(R?) then the result (1.14)) becomes

2
|v(t,~)|2t4 HUZUQLQ 7% weakly in L'(R?).
—00 T

To the best of our knowledge, this is the first time that a universal profile is observed for the
large time behaviour of solutions to a dispersive, Hamiltonian equation.

Remark 1.2 As a straightforward consequence, we infer the slightly weaker property that
|u(t, )| converges to v in Wasserstein distance:

l(t,)]? ~?
W- — ] —0
2(||u0§2’7rd/2 oo

where we recall that the Wasserstein distance is defined, for 1y and v probability measures, by

1/p
Wy (v, v2) inf{(/ fﬂypdu(x,y)> ;o (mi)ep = Vy}»
R4 xRd

where y varies among all probability measures on R? x R, and T R? x R — R¢ denotes the

canonical projection onto the j-th factor (see e.g. [38]).
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In the context of nonlinear Hamiltonian partial differential equations, a general question
is the evolution of Sobolev norms, as emphasized in [5]. In some cases, it can be shown that
Sobolev norms are unbounded at least in some sense, but without growth rate; see e.g. [13]
24 23] for the nonlinear Schrodinger equation. For other equations (cubic Szegd equation or
half-wave equation), with specific initial data, a growth rate can be exhibited, possibly along a
sequence of time; see [20] 21] [36]. We show that in the case of , the Sobolev norms of all
solutions grow, and we give a sharp rate.

Corollary 1.1 Letug € ¥ = H' N F(H'), and 0 < s < 1. The solution to (1.6]) satisfies,
as t — oo,
IV0(6) 3 gy, ~_ 27d o3y I,

and
(Int)*? < Jlu(t) | gro gy < (0 t)*/2

where H*(RY) denotes the standard homogeneous Sobolev space.

The proof of the first case (which is a refined version of the general statement, in the case
s = 1) is straightforward in view of Theorem Indeed, using (|1.11]), we have

1 x 1) lo|?
vattn) = Ve (v (15 <)
1 1 v ; Z-+E:;|wé|2+,. 1 =z ; i*ﬁﬁ;‘“f
T 2\ r )¢ T\ ) € '

The estimate (T.12)) shows that the first term is bounded in L2(R?), uniformly in time. On the
other hand, (1.13)) shows that the L? norm of the second term satisfies

1l oz tac
TTd/Q;v(’;)

= 7(®)llyv(t, y)ll L2 ra)
L2(Rd)

. . d
M T |yyll 2wy = T(t)\/;”’YHLZ(]Rd) Y 2d\ Int{luol| 2 (ray,

where we have used Lemma and the assumption |ug|lz2 = ||v||L2. The case 0 < s < 1
is a consequence of Remark and general properties related to Wasserstein distance (which
can be found in e.g. [38]), as well as a technical lemma adapted to monokinetic oscillations,
borrowed from [2]. Note that in view of the first point and the conservation of the L? norm,
we have, by interpolation,

()] 7o ey S (1)

In the Gaussian case, the Csiszar-Kullback inequality enables us to obtain the strong con-
vergence of |v|? to 42 in L. This is made precise in the next statement.

Corollary 1.2 (Strong convergence in the Gaussian case) Suppose that the initial data ug

is a Gaussian as in (L.8), with ||uo|lp2rey = |VllL2@aey. Then, with v given by (L11)), the
relative entropy of |v|? goes to zero for large time:

2 U(t7y)
/R o) 1n |2

dy — 0,
t—o00
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and the convergence of |v|? to 42 is strong in L*:

H|U(t7 )‘2 - 72||L1(]Rd) — 0.

t—o00

2 Cauchy problem

We now explain how to prove Theorem [L.1

2.1 Uniqueness

Consider u; and uy two solutions of (1.6) in L>°(R; L?(R?)). Then the function u := u; — us
satisfies 1
10 + iAu = )\(ln (\u1|2) u; — In (|uz|2) uz).

The standard energy estimate consists in multiplying by wu, integrating in space, and taking the
imaginary part of the outcome. It yields

1d

IO gy = AT [ () = 1o () ) (01 — ) (0

The end of the argument follows from a nice algebraic property:

Lemma 2.1 (Lemme 1.1.1 from [12]; see also Lemma 9.3.5 from [II]) We have
|Im ((22 In ‘Z2|2 —z11n |Z1|2) (52 — 51))| < 4|22 — 2:1|2 , Vz1,20 € C.

We infer
1d

2dt
so if u(0) = 0, then u(t) = 0 for all time thanks to Gronwall lemma, hence the uniqueness part
of Theorem [L.1]

()72 may < 4Mu(B)]|72(gay;

2.2 Existence

In [I2], the existence of a (weak) solution in the case A < 0 was established by replacing the
nonlinearity zIn |z|? by a suitable polynomial for |z| < €, and eventually letting e go to zero.
However, the argument does not seem to be useful in the case A > 0, so we adopt a different
strategy, and approximate the equation as follows: consider for all € € (0,1) the equation

1
10pue + §Au5 = Aln (5 + |u€|2) Ue, Uelt—p = Uo - (2.1)

Now for € > 0 fixed, the new nonlinearity is Lipschitzean. Equation is easily solved
in O(R; L2(R%)) since it is subcritical in L? (see [I1]). It remains therefore to prove uniform
bounds for u.(t) in F(H) N H*(R?), which will provide compactness in space for the se-
quence u.. Since time compactness (in H~2(R%)) is a direct consequence of the equation, the
Ascoli theorem will then give the result. Actually once a bound in L (R; H'(R?)) is derived,

loc
then the LS (R; F(H®)) bound can be obtained directly thanks to the following computation:
define

I o(t) = /Rd<w>2°‘\u5\2(t,:c) dz .
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Then multiplying the equation by (z)2“%. and integrating in space provides

d z-Vue _ a—
Zplealt) =20 Im/ Timza Be(t)dr < 20 (@) e () 2 ey | Vete (8) ) 22 rety

< 20| () ue (t) || 2 ey || Ve (8) || 2 ray

where the last estimate stems from the property o < 1. Therefore,

t
e (|5 (prey < NuollF gy + 20‘/0 e (@) 7 cerey | Vue ()| L2 ey dt’ -

For any 1 < j < d one has

1 1
10,0jus + gAﬁjus =\n (5 + |u5|2) Ojus + QAT

UeOjUe € 2.2
PRE Re(u:0;u:)u (2.2)

which is again subcritical in L? since ‘ 2Re(uc0juc)ue| < 2|0;us|. We therefore con-

€+ |ucl?
clude that u. belongs to L (R; H!(R?)). The conservation of mass, angular momentum, and
energy is established in the same way as in [I2] (see also [I1]). The first part of Theorem
follows.

2.3 Higher regularity

As in [12], the idea is to consider time derivatives. This fairly general idea in the context of
nonlinear Schrédinger equations (see [I1]) is all the more precious in the present framework
that the logarithmic nonlinearity is very little regular. In particular, we emphasize that if
ug € H¥(R?), k > 3, we cannot guarantee in general that this higher regularity is propagated.

To complete the proof of Theorem assume that ug € F(H*) N H?, for some a > 0. We
already know that a unique, global, weak solution u € L° (R; F(H*) N H') is obtained by the
procedure described in the previous subsection, that is, as the limit of u. solution to . The
idea is that for all T' > 0, there exists C' = C(T) independent of € € (0, 1) such that

sup  [|0pue(t)|| 2 ey < C'
—T<t<T

Indeed, we know directly from that
Orgjp—o = %Auo —iAn (e + |uo|?) up € L*(RY),
uniformly in €, in view of the pointwise estimate
’ln (e + |uol?) u0’ < C (Juo|" + |uo|'™") ,

where n > 0 can be chosen arbitrarily small, and C is independent of ¢ € (0,1). Then
we can replace the spatial derivative 0; in (2.2]) with the time derivative J;, and infer that
Oue € L (R; L2(R?)), uniformly in e: by passing to the limit (up to a subsequence), dyu €

loc

L (R; L?(R?)). Using the equation ([I.6]), we conclude that Au € L (R; L2(R9)). This con-

loc loc

cludes the proof of Theorem [I.1]

3 Gaussian initial data



12 R. Carles

3.1 From (1.6) to ordinary differential equations

As noticed in [4], the flow of preserves any initial Gaussian structure. We emphasize
that this phenomenon is quite rare, even for linear equations. Consider for instance the wave
equation
02— Au = 0.

The fundamental solution is explicit (see e.g. [37]), and if the initial data are Gaussian functions,
we check that the solution ceases to be Gaussian. On the other hand, it is well-known that the
evolution of Gaussian under the heat flow or the Schrodinger flow , is still a Gaussian,
which can be computed explicitly; see e.g. [37]. Still, the case of seems to be a rather

rare case where the evolution of a Gaussian under a nonlinear flow remains Gaussian.

We consider the data given by (1.8]), and we seek the solution u to (|1.6) under the form

d
ult, ) = b(t) exp (f% >a (t)zg) , (3.1)

with Rea;(t) > 0. With u of this form, (1.6 becomes equivalent to
. 1
z@tu+§Au— (ln\b ZReaJ ) , Up—o = Uo -

This is a linear Schrédinger equation with a time-dependent harmonic potential, and an initial
Gaussian. It is well-known in the context of the propagation of coherent states (see [27), [14])
that the evolution of a Gaussian wave packet under a time-dependent harmonic oscillator is a
Gaussian wave packet. Therefore, it is consistent to look for a solution to of this form.
Notice in particular that

d/(2p)
ol = (2) O e )
(ITj_ Rea; (1))
and
! b(t) Jajt
||VU(t)H%2(Rd) = 571'(1/2 - 7z Z Reja] (33)

To prove Theorem we therefore need to find the asymptotic behaviour in time of b(t)
and a;(t).

Plugging (3.1]) into (1.6]), we obtain, after simplification by the Gaussian,

2

d d d d
Z % Z% Z ??b: (ln |b\ Z Reaj)x )

Equating the constant in x and the factors of x?, we get

i — a? =2ARea;, Ajjt=0 = Q0j » (3.4)
d
) b
ih—3" % — Abln (|b]?),  be—o = bo- (3.5)

Jj=1
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We can express the solution to (3.5) directly as a function of the a;’s: indeed

. d d t
b(t) = bo exp (—i)\tln (1bol?) — %ZAj(t) - z‘)\ZIm/ Aj(s)sds> ,
j=1 j=1 0
where we have set .
Ajt) = / a;(s)ds.
0

In particular, the dispersive properties of u are measured by

b(t)]? = |b0|262?:11m14j(t) — ‘bo‘%Z?:lImﬂf aj(s)ds
Since the equations (3.4)) are decoupled as j varies, we simply consider from now on
ia —a® = 2\ Rea, aj—o = ap = agp +1fo, (3.6)

which amounts to assuming d = 1 in ([1.6]). Note that [y is actually zero in our context but it
is not more difficult to deal with that more general case. Following [32], we seek a of the form

Then (3.6 becomes
& =2)\wlm> -
w

Introducing the polar decomposition w = re*?, we get

i — (0)%r = 2X\r6
{ br + 207 = 0.
Notice that )
Oji—0 = 0, (r> =—fo.
"/ t=0

We therefore have a degree of freedom to set r(0), and we decide 7(0) = 1 so
0(0) = Reap = o, 7(0)=—TImag=—F.

The equation in @ yields
% <r29> =r (27"9 + 7’0) =0,

so 726 is constant and we can express the problem in terms of r only: we write

_ % Z@
9= TmE e B0
with 9
:%HA@, r(0) =1, #(0) = —F (3.8)

Multiplying by = and integrating, we infer

1
(") = B2 + o} (1 — 7~2> + 4 g Inr. (3.9)
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Back to the solution u, in the case when d = 1 then writing in view of (3.2) and (3.7)),

) ey = 16O = ol ex (5 [ Tmateyas) =

we find that the study of r(t) is enough to find the dispersion rate of u(t). Once the rate in one
space dimension is known, the result in d space dimensions follows directly.

Moreover recalling (3.3]), we have

1 b(t 2 d a:(t 2
Hvu(t)||2L2(Rd) - §7rd/2 d bl 1/2 Z (f|{ej((1-)(|t))
(Hj=1 Re aj(t)) i=1 J
7rd/2‘b0‘2 |a]
B 1/2 Z Rea]

2 (I i) (IT=y Reay(t))

7Td/2|b0|2 d

. a2y 1
= =2 (0 5o
2y/1T21 o0j i=1 3o "m0

w2l
>t
H =1 @05 j=1

As soon as rj(t) — oo when [t| — oo, the H' norm therefore becomes unbounded. This is proved

=CcH+ 2\ ——
2

to be the case below (with an explicit rate): actually it can be seen from the rate provided in
Lemma [3.8 below that the energy remains bounded because the unbounded contributions of
both parts of the energy cancel exactly.

3.2 Study of r(t)

The aim of this paragraph is to prove the following result. Recall that as defined in ([1.7)),
é(t) —_ In lnt.

Int

Lemma 3.1 Let r solve (3.8)). Then ast — oo, there holds

r(t) = 2t/ A Int (1 + O(é(t))) .

The proof of the lemma is achieved in three steps: first, we prove that r(t) — oo as t — 0.
In view of that result it is natural to approximate the solution to (3.8) by
.. Qg . .
Toff = 2)\E , ret(T) =7(T), Tes(T) =7(T), (3.10)
€
for T' > 1. This approximation is justified in the second step, along with a first estimate on the

large time behaviour of r.g. The conclusion of the proof is achieved in a third step, by proving
Lemma

First step: r(t) — co. We readily see from ([3.9) that r is bounded from below:
>0, rt)=4d, VteR.

Indeed, if it were not so, there would exist a sequence ¢, such that r(¢,) — 0: for n large, the
right hand side of (3.9) then becomes negative, hence a contradiction.
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Now let us prove that r(t) — 400 as ¢ — +o0o. Assume first that 7(0) > 0. Then (3.8)
yields 7 > 0, hence 7(t) > 7(0) for all ¢ > 0, and

r(t) = #(0)t +1 — +oo. (3.11)

t—+oo

On the other hand, for 7#(0) < 0, assume that r is bounded, r(t) < M. Then (3.8) yields

.. Qo
i(t) 2 e + QAM .

hence a contradiction for ¢ large enough. We infer that for T sufficiently large, there holds r(7T") >
1 and 7(T") > 0. The first case then implies r(t) — +oo.

Note that we have proved in particular that
IT>1, »(T)>0 and Vt=>T, r@t)2r(T)t-T)+1. (3.12)

Second step: 7(t) ~ reg(t) with a rough bound. Let us prove the following result.

Lemma 3.2 There is T large enough so that defining reg the solution of (3.10) then ast —
oo, there holds

Iree (t)] = 2t/ Ao Int + e(tVInt), and |r(t) —reg(t)| < C(T)t, Vt>T,
where €(t)/t goes to zero as t goes to infinity.
Proof. Let us start by studying reg. Multiplying by reg and integrating, we get
(e (t))? = (H(T))? + 4hap In e (t) — 4Aag Inr(T)
= 4dagInreg(t) + B2 4+ (1 - r(%y) ,
where we have used at time ¢t = T'. Denote by

1
2 2
OO .f,BO +O[0 (17“(1—')2) .
By similar arguments as in the proof of (3.12), we have rog(t) > 0 for all t > T, and
reg(t) = #(T)(t —T) + 1,

hence

Fort (t) = /4o In e (t) + Co .

Separating the variables,
dreff

ValagInreg + Cy -

so we naturally consider the anti-derivative

dt

)

7 / dr
] VAaolnr + C
The change of variable

Yy =4 agInr + Cy
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yields

1

= (yQ*CO)/(ﬁlz\ao)d
2)\040 /6 Y
Since for x large (Dawson function, see e.g. [I]),

. 1
/ €% da ~
we infer

2
7e$ s
x

7 r
VAalagInr + Cy
In particular,
Teft (1) ~ 1
\/4)\040 Inreg (t) + Cp t=+00
hence

Toff (t)

~  2t\/Aag .
I gt (1) t—+00 ’
We conclude that

et (1)

~

2t )\O{O Int.
t—+4o00

Now let us prove that r can be well approximated by reg. We define h := r — rog and we want
to prove that if T is chosen large enough, then h(t) < ¢ when t — co. We have

h(t) = \/4)\a0 Inr(t) 4+ B3 + of (1 o

W) — \/4)\0[0 lnreﬁ’(t) + Bg + a% (]. —
< \/4)\a0‘ In rt

)
r(T)?
51+t~ )
ren(t) | O mE T rmE)
Given € € (0,1/2), let T > 1 be large enough so that for all ¢t > T
Tef(t) = tv/ Ao Int (3.13)
and ) )
5 - <e 3.14
%(r(T)? r(t)2> c (3:14)
We shall also need that
(/\Ozo)i 1
2 +e|l <= 3.15
( VInT 2 (3.15)
Then noticing that
R N PR R O T TR 1
Toft (t) et (t) rer(t) ~ tvAaglnt  tv/AagInT
as soon as t > T thanks to (3.13)), we infer that

A ()]

t\/ )\Oéo InT

VE>T, h(t)<5+2\//\ao< ) . with h(T)=0

R. Carles
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Our goal is to prove that the function ¢ — h(t)/t is bounded for large ¢, so let T* > T be the
maximal time such that

vVt e [T, T*), |h(t)] <t.
Then for t € [T,T*),

. 11

h(t) <e+2(Aag)*
so thanks to (3.15)

11 t
h(t) < (€+2 Ao 17> t—T)< =,

which contradicts the maximality of T*. The result follows, and Lemma [3.2] is proved. O

Third step: 7(t) ~ reg(t) with improved bound. Let us end the proof of Lemma
By (3.9) and as in the previous paragraph, we have for T sufficiently large so that 7(t) >

#(T) > 0 for t > Tt
. L 1 1 |
r = C()‘"CYO W—ﬁ —|—4)\a0 nr,

with the same constant Cy as above: recall that

Tof = \/Co + 4 agInreg .

To lighten notation let us recall that h := r — reg and let us define

Regr := Cy + 4hagInreg .

Then using a Taylor expansion for 7, we have:
r = \/Reff + Oég(

:\/RTH\/H

On the one hand we know that Re.g — 0o and by Lemma we have h <t and 7eg M tvint
— 00
so we infer that

1 h
(T)? - 772) + 4 g In (1 + 7‘cﬁf)
1

1 1 h
a3t Ly 2% 0y

Reff T (T) 2 T Ref—f Teff ) ’

. ,, 1 1 h
" V R (1 t Ren (%(r(T)2 ~z) +aoln (1+ Teﬂ‘)>> '
As a consequence
o 1 ,, 1 1 h
e, 5 (B — ) + Dol (14 0))
and since h/rog = O(1/VInt) we infer that
Pt~ 2D

t=o0 v/ Alnt
By integration, and comparison of diverging integrals, we find

t

~Y C 5
tooo ! Vint

h(t)
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hence
r(t) = 2t/ Ao Int (1 + O(Z(t))) ,

as soon as we know that this holds for r.g. Lemma is therefore proved, up to the study of
the universal dispersion 7.

3.3 Study of the universal dispersion 7(t): proof of Lemma

It remains to prove Lemma (1.2} By scaling, we may assume A = 1, to lighten the notations.
Introduce the approximate solution

Tt (t) 1= 2tVInt.

We have clearly

In Teff

m:m(lw(lnlnf)) |

In view of a comparison with (1.10), which reads

7=2VInT,
write
1 Inlnt Inlnt
ot = 2V 1Int =21 1+0 =24/1 @ .
far =2Vt =2yl (10 (80 ) <2vinma o ()
Thus,

.. Inint
T — Teff = 2 (\/ln - \/h’lTeﬂ‘) + O (\/m>

/ T Inlnt
=2,/InTeg +1n — 2y InT, —|—(’)<) .
i Teff & \/lIlt

Since we already know from Lemma that 7/7e.¢ — 1 as t — oo, we obtain

Inlnt Inlnt
T —Tep = O , and T—Tg =0 |t ,
of (vlnt> of ( \/lnt>

by integration. This proves Lemma [1.2 O

Back to the previous section, we simply note that

et — /0T = \/Co + 4o InTer — \/4Aao In 7,

with Cy # 0 in general, so the same computation as above yields

feﬂ_\/aiofzo(\/lnlﬂ)zo(\/llnit>7

t
eff — =0 — | >
Toff — \/QQT ( lnt>

by integration. This completes the proof of Lemma [3.1

hence
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4 General a priori estimates and first convergence results

From now on, we suppose that the assumptions of Theorem [1.3|are satisfied: ug € ¥ is such
that |Juo||z2 = ||7]|r2, where we recall that ~(y) = e~ 1¥°/2.
4.1 First a priori estimates
Recall that by definition, v is related to uw through the relation

() |2

u(t,x) = ﬁv (t, 7_th)> exp (1%7) , (4.1)

where 7 is the solution to

2\
T=—, 7(0)=1, 7(0)=0
T
Then v solves 9
. 1 v
Dt ot =G| TR Bl = o

Using a gauge transform (by replacing v with ve®® for § = A\n T), we may assume that the

last term is absent, and we focus our attention on

2
. 1 v
100 + WAyv =Jvln 5 Vjt=0 = U - (4.2)

Because we now have a non-autonomous equation, the Hamiltonian structure of ([L.6)) is lost.
We compute

E(t) :=Im (t, y)Opv(t, y)dy = Exin(t) + AEent (1) ,
Rd

where

BEian(t) = ﬁnvyv(t)niz

2T

is the kinetic energy and

Bou®) = [ om0 gy

is a relative entropy. The transform (4.1]) is unitary on L?(R%) so the conservation of mass for
u trivially corresponds to the conservation of mass for v:

lo(@)llz> = lluollzz = (¥l (4.3)

Thanks to (4.3)), the Csiszdr-Kullback inequality yields
Ecnt(t) Z H"U(t)|2 - 72"L1(Rd) 9

hence in particular Fq,s > 0, which is another way of justifying the term “defocusing” for the
case A > 0. We easily compute

B=—2"Fq,. (4.4)
T

We now prove the first part of Theorem that is, ((1.12)) which is recast and complemented
in the next lemma.
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Lemma 4.1 Under the assumptions of Theorem[I.3] there holds

sup(/ (L4 Iyl + I fo(t, ) 2]) [o(t, )Py + —= |19, v<>||iz(Rd))<oo
o | [, =)

and

/ooo ;(;/)) IV 0 ()2 gy dt” < oo (4.5)

B = [ P lof? + [ PP,
R4 R4
/ \v|21n|v|2:/ |’u|2ln\v|2+/ v In |v|2.
R4 |[v|>1 lv|<1

1
By = En + A \U|21n|v|2+x/ WP <EO) +A [ [P
|v]>1 R4 o] <1 |v]

Proof. Write
and

‘We have

The last term is controlled by

[l [
Jv]<1 |

for all € > 0. We conclude thanks to the estimate
(1+d/2)e de/2
/R [l S oll 7 e ol 72,

for € > 0 sufficiently small (0 < ¢ < ﬁ), which can be readily proved by an interpolation
method (cutting the integral into |y| < R and |y| > R, using Holder inequality and optimizing
over R; see e.g. [9]). This implies

By S1+ B/,
and thus Ey € L*(R). Finally, (4.5)) follows from (4.4)), since E(t) > 0 for all ¢t > 0. O

At this stage, we can already infer the first part of Corollary Indeed, recalling the
conservation of the energy for u, we have, in view of (4.1),

1 1
IV oy = 5IVuO ey 3 [ Ju(t )P nfuta)Pde = [ fute. ) Infu(t. ) e
E(u(t))
= E(ug) — )\/ lu(t, z)|* In u(t, z)|*dz
R4

=) <> [ o (53 (Gl (2
3 [ el (el )y
5

= Bu) =X [ 1o (t) P (Jo 6.) ) dy + M r(O)o(0)
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The first two terms are bounded (from Lemma , so Lemma and the conservation of the
mass yield

1
IV 2y~ Adnt|o]s g

We emphasize that the proof of the second part of Corollary (estimates in Hsfor0<s< 1)
requires the convergence in Wasserstein distance, which in turn relies on the convergence of the
momenta (along with the weak convergence of |v|?), which is established in the next subsection.
4.2 Convergence of some quadratic quantities

Let us prove (|1.13]), as stated in the next lemma.

Lemma 4.2 Under the assumptions of Theorem[L.3], there holds

1 1
/d y_ | ot y)Pdy — oy Y (y)dy .
R Jy[? REA ly?

Proof. The first line is trivial, in view of the conservation of mass. Introduce

B =T [ G Vyetta)dy. B = [ sty

We compute:

. . 1
I = —2\I I, = ——1I;. 4.6
1 2, 2 200 1 (4.6)
Set I, := 7I: we have fg = 0, hence (unless the data are well prepared in the sense that
1,(0) = 0)
1(t) = = (L) + B(0) = —~ (~h(O)t + L(0) ~_—~
2(t) = 0 2 2 ) 1 2 oo T
and
1), ~ o
! t—>ooc Int

In particular,
/ ylv(tyy)\Qdyt—W:/ yy(y)*dy .
Rd —0 R

In order to obtain estimates for higher order quadratic observables, we follow a more direct
strategy than in [8]. The price to pay is that the convergence rate that we obtain is weaker
than in [§].

We go back to some conserved quantities for u and translate them into estimates on v.
Mass: 2 lu(®)]Z2 =0
e Mass: —||u =0;
dt L

e Energy:
d (1
— <||Vu(t)||2L2 —l—)\/ |u(t7x)21n|u(t,x)|2dx) =0.
dt \ 2 Rd
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We recall the mass conservation for v stated in (4.3]). Substituting (4.1) into the conservation
of the energy of u, we get

d 1 2 (T)2 2 T / =
— (= |72 + s ——1 t,y)y - Vi(t,y)d
3t (52 Vo + 5 lyelfe = Ztm [ (e gy Vol y)dy

+ )\/ [v]?In |v|? — )\dlDT”U(t)H%z) =0.

In view of Cauchy—Schwarz inequality, Lemma [4.1| and Lemma (1.2

T . 1 .
Pt [ oltgdy Tty < ot ) o HITeOe S +0) S Vin

Therefore, in the above expression, all the terms are either bounded or O (\/ In t), but two:

£)2
%/|y\2|v|2 and —Adln7/|v|2.

We infer
£\ 2
%/m%ﬁ —Adln7/|v|2 — o (Vini) .

Integrating (1.10]), we find

hence

1 1
[t - ot =0 (Y22) =0 ()
2 InT Vint

Now we recall a property of v:

2
@z = 172 = Sllyvlze.

The lemma is proved. O

At this stage, we therefore have proved Theorem [1.3] up to the final point regarding the
asymptotic profile for |v|?.

Remark 4.1 In [§], the above convergence is improved to
2 2 L
Hyv(t)HL?(]Rd) - ||y7||L2(]Rd) =0 nt/

5 Proof of the main result

We now address the final point of Theorem We emphasize that it concerns the modulus
of v only, an aspect which explains the decomposition introduced in the next subsection.
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5.1 Hydrodynamical approach

We recall that the Madelung transform is a classical tool (see e.g. [34] 31 19], or the survey
[7]) to relate the (nonlinear) Schrédinger equation to fluid dynamics equations, via the change
of unknown

v(t,y) = alt, y)ew(t’y) , witha,¢ €R. (5.1)

Formally one obtains in our case the system of equations

2_ 1 Aya

1 2
= M =

@

Y
1 1

ata + ﬁVygﬁ . Vya + ﬁ@AyQﬁ = O7

which is easily related to the compressible Euler equations by using the change of unknown
p(t,y) :==a* A:=aVe, J:=al. (5.2)
In terms of these hydrodynamical variables, the above system becomes
1
T

1 1 1
O + =5V - (A® A) + AVp+ 2dyp = L5 AVp = V- (VV/p& Vy/p) (5.3)
0;J* — o J7 = 20k0;\/p — 2N O\ /p, G,k €{L,...,d}.

In the case where the initial data for are well prepared, in the sense that they stem from the
polar decomposition of an initial wave function as in 7, then the approach presented
in [7, Section 5] can readily be adapted to show that holds true in the distributional
sense. We shall however retain simply one property related to this system: as soon as we have
a solution v to , it can be decomposed as in 7 so as to produce a solution to
(5.3). The most delicate issue to prove this is to give a suitable meaning to the phase ¢ when
v vanishes; we refer to [7, Section 5] for details.

We shall prove that
p(t) — 42 weakly in L*(R?).

t—o00

This will stem from the fact that the weak limit of p evolves according to a Fokker—Planck
operator. We note that a formal link between the hydrodynamical formulation of (1.6) and the
Fokker—Planck equation can be found in [33] 26].

5.2 Heuristics

Let us explain the heuristics of the proof, which will be made rigorous in the next section.
Formally only retaining the higher order terms (in terms of growth in time) in (5.3)) we are led
to studying the following simple model

1
T
O +AVp +2Xyp =0.

(5.4)
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Note that in the explicit case of the evolution of a Gaussian (recall the computations of Sec-
tion , we can check that in the above simplification, we have indeed eliminated negligible
terms. By elimination of J, (5.4) implies that

0y (T20up) = AV - (V +2y) p = ALp,

where
L:=A,+V,-(2y")

is a Fokker—Planck operator (associated to the harmonic potential). On the other hand,
Ot (TQBtp) =71202p + 27710sp,

so since 1 < 72 < (77)2, it is natural to expect the first order time derivative to dominate over
the second order time derivative, and change scales in time accordingly. Define s such that

%a:&,

or in other words define the following change of variables:

1 T 1. .
Notice that
1
s~ilnlnt, t— o00. (5.6)

Then again discarding formally lower order terms we find
dsp=Lp,

for which it is well-known (see for instance [I8]) that in large times the solution converges
strongly to an element of the kernel of L, hence a Gaussian. Notice that the convergence is
exponentially fast in s variables, so returning to ¢ variables produces a logarithmic decay due
to : we recover the logarithmic convergence rate observed in the Gaussian case (Section .

The difficulty to make this argument rigorous is the justification that the lower order terms
may indeed be discarded, since we have very little control on higher norms on v to guarantee
compactness in space of the solution: we have more precisely a sharp control of the momenta of
v, but rather poor estimates in H'. We do expect v to oscillate rapidly in time (in view of the
Gaussian case), but /p should be bounded in H 1 a property that does not seem easy to prove
(because of the prefactor 1/72 in the equation). This is the main obstacle to proving strong
convergence to a Gaussian in the general case, and explains why in the end we only obtain a
weak convergence result in L!. This is made precise in the next section.

5.3 End of the proof

Let us follow the steps of the previous paragraph, this time neglecting no term. First, we con-
sider a variant of the hydrodynamical formulation of (4.2)), by recalling that the two nonlinear
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terms in (5.3)) correspond exactly to 772V |Vw|?, after the polar decomposition of v. Therefore,
we simply use the fact that if v = \/pe’?, then we have
1
T
1 1
OrJ + AVp +2\yp = —AVp — —V|Vu|?.
472 T2
By elimination of J,
1 1
2 _ _ 2 2
O (T%0ip) = =0,V - J = ALp — EA p— §A|Vv\ ,
with again L := A 4+ V - (2y-). With the change of variable (5.5)) we introduce the notation

p(s(t),y) := p(t,y), and we find for j the following equation:

2\ A
Osp — —=0sp+ —=02p = Lp —
P e p+ Gip=1Lp
where one should keep in mind that the functions 7 and 7 also have undergone the change of
time variable. In terms of s, Lemma [I.2] yields

1 . 1 -
4)\7_2 Agp_ FA|V'U|2 5 (5.8)

P(s) ~ 2V, 7(s) ~ 2V Ne2s e

S—00 §—00
In terms of s, the time integrability property of Fy, provided in (4.5) becomes
[ (29) oo < (59)
(s s < 00. .
0 7(s) L2
On the other hand, Lemma [£.1] yields

sup [ 5(sv) (1 Iy + [ o)) dy < oc. (5.10)

Mimicking the general approach of e.g. [16] [I7)], for s € [—1,2] and s, — oo, set

pn(5,Y) == p(s+ sn,y) -
From (5.10) along with the de la Vallée-Poussin and Dunford—Pettis Theorems, we get up to
extracting a subsequence
for all p € [1,00). Up to another subsequence,
pn(0) = po,co in L;.
In view of (5.8):

Ospoc = Lpoo in &' ((—1,2) x RY)
_ By X (5.11)
poo|s:0 = P0,00 eL .

We now go back to (5.7) and show that p, is independent of s. In the s variable, we have

Bsp + Alv J=0

T . ; (5.12)
0sJ +77 (V+2y)p— —VAs = ——V|Vi|?.
4\t AT
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Since J = Im 9V, implies

;i €LlL,.
With J,,(s) := J(s + 5,), we have

TV J, —50 inL*(-1,2,WLY,

AT n—00

hence
OsPoo = 0. (5.13)

Putting (5.11)) and (5.13)) together, we have
Lﬁoo|s:l = 07

and since poo|s—1 is a smooth function, we infer po, = avy?, for some 0 < a < 1.

Using (5.10) again, we see that the family (5(1 + sy, -))n is tight, and so o = 1. The limit
being unique, no extraction of a subsequence is needed, and we conclude

p(s) — ~4? weakly in L*(R?).

S5— 00

6 About the corollaries

6.1 Proof of Corollary

We have seen already how to treat the case s = 1, so we now fix 0 < s < 1. We may
assume that |lug||z2 = ||v||L2 and use the conclusion of Theorem since we are not tracking

the multiplicative constants. The convergence in the Wasserstein distance W5 (Remark
implies (see e.g. [38, Theorem 7.12])

/\ylzslv(t,y)\Qdytjo/Iy\QSWQ(y)dy (6.1)

The idea is then to apply a fractional derivative to ([1.11)), that is

() |2

u(t,x) = T(t;d/zv (t, 7-(xt)> exp (iT(t) 5 ) )

In order to shortcut this step, we recall a lemma employed in the context of semi-classical limit.
We simplify the initial statement and leave out the dependence on the semi-classical parameter:

Lemma 6.1 (Lemma 5.1 from [2]) There ezists C such that if v € H*(R?) and w is such
that Vw € L (RY),

llwl* sz < el + 1V = iw)pllza 1$ll7z° + C A+ [Vewllz) 9] 2.

In [2], w corresponds to the gradient of rapid oscillations carried by an exponential, so we
naturally consider 1) = w and introduce
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In the present framework, Lemma yields, in view of (|1.11)) and the conservation of the mass:
S

Yl o0l < @l + | 29000

_ T
ol 3* + € (1 n ) et -
L2 T

The result follows readily: the behaviour of the left hand side is given by Lemma and (6.1),
and all the terms of the right hand side are bounded, but the first one.
6.2 Proof of Corollary

In view of the tensorization in Theorem we prove Corollary[1.2]in the case d = 1 to lighten
the notations, and we assume

uo(z) = b exp (—ao(x - x0)2/2) ,

with by, a9 € C, Reag = ap > 0. We start with an initial center xy to show that in terms of v,
the center is eventually zero (like in [I8]). Recall that we have

\/ :(t) eiti)(t) exXp <_Oéo ('T _ xO)Q + Z@ (x - xO)Q) )

t,x)=1b —
ut, z) = bo 22t r(t) 2
with 7 solution to (3.8]), #(0) =1, 7(0) = —Imag. We thus have

T(t) , 72 92 T 3
v(t,y) = by %ewﬁ(t) exp <_a0ﬁ§ + Qo 3YTo — aoﬁ)

. . 2 . . 2
X exp (z r.r sz——inymo—i—ifﬁ).
T 2 r r 2

In particular,
2y 27(t) 2 T g
ot ) = b0l 75 exp (=0 507 + 200 uw0 — a0 3 )

S\ /4
oLz = [l () -y
o

where the last equality corresponds to our assumption motivated by the effect of scaling factors.

On the other hand,

Therefore, the relative entropy is

Eunlt) = [ o) o (f(?;))') dy

Ch (W(t)) 25 — (aoT“)Z - 1) IR

r(t) r(t)?
2

7(t) 2 zy 2
+ 2040$0TT(t) /RZ/W(t, y)|“dy — O‘OTT(t)”uO”L2 =20

where we have used the properties of the solutions to (3.8]) and (1.10), established in Section
The end of the corollary simply stems from the standard Csiszar-Kullback inequality

H|U(tv )|2 - 72|‘L1 SJ Eent -

Acknowledgement This work benefited from fruitful discussions with Kleber Carrapatoso,
Laurent Desvillettes, Erwan Faou, Matthieu Hillairet and Cédric Villani.



28

R. Carles

References

(1]

2]
(3]
(4]

(5]

[10]
[11]
12
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

(22]

(23]
[24]

(25]

Milton Abramowitz and Irene A. Stegun, Handbook of mathematical functions with formulas, graphs, and
mathematical tables, National Bureau of Standards Applied Mathematics Series, vol. 55, For sale by the
Superintendent of Documents, U.S. Government Printing Office, Washington, D.C., 1964.

T. Alazard and R. Carles, Loss of regularity for super-critical nonlinear Schrédinger equations, Math.
Ann. 343 (2009), no. 2, 397-420.

Alex H. Ardila, Orbital stability of Gausson solutions to logarithmic Schrédinger equations, Electron. J.
Differential Equations 2016, Paper No. 335, 9 pp.

Iwo Biatynicki-Birula and Jerzy Mycielski, Nonlinear wave mechanics, Ann. Physics 100 (1976), no. 1-2,
62-93.

J. Bourgain, On the growth in time of higher Sobolev norms of smooth solutions of Hamiltonian PDE,
Internat. Math. Res. Notices (1996), no. 6, 277-304.

H. Buljan, A. Siber, M. Soljacic, T. Schwartz, M. Segev, and D. N. Christodoulides, Incoherent white light
solitons in logarithmically saturable non-instantaneous nonlinear media, Phys. Rev. E 68 (2003), 036697.

R. Carles, R. Danchin, and J.-C. Saut, Madelung, Gross-Pitaevskii and Korteweg, Nonlinearity 25 (2012),
no. 10, 2843—-2873.

R. Carles and I. Gallagher, Universal dynamics for the defocusing logarithmic Schridinger equation,
preprint. Archived at https://hal.archives-ouvertes.fr/hal-01398526| 2016.

R. Carles and L. Miller, Semiclassical nonlinear Schréidinger equations with potential and focusing initial
data, Osaka J. Math. 41 (2004), no. 3, 693-725.

T. Cazenave, Stable solutions of the logarithmic Schrédinger equation, Nonlinear Anal. 7 (1983), no. 10,
1127-1140.

, Semilinear Schrodinger equations, Courant Lecture Notes in Mathematics, vol. 10, New York
University Courant Institute of Mathematical Sciences, New York, 2003.

T. Cazenave and A. Haraux, Equations d’évolution avec non linéarité logarithmique, Ann. Fac. Sci.
Toulouse Math. (5) 2 (1980), no. 1, 21-51.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, Transfer of energy to high frequencies in
the cubic defocusing nonlinear Schrédinger equation, Invent. Math. 181 (2010), no. 1, 39-113.

M. Combescure and D. Robert, Coherent states and applications in mathematical physics, Theoretical and
Mathematical Physics, Springer, Dordrecht, 2012.

Pietro d’Avenia, Eugenio Montefusco, and Marco Squassina, On the logarithmic Schrodinger equation,
Commun. Contemp. Math. 16 (2014), no. 2, 1350032, 15.

L. Desvillettes, Convergence to equilibrium in large time for Boltzmann and B.G.K. equations, Arch.
Rational Mech. Anal. 110 (1990), no. 1, 73-91.

Eduard Feireisl and Hana Petzeltova, Large-time behaviour of solutions to the Navier-Stokes equations of
compressible flow, Arch. Ration. Mech. Anal. 150 (1999), no. 1, 77-96.

Thierry Gallay and C. Eugene Wayne, Global stability of vortex solutions of the two-dimensional Navier-
Stokes equation, Comm. Math. Phys. 255 (2005), no. 1, 97-129.

I. Gasser and P. A. Markowich, Quantum hydrodynamics, Wigner transforms and the classical limit,
Asymptot. Anal. 14 (1997), no. 2, 97-116.

Patrick Gérard and Sandrine Grellier, Effective integrable dynamics for a certain nonlinear wave equation,
Anal. PDE 5 (2012), no. 5, 1139-1155.

, An explicit formula for the cubic Szegdé equation, Trans. Amer. Math. Soc. 367 (2015), no. 4,
2979-2995.

J. Ginibre, An introduction to nonlinear Schrédinger equations, Nonlinear waves (Sapporo, 1995)
(R. Agemi, Y. Giga, and T. Ozawa, eds.), GAKUTO International Series, Math. Sciences and Appl.,
Gakkotosho, Tokyo, 1997, pp. 85-133.

M. Guardia, E. Haus, and M. Procesi, Growth of Sobolev norms for the analytic NLS on T2, Adv. Math.
301 (2016), 615-692.

M. Guardia and V. Kaloshin, Growth of Sobolev norms in the cubic defocusing nonlinear Schréidinger
equation, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 1, 71-149.

P. Guerrero, J. L. Lépez, and J. Nieto, Global H' solvability of the 3D logarithmic Schrédinger equation,
Nonlinear Anal. Real World Appl. 11 (2010), no. 1, 79-87.


https://hal.archives-ouvertes.fr/hal-01398526

Universal dynamics for logNLS 29

[26]

27]
(28]
[29]
(30]

(31]

(32]
(33]

(34]
(35]

(36]
(37]

(38]

Pilar Guerrero, José Luis Lépez, and Jesis Montejo-Gamez, A wavefunction description of quantum
Fokker-Planck dissipation: derivation and numerical approximation of transient dynamics, J. Phys. A 47
(2014), no. 3, 035303, 21.

G. A. Hagedorn, Semiclassical quantum mechanics. I. The h — 0 limit for coherent states, Comm. Math.
Phys. 71 (1980), no. 1, 77-93.

E. F. Hefter, Application of the nonlinear Schrodinger equation with a logarithmic inhomogeneous term
to nuclear physics, Phys. Rev. A 32 (1985), 1201.

E. S. Hernandez and B. Remaud, General properties of Gausson-conserving descriptions of quantal damped
motion, Physica A 105 (1980), 130.

W. Krolikowski, D. Edmundson, and O. Bang, Unified model for partially coherent solitons in logaritmically
nonlinear media, Phys. Rev. E 61 (2000), 3122.

L. Landau and E. Lifschitz, Physique théorique (“Landau-Lifchitz”). Tome III: Mécanique quantique.

Théorie non relativiste, Editions Mir, Moscow, 1967, Deuxieme édition, Traduit du russe par Edouard
Gloukhian.

Tianhong Li and Dehua Wang, Blowup phenomena of solutions to the Euler equations for compressible
fluid flow, J. Differential Equations 221 (2006), no. 1, 91-101.

José L. Lépez and J. Montejo-Gamez, A hydrodynamic approach to multidimensional dissipation-based
Schrédinger models from quantum Fokker-Planck dynamics, Phys. D 238 (2009), no. 6, 622-644.

E. Madelung, Quanten theorie in Hydrodynamischer Form, Zeit. F. Physik 40 (1927), 322.

S. De Martino, M. Falanga, C. Godano, and G. Lauro, Logarithmic Schrodinger-like equation as a model
for magma transport, Europhys. Lett. 63 (2003), 472.

Oana Pocovnicu, Ezxplicit formula for the solution of the Szego equation on the real line and applications,
Discrete Contin. Dyn. Syst. 31 (2011), no. 3, 607-649.

J. Rauch, Partial differential equations, Graduate Texts in Math., vol. 128, Springer-Verlag, New York,
1991.

Cédric Villani, Topics in optimal transportation, Graduate Studies in Mathematics, vol. 58, American
Mathematical Society, Providence, RI, 2003.



	Introduction
	Two linear equations leading to different asymptotic behaviours
	Nonlinear Schrödinger equation with a power nonlinearity
	The logarithmic Schrödinger equation
	Main results

	Cauchy problem
	Uniqueness
	Existence
	Higher regularity

	Gaussian initial data
	From (1.6) to ordinary differential equations
	Study of r(t)
	Study of the universal dispersion (t): proof of Lemma 1.2

	General a priori estimates and first convergence results
	First a priori estimates
	Convergence of some quadratic quantities

	Proof of the main result
	Hydrodynamical approach
	Heuristics
	End of the proof

	About the corollaries
	Proof of Corollary 1.1
	Proof of Corollary 1.2


