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ABSTRACT. We obtain non-vanishing of group LP-cohomology of
Lie groups for p large and when the degree is equal to the rank of
the group. This applies both to semisimple and to some suitable
solvable groups. In particular, it confirms that Gromov’s question
on vanishing below the rank is formulated optimally. To achieve
this, some complementary vanishings are combined with the use of
spectral sequences. To deduce the semisimple case from the solv-
able one, we also need comparison results between various theories
for LP-cohomology, allowing the use of quasi-isometry invariance.
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INTRODUCTION

This paper deals with several variants of group LP-cohomology, where
p is a real number in (1,400).

The first one, the continuous LP-cohomology of locally compact sec-
ond countable groups G, is the continuous cohomology [BW00, Chap.
IX] with coefficients in the right-regular representation on LP(G); we
denote it by H¥ (G, LP(G)). We also consider the associated reduced
continuous LP-cohomology, denoted by H% (G, LP(GQ)) (it is the largest
Hausdorff quotient of the previous one). It is known that both topoli-
cal vector spaces H: (G, LF(G)) and HY (G, LP(G)) are invariant for
the equivalence relation given by quasi-isometries between groups G as

before when equipped with a left-invariant proper metric (see [BR20)
Theorem 1.1] and [SS18]).

One variant of LP-cohomology makes sense for C* manifolds: it is
the de Rham LP-cohomology, denoted by LPH}y (M) for a C' man-
ifold M. It was studied thoroughly by P. Pansu and, as the name
suggests, it is defined by imposing LP-integrability conditions on dif-
ferential forms on the manifold (and on their differentials). There are
also intermediate variants, for instance the asymptotic LP-cohomology
of suitable metric spaces, which elaborates on simplicial cohomology
by adding LP-integrability conditions; it is denoted by LPH}R(X) for a
suitable measured metric space (X,d, ). Reduced quotients are also
considered in these contexts.

When it makes sense, comparison results between these cohomologies
are often available (see for instance [BR20], [SS18] and Appendix [A]in
this paper; again, this part owes a lot to P. Pansu’s work).

Beyond these comparisons, our main goal remains to exhibit some
sufficient conditions for vanishing and non-vanishing of LP-cohomologies,
taking into account the degree of the cohomology space and the expo-
nent p.

The topological groups we are considering in the present paper for
these (non-)vanishing questions are connected Lie groups. This en-
ables us to use many differential geometric and combinatorial tools.
The most popular Lie groups are the semisimple ones, and this is the
family about which we present the first results in this introduction,
but we will see that we are quickly led to considering solvable non-
unimodular groups. This is explained by the fact that some contraction
arguments are crucial for our purposes, and this is made possible by
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the aformentioned quasi-isometric invariance of group LP-cohomology
combined with Iwasawa decompositions.

0.1. Semisimple groups and quasi-isometry invariance. Let us
start with semisimple real Lie groups. Our work is motivated by the
following question, asked by M. Gromov [Gro93, p. 253].

Question 0.1. Let G be a semisimple real Lie group. We assume that
I =1kr(G) = 2. Let k be an integer < | and p be a real number > 1.
Do we have: HE, (G, LF(G)) = {0} ¢

In degree 1, a general result of Pansu [Pan07] and Cornulier-Tessera
[CTT1] shows that HL (G, LP(G)) = {0} for every p > 1 and every
connected Lie group G, unless GG is Gromov hyperbolic or amenable
unimodular. In a previous paper, we obtained some partial vanishing
results which lead to the latter result when the Lie groups are semisim-
ple of rank > 2, and admissible in the sense that the solvable radical
of some (maximal) parabolic subgroup is quasi-isometric to a real hy-
perbolic space [BR20), Corollary 1.6]. This result in degree 1 can also
be proved via the fixed point property for continuous affine isometric
actions of higher rank semisimple groups on LP-spaces [BEGMO7]. In
general, we show in [BR20] the existence, for any admissible semisim-
ple Lie group G and any p € (1,400), of an interval of degrees out of
which the spaces HX (G, LP(G)) vanish.

Our main result in the present paper is complementary to Gromov’s
question; it is the following.

Theorem A. Let G be a semisimple real Lie group with finite center
and let | = rkr(G).

(i) We have: H—f:t(G, LP(G)) # {0} for any large enough p > 1.
(ii) For every k > 1, we have: HE (G, LP(G)) = {0} for any large
enough p > 1.

This result is proved thanks to the following line of arguments. We
introduce an Iwasawa decomposition G = KAN. Geometrically, if X
denotes the symmetric space of G and if F' denotes the maximal flat
attached to the maximal R-split torus A in G, then the subgroup K
can be chosen to be the stabilizer of a point in F'; the subgroup N
consists of the unipotent elements in a parabolic subgroup defined by a
regular element in the boundary 0, F of F. Since GG has finite center,
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the group K is compact (it is in fact a maximal compact subgroup in
G). We have the following identifications:

H:, (G, L(G)) ~ HZ, (AN, LP(AN)) ~ [PH}s(AN) ~ LPHp (AN),

and similar ones for reduced cohomology. The first identification comes
from quasi-isometric invariance [BR20), Theorem 1.1], the second one is
a comparison between continuous LP-cohomology and asymptotic LP-
cohomology proved in [BR20, Theorem 3.6] and the last one is given
by Theorem proved in Appendix [Al This reduction explains why
the main part of the paper focuses on solvable Lie groups. The latter
situation is investigated in the remaining two subsections of this intro-
duction and it leads to the desired vanishing and non-vanishing results
above. See Theorem [Dl below for the conclusion of the argument.

Before we definitely move to the framework of solvable groups, let
us mention the case when p = 2 for semisimple groups. This situation
is more directly relevant to representation theory and was considered
by A. Borel decades ago [Bor85]. The main results are:

. H—’&(G, L*(@)) =0 unless k = 2,

e HY (G, L%(G)) #0 at least for k € (2 — &, 2 4 L],
where D is the dimension of the Riemannian symmetric space G/ K and
ly is the difference between the complex rank of G and the complex rank
of K. In the case G = SL,(R), one has D = % and lp = [%1].
See also [BES14] for related results about vanishing of the reduced L?-
cohomology. Since the dimension D is a quadratic polynomial in the
rank of the group G, A. Borel’s results show that the assumption that
p should be large enough in our results is necessary.

0.2. Solvable groups and contractions. As explained above, we are
henceforth dealing with solvable Lie groups until the end of the intro-
duction. The following result on cohomology vanishing is a consequence
of [Pan99 Corollaire 53]:

Theorem 0.2. Let R be a connected Lie group of the form Ax N with
A~R' andl > 1. Let a and n be the Lie algebras of A and N, re-
spectively. Suppose that the group R satisfies the following contraction
property:

(C) there exists an element & € a such that all the eigenvalues of
ad& |n have negative real parts.
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Then for p > 1 large enough and for all k > [, we have the vanishings:
LPHgp(R) = {0}.

Note that the assumptions force N to be nilpotent and contractible,
and R to be solvable, non-unimodular and diffeomorphic to R?, where
D = dim(R) (the notation D is consistent with the previous one on
dimensions of symmetric spaces by Iwasawa decomposition).

We address here the following question:

Question 0.3. Let R be a solvable connected Lie group as in the previ-
ous theorem, satisfying in particular condition (C). Suppose addition-
ally that R satisfies the following non-triviality condition:

(nT) for every non-trivial X € a, the operator adX’n admits an
eigenvalue with non-zero real part.

Do we have LPHL, (R) # {0} for p € (1,+00) large enough?

If we denote by sp(u) the spectrum (in the field of complex numbers)
of an endomorphism wu of a finite-dimensional real vector space, the
above conditions can be reformulated as follows:

(C) there exists £ € a such that sp(addn) C RX @R,
(nT) for every X € a\ {0}, we have: sp(adX‘n) N(R*&iR) # 2.

Condition (C)+4(nT) forces N to be the nilpotent radical of R. When
[ = 1, condition (C) implies trivially condition (nT); moreover the
groups R that satisfy (C) form precisely the class of connected Lie
groups that carry a left-invariant Riemannian metric of negative cur-
vature [HeT74]. For them, it is known that Question[(.3]ladmits a positive
answer [Pan07, [CT1I]. The goal of the paper is to enlarge the family
of groups for which Question [0.3] is known to have a positive answer.
In Section [l we prove two non-vanishing results described below. Note
that at least since we are using spectral sequences techniques, vanishing
results are also useful in the proof of non-vanishing ones; this explains
why condition (C) is made before condition (nT).

The first positive result makes a commutativity assumption on the
nilpotent radical of the solvable group.

Theorem B. The answer to Question is yes, if one assumes in
addition that N ~ R"™ withn > 1.
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The second positive result makes a rank assumption on the solvable
group, ¢.e. a dimension assumption on the quotient of the group by its
nilpotent radical.

Theorem C. The answer to Question is yes, if one assumes in
addition that | = 2, i.e. if A ~ R2.

Fundamental examples of groups satisfying conditions (C) and (nT)
are provided by the groups AN that appear in the Iwasawa decompo-
sitions K AN of the semisimple Lie groups with finite center.

Theorem D. The answer to Question is yes for the groups AN
that appear in the Iwasawa decompositions K AN of the semisimple Lie
groups with finite center.

Together with the reduction contained in Subsection [0L1] the latter
result proves Theorem [Al on semisimple groups.

0.3. Sketch of proof of the non-vanishing theorems. Recall that
D = dim(R). By Poincaré duality (see Proposition [[LTT]), proving
vanishing and non-vanishing as stated in Theorem and Question
03] is equivalent to showing that for p € (1,400) close enough to 1:

(1) LPHEL (R) = {0} for every k < D — 1,
(2) LPHET!(R) is Hausdorff and non-zero.

The assumption on the existence of £ € a satisfying condition (C),
in combination with Pansu’s results on LP-cohomology [Pan99, [Pan08,
Pan09], imply that item (1) holds, as well as the Hausdorff property in
item (2) (see Corollary 2.4] for a proof).

It remains to establish that LPH5 ' (R) # {0}. For that, we de-
compose R as follows. Write a = R @ b, where the second factor
is b := {X € a: trace(adX) = 0}, the Lie algebra of a connected
Lie subgroup B < A isomorphic to R”~!. Then R can be expressed
as R = B x H, with H = {e®};cr x N. Again the assumption on
¢ and Pansu’s results on LP-cohomology, give a precise rather simple
description of the LP-cohomology of H for p € (1,+00) close to 1 — see
Corollaries 2.4 and In particular the above items (1) and (2) hold
for H, in other words LPHX, (H) vanishes for k < dim(H)—1=D —1,
and LPHY(H) is Hausdorff and non-zero.

Now, by using a spectral sequence argument taken from [BR20] —
see Corollary [6.10, we obtain a linear isomorphism:

(0.4) LPHDTU(R) ~ LP(B, IPHEY(H)) ",
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where B acts by translations on itself and by conjugacy on LPH(?R_ "(H).
The B-invariance implies that the right hand side space is isomorphic
to

{w € LPHYH(H) - [B}}Cg(w)deb < +oo},

where C}, denotes the conjugation by b € B. Under the assumptions
(C) and (nT), we give a criterion to ensure that the latter space is
non-zero (see Proposition B.2). Finally we show that the groups in
Theorems [B, [C] and [Dl satisty the criterion.

It is worth mentioning that the above strategy would answer affirma-
tively Question [0.3lin full generality, if the following question admitted
a positive answer:

Question 0.5. Let N be a connected simply connected nilpotent Lie
group. Let Xy, Xo, ..., Xi be non-trivial left-invariant vector fields on
N. Does N admit a non-zero, compactly supported, C* function f :
N — R, whose integral along every orbit of X; (i =1,...,k) is null?

When the fields commute or when & = 2, we answer affirmatively
Question [0.5] — see Lemmata 2] and [£.11

0.4. Remarks and questions. 1) We suspect that Condition (nT)
in Question is a necessary condition. For example if a contains a

non-trivial vector X, such that adXo‘n is semisimple with imaginary

eigenvalues, then one has LPHE, (R) = {0} for every k € N and p €
(1,+00). To see this, observe that for such an X, the operator ad Xy
acting on Lie(R) is skew-symmetric. Therefore the left-invariant vector
field associated to X, is a Killing vector field on R. Moreover its
flow acts properly on R (since it does on A). These properties, in
combination with Poincaré duality, imply vanishing of LPHX.(R) in
every degree — see [Pan08, Proof of Proposition 15].

2) Cornulier told us that conditions (C) and (nT) should admit
geometric characterizations. He claims that a simply connected solv-
able Lie group satisfies condition (C) if and and only if its asymptotic
cone (one or every) is bilipschitz homeomorphic to a C'AT'(0)-space.
Moreover he thinks that condition (nT) should be equivalent to the
non-existence of direct R-factor in the asymptotic cone. In the same
vein, we notice that the rank [ of a condition (C) group is equal to the
dimension of its asymptotic cone, see [CO8, Theorem 1.1].

3) Nice examples of groups satisfying condition (C) are provided by
Lie groups that carry a left-invariant non-positively curved Riemannian
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metric; although these two classes of groups do not exactly coincide (see
[AWT6], Theorem 7.6]).

4) Cornulier advertised us of the following potentially interesting
quasi-isometric invariant:

p(R) := inf{p € (1, +00) | L'Hyy(R) # {0}},

for groups R of rank [ that satisfy conditions (C) and (nT). (In case
the right side set is void we set p(R) = +00). Similarly is defined the
invariant p(R) associated to the reduced LP-cohomology. When [ = 1,
these invariants have been considered and studied by Pansu [Pan07],
see also [CTT11] for related results.

Organization of the paper. Section [Ilis a brief presentation of re-
sults on de Rham LP-cohomology of manifolds mainly due to P. Pansu.
Section [2] applies these results to the case of Lie groups, and Section
[ provides a general non-vanishing criterion in terms of spectra of ad-
joint actions on solvable groups. Section [ then applies the criterion
to prove our first two non-vanishing results, namely Theorems [Bl and
above. Section [Blis dedicated to semisimple Lie groups: it shows, by
combinatorial arguments using Cartan’s classification of Riemannian
symmetric spaces, that the solvable subgroups arising from Iwasawa
decompositions do satisfy the previous criterion; Theorem [D] follows.
Section [0l deals with semi-direct products and allows the use of spectral
sequences, modulo a comparison result between cohomologies, available
when the involved groups are diffeomorphic to R? and which is proved
in Appendix [Al

Acknowledgements. We thank Pierre Pansu: the present paper elab-
orates on several of his ideas and results. We thank Yves Cornulier for
useful remarks and questions. M.B. was partially supported by the
Labex Cempi.

1. DE RHAM LP-COHOMOLOGY

Pansu’s work on de Rham LP-cohomology is dense and subtle. In this
section, we extract from his papers [Pan08|,[Pan09] the ideas and results
that are needed in the sequel. Since [Pan09] is not published yet, and
because we only need special cases which require simpler arguments,
we include full proofs of the statements. We hope that this section
could also serve as a gentle introduction to the subject.
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1.1. Definitions. Let M be a C*° Riemannian manifold. We denote
by dvol its Riemannian mesure, and by |v| the Riemannian length of a
vector v € TM. For k € N, let QF(M) be the space of C* differential
k-forms on M.

Let p € (1,+00). The LP-norm of w € QF(M) is

ol = ( / wl?, dvol(m)) 7,
M

where |w|,,, := sup{|w(m; vy, ..., v)| s v1, ... 0 € TnM, |v;| = 1}.
We denote by LPQ*(M) the norm completion of the normed space
{we QM) : |w]|por < +00}, i.e. the Banach space of k-differential
forms with measurable LP coefficients.

Let also
[wllgr = llwlloae + l[dwl] ogrss.
One defines QP*(M) to be equal to the norm completion of the normed
space {w € QF(M) : ||w|qgwr < +oo}. By construction QP*(M) is
a Banach space and the standard differential operator extends to a
bounded operator

dy, - QPR (M) — QPFFL(M),
which satisfies d o d = 0.

Definition 1.1. The de Rham L”-cohomology of M is the cohomology
of the complex QPO(M) & QM) & OP2(M) BTt will be
denoted by LPH!;(M). Its largest Hausdorff quotient is denoted by
LPHAR (M) and is called the reduced de Rham LP-cohomology of M.

Remark 1.2. According to [GT06, Theorem 12.8], the inclusion map
{w e Q" (M) : [|w]|ar+ < +o0} C QP*(M)

induces a topological isomorphism in cohomology. Therefore every ele-
ment in LPH}, (M) can be represented by a smooth form. In particular,
when M s a compact manifold, its de Rham LP-cohomology coincides
with the standard de Rham cohomology.

1.2. Vanishing. Let ¢ : M — M be a C*° map and k£ € N. We de-
note by ¢* : QF(M) — QF(M), w +— *(w), the associated linear map.
In case it induces a bounded operator ¢* : LPQ¥(M) — LPQF(M),
we denote its operator norm by |[|¢*||Lror—reqr.  Otherwise we set
| 0*|| Lrar— Lrar = +00. We define similarly [|¢*||qp.x—qp.k-

Let & be a C°° unit complete vector field on M, and let (¢;)er be
its flow. We assume that o} : LPQ¥(M) — LPQ*(M) is bounded for



10 MARC BOURDON AND BERTRAND REMY

every t € R and k € N. For k € N*, let 1 : QF(M) — Q*1(M) be
the inner product with . We observe that ¢} ot = ¢ 0 ¢f. Moreover
te contracts the norms || - ||zro-; indeed |tew|m < |w|m, since [€], =1
by assumption.

Lemma 1.3. Fort > 0 and k € N*, the linear map: BF : QF(M) —
QOFY(M) defined by

t
Biw) = [ i) ds,
0
induces a bounded linear operator from QPF(M) to QP*=1(M), still
denoted by BF, that satisfies the following homotopy relation
doBf + B od = o} —id,

and whose operator norm satisfies
t
HBtkavk—mz’»k*l < |y — id[ Lrar s Lras +/ o5l Lrar— e ds.
0

Proof. For smooth forms the homotopy relation holds as a standard
application of the classical Cartan formula

£52d0L5+L50d

(see e.g. [GHLO4, Proposition 1.121] for this formula). Indeed for w €
QF(M) one has

pilw) —w= [ Getw) ds= [ i) ds = dBHw) + B (dw)
0 0

We will prove that BF is a bounded linear operator from QP*(M)
to QPF~1(M). Since smooth forms are dense in QP*(M) the homotopy
formula will remain valid in Q*(M).

For w € QF(M), one has by definition
1B¢ (@) laris-1 = || B (w)ll oo + [dBy (@)]| oo
From the homotopy relations we get that
I1B¢ (@) llgws—1 < I BE vt o1 - |lwll oo
+ llof — idlLrarmoar - [|lwl| oo
+ IBE | ogrsr S pogr - [dw]| Lo
Since ¢% o 1e = 1 0%, and since the maps t¢ : LPQ* (M) — LPQ*~1 (M)

are contracting, one has

t
| Bf || Lras - Lra=—1 </ min{ || || Lro—1 o pre1, [|05 | Lrr s o=} ds.
0
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The expected upper bound for || BF||gex_qvr—1 follows easily. O

We now establish a vanishing result.

Proposition 1.4. [Pan08, Proposition 10] Let p € (1,400) and k €
N*. Suppose that there exists C,n > 0, such that for every t > 0:

z:r%%fk ||¢:’|LPQi—>LPQi < Ce_nt.

Then LPHE (M) = {0}.

Proof. First, the assumption (with ¢ = k) and the previous lemma
imply that the operators BF : QPF(M) — QPE~1(M) are bounded
independently of ¢ > 0. Secondly, the assumption (with i = k — 1)
implies that ||¢}||qrr-1_0ps-1 — 0, when t — +00. We claim that
these two observations imply that BF converges in norm to an operator
BE . QpE(M) — QPF=1(M), when t — +o0o. Indeed, by using a change
of variable, one has for 0 < t; < ta:

to

k k _ * ok k

Btz - Bt1 = / ol ds= Pt © Btz—tl‘
t1

Thus the above observations yield:

1BE = B s sanis < I llomi-s samics - [ By i sqmit — 0
when t1,t, tend to +00. Thus the claim follows from completeness.

Now let w € QPF(M) Nkerd. From the homotopy relations in the
previous lemma, we have for every t > 0

dB; (w) = ¢;(w) — w.
By letting t — +o00, we obtain the following relation in QP*(M)
dB" (w) = —w.

Therefore w € dQPF~1 and thus LPHA, (M) = {0}. O

1.3. Identification. We relate the LP-cohomology of M with the co-
homology of certain complexes of currents (Proposition [[L9). In some
cases, this will lead to non-vanishing cohomology. See [DS05] for a nice
introduction to the theory of currents.

Another point of view for QP*(M). Let D = dim(M). Let QF(M)
be the space of compactly supported C'* differential k-forms, endowed
with the C* topology. A k-current on M is by definition a continuous

real valued linear form on QP~*(M). We denote by D’*(M) the space
of k-currents on M endowed with the weak*-topology.
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The differential of a k-current T is the (k+ 1)-current dT" defined by
dT(a) := (=1)*T(da), for every a € QP=*=1(M). Tt defines a map d
satisfying d o d = 0.

To every w € LPQF(M), one associates the k-current T, defined
by T,(a) == [,,w A a. The differential in the sense of currents of
w € LPOQF(M) is the (k + 1)-current dw := dT,,. One says that dw
belongs to LPQ*Y(M) if there exits 6 € LPOQ*L(M) such dw = T.
These definitions are consistent with the Stokes formula:

/dw/\a:(—l)kH/ w A da.
M M

We will use the following caracterisation of the space QP*(M):

Lemma 1.5. The space QP*(M) is equal to the subspace of LPQ*(M)
consisting of the LP k-forms whose differentials in the sense of currents
belong to LPQFHL(M). Moreover the differential operator d on Q¥P*(M)
agrees with the differential in the sense of currents.

Proof. Since convergence in L” implies convergence in the sense of cur-
rents, QP*(M) is contained in space of L? k-forms whose differentials in
the sense of currents belong to LP. The proof of the reverse inclusion is
based on a regularization process: according to [GT06, Theorem 12.5]
there exists a family of operators R, such that for every LP k-form w
whose differential in the sense of currents belongs to L”, one has:

(1) Rew is a C* k-form on M,
(2) dR.w = R.dw,
(3) |Rew — w||rar and || Redw — dw||ppgr+1 tends to 0 when € — 0.

Theses properties imply that w belongs to QP*(M). O

The complezes WP*(M) and WP*(M,¢). Following [Pan09], we intro-
duce two complexes of currents.

Definition 1.6. For p € (1,4+00) and k € N, let WP*(M) be the
space of k-currents ¢» € D’*(M) that can be written 1 = 3 + dvy, with
B € LPOQF(M) and v € LPQ*Y(M). In particular WPO(M) = LP(M).
For ¢ € WPK(M), let

léllans = {18 oos + Illisess : 4 = B+ d,

with 3 € LPQF(M) and ~ € Lka‘l(M)}.
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Lemma 1.7. || ||gw+ is a norm on WPF(M). With this norm WP*(M)
is a Banach space. The inclusion maps LPQX*(M) C WP*(M) C D'*(M)
are continuous. The differentials in the sense of currents induce con-
tinuous operators dy, : WPF(M) — WPKHL(M) | that satisfy dod = 0.

Proof. To see that || - ||grr is a norm, we only need to check that
||| grr = O implies p = 0. This is a consequence of the following
inequality. Let v = 3+ dy € UP*(M), then by Holder inequality one
has for every a € QP=*=1(M):

wall=|[ Bras - [ ynda
M M
< |[Bllzwar - leell Lago—r + [|¥[[Lrgr-1 - [|der]| ago-r+1,
where 1/p+ 1/q = 1. It also show that the inclusion map ¥P*(M) C
D'*(M) is continuous. The continuity of LPQF(M) C WPF(M) is ob-
vious. The completeness is a consequence of the completeness of the
LP-spaces in combination with a diagonal argument We omit the de-

tails since we will not need it in the sequel. Finally the last statement
is obvious. U

Let € be a C'™° unitary complete vector field on M, and denote its
flow by ¢;. We suppose that it induces a bounded linear operator
o+ LPQF(M) — LPQF(M), for every t € R and k € N. Then it
induces an automorphism of the complex W»*( M) whose operator norm
satisfies

It lhorsswre < max o7 Logis oo
Definition 1.8. For p € (1, +00) and k& € N, we set
WPHF(M, €)= {4 € UPF(M) : @f (1) = 1 for every t € R}.
The complex WP*(M,¢) is a closed subcomplex of WP*(M). Let
ZPE(M, &) = Ker(d : WPF(M, &) — WPF (M, €))
be the space of k-cocycles.
The next proposition elaborates on [Pan08, Proposition 10]. It is

also a special case of [Pan09, Corollary 12].

Proposition 1.9. Let p € (1,400) and k € N. Suppose that there
exists C,n > 0 such that for everyt > 0, one has

max ]| prais e < Ce™.
i=k—1,k



14 MARC BOURDON AND BERTRAND REMY

(When i = —1, we set LPQY™1 := LPQC for convenience.) Then there is
a canonical Banach isomorphism

LPHg! (M) ~= ZPHH (M, €),
in particular LPHESY (M) s Hausdorff.

Proof. The proof is divided into several steps.
(1) We define a bounded linear map
P QPFY(M) N Kerd — ZPPT(M, €)

as follows. Consider the operators B; defined in Lemma[l.3l We claim
that the operators Bft! . QPF+Y(M) N Kerd — LPQF(M) converge
in norm to an operator B¥! when t tends to +oco. Indeed from its
definition one has

t
1B oo e < / I —
0

Thus our assumption implies that BF! is bounded independently of
t > 0. Moreover one has Bf;rl — Bffl = ¢} o Bf;[ltl for 0 < t; < to.
With our assumption we get that:

||Bf2Jrl - Bfi—i_l”ﬂp’k*lﬂKerd—)LPQk
< |l | Lrar— Loa - HBZJiltl | @p k+1nKer d—s Lok —+ 0
when t1,t, — +00. The claim follows from completeness.
Let w € QP*TL(M)NKerd. For t > 0 one has thanks to Lemma [[.3
o1 (w) = w+ dBI (W),

Passing to limit when ¢ — 400 and using the claim, we obtain that
the ¢} (w) converges in WPFFTL(M) to the current wy, := w + dB¥ 1 (w).

We set P(w) := we. Since the maps d and ¢* are continuous on
WPEHL(M) one has dws = 0 and ¢} (We) = Weo. Therefore P(w)
belongs to ZPFT1(M, €). Moreover P is continuous; indeed

IP|| < 1+ | BEF Y| gkt tmker ds ook -

(2) P(w) = 0 implies [w] = 0 in LPHE(M): If w, = 0, one has
w = —dB¥(w) with BE ™ (w) € LPQ¥(M). Therefore by Lemma
one has [w] = 0.

(3) P is surjective: Let 1 € BP*1(M, &) N Kerd. Then there exists
B € LPQFL(M) and v € LPQ*(M) such that ¢ = 8+ dy and df3 = 0.
By Lemma [[L5, one has 8 € QP*+1(M) N Ker d, and:

Boo = B+dBE(B) = + d(BE(B) — 7).
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Since ¢ and ., are both p}-invariant, so is d(B*(58) —v). But by
our assumption, one has ||} ||grs_prr < Ce ™ and thus:

o (B (B) = 7)) = d(ei (BX(8) = 7)) = 0
when ¢ — +o0o. Therefore we get that d(BXH(8) — ) = 0, and so
Y = o € Im P.
(4) [w] = 0 implies P(w) = 0: Suppose that w = da with a €
QP*(M). Then
weo = da + dBE (w) = d(a + BE ' (w)),

with a + B¥(w) € UP*(M). The argument in paragraph (3) yields
that d(a + BEF(w)) = 0. Thus ws, = 0. O

1.4. Non-vanishing. The next proposition is a non-vanishing result
which complements Proposition It is a special case of [Pan09,
Corollary 32].

Observe that the space Ker(ie : LPQ*(M) — LPQ*Y(M)) is ;-

invariant, since ¢z and ¢} commute.

Proposition 1.10. Let p € (1,4+00) and k € N. Suppose that (p;)ier
acts properly on M and that there exists C;n > 0 such that fort > 0:

105 | Loar—s poge < Ce™™,
a’nd ||90*—t||Lka+1ﬁKerL5—>Lka+1ﬁKer1,5 < Ce_nt-

(Note the opposite signs in front of t in the left side members). Then
ZPRL(M ) is non-trivial.

Proof. Since (¢;)ier acts properly on M, every orbit admits an invari-
ant open neighborhood U ~ R x V' on which ¢; acts like a translation
along the R factor. In the sequel we suppose that such an orbit neigh-
borhood has been choosen.

Pick a non-trivial ¢s-invariant form a € QF(M) N Ker ¢ which is
supported in U and set 1 := do. We claim that ¢ € ZPFFL(M, €).

Let x be a C* function on U ~ R x V, depending only on the R-
variable, and such that x(¢) =0 for ¢ < 0 and x(¢) =1 for ¢ > 1. One
has o = x - a+ (1 — x) - o, and thus:

Y =pF+dywith f=d(x-a)=dyNa+x-daand y= (1—x)-a.

The form dx A o has compact support. The form doa belongs to Ker ¢,
thanks to the formula £¢ = d o t¢ + t¢ o d. Since the restriction of da
to [0,1] x V belongs to LP, the assumption on the norm of ¢*, implies
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that the restriction of da to [0, +00) x V belongs to L? too. Therefore
B e LPQFL(M).

Since the restriction of a to [0, 1] x V' belongs to LP, the assumption
on the norm of ¢} implies that the restriction of a to (—o00,0] x V
belongs to LP too. Therefore v € LPQ*(M). O

1.5. Poincaré duality. Parts of vanishing and non-vanishing results
for LP-cohomology rely on the following version of Poincaré duality.

Proposition 1.11. Let M be a complete Riemannian manifold of
bounded geometry and of dimension D. Letp € (1,400), ¢ =p/(p—1)
and 0 < k< D. Then
o LPHEL (M) is Hausdorff if and only if LYHEFH (M) is.
. LpH_ﬁR(M) and LYHEF(M) are dual Banach spaces. Thus
LPHE. (M) = {0} if and only if LYH . * (M) = {0}.

Proof. See [Pan08, Corollaire 14] or [GT10]. O

1.6. Examples and complements. 1) Let M be a complete con-
nected Riemannian manifold of infinite volume and dimension D, and
let p € (1,+00), ¢ = p/(p—1). Tt is obvious that LPH; (M) = {0}. By
Poincaré duality (Proposition [LTT]) this implies that LYH, (M) = {0}.
In another hand, again by Poincaré duality, L/HZ, (M) is Hausdorff if
and only if LPHL, (M) is. When M admits a complete unit vector field
whose flow expands exponentially the volume of M, then LPH.g (M) is
Hausdorff for every p € (1,400). Indeed this follows from Proposition
applied with k& = 0. This shows in particular that any connected
non-unimodular Lie group G of dimension D satisfies LYH}; (G) = {0}
for every ¢ € (1,400). In fact, Pansu in [Pan07, Théoreme 1] shows
that for any non-compact connected Lie group G, either LPH, (G) is
Hausdorff or G is amenable unimodular. See also [Tes09] for general-
izations to topological groups.

2) Under assumptions of Proposition L9, one has ||¢} ||gp.k—sgrr — 0
when t — 400, and thus U*?(M, ¢) = {0}. Therefore the conclusion
of Proposition [Ld can be stated as LPHEE (M) ~ HE+L(WP* (M, €)). In
[Pan(09, Theorem 4], Pansu establishes a general result that relates the
LP-cohomology of M with the cohomology of WP*(M, ).

3) Suppose M is diffeomorphic to R x N and that £ = % is the

unit vector field carried by the R-factor. Let @ : M — N be the
projection and 7* : D"(N) — D"(M) be the pull-back map. Then,
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under the assumptions of Proposition[I.9, one can prove that every ¢ €
ZPEHL (M €) can be written as ¢ = 7*(T), with T' € D'**1(N) N Kerd.
In other words, one has

ZPRY (M, &) = m* (D™ (N) N Ker d) N WP (M),

Therefore, the isomorphism LPHEF (M) ~ ZPF+1(M, €) can be inter-
preted by viewing ZP*HL(M, €) as a “boundary values” space for the
cohomology classes in LPHAE(M). See [Pan09] for more informations

along these lines.

2. THE LIE GROUP CASE

This section collects applications of the previous results to Lie groups.
It will serve as a main tool in the paper.

Let G be a connected Lie group equipped with a left-invariant Rie-
mannian metric. Let D = dim(G) and let g be its Lie algebra. As usual
the left and right multiplications by g € G are denoted L, and R, and
we let Cy = Ly0R -1 be the conjugacy by g. Given a unit vector § € g,
we will still denote by & the associated left-invariant vector field on G.
Its flow is ¢y = Rexpte-

The following result is implicit in [Pan99], see in particular [Pan99,
Corollaire 53] and [Pan99, Proposition 57].

Proposition 2.1. Let £ € g and suppose that its flow acts properly
on G. Let Ay < Xy < --- < Ap be the real parts of the eigenvalues of
ad¢ € End(g), enumerated with their multiplicities in the generalized
eigenspaces. We denote by wy = Zle ;i the sum of the k first real part
eigenvalues of ad€, and by W, = Z?:o Ap—j the sum of the (k+1) last
ones. Let h = Zil A; be the trace of ad€. Suppose k € {1,...,D—1}.

(1) Ifh<wp,<0and1l<p< wik, then one has LPHE. (G) = {0}.

(2) Under the same assumptions, the space LPH XY (G) is Hausdorff
and Banach isomorphic to ZPFT1(M, €).

3) If h < Wyyr < wi < 0 and #ﬂ <p< wik, then one has

LPHEEN(G) # {0},
Remark 2.2. The above proposition applies to non-unimodular Lie

groups only (but no solvability or semi-simplicity assumption is made).
Indeed it is supposed that the trace of ad¢ has non-zero real part.
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Proof. (1) and (2). To obtain vanishing of the cohomology from Propo-
sition [[L4] we need to control the norm of ¢} : LPQ*(G) — LPQ*(G),
fort > 0. Let k € {1,...,D — 1} and w € Q¥(G). Suppose first that
w is left-invariant. Then ¢*(w) is left-invariant too. In particular their
norms |w|, and |} (w)|, are independant of g € G. We have

(p:(w) = prtf(w> = LZXp —tf( prtﬁ(w» = :Xp —tf(w)'
Moreover for Xi,..., X} € g, we have

:xp —tg(w)(Xla S >X ) W(Ad(eXp tg)Xla s aAd(eXp _tg)Xk)
=w(e X, . X)),

In other words, by identifying the space of left-invariant k-forms with
Arg*, we get that Cr ) _e(w) = (e7%)*(w).

Observe that wy, is the smallest real part of the eigenvalues of (ad§)*
acting on A*g*. Thus for every ¢ > 0 there is a constant C' = C'(e, k) >
0 such that for all w € A*g* and ¢ > 0, one has

97 ()] < Cel ™ .

Now let w be any element of Q*(G) (it is not supposed to be left-
invariant anymore). Pick a basis (6;) of A*g* seing as the space of left-
invariant k-forms on G. Then w decomposes uniquely as w = ), f16,
where f; € Q°(G). Since the norms on A*g* are all equivalent, there
exists a constant D = D(k) > 0 such that for every w € QF(G) and
g € G:

Z|f 1) < Jwl, < Z|f (g)")"".

On the other hand, for ¢t > 0:

|90t _}Zflo% ‘Pt(el)} < Z|(f]0g0t)(g)|e(_wk+5)t‘

I
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Therefore:

It = | i)l dvollg)
<crats [ 7 (fro g (o) dvol(g)
G

= crertue [ 57| fi(hPaactir ) ) dvol(h)

— (OPeP(—wrteth/p)t /Z|f] )P dvol(h)

< QP DPep(-witeth/p)t HWHLme

since the Jacobian of ¢; ' is . Finally, by letting £ := CD, one

obtains that
||(P:HLPQ’C—>LPQ’€ < Ee(_wk+€+h/p)t.

Suppose that £ > 2 and h < w, < 0. Then, just from their
definitions, one sees that h < w, < wi_1 < 0. This implies that
—wy, + e+ h/p <0 for p < h/wg and € > 0 small enough; and that
the same holds with w;_; instead of w;. We conclude then by using
Propositions [[.4] and .9l

Suppose that £k = 1 and h < w; < 0. In degree 0, a change of

variable gives:

||§0: ||LPQO—>LpQO < e(h/P)t.

Since h < 0, we can conclude as well by using Propositions [I.4] and

(3) To prove non-vanishing of the cohomology by using Propositions
and [LT0, we need in addition to control the norm of

@, LPOMTHG) NKer e — LPOF(G) N Ker ¢,
for ¢t > 0.

The group (¢_¢)ier is the flow of the vector field —£. The real parts
of the eigenvalues of ad(—¢) are —Ap < —Ap_; < --+ < —A;. The sum
of the (k + 2) first ones is =Wy 1; and the trace of ad(—¢) is —h. We
notice that ¢ is an eigenvector of eigenvalue 0. By assumption one has
Wii1 < 0; thus the eigenvalue 0 appears in the list A\p_,_ 1 < -+ <
Ap_1 < Ap, whose sum is Wy, . Therefore —W}, is smallest real part
of the eigenvalues of ad(—¢)* acting on (A*1g*) N Ker .

By the same argument as in the first part of the proof, one obtains
that for every € > 0 there is a constant E' = E'(e, k) > 0, such that
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for every t > 0:

* 1 _(W, —h t
||S0—t||LPQk+1ﬂKerL§—>LPQk+1ﬂKerL5 < E 6( er1te=h/p) .

For p > h/Wjy1 and € > 0 small enough, one has Wy1; +¢—h/p < 0.
We conclude then by using Propositions [[.9 and [L.I0l O

Example 2.3. Let R = R x, RP7! with a : R — GL(RP™!) defined
by a(t) = e’ -id. Then R is isometric to the real hyperbolic space HE.
Consider the vector field 2. The linear map ad(Z2) is the projection
on the RP~! factor. Put £ = —2. The list of the eigenvalues of ad is
—l=M=X=--=Ap1 <0=Ap. Forevery k € {1,...,D — 1}
one has w, = Wy, = —k. Moreover h = 1—D. Therefore the proposition
applies with all £ € {1,..., D — 1}, and in combination with Poincaré
duality (Proposition [[L.T1]), we get that for & € {1,...,D — 1}:

o LPHEL(R) = {0} for 1 <p < 21 and p > 2=L.
o IF 21 < p < DL then I7HY, (R) # {0} and is Banach iso-

morphic to ZPF(M, €).

Moreover, by Subsection [L61, one has LPHz(R) = LPHIR(R) = {0}
for every p € (1, +00).

Apart for the above example, and few other ones, the LP-cohomology
is only partially known. In the sequel we will use the following conse-
quences of Proposition 211

Corollary 2.4. Suppose that R is a connected Lie group of the form
R =Ax N, with A ~ R and | > 1, that satisfies the contraction
condition (C) of the introduction. Then:

e Forp € (1,+00) close enough to 1, we have: LPHEL (R) = {0}
forallk e {1,...,D—1—1}.

e For p € (1,+00) close enough to 1, the space LPHT!(R) is
Hausdorff.

e Forp € (1,+00) large enough, LPHEL (R) = {0} for all k > 1 .

Proof. Let D = dim(R). By assumption, the list of the real parts of
the eigenvalues of ad¢ is of the form

M<K < Apy <0=Ap_j41 == Ap.

Thus, with the notations of Proposition 2.1, one has A < w, < 0
for every k € {1,...,D — 1 — 1}. The first part of Proposition 2.1
shows that for all 1 < p < —"— one has LPHX,(R) = {0} for every

wp—j—1’

ke{l,...,D—1—1}, and that LPHL;'(R) is Hausdorff. The first two
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items then follow, and the last one is a consequence of the first one and
of Poincaré duality (Proposition [L.IT]). It holds for p larger than the

conjugate of wD?l—17 i.e. for p > /\;Lil. U

In the special case [ = 1, one gets in addition:

Corollary 2.5. Let R be as in the previous corollary, and assume in
addition that | = 1. Then for p € (1,400) and close enough to 1,
LPHIT(R) is mon-trivial and Banach isomorphic to ZP"P~Y(R, €).

Proof. With the previous notations, we have: h = Wp_1 < wp_o < 0,
so the result follows from Proposition 2.1l O

3. A NON-VANISHING CRITERION

Let R be a connected Lie group of the form R = Ax N with A ~ R/
and [ > 1, that satisfies conditions (C) and (nT) of the introduction.
As explained in Subsection [0.3], it decomposes as R = B x H and the
analysis of LPH.,(R) — for large p and | = dim(A) — reduces to the
study of the action of B on LPHY ' (H) for p close to 1. The goal of
this section is to give a sufficient condition on this action (Proposition

, to ensure non-vanishing of LPH (R) for large p (Corollary .
dr

As an application we will prove Theorems [B, [ and [D] in the next
two Sections.

We keep the objects and notations of Subsection 0.3l Recall that
the Lie algebra of A is denoted by a, and that the Lie algebra of B is
b={X €a:trace(adX) = 0}.

We also set n = D —[ = dim(N), and we denote by 7 the projection
m: H — N and by vol the Riemannian volume form on N.

3.1. Interpolation. Here is a quantitative version of Proposition [[.I0l
It shows that the norm || - ||ws.n gy interpolates between || - || Lron vy and

|- |lzran—1(v)-

Lemma 3.1. Forp € (1,400) close enough to 1, there exists constants
a,b,C > 0, such that for every 0 € QP""Y(N) the form 7*(df) belongs
to ZP"(H, ), and satisfies:

17 (d6) |y < oisgg{e—%||d9||mw) + eb8||9||L,,m,l(N)}.
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Proof. Recall that the flow of £ in H is denoted by ;. It is simply
a translation along the R factor of H. Recall from Corollary and
its proof, that when p > 1 is close enough to 1, there exist n > 0 and
C1 > 0 such that for ¢t > 0:

(1) ||§0:||LPQ”*1—>LP(2”*1 < Cl€_m,

(2) ||S0*—t||LPQ"ﬂKerL§—>LPQ"ﬂKerL§ < C116_7715-

For s € R, let x5 € C*°(H) which depends only on the first variable,
and such that ys(t) = 0 for ¢t <'s, and xs(t) = 1 for ¢t > s+ 1. Let
a = 7"(#). Then « and da are @;-invariant. One has

7 (df) = do = d(xs -+ (1 = xs) - ) = B+ d,
with 8 = d(xs - a) = dxs N o+ xs - da, and v = (1 — x5) - @. Thus
|7*(dO) || wrn ey < 1Bl Lean(ery + V]| zran-1(m)-

The form do belongs to Ker ¢z and is ¢j-invariant. With the above
property (2) we obtain (since s > 0):

1Xs - datl| ean(my < ||(da) - Loz ran

= Z [(de) - Liepsri,sriv || ean )

1=0
<C Y e |[(da) - Liepo | oan )
1=0
016_778
I |(dex) - 1iepo,n)|| Lran () -

Since the Haar measure on H is the product of those on R and N, the
LP-norms of (da) - 1,cp0,1) and of df are comparable. Therefore there
exists a constant Cs, depending only on C, n and H, such that

Ixs - datl| ean () < Coe™™[|dB] Loan vy
It remains to bound by above the LP-norms of dxs A a and 7. One
has dxs = x.(t)dt, with x/, supported on [s, s + 1]. Thus
ldxs A | Loan ey < |G - | pran—1) < Cslla - Liepo o] || Loan—1 (),
with C3 = ) o
Similarly, by writing v = o - 14<o + (1 — Xs) - @ - Lic[o,s41), One has
V] zran—1m) < |l - Licollzoan-1m) + [l Ligjo,ss1)l| Lran-1(m)-

The form « is ¢}-invariant. By using property (1) and a similar argu-
ment as above, one obtains that the LP-norm of « - 1,<o is control by
above by a constant times ||0|| Lrgn-1(n)-
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Since ; increases the norms at most exponentially, there exists b > 0
and Cy > 0 such that for ¢ > 0 one has

|| Qp*—t || LrQn—1_LpOn—1 K C4€bt.

Thus the LP-norm of « - 1o s41] is bounded by above by a constant
times €%||0]| rgn-1. The statement follows with a = 1. O

3.2. The criterion. We now state the criterion that will lead to non-
vanishing of cohomology. It requires some preparations.

Since a is abelian, there is a basis of n ® C relative to which the

matrices of adX ’n (X € a) are upper triangular [Hum72, 4.1. Corollary
Al. For i € {1,...,n}, denote by w; the i-th diagonal coefficient; it is
a linear form on A with real or complex values. Since we assume that
condition (nT) holds, we have:

[ Ker R(w;) = {0}.

i=1
By definition of the factor b < a, one has trace(adX) = 0 for every
X € b; and thus > R(w;(X)) = 0. In combination with the above
trivial intersection, this implies that for every X € b\ {0}, there exists
i€ {1,...,n} such that R(w;(X)) > 0.

Proposition 3.2. Suppose that we are given:

(1) A subset J C {1,...,n}, such that for every X € b\ {0} there
exists j € J with R(w;(X)) > 0.

(2) To every j € J, a vector Z; € n or n® C depending whether w,
takes real or complex values, such that ad(X) - Z; = w;(X)Z;
for every X € b.

(3) A non-zero C' function f : N — R with compact support,
whose integral along every orbit of the left-invariant vector fields
Y, =RZ; (j €J) is null.

Then forp € (1,+00) close enough to 1, the form ¢ = 7*(fvol) belongs
to ZP™(H, ), and satisfies:

S €@y 4 < 40
S

Remark 3.3. Note that assumption (2) holds for any J, since the
w;’s are also the weights of the representation ad : A — End(n ® C).
Moreover, as explained above, assumption (1) is valid with the maximal
choice J = {1,...,n}. In general, condition (1) leads to choosing
big subsets J of {1,...,n} but this balanced by condition (3). The
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latter assumption is not a straightforward consequence of our previous
hypothesis and the main part of the next section will be dedicated to
sufficient conditions for it.

According to the sketch of proof in Subsection [0.3] by using the
above Proposition B.2] together with Corollary applied to R = H
and D = dim(H ), we obtain:

Corollary 3.4. Suppose that the conditions (1), (2), (3) above are sat-
isfied. Then we have: LPHL(R) # {0} for p € (1,+00) large enough.

Proof of Proposition[3.2. Let gb; i= Rexpty; be the flow of Y;, and set
w := fvol so that ¢ = 7*(w). Then for every j € J the form 0; :=
ffoo(gbg»)*(Lij) dt is a primitive of w (see the first part of the proof of
Lemma [[.3] for details).

For X € b, we want to estimate the L” norms of C  y(w) and

of its primitives C7 x(6;), in order to apply Lemma 3.1l to the form
spr(¢) = ﬂ-*( :pr(w)>’

Observe that
H :pr(W)HLmn(N) - H(f © Cexpx) - C:pr(VOI)HLan(N) = ||wllLran vy,
since Ceyp x preserves the Riemannian volume on N (by definition of
the factor b < a).

To estimate the LP-norm of C7_ y(6;), we proceed as follows. Define
F; = f_ooo fo¢h dt. By assumption (3) the function F; has compact
support. Since vol is bi-invariant on N, one has 6; = F} - (ty,vol); and
thus, since vol is Ceyp, x-invariant:

expx (07) = (Fj 0 Coxp x) - (tcz_ (v VOL).
By assumption (2), one has Ad(exp X)Z; = e %X Z,. Since Y; =
RZ;, and since it is left-invariant, one has |Cf x(Y;)|, = e ™|y,
for every g € N. Thus for every p € (1, +00):

1G2 x| poesy = € O Wil Fyll o).

Note that all the Y}’s are non-zero, indeed the operators adX are real
endomorphisms.

Now assumption (1), in combination with the last inequality and
compactness of the unit sphere in b, implies that there exist constants
¢, C' > 0 such that for every p € (1,4+00) and every X € b, one has

}gHC:pr (0;) HLanfl(N) < Cem L,
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Thus, by Lemma B.] the forms ¢ and Cf,, x(¢) belong to ZP"(H,§)
for p € (1, +00) close to 1. Moreover the norm of C¥_ (1) decreases

exponentially fast to 0 when |X| — +o00. The statement follows. [

4. FIRST APPLICATIONS: PROOF OF TWO NON-VANISHING RESULTS

This section is dedicated to the proof of the first two non-vanishing
theorems, namely Theorem [Bl and Theorem [C] mentioned in the intro-
duction; they deal with general solvable groups satisfying conditions
(C) and (nT).

4.1. Functions with prescribed vanishing integrals. The follow-
ing lemmas will serve to exhibit functions satisfying condition (3) of
Proposition B2} these functions will eventually provide suitable non-
zero forms leading to our targeted non-vanishing results by Corollary

B4

Lemma 4.1. Let Y, T be non-trivial left-invariant vector fields on a
connected simply connected nilpotent Lie group N. Then N admits
a non-zero smooth compactly supported function, whose integral along
every orbit of Y and T is null.

Proof. Let n be the Lie abgebra of N, and let [ be the subalgebra
generated by Y and T'. We will prove the lemma by induction on the
length of the descending central series of [, i.e. on the smallest integer
k > 1 such that F+1 = 0 (where ' := [, 2 := [[,[], '*! := [, []]). Let
denote the length by length().

If length(l) = 1, then Y and 7" commute, and the statement follows
from (the proof of) Lemma Suppose now that length(l) > 1.

Let ¢} and ¢k be the flows of Y and T. Let fy be a non-zero
compactly supported smooth function on N. The flow of every non-
trivial left-invariant vector field acts properly on such a Lie group N;
thus there exists t; € R with

(support fo) N ¢ (support fo) = 2.
The function f := fy — fo o ¢ is non-zero, smooth, compactly sup-
ported, and its integrals along the T-orbits are null.

We are looking for a sufficient condition on f, which garanties that
the integrals of f along the Y-orbits are also null. For ¢ € N one has

/R (fodl)(g) di = /R (foo dl)(g) di— / (foo #1208l 0 6710)(612(g)) dt.

R
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Thus, for the integrals of f along the Y-orbits to be null, it is enough
that the integrals of fy along the orbits of Y and of (¢")*(Y") are null.

The vector field (¢7°)*(Y) is left-invariant. Its value at 1y is
Z = Ad(—t,T)Y = 0Dy’

According to the induction hypothesis, such an f; exists if the subal-
gebra m generated by Y and Z satisfies length(m) < length([).

Since Y, Z € [, one has m C [. Moreover:
Y, 2] = [V, <Dy ] = [V, Y] — o[, [T, Y]] + - € B,

It follows that m? C 3, thus m* = [m,m?] C [,I’] = [*, ..., and so
m’ C ["T! for every ¢ > 2. Therefore one has length(m) < length(l) as
expected. O

Lemma 4.2. Let M be a smooth manifold and Y7, ..., Y, T be a family
of complete smooth vector fields. Assume thatT commutes with all the
Y;’s, and that its flow acts properly on M. Suppose that the subfamily
Yi,...,Y, satisfies the following property: there exists a non-zero C*
compactly supported function on M, whose integral along every orbit
of the Y;’s is null. Then the same property holds for the entire family
Yi,.... Y, T.

Proof. Let fy be a function satisfying the property for the subfamily
Yi,..., Y, Let ¢' be the flow of T'. Since it acts properly on M there
exists top € R such that (supportfy) N ¢~ (supportfy) = @. Define
f = fo— food™. It a non-zero C'! compactly supported function whose
integral along every orbit of 7" is null. Since 7" commutes with the Y;’s,
the integrals of f along their orbits remain null. 0

4.2. Two non-vanishing results for solvable groups. We can now
give the proofs of Theorems [B] and

Proof of Theorem[B. We can assume that N = R"™. With the notations
of Subsection B.2] let J C {1,...,n} be a minimal subset such that

{wj e Ju{w;:jeJ} ={w,...,w,}
as sets of linear forms on a. It satisfies assumption (1) of Proposition
B2l For every j € J, let Z; be as in assumption (2) of Proposition B.2
The orbits in R" of the vector field Y, := RZ; are the lines parallel
to Y;. They commute. Thus Lemma provides a function which

satisfies assumption (3) of Proposition 3.2l Now Theorem [B] follows
from Corollary B.4] O
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Proof of Theorem[Q. Since A ~ R?, one has B ~ R. Let X, be a
non-zero vector in b. Let J = {ji,72} C {1,...,n} be such that
R(wj, (Xo)) > 0 and R(w;,(—Xp)) > 0. It satisfies assumption (1) of
Proposition For every j € J, let Z; be as in assumption (2) of
Proposition B.2] and let Y; := RZ;. By applying Lemma A1l to the
pair of left-invariant vector fields Y} ,Y),, one obtains a function that
satisfies assumption (3) of Proposition B2 Now Theorem [C] follows
from Corollary [3.41 0

5. SEMISIMPLE LIE GROUPS

In this section, we are looking for connected solvable Lie subgroups
R in semisimple real Lie groups which are of the form R = A x N with
A~R!and [ > 1. Of course these groups will satisfy the contraction
condition (C) and the non-triviality condition (nT). More precisely, our
goal is to prove that in any semisimple real Lie group with finite center,
the solvable subgroups appearing in Iwasawa decompositions fulfill the
assumptions of our non-vanishing criterion Corollary 3.4l As a conse-
quence we obtain a proof of Theorem [D] hence a proof for Theorem [Al
in view of the reduction contained in [0.Il From a technical viewpoint,
the proofs in this section are ultimately relevant to the combinatorics
of root systems.

5.1. Lie-theoretic notions and notations. Let G be a semisimple
real Lie group with finite center. We pick in G a subgroup A which
is maximal for the properties of being connected, abelian and diago-
nalizable over the real numbers in the adjoint representation of G. We
denote the latter representation by

Ad: G — GL(g),

with g = Lie G . We have a direct sum decomposition
g =008 P .,
ac®(G,A)

where gg is the subspace on which the adjoint A-action is trivial and
where n,, is the weight space associated with the character o of A:

n,={ Xeg:Ad(a)X = a(a)X for all a€ A}.

We also pick a minimal parabolic subgroup P containing A, which
provides a basis and a positive root subset ®* for the root system
¢ = &(G,A) of G. In order to fit with the notation of [Bou68], we

set V = a*. This real vector space is equipped with the Killing form,
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which makes it a Euclidean space; this enables us to identify a and a*.
Finally, we set:
2pq = Z dim(n,) «,
acdt

and we denote by N the nilpotent group integrating @, 4+ ta. Thus,
R = AN is the solvable part of an Iwasawa decompostion of GG, and all
such solvable subgroups of G can be obtained by varying the choices
of A and P above. The remaining choice is that of a maximal compact
subgroup K: the stabilizer of any point in the maximal flat associated
to A in the Riemmanian symmetric space associated to G does the job.

From a combinatorial viewpoint, in the main part of this section we
are looking for a subset U C ®* and a family of real numbers (mg)secw,
with mg > 0 for each 8 € ¥, such that

(i) we have: 2pg = )50y mp,
(i) we have: V' =3, Rp,
(iii) if 8,0" € U then: 8+ 3 & ®.

We will sometimes relax condition (iii) to the following one

(iii)" if 3,8 € ¥ then: B+ 3 & ® except maybe for one pair
{B;5'} C 0.

5.2. Relationship with the non-vanishing criterion. Let us ex-
plain why the above combinatorial conditions are relevant to the non-
vanishing criterion of the previous section. In B2l the set {1,2,...,n}
is determined by the dimension of the nilpotent group /N: in the present
section, we see it more concretely as the set of positive roots counted
with their multiplicities; accordingly, the subset J of B.2lis denoted here
by W in view of its interpretation in terms of roots. Note also that,
by the choice of A here (a maximal R-split torus), we do not need to
extend the scalars to C in our context.

First of all, the solvable group R = AN from [5.1] satisfies condition
(C) since we can choose —¢ to be the sum of the fundamental coweights
for the root system of G (in fact, we can take any vector in a*, i.e. in the
Weyl cone given by AN, tangent to a regular geodesic in the symmetric
space). The group R also satisfies condition (nT) by definition of a root
as a non-trivial character of A (or a). We now concentrate on checking
the conditions of the non-vanishing criterion in the present situation.

Lemma 5.1. We assume we are given VU satisfying (i)-(iii)’. Then the
choice J =V fulfills the assumptions of Proposition [3.2.
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The lemma will lead to the desired non-vanishing statement, hence
most of the rest of the Section will be dedicated to exhibiting such a
subset ¥ for any semisimple real Lie group G.

Proof. As mentioned in Remark B3], Condition (2) is automatically
satisfied by definition of the adjoint representation and of the roots.

Let us check Condition (1). By (i), we have:

Z dim(na) o = 2pG = ngﬁ

acdt Bew

Now let X € b. Note first that for any X € a, we have: trace(adX) =
2pc(X); therefore b, defined in 03] by b = {X € a: trace(adX) = 0},
can be seen as b = {X € a: pg(X) = 0}. We assume that 5(X) <0
for each € W. Since mg > 0 for each § € ¥, we deduce that 5(X) =0
for each § € V. Finally this implies that X = 0 by (ii), proving that
(1) is satisfied.

Condition (3) is more delicate to check but it is treated thanks to
the lemmas in [£.I] combined with the fact that if for a,a0’ € ®* we
have oo + o/ ¢ ® then [n,,ny| = {0}. Indeed, in view of this, the
function requested by Condition (3) is directly given by an inductive
use of Lemma [A.2]in case W satisfies (iii); if U satisfies (iii)’ only, then
one has to apply first Lemma [4.1] to the pair of roots in ¥ whose sum
is a root, and then again apply inductively Lemma [£.2] U

In the rest of the Section, we are thus reduced to exhibiting subsets ¥
satisfying (i)-(iii)’, or even better satisfying (i)-(iii). Note that in view
of Theorem [C] we may — and shall — assume that the rank [ = dim(A)
of G is at least 3.

5.3. A preliminary result in linear algebra. We use the notation
from [Bou68, Planches|, and more precisely the concrete descriptions
of root systems in terms of linear algebra. In particular, we consider
the standard Euclidean space R! with canonical basis (€i)1<i<i- We are
interested in sums of the form
M
M(E1—2mt1 + El—2m+ E1—2m + E1—2m—1) =

m=1

M
= E m(&r—om+1 + 2€1—om + €1—2m—1),

m=1
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where M is a suitably chosen integer. We will see below that such
linear combinations are very useful to approximate the sum of positive
roots of some fixed norm in suitable root systems.

In addition, the vectors appearing in these sums are sums of two
consecutive vectors of the form ¢; 4+ €;.1: in many root systems, such
a vector g; + €;41 is a positive root and the sum of two such vectors
is not a root, which is useful to achieve condition (iii), or maybe (iii)’,
above.

More precisely, in many root systems the sum of positive roots of
norm equal to v/2 is the vector o given by:

-1 l

o= Zeﬂ_—sj = Z(Z(entejjtei—sj)) =2 _ (I—i)e; = 2Zi51_i,

i<j =1 j>i i=1 i=1
and we want to see o as a linear combination, with positive coefficients,
of vectors ; + €;41.

-1
Lemma 5.2. Besides the vector o = Z gite; =2 Zial_i above,
1<i<j<l i=1
152
we ntroduce the sum S = Z m(&1—oma1 + E1—2m + E1—2m + E1—2m—1)-

m=1

Then:

o ifl is even, we have: 0 = 25 + ley;
o ifl is odd, we have: 0 =25+ (I — 1)(e1 + &2) + (I — 1)ey.

M
P’I"OOf. In the sum SM = Zm:l m(81_2m+1 + €1—om t+ €1—2m + 61_2m_1),
we consider the sum of two consecutive terms, that is:

k(ei—okt1+2e—ok + €1—ok—1) + (b + 1) (€1—op—2+41 + 2612k —2 + €1—2k—-2-1)
= key_opr1+2ke_op+ (2]{3 + 1)81_2k_1 + (2]{3 + 2)k€l_gk_2+ (k‘+ 1)5l—2k—3-

The three middle terms also appear in %a. The maximal index of

summation M is the biggest integer m satisfying [ — 2m — 1 > 1, that
ism < 1_72 This explains why we are led to considering;:

l—

]

S = SLZ*TQJ = M(E1—2m+1 + Ei—2m + E1—2m + E1—2m—1)-

,i
N ‘
[\V)

m=1

The sum S = SLI%J approximates 3o down to the index [ —2 L%J -1
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o If [ is even, we have [52] = &2 then [ — 2|52] — 1 =1 and
therefore:
152)
S = M(Er—2m+1 + E1—2m + E1—2m + E1—2m—1)
m=1
1-2
) ) 1 [
= : ]El_j + (5 — 1)81 = 50’ — 551,
7j=1
so that in this case:
1 54 l
—0 = —£1.
2 2!

e If lisodd, we have 52| < 52 then (2| 52| -1 = [—(I-3)—1 =2
and therefore:
152 -3 |9
S = Z M(E1—2mt1 + E1—2m + E1—2m + E1—om—1) = ZJEI—j +1 Jea.
m=1

2

J=1

If we denote | = 2r+1withr > 1, then 52| = [Z-L] = [r—1] =r—1
and we have:

-3
S = Zjel_j + (1 — 1)e,,
=1

so that, since the coefficient of €2 in $ois {—2 = (2r+1)—2=2r—1,

we have % o=S8+r(e; +e3) +rep and finally

1 -1 -1
50'254— B (51+€2)+ B 1.
This concludes the proof. O

At this stage, in order to find subsets W of positive roots achieving
the conditions (i)-(iii)" at the end of Section[5.1] we use the classification
of simple real Lie groups. The parameters of this classification are: a
(possibly non-reduced) root system, and the multiplicities of the roots.
According to E. Cartan’s classification, a simple real Lie group either
is a simple complex Lie group seen as a real one (in which case the root
system is reduced and all multiplicities are equal to 2), or is absolutely
simple (i.e. its Lie algebra stays simple after complexification) and
belongs to the list given for instance in [Hel01l Chapter X, Table VI,
pp. 532-524]. One useful fact is that the Weyl group acts transitively
on roots of given norm (see [Hum72, Lemma C, p. 53]), so that not
so many possibilities of root multiplicities appear (one multiplicity if
the root system is simply laced i.e. if the edges in the Dynkin diagram
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are all simple, at most 2 it it reduced, at most 3 otherwise). This also
implies that 2p¢ = > .o+ dim(n,) o can be computed as a sum of at
most 3 partial sums, namely packets of roots of given norm multiplied
by the corresponding multiplicity.

In the rest of this Section, we check that we can find a suitable
root subset W for each isomorphism class of simple real Lie groups
by sorting them according to their relative root system first and then
their multiplicities. The reader will easily check that all Cartan types
appearing in [Hel01l Chapter X, Table VI, pp. 532-524] are covered.

5.4. All types except A;. To be consistent with the notation of
[Hel01l, Chapter X, Table VI, pp. 532-524], we denote by [ the real
rank of G and by r its complex rank (recall that the latter rank is the
dimension of a subalgebra in g ®g C consisting of diagonalizable ele-
ments in the adjoint representation, and maximal for this elementwise
property). Recall that we can restrict our attention to the case [ > 3,
thanks to Theorem

e Type B, [Bou68, Planche II, p. 252]. This is a non simply laced
root system, and indeed some cases with different multiplicities do ap-
pear in Cartan’s classification. This is the root system in the standard
Euclidean space R! with canonical basis (g;)1<i<;, Where the positive
roots are the vectors of the form ¢; (there are [ such roots, of norm 1)
or g; + ; with i < j (there are (I — 1) such roots, of norm v/2). We
still denote the partial sum of roots of norm /2 by

-1
g = E €ii€j:2 E i€l_i,
=1

i<j i
and we denote the partial sum of roots of norm 1 by 7 = Eé:l ;. The

Cartan types where this root system appears are the types By and Dy,
in which cases we have:

2pp, =0+ (2(7’ -+ 1)7‘ and 2pp, =0+ 2(r —)71.

Let us treat thoroughly the Cartan type By, the type D being similar.
We invoke Lemma [5.2] together with the associated notation.

If [ is even, we have:

(om—1 + €2m)

MMN

2p8, =25 +ler + (2(r —1) + 1)

m=1
so that we can take the subset of positive roots ¥ to be consisting of
1 and of the roots €; + €41 for 1 < 7 <[ — 1. This choice of ¥ gives
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immediately (i) in view of the definition of the sum S and (ii), i.e. the
fact that W generates V, is easy; at last (iii) follows from the fact that
no coefficient 2 appears in the coordinates of roots and the fact that
the support of roots has cardinality < 2.

If [ is odd, we have
20, = 2S5 +2(l —1)(e1 +&2) + (I — D)ey

-1
2

+ 20 =)+ 1) > (eam + comsr) + (20 — 1) + 1)y
m=1
The expression is more complicated but it gives (i) and the same argu-
ments as above work to give (ii) and (iii).

At last, as already mentioned, the Cartan type Dy is deduced from
this case after replacing the coefficient (2(r — 1) +1) by 2(r —1).

e Type C; [Bou68| Planche III, p. 254]. This is a non simply laced
root system, and again some cases with different multiplicities do ap-
pear in Cartan’s classification. This is the root system in the standard
Euclidean space R! with canonical basis (g;)1<i<;, Where the positive
roots are the vectors of the form 2¢; (there are [ such roots, of norm 2)
or g; £ ¢; with i < j (there are (I — 1) such roots, of norm /2). We
still denote the partial sum of roots of norm V2 by

-1
0 = E Ei:téj:2 E 7;81_2‘,
=1

1<j %

and we denote the partial sum of roots of norm 2 by x = 22:1 2¢;.
The Cartan types covered by this root system are: some cases Ay, all
cases Cy, some cases Cy, half of the cases Dy and the case Eyyp. For
any such type, say G, we have:

2pG = Me0 + MrK
where m, and m, are integers > IE

We choose for ¥ the set of roots 2¢; for 1 < j < [. Conditions (i)
to (iii) are trivially satisfied, for a choice of integral coefficients in (i)
thanks to the coefficients 2 in the expressions of ¢ and 7.

e Type BC, [Bou68, Chapitre VI.14, p. 222]. This is the only type
of non-reduced root systems: the system BC; consists of the union of

\More precisely, we have: 2pa,,, = 20 + & in the C; case of A, 2pc, = 0 + K,
2pc;, = 40 + 3k in the C; case of Cyy, we have 2pp,,, = 40 + k in the C; case of
D1 and 2pg,,,, = 80 + k, the root system being Cs in the latter case.
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the system B; and of the system C; as described above. The Cartan
types covered by this root system are: the remaining cases A and
C1r, as well as the remaining half of the cases Dy;;. More precisely, still
denoting by r the complex rank, we have

20a, =2(r—20+1)T+ 20+ K
in the remaining cases of Ay,
200, =4(r—2))71+ 40+ 3K
in the remaining cases of Cyy, and
20Dy =47 +40 + K
in the remaining cases of Dyy.

This type is treated by taking U = { 2¢;}1<;<, as for the previous
case. Conditions (i) to (iii) are trivially satisfied, for a choice of integral
coefficients in (i).

e Type D, [Bou68, Planche IV, p. 256]. This is a simply laced type
but in fact it occurs only once in Cartan’s classification, namely for
D;. This is the root system in the standard Euclidean space R! with
canonical basis (¢;)1<;<;, where the positive roots are the vectors of the
form ¢; + ¢; with i < j (there are (I — 1) such roots, of norm v/2). In
this situation, we have

-1
2pp, =0 =2 Zz’sl_i.
i=1

We use the subset of positive roots ¥ to be consisting of the roots
€j+ €541 for 1 < 7 <1 —1, together with the roots £; & ¢;. Condition
(ii) is checked by the fact that e, is the average of the last two roots,
and then the other canonical vectors are obtained by an easy induction.
Condition (iii)’ is checked by seeing that the only pair of roots in W
whose sum is a root is {e; — ¢;,6,_1 + £}, again by considerations of
support or coefficient > 2. For condition (i), we use Lemma 5.2l If [ is
even we have

l
2pp, = 258 +1e1 =25 + 5((51 +a)+ (e1—a)),
and if [ is odd we have

2PD1 =25+ (l — 1)(61 + 82) + Z_Tl((f:l + 51) + (51 — 81)).

The rest of the root systems consists of exceptional types. In the
case of Eg, E; and Eg the root systems are simply laced and can be
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realized in R®. We merely mention the targeted vector p, the subset ¥
and the linear combination achieving (i).

e Type Eg [Bou68| Planche V, p. 260]. It occurs in Cartan’s classifi-
cation for Ej only. The underlying vector space V' is the 6-dimensional

subspace 14 = 7 = —xg in R® endowed with the canonical orthonor-
mal basis €1, ...,es. The positive roots are +¢; +¢;, for 1 <i < j < 5,
and

5 5
1 , ) .
5 (68 — &7 — €6+ Z(—l)”(l)ai), with Z (i) even.
i=1 =1
The targeted vector is
2pg, = 269 + 4e3 + 6e4 + 85 + 8(eg — €7 — €¢).
To simplify the notation we let v := eg — 7 — g4, and we consider the

positive roots 1, ..., 35 defined by:

2ﬁ1:U+€1+€2+€3+€4+€5,
2@2:1)—61—824—634-844-85,
253:1)—81—1-82—1-83—'—84—85,
20y =v+e1 —eg—e3+e4+es,
2ﬁ5:1)—81—€2—83—54+85.

Then one checks easily that
205, = 681 + 202+ 405 + 264 + 205 + 2(—e1 + &5) + 2(e1 +€5).

We define ¥ to be the union of i, ..., 85 with +¢; +e5. Condition (i)
is then satisfied. To show that condition (ii) holds, one first observes
that the two roots +e; + 5 generates €; and 5. Moreover one has

Ba — 1 = —e1 — €2,
B3 — 1 = —e1 — &5,
Ba— P1 = —e2 — &3,
Bs — 1 = —e1 — €2 — €3 — €u,
from which one obtains that W generates €q,...,e5. Condition (ii)

follows easily. Moreover {fs,e1 + €5} is the only pair of roots in W
whose sum is a root in Eg. Thus condition (iii)" is satisfied.

e Type E; [Bou68, Planche VI, p. 266]. The targeted vector is
2pE, = 269 + 43 + 624 + 8e5 + 1066 — 1727 + 17es,

which we decompose as the sum of 2e9 + 4¢3 + 664 + 8¢5 + 10g6 and of
17(es—e7). It turns out that eg—e7 is the longest root in the system; we
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take it in ¥ together with the four roots es 4¢3, 3+ €4, €4 + €5, €5 + €6,
as well as the roots €g &= £1. Then we have:

20, = 2(e2+¢€3) +2(e5 +€4) + 4(eq + €5) + 4(e5 + €6)
+ 3(86 +ée1)+ 3(56 — 51) + 17(58 — 57).

The subset W satisfies (i), (ii) and (iii), the latter condition being easily
checked by the concrete description of E; in terms of the canonical
vectors g;.

e Type Eg [Bou68, Planche VII, p. 268]. The targeted vector is
2By = 262 + 4e3 + 6eg + 825 + 106 + 1267 + 46es.

We use the subset U consisting of the roots €5 + €3, €3 + €4, €4 + €5,
€5 + €¢, €6 + €7, €7 + €5 together with eg + ;. Then we have:

20p, = 2(e2 +€3) + 2(e3 + €4) + 4(e4 + £5) + 4(e5 + €6)
+ 6(86 + 67) + 6(67 + 88) + 20(68 — 81) + 20(68 + 81).

The subset W satisfies (i), (ii) and (iii), the latter condition being easily
checked by the concrete description of Eg in terms of the canonical
vectors g;.

e Type F, [Bou68, Planche VIII, p. 272]. This is a non simply
laced root system corresponding to four cases in Cartan’s classification,
namely Ei, Evyr, Erx and Fi. The sum of the positive roots of norm
V2 is 0 = 2(3e; +2e5 +£3) and the sum of the positive roots of norm 1
is 7 = bey + &9 + e3 + £4. The targeted vectors are of the form o + 277
with 0 < 7 < 3, so it is enough to treat separately o and 7. We choose
U = { e1,61 + 9,69 + €3,63 + €4}. Condition (ii) is clear and (iii)
is checked by the concrete description of F4 in terms of the canonical
vectors g;. For (i), we use the fact that: o = 2(e;4¢e9) 4+ 2(ex+¢3) +4ey
and 7 = (81 + 52) + (83 + 84) + 481.

e Type G, [Bou68, Planche IX, p. 274]. This is a root system of
rank 2, corresponding to only one case in Cartan’s classification, so
we do not need to consider it. Still, we can simply say that using the
root notation we have: 2pg = 10a; + 6y, which can be written as:
2pc = a1 + 3(3aq + 2a).

5.5. The type A;. This type is more delicate because pairs of positive
roots more often lead to a sum providing another root.

According to [Bou68, Planche I, p. 250], type A; is a simply laced
root system in the subspace V' C R!*! defined by Zij x; = 0. The
positive roots are the e; —¢;, with 1 <7 <7 <[+ 1.
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The Cartan types where it appears are the types A; and Aj. One
has
2/)A1 = l€1 + (l - 2)82 + (l - 4)83 + = (l - 2)61 — l€l+1,

and pa,, = 4pa,. The latter relation shows that the same root subset ¥
holds for both type. We will thus restrict ourself to the type A;. The
idea here is to write 2pa, by using long roots.

Proposition 5.3. (1) If [ is odd, write | = 2k — 1 with k > 1. Then:

2pa, =2 Z (e — Z — Eitk)-

k<j—i
Moreover if U is the set of roots that appear in the right side member,
then W satisfies the conditions (1), (i), (ii7).
(2) If l is even, write | = 2k with k > 1. Then:
2pA1 =2 Z (Ei — Ej) + 2(81 — Ek—i—l) + 2(5k+1 — 514—1)-
k<j—i<l
Moreover if U is the set of roots that appear in the right side member,
then U satisfies the conditions (i), (i), (i) .

Proof. By counting the number of times ¢; and €, appear, one has:

-k I+1
dei—e =) (I+1-k—i)i— Y (j—k—1)e,
k<j—i i=1 j=k+2

(1) Suppose [ = 2k — 1 with k& > 1. Then:

k—1 +1
ZEZ—EJZZ(]{?—Z)EZ—Z(]—k‘—l)fj
k<j—i =1 j=k+2

Since 2(k —i)+1=1—-2i+2and 2(j—k—1)+1=2j — 1 — 2, one

obtains
2 Z (62‘ Z - 5z+k = 2pa;-

k<j—i
Thus ¥ satisfies (i). The roots contalned in ¥ are those of the form
g; —¢; with 7 —4 > k. No root of the system A; is the sum of two of
them, thus (iii) holds. Moreover the above roots generate V. Indeed:

e for i < k, one has ; — ;41 = (g; — g141) — (€141 — €141), With
I+1—i>2l+1—-(i+1) >k,

e for i > k, one has ¢; — g;41 = (61 — €41) — (51 — &), with
itl—12i-1>k



38 MARC BOURDON AND BERTRAND REMY

e and for i = k: e, —ep1 = (61 —€pp1) + (e —€11) — (61— €141)-
Therefore (i)-(iii) are satisfied.

(2) Suppose [ = 2k with k£ > 1. Then:

k I+1
S o =Nkt 1-ia— > (k-1
k<j—i 1=1 j=k+2

Since 2(k+1—1i) =1—2i+2and 2(j —k —1) = 2j — [ — 2, one obtains
that 2%, ;(6i — ;) = 2pa,. Therefore

2 > (e —e5) + 2er — eki1) + 2(ek41 — 1) = 2pa,.
k<j—i<l
Thus VU satisfies (i). The roots in ¥ are those of the form ¢; — ¢;, with
k < 7 —1i <[, and the roots €1 — ep11, €py1 — €141- Apart €1 — 141
which is the sum of the last ones, no root of the system A; is the sum

of two of them. Thus (iii)’ holds. In addition the above roots generate
V. Indeed:

o g1 —¢cpp1 = (61— €py1) + (Ekt1 — €141),

e for i < k, one has ¢; — ;11 = (g; — €141) — (€41 — €141), With
I+1—i>2l+1—-(i+1)>k,

o for i > k+ 1, one has ¢; — g4 = (61 — €;11) — (61 — &), with
i+1—-12i—1>k,

e for i = k: Ek — €k+1 — (5k — 5l+1) - (5k+1 — 5l+1)>

o forti=k+1: Ek+1 — €42 = (61 — 5k+2) — (81 — 5k+1)~

This concludes the proof. O

5.6. Proof of non-vanishing for semisimple groups. We can fi-
nally put things together in order to provide a proof for Theorem [D]
hence a proof for Theorem [A] of the Introduction, in view of the reduc-
tion contained in [0.11

Proof of Theorem[Dl. By Lemma [B.1] it suffices to exhibit a suitable
subset W of positive roots for any semisimple group. This can be done
separately for each connected component of the Dynkin diagram, which
amounts to dealing with simple real Lie groups. The absolutely simple
cases were treated by a case-by-case analysis in Subsections to
The remaining cases correspond to the simple non absolutely simple
groups, i.e. simple complex Lie groups seen as real groups. In the latter
cases, the root multiplicities are all equal to 2 since the groups are split
over C and the root groups are all isomorphic to the real Lie group
C. Therefore the function pg in this case is twice the corresponding
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function for the split groups over R with the same root system, showing
that the same subset ¥ can be chosen, up to multiplying the coefficients
mg by 2 for each 5 € V. O

6. COHOMOLOGIES OF SEMI-DIRECT PRODUCTS

This section relates the de Rham LP-cohomology with the group
LP-cohomology. Our goal is to tranfer to the setting of de Rham L”-
cohomology, a result issued from [BR20] about the group LP-cohomology
of semi-direct products, see Corollary It leads to the key relation
([@4) of the introduction.

The section is also an opportunity to advertise several incarnations
of LP-cohomology, and to present their properties in a synthetic way.

It collects results issued from [Pan95, [SST8 [BR20] (see also [E1e98] for
related results in the discrete group case).

6.1. Asymptotic and group LP-cohomologies. The asymptotic
LP-cohomology of a metric space has been defined by Pansu in [Pan95].
Let (X, d) be a metric space equipped with a Borel measure p. Suppose
it satisfies the following “bounded geometry” condition. There exist
non-decreasing functions v,V : (0,400) — (0,+00), such for every
ball B(z, R) C X one has

v(R) < u(B(z, R)) < V(R).
For R >0 and k € N, let
AR ={(xo,..,m) € XM | d(ws, ;) < RY.

Let ASP*(X) be the space of (classes of) measurable functions f :
X**1 5 R such that for every R > 0 one has

Ngr(f)? = /A(k) | (o, ..., zw) [P du(zo) . . . du(wy,) < +o0.

R

We equip ASP*(X) with the topology induced by the set of the semi-
norms Ny (R > 0).

Definition 6.1. The asymptotic LP-cohomology of X is the cohomol-
ogy of the complex ASPO(X) X8 ASPL(X) B ASP2(X) B .. where
the 0,’s are defined by:

k+1

(6.2) () (@0, - Trg1) = D (=)' f(@o, .-, &y Tpsr)-

=0
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The reduced asymptotic LP-cohomology is defined similarly. They are
denoted by LPH}¢(X) and LPH}(X) respectively.

Theorem 6.3. [Pan95l Section 2| Let X and Y be metric spaces. As-
sume that each of them admits a Borel measure with respect to which
it is of bounded geometry (as defined above). Let F' : X — Y be a
quasi-isometry. Then F induces a homotopy equivalenceﬁ between the
complezes ASP*(Y) and ASP*(X), and a canonical isomorphism of
graded topological vector spaces F* : LPH34(Y) — LPHLs(X). In par-
ticular F* depends only on the bounded perturbation class of F'. The
same holds in reduced cohomology.

See also [Genl4], [SS1§] for a more detailed proof.

We now turn our attention to the continuous group cohomology, see
[BWO00, Chap. IX] or [Gui80|] for more details.

Let G be a locally compact second countable group. It admits a left-
invariant proper metric defining its topology, see e.g. [CdIH16, Struble
Th. 2.B.4]. Let (m, V') be a topological G-module i.e. a Hausdorff locally
convex vector space over R on which G acts via a continuous repre-
sentation 7. We denote by V¢ C V the subspace of 7(G)-invariant
vectors. For k € N, let C*(G,V) be the space of continuous maps
from G**! to V equipped with the compact open topology. Then
Ck(G,V) is a topological G-module by means of the following action:
for g, xq, ...,z € G,

(- f)xo,...,xx) =m(9) (f(g_lato, . ,g_la:k)).
Consider the following complex of invariants:

COUG V)¢ B oY@, V)¢S G, V)IE S
where the d;’s are defined as in (6.2). The continuous cohomology of
G with coefficients in (7, V') is the cohomology of this complex, it will
be denoted by HY (G, V). Similarly is defined the reduced cohomology
HZt(Ga V)
Definition 6.4. Let H be a left-invariant Haar measure on G. The
group LP-cohomology of G is the continuous cohomology of G, with

coefficients in the right-regular representation of G on LP(G, H), i.e. the
representation defined by

(7(9)u)(z) = u(zg) for uwe LP(G,H) and g,z € G.

It will be denoted by Hy (G, LP(G)). The reduced group LP-cohomology
of G is defined similarly and is denoted by H% (G, LP(G)).

2All the maps occuring in homotopies are supposed to be continuous.
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Observe that the right-regular representation on LP(G,H) is isomet-
ric if and only if G is unimodular.

Theorem 6.5. [SS18, Theorem 10|, [BR20, Theorem 3.6] Suppose G is
a locally compact second countable topological group equipped with a left-
invariant proper metric. Then the complex of invariants C*(G, LP(G))%
is canonically homotopy equivalent to ASP*(G). In consequence, there
exists a canonical isomorphism of gradued topological vector spaces
H: (G, LP(G)) ~ LPH}4(G). The same holds for the reduced coho-
mology.

We notice that the above isomorphism admits the following property.
Suppose we are given an isomorphism ¢ : G; — Gg of topological
groups as above. It induces isomorphisms of complexes:

L CF(Ga, LP(G2)) P — CH (G, LP(G1)) !
and phg @ ASPF(Gy) — ASPH(GY),
defined by @5 (f)(zo, .., zx; ) = f(@(fco), (@) So(x))a
and Pis(f) (o, -, ak) = f((@0),- -, plan)).
Then the isomorphisms H (G;, LP(G;)) ~ LPH}(G;), together with

the induced isomorphisms ¢* : H¥ (Gs, LP(Gy)) — HE(Gh, LP(Gh)),
Vi LPHA¢(G2) — LPH4(Gh), form a commutative diagram.

6.2. Asymptotic and de Rham LP-cohomologies. Let M be a C*°
complete Riemannian manifold. Unlike its asymptotic LP-cohomology,
its simplicial LP-cohomology is not invariant by quasi-isometry (e.g.
for compact manifolds it is isomorphic to the standard de Rham co-
homology). For that reason we restrict ourself to manifolds which are
“uniformly diffeomorphic to RP”.

Definition 6.6. Let B = B(0, 1) be the unit open ball in R”. A man-
ifold M is said uniformly diffeomorphic to RP, if there exist functions
p, A [0, +00) = [1,+00), and for every m € M a C*°-diffeomorphism
Ym B — M, such that

e for every m € M and R > 0, there exists r € (3,1) with
B(m, R) C ¢ (B(0,1)) C B(m,p(R)),

o and ¢, ) is A(R)-bi-Lipschitz.

B(0,r

For example a Riemannian manifold which is diffeomorphic to R?,
and which admits a cocompact group of isometries, is uniformly diffeo-
morphic to R”.
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Theorem 6.7. [Pan95| Let M be a C* Riemannian manifold which is
uniformly diffeomorphic to RP. There exists a homotopy equivalence
between the complezes ASP*(M) and QP*(M). It induces a canon-
ical isomorphism of gradued topological vector spaces LPH{q(M) =~
LPH R (M). The same holds for reduced cohomology.

The proof that Pansu gives in [Pan95] goes through the simplicial
¢P-cohomology. A more direct proof is presented in Appendix [Al below.

We notice that the isomorphism in Theorem above admits the
following property. Suppose we are given a bi-Lipschitz C*° diffeomor-
phism ¢ : M; — M, between Riemannian manifolds as above. Then
the isomorphisms LPH} (M;) ~ LPH} (M, ), together with the induced
isomorphisms @jp : LPHiR (M) — LPHAR (M), ¢is @ LPHA(My) —
LPH}4(M;), form a commutative diagram.

6.3. Semi-direct products. We transfer to de Rham LP-cohomology
a result about group LP-cohomology of semi-direct products, see Corol-
lary [6.10L This leads to relation (0.4]) of the introduction.

Let (V,||-||v) be a separable normed space, let X be a locally compact
second countable topological space endowed with a Radon measure
i, and let p € (1,400). We denote by LP(X,V) the normed space
consisting of the (classes of) mesurable maps f : X — V such that

T /X 1@, dulz) < +oo.

Let GG be a locally compact second countable group. Suppose it decom-
poses as a semi-direct product G = Q) x H, with @), H closed subgroups
and the standard multiplicative law

(q1,h1) - (g2, ha) = (12, @5 "higaha).

Let Hg, Hu be left-invariant Haar measures on (), H respectively.
Then He := Hg X Hpy is a left-invariant Haar measure on G. One has:

Theorem 6.8. [BR20, Corollary 5.5] Let G = Q X H as above. As-
sume that the complex of invariants C*(H, LP(H))! is homotopically
equivalent to a complex of Banach spaces. Suppose also that there ex-
ists n € N, such that H¥ (H, LP(H)) = 0 for 0 < k < n and such that
HY (H, LP(H)) is Hausdorff. Then HX (G, LP(G)) =0 for 0 < k <n
and there is a linear isomorphism

(6.9) H (G, 1(@) ~ 12 (Q. 1 (1, 12(1)) )
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where the Q-action on LP(Q,HZ(H, LP(H))) is by right multiplication
on itself and by conjugacy on HZ (H, LP(H)); in other words it is the
action induced by

(- HW)(@o, -0 2) = flyq)(q wog, -4 Tag; ¢ 2q),
for every q,y € Q, f:Q — C"(H,LP(H)) and xq,...,x,, v € H.

For Lie groups diffeomorphic to R”, one gets the following result
which implies the relation (0.4 in the introduction.

Corollary 6.10. Let G be a Lie group diffeomorphic to RP. Suppose
it decomposes as G = QQ x H with (), H closed subgroups and H diffeo-
morphic to R? for some d. Suppose that there exists n € N, such that
LPHEL(H) = 0 for 0 < k < n and such that LPH % (H) is Hausdorff.
Then LPHEL (G) = 0 for 0 < k < n and there is a linear isomorphism

(6.11) LPH, (G) ~ LP(Q, LPHiy (H))®,
where the Q-action on LP(Q, LPHL, (H)) is by right multiplication on
itself and by conjugacy on LPH}L (H); in other words, it is induced by
the action

(q- Ny) = Cor (fya)),
for every q,y € Q, f:Q — QP"(H).

Proof. Since G and H are homogeneous and respectively diffeomorphic
to R? and R?, there are uniformly diffeomorphic to R” and R?. By
applying successively Theorems and [6.7] one sees that the com-
plexes C*(G, LP(G))% and QP*(G) are homotopy equivalent. The same
holds for C*(H, LP(H))! and QP*(H). In particular C*(H, LP(H))" is
homotopy equivalent to a complex of Banach spaces, and thus Theorem
applies.

It remains to relate the expressions of the Q-action on H” (H, LP(H))
and on LPH], (H). For that we need to find the expressions the conju-
gacy Cy : LPHiR(H) — LPHig (H) by q € Q, when transformed by the
successive isomorphisms

LPH}R (H) ~ LPH}g(H) ~ H (R, LP(H)).

It is done by using their functional properties described right after
Theorems [6.7] and O

Remark 6.12. The linear isomorphism (6.9) in Theorem is the
composition of the following two isomorphisms

HL (G, 12(G)) 2 1, (1, () 2 1(Qu e (1. L)) )
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The second one is a topological isomorphism [BR20, Proposition 5.2];
it comes from a Fubini type argument. The first one comes from the
Hochschild-Serre spectral sequence [BWO00, Theorem 1X.4.3]. When G
is countable, the continuous cohomology H?, (G, LP(G)) coincides with
the standard one H"(G, (?(G)). In this case it is known that ¢; equals
the restriction map [HS53, Theorem II1.2]. We suspect that the equal-
ity between ¢; and the restriction map holds in general under the
assumptions of Theorem Since the restriction map is continuous,
this would imply that HZ (G, LP(G)) is Hausdorff and that the isomor-
phisms ([6.9) and (6.11]) are canonical and Banach.

APPENDIX A. ON ASYMPTOTIC AND DE RHAM LP-COHOMOLOGY

The goal of the appendix is to give a direct proof of Pansu’s Theorem
6.7, that we restate below for commodity (see Definition for the
notion of uniformly diffeomorphic to RP):

Theorem A.1. Let M be a C* Riemannian manifold which is uni-
formly diffeomorphic to RP. There exists a homotopy equivalenc
between the complexes ASP*(M) and QP*(M). It induces a canon-
ical isomorphism of gradued topological vector spaces LPHig(M) =~
LPH R (M). The same holds for reduced cohomology.

The following standard notion will serve repeatedly in the sequel.

Definition A.2. Let (A*, d) be a complex of topological vector spaces,
let (B*,d) C (A*,d) be a subcomplex, and let denote by i : B* — A*
the inclusion map. One says that A* retracts by deformation onto B*, if
there exists a continuous linear map r : A* — B* such that rod = dor,
r o4 =1id, and 7 o r is homotopic to id.

When A* retracts by deformation onto B*, the inclusion map ¢ :
B* — A* induces canonically isomorphisms of gradued topological vec-
tor spaces H*(B*) ~ H*(A*) and H*(B*) ~ H*(A*).

The method for proving Theorem [A.Tlis a variant of the double com-
plex proof of the isomorphism between de Rham and Cech cohomolo-
gies (see e.g. [BT82, Theorem 8.9 and Proposition 9.5]). This method
is used in [Pan95] to show the equivalence between the de Rham and
the simplicial LP-cohomologies. It is based on the following general
lemma:

3Recall that all the maps occuring in homotopies are supposed to be continuous.
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Lemma A.3. Let (C**,d',d") . penz be a double complex of topological
vector spaces, with d' od”+d"od = 0. Suppose that for every ¢ € N, the
complex (C**,d') retracts by deformation onto the subcomplex that is
null in degrees at least 1 and equal to E* := Ker d’|co. in degree 0. Then
the complex (D*,dp), defined by D™ = @, _,_,, CHt and dp = d' +d",
retracts by deformation onto its subcomplex (E*,d").

This kind of result is well-known from the specialists (see e.g. [BT82,
Proposition 9.5 and Remark p. 104]). It is stated in this form in [Pan95,
Lemme 5], with a sketch of proof. A detailed proof appears in [Seq20,
Lemma 2.2.1].

A.1. Definition of the double complex C**. Let M be a C"*° com-
plete Riemannian manifold. We denote by Q2F(M) the space of (mea-
surable) k-differential forms on M that belong to QP*(U) for every
relatively compact open subset U C M. The QP*-norm of the restric-
tion of w to U is denoted by ||w||y for simplicity. Equipped with the
set of semi-norms || - ||¢7, where U C M is open relatively compact, the
space QPF(M) is a separable Fréchet space.

For every couple (k,f) € N? every R > 0 and every measurable map
[ M — QPF(M)), we define the semi-norm Ng(f) by

loc

NR(f)pI/A(Z)Hf(mo,...,me)H%(mo’R)dvol“l(mo,...,mg),
R

where vol“™! denotes the product measure on M*™'. We remark that
changing B(my, R) by B(m;, R) in the definition of Ng(f), leads to an
equivalent family of semi-norms; indeed one has B(m;, R) C B(m;,2R)
)
when (myg,...,my) € AR
Let C** be the topological vector spaces of (the classes of) the mea-
surable maps f : M — QPF(M) such that Ng(f) < +oo for every

loc

R > 0. We define d' : C** — C**4 and d" : C** — C**+1 by
df=(-1)fdof and d"f =4,
where d is the de Rham differential operator and ¢ is the discrete op-

erator defined in (6.2). Then C** = (C**,d',d")(enz is a double
complex of topological vector spaces. It satisfies d o d” +d" od' = 0.

The complex C** interpolates between the complexes AS?*(M) and
QOP*, Indeed:

Proposition A.4. There are canonical isomorphisms of topological

complexes Ker d’ coe = ASP*(M) and Ker d" - QP*(M).
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Proof. (1) One has f € Kerd’|co’l if and only if f : M1 — QPO(AF)
satisfies d o f = 0, i.e. f(mog,...,my) is a constant function for a.a.
(mg,...,mg) € M. Moreover when f(myg,...,m) is a constant

function, one has

Hf(mo, o ,mg)HZ(mmR) = ‘f(mo, . mg)‘pvol(B(mo, R))

Therefore Ker d’|00’* ~ ASP*(M).

(2) One has f € Kerd"|,, if and only if f : M — QPE(M) satisfies

0f =0 i.e fisa constant map. Let w be its constant value. Since M
is uniformly diffeomorphic to R”, it admits bounded geometry in the
sense of Subsection [6.1} there exist functions v, V' : (0, +00) — (0, +00)
such that such for every ball B(m, R) C M one has

v(R) < Vol(B(m, R)) < V(R).
By Fubini one has for every R > 0

R)||wllgp < /IIWH”devol( ) S V(R)lwllgpn-

Therefore Ker d” ‘C o > QP (M). O

A.2. Homotopy type of the columns.

Proposition A.5. For every £ € N, the complex (C**,d') retracts by
deformation onto the subcomplex (Ker d,‘co,e —-0—=0—...).

Its proof is postened at the end of the subsection. A crucial ingredi-
ent is the following lemma issued from [IL93, Section 4].

Lemma A.6. Let B = B(0,1) be the unit Euclidean open ball in
RP. Let h € C*(B ) be non-negative, supported on B(0,1), and nor-
malzzed so that fB x)dx = 1. There exists a continuous operator

T : QPF(B) — QPh~ 1(B) with the following homotopy properties

loc loc

(1)doT+Tod idwhenk 1,
(2) (Tod)(f)=f— [ f(@x)h(x)dz, for f € W(B).
(3) For everyr € (3,1), k > 1 and w € QP¥(B), one has

|Twl B < CllwllBo.r,

where C' is a constant which depends only on the dimension D.
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Proof. This is precisely done in [IL93] Section 4]. We recall the con-
struction for convenience. First, for every y € B, one defines an oper-
ator K, : Q¥(B) — Q" 1(B) by H. Cartan’s formula

1
(Kyw)(z;v1,. .., V1) :/ tk_lw(y—i-t(x—y);x—y,vl,...,vk_l) dt.
0

It satisfies do K+ K,od = id when k > 1, and (k,od)(f) = f(y) when
k = 0. Then one averages K, over all y € B, to define the operator
T :QFB) — Q1(B):

Tw = /B (K ) h(y)dy.

Clearly it satisfies the homotopy relations (1) and (2) of the Lemma.
A bit of analysis is required to see that it extends to an operator from
QP*(B) to QP 1(B), and to show that it satisfies the property (3) of

loc loc

Lemma [A.6] - see Inequality (4.15) and Lemma 4.2 in [IL93]. O

By assumption M is uniformly diffeomorphic to R”. Thus, for every
m € M, there is a diffeomorphism ¢,, : B — M with controlled
geometry, see Definition [6.6l

We remark that we can (and will) assume that the map
M x B— M, (m,z) = @n(x)

is measurable. Indeed one can always transform the family {¢,, }mens
in such a way that the resulting map M — C®(B, M), m — ¢, is
piecewise constant.

Lemma A.7. For f: M — Q¥ (M) and (my, ..., mg) € M, let

loc

(Hf)(mg,...,my) = ((go;;))* oT o gojno) (f(mo, . ,mg)),

where T is the homotopy operator in LemmalA. 6. This defines a contin-
wous operator H : C** — C*=1 which satisfies the following homotopy
relations

edoH+Hod =id fork >1,
e Hod =id — v for k =0, where

(¢f)(m0,...,mg):/Bf(mo,...,me;wmo(x))h(uf)dx-

Proof. (1) First, since (m,x) — ¢,,(x) is measurable on M x B, the
map H f is measurable on M**!.



48 MARC BOURDON AND BERTRAND REMY

(2) For w € QPF(M), m € M and R > 0, with the notations of

loc

Definition [6.6] and Lemma [A6] one has:

[((em)" 0 T o gr ) (@)l gy = 102)" (T 0 03) () || g
< () (T o g )( )Hapm(B(O,r)) S MR)H%H(T © S0:;1)(“’)“13(0,@
< OB B 01,@) ] o,y < CARY* B 0
< CAR)*HH% Hw||B<m,p<R>>-

Tgeiegfore Nr(Hf) < C)\(R)zk“*%Np(R)(f), and thus H maps C** to
C"*~** continuously.

em(B(0,r))

(3) The homotopy relations follows easily from those in Lemma[A.6]
U

Proof of Proposition[A.3. We keep the notations of Lemmal[A7l Recall
that the subspace Ker d’ | co. 18 described in the proof on Proposition

[A4 Define a retraction r : C** — (Ker d/‘co,e —-0—=0—...)by
letting r = ¢ on C%, and » = 0 on C** when k& > 1. Clearly it
commutes with d’. Since [, h(x)dx = 1, one has r o ¢ = id. Finally H
is a homotopy between i o 7 and id. O

A.3. Homotopy type of the rows.

Proposition A.8. For every k € N, the complex (C**,d") retracts by

deformation onto the subcomplex (Ker d”| —-0—=0—...).

Ck,o
Again we start with two lemmata.

Lemma A.9. There exists, for every m € M, a function x,, : M —
[0, +00) which enjoys the following properties :
(1) its support is contained in B(m,1),
(2) the maps (m,m’) = xm(m') and (m, m') — (dx.,)(m’) are C>
and bounded on M x M,
) Sy Xm dvol(m) = 1.
Proof. Consider a C'*° non-negative function ® on M x M, which is
equal to 1 on {d(m,m’') < 1/2}, and 0 on {d(m,m’') > 1}. Let
<I>(m m)
') dvol(m)’

It satisfies the excepted properties because M is uniformly diffeomor-
phic to RP. U

Xm(m') 1= fM



49

Lemma A.10. For f : M — QUN(M) and (my, ..., me_) € MY,
let

(K f)(mo,...,me_1) = /Mxm - f(m,mg,...,my_1) dvol(m).

This defines a continuous operator K : Ot — C*=1 which satisfies
the following homotopy relations:

e d"o K+ Kod'=id when £ > 1,
o (Kod")(f)=f— [y Xm- f(m) dvol(m) when £ = 0.

Proof. We divide it into few steps.
(1) The map K is a continuous linear from C** to C*~1:

For f € %, thanks to properties (1), (2) in Lemma [A-9] one has:

H(Kf)(mo’ T ’mg—l)HB(mo,R) -

— H/ Xom - f(m,mo, ... my_1) dvol(m)HB(movR)
M
< /]wHXm . f(m7 mo, .- . ’mz_1>HB(mo,R) dVOl(m)

<C- / | £ (m, m, ... ,me—1)HB(mO R) dvol(m),
B(mgo,R+1) )

where C' is a constant which depends only on the upper bounds in
Lemma[A.9(2). Since M has bounded geometry the volume of the ball
B(mg, R+ 1) is bounded by above by a function of R only. Moreover
the relations m € B(mg, R + 1) and (moq,...,my_1) € A%_l) imply
that (m,mg,...,my_1) € A%H and that B(mg, R) C B(m,2R + 1).
These properties, in combination with Holder inequality and Fubini,
yield the existence of a function ¢ : (0,+00) — (0,+00) such that
Nr(Kf) < ¢(R) - Napt1(f).

(2) For m € M and f : M — QPF(M), put

loc
(km f)(mo, ..., me_1) = f(m,mo, ..., me1),
so that one can write K f = [, Xm - (knf) dvol(m).
It is an easy and standard fact that d o k,,, + k,, 00 = id when £ > 1,
and (kn, 0 0)(f) = f — f(m) when £ = 0. Since [,, xm dvol(m) =1 by

Lemma [A.9] and since d”f = 0 f, the operator K satisfies the excepted
homotopy relations. O
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Proof of Proposition[A.8. We keep the notations of Lemma [A.10l Re-
call that the subspace Ker d” | oo 18 described in the proof on Proposi-

tion [A4l Define a retraction s : C** — (Ker d”|ck’O —-0—=0—...),
by letting s(f) = [, Xm - f(m) dvol(m) on C*°, and s = 0 on C**
when k£ > 1. Clearly it commutes with d”. Since [, xm dvol(m) = 1,
one has s o¢ =1id. Finally K is a homotopy between 720 s and id. [J

A4. Proof of Theorem [A.1l Let (D* dp) be the complex D™ =
Pptt—mCP* with dp = d’+d". From Propositions[A4] [A.5and Lemma
[A.3 it retracts by deformation onto ASP*(M). From Propositions[A.4]
and Lemma [A3] it retracts by deformation onto QP*(M). There-
fore ASP*(M) and QP*(M) are homotopy equivalent. Their cohomolo-
gies are topologically isomorphic. U
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