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This paper presents the study of an energy harvester system based on a gap-closing electrostatic resonator micro-electro-mechanical system (MEMS). The electrical model is derived from a realistic mechanical model of the MEMS fabricated on Silicon on Insulator (SOI). This model is successfully validated by means of electrical simulations with LTspice and Cadence Virtuoso. We propose a figure of merit to evaluate the output power for specific parameters of the MEMS considering its nonlinear behavior. The electrical signal of the MEMS is then rectified with a charge pump circuit. Finally, the efficiency of the harvester system is evaluated. We report 9V output voltage with 92% voltage conversion efficiency.

I. INTRODUCTION

Vibration energy harvesters using micro-electro-mechanical systems (MEMS) have grown in popularity during the last years. These systems have become attractive thanks to their small size and their capabilities to operate for low-power applications like handheld IoT or/and low standby devices supplied by energy harvesters [START_REF] Toshiyoshi | MEMS Vibrational Energy Harvester for IoT Wireless Sensors[END_REF]. For such applications, it is important to get a large bandwidth and to provides a sufficient amount of energy to trigger the voltage harvesting from the MEMS.

The objective of this work is to propose a mechanical model and its electrical equivalent of a MEMS fabricated on SOI [START_REF] Vysotskyi | Electrostatic MEMS vibrational energy harvester with large bandwidth for biomedical applications[END_REF]. The electrical model is studied to understand the relationship between the frequency bandwidth of captured vibrations and the output voltage amplitude and power yield. Based on this study we defining a Figure-of-Merit (FoM) to analyze the MEMS response and its performance. The MEMS transduces the vibrational energy, the AC/DC converter receives the signal from the transducer and rectifies it to the DC component of the signal. A load capacitor will be charged with the DC voltage and part of the recuperated energy will be fed back to keep the MEMS electrically charged. The simulations performed throughout this work use ideal components, and therefore, the impedance matching network will not be considered. Instead, we will consider close to optimal load conditions in order to obtain the best output voltage taking into account that the MEMS transduces a voltage signal. In the following, we remind the mechanical model and derive from this one the electrical equivalent. After validating the model with LTSpice and Cadence we analyze the behavior under different bias conditions, physical displacements, and input signal frequencies. Finally, we analyze the signal rectification and assess the efficiency of the harvester circuit.

II. MEMS

The purpose of the vibration energy harvester is to convert acoustic energy into electrical energy. The device under study is a gap-closing comb-drive MEMS resonator Fig. 2 its geometrical and physical characteristics are presented in [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF]. The MEMS structure and parameters are used to build an electrical-equivalent circuit to simulate the behavior of the device.

A. Mechanical Model

The MEMS is considered as a single-degree-of-freedom (SDOF) system as shown in Fig. 3. Under this perspective the edges of the gap form two electrodes (or plates) of a capacitor. Applying Gauss's Law, we can assess the charge stored between these two plates, leading to the expression of the capacitance :

𝐶 = 𝜖𝑆 𝐺 -𝑥 (2)
where  is the dielectric permittivity of the medium, S is the surface, G the gap size, and x is the internal displacement, see Fig. 3.

Since we are considering a double-sided MEMS, see Fig. 2, the overall capacitance is given by ( 3)

𝐶 = 2𝜖𝑆𝐺 (𝐺 2 -𝑥 2 ) (3)
The electrostatic force is calculated in relation to the variation of the energy in the capacitor as a function of the displacement 'x'. As illustrated in Fig. 2 we can observe that the reference teeth are affected on both sides leading to the total Electrostatic Force (𝐹 𝑒 ) given by ( 4):

𝐹 𝑒 = 4𝜖𝑆𝑉 2 𝐺𝑥 (𝐺 2 -𝑥 2 ) 2 (4)
where V is the sum of the voltage produced by the MEMS, V M , and the bias voltage, V b , used to power the device.

Fig. 4 shows the electrostatic force with respect to the normalized position 𝑋 = 𝑥 𝐺 100% at different Bias Voltages Vb, for the MEMS analyzed; the response shown can only be considered for the range from 0 to 90 percent, as beyond this range, the response of the model is not stable. Furthermore, given the existence of physical stoppers between the electrodes that will prevent the electrodes from coming into contact with each other, reaching the limits of the gap is not possible. By applying Newton's law for a forced vibration regime of a damped resonator with a sine-wave driving force [START_REF] Kaajakari | Electrical) equivalent circuits for microresonators[END_REF], we deduce the complete model ( 5) [START_REF] Kaajakari | Electrical) equivalent circuits for microresonators[END_REF]:

𝑀 𝑑 2 𝑥 𝑑𝑡 2 + 𝑐 𝑑𝑥 𝑑𝑡 + 𝐾𝑥 = 4𝜖𝑆𝑉 2 𝐺 (𝐺 2 -𝑥 2 ) 2 𝑥 + 𝑀𝛾 sin(𝜔𝑡) (5)
When the gap size between the electrodes is small, the medium that exists between the gap will have to be squeezed out to oscillate. This damping is known as Squeeze Film Damping [START_REF] Imboden | Dissipation in nanoelectromechanical systems[END_REF], the total damping 'c' taking into account the squeeze film effect is shown in [START_REF] Badel | A new figure of merit for wideband vibration energy harvesters. Smart Materials and Structures[END_REF]:

c(x) = Mω o Q SFD [ G 3 (G -x) 3 + G 3 (G + x) 3 ] + Mω o Q lin (6)
where Q lin is a damping coefficient regardless of the squeeze film damping and Q SFD is the damping coefficient due to the Squeeze film damping.

The MEMS to be modeled has the following physical parameters, 46 teeth with a length of 2mm and a width of 200um, separated by a gap of 50 um, with a mass of 0.15g; it is assumed that the MEMS teeth are completely vertical so the impact of the etching angle is neglected.

The LTspice simulations were performed for different levels of V b with an acceleration γ = 0.02g, a mechanical quality factor Q lin = 600 and a squeeze-film damping coefficient Q SFD = 1000 considering a with a natural frequency of f 0 = 1 2π √K/M = 60Hz [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF].

In most of the considered applications, the vibration-energy of harvested source signal occurs at specific frequency bands hence the frequency response of the MEMS requires a wide enough bandwidth. The frequency response of the studied harvester is shown in Fig. 5.a, which shows the circuit output power measured at the load for the MEMS model for a set of bias voltages Vb. Fig. 5a put clearly in evidence the "softening" effect where a reduction of the resonance frequency decreases while V b increases and consistent with the real behavior of the MEMS [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF]. The model also shows that we can reach for high bias voltage a large operating BW but at the cost of a lower P peak . The model predicts a significant increase of the BW and a nonlinear variation of P Peak with the increase of V b . It suggests that the best-operating conditions for the MEMS are at a high enough bias voltage (>30V) where the BW is large enough and V out does not vary significantly from its maximum value (~10V). Based on the above results and observations we can define a reliable FoM based on previous work [START_REF] Badel | A new figure of merit for wideband vibration energy harvesters. Smart Materials and Structures[END_REF]:

𝐹𝑜𝑀 = 𝑃 peak 𝐵𝑊 𝐹 𝐴𝑉 [𝑊] (7) 
In this work, we propose a modified FoM presented in [START_REF] Lefeuvre | Self-Biased Inductor-less Interface Circuit for Electret-Free Electrostatic Energy Harvesters[END_REF] where F AV is the average frequency within the BW and P peak the peak power at the load. 

B. Electrical Equivalent Model

After defining the mechanical model we derive the equivalent electrical model of the MEMS in Fig. 6. To simulate the displacement x, we use the mechanical model defined by [START_REF] Imboden | Dissipation in nanoelectromechanical systems[END_REF], and propose an electrical model using an RLC circuit as shown in Fig. 6. [START_REF] Kaajakari | Electrical) equivalent circuits for microresonators[END_REF]: Using the definition of the current as a function of the charge we derive the current produced by the mechanical section of the system in ( 8),

𝐼 = dQ dt = 𝑉 𝑑𝐶 𝑑𝑡 + 𝐶 𝑑𝑉 𝑑𝑡 = 𝐼 𝑚𝑜𝑡 + 𝐶 𝑑𝑉 𝑑𝑡 (8)
where C is the total capacitance C(x) + C par and the motional current 𝐼 𝑚𝑜𝑡 of this model is obtained from ( 6) and given by ( 9):

𝐼 𝑚𝑜𝑡 = 𝑑𝐶 𝑑𝑡 V = - 4𝜖𝑆𝑉𝐺𝑥 (𝐺 2 -𝑥 2 ) 2 𝑑𝑥 𝑑𝑡 (9)
As a result, we derive the electrical model in Fig. 7. Indeed we show in [START_REF] Holguin | Harvesting performances of a gap-closing MEMS energy harvester with squeeze-film damping[END_REF] that we can reduce the MEMS to a charge-controlled current source based on the capacitance variation caused by the MEMS displacement. In Fig. 7 The MEMS is represented by a variable current source I mot , connected in parallel to C(x) defined in (3); C(x) represents the capacitance of the MEMS as a function of the displacement and C par = 1pF is a parasitic capacitance. III. ELECTRICAL SIMULATIONS Now that we developed the electrical-equivalent analytical model we implement it as an electrical circuit to analyze its response. Fig. 8 shows the schematic of the MEMS-based electrostatic energy harvester, the model is represented as an x-dependent variable capacitance C(x), connected in parallel to a parasitic capacitance C par . The energy harvester is fed by a capacitor C bias pre-charged at a voltage V b , which must be steady during the harvesting process. This explains why part of the harvested voltage at the output must be fed back to the MEMS. The charge of C(x) is equal to the capacitance in (3) multiplied by the voltage across the MEMS, giving a current equal to the one in [START_REF] Rivadeneira | Optimization of active voltage rectifier/Doubler designed in 90nm technology[END_REF]. To get a stable signal given the variable nature of the output voltage at the impedance load R L ∥ C L and C(x), a charge pump circuit is implemented using ideal components. The circuit uses a rectifier (D1, D2) so that the electrical energy generated is accumulated in C L . Note that C bias must be much larger than C(x) for any displacement so that voltage variations at the output can be bypassed during each conversion cycle. As a fraction of the collected energy is needed to charge C bias , a diode D3 is connected between the terminals of C(x) and C L . The model is implemented for energy harvesting using the circuit shown in Fig. 7. The energy harvester operates by receiving the voltage produced by C(x) and, D1 and D2 rectify it producing a DC voltage. First C L will start to accumulate charge until it reaches a point where its voltage is higher than the voltage of C(x), at which moment all the DC voltage will be sent to C(x) charging capacitor C bias and losing part of the charge in C par ; when C(x) has a voltage higher than C L , D3 will be in an open circuit causing the cycle to repeat. The overall capacitance while D2 is conducting is ((C(x) + C par ) ∥ C bias ) ∥ C L , by the time D3 is conducting the capacitance will be (C(x) + C par + C L ), consequently the optimal operating voltage of C L exists when C L ≫ C(x), C(x) obtained at the maximum displacement of 90% is 32.42pF, therefore, a C L of 33nF was chosen, a value that was used before in the literature for this type of application [START_REF] Vysotskyi | Electrostatic MEMS vibrational energy harvester with large bandwidth for biomedical applications[END_REF]. Where v out is the voltage at the load R L and v in the voltage before the rectifier. Through simulation, it is observed that when the system approaches resonance the highest output voltage and the lowest ripple occurs when using a load impedance of 33nF and 1GΩ (Z L = C L ∥ R L ), this will be further validated by the figure of merit shown in Fig. 10.

The figure of merit VCE is not the same for all frequencies, so they were simulated at 3 different frequency points. This simulation is done using a C L of 33nF and an R L of 1𝐺Ω. The results of the FOM are shown in Fig. 10. The rectifier presents a good voltage performance of about 100% for an input power above 0 dBm for the three frequencies, The result suggests that we are using a close to optimal load condition, the drawback is that due to the value R L the system we will have a high voltage but a low output current (~nA), which means that the charging time of C L will be long, this will be part of the problems we will have to address during future optimization of the system. The goal rectifier was to recover the MEMS charge and it worked making it sufficient for system validation but should be optimized for realistic application.

IV. CONCLUSION AND FUTURE WORK

The proposed electromechanical model demonstrated the impact of the nonlinear behavior of the MEMS on its performance, which is a tradeoff between bandwidth and output voltage. This tradeoff highlights how a large bias voltage improves the FOM of the system. The model was verified using it in an energy harvester circuit, which proved a good rectification of the oscillatory response maintaining 92% of the V M amplitude. The rectifier shows a voltage conversion efficiency close to 100%. Further work will focus on finding the optimal load for the highest conversion efficiency and its implementation as an integrated circuit.
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 1 Fig. 1: Block diagram of the energy harvester.

Fig. 1

 1 Fig. 1 shows the block diagram of the studied energy harvester. The MEMS transduces the vibrational energy, the AC/DC converter receives the signal from the transducer and rectifies it to the DC component of the signal. A load capacitor will be charged with the DC voltage and part of the recuperated energy
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 2 Fig. 2: Design of the gap-closing comb-drive electrostatic MEMS resonator. Physical characteristics are given, in [3].
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 3 Fig. 3: SDOF model for a considered MEMS.
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 4 Fig. 4: Electrostatic Force in function of the normalized position (X).
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 5 Fig. 5: (a)Frequency response of the output voltage for several bias voltages 𝑉 𝑏 : 5V (green), 30V (blue), 45V (red), (b) the Figure of merit for the model, simulated for various levels of bias voltage.

Fig. 6 :

 6 Fig. 6: Circuit equivalent of the Mechanical equation of the MEMS.
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 7 Fig. 7: Electrical circuit representing the electrical behavior of the MEMS resonator.
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 8 Fig. 8: circuit for MEMS-based energy harvester.

Fig. 9 :

 9 Fig. 9: Steady-State response of the energy harvester for an input frequency of 55Hz and acceleration of 0.02g.

Fig. 9

 9 Fig.9shows the response of the MEMS in steady state, V M is the voltage across C(x) without the DC component V b . The simulation is done using the circuit presented in Fig.8. It is observed that the circuit has a good signal rectification, retaining around 92% of the peak voltage level. The performance of the rectifier circuit is analyzed as a figure of merit, the voltage conversion efficiency (VCE). 𝑉𝐶𝐸% = 1 𝑇 ∫ 𝑣 𝑜𝑢𝑡 𝑑𝑡 𝑡 0 +𝑇 𝑡 0 max (𝑉 𝑖𝑛 ) 100
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 10 Fig. 10: VCE as a function of the input power for diodes with finite conductance, no threshold voltage, and infinite PIV.