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Semiclassical Ohsawa-Takegoshi extension theorem
and asymptotics of the orthogonal Bergman kernel.

Siarhei Finski

Abstract. In this paper, we study the asymptotics of Ohsawa-Takegoshi extension operator and
orthogonal Bergman projector associated with high tensor powers of a positive line bundle.
More precisely, for a fixed submanifold in a complex manifold, we consider the operator which
associates to a given holomorphic section of a positive line bundle over the submanifold the holo-
morphic extension of it to the ambient manifold with the minimal L?-norm. When the tensor power
of the line bundle tends to infinity, we prove an exponential estimate for the Schwartz kernel of
this extension operator, and show that it admits a full asymptotic expansion in powers of the line
bundle. Similarly, we study the asymptotics of the orthogonal Bergman kernel associated to the
projection onto the holomorphic sections orthogonal to those which vanish along the submanifold.
All our results are stated in the setting of manifolds and embeddings of bounded geometry.
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1 Introduction

One of the main goals of this article is to give an asymptotic version of Ohsawa-Takegoshi exten-
sion theorem for powers of the twisting positive line bundle tending to infinity. Another goal is
to establish the asymptotic expansion of the Schwartz kernel of the orthogonal Bergman projector
onto the holomorphic sections orthogonal to those which vanish along a submanifold.

More precisely, we fix two (not necessarily compact) complex manifolds X, Y, of dimensions
n and m respectively. We fix also a complex embedding ¢ : Y — X, a positive line bundle (L, h%)
over X and an arbitrary Hermitian vector bundle (F, k") over X. In particular, we assume that for
the curvature R” of the Chern connection on (L, h), the closed real (1, 1)-differential form

VoI

w 5 1t (1.1)

is positive. We denote by g”* the Riemannian metric on X induced by w as follows
g () = wl ), (12)

where J : TX — TX is the complex structure on X. We denote by g’ the induced metric on Y.

We assume throughout the whole article that the triple (X, Y, g*™), and the Hermitian vector
bundles (L, h"), (F,h!"), are of bounded geometry in the sense of Definitions 2.8, 2.14.

This means that we assume uniform lower bounds rx, 7y > 0 on the injectivity radii of X, Y,
the existence of the geodesic tubular neighborhood of Y of uniform size ; > 0 in X, and some
uniform bounds on related curvatures and the second fundamental form of the embedding.

Now, we fix some positive (with respect to the orientation given by the complex structure)
volume forms dvy, dvy on X and Y. For smooth sections f, f’ of LP? ® F over X, we define the
L2-scalar product using the pointwise scalar product (-, -);,, induced by i and h%, as follows

Fof)pax / (f(x) ), dox (). (1.3)

Similarly, using dvy, we introduce the L?-scalar product for sections of *(L? ® F') over Y. We
denote by H? 0 (X, LP ® F) and H (02) (Y, *(L? @ F)) the vector spaces of holomorphic sections of
LP ® F over X and Y respectively with bounded L?-norm.

We assume that for the Riemannian volume forms dv,rx, dv,ry of (X, g7%), (Y, g™¥'), for any
k € N, there is C}, > 0, such that over X and Y, the following bounds hold

Hdv TX’ <Cp. (14

H dvx Hdv GTY H dvy

dUX dv TX dvy dv TY

By extending Ohsawa-Takegoshi theorem, [33], [32], [11, §13], in Theorem 4.4, we prove that
there is po € N, such that for any p > po, g € Hiy (Y, (LP @ ), there is f € Hy) (X, LP @ F),
satisfying f|y = g. Then, for the Bergman projector BPY , given by the orthogonal projection from
the space of L?-sections L*(Y, *(LP@ F)) to Hpyy (Y, " (LP®@ F) ), we define the extension operator

E,: L*(Y,/'(L? @ F)) = H{p» (X, P © F), (1.5)

by putting E,g = f, where f|y = B;/ g, and f has the minimal L?*-norm among those [’ €
H (02) (X, LP @ F) satisfying f'|y = B;/ g (the set of such f’ is closed and convex, hence f exists
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and it is unique by Hilbert projection theorem). In particular, for ¢ € H (02)(Y, HF(LP R F)), we

have (E,g)|y = g. Ohsawa-Takegoshi extension theorem means in this context precisely that the
operator E, is bounded. In this article, we find an explicit asymptotic expansion of E,,, as p — oo.

More precisely, we identify the normal bundle N of Y in X as an orthogonal complement of
TY in T X (with respect to g7X) so that we have the following orthogonal decomposition

TX|y = TY & N. (1.6)

We denote by ¢g” the metric on N induced by g7*. Let P : TX|y — N, PY : TX|y — TY, be
the projections induced by (1.6). Clearly, VY := PNVT¥|, defines a connection on N.

ForyeY,Zy € N,letR >t — eXp;{(tZN) € X be the geodesic in X in direction Zy.
Bounded geometry condition means, in particular, that this map induces a diffeomorphism of r -
neighborhood of the zero section in N with a tubular neighborhood U of Y in X. From now on,
we use this identification implicitly. Of course, (y,0), y € Y, then corresponds to Y.

We denote by 7 : U — Y the natural projection (y, Zy) — y. Over U, we identify L, F to
7*(Lly), ™ (F|y) by the parallel transport with respect to the respective Chern connections along
the geodesic [0,1] 3t — (y,tZn) € X, |Zn| < ., and we define a function k as follows

d’UX = KNdUY N dUN, (17)
where dvy is the relative Riemannian volume form on (V, gV ). Of course, we have ky|y = 1if
dUX = dngX, dvy = d'UgTY. (18)

Using the above identification, we define the operator E) : L*(Y, *(LP®F)) — L*(X, LP®F)
as follows. For g € L*(Y, (L ® F)), we let (E)g)(z) = 0,2 ¢ U, and in U, we put

(E0) (5 7x) = (B g)w) o (512 (221). (1.9

where the norm | Zy|, Zy € N, is taken with respect to g%V, and p : R, — [0, 1] satisfies

1, forx < }l,
T) = 1.10
plz) {O, for z > % ( )

Now, for g € Hpy (Y,0*(LP ® F)), the section Epg satisfies (E)g)ly = g, but E}g is no longer
holomorphic, unless ¢ = 0. Nevertheless, as we shall see, Egg can be used to approximate very
well the holomorphic section E, g. More precisely, we have the following result.

Theorem 1.1. There are C' > 0, p; € N*, such that for any p > p,, we have

C
|E, — E)|| < == (1.11)
2
where || - || is the operator norm. Also, as p — oo, we have
off ! :
HEPH ~ ——— - sup K (y). (1.12)
p 2 yey
Moreover, under assumption (1.8), in (1.11), one can replace pn73n+1 by pn7?+2 if and only if Y is

a totally geodesic submanifold of (X, g™%), i.e. the second fundamental form, see (1.19), vanishes.
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Remark 1.2. The boundness of xy follows from the bounded geometry condition, see Corollary
2.10. Hence, the right-hand side of (1.12) is finite.

Corollary 1.3. There is p; € N*, such that for any £ € N*, there is C' > 0, such that for any
pP=>p1,g € H&)(Y, F(LP @ F)), we have

C
[V (Ep9) | 2 x) < pe==p 0 (1.13)

where the connection V is induced by the Chern and Levi-Civita connections.

Remark 1.4. The estimate of type (1.13) was lacking in Demailly’s approach to the invariance of
plurigenera for Kéhler families, see [14, (4.19)]. Remark that in [14], the manifold X is an open
strictly pseudoconvex domain U, given by the neighborhood of the diagonal of certain product
manifold (hence, X is never compact), and the manifold Y is the (compact) diagonal. Our theo-
rem applies to this setting because the Bergman metric on any strictly pseudoconvex domain has
bounded geometry, see Klembeck [25, Theorem 1 and p. 279] and Greene-Krantz [22, p. 8].

Both Theorem 1.1 and Corollary 1.3 appear as almost direct consequences of more precise
results about the asymptotics of the Schwartz kernel E,(z,y) € (LP @ F), ® (P ® F);, v € X,
y € Y, of E, with respect to dvy. To state them, recall that E,(x,y) is defined so that for any
g€ LAY, *(L? ® F)), z € X, we have

(Epg)(z) = /Y Ep(z,y) - g(y)dvy (y). (1.14)

Theorem 1.5. There are ¢ > 0, py € N*, such that for any k € N, there is C' > 0, such that for
anyp > p1, v € X,y €Y, the following estimate holds

E,(z,v) < Cp™ts exp (— cy/pdist(z, ), (1.15)

CE(XXY)

where the pointwise €*-norm of an element from ¢>(X x Y, (L? @ F) X (L? ® F)*) at a point
(z,y) € X x Y is the sum of the norms induced by h', ht" and g*~, evaluated at (), of the
derivatives up to order k with respect to the connection induced by the Chern connections on L, I
and the Levi-Civita connection on T'X.

Theorem 1.5 implies that to understand fully the asymptotics of the Schwartz kernel of the
extension operator, it suffices to do so in a neighborhood of a fixed point (yo,%0) € Y X Y in
X x Y. Our next result shows that after a reparametrization, given by a homothety with factor
/P in certain coordinates around (4o, 3o ), the kernel of this extension operator admits a complete
asymptotic expansion in integer powers of ,/p, as p — oo. To state it, we fix some notation.

We fix a point yo € Y and an orthonormal frame (e, ..., es,,) (resp. (€ami1,---,€2,)) In
(TyY, g.)) (xesp. in (Ny,, g )), such that for s = 1, ..., n, the following identity is satisfied

Jezi_l = €9;. (116)

For Z = (Zy,Zn), Zy € R*™, Zy € R2"™ 7y = (Zy,..., Zom)s Zn = (Zomits - - - Zan)s
|Zy| < ry. |Zy| < r., we define a coordinate system v, : BE" (ry) x BE"™" (r,) = X by

Voo (Zy, Zn) = XDy (2,)(Zn(Zy)), (1.17)
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where we identified Zy, Zy to elements in 7,Y, N, using the fixed frames (ey, ..., ean)
and (e2m11,---,€2m), ZN(Zy) € Nexpg’o(zy) is the parallel transport of Zy along the geodesic
expl (tZy), t = [0, 1], with respect to the connection V¥ on N, and BY (€), ¢ > 0 means the

euclidean ball of radius € around 0 € R¥. The coordinates 1), are called the Fermi coordinates at
yo. Define the functions k., : BE™" (ry) x BE" 7™ (1) = R, ky,, : B¥" (ry) = R, by

(0% dox )(Z) = kix o (Z)dZ1 A -+ A\ dZsn,

* (1.18)
(1/)y0d7jy)(Zy) == /iy7y0(Zy)d21 VANRRIIVAY dZQm

Clearly, under assumptions (1.8), we have kx4, (0) = Ky, (0) = 1. Once the point y, is fixed, we
usually omit it from the subscript of the x-functions.
We define the second fundamental form A € €= (Y, T*Y @ End(T X |y)) by

A:=VTy - VY VY, (1.19)

Trivially, A takes values in skew-symmetric endomorphisms of 7°X |y, interchanging 7Y and N.
We fix an orthonormal frame f,. .., f, € F},, and define fl, ey fr by the parallel transport of
f1,- .., fr with respect to the Chern connection V¥ of (F, h'"), done first along the path ¢(tZy, 0),
t € [0,1], and then along the path ¢)(Zy,tZx), t € [0,1], Zy € R*™, Zy € RE"=™)_|Zy| < 1y,
|Zn| < .. Similarly, we trivialize L in the neighborhood of 3. Those frames allow us to interpret
E,(x,y) as an element of End(F,) for z € X, y € Y in a min(r, 7x)-neighborhood of y.
We also define the function &, ,,, over R*" x R?*™ as follows

T 2 2 - T ¢ 2
&2, Z}) = exp ( ~ 5 (P 1P —2z2) =5 3 ) (1.20)
=1 i=m+1
where Z = (Zy, Zxn), Zy, Zi, € R*™, Zn € R2=™) and z;, 2/ are given by z; = Zo;_1 ++/—1Zy;,
2i = Zy;, +V—1Zy, fori=1,... ,nandj=1,...,m. As we show in Section 3.2, &, ,,,(Z, Zy)
is the Schwartz kernel of the extension operator for some model situation. The following theorem
shows that in the general case, the extension operator is comparable to this model one.

Theorem 1.6. Foranyr € N, yo € Y, there are JF¥(Z, Z},) € End(F,,) polynomials in Z € R*",
Zi, € R*™, with the same parity as r and deg J¥ < 3r, whose coefficients are polynomials in w,
RTX, A, RE, (dvx/dngx)ii, (dvy/dvgw)iﬁ, and their derivatives of order < 2r, all evaluated
at yo, such that for the functions F¥ := JEF . &, ., over R* x R*™, the following holds.

There are €,¢ > 0, p1 € N* such that for any k,1,I" € N, there is C > 0, such that for
any yo €Y, p > p, Z = (Zy,2Zn), Zy,Z} € R¥™, Zy € RXn=m) | Z||Z4| <€ a € N,
of € N, |a| + || <1, for Q. i= 6(16(n + 2)(k + 1) +1') 4 21, the following bound holds

glal+la’l /1 , LI L1 1
‘W(EEIJ(%O(Z),%O(ZY)) - ;p 2F7(v/pZ, @ZY)KXQ(Z)HYQ(ZY))

7! (Y)

E4+1-1

Ql !/
<Cp " (14 il z)+ BlZy]) " exo (= o2y — 24l +12n))), (12D)

where the €" -norm is taken with respect to . Also, the following identity holds

1
Jo'(Z, Zy) = 1dg,, - k3 (). (1.22)
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Moreover, under assumption (1.8), we have
JU(Z, Zy) =1dp,, - mg(en, Ay — Zy) By — Zy)), (1.23)

where we implicitly identified Z € R*" to an element in T, X as Z =Y Z; - e;, similar notations
have been used for Zy, Z, Zs,, and zy, zy, 2y are the induced complex coordinates.

Remark 1.7. When Y is a point, we recover the asymptotic expansion of peak sections.

The operator £, is very much related to the orthogonal Bergman projector. The last operator
is defined as the orthogonal projector onto the holomorphic sections of L” ® F' over X, which
are orthogonal to those vanishing along Y. To prove Theorems 1.5, 1.6, and out of independent
interest, we establish analogous results for this projector. More precisely, consider the vector space

HY (X, P @ F) = {f € HY(X, I’ @ F): fly = 0}. (1.24)

An easy verification shows that (1.24) is a closed subspace. Let (02,)¢ (X, L’ ® F') be the orthogonal
complement of H ?2’3)()( ,[P® F)in H (02) (X, LP ® F) with respect to the L2-scalar product.

Denote by B;-, By, B,X the orthogonal projection from L*(X, L’ ® F) to H é)z’)L(X P F),

H3 (X, [P ® F) and Hf (X, L? @ F) respectively. Similarly to (1.14), we denote by By (w1, 7),

BY(21,22), B (1, 2) the Schwartz kernels of B,-, B), B, with respect to dvx.

Theorem 1.8. There are ¢ > 0, py € N*, such that for any k € N, there is C' > 0, such that for
any p > p1, r1,xs € X, the following estimate holds

‘B;‘(l‘l, ZEQ)

< C’p”"’g exp < — Cﬁ(diSt(Il, 132) + diSt(xla Y) + diSt(m% Y))) ) (125)

Gr(X xX)
where the norm €* is interpreted in the same way as in Theorem 1.5.

Hence, for the asymptotics of the Schwartz kernel of BpL, it is only left to study it in the
neighborhood of a fixed point (yo,y0) € Y x Y in X x X. To state our result in this direction, we
define the function &, over R*" x R*" as follows

n

P (Z,7) = exp ( . gz (l2:l? +1212) + w; zl-z;), (1.26)

=1

where Z, 7' € R?", and z;, 2/ are given by 2; = Zo; 1 + \/—12y;, 2} = Zb; | + \/—1Z},, for
i =1,...,n. As we show in Section 3.2, &, (Z, Z') is the Schwartz kernel of the orthogonal
Bergman projector for some model situation. Again, the following theorem shows that the gen-
eral situation is comparable to this model one. We use the same trivialization of £’ and L in the
neighborhood of 1, as in Theorem 1.6, and interpret B, (21, 22) as an element of End(F),), for
x1, 22 € X in a min(r, , rx )-neighborhood of yj.

Theorem 1.9. Foranyr € N, yo € Y, there are polynomials J-(Z,7') € End(F,,), Z,Z' € R*,
with the same properties as in Theorem 1.6, such that for FX .= J+ . 2L the following holds.

n,m’
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There are €,¢c > 0, p1 € N* such that for any k,1,I' € N, there is C > 0, such that for
any yo € Y, p > pi, Z = (Zy,Zn), Z' = (ZY,2Y), Zy,Z}, € R?™, Zy, Zh € RAn=m),
1Z),12'| <€ a,o’ € N*", |a| + || <L, for QF ;= 3(8(n + 2)(k + 1) +1') + I, we have

p" w(y)

glotta’l /1 E U
’—aZaazro/ (—Bé (o (2), 10 (21) = D0 2 (VD2 P2 )k (2)kx* (2 >>
r=0

< op 5 (14 vlz) + \/ﬁlZ’DQi’l’" exp (= eyp(1Zy = 24|+ 1Zx] +1Z4) ). (1.2D)
where the €" -norm is taken with respect to 1yo. Also, we have
Jo(Z,2") =1dp,,. (1.28)
Moreover, under the assumptions (1.8) and notations as in (1.23), we have
Ji(Z2,2') =1dp,, -7g(an + 2y, A(Zy — Zy)(Zy — Z4)). (1.29)

Remark 1.10. We present an algorithmic way to compute the polynomials JZ, J-.

Let us finally say few words about the tools we use in this article. The proofs of Theorems
1.5, 1.8 rely on the exponential estimate for the Bergman kernel, cf. Ma-Marinescu [30], and the
refinement — in our asymptotic setting — of the Ohsawa-Takegoshi extension theorem, see Theorem
4.1, the proof of which is inspired by Bismut-Lebeau [3] and Demailly [10].

The proofs of Theorems 1.6, 1.9 rely on some techniques from spectral analysis, inspired
by [3]; on the existence of the so-called uniform Stein atlases (see Definition 2.33) on Kihler man-
ifolds of bounded geometry, which we establish using Hormander’s L2-estimates; on the asymp-
totic expansion of the Bergman kernel due to Dai-Liu-Ma [9] and some technical results about the
algebras of operators with Taylor-type expansion of the Schwartz kernel, which are inspired by
the work of Ma-Marinescu [29], cf. [28, §7]. The general strategy for dealing with semi-classical
limits here is inspired by Bismut [2] and Bismut-Vasserot [4].

The technical novelty of this paper, compared to [9], is that, unlike B;( , the operator BpL is not
the spectral projector associated to the Kodaira Laplacian. This breaks apart most of the techniques
used in [9], [28], as, for example, the relation with the heat kernel is no longer available. To remedy
this, instead of Laplacian, we construct an “ad hoc” operator, see (5.2), based on the restriction map
and B{;{ , so that Bpl is the spectral projector associated to this new operator.

A similar idea of using spectral theory of operators other than Laplacian in the study of
Bergman kernel has been used in symplectic reduction setting by Ma-Zhang [31]. In their
manuscript, authors use the deformation of Laplacian by the Casimir operator, coming from Hamil-
tonian action of a compact Lie group. This deformation, differently from our setting, is a differen-
tial operator itself. This makes technical details of our article different, as here the spectral theory
is applied to an operator, which is no longer local, and actually has a smooth Schwartz kernel.

We note that Theorems 1.8, 1.9, can be reformulated in terms of the so-called logarithmic
Bergman kernel, which correspond to the Schwartz kernel of Bg. This is due to the obvious
relation B,Y = B) + B,, and the fact that the Schwartz kernel of B, is already well-understood
by the results of Tian [38], Catlin [6], Zelditch [40], Dai-Liu-Ma [9] and Ma-Marinescu [30].

We, finally, mention that a problem, related to the one from this article, but in realms of non-
Archimedean geometry, has been considered by Chen-Moriwaki [7] and Fang [18].
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This paper is organized as follows. In Section 2, we recall the definitions of manifolds (resp.
pairs of manifolds, vector bundles) of bounded geometry. We compare Fermi coordinates to
geodesic coordinates. We then introduce and study the notion of uniform Stein atlases. In Section
3, we prove that the set of operators over manifolds of bonded geometry, admitting certain bounds
on the Schwartz kernels, forms an algebra under the composition. In Section 4, we establish a
spectral bound for the restriction operator. Finally, in Section 5, by using all the above results, we
establish the results announced in this section.

Notations. We use notations X, Y for complex manifolds and M, H for real manifolds. The
complex (resp. real) dimensions of X, Y (resp. M, H) are denoted here by n, m. An operator ¢
always means an embedding ¢ : Y — X (resp. ¢ : H — M). We denote by Resy (resp. Resy)
the operator of restriction of sections of a certain vector bundle over X to Y (resp. M to H). A
variable p € N always denotes the power of a line bundle, and ¢ € R is related to it by

t N3 (1.30)
For a Riemannian manifold (M, g"*"), we denote the Levi-Civita connection by , and by
dvgra the Riemannian volume form. For a closed subset W C M, r > 0, let B% (r) be the ball of
radius r around W. For a Hermitian vector bundle (E, h¥), note B,(E) :=={Z € E : |Z|= < r}.
For a fixed volume form dvy; on M, we denote by L?(dvyr, h®) the space of L*-sections of F
with respect to dvy; and h”. When dvy, = dvgrar, we also use the notation L?(g”, h*). When
there is no confusion about the data, we also use the simplified notation L?(M) or even L.
For n € N*, we denote by dvcn the standard volume form on C". We view C™ (resp. R?™)
embedded in C" (resp. R?") by the first m coordinates. For Z € RF, we denote by Z;, | =
., k, the coordinates of Z. If Z € R?*", we denote by z;, i = 1,...,n the induced complex
coordinates z; = Zs;_1 + /—17Z5;. We frequently use the decomposition Z = (Zy, Zy), where
Zy = (Zy,...,Zm) and Zy = (Zoyy1, - - -, Zon). For a fixed frame (eq, ..., eq,) in T, X,y €Y,
we implicitly identify Z (resp. Zy, Zy) to an element in 7, X (resp. 1,Y’, N,) by

VTM

2n 2m 2n
Z = Z Zz'ei, Zy = ZZiei, ZN = Z Zlez (131)
i=1 i=1 i=2m+1
If the frame (eq, .. ., eq,) satisfies (1.16), we denote % = (62Z 1—V—lex), 3 E, = %(622‘_1 +
v/ —les;), and identify z, Z to vectors in 7, X ®@g C as follows
a 0 " 0
= At zZ= it —. 1.32
) ;Z 0z ) i=1 ) 0z ( :

Clearly, in this identification, we have Z = z+ 7%, (Id —v/—1J)Z = 2z, and (Id++/—1J)Z = 2z
We define 2y, %y € T,)Y ®r C, 25,Zn € N, ®r C in a similar way.
Fora = (ay,...,a;) € N*, B=(By,..., By) € C*, we write by

laf = Zau al = H o HB‘“ (1.33)

=1
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2 Manifolds of bounded geometry and uniform Stein atlases

We recall the definitions of manifolds (resp. pairs of manifolds, vector bundles) of bounded geom-
etry and study some of their properties. Then, we introduce and study uniform Stein atlases.

Manifolds of bounded geometry are certain complete manifolds for which some uniform bound-
ness conditions on the curvature and injectivity radii are assumed. The reason for considering those
type of manifolds in this article is twofold.

First, they appear naturally already in the study of compact manifolds. This is due to the fact
that our main philosophy here is to reduce all the statements from general manifolds to C". As
we would like our theory to work with C" as well, which is no longer compact, the setting of
compact manifolds is not an appropriate one for our needs. It turns our that the class of manifolds
of bounded geometry is wide enough to contain both compact manifolds and C", and restrictive
enough to satisfy some essential estimates in our approach.

Second, the full force of Ohsawa-Takegoshi extension theorem comes from the fact that it
can be applied to local problems over general weakly pseudoconvex domains. Many geometric
applications of the extension theorem, as [14] (which also partially motivated the current article),
are formulated for non-compact manifolds, see Remark 1.4. As we would like our theorems to be
useful in those contexts as well, we need to abandon the compactness assumption.

This section is organized as follows. In Section 2.1, we recall the definitions of manifolds
(resp. pairs of manifolds, vector bundles) of bounded geometry. In Section 2.2, we compare the
geodesic and Fermi coordinates. In Section 2.3, we calculate the holonomy of the vector bundle
along the paths, adapted to the two coordinate systems. In Section 2.4, we give a formula for the
complex structure in Fermi coordinates and study quasi-plurisubharmonicity of some functions on
manifolds of bounded geometry. Finally, in Section 2.5, we introduce and study uniform Stein
atlases, and prove that any Kéhler manifold of bounded geometry admits uniform Stein atlas.

2.1 Coordinate-free and coordinate-wise descriptions of bounded geometry

In this section, we recall the definitions of manifolds (resp. pairs of manifolds, vector bundles) of
bounded geometry. There are mainly two ways to define objects of bounded geometry. Either one
uses some bounds on the curvature (and related objects) — this is the coordinate-free description
— or one uses charts constructed by geodesics and bounds the relevant structures (as the metric
tensor) and its derivatives in these coordinates — the coordinate-wise description. The equivalence
of these two perspectives is established in the works of Eichhorn [16], Schick [35] and Grof3e-
Schneider [23]. In this section, we recall those statements precisely.

Definition 2.1. We say that a Riemannian manifold (M, g”*) is of bounded geometry if the fol-
lowing two conditions are satisfied.

(i) The injectivity radius of (M, ™) is bounded below by a positive constant ry;.

(ii) Every covariant derivative of the Riemann curvature tensor R7™ of M is bounded, i.e. for
any k € N, there is a constant Cj, > 0 such that for any [ = 0, ..., k, we have

[(VIMIRTM| < ¢y, 2.1)

where VM is the connection induced by the Levi-Civita connection, and the pointwise norm is
taken with respect to g7,



Semiclassical Ohsawa-Takegoshi extension theorem 10

Remark 2.2. The condition (i) from Definition 2.1 implies that (M, ™) is complete.

Let us fix 2o € M and an orthonormal frame (e, ..., e,) of (T, M, g; ). We identify R” to
T, M implicitly as in (1.31). We introduce the map ¢,, : R" — M, xy € M, as follows

Gy (Z) = expy(Z). (2.2)
As a general rule, whenever the point z is implicit, we drop it out from the subscript.

Proposition 2.3 ( [16, Theorem A] ). Assume that for some k£ € N, the bound (2.1) holds. Then

for any ry > 0, there is Dy, > 0, such that forany o € X, =0, ..., k, we have
1935l (527 (roy) < Dy Hgij”%l(B%w(ro)) < Dy, (2.3)
where g;;, 4,7 = 1,...,n, are the coefficients of the metric tensor ¢% g”", and ¢/ are the coeffi-

cients of the inverse tensor. Moreover, D;, depends only on k, C, from (2.1) and 7.

Remark 2.4. In [35, Proposition 3.3] it was also proved that the transition maps between two
different geodesic coordinates can be bounded in a similar way. This gives us the coordinate-wise
approach through geodesic coordinates to manifolds of bounded geometry.

Now, let us fix two metrics ngM , gQT M on a manifold M. Assume that the injectivity radius
of (M, g¥) is bounded below by a positive constant 7,7 (in particular, (M, g{ ™) is complete).
Assume, moreover, that there is a section 7" € € (M, End(7'M)) such that

g1 (u,v) = g3 (Tu,v),  w,v € TM, (2.4)
and forany [ = 0, ..., k, the following bounds are satisfied
(V)T <G, (V)T < G, (2.5)

where V™ is the Levi-Civita connection associated to g{ . From (2.5), we conclude that for any
x,y € M, we have

1
—diStM,l (177 y) S diStM,2($7 y) S COdiStM,l (l’, y): (26)
N ¥
where distys;(z,y), i = 1,2, is the distance on M induced by g/™. From (2.6) and Hopf-Rinow
theorem, we see that (M, g2 ™) is also complete. We denote by qbio R — M, gbﬁo R — M
the maps, constructed as in (2.2), but for (M, gI™) and (M, g2 ™) respectively. From (2.6), we see

that for v’ := :}%, we have

0By (1) C b (By (rara)). (2.7)

We denote 1, := (¢} )" o ¢ , and consider it as a map b/, : B (') — R". By definition,

zo

2 =on ol . (2.8)

Zo

Proposition 2.5. Assume that for some k£ € N, the bounds (2.1) and (2.5) hold. Then there is D, >
0, which depends only on k, C'; from (2.1) and (2.5), such that forany o € X, =0,...,k — 1,

1z 1 (s (o)) < D (2.9)
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Proof. Let us consider the metric g )" := (¢ )*g3 " over R". By Proposition 2.3 and (2.5), we

deduce that for the the metric tensor g;; o, associated to gg’ é” on R", as well as for its inverse géj ,
there is £, > 0, which depends only on k, ry, C, such that

1950l (BE" (rar1)) < B 1196 1 (8" (rag 1)) < B (2.10)

Remark that the map A/, coincides with the geodesic coordinates constructed on (R", g% M, cen-
tered at the point 0 € R™. It is now only left to use [35, Lemma 3.8]. [

Corollary 2.6. Assume that there is C's > 0, such that the bounds (2.1) and (2.5) hold for £ = 3.
Then there is 9 > 0, which depends only on C3 and 75,1, such that 1, | BE" (o) 1S a diffeomorphism

onto its image. In particular, the injectivity radius of (M, gI™) is bounded below by 7.

Proof. By the properties of the exponential mapping, we have dh, (0) = Id. Now, as from Propo-
sition 2.5, the second derivative of 7/, is uniformly bounded over B§" (1), we conclude that there
is 7o > 0, which depends only on C5 and 7)1, such that

1
[y = 1d]| o gz () < 5 (2.11)
In particular, for any x, x5 € B%W (ro), we have
T — T
B (1) — B (22) — (21 — x9)| < '12—2| (2.12)

Hence, h, is injective on B (rg). Since dh!, is also invertible over B (1), by (2.11), the
inverse function theorem implies that A/, | BE" (ry) 18 @ diffeomorphism onto its image. [l

Proposition 2.7. Assume (M, g*™) is of bounded geometry. Then for any 0 < € < HL, there are
x; € M, i € N, such that B} (¢) cover M with a uniform finite overlap (independent of e).

Proof. We essentially follow [23, Remark 4.6b)]. First of all, from (2.3), we see that there are
¢,C' > 0, such that for any 0 < € < ry, x9 € M, the following holds
ce™ < Vol(BM(e)) < C¢". (2.13)

Zo

Now, for a fixed 0 < e < %, let us fix a maximal set of points z;, 7 € N, such that the balls Bi‘f (g)
are disjoint. Then the balls B2 (¢) form a cover of M. We would like to prove that this cover has
a uniform finite overlap, which is independent of e. For this, assume that for a fixed ¢ € N and a
subset {y1,...,u}, | € Nof {x;,i € N}, the balls B)/(e) intersect B}/ (¢), j = 1,...,l,i € N,
Then it is easy to see that Bé‘f (4¢) contains the union of Bg] (5). As this is a disjoint union, we
conclude from (2.13) that [ < 8”%, which finishes the proof. ]

Now, let (H, g"*) be an embedded submanifold of (M, g™™), g7H := gT™|};. We identify the
normal bundle N of H in M as an orthogonal complement of T'H in 7'M as in (1.6). We denote
by ¢" the metric on N induced by ¢”*, and define V¥ as in (1.19). We denote by A the second
fundamental form of the embedding of H in M, defined as in (1.19).
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Definition 2.8. We say that the triple (M, H, g**) is of bounded geometry if the following condi-
tions are fulfilled.

(i) The manifold (M, g™™) is of bounded geometry.

(ii) The injectivity radius of (H, g”*) is bounded below by a positive constant 7.

(iii) There is a collar around H (a tubular neighborhood of fixed radius), i.e. there is r; > 0
such that for any x,y € H, the normal geodesic balls B;- (), B;- (y), obtained by the application
of the exponential mapping to vectors, orthogonal to 7, of norm, bounded by 7, are disjoint.

(iv) Every covariant derivative of A of M is bounded, i.e. for all £ € N, there is a constant
Cy > 0O such that forany [ = 0, ..., k, we have

IVIA| < Oy, (2.14)

where V is the connection induced by the Levi-Civita connection VI and V¥, and the pointwise
norm is taken with respect to g7,

Clearly, condition (iii) from Definition 2.8 means that the map H x B, (N) — M, (y, Zy) —
exp)/(Zn). y € H, Zy € Ny, |Zy| < 71, is a diffeomorphism onto a tubular neighborhood
U := B¥(r,) of H in M. We define the projection

7:U — H, exp) (Zn) — y. (2.15)

We now fix a point yy € H and an orthonormal frame (eq, ..., e,,) (resp. (€mi1,---,€,)) in
(T, H,g™™) (resp. in (N, g")). We define the Fermi coordinates, 1),,,, at yo as in (1.17). Again, as
both manifolds (M, ™), (H, g""), are complete, one can extend the domain of 1, to R".

Proposition 2.9 ( [35, Lemma 3.9], [23, Theorem 4.9]). Assume that for some k& € N, the bounds
(2.1), (2.14) hold. Then for any ry > 0, there is D > 0, such that forany yo € X,( =0,...,k,

1935l (527 (roy) < Dy Hgin%l(Bgm(ro)) < Dy. (2.16)

where g;;, 4, j = 1,...,n, are the coefficients of the metric tensor ¢, g™ and ¢" are the coeffi-
cients of the inverse tensor. Moreover, Dj, depends only on k, ry and C, from (2.1), (2.14).

Corollary 2.10. Assume that for some k£ = 0, the bounds (2.1), (2.14) hold. Then there are
¢, C' > 0, such that over B (r,), we have ¢ < k) < C, where r is defined as in (1.7).

Define the constant R > 0 as follows

. ™ TH T1
Ri=min {00, 2 2L 2.17
min 5 12 ( )
Proposition 2.11. Assume (M, H, g"™) is of bounded geometry. Then for any 0 < ¢ < £, there
is a set of points y; € Y, 7 € N, such that B;{ (¢) have a uniform finite overlap (independent of ¢)
and cover By (5).

Proof. The proof is identical to the proof of Proposition 2.7 with only one change: instead of
(2.10), one should use (2.16). [
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Now, assume that the two metrics g7 ™, gI™ on M are as in (2.4). For y, € H, we denote

by w;o R = M, wZO : R® — M the maps, constructed as in (1.17), but for (M, g7™) and

(M, gI™M) respectively. We denote by 7y ;, 7, ; the lower bounds on the injectivity radii and the
min{ry,1,71 1}

e , for

geodesic tubular neighborhood for (N, g7V). From (2.6), we see that for 1’ :=
Cy as in (2.5), we may consider a map h; BE" (r") — R™, which satisfies
Vo = Yo © fiy. (2.18)

Proposition 2.12. Assume that for some £ € N, the bounds (2.1), (2.5) and (2.14) hold. Then
there is D), > 0, which depends only on k, Cj, from (2.1), (2.5), (2.14) and rn 1, 7 1, such that for
any yp € X,[l=0,...,k— 1, we have

||hgo|’%l(3§”(w)) < Dy. (2.19)
Proof. The proof is identical to the proof of Proposition 2.5. ]

There is a diffeomorphism h,, : By (R) — R™, such that the following holds

Vyo = Pyo © Ny, (2.20)
By repeating the proof of Proposition 2.5, we deduce the following.

Proposition 2.13 ( [23, Lemma 4.7]). Assume that for some £ € N, the bounds (2.1), (2.5) and
(2.14) hold. Then there is D; > 0, which depends only on k, R, C} from (2.1), (2.5) and (2.14),
such that forany yo € X,[l =0,...,k — 1, we have

1Pyl sz ryy < Drs N (hyo) ™l (myy < D (2.21)

All in all, this gives the coordinate-wise approach through Fermi coordinates to triples of
bounded geometry. Remark also that from Proposition 2.9, it follows that if (M, H, g") is of
bounded geometry, then (H, ") is of bounded geometry, cf. [23, Lemma 4.5].

Definition 2.14. Let (E, VZ h¥) be a Hermitian vector bundle with a fixed Hermitian connection
over a manifold (M, g™™) of bounded geometry. We say that (E, VZ, h¥) is of bounded geometry
if for any k£ € N, there is a constant C', > 0 such that forany [ = 0, ..., k, we have

IV'RP| < Cy, (2.22)

where V is the connection induced by the Levi-Civita connection VI and V¥, and the pointwise
norm is taken with respect to g7,

If (E, h*) is a Hermitian vector bundle over a complex manifold, we say that it is of bounded
geometry if (E, VE, h¥) is of bounded geometry for the Chern connection V¥ on (E, h%).

Let us now give the coordinate-wise description for vector bundles of bounded geometry. Let
us first construct a trivialization of vector bundle (£, V), tk(E) = r, as follows. We fix a point

zo € M and an orthonormal frame fy, ..., f, € E,,. Let f/,..., f’ be a frame of E over B (ru),
obtained by the parallel transport of fi, ..., f, along the curve ¢,,(tZ), t € [0,1], Z € T,, M,
|Z| < ruy. Clearly, as V¥ is Hermitian, f{,..., f/ is an orthonormal frame over B2 (r)/). We

denote by I'* the connection form of (E, V¥) with respect to this frame.
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Proposition 2.15 ( [16, Theorem B]). Assume that for some k£ € N*, the bounds (2.1), (2.22) hold.
Then there is Dy > 0, such that for any xo € X,[ =0,...,k — 1, we have

T st (53 (raryy < D (2.23)
Moreover, D, depends only on k, Cj from (2.1), (2.22) and r,.

Now, let us consider another trivialization of (£, VF). We place ourselves in a setting where
(M, H, g™™) is a triple of bounded geometry. We fix a point ¢y € H and an orthonormal frame
fi,..., fr € Ey,. We define fl, ceey f; by the parallel transport as it was done before Theorem 1.6.
We denote by T'¥ the connection form of (£, V¥) with respect to this frame.

Proposition 2.16 ( [23, Lemma 5.13]). Assume that for some k£ € N*, the bounds (2.1), (2.14),
(2.22) hold. Then there is Dy > 0, such that for any yo € Y,l =0,...,k — 1, we have

HFEH%Z(BQI)%"(R)) < Dj. (2.24)
Moreover, D, depends only on k, Cj, from (2.1), (2.14), (2.22) and R.

Let £ be the function, defined in B,/ (R), with values in End(C"), such that

(flv--wﬁ‘):eXp(£E>'(f{7'--af;)7 (225)
where we view (fl, .. f)and (f],..., ﬁi) as r X 1 matrices.

Proposition 2.17. Assume that for some k£ € N*, the bounds (2.1), (2.14), (2.22) hold. Then there
is Dy > 0, such that forany yo € Y, [ =0,...,k — 1, we have

1€ellw (B3 (r)) < Di- (2.26)
Moreover, D, depends only on k, C}, from (2.1), (2.14), (2.22) and R.

Proof. The proof is analogous to the proof of Proposition 2.5. [

2.2 Diffeomorphism between Fermi and geodesic coordinates

In this section, we study the Taylor expansion of the diffeomorphism comparing geodesic and
Fermi coordinates.

We conserve the notations from Section 2.1. We place ourselves in the setting of a triple
(M, H, g"™) of bounded geometry. We define A € € (H, T*H ® End(T'M|g)) as in (1.19). We
define an auxiliary form B € €°(Y, Sym?*(T* X |y) ® T X|y) in the notation (1.19) by

1
B(u) = B(u,u) := 5A(PHu)PHu + A(P"u) PN, u € TM|g. (2.27)

We fix a point yo € H and an orthonormal frame (ey,...,e,,) (resp. (€mi1,..-,€,)) in
(T, H,g™™) (resp. in (N, g")). Recall that in (1.17) and (2.2), we defined two coordinate systems
Yy, Gy, i a neighborhood of yo, and in (2.20), we defined a diffeomorphism h,, : By (R) — R™,
for R from (2.17). We drop out g, from the subscripts from now on. The main goal of this section
is to study the Taylor expansion of h,, at 0 € R*".
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Proposition 2.18. The diffeomorphism 5 has the following Taylor expansion
hZ)=Z+ B(Z)+O(|Z]*). (2.28)
Moreover, the coefficients of order r, » € N, in above Taylor expansion can be expressed in terms
of RT™ A, and their derivatives up to order r — 2 with respect to V7 evaluated at y.
Before presenting the proof of Proposition 2.18, let us prove some auxiliary results.

Lemma 2.19. Let (t) be a geodesic in (M, g"™), and let v := ~/(t). Then for any k& € N, the
following identity between operators on smooth functions on M holds

v (VTR = ( aav )k (2.29)

where we view (VTM)®k ag an operator (VIM)®k . ¢ (M) — €°°(M, (T*M)®*), and - on the
left-hand side of (2.29) means the contraction.

Proof. The proof is a consequence of the simple fact that Vv = ( and the formula
k+1
(VTMQ)(XM s 7Xk+1> - Xla(X27 B JXk—l-l) - Z a(X27 ) vgyl\/[Xm R JXk+1)7 (230)
=2
where « is a k-form and X7, ..., X, are some vector fields. ]

Corollary 2.20. Let u be a smooth function on M. Then on the level of formal Taylor expansions,
the following identity holds

o0

1

u(expi(2)) =Y k—zm (VMR (). (2.31)

k=0

Proof. We have the following identity
1

expy0 Z g (exp,, Mtz)). (2.32)

k=0
The proof now is a direct consequence of Lemma 2.19. [

Both Lemma 2.19 and Corollary 2.20 appeared in Gavrilov [20, §2]. Let us now define the
connection V* on T'M |y as follows

ve=vH vl (2.33)
where we used the notation as in (1.19).

Lemma 2.21. Let v(t) be a geodesic in (H, g'*), and let v := ~/(t). Let Z,(t),..., Z(t) € N,
I € N be vector fields along v(t), which are parallel along () with respect to V. Then for any
k € N, the following identity between operators on smooth functions on M holds

(U@k . (VTH)(XJk) o Respy o ((Zl R ® Zl) . (vTM)@l)
= Resy o <(U®k¢ R Q- ® Zl) . (Va)@@k(VTM)@l)’ (2.34)

where the compositions of the connections are interpreted in the same way as in Lemma 2.19.
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Proof. The proof is a direct consequence of V¢Z; = VY Z; = 0, VIHy = 0 and (2.30). O

Proof of Proposition 2.18. The main idea is to fix a smooth function v on M and to use Lemmas
2.19, 2.21 to get two different expressions for the Taylor expansion of u(¢(Z)). By comparing the
two expansions, we will get the Taylor expansion (2.28).

In one way, since V(Zy, Zn) = ¢(h(Zy, Zn)), we may apply Lemma 2.19 to get

o0

1

(2, 26)) = Y = (h(ZH, Zy)%k (VTM)%) (%0). (2.35)

k=0

In another way, let us first apply Lemma 2.19 to get

w((Zy, Zn)) =Y % (ZN(ZH)®k . (VTM)ku) (¥(Zn,0)), (2.36)

where Zy(Zy) is the parallel transport of Zyy along the curve exp;! (tZy), t € [0, 1], with respect
to V. We now apply Lemma 2.19 again, but this time on H, to get

(ZN(ZH)®k ) (VTM)®ku) ((Zy, 0))

w((Zi, Zn) = 3 Y 1'1‘ ((Zf?;l ® 78 . (V“)®’(VT”1)®ku) (%0)- (2.38)

Now, we denote by hl"l(Z), r € N, the homogeneous polynomial in (Z) of degree r such that
the Taylor expansion of 1(Z) is given by >_°°  hl"/(Z). Let us now take the homogeneous parts of
(2.35) and compare them with (2.38). The comparison of the first degree gives us

(h"(Z)u) (yo) = (Zu)(wo). (2.39)
By comparing now the second degree, we get
1
(W2, Z5) - 9™ Yulyo) + 5 (A0 Zir, Z0)52 - (972 ()

1 1
= (— PV + Zy @ Zy -V + 23 (VTM)®2>u(y0). (2.40)

2 2
From (1.19), (2.30), (2.40) and the fact that V7 has no torsion, we deduce
1
W Zy, Zy) = 54w (Zn) Zi + Ay (Zi) Zy. (2.41)

From (2.39) and (2.41), we deduce (2.28).

Now, the coefficients of Al" (Zy, Zy) can be expressed in terms of A, R7*, and their deriva-
tives up to order r —2 because of (2.35), (2.38) and the fact that the antisymmetrization of (V7 )©2
coincides with RTM N
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2.3 Holonomy along the paths adapted to the two coordinate systems

This section is devoted to the comparison of two different trivializations of vector bundles, done
in a neighborhood of submanifold. One uses the parallel transport adapted to the Fermi coordinate
system, another one uses the geodesic coordinates.

We conserve the notations and assumptions from Section 2.2. Let (E, VF h¥) be a Hermitian
vector bundle of bounded geometry and rank r over (M, g"*'). We fix 3o € H and an orthonormal
frame f1, ..., f, € (Ey,, h},). Recall that in Section 2.1, over B} (R), we defined two orthonormal

frames, f{,..., f., fi,..., fr» of (E, h%) using the parallel transports and the matrix function {g
in (2.25), which relates them.

Proposition 2.22. The following asymptotics holds
¢e(¥(2)) = O(|12]). (2.42)

If, moreover, we assume that (£, VE h¥) := (L, VL, hl) is a line bundle, and that there is a
skew-adjoint endomorphism () of 7'M, which is parallel with respect to VM (i.e. VIM(Q = 0),
which commutes with A, the restriction of which to H respects the decomposition (1.6), and such
that for the curvature RY of V%, and for any u,v € T'M, we have

e

vVolor _ TM
o R*(u,v) = g " (Qu,v), (2.43)

then the following more precise bound can be proven
1
&(W(2)) = =51, (2,B(2)) + 0(12]"). (2.44)

Moreover, the coefficients of order r, » € N, in above Taylor expansions can be expressed in terms
of RT™M RE_ R, A, and their derivatives up to order r — 2 with respect to V'™ VE VE, at y,.

Remark 2.23. Assume (M, g™™) is endowed with a complex structure .J, and g”™ is invariant
under the action of it. Assume, moreover, that (2.43) holds for () := J as in (1.2). Then all the
requirements are satisfied for () := J. This is because the invariance of g”* under the action of
J, and the fact that H is a complex submanifold, imply that the restrictions of J to H respects
the decomposition (1.6). Also (2.43) implies that (M, J, g**) is Kihler, which means that J is
parallel with respect to VI, cf. [28, Theorem 1.2.8]. Finally, by the definition of A and the fact
that J|y preserves TH and N, we see that J commutes with A. Proposition 2.22 will only be
applied in this particular situation.

The proof is given in the end of this section. Before, let us state some auxiliary results.

Lemma 2.24 ( [28, Lemma 1.2.3] or [1, p. 38]). Let f;, 1 = 1,...,n be the vector fields, con-
structed by the parallel transport of e; with respect to VI along the curve ¢(tZ), t € [0,1],
Z e T,yM,|Z| <ry. Then

9 _ 4.\ 27
37 = ti+j210(|Z| ), (2.45)

Moreover, the coefficients of order r, » € N, of the Taylor expansion (2.45) can be expressed in
terms of RT™ and their derivatives up to order r — 2 with respect to V7™ evaluated at 7.
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We denote ey, e}y, € T'M (resp. ey, e)y) the vector fields d¢ fori = 1,....,m (resp. © =
m+4+1,...,n).

Lemma 2.25. For any endomorphism 7" of 7'M, which is parallel with respect to V™ which
commutes with A, the restriction of which to H respects the decomposition (1.6), we have
Joizw.zn)(Teney) = g, (Ten, ey) + O(|Z]%),
Iiza.za)(Ten,em) = O(|Z]?).
Ioizmzw) (Tems €y) = 9" (Ten, ey) + g, (TAlen) Zn, €y)
+ g (Tew, Alely) Zn) + O(1Z]2).

(2.46)

Also, the following identity holds

gd,gng o(Ten, ey) = gyo M(Ten, ey). (2.47)

Moreover, the coefficients of order r, » € N, in above Taylor expansions can be expressed in terms
of RT™ A, and their derivatives up to order r — 2 with respect to VZ'™_ V¥, V1, evaluated at 1,
and endomorphism 7.

Remark 2.26. For N = M and T' = 1d, the result follows from [1, Proposition 1.28].

Proof. First of all, since T is parallel with respect to VI, we see that

0
St (Tench) = 05t o) (TVEN ex ) + gt o) (Tex VENN). 248

However, by the definition of v, see (1.17), the restrictions of ey, €’y to H are parallel with respect
to V¥. By this, the fact that the form A exchanges N and T'H, and the endomorphism 7 preserves
the decomposition (1.6), we deduce that

0
Fer ——Gy(zn0)(Ten, ey) =0, (2.49)
which readily implies (2.47).

Recall that the vector fields f;, 1 =1,...,n, were introduced in Lemma 2.24. As 7' is parallel,
Tt, is equal to the parallel transport of T'e;, along the same curve as the one used in the definition
of . From this and (2.45), we deduce that

¢ 09
™ ™ 2
99(Zy,Zn) (TaZ 5Z ) = Yyo (T€i7ej> + O(|Z| ) (2.50)
Now, we see that Proposition 2.18, along with the fact that A exchanges N with T'H, implies
thatfortc=1,...,mand j =m+1,...,n, we have
oY 0¢ 8(]5 T )
= = A5 A(Zp)e; o(|Z
0Z; 8Zj+ aZ Iyo ( ( H)ejvel)+ (1217,
9 _ 3¢ 99 gIM (
0Z; Zaz w (Ale)Zx, ) 2.51)

+ _Z: g_(b w (Ale:) Zu.er) + O(1Z]).
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From (2.50) and the first equation from (2.51), we establish the first equation in (2.46) and the
remark after it. From (2.50) and (2.51), we also deduce that

9iizyzwy(Ten,en) = go (Ten, ex)
+ 9o M(TA(Zp)en,en) + go (Ten, Alen) Zi) + O(| Z%). (2.52)
Now, since both V'™ and VT have no torsion, we have
A(u)v = A(v)u, forany wu,v € TH. (2.53)

From (2.53) and the fact that A is skew-adjoint and commutes with 7', we deduce the second part
of (2.46). The third part of (2.46) follows directly from (2.50) and (2.51). ]

Recall that the projection 7 and the identification of F to 7*(FE|y) in a tubular neighborhood
of H were defined before (1.9). We define the 1-form T'¥ with values in End(7*(E|f)) as follows

I =v¥ — (V¥ y), (2.54)
where we implicitly used the above isomorphism. We introduce similar notations for L.

Lemma 2.27. Under the same assumptions as in Proposition 2.22, the following holds

1
Fi(Z)(eN) = §Rf(¢(2))(ZN7 en) +O(|1Z]%), Fi(Z)(eH) = Rf(w(Z))<ZN7 ern) +O(|Z]%),
1

Fi(Z)(eN) = §Rﬁ(¢(2))(ZNa en) + O(’Z’?’)» Fi(Z)(eH) = O(|Z|3)-

Moreover, the coefficients of order r, » € N, in above Taylor expansions can be expressed in terms
of RT™ RE RP. A, and their derivatives up to order r — 2 with respect to VM, VI V¥ Vv,
evaluated at .

(2.55)

Proof. We follow closely the idea from [1, Proposition 1.18], cf. [28, Lemma 1.2.4], which corre-
sponds to H = {y}. First of all, by (2.54), we have

(7" (VE| ) TF) + T ATE 4 7*(RP|y) = RE. (2.56)

We denote by R € €>°(N,TN) is the tautological section of T'N. As we identified a neigh-
borhood U of H in M with a neighborhood of the zero section in NV, we may look at R as at the
vector in the tangent space of U. If we write it in Fermi coordinates, we get

R = i_;l Ziaizi' (2.57)
By our choice of the trivialization, tx['¥ = 0. Also, 1z (7*R¥|;) = 0. Hence, by (2.56), we get
LIP = [LR, w*(vEyH)} IZ = 1z RE. (2.58)
From (2.57),forv=1,...,m,and j = m + 1,...,n, we also obtain the following identities

LrdZ; =0, LrdZ; = dZ;. (2.59)
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Using (2.59) and expanding both sides of (2.58) in Taylor series at Zy = 0, we get

> (lal+1)(@ FE)w(ZH,(J)(@N)?]!V = (0°R")yizq.0)(R, eN)?]!V,
« e o 2 (2.60)
Z |a|(aarE)¢(ZH70)(eH)?j;] = Z(ﬁaRE)iﬁ(ZHﬁ) (R, eH)J

From (2.60), we deduce the first two equations of Lemma 2.27. From the fact that /V is orthogonal
to T'H, (2.43) and the fact that the restriction of () to H respects the decomposition (1.6), we see
that Ré( zw.zw)€nemn) = O(|Z]). The last two equations of Lemma 2.27 follow directly from

Lemma 2.25, (2.43) and (2.60), applied for £/ := L. [

Proof of Proposition 2.22. We denote by V the standard covariant derivative in F, defined locally

in the frame fy, ..., f.. We define the 1-form I'¥ with values in End(E,) as follows
ry:=vFf-v. (2.61)

By (2.54), we have the following identity

Fg"/’(ZH,ZN) = 7T*(F(j?,zp(z,q,o)) + Fg(ZH,ZN)a (2.62)

where we implicitly identified Fi( 2412y With a 1-form with values in End(E),) using our choice
of the frame. By (2.43) and Lemma 2.27, applied once for the second summand in the right-hand

side of (2.62), and once for M := H, H := yj, to treat the first summand, we see that for e := 5) g ,
1=1,...,n, we have
1

T o)) = 5 (BE(Zise) + R, 0(Zn,0)) + O ZP) .63

Lovz)(€) = O(|Z)).
Now, by (2.47) and (2.63), we conclude that

1
Loz (€) = 5By, (Z,¢) + O(1Z]), (2.64)

Now, we denote by 7(t) the geodesic ¢p(th(Z)), t € [0,1]. By the definition of h, we have
(1) = ¥(Z). From Proposition 2.18, we easily see

O (1) = RN (th(Z)) = tZ + (t — *)B(Z) + O(|Z]%). (2.65)

Directly from the definition of g, the fact that Vf,(t) fZ’ = 0, (2.25), and the usual law of
derivation of the exponential, we have

Ammu—%mwm(%@wm)wm@—mmwmwzﬁmwm»<%@

From (2.66) and the last equation from (2.63), we deduce (2.42). The statement about the coef-
ficients of the Taylor expansions readily follows from (2.66) and the respective statement from
Proposition 2.22.
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Now, it is only left to establish (2.44). Since now F := L is a line bundle, (2.66) simplifies to

9 /
5:80(1(8) = T (7' (1)). (2.67)
From the identities
! 1 ! 1
/ t(1 —2t)dt = ——, / (t —t*)dt = -, (2.68)
0 6 Jo 6
we deduce the following asymptotics
! o (y(1)) 1
L (-1 _ _IpL 4
/0 Ry (671 (1), S5 )dt = =5 RE (2.B(2)) + 0(12]). (2.69)

From (2.64), (2.67) and (2.69), we deduce the result. The statement about the form of the coeffi-
cients follows from the respective statements in Proposition 2.18 and Lemma 2.27. [

2.4 Complex structure in Fermi coordinates and quasi-plurisubharmonicity

The main goal of this section is to give for Kéhler manifolds of bounded geometry an approximate
formula for the complex structure in Fermi coordinates. As a consequence, we establish quasi-
plurisubharmonicity of several functions, which is crucial in certain L?-estimates.

More precisely, assume (X, Y, g7%) is a Kihler triple of bounded geometry. We fix a point
Yo € Y and an orthonormal frame (e, . .., eay) (tesp. (€2m+1, ..., €2,)) in (1),Y, gi}y) (resp. in
(Nyo, gé\g ), satisfying (1.16). Recall that in (1.17) and (2.2), we defined two coordinate systems
Pyo» Pyo i @ neighborhood of yy. We denote by J the complex structure of X, and by J = (J ij)?,?:l
its coordinates with respect to the basis 2%, i = 1,...,2n. It is a function, defined in B (R),

aZ:°
where R is as in (2.17), with matrix values of size 2n x 2n. We write J in a block form (}g }; ),

where J, has size 2m x 2m. The first result of this section goes as follows.

Lemma 2.28. The matrix J has the following Taylor expansion

J' 0 1 1 0 0
_ 70 2\ | .
J=J"+ (o 0) +0(|121) (1 o) +0(]2|Zx]) (o 1), (2.70)
’] i ix wi 01 Lo (JL)2m s g
where J¥ is the diagonal block matrix with blocks (1 o ), and J (Jw)z’]:1 is given by
JZlJ = _29232)M<A(‘]€i)ZN76j)7 (271)

for A defined in (1.19). Moreover, the constant in the O-terms is uniform on yo € Y, and depends
only on (' from the bounds (2.1), (2.14) for & = 1.

Proof. The proof is essentially based on Lemma 2.24 and (2.51). Recall that the vector fields ¢/,
i=1,...,2n, were constructed in Lemma 2.24 by the parallel transport of e; with respect to V¥
along the curve ¢(t2),t € [0,1], Z € T,, X. As (X, g"™¥) is Kihler, by [28, Theorem 1.2.8], .J is
parallel with respect to V7. This means that by (1.16), fori = 1,...,n, we have
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From (2.45) and (2.72), we conclude that
o 09
0Zsi1  0Zy

Remark that (2.73) already implies Lemma 2.28 for Y := {z,}. Now let us establish the general
case. By the fact that A takes values in skew-adjoint matrices and commutes with .J, the J-
invariance of ¢~ and (2.53), we deduce that fori = 1,...,2m,j = 2m+1,...,2n,l =1,...,2n,
for Zy € R*™, Zy € R2"™) we have

9L (A(Zy)ej,e) = gl (A(Zy) Jey, Jey),
IEX(A(e) Zy, e1) = giX (A(Jei) Zy, Je), (2.74)
QZ;X (A(ei)ZN7€l) = —g;FOX (A(Jei)ZN, Jel),

By (2.51), (2.73) and (2.74), we deduce

J' 0 11
J:J0+<0 0)+o(yZ|2)-(1 1>, (2.75)

where the O-term is uniform in the same sense as in (2.70). By (2.75), it is only left to prove that in
the Taylor expansion of J3, the O(|Z|?)-term can be replaced by the O(|Z||Zy|)-term. But recall

J +0(|Z). (2.73)

thatfor j =2m +1,...,2n, g—gj|y are given by the parallel transport along V. Hence, similarly
to (2.72), we conclude that for ) = m + 1,...,n, we have
o o
J = . 2.76
Thus, in the Taylor expansion of J3, only the terms containing |7y | appear. O

Now, recall that a function f : X — [—o0, +00o[ on a complex Hermitian manifold (X, w) is
called quasi-plurisubharmonic if it is upper-semicontinuous and there is a constant C' € R, such
that the following inequality holds in the distributional sense

V—100f > —Cw. (2.77)

We denote by PSH(X, Cw) the set of quasi-plurisubharmonic functions f, verifying (2.77).
Recall that by standard properties of the plurisubharmonic functions, cf. [12, Theorem 1.5.6],
for any convex function x : R — R, verifying 0 < x’ < 1, we have

xo fe€PSH(X,Cw) forany [ e PSH(X,Cw). (2.78)
Later on, on several occasions, we will need the following lemma.

Lemma 2.29 ( [24, Proposition 4.2]). Suppose that ./ is an almost complex structure on an open
subset 2 C R*". Let v be a constant coefficient vector field on Q (i.e. v = > vi% where v; are
constants). Then for any smooth function f : {2 — R, the following identity holds

Jo f (v VT 1Jv,u+ \/—_1Jv> — (D2f)(v,v) + (D*f)(Jv, Jv)
+(Df) (DJUJ(U) - DvJ(Jv)>, (2.79)

where D?f is the standard double derivative of f, and D,J is the derivative in the direction u €
R?", of the almost complex structure, written in the standard coordinates of R?".
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For any xy € X, we consider the function a,, : Bgf) (rx) — R, given by
Qo () 1= distx (zg, 7). (2.80)

Proposition 2.30. Assume that a Kihler manifold (X, g7) is of bounded geometry. Then there is
ro > 0, such that for any zo € X, o, € PSH(B;: (ro), —3w). Moreover, the constant 7, depends
only on the constant C'; from the bound (2.1) and r.

Proof. We fix a point 2y € X, consider geodesic coordinates ¢,,,, and introduce the vector field

9¢
= i 2.81
v ;_1 gy (2.81)
where a; € C, i = 1,...,2n are certain constants, verifying >_ |a;|*> = 1. It is enough to verify

that there is ro > 0, such that for any choice of a;, over B, (o), we have

85%0( Ve /1 Jv) > 1 (2.82)

Clearly, in ¢,,-coordinates, o, writes as
2n
ao(Z) =Y |Zi. (2.83)
i=1

Let us now use (2.79) and (2.83) to deduce that over B:if] (rx), we have

O, <U —LJv,u+ \/—_1Jv> —210(|2)). (2.84)

where the O-term can be bounded uniformly on the constant C; from the bound (2.1). The state-
ment follows directly from (2.84). ]

Assume that a Kéhler triple (X, Y, g7) is of bounded geometry. Let us consider dy : X\ Y —
R, ay : X — R, defined as

dy (x) := log (distX(x,Y)) .p<di8t);—(fvy)>7

ay(x) := distx(x,Y)? - p(dlstx—(x,Y)> + (1 - p(dlStX—(x’Y)>>

rp rp

(2.85)

Theorem 2.31. There is C' > 0, such that 6y € PSH(X,Cw), ay € PSH(X,Cw), —ay €
PSH(X, Cw). Moreover, C depends only on the constant C from the bounds (2.1), (2.14) and r .

Proof. The proofs for dy, oy, —ay are similar, so we concentrate on dy, which is slightly more
difficult than the other two. From Lemma 2.28 and bounded geometry condition, we see that
/=196y is uniformly bounded away from in Bs¥ (-). So it is enough to study this quantity only
on B;* (%-). We fix a point y, € Y, consider Fermi coordinates 1, and introduce the vector field

2m
V= E al
=1

5 (2.86)

Jj=2m+1
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where a;,0; € C,i =1,...,2m, j =2m+1,...,2n, are certain constants, > _ |a;|*+>_ |b;|> = 1.
It is enough to verify that there is a constant C' > 0, as described in the statement of the proposition
we’re proving, such that for any choice of a;, b; above, over {¢,,(Zx) : |Zn| < “+}, we have

505y (v —V=1Ju,v+ \/—uv) > (. (2.87)

Let us now calculate each term on the right-hand side of (2.79) up to negligible terms. First of
all, remark that in Fermi coordinates, over B; ("), 6y has particularly simple form

2n
Sy (Z) = log | Zn| = %log ( 3 |Zj|2>. (2.88)
j=2m-+1
Hence, by (2.86), we deduce
1 2n 2n 9
(D26y) (v, v) = 7 (( | 22 | |bj|2>|ZN|2 _ 2( | QZ 1bjzj) ) (2.89)
j=2m+ J=2m+

A similar calculation, using Lemma 2.28, gives that over {¢,,(Zy) : |Zn| < 5}, we have

(D?*6y)(Jv, Jv) =

ﬁ« i 512121 = 2( i <b2j—122j—b2j22f—1>>2>+O(1)’ (290

j=2m+1 j=m+1

where the O-term can be bounded uniformly in terms of the constant C'; from the bounds (2.1),
(2.14) and r, . From Lemma 2.28, we also see that

DJ,, DJ; = O(|Z)), 2.91)

where the O-term can be bounded uniformly in terms of the constant C'; from the bounds (2.1),
(2.14). From (2.91), we see that the last two terms in (2.79) are negligible. From this (2.79), (2.89)
and (2.90), we see that to deduce (2.87), it is now only left to prove the bound

( i )1 25 > ( Zn: (szlej—szz2j1)>2+( i ijj)Z. (2.92)

j=2m+1 j=m+1 j=2m+1

But (2.92) follows easily from the fact that the vectors (Zop,12, —Zom+1, - - - s Lon, —Zon—1) and
(Zams1s - - -, Zop) are orthogonal. O

2.5 Existence of uniform Stein atlases and related extension theorems

The main goal of this section is to introduce and study submanifolds with uniform Stein atlases. In
particular, we prove that any Kihler manifold of bounded geometry admits uniform Stein atlas and
we make a relation between the existence of uniform Stein atlas and the existence of holomoprhic
coordinates, defined on a sufficiently big geodesic ball.

Before this, recall that by Cauchy formula, the L?-bound on holomoprhic functions on the
complex plane implies ¢*-bounds for any k& € N. As the following lemma shows, an analogous
statement holds for general Kédhler manifolds of bounded geometry.
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Lemma 2.32. Assume that a Kéhler manifold (X, g7*) and a Hermitian vector bundle (E, h%)
over it have bounded geometry. Then for any £ € N, ry > rg > 0,1 < %X, there is C' > 0, such
that for any z € X, for any f € H{, (By, (1), E), we have

£ ller a5 o < CUF 2 o)y (2.93)
Moreover, the constant C' depends only on rg, r; and the constants C 14 from (2.1) and (2.22).

Proof. This statement follows from Ma-Marinescu [30, Lemma 2 and the remark before], applied
for (L, h*) trivial. Here we give an alternative proof for completeness.

Let us recall that Lichnerowicz formula, cf. [28, Theorem 1.4.7], expresses the Kodaira Lapla-
cian OF of (E, h®) through the Bochner Laplacian A, cf. [28, (1.3.19)], associated to the Chern
connection V¥ and the Levi-Civita connection VX, as follows

b's
207 = AP 4+ T+ [Au, RP + %Tr (RN (2.94)
where r¥ is the scalar curvature, and A, is the contraction with the Kihler form w of (X, g7*).
Clearly, for any k € N*, the ¥’*-norm of the coefficients of the operator A¥, written in geodesic
coordinates ¢,, and in the local trivialization of (E,h”) as in Proposition 2.15, are uniformly
bounded by the **!-bounds on ¥ from Proposition 2.15 and the Christoffel symbols I'"X. By
Propositions 2.3, 2.15, those bounds, on their turn, depend only on the constants C 5 from (2.1)
and (2.22). By this, elliptic estimates, cf. [17, Theorem 6.3.5], and Sobolev embedding theorem,
we conclude that for any £ € N, there is C' > 0, which only depends on r(, ; and the constant
Cl1n+4 from Propositions 2.3, 2.15, such that for any g € €>°(X, E), we have

k+n+1
lgllexsx oy < C > 1O gllr2sx ) (2.95)
i=0
We conclude by (2.95), applied for g := f, and the trivial fact (1¥ f = 0. [l

Recall that a complex manifold is said to be Stein if it is holomorphically convex, its global
holomorphic functions separate points and give local coordinates at every point, cf. [12, Definition
1.6.16]. One can see, cf. [12, Theorem 1.6.18], that any Stein manifold is strongly pseudoconvex,
meaning that it carries a smooth strictly plurisubharmonic exhaustion function. The famous result
of Grauert from [21, Theorem 2], states that the converse for relatively compact subdomains of
complex manifolds holds as well. In this section, we will use this perspective through strictly
plurisubharmonic exhaustions on Stein manifolds.

Definition 2.33. We say that a Hermitian manifold (X, ) admits uniform Stein atlas if there
are r; > rg > 0, ¢,C' > 0, such that for any z(, € X, there is a Stein neighborhood 2 of z(, such
that B (ro) C Q C B (r1), and a smooth strictly plurisubharmonic exhaustion function ¢ on ,
verifying the following bounds

0>0 over Q, 0 <C over Bif)(ro),

_ 2.96
V—=1006 > cw, (2.96)

where w is the Hermitian form associated to g7*~.
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Theorem 2.34. Any Kcihler manifold of bounded geometry (X, g"X) admits uniform Stein atlas.
Moreover, 11 > 1o > 0, ¢, C' > 0 from Definition 2.33 depend only on the constant C from the
bound (2.1) and rx.

Proof. Recall that o, was defined in (2.80). By Proposition 2.30, there is a uniform constant r, >
0, which depends only on the constant C'; from the bound (2.1) and rx, such that /—100«,,, > %w
over B;zg (r1). This means, in particular, that ) := ij) (r1) is strongly pseudoconvex. We now take

ro i= %, and let § := ng By (2.78), we conclude that the requirements of Definition 2.33 are

azg "

satisfied for the above choice and ¢ := # C = r% O
1 1

Remark 2.35. An easy modification of the proof of Proposition 2.30 shows that the conclusion of
Theorem 2.34 continues to hold even if one replaces the Kihler assumption by a weaker one that
for any k € N, there is C}, > 0, such that for the complex structure .J, we have |V*J| < Cj.

Theorem 2.36. For any Kdhler manifold of bounded geometry (X, g'X), there are r.,C > 0,
such that for any xo € X, there are holomorphic coordinates x = (hy, ..., hy,) : Big (ro) — C",

verifying h;(zo) = 0, |h;| < C, i =1,...,n, and such that dh;(zo) form an orthonormal frame of
(TH0* X, g7 XY, Moreover, r.,C > 0, depend only on C,,_ from the bound (2.1) and rx.

Remark 2.37. From Lemma 2.32, all higher derivatives of h; (with respect to VZ%) can be bounded
uniformly on X. Hence, there is ! > 0, which depends only on C,,, 7 from the bound (2.1) and
rx, such that B§"(rl) C Im .

The above observation with Proposition 2.3 imply that x are coordinates of bounded geome-
try in the sense of Cheng-Yau [8, Definition 1.1]. The existence of such coordinates on Kihler
manifold of bounded geometry was proved by Wu-Yau [39, Theorem 9] by different methods.

Proof. The main idea of the proof is to first construct smooth functions &, i = 1, ..., n, verifying

the requirement from Theorem 2.36 about dh;(x) and Oh/(z¢) = 0. Then by using Hérmander’s
L?-estimates, Lemma 2.28 and Theorem 2.31, to show that one can perturb %/ to h; in such a way
that h; become holomoprhic, with the same Taylor expansion of the first order at z as h;. Then
from the L2-estimate and Lemma 2.32, we get the %*-bounds on h; for any given k, and from this,
we conclude that in a uniform neighborhood, h4, . .., h, are actually holomorphic coordinates, and
not just any functions.

Let us now describe the proof in details. Let ro, 7, > 0, €2, d be as in Definition 2.33. First, we
define A, in geodesic coordinates ¢, by

B = Zm(E), (2.97)

where p is a bump function as in (1.10). By (2.3), there is C' > 0, which depends only on ry and
Cy from (2.1), such that

/ |hj|*dvgrx < C. (2.98)
Q

Directly from Lemma 2.28, applied for Y := {x(}, we see that there is C' > 0, which depends
only on 7y and C from (2.1), such that over Big (ro), we have

|OR]| < C|Z. (2.99)
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From the fact that supp gh; C ij) (ro), the first estimates from (2.96), the coarea formula
and (2.99), we conclude that for any ¢ > 0, there is a uniform constant C', which depends only
on 7y, C' from the first line in (2.96), and C; from (2.1), such that for d,,, from Theorem 2.31,
0 :=Q\ {x0}, we have

|Oh;|? exp(—cd) - exp(—(2n + 1)y )dvgrx < C. (2.100)
Q/

Now, as (X, g’ ) is of bounded geometry, there is C' > 0, such that the first Chern form of the
canonical line bundle K x, endowed with the metric %%, induced by g"™X, satisfies

Cw > ¢ (Kx, hf%) > —Cuw, (2.101)

moreover, C' depends only on C from (2.1). Hence, by Theorem 2.31, we see that there is ¢ > 0,
which depends only on C'; from (2.1) and the constant ¢ from the second line of (2.96), such that
for E := Ki', b := (hfx)~1 . exp(—cf) - exp(—(2n + 1)d(4,}), the curvature R” of (E, h¥)
over () satisfies

V—1RF > w. (2.102)

By (2.100), (2.102) and the result [10, Théoreme 0.2], which states th_at " admits a complete
Kéhler metric, we may apply [12, Theorem VIIL.6.1] for X := 9’ g = Oh); and (E, hE ) as above
to deduce that there are functions f; over {¥', such that we have 0f; = Oh/, and

| fil” exp(—cd) - exp(—(2n + 1)d 14} )dv rx
Q/
< / |OR;|? exp(—cd) - exp(—(2n + 1)y )dvgrx. (2.103)
Q/

We now put h; := h; — f;. Over ¥, we trivially have Oh; = 0. Also, by (2.96), (2.98), (2.100)
and (2.103), we get that

/ \hi|*dvgrx < C, (2.104)
B3, (ro)

where C' depends only on rg, C' from the first line in (2.96), and C; from (2.1). By the stan-
dard regularity result, [10, Lemme 6.9], h; extends smoothly over x,, and the equation ghi =0
holds on 2. From this, (2.100), (2.103) and the non-integrability of |Z| exp(—(2n + 1)d4,}) and
exp(—(2n + 1)dy4,}) near x,, we deduce that f;(zo) = 0 and df;(x) = 0. Hence

As a consequence, Oh; (o) form an orthonormal basis of (7:0* X, g7"X),
From Lemma 2.32 and (2.104), we conclude that there is a constant C' > 0, which depends
only on ry, r; and the constant C), .7 from (2.1), such that

th‘||%3(3§0(ro)) <C. (2.106)

By repeating the proof of Corollary 2.6, we conclude that there is . > 0, which depend only
on C,, 7 from the bound (2.1) and rx, such that (A4, ..., h,) form holomorphic coordinates over
B (r.). This finishes the proof. O
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Lemma 2.38. Let (E, hE ) be a Hermitian vector bundle of bounded geometry over a Kéhler mani-
fold of bounded geometry (X, g?*). Then there are 1o, C' > 0, such that for any 7y € X, ¢ € E,,,
le| = 1, there exists f € H°(BJ (ro), E), f(x) = e, verifying

HfHLQ(BfO(TO)) <C. (2.107)
Moreover, the constant C' depends only on rg, 71, ¢, C' from (2.96) and the constant Cy from (2.1)
and (2.22).

Proof. The proof can be deduced from Hérmander’s L?-estimates, Lemmas 2.27, 2.28 and Theo-
rem 2.31 in exactly the same way as in the proof of Theorem 2.36. Let us describe a more direct
approach relying on Ohsawa-Takegoshi extension theorem.

Let €2, 0,y be as in Definition 2.33 By Theorem 2.31 and (2.101), there is a constant ¢ > 0,
which depends only on the constant ¢ from (2.96) and the constant C'; from (2.1) and (2.22), such
that for £ := E® Ky', h¥ := h¥” @ (h5x)~! . exp(—c6), the curvature RF of (E, h”) satisfies

V—IRF — ¢ (Kx, h* ) - 1dp + 2anv—1855{x0} -Idg >0, forany a€[1,2], (2.108)

From Ohsawa-Takegoshi extension theorem in the form of [13, Theorem 2.8], applied for X := ),
Y 1= 2ndy,,y, We see that there is a section f, such that f(zy) = e and

eXp(—ZTL(S{wO})
1+ 2ndZ,

/Q|f|26xp(—c5) dvgrx < 17]e]? exp(—cd(x)). (2.109)

Since for any C' > 0, the function u +—> %, u < C, is uniformly bounded from below by a

universal constant ¢ > 0, we deduce from (2.109) that
2 17, 9
| f]7 exp(—cd)dvyrx < —le|” exp(—cd(xo)). (2.110)
Q &

We now take 7 as in Definition 2.33, and the result follows from (2.96) and (2.109). ]

Corollary 2.39. Assume we are in the setting of Lemma 2.38. Then there are ry, C' > 0, such that
for any zy € X, there is a local holomorphic frame (f1,.. ., f,) € H*(B; (1), E) of E, such that

1Fill 2 (royy < € 2.111)

and (f1(x), ..., f+(z0)) give an orthonormal frame of (E,,, hZ ). Moreover, the constant C' de-

0y "o

pends only on rg, the constants ¢, C' from (2.96) and the constant C,,, 7 from (2.1) and (2.22).

Proof. The statement follows Lemma 2.38 in the same way as Corollary 2.6 follows from Propo-
sition 2.5. 0

Theorem 2.40. Assume that the Kihler triple (X,Y, g'™) is of bounded geometry. Then there
are r.,C > 0, such that for any yo € Y, there are holomorphic coordinates x := (hy,...,hy) :
B;g(rc) — C, hi(xg) =0, |hi| < C,i=1,....n, hpsily, ..., haly = 0, and such that Oh;(z)
form an orthonormal frame of (T(I’O)*X , g7 %). Moreover, r.,C depend only on rx and the the
constant C,, 7 from (2.1) and (2.14).
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Remark 2.41. As in Remark 2.37, we see that there is ! > 0, which depends only on C,, ;7 from
the bounds (2.1), (2.14), 7y, 7x, r1, such that BS" (r}) C Tm x.

Proof. The proof is very similar to the proof of Theorem 2.36, so we only highlight the main steps.
For: = 1,...,m, we define h; in the same way as in Theorem 2.36. Fori = m + 1,...,n, we
define A/ in Fermi coordinates 1,,, by

B = zm(‘ZN‘)? 2.112)

) 7,0

where the bump function p is as in (1.10). As in (2.99), directly from Lemma 2.28, we see that
there is C' > 0, which depends only on ry and 'y from (2.1) and (2.14), such that over Big (ro), for
t=m-+1,...,n, we have

0Ky < C1Z|Zn]. (2.113)

By Theorem 2.31, we see that there is ¢ > 0, which depends only on C; from (2.1) and
(2.14), and the constant ¢ from the second line of (2.96), such that the curvature R¥ of (E, h¥),
E =K', b = (hEx) =1 exp(—cf) - exp(—(2m + 1)0 14y ) - exp(—2(n — m)dy), for 81, Oy,
defined in Theorem 2.31, satisfies (2.102). As in (2.103), we construct f; over {2’ := Q \ Y. By
using the same argument as after (2.104), we conclude that f; extends over Y, and by the fact that
exp(—2(n —m)dy ) is non-integrable near Y, and | Z| exp(—(2m + 1)d1a0}) - exp(—2(n —m)dy) is
non-integrable near y,, we conclude that f;|y- = 0, and (2.105) holds for i = m + 1,...,n. From
this point, the proof is a word-to-word repetition of the proof of Theorem 2.36. [

3 Operator algebras on manifolds of bounded geometry

In this section, we prove that the set of operators over manifolds of bounded geometry, admitting
certain bounds on the Schwartz kernels, forms an algebra under the composition. This will later
play a crucial role in our approach to the main statements of this article.

This section is organized as follows. In Section 3.1, we show that the set of operators with
an exponential decay of the Schwartz kernel forms an algebra on manifolds of bounded geometry.
Then in Section 3.2, we give explicit formulas for the Schwartz kernels of the orthogonal Bergman
projector and the extension operator on the pair (C™, C™). We also recall the composition rules for
operators with related kernels. Finally, in Section 3.3, we prove that the set of operators, whose
Schwartz kernel admits Taylor-type expansion, forms an algebra under the composition.

3.1 Algebra of operators with an exponential decay of the Schwartz kernel

In this section, by relying on Bishop-Gromov inequality, we show that the set of operators with an
exponential decay forms an algebra on manifolds of bounded geometry.

Let (M, g"™) be a complete manifold with a positive bound on the injectivity radius r;,. We
fix an arbitrary sequence of Hermitian vector bundles (E,, Ve, hEP), p € N*, on M, endowed
with a fixed connection. We fix s > 0 and assume that the Ricci curvature Ric,ra of (M, g™*)
satisfies the bound

RngTM Z —(n — 1)5. (31)

Clearly, (3.1) is satisfied for some s > 0 once (M, g”™) is of bounded geometry.
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Let us fix a volume form dv,; on M, such that the condition, analogous to (1.4), is satisfied
with respect to the metric g?™. Let us fix ¢ € N*, and a sequence of operators A},, AL p €
N*, acting on €>°(M, E,) by the convolutions with smooth kernels A} (z1,z3), ..., Al(z1,22) €
E,., ® B, x1,v5 € X, with respect to the volume form dv,;. We assume that for any £ € N,

p,x2°
there are ¢, C, > 0, h = 1,...,q, such that for any x1, 2z, € X, we have
ntk .
‘Ag(:cl, 132)}%”’“(MxM) <Ch-p 2 -exp(—cyp-dist(zy,22)), (3.2)
and there is h among 1, . .., ¢, such that even stronger bound holds
h
’Ap(xl’ xQ)“K’“(MxM)

< Cp -pnTJrk - exp ( — ¢y/p - (dist(z1, x2) + dist(z1, W) + dist(zs, W))), (3.3)

where W is a closed subset in M, and the €*-norm is taken in the sense of Theorem 1.5.

Lemma 3.1. There is C)y > 0, which depends only on s, r,;, n and the constant ¢ from (3.2) and
(3.3), such that for any p € N*, | /p > 4(n — 1)\/75, the following operator is well-defined

D,:=Alo---0Al (3.4)
and for C' := [[}_, C}, the following bound holds

’DP<$17 xQ)l%k(XxX)

< CgC’pnTHC - exp ( - g\/ﬁ (dist(z1, zo) + dist(z1, W) + dist (22, W))) (3.5)

In the proof of Lemma 3.1 and elsewhere, the following proposition plays a crucial role.

Proposition 3.2. There is a constant C’ > 0, which depends only on n, s, 7, such that for any
x9 € M, 1 > 2(n — 1)4/s, the following bound holds

/ exp (— ldist(zo, z))dvgry (z) < —. (3.6)
M

Proof. The main idea of our proof is to use Bishop-Gromov inequality to bound the volumes of
balls and spheres in our manifold. We denote by v(n, s,7) the volume of a ball of radius 7 in the
space form of constant curvature —s, s > 0, cf. [34, p. 69]. From [34, pp. 69, 269], we see that

r inh n—1
v(n,s,r) = Vol(S" 1) - / (M) dr, (3.7)
0 Vs
where Vol(S"~!) is the volume of the unit sphere S"~!, endowed with the standard Riemannian
metric. From (3.7), we see that for any s > 0, there is C' > 0, such that for any > 0, we have

v(n,s,r) < Cexp ((n—1)y/sr). (3.8)

Bishop-Gromov inequality [34, Lemma 9.36] states that the following function is non-increasing
Vol(BM

R 37 B 0) (3.9)

v(n,s,r)
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Moreover, the limit of (3.9), as » — 0, is equal to 1. In particular, for any r > 0, we have
M
Vol(B,, (1)) < wv(n,s,r). (3.10)

We now decompose the integral in (3.2) into two parts: over B% (rar) and over its complement,
V. For the second part, we have the following bound

/Vexp (— idist(zo, z)) dvgra (z) < Zexp(—ilrM)Vd(B%((i + D)rar) \ B%(irM)). (3.11)

However, from (3.8) and (3.10), we see that
Vol(B%((i + 1))\ ng(z'rm) < Cexp ((i +1)(n — 1)y/sr). (3.12)

By combining (3.11) and (3.12), for I > 2(n — 1)4/s, we easily get the bound

ZT’M

/ exp (— ldist(zo, z))dvgru (z) < Cexp ( - T) (3.13)
v

It is now only left to bound the integral over B% (rar). Since the distance function x +—
dist (o, ) is smooth for z € B2 (r);), and the norm of its gradient of is equal to 1, the smooth
coarea formula gives us for < r,; the following identity

Vol(BY(r)) = /r Vol(S2! (r'))dr, (3.14)
0

where S% (r) is the volume of the r-sphere around (. By differentiating the function (3.9), and
using (3.14), we see that (3.9) is equivalent to the following bound

Vol(Sg, (r))
Vol(Bzg(r))

tn, 5,7) (3.15)

<
~v(n,s,r)’

where t(n, s,7) = Lv(n, s, r). From (3.7), (3.10) and (3.15), we deduce

Vol(SM (r)) < Vol(S™1) - (M)”_l. (3.16)

NG

From (3.16), we see that there is C' > 0, which depends only on s and r,,, such that

/TM exp(—Ir)Vol(S)! (r))dr < lgn (3.17)
0

Now, from the smooth coarea formula as in (3.14), we have

/ exp ( — Idist(zo, :v))dngM (x) = / exp(—lr)Vol(S%(r))dr. (3.18)
BM (rar) 0

From (3.13), (3.17) and (3.18), we conclude. L]
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Proof of Lemma 3.1. For simplicity of the presentation, we only present the proof for £ = 0, as
the general case is treated in an analogous way. We trivially have the following identity

Dp(xl,xg):/ A ) A m) e ALz o () o). G19)
M*x(a—1

Now, the triangle inequality readily implies

dist(z1, 21) + dist(z1, 22) + - - - + dist(z4—1, x2) > dist(xy, x2),

3.20
dist(zq,21) + - - - + dist(z,—1, 2) + dist(z;, W) > dist(x;, W). (3:20)

Then for C' as in (3.5), by (3.2), (3.3), (3.19) and (3.20), the following bound holds
|Dy(1,22)| < Cp™ - exp ( — 2\/5 (dist(z1, W) + dist(z1, :UQ)))
c , " c .
. / p" exp < — 5\/]_9 - dist(z4-1, x2)> . / p" exp ( — 5\/]_9 - dist(z,—2, zq_1)> .
M M
c .
: / p" exp < — 5\/5 - dist(z, Zg))dUM(Zl) cedopr(zg-1). (3.21)
M
By triangle inequality, we also have
dist(z1, W) + dist(z1, o) > dist(z2, W). (3.22)
By applying Proposition 3.2 and (1.4), for the integrals over 2, ..., z,— from (3.21), and (3.22),

we get (3.5) for £ = 0 from (3.21) for C := C’ from Proposition 3.2. [

3.2 Model operators on the complex vector space and the kernel calculus

In this section, we consider the model situation of the complex vector space, for which an explicit
formula for the Schwartz kernels of the orthogonal Bergman projector and the extension operator
can be given. We then use those explicit formulas to give a description for the compositions of the
operators, the Schwartz kernels of which can be expressed using the above kernels. This section
(as well as the next one) is motivated in many ways by the works of Ma-Marinescu [29], [28].

Endow C" with the standard Riemannian metric and consider a trivialized complex line bundle
Lo on C". We endow L with the Hermitian metric h%°, given by

12l (2) = exp (= F1217). (3.23)

where 7 is the natural real coordinate on C”, and 1 is the trivializing section of Ly. An easy
verification shows that (3.23) implies that (1.2) holds in our setting. Recall that [28, §4.1.6] shows
that the Kodaira Laplacian .2 on €*°(X, Ly ® Fp) is given by

L =) bibf, (3.24)
=1

where b;, b are creation and annihilation operators, defined as

0
+ 7%, b =2— + 7z (3.25)

)
b = —2
LT

8ZZ'
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A classical calculation, cf. [28, Theorem 4.1.20], shows that the orthonormal basis with respect
to the induced L?-norm of ker . is given by the functions

() o (=50, peren

In particular, [28, (4.1.84)], the Bergman kernel &7, of C" is given by

P2, 7) = exp ( - gz (22 + |2 — 225;)), for Z,2' € C". (3.27)
i=1
Also, we see easily that the Schwartz kernel of the orthogonal Bergman kernel, corresponding

to the projection onto holomoprhic sections orthogonal to those which vanish along C™, is given
by

P (2.7 =Y (%) P78 exp ( . g|Z]2>. (3.28)
BENX™ )

By simplifying the above expression, using (3.27), we see that ij(Z , Z') corresponds precisely
to the quantity, defined in (1.26).

Let us calculate the L?-extension operator &, ,,,, extending each element from (ker )|y to an
element from ker .# with the minimal L*-norm. From (3.26), we easily see that for Zy € C™,
Zn € C"™and g € (ker.Z)l|y, we have

(Enmg)(Zy, Zx) = 9(Zy) exp (= 51 2x]?), (3.29)

We extend &, ,,, to the whole L?-space by g (&nm © P)g. From (3.29), we see that the kernel
of &, corresponds precisely to the quantity, defined in (1.20).

Now, a lot of calculations in this article will have something to do with compositions of opera-
tors having Schwartz kernels, given by the product of polynomials with the above kernels. For that
reason, the following lemma will be of utmost importance in what follows.

Lemma 3.3. For any polynomials A,(Z, Z'), Ay(Z, Z"), Z, Z' € R?", there is a polynomial A3 :=
ICo.m[A1, As], the coefficients of which are polynomials of the coefficients of A;, As, such that

(Ay- Py )0 (Ay- P ) = As- P (3.30)

Moreover, deg A3 < deg A; + deg As. Also, if both polynomials A;, A, are even or odd (resp.
one is even, another is odd), then the polynomial Aj is even (resp. odd).
Similarly, there is a polynomial A := K',, ,,[A;, As] with the same properties as As, such that

(Ay- P,) o (Ay- gz;m) = Af - @;m. (3.31)

Finally, for any polynomials A,(Z, Z'), Ay(Zy, Zy), where Z, Z' € R*", Zy, Z}, € R*™, there
is a polynomial Af := K", ,,,[A1, Ao in (Z, Z3,), with the same properties as As, such that

(A - L@;m) 0&nmo(Ay- P) =AY Enm. (3.32)
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Proof. First of all, since f@#n = Z,, forn = m, (3.30) was proved in [28, Lemma 7.1.1, (7.1.6)]
by the use of so-called kernel calculus. Let us now show that the general case of (3.30) can be
reduced to this special one. For this, remark that by (1.26), we have

Pin2.2) = P (2.2y) - exp (= SIZWIE). 2,2, 24) = 2u(2.23),
P2, 2") = Po(Zy, Z') - exp ( - §’ZN’ >7 P Zy, Z') = Pu(Zy, Z"). .
We decompose the polynomials A, As as follows
ANZ,2) =D Zy - A2y, Z)),  AZ,Z) =) AS(Z,Zy)Zy", (3.34)

where o, o/ € N2 |a| < deg Ay, |o/| < deg A;. Now, by (3.33) and (3.34), we have
(A Zr) o (A2 25,))(2,2) = exp (= S(120 ] + 124 ]%) )
SNz (A5 Pa) o (A5 - 20)) (2, Z4). (335)

From (3.33) and (3.35), we conclude
KnmlAr, As) = " Z8 23 Kl AT, A, (3.36)

a o

Now, (3.30) follows from (3.36) and the fact that (3.30) holds forn = m
Along the same lines, we obtain

(A 2a) o (A2 2,5,))(2,2) = exp (- f|va|2)-
ZZ ( P)o (A - gzn))(z,zg,). (3.37)

From (3.33) and (3.37), we conclude
K'nm[Ar, A)(Z,Z") = 0 Z0 - Kunl A, ASN(Z, Z4). (3.38)

O[/

Now, (3.31) follows from (3.38) and the fact that (3.30) holds forn = m
Now, by (3.29), we first write

Enm(Z. Z0) = exp ( . g|ZN|2> - Py, ZL). (3.39)
From (3.30) for n := m, (3.33) and (3.39), we obtain
(&nmo (A P Z, Zy) = K1, A)(Zy, Zy) - P (Z, Z). (3.40)
From (3.30) and (3.40), we deduce
K" wmlA1, Ao (Z, Z3) = K | A1, K [1, A2) | (Z, Z5,). (3.41)

Now, (3.32) follows from (3.41) and the fact that (3.30) holds. ]
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Remark 3.4. Directly from the definitions, we have

ICn,m[Al . P(Zl), A2] = ICn,m[Ala P(Z) : A2]7

342
Kol Ar, Ay - P(Z)] = K[ Ar, As] - P(Z') 642

Using the kernel calculus from [28, §7.1] or the explicit calculations, one can verify, cf. [28,
(7.1.10)], that for 7, 7 < m, the following holds

1
ICmm[l, ZiZj} = ZZ‘Z]', Kn,m[la 212]] = ;574 + le;,
Knmll,77,] = 27, (3.43)
]Cn,m[lv Pz Z)Zz] = ’Cn,m{lu PZ<Z>]217 ’Cn,m{lu PZ<Z)ZZ] = ’Cn,m[lu Pz(Z>]z;7
where P;(Z) doesn’t depend on z; and Z;. Finally, for any £ = 2m+1, ..., 2n, from the calculation
Jg Z exp(—n|Z|*)dZ = 0, we get
Ko | A1(Zy, 23), Z - Aoy, Z4)] = 0. (3.44)

3.3 Algebra of operators with Taylor-type expansion of the Schwartz kernel

The main goal of this section is to prove that the set of operators, acting on the sections of a trivial
vector bundle over C" by the convolution with Schwartz kernel admitting Taylor-type expansion
and exponential decay away from C™ C C", forms an algebra under composition. We also extend
this result for operators on general triples of bounded geometry.

Let us now state precisely our results. The proofs will be given in the end of this section. We
fix g € N, ¢ > 2, and operators Gy, A}, ..., Al t € [0, 1], acting on the sections of the trivial vector
bundle C™ over C" by the convolutions with smooth kernels G;(Z, Z'), A} (Z,Z"), ..., AL (Z,Z") €
End(C™) with respect to the volume form dvc. on C". We assume that there are ¢, ¢; > 0, such
that for any [ € N, there are C' > 0, Qp1 > 0, h = 1,...,¢q, such that for any ¢ € [0,1],
Z,7' e R*, a,a/ € N*" |a| + |o/| <, we have

a\a|+\o¢’| Qn1taqil

‘—aZQaZ,Q,A?(Z, z)| <c(1+12]+121) exp (= co|Zy — Zy] +12x] +124)).
plat+le 01 vt

'—azaaz,a,gt(z, z)| <c(1+121+121) exp (= colZ = 7). (3.45)

Lemma 3.5. The operators D; :== Alo---0A{, D} := G0 A?0- - -0 AJ are well-defined and have
smooth Schwartz kernels D,(Z, Z"), D,(Z, Z') with respect to dvcn. Moreover, for any [ € N,
there is C' > 0, such that for any ¢ € [0,1], Z, Z' € R*", a, o/ € N*", |a| + |/| < I, we have

glal+le|
‘ R(Z,Z")

Qi1+ +Qq1+q1l
02007’ ) '

<c(1+12+12/
C
coxp (= D12y = 2yl + |Zx] +1Z4]) ), (346)

where R; designates either D, or D,.
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Now, assume, in addition to (3.45), that for any »r € N, h € 1,...,q, there are J"(Z,7') €
End(C™) polynomials in Z, Z' € R*", such that F}' := J" - 2, (vesp. F|:= J! - #,) appear
as coefficients of Taylor-type expansion for A (resp. G;). More precisely, we assume that there
are €, ¢1, g1, g2 > 0, such that for any &, [ 6 N,h=1,...,q, there are C > 0, Q)2 > 0, such that
forany t € [0,1], Z,Z' e R*", |Z],|Z'| < 2, o,/ GNQ" la| + |o/| <1, we have

Hlol+le’| / i ,
‘W(Ai‘(z,z) - Ztrfrh(z»z))

Qn,2+q1l+q2k
§Ct'f+1(1+|Z|+|Z’|) peE

o e
‘W( AVNAE Ztr}"’ z,7') )‘

< Ct’“+1(1+ \Z] +|Z'|

exp (= 112y = Z4 |+ 1Zn] + | Z4])). (347)

Q1,2+q1l4+q2k
) exp (—a|Z - Z). (3.48)

Define polynomials 7, (Z, Z') € End(C") (resp. J((Z, Z') € End(C")),r € N,in Z, Z' € R*",
as follows

T = D Ko | Doy Ko | T+ K [T TR+
A

o= S K[ T K[ T KT8 8] -] (3.49)
A

where )\ runs over all partitions (Aq, - - - , A,) of r by natural numbers \;,. We let F,.o := 7, &
(resp. Flo =T o+ Do)

Lemma 3.6. In the notations of (3.45), (3.47), for any k,l € N, there is C' > 0, such that

forany t € [0,1], Z,Z" € R*, |Z|,|Z'] < £, o, € N*, |a| + |&/| < [, and for Q :=

max{> .} _, Qn1, > 3_1 Qna}, c2 := min{cy, c; }, the following estimate holds

Hlal+le| / U ,
’W(Rt(zaz) - Zt Gro(Z, 2 ))’
r=0

Q+aqil+q2k
< Otk+1(1 2]+ |Z’|> exp ( . —(\Zy — 2L+ | Zx| + 12, |)), (3.50)

where R, (resp. G, ) designates either D, or D, (resp. either F,  or F, 0)-

Now, let us formulate similar results for general manifolds. More precisely, let (X, Y, g7%)
be a triple of bounded geometry. Let dvx be a volume form over X, satisfying (1.4). We fix a
Hermitian line (resp. vector) bundle (L, h%) (resp. (F,h%)) on X.

Let us fix ¢ € N*, and a sequence of operators A}), ..., A%, p € N*, acting on (X, [P ® F)
by the convolutions with smooth kernels A} (z1,23), ..., Ad(x1,22) € (LP @ F),, @ (LP @ F)%,
with respect to the volume form dvyx. We assume that there are ¢y > 0, p; € N*, such that for any
k € N, there is C' > 0, such that forany h = 1,...,q, x1, 22 € X, p > p;, we have

|Ap (1, xz)}cgk(xxx) < Cp"* 2 exp (= coy/pdist(z1, 73)), (3.51)
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and there is h among 1, ..., ¢, such that even stronger bound holds

[ 4@,

xQ)‘%’k(XXX)

< C'pn+§ exp ( — coy/p(dist(z1, z2) + dist(z1,Y) + dist(zs, Y))) (3.52)

We fix yo € Y and trivialize (L, h") (resp. (F,h!)) in a neighborhood of y, using Fermi
coordinates and parallel transport with respect to V* (resp. V') as we did before Theorem 1.6.

Assume that for any h = 1,...,q, r € N, there are .J;,(Z, Z') € End(F,,) polynomials in
Z,7' € R*", such that for F3j, := J., - &, the following holds.

There are €y, c1,q1,q2 > 0, py E N*, such that for any k,l € N, h = 1,...,q, there are
C > 0, Qns > 0, such that for any p > p1, Z = (Zy,Zn), Z' = (Z4,ZN), Zy, Zy € R*™,
Zn, Zh € RE=m) | 7)1 Z'| < o, a, 0 € N?", |a| + || < I, the following bound holds

Plal+la| 1 ) o
‘W(EAZ(%O( ), Yy (Z7)) Zp FA(PZ PRy (2) X2(Z))’

_ Qn,3+q1l+q2k
<Cp ) :

N <1+\/z3|Z| + Vil 7|
cexp (= erV/B(12y — 24|+ 1201 +124))). (3.53)

Define polynomials .J;,(Z, Z') € End(F,,), r € N, in Z, Z' € R*", as follows

J#D = Z ]Cn,m [J,t,la lCn,m |:J)J\_2,27 e 7ICn,m [Jj;_hq—p Ji;,q} T ] ) (354)
A

where A runs over all partitions (A, - - -, A¢) of r by natural numbers \;, and let F\, := J.p)- P,

Lemma 3.7. In the notations of (3.51), (3.52), (3.53), forany &, [ € N, there is C' > 0, such that for
any p > p1, Z = (Zy,Zn), Z' = (Zy,Z\), Zy, Zy € R*™, Zy, Z)y € R* ™) | Z],|2'| < &
o, € N |a| + |o/| <, for Dyasin(3.4),Q :=>}_, Qns, c2 = min{cy, ¢; }, we have

\%(1 o (V(2), Y2 Zp I D 2) )|

>Q+q1 +q2k

< Cp (1+@|Z|+m3|2'r
C ! !
exp (= 2By = 24|+ |Zx] +1241)). (355)

Let dvy be a volume form over Y, satisfying (1.4). We fix an operator C,, p € N*, acting on
¢>(Y,*(L* ® F)) by the convolution with smooth kernel C,(y1, y2), y1,y2 € Y, with respect to
the volume form dvy. Assume there is ¢ > 0, such that for any k € N, there is C' > 0, such that

3 .
|Cp(y17 y2)|(gk(yxy) < Cp™*2exp ( - CzﬁdISt(yh yz)) (3.56)

Assume that for a fixed yp € Y, forany € N, there are J, «(Zy, Z,) € End(F,,) polynomials
in Zy, Zy € R™, such that for F, o = J.¢ - &, the following condition holds. There are
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€0,C3,q1,q2 > 0, p1 € N*, such that for k£, € N, there are C' > 0, Q¢ > 0, such that for p > p,,
Zy, Zy € R*™ | Zy|,| Z4| < €, a,a’ € N*™ |a| + || < I, the following bound holds

glal+la’l /1 :
‘W<—m o (Voo (Zy), 1y (2 ZP $F (P Zy Py )iy (Zy )y (2 ))‘

)Qc+tI1l+Q2k

< Op 5 (1+ ValZv] + vilZy |

Recall that x and Eg were defined in (1.7) and (1.9) respectively. We denote

exp ( — e3/D| 2y — Z;y). (3.57)

1
Dy = A} o (ky? - E)) o C,. (3.58)
Define polynomials ./, (Z, Z') € End(F,,), r € N,in Z € R*", Z' € R*™, by

r

TE = K wml T 1 v, (3.59)

ro=0
and let FF), := JF, - &, .

Lemma 3.8. In the notations of (3.51), (3.53), (3.56), (3.57), for any k [l € N, there is C > 0,
such that for any p > py, Z = (Zy, Zn), Zy, Z4 € R¥™, Zy € R2=m) |Z| |Zy| < 2, a e N°7,
o € N1<1,Q:= Q13+ Qc, ¢y :=min{cy, c1, c2, c3}, we have

plal+la’l /1 n
‘W( 7 Do (V0(2): 90 (Z3)) ZP EEE, (VB2 By ) (2) YQ(ZQ))‘

_k+1-1
< Op™57 (1+ vplZ| + Vil 2y

Proof. The proof is completely analogous to the proof of Lemma 3.1, done for W := C™, with
only one change. Instead of Proposition 3.2, one has to use that for any ¢ > 0, () > 0, there is a
constant C', such that for any A € C", we have

Q+ 1l+2k
) e (= SVB(2r - 2]+ 12x1)). (B60)

/ 1Z|Q exp(—c|Z — AAZy A - A dZan < C(1 + | A[9), (3.61)

which can be shown easily by the change of variables Z — Z + A. O

Proof of Lemma 3.6. To simplify the presentation, we restrict ourselves to the case [ = 0, as the
general case is treated in an analogous way. We present first the proof that the asymptotic expansion
(3.50) holds for £ = 0. Analogously to (3.19), we have

D(2,7') = / ( )Ag(z, INVANZy, Zo) oo AN Zy1, )
(RQn) q—1
: d’UR2n(Zl) L dURQn(Zq_l) (362)

We decompose the integral (3.62) into a sum of two integrals. The first one is over the set (); =
B($2"(57°)X(‘1_1), and the second one is over its complement ()§. Let us bound the contribution in
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(3.62) coming from the integral on Q¢. Similarly to (3.20), for any Z, Z' € R*", |Z|,|Z'| <
and any (Z,...,Zs 1) € Qf, we have

2t’

dist(Z, Z,) + dist(Z1, Zo) + - - + dist(Z,_y, Z') > ;—‘2 (3.63)

By (3.45), similarly to the proof of Lemma 3.1 and (3.61), there is C' > 0, such that

ANZ,2,) - A2y, Z) - - AN Zyr, Z)dven (Z1) - ... dvoen (Z4-1)

J.
<O +12+ |2 )5 @rexp (= S(12y = 2yl + |2u] + 124 + 5) ). B64)

From the fact that for any ¢, e > 0, k € N, there is a constant C' > 0, such that exp(—ce/t) < Ct*,
for any ¢t € [0, 1], implies that the right-hand side of, (3.64) is majorated by the right-hand side of
(3.47), and hence, the contribution of an integral over () is negligible.

Now, let Ay, As, A3 be as in Lemma 3.3. By (3.64), we see that for any € > 0, there is C' > 0,

which depends only on k, Ay, Ay, such that for Z, Z' € R*", | Z|,|Z'| < £, we have

- P2 )22~ [ (A PENEZ) - (o 25,20, 2)dven(2)

|Z1|<5

< C(1+]2]+ |7kt exp §(|Zy — ZU| + |1 Zn] + |2 + 2%)). (3.65)

Of course, an estimate as in (3.65), holds for any number of polynomials. From (3.64) and (3.65),
we deduce the first part of Lemma 3.6 for £ = 0.

Now, to extend the argument for general £ € N. For any £’ € N, in the notations of (3.47), we
introduce

B (z, 7" Zt’“ﬁ (Z,7"). (3.66)

Then we decompose D; into a sum of elements C} o - - - o C/, where each C, | = 1,...,q, is either
equal to Al — Bi’kl or to Bi’k/, and the sum of £’ for all the multiplicands adds up to k. For the
term, which consists of the compositions of B!, we apply (3.64) and (3.65) to conclude that it has
an asymptotic expansion of the form (3.50) up to the error term of the form as in the right-hand
side of (3.64). From (3.65) and the definition of C,, ,,[-, -] from Lemma 3.3, the coefficients of this
asymptotic expansion are given by polynomials 7, o, defined in (3.49).

For other terms, we decompose the integral into two parts: over (); and over (7. To bound the
contribution from (), we use (3.47) and Lemma 3.5. To bound the contribution from @)f, we use
(3.45) and proceed as in (3.64). By combining the two bounds, we see that they contribute no more
than the right-hand side of (3.47). This finishes the proof of the first part.

The proof of the second part proceeds along the same lines with only one change: instead of
the first part of Lemma 3.3, one should use the second part. O

Proof of Lemma 3.7. The proof is very similar to the proof of Lemma 3.6, so we only highlight the
main steps. We fix Z, Z' € R*, |Z|],|Z'| < ¢, and let x = ¢ (Z), 2’ = 1, (Z"). We decompose
the integral in the formula (3.19), into two parts. The first one is over the set Q := BiX ()7,
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and the second one is over its complement )°. Similarly to (3.64), but relying on Proposition 3.2,
we deduce the bound

‘ /C Az, x1) - A1, @0) - - Alwgr, @ )dox (1) - ... - dux (zg—1)

< Cpte - exp ( — g\/fy (dist(, ) + dist(z, V) + dist(2, Y) + %)), (3.67)

But since for any ¢, e > 0, k € N, there is C' > 0, such that exp(—ce,/p) < Cp~*, for any p € N*,
the right-hand side of (3.67), is majorated by the right-hand side of (3.55), and hence negligible.
Now, to deal with the integration over (), we pass to 1, -coordinates. The change of the variables

introduces the xx factor for every volume form. It will be canceled with the two KJ)_(I/ 2 factors,
which appear in the asymptotic expansion (3.53). Once two factors are canceled, and we make a
change of the variables Z +— \%, we reduce the problem to the estimates of the form (3.65). The

proof is now finished exactly as in the proof of Lemma 3.6. [

Proof of Lemma 3.8. The proof is analogous to the proof of Lemma 3.7 with only one change:

instead of relying on (3.30) in the estimate (3.65), one has to rely on (3.32). The reason why the
1

factor r,? appears in (3.58) is due to the identity

kx(Z) = kn(Yy(Z)) - ky (Zy), (3.68)

which implies that the term ~ x, appearing after the passage to v, -coordinates, disappear with the
1 1

terms k2 and k-2, which appear in the Taylor-type expansions of A, and C,,. [l

4 Spectral bound for the restriction operator

The main goal of this section is to prove a spectral bound for the restriction operator.

More precisely, we conserve the notation from Section 1 and assume that the triple (X, Y, g7%)
is of bounded geometry. Consider the restriction operator Res, : H ?é)L(X PR F) —
E>* (Y, *(LP ® F)), defined as f + f|y. Directly from Propositions 2.9, 2.11 and Lemma 2.32,
we see that the restriction to Y of an element from H ?é)L(X , [P ® F) lies in H ?2)(}/, (P F)).
Hence, we may regard Res, as an operator

Res, : Hyp (X, LP @ F) = Hiy (Y, (1P ® F)). (4.1)
The main result of this section goes as follows.

Theorem 4.1. There are c,C' > 0, p; € N* such that for any p > p1, we have

n—

ep T < HRespH <Cp'z, 4.2)

where||-|| is the operator norm with respect to the L*-scalar products (1.3) on X and Y.

Remark 4.2. a) For compact manifolds, a similar statement appeared in Sun [37, Theorem 3.3]
for (F), ht ) trivial. However, it seems that only the lower bound was discussed there. Also we,
unfortunately, didn’t understand the argument of the author in his proof of the lower bound. In
particular, the passage from the second equation before the announcement of [37, Theorem 3.3] to
the first equation appears rather mysterious for us. Our proof is different.

b) A more precise version of (4.2), containing the asymptotics of ||Res,||, will be given in [19].
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This section is organized as follows. In Section 4.1, we calculate the first two terms of the
Taylor expansion of the d-operator in a shrinking tubular neighborhood of Y. This will play a
crucial role in our proof of the lower bound of Theorem 4.1 in Section 4.2. In Section 4.3, we
establish the upper bound in Theorem 4.1.

4.1 Taylor expansion of the holomorphic differential near submanifold

. . . ) =LPQF
The main goal of this section is to calculate the first two terms of the Taylor expansion of 0 -

operator, considered in a shrinking neighborhood of Y of size \/iﬁ, as p — oo. Our result is
motivated by the Taylor expansions of the associated Dirac operator due to Bismut-Lebeau [3,
Theorem 8.18], which corresponds to trivial (L, h') in our setting, and the Taylor expansion due
to Dai-Liu-Ma [9, Theorem 4.6], which corresponds to Y equal to a point in our setting.

More precisely, as in Section 1, we consider a triple (X, Y, %) of bounded geometry. By
means of the exponential map as in (1.7), we identify a neighborhood of the zero section B, ()
in the normal bundle N, to a neighborhood U := B¥(r,) of Y in X.

Recall that the projection 7 : U — Y and the identifications of L, F' to 7*(Ll|y ), 7*(F|y) in
Bi¥(ry) were defined before (1.9). We similarly identify TX to 7*(T X |y) over B;: (r, ) using the
parallel transport with respect to the Levi-Civita connection V7. Remark that since g7 is Kihler
by (1.2), the decomposition X ®r C = T X @ TOD X is preserved by VX, cf. [28, Theorem
1.2.8]. In other words, the identification of T X with 7*(7'X |y ) induces the identifications

7 (TOOX]y) - THOX |y, 775 (TOYVX|y) - TOV X, (4.3)

We define the 1-forms I'¥', T'* with values in End(7*(F|y)), End(7*(L|y)) as in (2.54) using
the above isomorphisms. Recall also that the connection V¥V on N was introduced before (1.19).
The connection V¥ induces the splitting

TN=N&TIN 4.4)

of the tangent space of the total space of N. Here T N is the horizontal part of N with respect to
the connection N. If U € TY, we denote by U¥ € T N the horizontal lift of U in T N
For € > 0, we denote by E(¢) (resp. E) the set of smooth sections of 7*(LP|y ® F'|y) on B.(N)
(resp. on the total space of V). We also denote by E()(¢) (resp. E(®)) the set of smooth sections
of m(T*OV X|y) ® 7*(LP|y ® F|y) on B.(N) (resp. on the total space of ).
Clearly, the above isomorphisms allow us to see 0 "9 asan operator
=LPRF

0 (E(ry) = EOY(r). (4.5)

We fix a point yo € Y and an orthonormal frame (eq, ..., ea,) (resp. (€gmi1,--.,€2,)) N
(TyY,g™) (resp. in (Ny,, g,v)) such that (1.16) is satisfied. Using the exponential coordinates
on Y and the parallel transport of (€241, - - -, €2,) along the geodesics on Y, similarly to Fermi
coordinates v, in (1.17), we introduce complex coordinates z1, ..., 2y, on Y and 2,11, ..., 2, On
N. Using those coordinates, we define the operators

B LR B EOY, “o
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by prescribing their action at a point (o, Zx), Zny € R, as follows

=S ()= S e () e

1=m+1

The first differentiation in (4.7) is well-defined because W*(%MO)H = a%lyo is of type (0, 1), and
the second derivation is well-defined because the vector bundles are trivialized along fibers of 7.

We use notation (1.30), and for any ¢ > 0 define the rescaling operator F; : E(e) — E($) for
f € E(e) as follows

(Fif)(y, Zn) == f(y,tZxn),  (y,Zn) € B<(N). (4.8)
The operator F; : EOV(e) — E(®V () is defined in an analogous way.

Theorem 4.3. As p — oo, we have

=LPQF

1 .0 1 _ _
Fod ®FoF = zﬁf\, OF L 0 "+ O(t1Z5)0n + t|Zx |00 + 11 Zn]),  (4.9)

where O(t|Zx|?0n + t|ZN|5H + t|Zn|) is an operator of the form Y_"  a;(t,y, Zy) - dZily, -

((%_ yo) ,+ Z] S bi(t,y, Zn) - dZjly, - (%, +c(t,y, Zn), such that there is a constant C' > 0,

for which |a;(t,y, Zy)| < Ct|Zy|% |bi(t,y, Zn)| < c(t,y, Zn)| < Ct|Zn| holds for any
1=1,....mandj=m-+1,...,n

Proof. To simplify the notations, we denote 5—2 = T(%’yo) and g—g = T(aiZJyo). By (4.3), the

action of the operator """ viewed as in (4.5), at a point (yo, Zn), |Zn| < 71, is given by

P 70 7O
St Zdzz|y0-a_. Zdzz|y0-(prOZN)(g_l)—G—Fg()’ZN)(a—zi)). (4.10)

A calculation from Bismut-Lebeau [3, p. 94-96] shows

= 70 _ LP®F
Fio (Lt 2) ot = (X il 52) 47
i=1 ' Zi

i=m+1

—dimY - v*(y) A +Ot| Zx|?On + t|Zx|0w), (4.11)

where the O-term is interpreted as in (4.9), and v € €>°(Y, N) is the dual of the mean curvature

of ¢, defined as follows
2m

1
Vi= — Ale;)e;, 4.12
g 2 A) (4.12)
where the sum runs over an orthonormal basis of (T'Y, g7¥). However, as in our setting the mani-

folds are Kéhler (hence, J commutes with A), we see by (2.53) that forz = 1, ..., m, we have

A(ezz‘,l)egi,l = A(Jegi)Jegi = JA(J€2i)€2i = JA(@gi)Jegi = —A(egi)egi, (413)
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for the basis ey, . . ., es,,, as in (1.16). Hence, we see that
v =0, (4.14)

which, for compact manifolds, is a consequence of the well-known fact that every complex sub-
manifold of a Kihler manifold is volume minimizing in its homology class, cf. [12, III.(1.25)].

Remark that in [3], no assumption of bounded geometry was made, and (4.11) was stated
locally in Y. However, in the proof of Bismut-Lebeau, the O-term comes from the expansion of
the Christoffel symbols and the connection forms, and hence by Propositions 2.9, 2.16, it can be
bounded uniformly in Y.

Now, from Lemma 2.24 and (2.51), we see thatfori: = 1,...,2m, j =2m +1,...,2n, at the
point (yo, Zn ), we have

0 0y 9
87 87 +O(|Zn["),
(4.15)
—
a 82 g:)M ez)ZN,Q) +O(|ZN|2)
From Lemma 2.27 and (4.15), we deduce
7O 70
Loz (55) = OUZND): - Tz (557) = O 2n1),
7'(9Z 7'8] 0 (4.16)
L 0.zx) <8_Ei) O(Zn1%), Tl 20 (8—%) = —RL (Zn, 0—-) +0(|Zx]%).
Now, from (4.10), (4.11), (4.14) and (4.16), we get
=LP@F 1 N 0 7 0 =LPRF
Fod ot = a;;l dz; - (a_ §RyO(ZN, a_z)> a5,
+ O(t|1Zy|*On + t|Zx|0n + t|Zy]). (4.17)
Finally, by (1.1), we have Rjo (Zn, a%i) = 7z;. By this and (4.17), we conclude. O

4.2 Extension theorem, a proof of the lower bound in Theorem 4.1
In this section, we establish the lower bound in Theorem 4.1. For this, in the notations from Section
4.1, we show that the following refined version of Ohsawa-Takegoshi extension theorem holds.

Theorem 4.4. There are C' > 0, p; € N*, such that for any p > p, and g € H(O2) (Y, ,"(LP ® F)),
thereis f € H?Q)(X7 LP ® F), such that f|y = g and

C
||f||L2(X) < ]@HQHLQ(Y) : (4.18)

Proof of the lower bound in Theorem 4.1. Let C be as in (4.18). As E, is defined as the minimal

extension with respect to the L?-norm, for any g € H (02) (Y, *(LP ® F)), by Theorem 4.4, we have

C
HEPgHLQ(X) < F 9llzzgyy - (4.19)

This means exactly that the lower bound in Theorem 4.1 holds for ¢ := C~L, ]



Semiclassical Ohsawa-Takegoshi extension theorem 44

By the above, to settle the main goal of this section, we need to establish Theorem 4.4. The
main idea of the proof of Theorem 4.4 is to pass through the general framework of the proof of
Ohsawa-Takegoshi extension theorem, cf. [11, §11]. We choose a smooth extension of g over
X, and then obtain the holomorphic extension by modifying the smooth one using a solution of
0-equation with singular weight, which forces the solution to annihilate along Y.

The novelty here is that instead of choosing an arbitrary smooth extension, as it is done in [11,
§11], we choose a specific one, given by the operator (1.9). The incentive for doing so comes from
the fact that we would like to get some estimates, related to this extension, which would be uniform
in p, and this doesn’t seem doable for an arbitrary choice of the extension. Choosing a specific
extension allows us to use Theorem 4.3 to prove the uniform versions of some L?-estimates, which
are indispensable in the proof. For those estimates and after, we need the following proposition.

Proposition 4.5. For any £ € N, there are C' > 0, p; € N*, such that for any p > p; and
fe H&) (X, P ® F), we have

k L3
V5 1l 2y = CP2 1N oy (4.20)
where V is the covariant derivative with respect to the induced Chern and Levi-Civita connections.
For the proof of Proposition 4.5 and in many places later, the following result will be crucial.

Theorem 4.6. For any k € N, there are c,C' > 0, p; € N* such that for p > p, we have

’B;((xl, Tg) < Cp”% - exp ( — ¢y/p - dist(z, xg)), 4.21)

Ck(X xX)
where €*-norm here is interpreted as in Theorem 1.5.

Proof of Theorem 4.6. For compact manifolds, Theorem 4.6 was implicit in Dai-Liu-Ma [9, The-
orem 4.18]. For manifolds of bounded geometry it was proved by Ma-Marinescu in [30, Theorem
1]. For the summary of numerous previous works on the off-diagonal estimates of the Bergman
kernel as in (4.21), refer to [30, p. 1328]. O

Proof of Proposition 4.5. For compact manifolds, the statement is very classical. For manifolds
of bounded geometry, the proof can be obtained by a slight modification of the argument in [30,
Lemma 2]. We present here an alternative proof, based on Theorem 4.6. First of all, by Theorem
4.6 and Proposition 3.2, there are C' > 0, p; € N* such that for any xy € X, for p > p;, we have

/ |(VEB,Y) (0, ) |dvox (z) < Cp*, / |(VEBX)(x, m0) | dox (z) < Cp*. (4.22)
b b
Also, since f = BX f, V* f admits the integral representation

VA f(21) :/X(kagf)(xl,xQ)-f(xQ)duX(xg). (4.23)

We deduce (4.20) directly from (4.22), (4.23) and Young’s inequality for integral operators, cf. [36,
Theorem 0.3.1] applied for p, ¢ = 2, » = 1 in the notations of [36]. 0
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Proof of Theorem 4.4. Recall that the operator Eg was defined in (1.9). We would like to verify
that for any g € Hp, (Y, ¢*(LP @ F)), yo € Y, we have

=LPRQF

a(yo) =0, where a:=09  (Elg). (4.24)

p

Indeed, let us work in a neighborhood V' := B{¥(“+) of Y in X. Recall that ¢t € R, and F;
were defined in (4.8). Then in the notations of (1.9), on V, we have

1~ ~ e
Eg=F"3, gy, Zn) = g(y) exp ( - §|ZN|2>- (4.25)
Recall that EJLLI%F, E%@’F were defined in (4.7). A trivial calculation shows that on /', we have

LY®Fg =0. (4.26)

Also, since V¥ preserves ¢%, in the notations of (4.7), similarly to [3, (8.97)], we have

((2,) 7)o 20) = (5

azl-g> (yo) exp ( — g]ZNF). (4.27)

As a consequence of (4.27) and the fact that g is holomorphic, we obtain

=0 (4.28)

From (4.25), (4.26), (4.28) and the fact that all the residue terms in Theorem 4.3 contain | Zy|, we
deduce (4.24).

Now, using the L?-estimates, let us construct a holomorphic perturbation of Egg, satisfying the
assumptions of Theorem 4.4. Recall that 6y : X \ Y — R, ay : X — R, were defined in (2.85).
For € > 0, let us now define the weight J,, : X \ Y — R as follows

dp = 2(n — m)dy — epay. (4.29)

By taking € small, by Theorem 2.31, we see that there exists p; € N*, such that for any p > p,
over X, the following inequality holds in the distributional sense

J_1 _
pw + 788523 > gw. (4.30)

Let us fix € small enough, such that for any |Zy| < r,, we have
T T
E\ZN\Q —eay(y, Zn) > Z|ZNP. (4.31)

We will now prove that there are C' > 0, p; € N*, such that forany p > py, g € H&) (Y, " (LP®
F')) and « defined in (4.24), we have

/X\Y loPe ™ dvx < Clgll72y (4.32)
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By Corollary 2.10, Lemmas 2.28, 2.29, (1.9) and (4.31), we see that there are ¢, C' > 0, p; € N*
such for any p > p;, we have

| laPetdng < Comi-cn)(lolfag + I90l). @39
X\B§ (F)

Now, as a has support in B} (5-), it is enough to work in (y, Zx), y € Y, Zy € N, coordinates.
To estimate the integral over By (%), we use (4.25) and make the change of variables by F; to get

/ la?e P dvy A doy
B (1)
:/ (700" o 1)
Br, (N)

By using Corollary 2.10, (4.26), (4.27), (4.28), (4.31), (4.34), and the fact that for j = 1, 2,

/ ‘ZN‘j exp(—%‘ZN‘Q)d’URﬂn—m)(ZN)

2 ecpay (y,tZN)

(y, tZN)mdvy A dUN. (434)
N

< 00, (4.35)

we conclude that there are C' > 0, p; € N, such that for any p > p;, g € H&)(Y, (*(LP ® F)) and
« as in (4.24), we have

Ly o ot don < Ot + 1ol @30

From Proposition 4.5 and (4.36), we deduce (4.32).

By [10, Theorem 1.5], X \ Y is a complete Kdhler manifold. Hence, by (4.30), we may resolve
the 5-equation on X'\ Y, see [11, Proposition 13.4]. From this, the trivial fact that 5LP®F04 = 0and
(4.32), we see that there are C' > 0, p; € N*, such that for any p > p, g € H&)(Y, H(LP e F)),
there is a section fy € €°>°(X \ Y, LP? ® F'), such that

=LPQF

77— / | fol2e~Srduy < —||gHL2 4.37)
X\Y

Let us prove that f := E »9 — Jo verifies the assumptions of Theorem 4.4.

From (4.37), we see that over X \ Y, 8L or f = 0. Also, by (4.37), we easily get that f €
L?(X). By the standard regularity result, [10, Lemme 6.9], f extends smoothly and the equation
5LP®F f = 0holds on X. In particular, f, extends smoothly as well. However, since exp(—2(n —
m)dy) is not integrable, the L?-bound (4.37) implies that fy|y = 0. Hence, we conclude that
fly = g. Itis only left to verify that f satisfies the needed L?-bound (4.18).

An easy calculation, using Corollary 2.10, shows that there are ¢, C' > 0, such that we have
c C
E||g||L2(Y) < ||E29HL2(X) < TJ|’9|’L2(Y)' (4.38)
p =z p 2
Let us now prove the following bound

/ | fol?e %P dvy > Cp™™ / | fol?dvx. (4.39)
X X
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This will be clearly enough for our needs, as from the L?-bound in (4.37), (4.38) and (4.39), we
would deduce the L?-bound (4.18).
First of all, since iy > min{3 (%)%, 3} on X \ By (%), there are ¢, C' > 0, such that

/ , | fol?e v dux > C’exp(ecp)/ | fol?dvx (4.40)
X\BF (1) X\B§ ()

It is now only left to give the lower bound for the integrand on the left-hand side of (4.39),
where the integration is done over Bj (). But remark that from (2.85), over Bi¥ (%), there is
C > 0, such that for any p € N*, we have e % > Cp™~™. From this, we deduce

/ | fol2e ™ %rduy > Cp™™ / | fol2dvx. (4.41)
B ()

B ()
From (4.40) and (4.41), we obtain (4.39). [

Remark 4.7. Our proof shows that there is E, : Hiy) (V" (LP @ F)) — Hpy (X, LP @ F), verifying

(Ey9)ly = g for g € Hy (Y,0*(LP ® F)), and such that (1.11) holds for E;, instead of Ej.

4.3 Asymptotic trace theorem, a proof of the upper bound in Theorem 4.1

The main goal of this section is to give a proof of the upper bound in Theorem 4.1. The main
idea of our proof is to apply the trace theorem from the theory of Sobolev spaces in a blown-up
neighborhood of 4y € Y.

To describe it precisely, recall that for a fixed point yy € Y, the Fermi coordinates 1, were
defined in (1.17). We identify L (resp. F) to Ly, (resp. F,,) in a neighborhood U := B\ (R), for
R as in (2.17), by using the parallel transport in the same way as it was done before Theorem 1.6.

We fix a unitary vector in (L,,, h*w), and trivialize (L, h") over U using it and the above
parallel transport. This allows us to see the Kodaira Laplacians (I1"®F on LP @ F as operators
L, ., acting on a fixed space €>°(U, F,,).

We use notation (1.30), and define S, : (U, F,,,) — €>°(B;\ (tR), F,,) as follows

S.f(Z) = f(%) (4.42)

Let V be the ordinary differentiation operator on 7, X. Over ¢ (U, F,,), we can define the
following operators
1
Vo, =V.+ 5350(2, D,
2n

& ==Y (Vo.,)? — dn, (4.43)
=1

,,2@/ = tQSgle,yOSt.

According to [28, §4.1.6], .Z coincides with the operator defined in (3.24). The following state-
ment, essentially parallel to [28, Lemma 1.6.6] (which corresponds to Y = {y,} in our notation),
is crucial in our proof of the upper bound in Theorem 4.1.
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Lemma 4.8. When ¢t — 0, the following asymptotics holds
% =2+ 0(tV?), (4.44)

where O(tV?) means a second order differential operator with coefficients bounded for any k£ € N
in €*-norm by C,t for a certain constant C}, > 0, which is uniform on 7, € Y, and depends only
on the constant C_ 1 from (2.1), (2.14) and (2.22).

Proof. The proof proceeds through the use of Lichnerowicz formula exactly in the same way as
in the proof of [28, Lemma 1.6.6]. Of course, the function x from [28, Lemma 1.6.6] doesn’t
appear in our considerations because it doesn’t influence the highest order of the asymptotics of
%,. The fact that we do not work in geodesic coordinates, but in Fermi coordinates, doesn’t pose
any problems as well, since according to Proposition 2.18, the derivative at 0 of the diffeomorphism
which relates the two coordinate systems is equal to the identity, and, thus, doesn’t influence the
highest order of the asymptotics of .Z;. The uniform boundness in O-term follows Propositions
2.3,2.9 and 2.16. ]

Proof of the upper bound in Theorem 4.1. We would like to prove that there are C' > 0, p; € N*,
such that for any p > py, yo € Y and f,, € H°(X, L? ® F), the following bound holds

pr|Y||L2(B;VO(t)) S Cp%HfPHm(B;g(u))' (4.45)

Clearly, once (4.45) is established, the upper bound in Theorem 4.1 readily follows after a summa-
tion over different y; € Y, 7 € N, chosen as in Proposition 2.11.

Now, for € > 0, we denote by L% o(¢), L}.(¢) the L2-spaces on B " (€), By " (€) of sections
of (Fy,, h) ), associated with the metrics g/ ¥ and g] ¥ using the fixed choice of the orthonormal
frames in 7,,Y, N,,. A similar notation is used for the corresponding Sobolev space H }70(6),
k € N. By Proposition 2.3, there is a constant C' > 1, which depends only on Cj from (2.3),

applied for X and Y, such that for any yo € Y, ¢ < min{rx,ry}, h € € (X, L? ® F’), we have

CHIll g, 0 = Il 2 o
C_1Hh|YHL§,YO(e) = thYHB(B%(e)) = CHh|YHL2y,o(e)’

(<l o

where we identified / as an element of €>°(B;; (¢), F,) as in the beginning of this section.

Let us denote f; := S; ' (f,|v), where by the above trivialization we view f, as an element of
¢ (U, F,,). Then by the change of variables, we have

(4.47)

HfP|YHL2YYO(tE) :pi%Hft‘YHLZ;_’O(ey prHLg(’O(Me) =p* ftHL§<}0(4e)‘

Now, the operator .Z is elliptic. From elliptic estimates, cf. [17, Theorem 6.3.5], and Lemma

4.8, there is a constant C' > 0 (which depends only on ¢ and on the constant Cj 1, 12 from (2.1),
(2.14) and (2.22)), such that for any h € (U, F,,),

1l ey < € D 160N s gy (4.48)
=0
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As in our coordinates, the points (Zy, 0), Zy € R*™, |Zy| < ry correspond to a neighborhood
of yo in Y, we may apply the trace theorem from the theory of Sobolev spaces, cf. [17, Theorem
5.5.1], to see that there is a constant C' > 0, which depends only on 7(, such that for any h €
¢>(V, F,,), we have

1l [l 3, 2y < €11} (4.49)

We note that by (4.43) and the fact that f, € H (02) (X, L” ® F), we have .Z, f; = 0. From this,
(4.46), (4.47) and (4.48), (4.49), applied for h := f;, we finally deduce (4.45). O

H;TOTVL (7,0) .

5 Asymptotic expansions of the two kernels

The main goal of this section is to study the asymptotics of the Schwartz kernels of the orthogonal
Bergman projector and the extension operator. This section is organized as follows. In Section 5.1,
we establish Theorem 1.8. We also show that despite the global nature of the orthogonal Bergman
kernel, the asymptotic expansion of it depends only locally on the geometry of the problem. In
Section 5.2, we prove that after certain reparametrization given by a homothety in Fermi coordi-
nates, the Bergman kernel admits a complete asymptotic expansion. In Section 5.3, we establish
Theorem 1.9. Finally, in Section 5.4, we prove all the other results announced in Section 1.

5.1 Exponential decay and localization of the orthogonal Bergman kernel

The first main goal of this section is to prove that the orthogonal Bergman kernel has exponential
off-diagonal decay, i.e. to establish Theorem 1.8. The second main goal is to establish that the
asymptotic expansion of the orthogonal Bergman kernel is localized.

The main difficulty here is that the projection BpL is not the spectral projection associated to
the Laplacian. Hence, the methods, developed by Dai-Liu-Ma in [9], cf. [28, Proposition 4.1.5],
based on the finite propagation speed property for the wave equation, cannot be applied.

One can remedy this by extending a slightly more technical approach through the L?-estimates
with varying weights, similar to what has been done by Lindholm [27, Proposition 9].

We follow here an alternative approach. The main idea of our proof of Theorem 1.8 is to
construct the “approximate projection” Bpl’“ onto the H ?é)L(X , L? ® F) (the precise meaning of
this is given after (5.5)), such that the Schwartz kernel of it verifies the estimate analogous to
(1.25). Then by means of the spectral theory, essentially relying on Theorem 4.1, we relate BZ}’“
and Bpi, and show that the above estimate persists through this relation. An exponential estimate
of the Bergman kernel, see Theorem 4.6, plays a crucial role in our approach. The advantage of
this approach is that it introduces some of the techniques, which will later play a crucial role in our
proof of Theorem 1.9, where the L?-estimates, it seems, can not be used to provide a direct proof.

For the proof, let us first introduce some preliminary results. We use the notations and assump-
tions from Theorem 1.8. We will need the following famous statement.

Proposition 5.1. For any k£ € N, there is C' > 0, such that for any p € N, f € H?Q) (X, [P ®F)
and z € X, we have
[VEF@)] < P2 2. (5.1)

Proof. For compact manifolds, the statement is very classical. For manifolds of bounded geometry,
it was proved by Ma-Marinescu [30, Lemma 2]. [
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Proof of Theorem 1.8. Let us construct the “approximate projection” B,* onto H (02’)L (X, LP®F).
For this, define A, := EJ o Resy o B,X, where E) was defined in (1.9). Then we define B,"* :=

L*(X,[P® F) — L*(X,LP @ IF) as follows
By = Ao A, (5.2)

Clearly, by Theorem 4.6, Lemma 3.1 and (1.9), we see that there are ¢ > 0, p; € N*, such that
for any k£ € N, there is C' > 0, such that for any p > p; and z1, x5 € X, we have

| B, (1, xg)‘(gk(XXX) < Cp"-exp (— cy/p - (dist(zq, 22) + dist(z1, Y) + dist (2, Y))> (5.3)

Also, for any f € L*(X,L? ® F), we have (B-"f, f) , = (Apf,Apf),,. Hence in the
notations of (1.24), we have
ker By = Hgg’(x, LP ® F) + ker B (5.4)
By Theorem 4.1 and (4.38), the operators BpL’“, p € N, posses a uniform spectral gap, i.e. there
are a,b > 0, p; € N*, such that for any p > p;, we have

Spec(B,*) € {0} U [a, b]. (5.5)

The properties (5.4) and (5.5) justify the name “approximate projection”, as BpL is the only
self-adjoint operator on H, (02) (X, L? ® F), satisfying (5.4) and (5.5) for a,b = 1.
We will now show that the estimate (1.25) follows formally from (5.3), (5.4) and (5.5). To do

so, from (5.4) and (5.5), we see that for € := 1 — -, and for any r € N*, the following bound holds

BL,a r

X P X L

(5 =55 ) -5 5

Since the operator under the norm of (5.6) vanishes on the orthogonal complement of

H ?2) (X, L? ® F') and takes values inside of H (02) (X, L? ® F'), Proposition 5.1 and (5.6) then imply
that for any k£ € N, there are C' > 0, [ € N, such that for any p > p;, r € N, we have

X
(-

L,a
Now, using the trivial identity (B,X)" = B.", we expand (B,  — LI BX into 2" — 1
summands, such that each summand contains Bpl’a as a multiple. By Theorem 4.6 and (5.3), we
may apply Lemma 3.1 for W := Y, to bound each of those summands. Hence, there are C' > 0,

p1 € N*, such that for any x1, 22 € X, p > p1, 7 € N, we have

<€ (5.6)

B )

1,a
p < n+k/2 r
> Cp €. (5.7)

Ck(X xX)

" X 1
) _Bp +Bp

1,a

B r
BX _ p ) o BX>
’(( P 2b b ) (o a2) R (X xX)

< CTp"tR2 L exp < - g\/f) (dist (1, zo) + dist(zq,Y) + dist(zs, Y))) (5.8)

Now, we fix x1, 22 € X, and let

ro= [16log(mcax(0, ) NE <dist(x1,x2) + dist(x,Y) + dist(:pg,Y)>-‘ : (5.9)
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where [-] is the ceil function. Then in the right-hand side of (5.8), for this choice of r, the power
of C becomes negligible with respect to the last multiplicand. Then (1.25) holds by (5.7), (5.8)
and the inequality € < 1. [

Now, in the second part of this section, we show that despite the global nature of the orthogonal
Bergman kernel, the asymptotic expansion of it depends only on the local geometry of the problem.

More precisely, we fix XY, (L, h%), (F,hY),dvx,dvy as in Section 1. We denote by
XY (L', A, (F',h*"), dvx:, dvy: some other manifold, submanifold, etc. We define g7~
g™ asin (1.2). We fix yo € Y, y, € Y’ and assume that there is a holomorphic diffeomor-
phism between U := B, (r9) and U’ := B;Z/ (rg) for ro < rx,ry, such that it induces a diffeo-
morphism of Y N U to Y/ N U’ and sends dvy, dvy to dvx:, dvy respectively. We also assume
that the diffeomorphism can be extended to holomorphic isometries between (L, h%), (F, ht") and
(L', hY), (F', h*"). In particular, it is a local isometry between (X, g7, yo) and (X', g7, v).

We denote by Bf ' BI’)l the Bergman projector and the orthogonal Bergman projector associ-
ated with X', (L', k™), (F', "), dvx:. For z1,25 € X, we denote by B:'(x1,x3), By* (1, z2)
the Schwartz kernels of those operators with respect to dvx:.

Theorem 5.2. There is p; € N*, such that for any ro > 0 as above, there is ¢ > 0, such that for
any k € N, there is C' > 0, such that for V := B;g(ro/2) and any p > py, we have

1By = Byl gr sy < C exp(—cy/p). (5.10)

The proof of Theorem 5.2 is based on the following proposition.

Proposition 5.3. There is p; € N*, such that for any r, > 0 as above, there is ¢ > 0, such that for
any k € N, there is C' > 0, such that for V := B;g(ro/2) and any p > p;, we have

1By = By |l gr vy < C exp(—cv/p). (5.11)

Proof. As our proof here is an easy modification of the proof of [30, Theorem 1], we only briefly
explain the main necessary modifications. First, we denote by [J,, (resp. [)) the Kodaira Lapla-
cians on €°°(X, LPQ F') (resp. €°° (X', L'’ ® F")). We would like to prove that there are constants
a,cy,co > 0 such that for any k£ € N, uy > 0, there is C' > 0, such that for any u > ug, p € N,
T, Ty € V i= B} (ro/2), the following estimates hold

<

u u
-20,) e (- 403) )
‘(exp( p 7 oXp p ? (21, 22) GE(V V)

CpH2 - exp (eu— L (dist(er,22) +1) ). (512)

<
Ck(VxV)

’(Dp exp ( - gDp> — O, exp ( - gD;)) (w1, 22)

2 exp (= g — - (dist(r,02) + 1)) (5.13)

The proof is a direct modification of the proof of [30, (3.1), (3.2)], which states that

< Cp"th2 L exp (clu _ dist(a:l,xQ)), (5.14)
u

u
ety >
’exp( p 7 (w1, 2) CR(XxX)
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’Dp exp ( - %Dp> (21, 22)

< Op' k2 L exp ( — Ccou — a dist(z1, arg)) (5.15)
Cr(XxX) U

More precisely, first of all, (5.12), (5.13) are consequences of (5.14) and (5.15) for
dist(z1,22) > 7. Now, in the case dist(z1,22) < 22, the proof of (5.12), (5.13) is the same
as the proof of (5.14), (5.15) in [28, proof of Theorem 4] with only one change. In the notations
of [28, proof of Theorem 4], for & instead of /pdist(z1, x2) /¢, one should take ,/p52. Then, again
in the notations of [28, proof of Theorem 4], due to finite propagation speed of solutions of hy-
perbolic equations, cf. [30, (3.9)], and the fact that the Laplacians [, and D; coincide in U, the
difference (Huvh(\/iﬁﬂp) — Huyh(\%ﬁ[l;))(xl, -) vanishes.

Once (5.12) and (5.13) are established, the proof proceeds in exactly the same way with one
final modification: the estimates of the quantities associated to L], should be replaced by the esti-
mates of the difference of the same quantities associated to [J,, and [J,. Now, the estimate (5.11)
follows from (5.12), (5.13) and the following identity, cf. [30, (3.14)],

BY —BY' = (exp<—]—ODp) —exp(—;Dé))

oo ] 1
+/ (—D; exp ( - ﬂm;) — ~O, exp ( _ ﬂmp))dul, (5.16)
u b p p p

by using exactly the same estimates as in [30, proof of Theorem 1]. [

Proof of Theorem 5.2. The proof is an easy modification of the proof of Theorem 1.8, so we only
present the main idea. We use the notation from the proof of Theorem 1.8. We denote by BZ’,L’“
the operator, constructed as B,7* in (5.2), but for X', Y”, (L', hEY, (F',hEY), duxs, dvys. We fix a
smooth cut-off function py : U — [0, 1] (resp. p1), equal to 1 on V' (resp. on B\ (3r9)), and 0 on
8ByXO (%7’0) (resp. on QU). Since U and U’ are identified by a fixed diffeomorphism, we may regard
po» p1 as functions, defined on X or X’ by extending them by zero. For € N, we consider the
difference

BLa r B/ La

N X 4 X X )4 X1
(s I (e S Tt
Once the brackets in (5.17) are opened, one can replace each multiplicand A in the resulting ex-
pression by the sum p; Apy + (1 — p1)Apr + (1 — p1) A(1 — p1) + (1 — p1) A(1 — p1). We denote by
R, the sum of the terms, which contain at least one (1 — p; )-term. Clearly, by Lemma 3.1, there is
p1 € N*, such that forp > p;, W := Gng(%'r’o), for any rq > 0, there are ¢, C' > 0, such that

1Ryl vy < CT0" /2 - exp(—ey/p). (5.18)

As supp p; C U, using the diffeomorphism between U and U’, we may interpret all the opera-
tors p1 B py, p1(By ") p1, p1B; p1, p1B; py as operators, acting over the same space, X. Let us
now study the terms, where only p; appear. For those terms, it is easy to see that one can rearrange
the summands so that the terms in (5.17) with p; can be expressed as a sum of (2" —1)2" elements,
each of which would contain as a multiplicand either p; (B,* — B}, %) p1, or py(B,* — BX')p; and
one of py(B,*)py or p1(B,*)p1. Then by Theorem 4.6, Proposition 5.3, (5.3) and Lemma 3.1
applied for W := QU, we see that there are ¢, C' > 0, such that for any p > p;, we get the bound

”DP - RPH%(VxV) < CTptthE exp(—cy/p).- (5.19)
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By summing up (5.18) and (5.19), we finally deduce that for any p > p;, we have
Dol vy < CTP" 72 - exp(—cy/p). (5.20)

Now, by taking a sum of (5.79 and the analogous estimate for
XY (L WYY, (F' hY), dux, dvys, we get that for any k& € N, there is C' > 0, such that
for any p > py, r € N, we have

| D, + B, — B;,iHWVXV) < Cptki2er, (5.21)

We now adjust r as follows

c
= . 5.22
" Lﬂog(maX(C’, 2))\/5-‘ (5-22)
Then the contribution of C" in (5.20) gets eliminated by the last multiplicand in the right-hand side
of (5.20). The proof is now finished by (5.20) and (5.21). ]

5.2 Bergman kernel asymptotics in Fermi coordinates

The main goal of this section is to prove that after a reparametrization given by a homothety with
factor ,/p in Fermi coordinates, the Bergman kernel admits a complete asymptotic expansion in
powers of ,/p, as p — oo. The proof relies on the analogous result of Dai-Liu-Ma [9], stated in
geodesic coordinates, and the calculations from Sections 2.2, 2.3.

We use notations from Section 1 and assume that (X, g?*) is of bounded geometry. Recall that
AcE=(Y, T*YREnd(TX|y)), R>0,B € €°(Y,Sym*(T*X |y)®T X|y),and v € €=(Y, N)
were defined in (1.19), (2.17), (2.27) and (4.12) respectively.

We fix a point yo € Y and an orthonormal frame (eq, ..., ea,) (resp. (€gmi1,--.,€2,)) N
(TyY,g"™") (resp. in (Ny,, g}\)) as in (1.16). Recall that the Fermi coordinates v, were defined
in (1.17). Recall that the function xx in a neighborhood of yy, was defined in (1.18). We fix
an orthonormal frame (f1, ..., f,) of (Fy,, k) ) and define the orthonormal frame ( fiooos fr) of
(F,h") in a neighborhood of yo, as in Section 2.1. Similarly, we trivialize (L, h%). The choice
of those frames allows us to interpret B,X (1, 22) as an element of End(F,,) for #1,25 € X ina
neighborhood of 1. Recall that &2,, was defined in (3.27).

Proposition 5.4. For any r € N, there are J.(Z,Z') € End(F,,) polynomials in Z, Z' € R*",
satisfying the same assumptions as polynomials from Theorem 1.9, such that for F, := J,. - &,
the following holds. There are ¢,¢ > 0, such that for any k,[,I’ € N, there exists C' > 0,
such that forany yo € Y, p € N*, Z, 7' € R*™, |Z],|Z'| < ¢, a,a’ € N, |a| + |o/| < I,
@}y =3(n+ k41" +2) + 1, the following bound holds

olel+| 1 , o, . -1
‘W(ﬁBg((wyo(Z)a@byo(Z )) - rz;p 2F.(VpZ, P2 kX (Z)kx* (Z ))

¢V (Y)
Q3
< Cp_(k+1_l)/2<1 + /17| + \/ﬁ|Z’|> B oxp ( — e\/plZ - Z’|>, (5.23)
where the € -norm is taken with respect to yo. Also, the following identity holds

Jo(2,2") = 1dg,,. (5.24)



Semiclassical Ohsawa-Takegoshi extension theorem 54

Moreover, under the assumptions (1.8), we have
N2, 2') = 1dg, - ﬂ(g(zN, AGy — %) Gy — 7)) + 9(Zw, Alzy — Z)(zy — z'y))). (5.25)

Before describing the proof of Proposition 5.4, let us recall the relevant asymptotic expansion
of Dai-Liu-Ma. Recall first that for 2, € X, the coordinates ¢,, in a neighborhood of z, were
defined in (2.2). Let us define the function 'y in a neighborhood of x, by the following formula

(b3, dvx)(Z) = KX (Z)dZy N -+ N dZop,. (5.26)

We use the orthonormal frame ( f{, o f;) of (F, ht"), defined in (2.25) in a neighborhood of .
Similarly, we trivialize (L, h"). The choice of those frames allows us to interpret the Schwartz
kernel of Bff as an element of End(F},) for x;, 2, € X in a neighborhood of y,. We denote this
element here by B,X'(z1, z2) to distinguish with B,X (1, z5) previously defined.

Theorem 5.5 (Dai-Liu-Ma [9], cf. [28, Theorem 4.2.1]). For any r € N, xoy € X, there are
J\(Z,7") € End(F,,) polynomials in Z,Z' € R*", satisfying the same assumptions as polynomi-
als from Theorem 1.9, such that for F| := J! - 2, the following holds. There are €,c > 0, such
that for any k:,l,l’ € N, there exists C > 0, such that for any vy € X, p € N*, Z, 7' € R,
1Z),12'| <€ a,o’ e N*", |a| + |o/| <1, and Q= 2(n + k 4+ ' + 2) + I, we have

Jal e 1 1
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#V(X)
< Op(b+1-0/2 (1 + /2] + \/13|Z’|> - ( —e/plZ - Z’|>, (5.27)
where the €" -norm is taken with respect to y,. Also, the following identity holds
J(Z,Z") = ldg,, . (5.28)
Moreover, under the assumptions (1.8), we have
Ji(Z,Z") = 0. (5.29)

Proof. In [9] and [28], Theorem 5.5 did not appear in exactly the same form as it appears here. Let
us, nevertheless, explain that our formulations are equivalent. First, in [9], (5.27) was stated for
compact manifolds. For manifolds of bounded geometry, the result is from [28, Theorems 4.1.21,
6.1.1, Remark 4.1.26 and Problem 6.1]. Second, in [9] and [28], the result is stated for geodesic
coordinates associated to a metric g¢* verifying dngTx = dvyx. Here, we prefer to state the
expansion (5.27) for geodesic coordinates associated to g because the Bergman kernel depends
only on dvx and not on gl %, which is not natural to the problem.

To obtain (5.27) from the result of Dai-Liu-Ma, it is enough to apply their result for the metric
gt X = gT% . (dvy/ dngx)%, which has bounded geometry by Proposition 2.5, Corollary 2.6
and (1.4). The formula for the leading term of the expansion, (5.28), is the same as in Dai-Liu-
Ma by Proposition 2.12 and due to the fact that the derivative of the transition map between the
geodesic coordinate systems associated to gl X and g”*, evaluated at the point 0 € R?", is equal to
identity. Finally, the formula (5.29) here coincides with the one from Dai-Liu-Ma because under
the assumptions (1.8), our coordinates coincide. ]
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Proof of Proposition 5.4. Recall that the diffeomorphism / was defined in (2.20), and the functions
&r, & were defined in (2.25). Directly from the definitions, we obtain the following relation
between the Schwartz kernels

BX(W(Z),0(Z")) = exp ( — &} — &) (U(Z)))-
BY' (¢(h(2)), ¢(h(Z"))) - exp ( — pér — &) (¥(Z)).  (5.30)

From (5.30), we see that to establish Proposition 5.4, it is necessary to study the Taylor expansions
of each term in (5.27) for Z := h(Z), Z' := h(Z').

From Theorem 5.5, (5.30), the fact that from Proposition 2.18, h(Z) = Z + O(|Z|?), the
fact that from Proposition 2.22, {p((Z)) = O(|Z]) and £, (¢(Z)) = O(|Z|?), the fact that the
above O-terms are uniform by the coordinate description of bounded geometry, and the fact that
the coefficients of the higher order Taylor expansions can be expressed in terms of RTX A, RF,
w, as described in Propositions 2.18, 2.22, we deduce (5.23) and (5.24).

To establish (5.25), let us place ourselves in coordinates as in (3.27). By (1.32), we see that

2221 — g (Id V1) Z (Id+\/—_1J)Z’). (5.31)

From this, Proposition 2.18 and (1.32), we get
IMZ)]* = |Z]* + 29, (B(Z), Z) + O(| Z|"),

QZ(Zizfi)(h(Z)a h(Z,)) = QZZZE; + 4950M (B(Z) ) + 4gTM (Z B(Z/)) + O(|Z|4). (5.32)

=1

From (3.27) and (5.32), we conclude that
PV Z), /P Z")) = Pn(\/PZ,/PZ'):

| (1 - %(9£M<B(\/EZ>, VPZ) + g, (B(W/PZ'),\/pZ') (5.33)

1
~ 20, (BWH2), vi7) = 20" (VB2 BW/BZ)) ) + <;|¢ﬁz|4)).
Now, from Proposition 2.22 and (1.2), we get

v—lr 17 1
exp (—p&L —&r)(W(Z)) =1— N g (J\/pZ, B(\/pZ)) + O(|Z|2 - 5|\/ﬁZ|4>. (5.34)
By Lemma 2.25, applied for M := X, H :=Y and T := Id, we get
w(Z) = 1= mgM (v, 2) + O(|ZP), (5.35)
where v € €°°(Y, N) was defined (4.12). We now apply (5.35) for X := X and Y := {y}, to get

KHZ) =14+ 0(1Z)). (5.36)
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From (4.14), (5.27), (5.30), (5.33), (5.34), (5.35), (5.36) and an easy calculation, we deduce
h(Z,2') = —7ldp,, - (gyTOM<B<Z>, Z)+g,,(B(Z'),2')

—2(g5M(B(2).7) + g (=, B(2)))) (5.37)

+ Y (o 02.82) - (2. 5(2))) ).

By using the fact that A commutes with J and takes its values in skew-adjoint matrices, we get

9y (Z,B(Z)) = —% (gjﬂ)M(zN, A(Zy)zy) + gt (zy, A(Zy)zy)>,

(5.38)
o7, B(2) = DL (g o, A2 %) = g G, A,
Now, we use (2.53) and the fact that A commutes with J to deduce
A(Zy)zy = A(zy)zy, A(Zy)zy = A(Zy)Zy. (5.39)
From (2.53), (5.37), (5.38) and (5.39), we deduce (5.25). O

5.3 Orthogonal Bergman kernel asymptotics, a proof of Theorem 1.9

The main goal of this section is to prove Theorem 1.9. For this, we first use the localization
property of the orthogonal Bergman kernel, established in Theorem 5.2, to reduce our problem
to a special case X’ := C", Y’ := C™ and trivial L', F’ (but endowed with non trivial metrics).
Then on the pair X', Y’ we make a homothety and show that the renormalization of the relevant
operators converges to the perturbations of the model operators from Section 3.2.

Let us first describe precisely the construction of X', Y’ L', F’ and the metrics on them. As we
rely later on the complex structure of X', Y’ L', F’ in an essential way, the construction through
geodesic coordinates, as in [28], wouldn’t suffice for our needs. We rely here in our non-compact
setting on the results of Section 2.5, and we propose an approach, which in the compact case
essentially coincides with the approach of Dinh-Ma-Nguyen [15, after (2.23)].

We fixyo € Y. Letre, vt > Oand x : B, (r.) = C", U := B, (r.), V := Im x, as in Theorem
2.40 and Remark 2.41. We put X' :=C", Y’ := C™.

Let holomorphic frame o of L over ng (r0), 7o > 0, be constructed as in Lemma 2.38. Assume,
for simplicity, 4r. < rq (if this is not the case, put r, := 7). Define the function 6(Z) over V by

exp(—20(2)) := h*(o, o). (5.40)

From Lemma 2.32 and (2.111), we see that there is C' > 0, which depends only on r. and the
constant C),, ¢ from (2.1) and (2.22), such that

0[] 42, < C. (5.41)

Denote by 9([)1] and 9([)2} the first and the second order Taylor expansions of §, := 0 o x ! at 0. For
rl > e > 0, we now define 6, : C" — R as follows

0(2) = p(*2)0(2) + (1 - p(@)) (80) + 0 (2) +0(2), 42
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where p is a bump function as in (1.10). Let 2~ be the metric on L' := X’ x C defined by
hY(1,1)(Z) == exp(—26.(2)). (5.43)

Let R" be the curvature of the Chern connection VX on (L', h%'"). By (1.2), (5.41) and Remark
2.37, it is easy to see that there is a constant ¢, > 0, such that for any € < ¢y, we have

inf {\/—1R£'Z(u, Ju)/|ul?  u € T,X', Z € X’} >, (5.44)

where |u| is the norm of u € T, X', calculated by a (trivial) identification of 7, X’ with Tp X".
Moreover, ¢, depends only on . and the constant C',. ¢ from (2.1) and (2.22). From now on, we
fix such €y and remove it from all subsequent subscripts. We assume, for simplicity, that 4r! < €.
From (5.44), we see, in particular, that (L’, hL/) is positive. We denote by g’ " the metric on X',
defined through (L', h%") as in (1.2). Of course, by (5.42), x is then a local holomorphic isometry,
defined over B} (%), between (X, g"¥) and (X, g™X").

Now, let 7y > 0 and a holomorphic frame (fi, ..., f,) of F' over ng(ro) be as in Corollary
2.39. Assume, for simplicity, that 47’2 < rg. Define the function hf;(x) € C, x € U, as follows

hi; := h¥(f;, f;). Consider the functions hf;’o : C" — C, defined by

2]

1
Te

>hfj(X*1(Z)) + 4y (1 - p<’r£1|)) (5.45)

C

F0 .
hij (Z) = P(
Clearly, hf;’o takes values in Hermitian matrices. Define the metric A" on F' := X’ x C” by

W (1, 1,)(Z) = hi*(2), (5.46)

where 1;, 1 € 1,...,r is the constant vector in F”, given by (0,...,0,1,0,...0), where 1 is put in
the I-th place. The pair (F”, h'") is a Hermitian vector bundle on X'.

Clearly, the triple (X', Y”, g"™X") and the Hermitian vector bundles (L', k™), (F’,h'") are of
bounded geometry. Moreover, the corresponding constants C}, from (2.1), (2.14), (2.22), associated
to (X', Y, ¢™X"), (L',hY), (F',h'"), can be bounded in terms of the corresponding constants
Chynie from (2.1), (2.14), (2.22), associated to (X, Y, g7), (L, h%), (F, ht).

We denote by g1 X', hl" the restrictions of ¢g”X', h*' to 0 € X'. We interpret g1 X as metric
on X' by using the standard trivialization of 7'X’ coming from the linear structure. Similarly, we
interpret h} as Hermitian metric on F’ over X' by using the trivialization of F".

As the expansion from Theorem 1.9 is stated in Fermi coordinates, we need an analogue of
those coordinates on X’. For technical reasons, which will become clear after (5.54), we need a
global diffeomorphism of X', which coincides with Fermi coordinates in a small neighborhood of
0. For 0 < € < min{r,, R}, where R > 0 is as in (2.17), we define ¢.(Z) for Z € C" as follows

v(Z) = W)p(@) +2(1- p(@)), (5.47)

where 1(Z) € X' the Fermi coordinate, defined as in (1.17), but for the pair (X', g”X"). From

Propositions 2.9, 2.12, we see that there is €5 > 0 such that for ¢ < €5, the derivative of ¢.(Z)
is invertible for all Z € C", and |D. — 1d| < % Moreover, the constant €5 depends only on

rx,ry, 7. and Cy from (2.1), (2.5) and (2.14). For simplicity, we assume that 4r! < ¢,. We fix such
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€2 and denote 1), by 1)y from now on. As vy(Z) obviously satisfies o(Z) — oo, as |Z]| — oo,
by the invertibility of D, and Hadamards global inverse function theorem, cf. [26, Theorem
6.2.4], 1 is a diffeomorphism. Clearly, as Fermi coordinates preserve Y, by (5.47), t|cm is a
diffeomorphism on C™.
We define the volume form dvys on X' as follows
dvx: = p(@) (v dvx + (1 . p(‘TZ|))le Ao A dZop. (5.48)

c c

Similarly to (1.18), we define the function kx/ : X’ — R as follows
(Yydvx )(Z) = kx/ (Z)dZy N -+ N\ dZay,. (5.49)

Clearly, since ¥o(Z) = Z, as | Z| — oo, we have kyx/(Z) = 1, as |Z] — c.

Now, let us fix e € Lj and fi,..., f, € Fj, and consider the orthonormal frames é and
fi,..., fr, constructed as in Theorem 1.6, for L', F”, but instead of 1, using Y. As ) is globally
defined, those frames become also globally defined.

Let us now consider the Bergman projector B}f( " (resp. the orthogonal Bergman projector Bj’ )
associated to X', L/, . This is a self-adjoint operator, acting on the L?-space L?(dvx:, h*'“ &),
The above orthonormal frames allow us to see Bg( " (resp. BPL’ ) as a self-adjoint operator, acting

on the L2-space L?(dvx/,hl"). We denote by B.X'(x1, 1), B)*(x1,22) the Schwartz kernels of
those operators with respect to dvx-. The following theorem essentially shows that it is enough to

establish our main result of this section for X', L', F" instead of X, L, F.

Lemma 5.6. There are ¢ > 0, p; € N*, such that for any k£ € N, there is C' > 0, such that for any
Yo €Y, p > p1, 21,25 € By (%), the following estimate holds

By (z1, 1) — By (21, 12) < Cexp(—cy/p), (5.50)

CR(XxX)
where we implicitly identified z1, =5 to points in X’ using .

Proof. 1t follows from Theorem 5.2 and the fact that x is a holomorphic diffeomorhism, which
extends to isometries between (L, h*), (F, h*) and (L', h¥"), (F', h*") over B (%). O

The advantage of passing from X, L, F' to X', L', F’ is twofold. First, since all the vector
bundles are now trivialized, the operators B]f "and pr might be considered as operators, acting
on the same space (independent of p). Second, as X’ is equal to C", we can use the homothety on
X’ in our analysis. We will use both of those features in what follows.

We define ¢ > 0, S, as in (1.30) and (4.42). Clearly, for any f, f' € L?>(g¢ X", ht"), we have

<Stf7 Stf/>L2(gg‘X’) - t2n<f7 f/>L2(gg“X’)‘ (551)
We also consider a map U : L>(gZX', ht") — L*(dvx:, ht"), defined as follows
UNZ) = w5 (2)) - (05 (2)). (5.52)

An easy verification using (5.49) shows that U is well-defined and it is an isometry, i.e.

<Uf7 Uf/>L2(de,) = <f> f/>L2(goTXl)' (5.53)
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We now consider another operators B;, B;-, acting on L?(g2 X', h{") as follows

Bt::St_loU_loB;('oUoSh

5.54
Bf::St_loU_lonl'OUOSt. ©->4)
From (5.51) and (5.53), we see that B;, B;- are self-adjoint.

Lemma 5.7. For any [ € N, there exists C' > 0, such that for any p € N*, f € Im(B;), a € N*",
la] <1, we have

olal
azaf(Z)) < C|If[] o gy (5.55)
Proof. Clearly, by (5.54), we have
Im B, C (S; ' o U™ (Hpy (X', L' @ F")). (5.56)
We conclude by this, Proposition 5.1, (4.42) and (5.51). [

We denote by By(Z, Z'), Bi-(Z, Z') the Schwartz kernels of B;, B;i- with respect to the vol-
ume form dv grx’ on X'. An easy calculation shows that they are related to the Schwartz kernels

BX'(z,2"), Bl/(Z Z') of BX', B, with respect to dvx: as follows

Bu(Z, 2') = 12" BX' (o(tZ), o (tZ')) i3 (tZ)ni, (t2"),
BH(Z,2') = 2" B (o(12), (1 2)) 530 (t2) K3 (EZ),

(5.57)

We will now introduce the operator £°, sending the sections of " over Y to the sections of F’
over X' by the following formula

(1) 2y Zx) = f(Zy)exp (= S 2x[?). (5.58)

Denote by A, the operator, acting on L?(gl ™", h"), as follows
A, = E° o Resys 0 By, (5.59)

where Resy~ is the restriction operator (which is well-defined in the considered composition as B;
has smooth Schwartz kernel). We define the operator C; on L?(glX", ht"), as follows

Ct = Az( o At, (560)

where A; is the adjoint of A;. The operator C; will be our main tool in the proof of Theorem 1.9.
Remark its similarity with (5.2). Let us study some of its properties.

Lemma 5.8. The operator C, is self-adjoint, and there are constants a, b > 0, such that
Spec(Cy) € {0} U [a, b], (5.61)
for any ¢ > (0. Moreover, we have the following

(ker €)™ = (S; o U)(Hpy (X', L' @ F)). (5.62)
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Proof. The proof is identical to (5.4) and (5.5). [

Lemma 5.9. The Schwartz kernel C;(Z, Z’) of C, with respect to dvcr satisfies the following
bound. There are ¢ > 0, p; € N*, such that for any k,[,!’ € N, there is C' > 0, such that for any
p>p, 2,7 € R*", o,/ € N, |a| + |o/| < I, we have

glal+le|

07007757,

< Coxp (=12 = 2yl + 120l +|Z4))),  (5.63)

YY)

where the € -norm is calculated with respect to 1, which was fixed in the beginning of the section.

Proof. From Theorem 4.6, (5.57) and (5.59), we conclude that a bound like (5.63) holds for
A, (Z,Z") instead of C,(Z, Z'). Tt is uniform in %" -norm with respect to the choice of yy € Y
because the construction of X', Y”, (L, h*'), etc. depends smoothly on g, and the Bergman kernel
expansion depends also smoothly on 3. We now conclude by Lemma 3.1 and (5.60). 0

Lemma 5.10. For any r € N, there are 7. (Z, Z') € End(F}) polynomials in Z, Z' € R*" with the
same properties as in Theorem 1.6, such that for F,. := 7. - c@im, the following holds.

There are €, ¢ > 0, p; € N*, such that for any k,[,I’ € N, there is C' > 0, such that for p > py,
Z,7' € T, X, |Z|,|1Z' <%, a,a" € N, |af + |o/| <1, we have

< Ctk+1_m .
@ (v)

plot+lo s
‘W(Ct(z7z)_ ZtrfT(Z,Z)>

r=0

@,
.(1+ 2] + |Z’|> exp(—c(\zy—z;,y+|zN| + |Z§v|)), (5.64)
where Q7 ,,, := 3(2n + k + I +4) + [. Also, the following identity holds
kLl g y
Jo(Z,Z") = 1dp,,. (5.65)

Moreover, under the assumptions (1.8), we have
TNZ,7') = 1dg, - W(g(zN, AGy —7)Ey — 7)) + 9(Zn, A(zy — Z)(2y — zg/))). (5.66)

Remark 5.11. From (5.63), (5.64), (5.65) and the fact that gznﬂn is the orthogonal projector by the
results of Section 3.2, we see that for a, b from Lemma 5.8, we have a < 1 < b.

Proof. Recall that polynomials J,.(Z,Z’) and €¢,c¢ > 0 were defined in Proposition 5.4. From
Proposition 5.4, (3.33), (5.57) and (5.59), we conclude that for

T2, 2" = J.(Zy, 7", (5.67)

we can define F, o := J,. - P

n,m>

so that for | Z|, |Z'| < ¢, we have

< C«tk+1—m_

‘ glal+o|
w ()

k
W(At(z7z) - ;t ‘Fr,O(Zaz)>
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3
Qk,l,l’

-(1+|Z]+]Z’\> exp(—c(\zy ZL| + | Zy| + |2 \)). (5.68)

From Lemma 3.6, (5.60) and (5.68), we conclude that there are polynomials j,f for which (5.64)
holds for ¢ := % and € := {. Moreover, in the notations of Lemma 3.3, we have

TNZ,Z") = KnmlTeeo(Z', Z), Ty 2, Z")]. (5.69)
/=0
From (5.24), (5.67) and (5.69), we deduce (5.65). From (3.43) and (5.25), we deduce
Ko Too(Z',Z), Tr0(Z, Z")] = 1dg,, - 7g(Zy, Alzy — 2v)(2v — 2v)). (5.70)
Now, remark that the summands from the second equation in (5.69) are the adjoints of each other.
From this and (5.70), we deduce (5.66). O

Proof of Theorem 1.9. Let us show that Theorem 1.9 follows from Lemmas 5.6, 5.7, 5.8, 5.9, 5.10.
More precisely, from Lemma 5.6 and (5.57), we see that it is enough to establish that there are
polynomials Jf, r € N as in Theorem 1.9, and FrL as in Theorem 1.9 and ¢, ¢ > 0, p; € N*, such
that for any k,[,!" € N, there exists C' > 0, such that for any p > py, Z, 7’ | <<,
a,a’ € N |a| + |o/| < 1, the following bound holds

Ylal+le’| , A ,
’W(BﬂZ,Z) Yt FTL(ZZ))
r=0

Q2
gCtk+1<1+|Z|+yZ’\) e exp<—c(\zy—z’yy+|ZN\+\Z§V|)). (5.71)

()

We will establish now that the following bound holds

ettt B2, Z") 2ilt"Fl zZ, 7" < Ct%“(l +1Z] + |Z’|>Qg‘““’l’” (5.72)
ST VALY Sy T
where Q};  := 3(4(n+2)(k+1) +1") + 1. To see that it would suffice, remark that from Theorem

1.8, the bound on the degrees of J:-, r € N, and the fact that the polynomials J:* depend smoothly
on 7, we see that there are ¢, C' > 0, p; € N, such that for p > p;, Z, 7' € R*, o,/ € N?",
la| 4+ |/ <1, the following bound holds

olel+le’] N = /
‘W(B’t (2,2') =) t'F; (Z,Z)>

r=0

eV (Y)
6k+I1+1'+6
< 0(1 +12] + |Z’|> exp ( —c(|2y — Zy| + | Zn]| + |Zjv|)>. (5.73)

From (5.72), (5.73) and Cauchy inequality, we deduce (5.71). Hence, it is left to establish (5.72),
on which we concentrate from now on.
From (5.54), we see that B, BB, are the only self-adjoint operators on L?(gZ X', ht") such that

SpecBi € {0,1}, (ker BH)*™ = (S, o U)(Hpy (X', L @ F)),

(5.74)
SpecB; € {0,1}, (ker B;)" = (S, o U)(Hpy (X', L' @ F)),
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From this and Lemma 5.8, we see that for a, b as in Lemma 5.8, we have

1

B = / dA, (5.75)
boJar=0G

where 2 C C is a circle not containing {0} inside of it, but containing {a, b}. By Remark 5.11, we

see that ) contains 1 inside of it.

Let us first show the existence of polynomials J*(Z,Z’) € End(F,,) as in Theorem 1.9
and provide an algorithmic way of constructing them. We denote by C, the operator, acting on
L*(g¢*", h{") by the convolution with smooth kernel 2, (Z, Z') - 1d ;. By the results of Section
3.2, the operator C is an orthogonal projection, hence we have

1 1-G Co

N Co A +)\_1. (5.76)

Now, let us apply the resolvent formula

1 1 1 1
— = C:—C . 5.77
A—C  A—Co A—Ct(t O)A_co (5.77)
By using (5.76) and (5.77) inductively, we see that for any k£ € N, we can represent
L _ 1 A+ B (5.78)
A—C A—C FTTh '

where the operators Ay (resp. Bj) are the linear combinations with coefficients given by some
universal rational functions (in \) of the operators of the form

B(C,—Co)"Cy---Co(Ci— Co) " B, (5.79)

where l € N, ki, ... ki e N* ki +---+k =k, (resp. k1 +---+ k; < k) and B, B’ are either the
identity operators or Cy. Now, from Lemma 5.8 and (5.74), we deduce that

1 1 1- B
=B ) 5.80
=G T'h=e T (5.80)
We now rewrite (5.78) using (5.80) as follows
1 1 1- B
=B A A By. 5.81
G, S k+ 3 x + B (5.81)

Now, by Lemmas 3.5, 5.10, each of the terms in (5.79) admit Taylor-type expansions as in

(5.64) for Z, 7' € C", |Z|,|Z'| < 5;, where € is as in Lemma 5.10. From this and Lemma 3.6,

we deduce that there are polynomials, having the same properties as described in Theorem 1.9,
which we denote by J;-(Z, Z') € End(F,,), such that for -, defined as in Theorem 1.9, there are
€,c > 0,p; € N*, such that forany &, [,{" € N, there is C' > 0, such that forp > py, Z, 2" € T,,, X,

1Z|,1Z'| < 5, a,a’ € N*", |a| + |o/| < [, the following bound holds

‘ glal+lo]

W((/{)BMA)(Z, 7' — rzk;trFﬁ(Z, Z’))

€U(Y)
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1
Qk,l,l’

< Ofh (1 +12] + |Z’|) (5.82)
Also, since by Lemma 5.10, the first term of the Taylor-type expansion of C; — Cy vanishes, and
each term in A, has exactly &£ multiplicands C; — Cy, by Lemma 3.5, we conclude that there is
c>0,p € N* such that for any k,[, !’ € N, there are C' > 0, such that forp > py, Z, 2" € T, X,
|Z1],17"| < 'l <1, the following bound holds

2t’

flal+le] 1-B, /
‘820@2’@’ ((/Q A A’C‘M>(Z’Z )>

It is, hence, only left to show that the first summand on the right-hand side of (5 81) is bounded
by the term in the right-hand side of (5.72). For this, let us fix Z' € C", |Z'| < 5. From Lemma
3.5, similarly to (5.83), we deduce that there is C' > 0, such that we have

"
Qk,l,l’

< Ctk(l +12] + |Z’|> (5.83)

e ()

ol
aZ/a
From (5.84), we readily deduce that

An(Z,7")

" C
< Ot (1+ 2]+ |2 % exp (= <(12v = Zyl + 12wl +121]) ). (5.84)

|a 11
H 0 < CtF(1+ | 2/|) % (5.85)

aZlal 7

L2(90TX’)

However, by the choice of (2, there exists ¢ > 0, such that for any A € (2, we have

Spec (Bt ) c [0, ¢. (5.86)

A—Cy
From (5.85) and (5.86), we deduce

[5z (5= 4) -2

From Lemma 5.7 and (5.87), we deduce that for any Z’ € C", |Z'| < 5, we have

< Ot (1 + | Z'|) % (5.87)

L2(gFX")

glal+o’|
RV <B A —C,

From (5.75), (5.78), (5.82), (5.83) and (5.88), we deduce (5.72). Also, from (5.82), we deduce the
general algorithm for the construction of the polynomials J:-.

Now it only left to prove (1.28) and (1.29). For this, let us find explicit formula for By, as the
polynomials J3", Jf, can be then read off from (5.82). For this, we apply once (5.80) and then
twice (5.77) to get

Ak> (2,2')| < Ot (1 + |2 |) % (5.88)

[ N Lo
A=C A=Co A—Co A=Co A—C

From (5.76) and (5.89), we deduce that

B = (1 _ACO * AC—O1> * (1 _ACO - AC—O1)<Ct _C(’)(l _ACO - AC—O1)‘ (>-50)

1

o) A —Co

(C = Co) 53— (€ = Co)

. (5.8
P (5.89)




Semiclassical Ohsawa-Takegoshi extension theorem 64

Now, by Remark 5.11 and the choice of {2, we have the identities

1 1 1
—d\ =0, /—d)\zl, /—d)\:(),
/Q)\ aA—1 o A?
1

1 (5.91)
= D=1
Lot =0 [ia®
From (5.90) and (5.91), we deduce
/ Bud) = Co+ (1 — Co)(Co — Co)Co + Co(Cs — Co) (1 — Cy). (5.92)
Q

Hence, by using the fact that C2 = Cj, the fact that by Lemma 5.10, the first term of the Taylor-type
expansion of C; — Cy vanishes, and (5.92), we deduce (1.28).

Now, let us establish (1.29). By using the notations from Proposition 5.4, Remark 3.4 and
(5.66), we deduce from (5.82) and (5.92) the following identity

JHZ.2') = K| T T) = 2K [T Konn [ T2 )| + Ko [T5, ] (5:93)
We will now calculate each term in (5.93). From (3.43), (3.44) and (5.66), we deduce
Ko [T\ To)(2,2') =1dp,, - 7g(2n, AZy — Z4) (Zy — 7). (5.94)
From (3.44) and (5.94), we deduce
Ko [Jg, Ko [ 1 j(;}] (2,7') = 0. (5.95)

Now, (1.29) follows directly from (5.93), (5.94) and (5.95). [

5.4 Asymptotics of the extension operator, proofs of Theorems 1.1, 1.5, 1.6

The main goal of this section is to prove Theorems 1.1, 1.5, 1.6 and Corollary 1.3. The main
idea is to find an algebraic expression for E, in terms of BpL, BZ and Resy and then to get the
needed results by transferring the statements from Theorems 1.8, 1.9. We conserve the notations
from Section 1. Define the operators G, : L*(Y,*(L? ® F)) — L*(YV,/*(L* ® F')) and I, :
LAY, *(L» ® F)) — L*(X, L? ® F) as follows

Gp,:=Resyol,—BY,  I,:=B,oE)oB). (5.96)

Lemma 5.12. There are ¢ > 0, p; € N*, such that for any k£ € N, there is C' > 0, such that for any
P > p1, Y1, Y2 € Y, the following estimate holds

‘Gp(yly Y2) < C’pm’L% - exp ( — ¢y/p - dist(ys, yg)), (5.97)

CE(Y XY)

where the pointwise ¢*-norm is interpreted as in Theorem 1.5.
Also, forany r € N, yy € Y, there are J,.(Zy, Zy,) € End(F,,) polynomials in Zy, Z3, €
R?™, satisfying the same properties as in Theorem 1.6, such that for F.¢ = J.g - P, the
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following holds. There are €, ¢ > 0, p; € N*, such that for any k,[,!" € N, there is C' > 0, such
that forany yo € Y, p > p1, Zy, Zy € R*™, | Zy|, | Z}| <€, a,a’ € N*™, |a| + || < I, we have

glal+la’l 7 / /
7oz (el 00l ) Zwrcf N AR

¢V (Y)
<O (1 vBlzy |+ VAl ) S e (= cvhlzy —21), 5.98)
where Q7 , , > 0 is defined in Theorem 1.9. Moreover, we have
Joc = 0. (5.99)
And under assumption (1.8), we even have
Jie =0, (5.100)
so that p™+"Z" in (5.97) in this case can be replaced by p™~1+5.

Proof. First of all, by Theorem 4.6 and Lemma 3.1, there are ¢ > 0, p; € N*, such that for any
k € N, there is C' > 0, such that for p > pq, y1,y2 € Y, the following estimate holds

‘G Y1, y2) < Cp’”% - exp ( —c\/p- dist(yl,yQ)). (5.101)

Cr (Y xY)

Since for any fixed € > 0, (5.101) implies (5.97) for y;,y2 € Y verifying dist(y;,y2) > € and a
different choice of ¢, C, it is now enough to establish (5.98), (5.99) to get (5.97) for all y;,y> € Y.
Let us concentrate on this now.

Let J)y(Zy, Zy) € End(F,,) be the polynomials in Zy, Z3. € R*™, r € N, given by Theorem
5.5, applied for X := Y. Recall that polynomials J-(Z, Z') € End(F,,), were defined in Theorem
1.9. We rewrite I, in the following equivalent form

I, = (B 53) o (ky? - EY) o BY. (5.102)

11
For k£ € N, let us now write the Taylor expansions of k3, x> in a neighborhood of ¥ as follows

k
me )+ O(ZIMY), kP (2) =D kA (Z2)+O0(1 21, (5.103)
1=0

1 _1
where 15 ,(Z), ky7%(Z) are homogeneous polynomials of degree i. We denote now

T = Z T2, 2) w3, (Z). (5.104)

ro=0

By Theorems 1.8, 1.9, 4.6, 5.5 and Lemma 3.8, we conclude that for

ro ) Yr—ro,Y

JE(Z. Zy) ZIC"nm [JEr g ] (5.105)

ro=0
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and for FTEI = Jfl - &,.m, the following holds. There are €,¢ > 0, p; € N*, such that for any
k,1,I' € N, there is C' > 0, such that for any p > p1, 40 € Y, Z = (Zy, Zy), Zy, Zy € R*™,
Zn € R*=m) | Z|1Z4] <6, a € N, o/ € N*™ |a| + |o/| < I, we have

olal+le| 1 _1
’W( o o (V0o (2), 90 (Z3)) ZP EEE (P2, D2 i (2) y2(Z§>>

€ (Y)

< Cp 3

(1 + B Z] + \/]3125’/\) S exp ( —o/p(|1Zy — Z| + \ZN\)). (5.106)

From Theorem 5.5, (5.96) and (5.106), we conclude that (5.98) holds for

‘]TG ZY7 ZI{/NT‘O ZY 7" 7’0 I(ZY’Z,) J;,Y(ZY7Z§/)' (5107)

ro=0

From (1.28), (5.28) and (5.105), we conclude

1
J(f] = IdFy0 K 1,1 K3 (vo)- (5.108)

From (5.28), (5.107) and (5.108), we obtain (5.99).
Now, we assume (1.8). From (1.29), (3.41), (3.42), (3.44), (4.14), (5.29), (5.35), and (5.105),
we get
JEZ, Z3) = 1dg,, - 7g(an, AGZy —2y) By — 7). (5.109)

We obtain (5.100) from (5.107) and (5.109). ]

Lemma 5.13. There are C' > 0, p; € N*, such that for p > p;, we have

C
1G,|| < —. (5.110)

VP
Moreover, under assumption (1.8), in the above inequality, we can replace ,/p by p.

Proof. First of all, by Proposition 3.2 and Lemma 5.12, there are C' > 0, p; € N¥, such that for
any yp € Y, for p > py, we have

C C
Gp(yo, y)|dvy (y) < —, / Gp(y, o) |dvy (y) < —.

[l lanw < [ 16wl ) <
The result now follows from (5.111) and Young’s inequality for integral operators, cf. [36, Theorem
0.3.1] applied for p, ¢ = 2, r = 1 in the notations of [36]. The second part is proved using (5.100)
in exactly the same way, one only has to rely on the comment after (5.100). [

(5.111)

Lemma 5.13 now implies that there is p; € N*, such that for p > p, the infinite sum
T,:=> (-1)'G. (5.112)

is well-defined as an operator on L?(Y, *(LP ® F)).
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Lemma 5.14. The following identity holds
E,=1,+1,0T,. (5.113)

Proof. Since B, has values in H, ?é)L(X ,L? ® F), and G, vanishes on the kernel of B)" by (5.96),
it is enough to establish that

Resy o (I, + I,0T,) = B} . (5.114)
This identity follows from the observation that for any 7 € N*, we have
Resy o By o E) o G = G + G, (5.115)

which, on its turn, follows by an application of the right composition with G; in (5.96), and the
identity B;/ o G, = G, following from the trivial fact that the restriction of a holomorphic section
is holomorphic. 0

Proof of Theorem 1.5. By Lemmas 3.1, 5.12, and the fact that for any C' > 0 there is p; € N* such
that for p > py, the sum > o2 ()" converges, we deduce that there is ¢ > 0, such that for any

VP
k € N, there is C' > 0, such that for p > p, the following estimate for the Schwartz kernel holds
) )
Tp(y1, y2) ) < Cp™tE - exp ( — D d1st(y1,y2)). (5.116)

Moreover, under assumption (1.8), we can replace pm+% by pm‘“g. We conclude by Theorem
1.8, Lemmas 3.1, 5.14 and (5.116). O]

Proof of Theorem 1.6. Let us fix k € N and establish Theorem 1.6 for it. By Lemmas 3.7, 5.12,
we conclude that for any r € N, yo € Y, there are J, p(Zy, Z;) € End(F),,) polynomials in
Iy, Zy € R?™, satisfying the same properties as in Theorem 1.6, such that for For:=Jdvr P,
the following holds. There are ¢,¢ > 0, p; € N*, such that for any k,[,I’ € N, there is C' > 0,
such that for any yo € Y, p > p1, Zy, Z3, € R*™, | Zy|,|Z}| < €, a,a’ € N*™, |a| + || < I, the
following bound holds

pm

Plal+la’l 7 LI 1 1
g (20 o B)) -3 (Vi V2 B ()
Y Y r=0

V' (Y)

k+1-1

QY
< Op~ (14 ValZv | + VAl Zyl) oo (= evplzy — 24]), (5117)
where Q) ;== 6(8(n + 2)(2k + 1) +1') + 2I. Moreover, we have
Jor = 0. (5.118)

And under assumption (1.8), we even have

Jir=0. (5.119)
Now, by Theorems 1.8, 1.9, Lemma 3.8, (5.106) and (5.117), we deduce that the asymptotic ex-
pansion (1.21) holds for

TE =T +Y  K ol 1 T 1) (5.120)

r1=0
From (5.108) and (5.118), we deduce (1.22). Moreover, under assumption (1.8), from (5.109),
(5.118) and (5.119), we deduce (1.23). O



Semiclassical Ohsawa-Takegoshi extension theorem 68

Proof of Theorem 1.1. Let us denote K, := E, — E). From Theorem 1.5 and (1.9), we conclude
that there are ¢ > 0, p; € N*, such that for any k£ € N, there is C' > 0, such that for any p > py,
r € X,y €Y, the following estimate holds

‘Kp(x, Y)

< C’pm+2 exp ( — cy/pdist(z, y)) (5.121)

CE(XXY)

Let us now denote by J) - (Zy, Zy ), r € N, the polynomials from Theorem 5.5, applied for X :=
Y. From Theorems 1.6, 5.5, we deduce that for polynomials

T2, Zy) = JF (2, Z4) an o (Zy) - Tl (Zy, Z4), 1 EN, (5.122)
ro=0
and the functions F" = J7x - &, ,, over R*" x R*", the following holds. There are ¢,c > 0,

p1 € N*, such that for any k € N there is C' > 0, such that forany yo € Y, p > p1, Z = (Zy, Zn),
Zy, 74 € R?™, Zn € R2=m) | 7| | Z4,| < e, we have

— Ky (1 (2), o (Z4)) Zp SFE (B2 N2 it 2y (Z)

<Cp 5 (14 valz)+ f|zy|) Yexp (= ev/B(1Zy = Zy|+12x])). (5.123)
From (1.22), (5.28) and (5.122), we deduce
Jox(Z.Zy) = 0. (5.124)
Moreover, under assumption (1.8), from (1.23), (5.29) and (5.122), we deduce
JUk(Z,2y) = JF(Z, Z4). (5.125)

From (5.121), (5.123), (5.124) and the use of Young’s inequality for integral operators as in
Lemma 5.13, we deduce (1.11). In an analogous way, from (1.23), (5.121), (5.123), (5.124) and
(5.125), under additional assumptions (1.8) and A = 0, we see that in (1.11), one can replace
p*ET by p T

Now, an easy calculation, using (1.7), shows that for any g € L*(Y,*(L? ® F)), we have

HE gHL2 (dvx) - ||f(p7 y) ' B;QHLQ(de)a (5126)

where the function f : N x Y — R is defined as

A
f(pyy)? = /2( )mv(y, VDZN) - exp(—pr|Zn|?)p ('Tiﬂ) dZomi1 N+ NdZan.  (5.127)
R n—m

By an easy calculation using Gaussian integral, there is ¢ > 0, such that, as p — oo, we have

f(p,y)2=M+O< L ) (5.128)

n—m pn_m+§

From (1.11), (5.126), (5.127) and (5.128), we deduce (1.12).
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Now, consider the Toeplitz operator T}, ,, : L*(Y,*(L? @ F)) — L*(Y,*(L* ® F)), given by
Ty pg = B) (kn - B) g). (5.129)
Then, we clearly have

<THN7pg7 ‘g>L2(d’Uy) = <"€N ’ B;/ga B;/g>L2(dvy)' (5130)

Thus, by (5.126) and (5.128), we have
1 1 1
HEggHLQ(de) = L_W_HT”NWHQ + O(n_—mH> (5.131)
p 2 p oz

Recall that for compact manifolds Y, Bordemann-Meinrenken-Schlichenmaier [5, Theorem
4.1] (for (F, h") trivial) and Ma-Marinescu [29, Theorem 3.19, (3.91)] (for any (F, h!")) estab-
lished that there is C' > 0, such that

C
sup iy (y) — — < || Tan ol < sug REn(Y)- (5.132)
ye

yey \/]3

The same proof shows that the upper bound of (5.132) continues to hold for non-compact manifolds
as well. Recall that the lower bound of (5.132) was proved in [29] using the asymptotic expansion
of the peak section, localized at the point where the supremum of ~ y is achieved. As the asymptotic
expansion of the peak section is based on the asymptotic expansion of the Bergman kernel and the
exponential bound on it, and both those results continue to hold on manifolds of bounded geometry
by the results of [30], cf. Theorems 4.6, 5.5, we see that (5.132) continues to hold in full generality,
see [28, §7.5], when the supremum of x is achieved. Now, if the supremum is not achieved, then
the same proof gives us that for any ¢ > 0, there is p; € N*, such that for p > p;, we have

sup i (y) — € < || Ty ]| (5.133)
yey

We deduce (1.12) by (5.131), (5.132) and (5.133).

Now it is only left to prove that if A # 0, then under additional assumption (1.8), one can not
replace pni@n+1 by pni@nﬁ . For this, remark that as long as A # 0, by (1.23), the operator, acting on
C™ with the kernel F¥(Z, Zi,), has non-zero norm. Then, by the calculations, similar to (5.126),

we see that the operator, acting on C" with the kernel F{*(,/pZ, \/pZ;,), has norm of order s

2

p
as p — oo. We deduce from this and Theorem 1.6 that if A # 0, then under additional assumption

(1.8), one can not replace p" 2 by p" & . ]
Proof of Corollary 1.3. 1t is a direct consequence of Proposition 4.5 and (1.12). [
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