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I. INTRODUCTION

Vibration energy harvesters using micro-electro-mechanical systems (MEMS) have grown in popularity during the last years. These systems have become attractive due to their small size and their capabilities to operate for low-power applications like handheld IoT or/and low standby device supplied by energy harvester [START_REF] Toshiyoshi | MEMS Vibrational Energy Harvester for IoT Wireless Sensors[END_REF]. For such applications, it is important to have a large bandwidth to increase the frequency range that provides a sufficient amount of energy. The objective of this research is to propose a mechanical model and its electrical equivalent of a MEMS-based energy harvester fabricated and presented in a previous work [START_REF] Vysotskyi | Electrostatic MEMS vibrational energy harvester with large bandwidth for biomedical applications[END_REF]. We also quantify the impact of the nonlinear forces in comparison with a linear model. Then, we analyze how to pitch the electrical components to maximize the bandwidth and the energy yield. After describing the system mathematically, we analyze its circuit equivalent to increase the bandwidth while maintaining a high output power and assess the yield using a Figure-of-Merit (FoM).

II. MEMS

The purpose of the vibration energy harvester is to convert acoustic energy into electrical energy. The device under study is a gap-closing comb drive MEMS resonator, (Fig. 1), where geometrical and physical characteristics are presented in [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF]. 

A. Mechanical Model

The MEMS is considered as a single degree-of-freedom (SDOF) system as shown in Fig. 2.

FIGURE 2. SDOF model for a considered MEMS

Under this perspective the edges of the gap form two electrodes (or plates) of a capacitance. Applying Gauss' Law, we can assess the energy stored between these two plates. Since we are considering a double-sided MEMS (Fig. 1) the overall capacitance is given by ( 1) where  is the dielectric permittivity of the medium, S is the surface, G the gap size and x is the internal displacement.

𝐶 = 2𝜖𝑆𝐺 (𝐺 2 -𝑥 2 ) [𝐹] (1) 
The corresponding electrostatic force is calculated in as a function of the displacement (x). As illustrated in Fig. 1 we can observe that the reference teeth is affected on both sides leading to the total Electrostatic Force (𝐹 𝑒 ) given by [START_REF] Vysotskyi | Electrostatic MEMS vibrational energy harvester with large bandwidth for biomedical applications[END_REF].

𝐹 𝑒 = 4𝜖𝑆𝑉 2 𝐺𝑥 (𝐺 2 -𝑥 2 ) 2 [𝑁] (2) 
By applying Newton's law, for a forced vibration of damped resonator with an sine-wave driving force [START_REF] Kaajakari | Electrical) equivalent circuits for microresonators[END_REF], we deduce the complete model (3) [START_REF] Kaajakari | Electrical) equivalent circuits for microresonators[END_REF], and the damping c is showed in Eq. ( 4).

𝑀 𝑑 2 𝑥 𝑑𝑡 2 + 𝑐(𝑥) 𝑑𝑥 𝑑𝑡 + 𝐾𝑥 = 4𝜖𝑆𝑉 2 𝐺 (𝐺 2 -𝑥 2 ) 2 𝑥 + 𝑀𝛾 sin(𝜔𝑡) (3) 𝑐(𝑥) = 𝑀𝜔 𝑜 𝑄 𝑆𝐹𝐷 [ 𝐺 3 (𝐺 -𝑥) 3 + 𝐺 3 (𝐺 + 𝑥) 3 ] + 𝑀𝜔 𝑜 𝑄 𝑙𝑖𝑛 (4)
This model is implemented as an electrical circuit to analyze its response. As long as the gap is much bigger than the displacement and the voltage produced by the vibration much smaller than the bias voltage 𝑉 𝑏 , we can linearize the electrostatic force Fe, for this case the damping produced will be neglected. Under these assumptions, we deduce the so-called linearized model (LM) described by [START_REF] Badel | A new figure of merit for wideband vibration energy harvesters. Smart Materials and Structures[END_REF]. 

This LM will work as a reference to be compared to the fully non-linear model (FNLM) described by [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF].

A. Electrical Equivalent Model

Based on the mechanical model ( 3), we propose an electrical model using a RLC Circuit as described in Fig. 3 [4]: The electrical behavior of the MEMS is represented as a variable current source, connected in parallel to 𝐶(𝑥) shown in Eq. ( 1), that represents the capacitance of the MEMS as a function of the displacement, and 𝐶 𝑝𝑎𝑟 = 1𝑝𝐹 is a parasitic capacitance. The MEMS is supplying a 1GΩ load 𝑅 𝐿 . Simulations suggest that it is close to the optimal load when the system is close to resonance. The motional current 𝐼 𝑚𝑜𝑡 of this model is given by (6).

𝐼 𝑚𝑜𝑡 = - 4𝜖𝑆𝑉 𝑏 𝐺𝑥 (𝐺 2 -𝑥 2 ) 2 𝑑𝑥 𝑑𝑡 (6)
In the LM, the corresponding motional current is (7).

𝐼 𝑚𝑜𝑡 = - 4𝜖𝑆𝑉 𝑏 𝐺 2 𝑥 𝑑𝑥 𝑑𝑡 (7) 
III. ELECTRICAL SIMULATIONS LTspice simulations were performed for 3 different levels of 𝑉 𝑏 . The simulations were performed with an acceleration of 0.02g, a mechanical quality factor 𝑄 𝑙𝑖𝑛 = 600 and a squeezefilm damping coefficient 𝑄 𝑆𝐹𝐷 = 1000, with a natural frequency of 𝑓 0 = 1 2𝜋 √𝐾/𝑀 = 60𝐻𝑧 [START_REF] Brenes | Nondestructive gap dimension estimation of electrostatic MEMS resonators from electrical measurements[END_REF]. Fig. 5 shows the results of the circuit output power measured at the load for both linear and nonlinear models for a set of bias voltages. The linear model matches well the linear Fe model as long as the displacement is small enough (𝑥/𝐺 ≤ 20%) independently of 𝑉 𝑏 . However for 𝑥/𝐺 > 20%, the linear model considers a linear growth of the peak voltage and a constant 3dB-bandwidth (BW) when the bias voltage increases. In the case of the nonlinear model, we observe the well-known "softening" effect, where the resonance frequency decreases as 𝑉 𝑏 increases. The fully nonlinear model predicts a significant increase of the BW. It suggests that the best operating conditions for the MEMS are at a high enough bias voltage (>30V) where the BW is large enough and 𝑃 exhibits a kind of "plateau" close to resonance. These observations give information to compute a reliable FoM based on previous work [START_REF] Badel | A new figure of merit for wideband vibration energy harvesters. Smart Materials and Structures[END_REF]. In this work we propose a FoM figure of merit presented in (8) where 𝐹 𝐴𝑉 is the frequency at the middle of the bandwidth and 𝑃 𝑝𝑒𝑎𝑘 is the peak power of the system. As soon as the bias voltage is larger than 15V, the gap-closing MEMS resonator provides a FoM which is 2 to 3 times larger than the power provided by a comparable linear resonator.

IV. CONCLUSION

The proposed electro-mechanical model demonstrated the impact of the nonlinear behavior of the MEMS subject to squeeze-film damping on its performance. We quantified the bandwidth improvement and the corresponding FOM improvement. For the bias voltages we tested, we can expect an FOM increase of 200% to 300% compared to a resonator with linear stiffness. Further work will aim at the design of an electronic circuit to keep the resonator on the upper branch of these frequency responses.
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 1 FIGURE 1. Design of the gap-closing comb-drive electrostatic MEMS resonator.
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 3 FIGURE 3. Circuit equivalent of the Mechanical equation of the MEMS.
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 3 FIGURE 3. Electrical circuit representing the electrical behavior of the MEMS resonator.
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 4 FIGURE 4. Downsweep frequency response of the output power for several bias voltages 𝑉 𝑏 : 5V (green), 30V (blue), 45V (red).
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 5 FIGURE 5. Comparison of the figures of merit for the linearized and fully nonlinear models, simulated for various levels of bias voltage.