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The purpose of this paper is to investigate the asymptotic behavior of random walks on
three-dimensional crystal structures. We focus our attention on the 1/ structure of the ice
and the 2 structure of graphite. We establish the strong law of large numbers and the
asymptotic normality for both random walks on ice and graphite. All our analysis relies on

asymptotic results for multi-dimensional martingales.
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I. INTRODUCTION

A wide variety of materials present a repeating symmetrical arrangement of their atoms,
molecules or ions, known as crystal structures. Those underlying structures determine some
physical properties such as the toughness, the porosity or even the conductivity of the materials.
They can be looked further upon by studying the behavior of random walks in the crystal struc-
tures, see e.g. (20) for a study of energy trapping in crystal structure or (14) for the electrical
conductivity of Cu-graphite composites. In particular, random walks are widely used to determine

the diffusion of vacancies or point defects in crystals'3.

Random walks represent a large class of Markov chains and several reference books”!” are
devoted to the study of their properties, such as the probability of returning to their starting point,
the shape of typical trajectories or their long-time behavior. Polya!® was the first to observe the
influence of the dimension of the lattice on their properties, as the simple random walk on Z¢
becomes transient when d > 3. The model of a non simple random walk on periodic lattice is

quite convenient to study the properties of crystalline solids as stated in (16).

Cubic crystal structures were previously studied in terms of random walks!? or vacancy

diffusions?

, see also (6) and (11) for planar honeycomb lattices. However, to the best of our
knowledge, three-dimensional hexagonal lattices still have to be considered. The goal of this pa-
per is to investigate the asymptotic behavior of random walks in two hexagonal crystal structures
in three dimensions, namely the 14 structure of the ice and the 24 structure of graphite. Both of
them can be seen as sheets of infinite hexagonal plane lattices stacked on top of each other, where

the way the consecutive sheets are stacked drastically changes the properties of the structure.

On the one hand, the properties of ice are theoretical and experimental research subjects since
decades, see e.g. the pioneering works (4) or (7). On the other hand, graphite composites finds
many applications in a wide range of fields, see e.g. (12) as well as the references therein, and
its 2 structure may be found in other materials'’. In both cases, understanding the asymptotic
behavior of random walks in such structures is a key step in unveiling some of these materials
properties.

Random walks on the two-dimensional hexagonal structure of the graphene has been described
many times, especially in (5) where the authors studied the large deviation properties of the random
walk, using a parity argument based on the structure of such lattice. Our purpose is to extend

several results in (5) to the three-dimensional hexagonal structures we are interested in. In this
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paper, we assume that the transition probabilities are invariant by translating the unit cell of the
crystal. Our goal is to establish the strong law of large numbers and the asymptotic normality of
the random walk in both structures.

Our strategy is to separate the vertices of the lattice depending on their local geometry. In the
simple case of the random walk on ice (RWI), there are only two different types of vertices. On
the contrary, the random walk on the graphite (RWG) admits four different types of vertices and
this situation is much more difficult to handle.

The paper is organized as follows: the definition and description of the random walks and their
transition probabilities are given in Section 2. Section 3 is devoted to our main results. To be
more precise, we establish the strong law of large numbers and the asymptotic normality for both
RWI and RWG. The results concerning the RWI are proven in Section 4, while their counterparts
for the RWG are postponed to Section 5. All our analysis relies on asymptotic results for multi-

dimensional martingales. Finally, Section 6 contains concluding remarks and perspectives.

II. TWO POSSIBLE STRUCTURES

The two-dimensional hexagonal structure of the graphene was previously considered in (5)
where two different kind of vertices % and 7] are represented in Figure 1 with white and black

circles.

FIG. 1. Hexagonal structure of the graphene

In all the sequel, we shall focus our attention on two different type of structures. The first one
corresponds to the 14 structure of the ice. Sheets are stacked in such a way that the moving
particle can always jump from one sheet to another one with small probability, as shown in Figure
2.

One can observe that a particle located at a white vertex (resp. black vertex) is only allowed to

jump to a white vertex (resp. black vertex). The set of vertices are denoted once again by 7 and
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FIG. 2. Ice with 1/ structure.

71 where fori =0, 1,

%:{(ax(i+§k>,ax(§k+m),m> ;k,g,nez}

where a stands for the distance between adjacent vertices located in the same sheet and 4 stands
for the distance between consecutive sheets of the ice. The index i = 0 if the vertex is white and
the index i = 1 if the vertex is black.

The random walk on the ice with 14 structure is as follows. At time zero, the particle starts at
the origin Sp = (0,0,0). Afterwards, at time n > 0, assume that the position of the particle is given
by Sy = (Xi,Yn,Zy). Then, the particle can jump to an adjacent sheet with small probabilities, that
is for i = 0,1 and for all (x,y,z) € ¥,

X X
P Snt1 = y Sn="1y =ap (1)
Z+h b4
while
X X
PlSui=1] Si=1|y =(1—-a)p (2)
z—h z

where 0 < p < 1 and 0 < o < 1, the symmetrical case corresponding to & = 1/2. Otherwise, if
the particle remains on the same sheet, the transition probabilities are the same as those in (5), that

is for i = 0, 1, for all (x,y,z) € ¥; and for j =0,1,2,

x-l—acos(%j?t-l—in) X
P|Sui1=| y+asin(Zjz+iz) ||Sa=|y || =rij 3)
Z Z
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where fori =0, 1,

2
Y pij=1-p.
j=0

The transition probabilities are represented in Figure 3. More precisely, if the particle is located in
a vertex of ¥, it can jump to the sheets above or below in a vertex of 7 with small probabilities
ap and (1 — a)p respectively, or it can reach the three adjacent vertices of #] with probabilities
P0,0> Po,1 and po ». By the same token, if the particle is located in a vertex of 71, it can jump to the

sheets above or below in a vertex of ¥ with small probabilities ap and (1 — o) p respectively, or

it can reach the three adjacent vertices of ¥y with probabilities p1 o, p1.1 and p1 5.

FIG. 3. Transition probabilities for the 14 structure of the ice.

A second type of structure we are interested in, is the 24 structure of the graphite represented
in Figure 4 where a particle located at a white vertex (resp. black vertex) can only jump to a black
vertex (resp. white vertex). In other words, white vertices (resp. black vertices) of a given sheet

are only connected to black vertices (resp. white vertices) of the graphite sheets just above or

below.
The set of vertices are now denoted by % o, 710 and % 1, #1,1 where fori =0,1 and j =0, 1,

V= { <a>< ((—1)i+111j:1 +%k),a>< (?k%— \/56),

hx (2n+ ]li#j)> with k,0,n € Z}

where as before a is the distance between adjacent vertices located in the same sheet and /4 is the

distance between consecutive sheets of graphene. The index i = 0 if the vertex is white and i = 1 if
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FIG. 4. Graphite with 24 structure.

the vertex is black (which refers to the horizontal local neighborhood), while the index j = 0 if the
particle can move to an adjacent sheet from this vertex and j = 1 otherwise. The main difference
with the 14 structure of the ice is that here the particle does not always have the possibility to jump
to an adjacent sheet.

The random walk on the graphite with 24 structure is as follows. At time zero, the particle
starts at the origin So = (0,0,0). Afterwards, at time n > 0, assume that the position of the particle
is given by S, = (X, Yy, Z,). Then, fori =0, 1, if the particle is located in ¥; o, it has the possibility

to jump to an adjacent sheet with small probabilities, that is for i = 0, 1 and for all (x,y,z) € %,

X X
P 1Syt = y Sn=1y =ap “4)
Z+h F4
while
X X
PlSii=| So=1y||=U-a)p (5
z—h Z
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FIG. 5. Transition probabilities for the 24 structure of the graphite.

where 0 < p < 1 and 0 < & < 1, the symmetrical case corresponding to & = 1/2. Otherwise, for
i =0, 1, if the particle is located in ¥} o and it remains on the same sheet, the transition probabilities

are given for all (x,y,z) € #;p and for k =0, 1,2, by

x+acos(%k7r+i7r) X
PS4 = y+asin(%k7r+i7t) Sn=1y = Pi0k (6)
Z Z

where fori =0, 1,
2
Y pioxk=1-p.
k=0

Finally, for i = 0,1, if the particle is located in ¥;, the transition probabilities are the same as

those in (5), that is for i =0, 1, for all (x,y,z) € #;; and for k=0, 1,2,

x+acos(3km +im) x
P |Sur1=| y+asin(3kn+im) [[Sa=|y || =Piik
Z Z
where fori =0, 1, )
Y piax=1
k=0

As it was previously done for the 14 structure of the ice, the transition probabilities for the 2A
structure of the graphite are given in Figure 5.

The goal of this paper is to investigate the asymptotic behavior of three-dimensional RWI and
RWG with this two different type of structures. Figures 6 and 7 shows two trajectories of length
n = 10000 of the RWI and RWG, respectively. The distance a between adjacent vertices and the
distance i between consecutive sheets are given by a = 1 and & = 1, while the probability to jump
to an adjacent sheet p = 1/5, a = 1/2 and the transitions probabilities are given, for i =0, 1 and

J=0,1,2, by
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1
pij= 5(1—17)-

FIG. 6. Trajectory of the three-dimensional RWI.

FIG. 7. Trajectory of the three-dimensional RWG.

III. MAIN RESULTS

Our first result concerns the strong law of large numbers for the random walk on ice structure.
Let u be the mean vector defined by
M1
H=1 (7
M3
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with
=3 (e,
o= ().
H3 =hp(2o—1),

where fori =0,1, u; = p;1 +p;2 and v; = p; 1 — pi».

Theorem IIL.1 For the RWI, we have the almost sure convergence

.1
nh_r)rcl<> ;Sn =U a.s. (8)
More precisely,
1 2 1
|osi—ul| =0(*2")  as ©)
n n

Our second result is devoted to the asymptotic normality for the random walk on ice structure. For

this purpose, denote

612 01,2 0
o’=|061, 6 0 (10)
0 0 o}

where

3 9
612 :a2<p(l —p)+§(3—4p)(uo+u1) —g(u%—i—u%)),
2

622 = %((uo—kul) - (v0+v%)),
o3 =ip(1-p(2a—1)),
2
O12 = a 3 ((—3+2p) (v0+v1) —i—3(u0v0+u1v1)>.
In addition, let
01
0=1060, (11)
0
with
3
91 :a<(1—p)—z(uo+ul)>a
3
GZZQ(VO+V1)~
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Theorem II1.2 For the RWI, we have the asymptotic normality

1 L
%(Sn—nu) = 4 (0,T) (12)

where the covariance matrix T is given by T = 62 if p = 1, whereas if 0 < p < 1,

r—o?— (%)99? (13)

Our third result deals with the strong law of large numbers for the random walk on graphite struc-

ture. Denote by 1 and m the mean vectors

i i
L= and m=\|mp (14
U3 "3
with
3a
,ul e ? (—(Lt()p —’-MO,]) + (ul‘() + ul‘l)) ’
a3
Mo = 3 <(V0,0 +v0,1) — (V1,0 —I—V1,1)>,
h
Uz = TP(ZOC — 1)
and

3a
m; = §<_(MO,O_MO,I)+(”1,0_141,1));
a3
g <(V0,O —vo,1) — (V10 —V1,1)>7

h
ms = Tp(Z(x— 1)

mz

where for i, j = 0,1, u; j = p; j1 + pij2 and v; j = p; j1 — pi j2. For the sake of clarity, we have
chosen to keep the same notation for the mean vector u in both hexagonal structures. We shall

also make use of the vectors 0 and p defined by

01 P1
9 = 92 and p = pz (15)
0 0

10
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with

0, = a((l — E) —§<(uo7o+u071> +(u1,o+u171))>,

2 8
a3
6, = = ((Vo,o +vo1)+ (V1,0+V1,1)>,
3
p1 = a(—g ~3 ((Mo,o —up1)+ (u10— ul,l)))a
a3
p2=—¢ ((Vo,o —vo,1)+(vio— V1,1)>~

Theorem II1.3 For the RWG with p > 0, we have the almost sure convergence

o1
lim S, =+ (%yﬂ a@s. (16)
More precisely,
1 2 1
H—S,,—u— (L)mH :0<ﬂ> as. 17)
n 2—p n

Remark III.1 In the special case where p = 0, the limiting value in (16) and (17) changes to

n+p,
lim 15,, =Uu+p a.s. (18)

n—eoeon

and

log ”) as. (19)

1 2
R I
n n
If we denote uy = ug o, uy = uy,1 and vo = vo, vi = vy,1, one can immediately see that the almost

sure convergences (8) and (18) are of course the same in the case p = 0.

Our fourth result is dedicated to the asymptotic normality for the random walk on the graphene.

To this end, let

0
¢= 0 : (20)
hp(2a—1)
Moreover, denote
of 012 O3 N %%
o’= |01, 62 o3 and Y=|luprr (21)
013 023 632 Yo V5 V3

11
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where
2
a 9
612:Z(2p(1—p)+Z(so7o+sl,o+so,1+S1,1)—3p(u0,o+ul,0)>,
62_3_02 ( 2 2 2 2
2 =16 uo,0+ul,0+uo,1+u1,1) (Vo,o+V1,o+V0,1+V1,1> :
h2
05 = Tp<1—1?(20‘—1)2),
2V3
a
O12= "¢ (3(t0,0+l1,0+l0,1+l1,1)+2P(V0,0+V1,0)>,
—ahv/3
023 = —¢ (P(ZOC — 1) (vo,0 +V17o)>,
ah
13 = g(—4p(1 —p)(2e—=1)+3p(20 — 1)(”0,0+u1,0))7
and
2
a 9
n=-, <2P(1 -p)+ Z(S0,0+S1,0 — 50,1 —81,1) —3P(M0,0+u1,0)),
_3_02 o (2 2 2 2
=T ((oo+uro—uoi—ur1) = (oo +vio—vi1—vi1) ),
h2
== (1-pa—1)7?).
23
a
%="1g (3(lo7o+l1,o—to,1—f1,1)+2P(Vo,o+v1,0)>,
—ahv/3
=3 (P(2OC—1)(V0,0+V1,0)>7
ah

Yo = §<—4p(1 —p)2o—1)+3pRRa— 1)(MO,O+M1,O)>a
with forall i = 0,1 and j = 0,1, s; j = u; j(1 —u; ;) and #; j = v; j(u; j — 1).

Theorem I11.4 For the RWG with p > 0, we have the asymptotic normality

%(Sn—n,u—n<zfp>m) AL/V(O,F)

where the covariance matrix 1 is given by

=o'+ 2610}”r (2_219)2 ((¢=pu)m” +m(& —pu)")
4 T

4 2
——pmmT+—(9pT+p9T)+p(2_p)pp .

2-p)° 2-p
Remark II1.2 In the special case where p = 0, we find that

%(sn_mﬁp))éw(o,ous)

(22)

(23)

(24)

where the matrix 8 is defined in (61). One can also observe that the asymptotic variances in (12)

and (24) coincide in the case p = 0.

12
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IV.  PROOFS FOR THE RWI

Proof of Theorem IIL1. In order to prove the almost sure convergence (8), denote by (&,) the

increments of the RWI. Then, the position of the RWI is given, for all n > 0, by

n+1
Sn+1 - Sn + §n+1 - Z gk (25)
k=1
where
Xn+l _Xn
6114—1 = Yn—i—l Y,
Zn+1 - Zn

Let (.#,) be the natural filtration associated with the RWI, that is .%, = 6 (&i,...,&,). We have
for all n > 0, E[&,41|-%0] = E[&n111Sn € %0)Us, e, + E[&n+1|Sn € #1]1s,c4,. Hence, it follows
from (1), (2) and (3) that

a(poo—3(po1 +po2))

E[&n1]Fn] = @3 (po.1 — po2) s,
hp(2a—1)

a(—pro+3(pr1+p12))
+ 23 (pra—pi1) Ig,cv;-
hp(2o —1)

Fori=0,1, denote u; = p; 1 + p;2 and v; = p; 1 — p; ». We clearly have fori=0,1, p;o =1—p—u,.

Consequently, E[&,|-%,] reduces to
E[&n1|Fn] = (L +0)15,e9 + (L — 0)s,c9; = 1L+ 08, (26)
where €, stands for the random variable
& = lg,evy — ls,ev (27

and the vectors 11 and 6 are given by (7) and (11). Moreover, we have for alln > 0, E[£, 41 &L | |.2,] =
E[&n+1&]11Sn € Yolls,e9, +E[En1EL | Sh € 1)1 5,7, We obtain once again from (1), (2) and

13
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(3) that

E[&n—i—lénﬂl‘yn] =

a*(poo+ (o1 +po2)) _GZT\/’JT(POJ_PO,Z) 0
2\[(1001—}702) 3%2(}70,1-*-170,2) 0 | Is,en
0 0 hp

a*(pro+5(p1i+pi12)) af(Pll_Plz) 0
+ 2\[(171 1 —Ppi12) 37(171,1 +p12) 0 |[Usen-
0 0 np

It implies that

El&r1&lt ) = (07 +V+ (1 +0)(1+0)" ) s,ex,
+ (v + (=) (u—0)" )15,
= <02+uuT+69T)+<v+u9T+9uT>e,, (28)
where the covariance matrix 62 and the random variable &, are respectively given by (10) and

(27), while the deterministic matrix Vv is defined by

vi v3 0
V=1v3; v, 0

0 00

with
3 2
Vi = %(uo—u1)<3—4p—3(uo+u1)>,

3a2 2 2
V) = — 2 (uo—ul—vo—l—vl),

a’\/3

V3 = 3

((—3+2p) (Vo—vl) +3(u0v0—u1v1)>.

Hereafter, we have the martingale decomposition

n

iék— &l Fi1]) + Y. El&| Fit] = M, + R, (29)

k=1

where (M,,) is the locally square integrable martingale given by

M, = Zn: & — E[&k|-Fk-1]) (30)

k=1

14
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and the centering term

Z (E|-Fi1] 31)

The predictable quadratic variation® associated with (M,,) is the random matrix given, foralln > 1,

by

n

=Y (El&&! | Ze 1] — E[&| T |E[EZi]T).
k=1

It follows from (26) and (28) that

=Y (> +pu"+060")+(v+ud” +ou’)e_,
k=1

—(u+0g_1)(u+ 98k71)T)

which reduces to

(M), =nc*+1, v (32)
where
n
I, = Z E.
k=0
Furthermore, we clearly have for all n > 0,

]E[SH—H |,§4\n] = E[gn—i-l |Sn € %]HSnE% +E[£n+1 ’Sn S %]ﬂsne%a
= (2p—1)lg,cp+ (1 =2p)ls,cn,
=(2p—1)&,. (33)

Consequently, we obtain the second martingale decomposition
n n n
=) =1 Z & — Ele| Zi1]) + Y Elee] Zii],
k=0 k=1 k=1
n
=1+N,+ Y 2p— g1 =14+N+(2p—1Dlp (34)
k=1
where N, is the locally square integrable martingale given by
n
Z E|&|-Zi-1])- (35)
We deduce from (33) that the predictable quadratic variation associated with (N, ) is given by

i — E[&] Fi1])
i1

n
n—Y 2p—1)*e_, =4p(1—p)n. (36)
k=1

15
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Therefore, we immediately obtain that

lim (N), —4p(1—p)  as. (37)

n—oon

One can also observe that the increments of the martingale (N,) are bounded by 2. Hence, by

virtue of the strong law of large numbers for martingales
.1
lim -N, =0 a.s. (38)
n—soo n
More precisely, it follows from the last part of Theorem 1.3.24 in (8) that
N? = O(nlogn) a.s. (39)
However, we infer from (34) together with the definition of 7, that

2(1=p)ly= 14N, — (2p—1)e,.

Consequently, if p < 1, we obtain from (38) that

1
lim -7, =0 a.s. (40)
n—soo p
In addition, (39) clearly leads to
I? = O(nlogn) a.s. (41)

Then, we find from (32) together with (40) that

1
lim — (M), = o? as. (42)

n—oo

In the special case where p = 1, we easily see that 6 = 0 and v =0, thus (42) still holds. Therefore,

in both cases, we obtain from the strong law of large numbers for martingales that

1
lim -M, =0 a.s. 43)

n—oo p

More precisely, one can observe that the increments of (M,,) are almost surely bounded. Hence,
by examining each component of the martingale (M,,), it follows once again from the last part of

Theorem 1.3.24 in (8) that
||M,||> = O(nlogn) a.s. (44)

16
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The centering term R,, is much more easy to handle. As a matter of fact, we have from (26) and

(31) that R,, = nu + 1,1 0. Then, (29) implies that
Sp =M, +nu+1,_16. (45)
Finally, if p < 1 we immediately deduce from (45) together with (43) and (40) that

1
lim -S, =pu a.s. (46)

n—oon

More precisely, (39) together with (41) ensure that
1 2 1
H—Sn—uH = (_ogn> a.s. 47)
n

which completes the proof of Theorem III.1. L
Proof of Theorem IIIL.2. The proof of Theorem III.2 relies on the central limit theorem for multi-
dimensional martingales given e.g. by Corollary 2.1.10 in (8). In the special case where p = 1,
we clearly have 8 = 0 and v = 0, which implies from (32) that (M), = nc?, and the asymptotic

normality trivially holds as

Hereafter, we assume that the parameter 0 < p < 1. Let (.#,) be the martingale with values in R?,

given by

where M,, and N,, were previously defined in (30) and (35), respectively. Its predictable quadratic

variation (.# ), can be splited into four terms

where (M), and (N), have been previously calculated in (32) and (36), while
= Y (E[&cr| Fi—1] — E[&k| Fio1]E[er] Fi—1])-
k=1

17
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As before, we have for all n > 0, E[&,, 1 1€441|-F0] =E[Ent1€0+11Sn € 0] s, ey +E[Ent18n41|Sn €

| g cv;. Hence, we get from (1), (2) and (3) that

1

E[&r11841]|F0) = Z (_l)iE[§n+lﬂsn+1€%|5n € 7/j]]18,16"//j7

i,j=0
1
L

j=0

—E[€n+l’Sn S 7/]‘]]15,167/1.).

It clearly leads to
E[én+lgn+l |yn] = <2C - E[§n+l |ﬁn])8n

where

hp(2o —1)
Therefore, we deduce from (26), (33) and (48) that

S
S

I
1=

T
1

I
=

=~
I

(2(¢ — pu)ec—1 —2p0e;_, ),

|
=

T
I

which implies that
(C)n=—2np0 +2(8 —pu)Ln-1-
Consequently, we immediately obtain from (40)

1
lim —(C),, = —2p06 a.s.

n—oon

Hence, it follows from the conjunction of (37), (42) and (49) that

c? —2p6

liml<%)n:A: a.s.

e n ~2p6" 4p(1—p)

(—-1)/ <2E[én+lﬂS,,+1e’7/j|Sn € Vjlls,ev;

(28 —E[&|Fi-1])&r—1 —E[&|Fi—1]2p — 1)&r—1),

(28 —p—0& &1 —2p—1)(u+0g_1)& 1),

(48)

(49)

(50)

In addition, we already saw that the increments of the martingale (.#,,) are almost surely bounded

which ensures that Lindeberg’s condition is satisfied. Hence, we deduce from Corollary 2.1.10 in

18
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(8) the asymptotic normality

1 L
%//Zn — A (0,A). (51)

Since p # 1, we get from (34) that [, = 1 + N, + (2p — 1)I,—; which implies that [, | + &, =
1+N,+(2p—1)I,_1, leading to

Liy=—F——7—-
2(1-p)
Consequently, we have from (45) that
Sp—nu =M, +1,_10 =M, +N,0,+ (1 —¢,)6, (52)
where
1
0, = 0.
" 2(1-p)

The rest of the proof relies on identity (52) together with the well-known Cramér-Wold theorem
given e.g. by Theorem 29.4 in (2). We clearly obtain from (52) that for all u € R,

\}ﬁ T (Sy—npt) = % oty ! \/ﬁg”)uTe,, (53)
where (
On the one hand, it follows from (51) that
L, L (0,v7Av). (54)
\/ﬁ
On the other hand, as (1 —¢,) € {0,2}, we immediately have
lim a \_/;") 0 as. (55)
Consequently, we deduce from (53) together with (54) and (55) that
LT (S =) L5 (007 AY). (56)
N

However, we can easily see from (50) that
vIAy = ul 6%u— 4puT99pTu—|—4p(l —p)uTGPGPTu —ulTu
where

= 6> —4p66] +4p(1—p)6,67 = o> — (—

oT.
1—p>9
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Finally, we find from (56) and the Cramér-Wold theorem that

%(sn —npt) £ v (0.7 (57)

which completes the proof of Theorem II1.2. U

V.  PROOFS FOR THE RWG

Proof of Theorem IIL.3. As in the proof of Theorem III.1, denote by (&,) the increments of the
RWG. Then, the position of the RWG is given, for all n > 0, by

Sn—l—l =S+ én—i—l (58)
where
Xn—|—l - Xn
é'l-H = Yn—H -Y,
Zn—H - Zn

Let (.#,) be the natural filtration associated with the RWG, that is %, = 6 (&1,...,&,). We have
foralln >0,

1 1

E[§n+1|ﬁn] = Z Z E[§H+I|S’l € %7j]]lsl1€7/i.j'
i=0 j=0
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Fori,j=0,1, denote u; j = p; j1 + pij2 and v; j = p; j1 — pi j2. Hence, it follows from (4), (5)
and (6) that

a((1—p)—3u00)

E[gn—l—llf/\n] - %VQO ]lSnG'VO,O
hp(20— 1)
a(—(1=p)+3up)
+ —93y Is,er1,
hp(2a—1)
a(1—3uo,)
+ %VOJ 11SnEAI/(J,l
0
a(—1+3uy ;)
+ _%vl,l ﬂS}le%,l.
0

This time, it is necessary to introduce three random variables to discriminate the different vertices.

More precisely, let

in = Ls,e900%, — L8, 90U
jn - llsneq//(),oun//l,o B Ilsne%‘rluq//lJ’

kn = JISHEV/Q()U%J - IISnG"f/OJUV/L()'

The variable i,, keeps track of the local horizontal geometry, while j, depends on whether or not the
particle can jump vertically and k, only depends on the altitude of the particle. Then, E[&,+].%,]

reduces to

Bl =0 ),
+(H—04+m—p)ls,cy,
+ (u +60—m —P) Is,e%,
+(L—0—m+p)ls,ecy,,
=+ 0l +mjn+ Py e
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where the vectors i, m and 0, p are previously defined in (14) and (15) Moreover, we also have

forall n > 0,

[én—i—lén—f—l"/n Z Z E gn—O—lgn-ﬁ-l ’Sn € %7j]]15n€7/i,j‘
i=0j=0

Hence, we obtain once again from (4), (5) and (6) that

El&nr1&l 1| ] =

a*((1—p) — 2ugp) —“2\@\/0,0 0

2
—#Vo,o 3%%00 0 | Us,ev
0 0 np
2
a((1-p) = Juo) —vip 0
2
+ —EBy My 0 | lseng
0 0 n’p
a2(1—§u0 ) ——azﬁ\/o’l 0
2 2
+ v, yoy 0| Ls,e,
0 0 0
a*(1—2uy ) a\fVll 0
2 2
+ —C’T\Ew,] Lyy 0 [ Is,en,-
0 0 0

It implies that

El&nr1& 1] =

P V+y+S+(u+0+m4p)(u+6+m+p)’

+<0' —V4+y—06+(u—0+m—p)(u—60+m—p
+(c?+v—y—8+u+60—-m—p)(u+6—m—p
+

~— ~— ~_ N
P\]

(
<62 V—y+8+(u—0—-—m+p)(u—60—m+p
( T

o +uu’ +600" +mm” +pp
+ <v+u9T+ ou’ +mp” +me>in
+ <y+ um? +muT +6pT +p6T>jn

+ <5+upT+puT+9mT+m9T>kn (60)
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where the matrices 62 and ¥ are given by (21), while the matrices v and & are defined by

Vi V4 Vg 61 54 36
V=1V V2 Vs and 6=|08; & & (61)
Ve Vs 0 66 55 0
with

a /9

Vi = Z(Z(SO’O — 81,0 50,1 —S1,1) —3P(M0,0 —M1,0)>,
3—214— o — )_(2_2+2_2)
16 o,o Uy ot Uuo1 — Ul Vo0~ Vi,0T Vo1 —V1,1) )
a’\/3

Va=—¢ (3(l0,0—l1,o+l0,1—11,1)+2P(V0,0—V1,0)>,
—ah\/3

vs=—¢ (p(2a—1)(vo7o—vl,o)>,
ah

v6:§(3p(2a—l)(u070—u170)>,

and

a’ /9

0] = Z<Z(S0’0 — 51,0 —S0,1+51,1) —3p (0,0 —M1,0)>,

=3 (o ma s +0) - (o=t =1 441
=~ 16 0,0 — U1,0 —Up,1 T U1,1 V0,0~ V1,0 — Y01 TV1,1) )

23
a

04 T (3(t00—110—t01+t1,1)+2P(V00—V10)>
—ah/3

05 = 3 (P(Za—l)(vo,o—w,o)),

h
8 = % (3p(200— 1) (00 —u10) ).

where for all i = 0,1 and j = 0,1, s; j = u; j(1 —u; ;) and t; j = v; j(u; j — 1). Therefore, we have

the martingale decomposition

n

Su=Y (& —E[E|Fe))+ Y E&|Fi 1] = My + Ry 62)

/=1 /=1

where (M,,) is the locally square integrable martingale given by
n
My =Y (& —E[&] 1)) (63)
(=1

and the centering term

Ro= Y E[E&]70 )
/=1
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The predictable quadratic variation associated with (M,,) is given by

(M), = ; (EIEET | Fior) — El&| Fi 1 JELE Fea]T).
=1

We infer from (59) and (60) that

(M), =Y ((62+uuT +66" +mm’ +pp")
/=1

+ (v4+uo" +ou’ +mp” +pm" )i,
+ (y+um” +mu” +0p" +p07)ji,
+(§+up” +pu’ +0m" +m6" )k,

— (U4 Big—y+mje_y +pke_y) (1L +Oip_y +mj,_ +Pk€—1)T)-

However, it is not hard to see that for all n > 0, i,% =1, j,% =1, k,% =l aswell as i, j,, = kn, jnkn = in,
and ik, = j,. Consequently,
S0
(M), = Z (G + Vig_ 1+ Vi +5ke—1)
/=1

which reduces to

<M>n:n62+ln—1V+Jn—l’}/+Kn—l6 (64)
where
n n n
L=Y i, =Y Jje, Ko=) k.
/=0 /=0 /=0
Furthermore, we clearly have by construction that for all n > 0, i, = (—1)" which implies that

1 if nis even,
I, = (65)
0 if nis odd.

In addition, we also have from (4), (5) and (6) that for all n > 0,
Eljn+1| Tl = 2p—1)ls,e95, + (2p — ls,ev, (66)
+ IlSneqyO,l + ]1*5'}’t67/1,17

= 2p(]15n€7/()_’0 + ﬂSnG'V]’Q) - jm
=p—(1=p)jn (67)
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In a similar way, we have for all n > 0,

Elkn1| 0] = (1 =2p) s e95, + (2P — Dls,ev, (68)
- ]IS,,e“//o,l + llSn€7/1_17
= —2p(Us,e%, — Us,evi,) +kn,
= (1= p)kn — pin. (69)

Consequently, we obtain two more martingale decompositions

i‘. i (Je—Eljel- Fe1]) + zn‘,E[jde—l],
(=0 =1 =1

n
=1+N]+ Z, P)ji— 1)

= 14N +np—(1-p)J_1, (70)
n n n
Ko=) ki=1+Y (ke —E[ke|Fo_1]) + Y Elke| Fo-1],

n
= 14NE+ Y (1= plhes = pic1)
/=1
=1+NX+ (1 - p)Kyo1 — ply_1, 1)

where N and NX are the locally square integrable martingales given by

=
I
=

(e —E[je| #i-1]) (72)

)
L

=
I
=

(ke — Elk¢|-Z¢-1]). (73)

~
Il
—_

We already saw that for all n > 0, ifl =1, j% =1, k,zl = 1 and i,k, = j,. Hence, we have from (67)

and (69) that the predictable quadratic variations associated with (N?) and (NX) are respectively

given by
Ny, = ;‘, (2p(1=p)(A+je—1)) =2p(1 = p) (n+Ju-1), (74)
=1
NSy = Y (2p(1 = p)(1 +iv1ke-1)) = 2p(1 — p) (1 +Ju_1). 75)

~
I
—_

It clearly ensures that (N’), and (NX), are both bounded by 4np(1 — p) almost surely which

immediately implies that

1 1
lim —NJ 0 and lim —NK 0 a.s.

n—eon n—eo

25



Asymptotic analysis of random walks on ice and graphite

However, we have from (70) and (71) that

(2= p)Jy=1+N]+np—(1—p) ju,

pK, = 1—|—Nf — (1= p)kn — pl,—1.
It allows us to deduce that in the case p > 0,

1 1 |
lim ~1, =0, lim ~J,= -2 lim -K, =0 a.s. (76)

n—eo n n—eo n —p n—een
Therefore, it follows from the conjunction (74), (75) and (76) that

1 ap(1— 1 ap(1—
lim vy, = 2PU=P) e Loy _4p0=p) (77)

One can also observe that the increments of the martingales (N?) and (NX) are bounded by 2.

Hence, the strong law of large numbers for martingales given in the last part of Theorem 1.3.24 in

(8) implies that
(N,{)2 = O(nlogn) a.s. (78)
which ensures that
J 2 1
<_n P ) - 0<_°g”) as. (79)
n 2-—p n
In addition, we also have
(Nf)2 = O(nlogn) a.s. (80)
Hereafter, we find from (64) that
lim L (M), = 62 + (L) as 81)
Heseo 17 n 7 _ » Y .S.

Consequently, we obtain from the strong law of large numbers for martingales that

1
lim -M, =0 a.s. (82)

n—oon

More precisely, by examining each component of the martingale (M,,), it follows from the last part
of Theorem 1.3.24 in (8) that
||M,||> = O(nlogn) a.s. (83)

As in the proof of Theorem III.1, R, is much more easy to handle. It follows from (59) that
R, =nu+1, 10+J,_1m+K,_1p. Then, we infer from (62) that

Spn=M,+nu+1, 10+J,_1m+K,_1p. (84)
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Finally, we immediately deduce from (84) together with (76) and (82) that

.1 p
’}glgo r_zS" =u+ <ﬂ>m a.s.

More precisely, we find from (79) and (83) that

[ s, (ﬁ)m’r:O(lO%) as. (85)

which achieves the proof of Theorem III.3 when p > 0. In the special case where p = 0, we have

J, =1, and K;, = n for every n > 1. Thus, (76) changes to

1 1 1
lim -7, =0, lim-J,=0, lim -K,, =1 a.s. (86)
n—oo n—oo 1 n—oo g
which implies that
1
lim —(M), = 6> +8 a.s. (87)
n—soo n

Therefore (82) and (83) still hold and we get from (82), (84) and (86) that

1
lim -S,=u+p a.s.

n—oon
More precisely,
1 2 1
ool =o(™20) s
n n
which achieves the proof in the special case p = 0. U

Proof of Theorem IIL.4. We shall once again make use of the central limit theorem for multi-
dimensional martingales given e.g. by Corollary 2.1.10 in (8). In the special case where p =0, we

obtain with (87)

1 L )
—M, — AN (0,06°+0
\/ﬁ n ( ) + )
and we immediately get from (84) that
L(5,1—n(u+p)) £></V(0,02+6). (88)
Vn
Hereafter, we assume that the parameter p > 0. Let (.#,) be the martingale with values in R>,
given by
M,
j/n = N,{
NK
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where M,, N,{ and N,’f were previously defined in (63), (72) and (73). Its predictable quadratic

variation (.# ), can be splited into nine terms
(M)n (Chn (E)n

n (N (D)

n (Dhn (NF)n

where (M), (N’),
E[&rje|-Fo-1] — E[&|F 1 ]E[je| Fo-1]),

Eljeke| Fo-1] — Elje| Fo-1Elke| F-1])

M: I M: I M:

E[&eke|-Fo—1] — E[&(|.Fo—1|Elke| Fi—1]).

For all n > 0, we get from (4), (5) and (6) that

E[gn—i-ljn%—l’yn] :E[§n+1ﬂjn+l=jn"g[n]jn
_E[§n+1]1j,1+17éjn|gn]jna

= 2E[§n+l ]ljn+1:jn|yn]jn _]E[gn—kl ’gn]jna
- 2(]15n€"//().0 + ﬂSnE"//Lo) ¢— E[§n+1 | Tl
= (1 +Jfl>c _E[én+l|§n]jna

where ( is defined in (20). Therefore, we deduce from (59), (67) and (89) that
i (14 je—1)E = E[&| Fe-1]je-1
—E[&|Zl(p— (1 —=p)ji-1)),
= i (A +je—1)E = p(A+ je—1)E[&]F1]),

=Y (€= ptm) (14 jes) — p(8 4 ) (ir-1 + K1)

which implies that
<C>n=(C—P(I~L+m))(”+Jn—1) (9+p)(n 1+Kn 1)

Hence, it follows from (76) that
1 2
lim —(C), = <ﬂ> (§—p(u+m)) a.s.

n—oo

28
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In a similar way, we infer from (4), (5) and (6) that for all n > 0

E[&nt1knt11Fn] = ElGn1 Mk =k, | Fnlkn — El&uy1 k., 2k, | Fnlkns
= E[&nt1|Fnlkn — 2B [E 11k, 2k, | Fn Ky
=B i1 Fulkn —2(Us,e 950 + Us,ei0) knC,
= E[ni1]Fnlkn — (in+kn) (. (29)

Consequently, we find from (59), (69) and (91) that

=Y (Bl&Fr1lke—1 — (ir—1+ke-1)E

o~
—_

—E[&|-Ze1]((1 = p)ke—1 — pir—1)),

_C(iffl +kp—1) + plie—1 +ke—1)E[&|-Fo_1]),

I
™=

i( (w+m)—=&) (ie—1+ke—1) +p(0+p)(1+ji-1)),
I

—_

which leads to

(E)n=(p(+m)=C) (In-1 + Kn1) +p( +p) (n+Jn-1).

Therefore, (76) implies that

1 [ 2p
lim —(E), = (5 p>(9+p) as. (92)

The last term (D), is much more easy to handle. As a matter of fact, we already saw that for all
n >0, juk, = i,. Thus, we deduce from (65), (67), (69) together with the elementary fact that
I,_1+1,=1 that

S
N

I
1=

(1= (p = (1= )1 ) (1= ks — piv1) ).

)

(=14 p*+ (1= p)?)ie_1 —2p(1 = p)ke_1),

I
=

~
Il
-

I
Nt

(=2p(1 = p) (ip—1+ke-1)),

~
I
—_

which means that
(D) =—=2p(1 = p)(Iim1 + Kn—1).

Hence, (76) ensures that

lim l(D)n =0 a.s. (93)

n—oo n
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Consequently, it follows from the conjunction of (77), (81), (90), (92) and (93) that

im () =A  as. (94)

n—oo 1

where the limiting matrix

| 2-p)o*+py 2(¢—pu+m)) 2p(6+p)
A . 2(6—plu+m)"  4p(1—p) 0
2p(6+p)" 0 4p(1—p)

Moreover, we already saw that the increments of the martingale (.#,) are almost surely bounded
which ensures that Lindeberg’s condition is satisfied. Whence, we obtain from Corollary 2.1.10 in

(8) the asymptotic normality

1 L
— My = N (0,A). 95
Since p # 0, we have from (70) and (71) that
N +np+1—j, NK —pl, 1 +1—k,
Jn—1= D) , Kp—1= .
4 p

Consequently, we obtain from (84) that

where the remainder %, stands for %, =1,_1(0 — p) + (1 — ju)m,+ (1 —ky) pp with
1 1
mp = ﬂm and pp = —p.
Hereafter, we shall once again make use of the Cramér-Wold theorem given e.g. by Theorem 29.4

in (2). We have from (96) that for all u € R3,

1 7 1 7
—u" (S, —n(U+pm —v ity + —u" %, 97)
T (5ol ) = STt
where the vector v € R? is given by
u
mTu
mpu
p,f u
On the one hand, it follows from (95) that
I 7 L T
—Vv' My —— N (O,v Av). (98)

N
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On the other hand, as I, € {0,1}, (1 — j,) € {0,2} and (1 —k,) € {0,2}, we clearly have for all
ucR3

h_r>r01°7u Ky =0 a.s. (99)
Consequently, we obtain from (97) together with (98) and (99) that
1 7 L T
Nk (Sp—n(u+pmy)) = A (0,v" Av). (100)
n

It is not hard to see from (94) that

vI Ay =

1 T 2
>, [u (2—=p)o”+py)u
+2u” (& — p(p +m))mbu+2u"my (& — p(u+m)) u
+2pu’ (0 +p)pyu+2pu" p,(6+p) u

+4p(1—p)u’ mpm, Tu44p(1— )qupp;u},

which leads to vI' Av = u? Tu where

I'= 2i [(2 p)o> +py+2(§ —plu+m))m)

+mp(§—p(u+m)" +2p(6+p)pl +2ppy(6+p)T

+4p(1 = p)mpmy +4p(1 - )Pppp}

= +2_ Y+ (z_zp)z((C—Pu)mT+m(C—pu)T>
4 T

4p T 2 T T
mm' +——(0 +p60"' )4+ — .
(2—-p)? 2—p( Pl +p07) p(2—p)pp

Finally, we deduce from (100) together with the Cramér-Wold theorem that

1 L
%(Sn—n(u +pmp)) = A (0,T) (101)
which achieves the proof of Theorem III1.4. U

VI. CONCLUSION AND PERSPECTIVES

This paper explicitly gives a law of large numbers and a central limit theorem for random walks

in the three-dimensional hexagonal lattices of ice and graphite.
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They allow to determine the long time behavior of a particle or a defect site moving on these
lattices, provided that the jump probabilities along each direction are explicitly known. This kind
of considerations is frequent as this mode of propagation is often used to insert foreign bodies into

crystalline structures.

These results may be strengthened by determining a speed of convergence using classic results
about multidimensional martingales. Future developpements could include the long time behavior
of exclusion processes on such lattices, in order to better understand under which conditions sev-
eral defect sites can coalesce to create a fragility in the structure. The study of the center of mass'>

of such random walks or elephant random walks! in these lattices may be subjects of interest.
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