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Abstract

Tunneling effect plays a significant part in the extremely low electric percola-

tion threshold and large conductivity of carbon nanotube (CNT)/polymer

nanocomposites, which allows electric conduction between two CNTs sepa-

rated at nanometric distances. In this work, a numerical model taking into

account the nonlinear tunneling effect is proposed to evaluate the effective

electric conductivity of CNT nanocomposites. The nonlinear finite element for-

mulation is introduced, as well as the definitions of effective quantities for

homogenization. Moreover, the CNTs are modeled by highly conducting line

segments in order to avoid meshing the thin cylindrical tubes. With this tech-

nique, the percolation behavior of the composites has been simulated, and the

effects of barrier height, CNT length distribution, CNT aspect ratio as well as

alignment have been estimated. It turns out that the barrier height dominates

the maximum electric conductivity, while the CNT aspect ratio determines the

percolation threshold value, respectively. In addition, the anisotropic behavior

is obtained by aligning the CNTs, which also results in higher percolation

threshold compared with randomly distributed CNTs. Finally, the results are

validated by available experimental data.

KEYWORD S

carbon nanotubes (CNTs), electric conductivity, finite element method (FEM),
nanocomposites, percolation threshold, tunneling effect

1 | INTRODUCTION

In the past decade, carbon nanotubes (CNTs) have been of great interest as filler in polymers due to their excellent elec-
trical and thermal properties, superior mechanical properties, high aspect ratio, and lightweight.1–3 CNT-based
nanocomposites have demonstrated numerous extraordinary properties, such as high electrical conductivity, low
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percolation threshold, and good dielectric and mechanical properties.4–9 The percolation threshold is the lowest concen-
tration of filler at which insulating material is converted to conductive material. It has been reported that the effective
electrical conductivity of CNT-enhanced polymer composites obeys percolation-like power law attributed to the forma-
tion of conductive CNT networks,10 which is dominated by the tunneling effect after percolation threshold.11,12 The
tunneling effect is a quantum phenomenon that allows the electric conduction across small isolating barriers between
two highly conducting fillers. When the characteristic distance between CNTs is at nanometric scale, the corresponding
tunneling current plays an important role in the formation of the current path together with the conductive CNTs, lead-
ing to an increase of several orders of magnitude of the electric conductivity at extremely low volume fractions of CNTs
denoting the percolation threshold.13–15 In recent studies, the percolation threshold of CNT/polymer nanocomposites
has been reported as low as 0.019 vol%.16

Many experimental efforts have been made, indicating that the electrical conductivity and percolation threshold of
the CNT/polymer nanocomposites are significantly influenced by various parameters, such as the CNT type and aspect
ratio,17–19 synthesis method and treatment,20–22 as well as polymer type23,24 and dispersion method.25,26 Moreover, the
effect of CNT alignment on the electric conductivity of the nacocomposites has also been researched,27,28 showing
anisotropic behavior and demonstrating that the highly aligned CNTs rarely touch each other and thus do not form
conductive pathways at small loading. However, the experimental measurements cannot be able to deeply explain the
physical characteristics in the microstructures of nanocomposites.

For better understanding of the electrical phenomenon and the design purpose of smart structural applications,
both analytical and numerical studies have also been conducted in this area. Ounaies et al.29 present a simple analytical
model based on the continuum theory in which the nanotubes are modeled as capped cylinders of high aspect ratio.
Zare et al.30 proposed a power-law model for characterizing the electrical conductivity of CNT nanocomposites. The
other analytical approaches based on micromechanics are also provided in predicting the electrical properties and per-
colation threshold of CNT nanocomposties, including Hashin-Shtrikman upper bound, Ponte Castañeda-Willis theory,
Mori-Tanaka method and Halpin-Tsai model,31–36 where the CNTs are modeled as ellipsoidal inclusions uniformly dis-
tributed in 3D space. Kale et al.37–39 modeled the CNTs as rod-like fillers, which is dispersed by RSA algorithm follow-
ing Monte Carlo relaxation, and simulated the effect of filler alignment as well as the mixture of various nanofillers on
the nanocomposites using the tunneling-percolation model. However, the analytical approaches show obvious limita-
tions in the quantitative predictions of electrical properties and in the explanation of local characteristics of the micro-
structures. Thus, the numerical methodologies are required to better understand the local phenomenon and the effect
of material parameters or morphology on the effective electric conductivity. Most of the numerical models are devel-
oped based on the statistical resistor network theory and Monte Carlo simulation.40–46 The CNT curling has been
described by separating the CNT into several elementary segments and using higher order functions such as spline
functions or a helical shape in some works.41,47–49 The effect of CNT aggregation has also been discussed by Hu et al.41

It should be noted that tunneling effect plays an important role in the numerical simulation of the electrical conductiv-
ity of nanocomposites. For instance, Monte Carlo simulations have been employed by Li et al.43 for simulating the elec-
trical conductivities of percolating CNT networks, in which the tunneling resistance is calculated by Simmons' formula,
assuming a rectangular potential barrier in the insulating film between CNTs. Another method to describe the tunnel-
ing resistance based on the electron transport theory has also been widely used,44–46 where Landauer-Büttiker for-
mula50,51 is employed taking into account its transmission probability parameter and channel number. Although these
models can provide the accurate predictions compared with experimental results and some discussion on the effect of
CNT morphology, few involves the nonlinear tunneling effect and gives a deep view of local electric conduction.

In present work, we present a new technique of numerical methodology based on finite element method to study
the effective conductivity of CNT/polymer nanocomposites as well as their percolation threshold. The representative
volume element (RVE) containing randomly distributed or aligned CNTs are generated, and the FEM simulations tak-
ing into account the nonlinear tunneling effect are developed where the distances between CNTs are well described by
the introduction of distance function. In addition, the CNTs are modeled by highly conducting line segments in the
model according to their high aspect ratio, in order to avoid meshing the thin cylindrical shape. It should be noted that
the morphology of polymer matrix in the composite is not taken into account, thus the phase separation52–54 in the
polymer blends which may result from the introduction of CNTs is not observed and considered in the present work.

The paper is organized as follows. In Section 2, the generation of the RVEs of CNTs/polymer nanocomposite is
described, and the multiscale model is presented as well as the homogenization procedure based on FEM. In Section 3,
we apply the present model to analyze the effective conductivities and percolation threshold of CNT/polymer
nanocomposites after the determination of appropriate RVE size. The effect of barrier height between CNT and polymer
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matrix, CNT length distribution, CNT aspect ratio as well as the alignment of CNTs are studied in detail. Finally, a gen-
eral conclusion is given in Section 4.

2 | MULTISCALE MODELING OF THE ELECTRICAL BEHAVIOR OF CNT/
POLYMER COMPOSITES

A representative volume element (RVE) is defined in a domain Ω whose external boundary is denoted by ∂Ω, as shown
in Figure 1A. The RVE with side length of L contains N straight CNTs randomly distributed in the polymer matrix,
associated to Γn (n¼ 1,2,…,N). The conduction mechanism according to tunneling effect is introduced between the
neighboring CNTs when their shortest distance is at nanoscale. The generation of the microstructures and the numeri-
cal modeling are described in the following part.

2.1 | Generation of CNT/polymer nanocomposites

In this work, each CNT is assumed to be straight with the length of l, and the diameter of D. The aspect ratio η¼ l=D
denotes the ratio between the length of CNT and its diameter. The aspect ratio can be altered by changing either the
length l or the diameter D. The random sequential addition (RSA) algorithm is employed to generate the random
microstructures of CNT/polymer nanocomposites. This algorithm works well to obtain equilibrium configurations at
small filler volume fraction as in the present work. However, it should be noted that at larger fillings the procedure
could be problematic, and the Metropolis algorithm should be used to equilibrate the system.55

As depicted in Figure 1B, the head point of ith CNT is firstly generated randomly as

x0i ,y
0
i ,z

0
i

� �¼ L� rand,rand,randð Þ, ð1Þ

where i is the index of ith CNT and ‘rand’ denotes uniformly generated random number in the interval 0,1½ �. The orien-
tation of each CNT is monitored by azimuthal angle φi and polar angle θi, which are randomly generated by.56

φi ¼ 2π� rand ð2Þ

θi ¼ cos�1 1� cosθmaxð Þ� randþ cosθmaxð Þ: ð3Þ

It should be noted that θmax is the maximum alignment angle which controls the extent of alignment.44 Specifically,
if θmax ¼ π=2, the distribution of CNTs is random and isotropic; if θmax ¼ 0, the CNTs are perfectly aligned.

Thus, with the contribution of head point, azimuthal, and polar angles, the end point of ith CNT can be obtained as

(A) (B)

FIGURE 1 (A) RVE model of the CNT-polymer nanocomposite. (B) ith CNT in space
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x1i ,y
1
i ,z

1
i

� �¼ x0i þ li sinθi cosφi,y
0
i þ li sinθi sinφi,z

0
i þ li cosθi

� �
: ð4Þ

where li is the length of ith CNT. The length of CNT follows a Weibull distribution,44,57 and the probability density
function is given as

f xð Þ¼ abxb�1e�axb , for x>0, ð5Þ

where a is the scale parameter and b is the shape parameter. The cumulative distribution function is

F xð Þ¼ 1� e�
x
að Þb , for x>0: ð6Þ

Therefore, li can be generated by

li ¼F�1 randð Þ: ð7Þ

All the CNTs can be described by their head points and end points. However, it should be noted that when the end-
ing point of a CNT located outside the RVE, it will penetrate the boundary planes. By applying periodical boundary
condition, the CNT will be separated to several segments and the external parts will be relocated to the RVE.

Another important point in this work is that the generation of CNTs should avoid overlap and contact of each pair
of CNTs. Specifically, the following approach is employed. Firstly, we generated the head points of all the CNTs ran-
domly in the RVE. Then the orientation of each CNT is determined one by one. As for ith CNT, once the position and
orientation are determined, the shortest distance, p, between this CNT and the other CNTs are calculated. If the mini-
mum value of p, pij, is less than D, the ith and jth CNTs are considered to be in contact. In this case, the orientation
angles of ith CNT are rejected and have to be generated again until all the values of p is larger than D.

2.2 | Continuum model of the electrical behavior in CNT/polymer nanocomposites

In this model, the total electric power within the domain Ω, W , which consists of the contribution of both polymer
matrix and CNTs, is defined by

2W ¼
ð
Ω
ωm xð ÞdΩþ

ð
Γ
ωc xð ÞdΓ, ð8Þ

where Γ denotes collectively the lines associated with CNTs and the density functions of polymer matrix (ωm) and
CNTs (ωc), are expressed by

ωm xð Þ¼ j xð Þ �E xð Þ, ωc xð Þ¼ jc xð Þ �Ec xð Þ: ð9Þ

In the first equation in Equation (9), E xð Þ¼�rϕ xð Þ is the electric field, j xð Þ is the current density vector and ϕ xð Þ
is the electric potential. Taking into account tunneling effect, it satisfies:

j¼
σmE if d xð Þ ≥ dcutoff ,

G E,dð Þ E
Ej j if d xð Þ < dcutoff ,

8<: ð10Þ

where σm is the electric conductivity tensor of the polymer matrix when neglecting tunneling effect, dcutoff is a cut-off
distance above which the tunneling effect can be neglected and G is defined by Simmons.58
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G E,dð Þ¼ 2:2e3 Ej j2
8πhΦ0

exp � 8π
2:96he Ej j 2mð Þ12Φ3

2
0

� �
þ 3 � 2mΦ0ð Þ12

2

" #
e=hð Þ2 Ej jexp � 4πd

h

� �
2mΦ0ð Þ12

� �
:

ð11Þ

Φ0 is the energy barrier height that electrons cross, d is the distance between a pair of CNTs, and h, e, and m denote
Plank's constant, the charge of an electron and a material parameter, respectively. The tunneling effect conduction is
nonlinear which has been described in detail in.59 According to Equation (10), the direction of the tunneling current is
assumed to be the same as the direction of local electric field in the corresponding tunneling region. It should be noted
that for a metal–insulator–metal junction, the J-V curve can be divided into three regimes: direct tunneling, field emis-
sion, and space-charge-limited regime. Zhang et al.60,61 have indicated that Simmons' equation is only accurate in the
direct tunneling regime, since the electron space charge potential and the electron exchange-correction potential inside
the thin insulator films are ignored. They have further developed a self-consistent model taking into account the effects
of both space charge and exchange-correction potential, which provide accurate estimations of the tunneling current in
other regimes. In this work, we focus on the modeling approach from the mathematical point of view, and the direct
tunneling stage is taken into account due to small applied electric field and the large barrier height (Φ0 ≥ 5 eV). Hence,
the Simmons' formula is employed directly for simplicity.

In the second equation in Equation (9), the superscript c denotes line quantities for CNTs, e.g., jc is the line current
density and Ec ¼�rΓϕ is the line electric field on CNTs which is calculated by taking the gradient of electric potential
on the two nodes of the line element. CNTs can be considered as rolled-up sheets of graphene sheets, with a finite diam-
eter denoted by D. However, due to the very high aspect ratio of CNTs, which can be of the order of 103 between its
length and diameter, it is cumbersome to model them as cylindrical volume domains regarding meshing problems in
the extremely thin cylinders. To overcome this problem, we propose to replace the CNTs with finite diameter by highly
conducting lines. The local constitutive relationships relating jc with Ec is defined in the CNTs by

jc xð Þ¼ σcEc, ð12Þ

where σc denotes the equivalent line electric conductivity of CNT and is dependent on the diameter D through:

σc ¼ πD2

4
S, S¼ σc0n�n: ð13Þ

In Equation (13), n is the unit direction vector of CNT and σc0 denotes electric conductivity of the CNT along the n
direction (see Refs. [62–64] for more details).

Minimizing Equation (8) with respect to the displacement field, and using Equations (9) and (10), we obtain the
weak form which can be solved by the finite element method:ð

Ω
j ϕð Þ �r δϕð ÞdΩ�

ð
Γ
rΓϕ �σcrΓ δϕð ÞdΓ¼ 0, ð14Þ

where δϕ�H1 Ωð Þ, δϕ¼ 0 over ∂Ω, and ϕ�H1 Ωð Þ, ϕ satisfying the periodic boundary conditions over ∂Ω

ϕ xð Þ¼�E �xþ eϕ xð Þ on ∂Ω ð15Þ

and where eϕ xð Þ is a periodic function over Ω, such as ⟨eϕ xð Þ⟩¼ 0.
The effective electric conductivity tensor σ is defined as:

σ E
� �¼ ∂J E

� �
∂E

, ð16Þ
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where J is the effective current density expressed by:

J¼ 1
V

ð
Ω
j xð ÞdΩþ

ð
Γ
jc xð ÞdΓ

� �
, ð17Þ

and E is the effective electric field given by:

E¼ 1
V

ð
Ω
E xð ÞdΩ, ð18Þ

where V is the volume of Ω.
In this model, the tunneling effect plays an important part in the electric conduction, and it is dependent on a dis-

tance d between CNTs. In what follows, we present a choice of definition for the distance function d xð Þ in Equa-
tion (11), which can be computed at all nodes of the mesh once before the calculations for a given distribution of CNTs
within the RVE. Firstly, in a given CNT composite system, the CNTs are taken as randomly distributed line segments
in a RVE. We calculate the shortest distance between each pair of CNTs and link the corresponding two points by an
additional line segment (see the dash line in Figure 2). GMSH mesh generator65 is used to create the two-point mesh of
the line segments conforming with matrix tetrahedra. Consider an arbitrary point x�Ω and a set of points lying on all
the CNTs denoted by xΓ, we define the preliminary distance d0 xð Þ as

d0 xð Þ¼ min
xΓ � Γi

i¼1,2,…,N

x�xΓ
�� ��þ min

xΓ � Γj

j¼1,2,…,N , j ≠ i

x�xΓ
�� ��: ð19Þ

That is to say, for a given node x in the mesh, we first compute the distance with all N CNTs, then d0 xð Þ is defined
as the sum of the two smallest distances between this point and two neighboring CNTs. For instance, as shown in
Figure 2, the distances d10, d

2
0, and d30 represent the shortest distance between CNTs Γ1, Γ2, Γ3, and the point x, respec-

tively. Thus, the preliminary distance d0 xð Þ for this point is the sum of d10 and d20, which are the smallest values in the
set of di0, i¼ 1,2,3. Finally, considering the diameter of the CNTs, the distance function d xð Þ is given by

d xð Þ¼max dvdW ,d0 xð Þ�D
	 


, ð20Þ

where dvdW denotes the van der Waals separation distance. It should be noted that the separation between a pair of
CNTs should always be larger than dvdW according to the Pauli exclusion principle.66,67 The unit of the RVE size and
the cutoff distance of tunneling effect are μm and nm, respectively. Due to this enormous gap of orders of magnitude,
the nodes of which d xð Þ is below the cutoff distance of tunneling effect are mainly located on the CNTs.

3 | NUMERICAL ANALYSIS AND DISCUSSION

It has been reported that the conductivity of the multiwalled carbon nanotubes ranges from 20 to 2�107 S=m.68 In all
the following calculations, the electric conductivities of the polymer and CNTs are taken as σm ¼ 1�10�10 S=m and

FIGURE 2 Distances of a point x from surrounding CNTs to compute the distance d0 xð Þ
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σc0 ¼ 1�106 S=m.69 The length of a CNT is l = 2 μm, and the aspect ratio η¼ l=D changes with various diameter values
D. Periodical boundary condition is employed and the applied electric field is Ei ¼ 0:125 V=μm, i¼ x,y,z. The cutoff dis-
tance of tunneling effect dcutoff ¼ 1:7 nm, and the van der Waals separation distance is chosen to be dvdW ¼ 3:4 ̊A.

67

3.1 | RVE size analysis

In this example, we analyze the statistical convergence of the effective conductivity of the composites and its conver-
gence as a function of RVE size. The averaged effective electric conductivity tensor component σk of N realizations is
defined by

< σk > N ¼ 1
N

XN
i¼1

σik, ð21Þ

where σik is the value of effective electric conductivity tensor component σk of the ith realization. Figure 4 shows the
averaged effective electric conductivity tensor component σx versus the number of realizations under various RVE sizes
ranging from 2.5 to 7 μm. The diameter of CNTs D = 50 nm, and the aspect ratio η¼ 40. For each size of cube domain
defining the RVE, the realizations have the same CNT volume fraction (f = 2.2 vol%). The barrier height between CNTs
and polymer matrix is set to be 10 eV. It demonstrates that the averaged effective electric conductivity finally converged
to a certain value when the number of the realizations is large enough. It is obvious that the larger the RVE size is, the
less realizations are required to reach the convergence. For instance, when the side length of RVE is 2.5 μm, the aver-
aged value of effective conductivity converges at nearly 600 realizations, while the side length of RVE increases to 7 μm,
10 realizations are enough to reach the convergence value.

Furthermore, to determine the RVE size, we plot the averaged effective electric conductivity and its ranges as a
function of the side length of RVE in Figure 3. For each point, the number of random realizations is large enough to
reach the statistic convergence according to the results in Figure 4. It shows that the dispersion of the results decreases
when the size of the domain increases. The mean values converge when the side length of the RVE is roughly 5 μm,
which is the value we use in the following analysis.

3.2 | Effective electrical conductivity and percolation threshold

In this section, the proposed methodology is used to investigate the influence of CNT volume fraction on the effective
electric conductivity of the composites. The side length of the cubic RVE is 5 μm, and the volume fraction of CNTs is

FIGURE 3 Mean values and the ranges of effective conductivity versus the side length of RVE. For each case, the number of

realizations insures the convergence of the mean value. The aspect ratio of CNTs is η¼ l=D¼ 40, the CNTs volume fraction is 2.2 vol%, the

barrier height Φ0 ¼ 10 eV, and the applied electric field is 0.125V/μm
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increased by increasing the number of introduced CNTs in the domain. Several realizations with various CNT volume
fraction ranging from 0.1 to 0.8 vol% are shown in Figure 5, where the CNTs are randomly distributed whose aspect
ratio is 100. The barrier height between the matrix and CNTs is taken as Φ0 ¼ 10 eV. The numerical results are provided
in Figure 6. Taking into account the tunneling effect, the numerical values of σx , σy and σz are plotted as a function of
CNTs volume fraction in Figure 6A–C, where the average values are obtained for 40 realizations, and their ranges are
also presented. It indicates that the electric conductivity of CNT nanocomposite increases with the CNT volume frac-
tion. It should be noted that a sharp rise of the conductivity of several orders of magnitude occurs at about 0.4 vol%,
where the mean values turn to be over 10�8 S=m. The percolation threshold is the minimum content of conductive filler
in the insulating matrix which is characterized by a sharp increase in conductivity due to the formation of conductive
network and realize an insulator-to-conductor transition in the composites. Thus, we estimate the percolation threshold
in the CNTs nanocomposite is around 0.4 vol%. It is obvious to see that the deviations of the conductivities of the reali-
zations are much higher when the CNTs volume fraction is around the percolation threshold.

Furthermore, for better comparison, we have superimposed the mean values of σx , σy, and σz in Figure 6D and com-
pared with the average value 1

3 σx þσyþσz
� �

when the tunneling effect is neglected. Firstly, it shows that the mean elec-
tric conductivities along the three axes (x, y, and z) are almost the same in the random structures, which leads to an
isotropic behavior in the electric properties. Noting that in our model, the polymer matrix is insulating and the CNTs
are not in contact with each other, it can be concluded that the tunneling effect is responsible of the sharp increase of
electrical conductivity and the extremely low percolation threshold in CNTs nanocomposites.

In order to better demonstrate the importance of tunneling effect on the percolation behavior, the current density
field in the polymer matrix of a random microstructure is plotted in Figure 7 for both with and without tunneling effect,
respectively. The side length of RVE cube is 2.5 μm, the volume fraction of CNTs is f = 1.58 vol%, with aspect ratio
l=D¼ 40. The applied electric field is Ex ¼ 0:125 V=μm. It can be seen in Figure 7A that neglecting the tunneling effect,
the maximum current density in the polymer matrix is less than 10�9 A/mm2, indicating that the composite is insulat-
ing. By introducing the tunneling effect, the tunneling current in the local matrix between neighboring CNTs can be
observed in Figure 7B, which is even 109 times larger than in Figure 7A. In this case, the current paths can be formed

(A) (B) (C)

(D) (E) (F)

FIGURE 4 Averaged effective conductivity σx as a function of the number of realizations at the condition of various RVE size.

(A) L¼ 2:5 μm; (B) L = 3 μm; (C) L = 4 μm; (D) L = 5 μm; (E) L = 6 μm; (F) L = 7 μm. The aspect ratio CNTs η¼ l=D¼ 40, the CNTs volume

fraction is 2.2 vol%, the barrier height Φ0 ¼ 10 eV, and the applied electric field is 0.125V/μm
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according to the link of local tunneling current which finally results in the insulator-to-conductor transition. In addi-
tion, the enhancement of the electric flux can be observed near CNTs in both the cases.

3.3 | Effect of CNT length distribution

Figure 8 shows the effective conductivity versus CNT volume fraction under various length distribution. Each point in
the curve is computed by taking the average of 40 realizations with randomly dispersed CNTs. Two shapes of Weibull
distributions are provided for the length of CNTs, which are also presented in Figure 8. According to Equation (5), the
parameters are set to: a¼ 2:256 μm, b¼ 2:4, and a¼ 2:178 μm, b¼ 5, respectively. The average length of CNT in both
cases is 2 μm. The effective conductivities of the nanocomposites with CNT of constant length (l¼ 2 μm) are also com-
puted as comparison. In addition, the diameter of CNT is 50 nm, the barrier height is set to be Φ0 ¼ 10 eV. The results
show that the distribution of CNT length does not affect the percolation threshold of the nanocomposites, which is
about 1.1 vol%. In addition, it should be noted that the increase of the dispersion of CNT length leads to a growth of the
effective conductivity after percolation threshold, but its effect is very tiny. Hence, the length of the CNTs is considered
a constant in the following computations.

(A) (B) (C)

(D) (E) (F)

(G) (H)

FIGURE 5 Realizations of microstructures for different CNT volume fractions, where the CNTs are randomly distributed in RVE.

l=D¼ 100. (A) f = 0.1 vol%. (B) f = 0.2 vol%. (C) f = 0.3 vol%. (D) f = 0.4 vol%. (E) f = 0.5 vol%. (F) f = 0.6 vol%. (G) f = 0.7 vol%.

(H) f = 0.8 vol%
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3.4 | Effect of CNT aspect ratio

Next, we study the effect of CNTs aspect ratio on the electric properties by estimating the percolation threshold of the
nanocomposites with CNTs of various aspect ratios using the proposed model. In Figure 9, the electric conductivity

(A) (B)

(C) (D)

FIGURE 6 Effective conductivities tensor components (mean value and range) as a function of the CNT volume fraction,

E¼ 0:125 V=μm, Φ0 ¼ 10 eV, l=D¼ 100. (A) σx , (B) σy, (C) σz , (D) Comparison with the case in which tunneling effect is neglected

(A) (B)

FIGURE 7 Current density in the polymer matrix of microstructure with CNT volume fraction f ¼ 1:58 vol%, l=D¼ 40. Side length of

RVE L = 2.5 μm, Ex ¼ 0:125 V=μm: (A) without tunneling effect; (B) considering tunneling effect. The values below the minimum of scale

bar are set to transparency. The ParaView post-treatment software was used70
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σx is computed as a function of CNTs volume fraction for different aspect ratios l=D¼ 40 and 100, respectively. The bar-
rier height is Φ0 ¼ 10 eV. Each point in the figure is computed by taking the average of 40 realizations with randomly
distributed CNTs. Two various methods are employed to change the aspect ratio of CNT from 100 to 40: either fix
length l and increase diameter D, or fix diameter D and decrease length l. The effect of these two cases in the modeling
on the electric properties of CNT nanocomposites are compared. According to the results, we can notice that the two
presented methods changing the aspect ratio of CNT result in a same value of percolation threshold. The percolation
threshold is clearly dependent on the aspect ratio of CNTs, and the larger aspect ratio results in lower percolation
threshold. The obtained percolation thresholds for l=D¼ 40 and 100 are 1.1 and 0.4 vol%, respectively. Moreover, com-
paring the two provided cases which have the same CNT aspect ratio (η¼ 40), it can be seen that the composites with
smaller scale of CNT (l¼ 0:8 μm) present higher effective electric conductivity at the same CNT content after percola-
tion threshold. It may be attributed to the increase of the local tunneling regions according to the decrease of the length
of CNT.

3.5 | Effect of Barrier height between CNT and matrix

In the following, the effects of barrier height between CNTs and polymer matrix on the electric behavior of CNTs
nanocomposite are discussed. Figure 10 shows the effective conductivity component σx as a function of the CNTs vol-
ume fraction for Φ0 ¼ 5, 10, and 15 eV, respectively. For each case, the values are averaged over 40 realizations of ran-
dom distributions of CNTs within the RVE. The aspect ratio of CNTs is 100, and the applied electric field is
Ex ¼ 0:125 V=μm. It should be noted that the various barrier heights do not influence the percolation threshold, but has
a considerable effect on the electric conductivities of the composites whose CNTs volume fraction is above the percola-
tion threshold. Specifically, in the three cases, the percolation threshold of the composites stays at 0.4 vol%. However,

FIGURE 8 Effective conductivity as a function of the CNT volume fraction under various CNT length distributions: two cases in which

CNT length follows Weibull distribution in different shapes with the average length < l> ¼ 2 μm, and the other one in which CNT length is

a constant as l¼ 2 μm. D = 50 nm, Ex ¼ 0:125 V=μm, Φ0 ¼ 10 eV

FIGURE 9 Effective conductivity as a function of the CNT volume fraction under various CNT aspect ratio l=D,

Ex ¼ 0:125 V=μm, Φ0 ¼ 10 eV

LU ET AL. 11 of 17



the increase in conductivity after the percolation threshold is sharper at lower Φ0, leading to a higher maximum electric
conductivity. Overall, it is obviously seen from the analysis that the barrier height plays a dominant role in the maxi-
mum electric conductivity of the composites, while the percolation threshold is mainly determined by the aspect ratio
of CNT filler. Therefore, comparing with experiment results, it provides good potential in the identification of the bar-
rier height between CNTs and polymer matrix as well as in the estimation of the CNTs aspect ratio.

3.6 | Effect of alignment of CNTs

In this section, the effect of CNT alignment on the electric conductivities of the nanocomposites is evaluated. For this
purpose, we generate a series of microstructures with perfectly aligned CNTs (θmax ¼ 0) whose volume fraction is rang-
ing from 0.1 to 1.1 vol% as shown in Figure 11. The parameters of CNTs are the same as those outlined in Figure 5,
i.e., the aspect ratio l=D¼ 100, the barrier height Φ0 ¼ 10 eV, the applied electric field Ei ¼ 0:125 V=μm (i¼ x,y,z). The
numerical results of effective conductivities along three main axes σx , σy, and σz are plotted as a function of CNTs vol-
ume fraction, respectively, in Figure 12. Each point corresponds to the mean value over 40 realizations. Moreover, we
compared these data with the effective conductivity of composites composed by random distributed CNTs. According to
the isotropic behavior with random distribution of CNTs, the effective conductivity of the realizations for random
microstructures is denoted by 1

3 σx þσyþσz
� �

.
The main features that can be taken from this figure can be summarized as follows. Firstly, the anisotropic feature

of the composites with aligned CNTs is clearly captured, such as the effective conductivities in the direction normal to
CNTs, σy and σz, are much smaller than that in the aligned direction σx . Within the CNTs volume fraction of 1 vol%,
the composite is insulating in y and z directions, while transits from insulator to conductor at 0.8 vol% in the x direc-
tion, which is indicated as percolation threshold. It should be noted that with applied electric field Ex , the tunneling
current is supposed to be in the same direction as Ex according to Equation (10), which is not realistic and would
increase the electric current along the x direction to some extent, but would not affect the value of percolation thresh-
old. However, according to the computational limitation, we focus on the simulation of composites with small CNT
content by the finite element method, in which the material is insulating along y and z directions, i.e., the current path
has not been formed in y and z directions. In this case, most of the tunneling current is formed from tip to tip of CNTs
in the x direction and the error that comes from the assumption of tunneling current is reduced. If the volume fraction
of aligned CNTs is high, the electric contacts by the electric tunneling in parallel CNTs can not be neglected and should
be modified as presented by Banerjee et al.71 Another conclusion is that aligning the CNTs leads to a larger percolation
threshold and a sharper increase in conductivity after the percolation threshold, as compared to randomly oriented
CNTs. Thus, the randomly distributed CNTs present to be more conductive than aligned CNTs at low CNT volume frac-
tion. We are aware that as the CNT volume fraction increases, the electric conductivity of aligned CNTs may exhibit a
significant increase when the current paths are also formed along y and z directions, resulting in the conductivity
higher than that of the randomly distributed CNTs.

FIGURE 10 Effective conductivity versus CNT volume fraction for several barrier heights Φ0, Ex ¼ 0:125 V=μm, l=D¼ 100
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3.7 | Comparison between numerical and experimental results

In the following, we verify the application of the proposed model by comparing the obtained numerical results with the
available experimental data reported by Ono et al.72 and Tsuchiya et al.,73 respectively. Figure 13 shows the electric

(A) (B) (C)

(D) (E) (F)

(G) (H)

FIGURE 11 Realizations of microstructures for different CNT volume fractions, where the CNTs are aligned along X axis in RVE. l=D¼ 100.

(A) f = 0.1 vol%. (B) f = 0.2 vol%. (C) f = 0.3 vol%. (D) f = 0.4 vol%. (E) f = 0.5 vol%. (F) f = 0.6 vol%. (G) f = 0.8 vol%. (H) f = 1.1 vol%

FIGURE 12 Effective conductivity tensor components as a function of CNT volume fraction for the microstructures either with

randomly distributed CNTs or aligned CNTs. E¼ 0:125 V=μm, Φ0 ¼ 10 eV, l=D¼ 100
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conductivity measured as a function of CNTs volume fraction from which we can also estimate the percolation thresh-
old. The CNTs used in the experiments are either single-walled or multiwalled carbon nanotubes in different types,
whose aspect ratio ranges from 50 to 1000. Various types of CNTs and polymer matrix, as well as the different methods
in the fabrication of the nanocomposites lead to different barrier height which affects the tunneling effect.

In our numerical simulation, the electric conductivity of CNTs is supposed to be 106 S/m, and their distribution is
random in the matrix without aggregation and contact. Assuming the aspect ratio of CNTs is 100, and the barrier height
is 10 eV, we can see the estimated electric conductivity after percolation threshold agrees well with the experiment
results in.72 Due to the limitation of computation time and computation cost, we focus on the electric properties around
percolation threshold which we have interest in and did not go further to the composites with high CNTs volume frac-
tion. Then keeping the aspect ratio at 100 and changing the barrier height to 20 eV, we get the numerical results in good
agreement with the experiment data of the SWNTs (Super Growth)/styrene-butadiene rubber composites,73 whose per-
colation threshold is measured to be about 0.5 vol%. The electric conductivities of MWNTs (Nikkiso)/styrene-butadiene
rubber composite in73 are also provided in Figure 13, whose tendency can be reproduced by our model with the barrier
height of 10 eV and the CNT aspect ratio of 40. It should be noted that due to the computational limitations, the con-
trast of conductivities between CNTs and polymer matrix cannot be higher than 1016. Therefore, the electrical conduc-
tivity of polymer matrix has to be taken as 10�10 S/m, which results in the discrepancy between experimental and
numerical results for low CNT volume fraction before percolation threshold.

4 | CONCLUSION

In this paper, a multiscaled numerical model for predicting the electrical properties of CNTs/polymer nanocomposite
has been proposed. Comparing with the analytical methods and the existing numerical models, several novelties and
advantages have been presented in this work. Firstly, the nonlinear tunneling effect has been introduced for the con-
duction mechanism between neighboring CNTs, which is described by defining a distance function in the composite
system, and associated with the local electric field as well as barrier height between various CNTs and polymer matrix.
Then, the nonlinear equations have been solved by the FEM technique, where the CNTs are modeled by highly con-
ducting line segments in order to avoid meshing the extremely thin cylinders due to their high aspect ratio. The effec-
tive electric conductivity has been finally estimated by appropriate definitions of effective quantities through
homogenization. The numerical model can be used for any complicated microstructure, no matter with random distrib-
uted or aligned CNTs.

From the numerical analysis, we are able to reproduce the low percolation threshold of CNT nanocomposites which
is proved mainly dependent on the tunneling effect. The simulation predictions demonstrate that the length distribu-
tion of the CNT length has a minor effect on the electric behavior of CNT nanocomposites. The increase of barrier
height between CNT and polymer leads to lower maximum electric conductivity beyond percolation threshold, but has
no effect in the value of percolation threshold. It indicates that the percolation threshold is determined by the aspect
ratio of CNTs filler. The higher aspect ratio of CNT results in lower percolation threshold for the nanocomposites.
Moreover, we report that aligning the CNTs leads to a typical anisotropic electric behavior and a larger percolation
threshold compared to randomly distributed CNTs, which presents isotropy in electric conductivities. Finally, the

FIGURE 13 Comparison of electrical conductivity with existing experimental results72,73
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proposed numerical results were compared with the experimental data, showing a good agreement in both the tendency
and percolation threshold value.
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