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LARGE DEVIATION PRINCIPLES FOR CUMULATIVE PROCESSES
AND APPLICATIONS

PATRICK CATTIAUX , LAETITIA COLOMBANI , AND MANON COSTA

UNIVERSITE DE TOULOUSE

ABSTRACT. The aim of this paper is to prove a Large Deviation Principle (LDP) for cu-
mulative processes also known as coumpound renewal processes. These processes cumulate
independent random variables occuring in time interval given by a renewal process. Our
result extends the one obtained in [I3] in the sense that we impose no specific dependency
between the cumulated random variables and the renewal process. The proof is inspired
from [I3] but deals with additional difficulties due to the general framework that is con-
sidered here. In the companion paper [6] we apply this principle to Hawkes processes with
inhibition. Under some assumptions Hawkes processes are indeed cumulative processes, but
they do not enter the framework of [13].

Key words : Cumulative processes, large deviation, deviation inequalities, Hawkes processes

MSC 2010 : 60F10, 60K15 .

1. INTRODUCTION.

1.1. Cumulative processes. Cumulative processes have been introduced by Smith [I4]
and are applied in many purposes, such as finance where they are called compound-renewal
processes or compound Markov renewal processes. Indeed these continuous time processes
cumulate independent random variables occurring in time interval given by a renewal process.
To be more specific a real valued process (Z;):>o is called a cumulative process if the following
properties are satisfied:

(1) Zy =0,

(2) there exists a renewal process (Sy)y such that for any n, (Zs,++ — Zs,, )t>0 is inde-

pendent of Sy, ...S, and (Zs)s<s,,,
(3) the distribution of (Zs, ++ — Zg,, )t>0 is independent of n.

To study such processes, we write for all ¢ > 0
Zy =Wo(t) + Wi+ ...+ Wy, + 14
where Wy(t) = Zipnsy, W = Zs,, — Zs,,_,» Tt = Zt — Zn1,, where M, is defined by
M; =sup{n >0,S5, <t}.
The (Wg)g>1"s are thus i.i.d.

We denote by (7;); the times associated to the renewal process 7, = S, — Sp—1 and 79 = 0.

Date: September 15, 2021.



2 P. CATTIAUX, L. COLOMBANI, AND M. COSTA

It is worth noticing that 7; and W; can be dependent.

In the sequel we suppress the subscript ¢ when dealing with the distribution (and all associated
quantities like expectation, variance ...) of (7;, W;) and simply use (7, W).

A simple example of cumulative process is Z; = fg f(Xs)ds where (X;); is a regenerative
process with i.i.d. cycles [11]. Markov additive processes are other classical examples of
cumulative process.

In [7] the authors exhibited a renewal structure for some Hawkes processes. This description is
extensively used in our companion paper [6] in order to describe such processes as cumulative
processes, and to study their asymptotic behaviour.

For cumulative processes, the law of large numbers (assuming that E[|W|] and E[r] are not
infinite)
Zy as, E[W]
t t—oo E[7]

if and only if E ( max |rt|> <00,
So<t<S
and the central limit theorem (assuming Var(WW) < oo and Var(7) < oo)

(Zt_tIEJIAE[[Vr]])HN(O 2) h 2 1 E[M)

,0°) where 0° = T

Vi t—o0 E(r) El7]

can be found in Asmussen [I], theorem 3.1 and theorem 3.2.

Brown and Ross [5] have proved equivalent of the Blackwell theorem and of the key renewal
theorem for a subclass of cumulative processes, since cumulative processes are a general-
ization of renewal processes. Glynn and Whitt have focused in [I1] on cumulative processes
associated to a regenerative process and have proved law of large numbers (strong and weak),
law of the iterated logarithm, central limit theorem and functional generalizations of these
properties.

Var (W —

The aim of this work is to establish a large deviation principle (LDP) for cumulative processes.
Some works have already been done. Duffy and Metcalfe [I0] have considered the estimation
of a rate function for a cumulative process (if it admits a LDP). In a series of papers,
Borovkov and Mogulskii ([2], [3], [4]) have studied the (LDP) (they use the term compound-
renewal theorem), under some assumptions of comparison between the values (0,62) for

which E (6917+92W) is finite and the value 6 for which E (eeT) is finite (a comparison between

the joint distribution of (7, W) and the law of 7). Actually, some points in their approach
are not clear for us.

Lefevere, Mariani and Zambotti [I3] worked on specific cumulative process where W; =
F(7;) for some deterministic function F' which is assumed to be non-negative, bounded and
continuous. We choose to follow their approach. Our proof of the LDP has the same skeleton,
but in a general framework for the pair (7, W).

In this paper, we show a LDP for Z;/t in the case r, = 0. This assumption can be relaxed if
r¢/t tends to 0 quickly enough, as it will be the case for the application to Hawkes process
(see [6]). For example, if for all § > 0

1
lim sup ZlnP (|Ttt| > 5) = —00,

t—o00
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then Z;/t and (Z; —r;)/t are exponentially equivalent and satisfy the same LDP (if (Z, —1)/t
have one) and have the same rate function.

1.2. Hawkes processes. A Hawkes process is a point process on the real line R characterized
by its intensity process t — A(t). We consider an appropriate filtered probability space
(Q, F, (Ft)t>0, P) satisfying the usual assumptions.

Definition 1.1. Let A > 0 and & : (0,+00) — R a signed measurable function. Let N° a
locally finite point process on (—oo, 0] with law m.

The point process N* on R is a Hawkes process on (0, +00), with initial condition N° and
reproduction measure u(dt) = h(t)dt if:

o N" |(—oo,0]: Nov
e the conditional intensity measure of N” |(0,4+00) With respect to (F)i>0 is absolutely
continuous w.r.t the Lebesgue measure and has density:

A"t e (0,400) = f ()\4—/( h(t — u)Nh(du)> ) (1.1)

—o0,t)

for some non-negative function f.

Hawkes processes have been introduced by Hawkes [12]. Most of the literature concerned with
the large time behaviour of NJ* = N"([0,]) is dedicated to the case h > 0 (self excitation).
This behaviour is studied in details in [6] when h is a signed (the negative part modelling self
inhibition) compactly supported function, and the function f (called the jump rate function)
is given by
f(u) = max(0, u) .

In this situation one gets a description of NJ* as a cumulative process (see [6] subsection
2.3) with few information on the joint law of (7,7). This was the initial motivation for
the present work. We refer to [6] for a more complete overview and explicit results in this
situation. In the remaining part of the paper we will come back to more general cumulative
processes.

2. NOTATIONS AND MAIN RESULT

2.1. First notations.

We consider (11, W7), (12, Wa), ... an i.i.d. sequence of pairs of random variables built on some
probability space (£2,P). The law of (7;, W;) is an arbitrary probability ¢ on (0, +00) x R. We
denote this by: (7;, W;) ~ 1. In the sequel we generically use the notation (7, W) for a pair
with the same distribution as (7;, W;). Notice that we assume in particular that E(7) > 0.

We denote by M?!(X) the space of probability measure on some measurable space X'
We consider the renewal process associated with (7;);>1 :
n
So = 0, Sy = Z Tk,

k=1
M; =sup {n > 0,8, <t}.
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We will study the quantity:
My
Zy =Y Wi (2.1)
i=1

The main goal of this paper is to prove a Large Deviation Principle for the process Z;/t. Let
us recall some basic definitions in large deviation theory (we refer to [9]).

A family of probability measures (7;);cr+ on a topological space (X, Ty) satisfies the Large
Deviations Principle (LDP) with rate function J(.) and speed ~(t) = t if J is lower semi-
continuous from X to [0, 4+o0c], and the following holds

1

. < Tminf -
ég(fo J(x) < ltlg_ﬂ&f " Inn:(O) for all open subset O, (2.2)

and )
—inf J(z) > limsup — Inn(C) for all closed subset C. (2.3)

zeC t—+00 t

We shall sometimes say that (n;);cp+ satisfies the full LDP when and ([2.3]) are satisfied,
while we will use weak LDP when C closed is replaced by C compact in (2.3)). When 7 is the
distribution of some random variable Y; (for instance Z;/t) we shall say that the family (Y;);
satisfies a LDP.

Since J is lower semi-continuous the level sets {X, J(z) < a} are closed. If in addition they
are compact, then J is said to be a good rate function.

In this paper we only consider the speed function v(¢) = t so that we will no more refer to
it.

A particularly important notion for our purpose is the notion of exponentially good approxi-
mation.

Definition 2.1. Assume that (X,d) is a metric space. A family of random variables Y, ;
(n € N) is an exponentially good approximation of Y; (all these variables being defined on
the same probability space (2,P)), if for all 6 > 0 it holds

1
lim limsup : InP(d(Yy,Y:) >0) = —o00.

n—oo t—00

The key result is then

Theorem 2.2. In the framework of deﬁm’tion@ assume that Yy, ; is an exponentially good
approximation of Yy. Then the following statements hold true.

(1) If Y+ satisfies a full LDP with rate function J" then Y; satisfies a weak LDP with
rate function

J(x) =sup liminf inf J"(y).

§>0 MO0 d(y,m)<s

(2) If X = R* equipped with any norm, then the same conclusion is true when Yo
satisfies only a weak LDP.
(3) If J (defined above) is a good rate function such that for any closed set F,

inf <li inf J"
inf J(y) < limsup inf .J"(y)

then Y; satisfies a full LDP with rate function J.
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The first and last points in the previous Theorem are contained in [9] Theorem 4.2.16. The
second one is a consequence of the fact that closed balls are compact sets in R¥. Usually, the
Theorem is sufficient to prove a full LDP. Nevertheless, it some cases, the study of the rate
function J is difficult. The lemma below gives an alternative, using exponential tightness
which is easy to obtain with our assumptions.

Lemma 2.3. If Y; satisfies a weak LDP with a rate function I and is exponentially tight,
i.e. for all a > 0, there exists a compact set K, such that

1
limsup;logIP’(Yt ¢ KS) < —a,

t——+o0

then Y; satisfies a full LDP and I is a good rate function.

This Lemma is a consequence of the Lemma 1.2.18 in [9].
Theorem as well as Lemma will be used at the end of the article, in the section [9]
which proves the main Theorem

2.2. Main results.

Assumption 2.4. We will make the following set of assumptions:

i) 3o € (0, +o0] such that E[e?"] < oo for 6 < 6,
ii) 3Bp € (0, +00] such that E[e’WI] < oo, for § < S,
i17) for all interval Z such that P(W € Z) > 0, it holds

P(r>t,WeZ)>0 forallt>0.

We will introduce the classical Cramer transforms, for (a,b) € R?,

A*(a,b) = sup {ax + by — InE(e*" ")} (2.4)
x7y
A’ (a,b) = sup {ax +by —InE (eeryW”)} , (2.5)
x?y
where W™ is a well-chosen reduction of W. We finally introduce the rate functions
1 m 1 m
J" =inf BA} (=, — J =inf SA* (=, — 2.6
m) =it 5 (3.%) o Jm) =t B (5.5) (2:6)
and
J =sup liminf inf J"(2). (2.7)

>0 "0 Im—z|<o
We then may state
Theorem 2.5. Assume that Assumption is fulfilled. Let J given by .
e If By = +o0o (in particular if W is bounded) then Z;/t satisfies a full LDP with good

rate function J. We also have the following inequalities

P (Ztt >m+ a) < — inf J(2), (2.8)

z>m—4a

P (Ztt <m— a> < — inf J(2). (2.9)

z<m—a
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o If By < +o0, denoting m = E(W)/E(1) we have for all a > 0

ligligop % InP (Ztt >m+ a) < — min _zzngfa/m J(z), Boa/él_ , (2.10)
and

lim sup E InP (Zt <m-— a) < — min inf J(2), Boa/4| . (2.11)

t—too t t |z=m—(a/2) |

We may replace a/2 and By/2 by ka and (1 — k)P for any k € (0,1).

Remark 2.6. The previous inequalities (2.8) and (2.9) actually hold true with function J as
well as function~J since J < J (see Lemma However, since J is clearly more easy to
calculate than J, we prefer to write the inequalities with J.

2.3. The scheme of proof.

The proof will be divided in several steps. In the next section we will reduce the prob-
lem first to bounded W’s replacing the original W by W™ and then to finite valued W’s.
This will be done by using exponentially good approximations and Theorem [2.2]

Following [13] we introduce in section {4| (for finite valued W’s) an associated empirical mea-
sure and state the LDP for this measure (theorem and the LDP for the cumulative
process (theorem , the latter being obtained via the contraction principle. The following
sections are devoted to the proofs of these theorems.

Section[f]is devoted to the study of the rate function in theorem[4.3] This is the most technical
part of this work. The idea is that one can adapt the arguments in [I3] by conditioning w.r.t.
each value of W.

At this point the fact that W is finite valued will provide us both with simple conditioning
and with the necessary compactness arqguments, since My ({1,...,n}) is compact.

If many arguments are close to those in [13], some have to be written in detail. We have
decided to refer to the corresponding statements in [I3] only when they can be reproduced
line by line in our case. Some topological points also have to be clarified. In section [6] we
show useful auxiliary lemmata. The next section [7]is devoted to the proof of In section
we deduce theorem [£.4] The final section [9]is devoted to the study of the rate function J
and to the proof of theorem

3. REDUCTION OF THE PROBLEM TO FINITE VALUED W’S.

3.1. First reduction to bounded W’s.

To Z; defined by (2.1) we associate

My

2 =3 (WiAnV (-n)),
i=1
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so that
Mt Mt
Zy— 27| => (Wi—n)y + > (Wi+n)_ (3.1)
i=1 i=1
where u; = max(u,0) and u— = max(—wu,0). We then have
Lemma 3.1. If Assumption is fulfilled, for all § > 0,
1 Z A
lim limsup — lnP(t—t >5> §—@.
n—00 ;5o L t t 2

In particular if fy = +o0, Z}'/t is an exponentially good approximation of Z;/t.

Proof. 1t is enough to look at

My
P <Z(Wi —n)y > 5t> :

i=1
since the other term in (3.1) can be treated similarly. To conclude it is enough to use the

elementary
In(a + b) < max(In(2a),1n(2b)). (3.2)

Using that the W;’s are i.i.d. we may write for § > 0 and ¢ > 0, (as usual an empty sum is
equal to 0 by convention)

My

i=1
<P i(W—n) >@ +P %t: (Wi —n) >ﬁ
S\ T2 i=ct+1 Z T2

ct 5t oL 5t
<P Z(Wi—n)+>5 +P Z (Wi—n)+>5 N{l+ct < M; < 2ct}

i=1 1=ct+1

(L3 ooz
+P > (I/Vl-—n)+>§ N {M; > 2ct}
i=ct+1

ct
< 2P (Z(Wj — n)+ > 5;) —i—I[D(Mt > 2Ct)

j=1
Study of P(M; > 2ct) .  Start with the second term in the sum above. According to
theorem 2.3 in [15], we know that M;/t satisfies a LDP with rate function J. given by
Jo(z) = { supy{A —zInE(e*)} if 2 >0

00 ifz <0
Notice that J-(z) = 2 A*(1/x,0) for z > 0. In addition (see Lemma 2.6 in [I5]) the supremum
is achieved for A <0 if x € (1/E(7), +00) and J; is non-decreasing on this interval.
It follows that for 2¢ > 1/E(7),
1
lim sup 7 InP (M > 2ct) = —J(2¢) . (3.3)

t—o00



8 P. CATTIAUX, L. COLOMBANI, AND M. COSTA

In order to get lim,, limsup,_, . 3 InP (M; > 2c,t) = —oc for some sequence ¢, (to be chosen
later) it remains to show that

Jr(x) — 4o0.
T—00

Since 7 is a non-negative random variable one can find A; such that

E(eMT) =et.
Let z € R", we have:

J-(z) = sup{\ — zInE(e)}
A

>\, —zlnE(eMT)

>+ A
yielding the desired result.

Study of ]P’( ;t:l(Wj —n)y > %) Denote as usual by |ct| the integer part of ct. We
have

ct 5t ! 5t
P{Y (W;—n); > 2] =P > (Wj—n)y > )
j=1 j=1
so that we may use this time the usual Cramer’s theorem. Defining
U,(A\) =InE [e)‘(w_”)+}
U (x) = sup{\x — ¥V, (N)},
A

we have
1 let] ctj
limsup —InP Z(Wj—n)+ >0t/2 ] = hmsup—ln]P’ n)y > 6t/2
t—oo =1 t—o0 C

Lct]

< hmsup—lnﬂD ( n)y > 5LctJ/20)
t—00 C -1

< - inf Ur(x)
z€[6/2¢,400)

As the function z — ¥ (z) is non-decreasing on [E((W —n)4), +00), we have

Lct)
limsuplln]P’ Z(W] —n)y >0t/2 | =—cVy(0/2c),
n—oo t =
provided ¢/2¢ > E((W — n)4). Notice that for A < Sy,

U (5/2¢) > %5 el (1T+E[@7 — 1)1y,

so that choosing ¢, growing to infinity and such that

A E(W —n);) =0 and ¢, In (1 +E [(e)‘(wfn) - 1)]lw>nD —0asn — oo
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which is always possible since both E((W — n);) and In (1 +E [(e)‘(W*”) - 1)]1W>nD are
going to 0, we get

e
A0
lim hmsup InP (Z —n+>5t/2) > —.
n t—00 - 2
We may optimize in A and plugging the same sequence ¢, in (3.3 ends the proof. O

3.2. Second reduction to finite valued W’s.

Starting with a bounded W such that —K < W < K almost surely we define a discretized
version of W by

n—1 jK
W= > = welr/nGH)K/ml
j=-n
It clearly holds
K
W —W" < —.
n
We thus introduce
My
Zr =y wy
i=1
so that
K M,

According to the study in the previous section

Z_Z

1
lim sup n 1nIP’< "

t—o00

(5) < lim sup 1 InP(M; > 6tn/K) = —J-(dn/K)

t—o0
> 5) = —00.
We have thus shown

Lemma 3.2. If Assumption 18 fulfilled, and W is almost surely bounded, Zt"/t defined
above is an exponentially good approrimation of Z/t.

so that, since J; grows to infinity

VAA

1
lim limsup — InP
t t t

n—oo t—00

Remark 3.3. If W isn’t bounded nor discrete, a double reduction can be done in one step. We
obtain the same results as doing successively both the reductions, but it allows formulating
the rate function more easily, when there is one.

Let’s consider
n2—1

V~V :—n]lW< n+n]lw>n+ Z *]l [17J 1).

j=m2 "
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By denoting Ztn = ZMt W” we have, for § > 0

M My
P < > 5) (Z(W’ —n)y > 5t> +P (Z:(I/VZ +n)y > 575)

=1 =1

Hp(ff PG T 5)

K2 1 ]——112

Zy Z"

t

Since

<

)

Zni( L) sy <

1=1 j=—n?2

we obtain

M; n?2-1
(Z > ( ) Wie[d, L) > 5t) < P(M; > 6tn).

i=1 ]——n2

By the proofs of Lemmas [3.1] and we finally obtain
Lemma 3.4. If Assumption[2.4) is fulfilled, for all § > 0,

Bo 6
<27
>5>_ 5

Z, Zr

1
lim limsup — InP (
t t

n— oo t—00

In particular if By = +oo, Zf/t is an exponentially good approximation of Z;/t.

Remark 3.5. The proofs in the previous section suggest a direct naive approach in order to
get deviation bounds. Indeed we may write

[ M¢]
> (W —E(W))

=1

| M ] 1

t E(7)

Z_ £ 1

t  E(r) |t

+E(W) ’

so that following the lines of the proof of lemma we may write

[ M:]

Z, E(W)‘ ) 1 ( ’LMtJ 1 )
P(|— — > < Pl-= ; — K >4§/2 PlE — >6/2
(15 % 29) = B(3| X 0n-mm|zo2) + P (0N [ — 5| 200

ct
< 2P < > (Wi —E(W))| > (5t/4> + P([ M| > 2ct) +
i=1
- o)
PlE ———1>6/2].
P (E0) [ - 5] = 0
Introducing the Cramer transform of W,
U*(z) = sup{Az — InE(*WEW)yy
A
we thus deduce, if Assumption [2.4]is fulfilled
lim sup 1 ln]P’( 2 _ E(W)‘ > 5) < —A(9), (3.4)
t—00 t E(T)
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where

A(0) = min(A;(d), Az(9))

6 = oy ) (el ) 09

As(9) = sup  min (J-(2¢), ¢ min (¢p*(5/4¢),v*(—=d/4c))) . (3.6)
2¢>1/E(7)

This time however we cannot let ¢ go to infinity so that As(d) will furnish a worse bound
than 3y6/2 (the correcting term in Lemma [3.1]). So even when 3y < +o0 the previous bound
will be worse than the one obtained by combining Lemma and the LDP for finite valued
w.

This kind of approach should be useful in order to get non asymptotic bounds. &

4. LARGE DEVIATIONS FOR A FINITE VALUED W.

From now on we will assume that W takes its values in a set of cardinal n (fixed). However
we will keep a superscript n to remember that this is a reduction of the general case, so
we shall write W'™. For simplicity we rename the values of W™ as 1,...,n. According to
Assumption iii) and the approximation made in subsection we may assume that

Vi=1,.,n,Vt>0,9"{r>t}N{w=3})=P(r >t, W"=35)>0.
This condition will replace iii) in Assumption in all the next statements.

Some results are still true when W takes its value in some W C R which is compact, in
particular if W is bounded. We will mention these results in related remarks each time it is
possible.

4.1. More notations.

As we said we will now closely follow the approach in [I3]. Consider the backward re-
currence time process (A¢)¢>0, the forward recurrence time process (Bi)i>o and the process
(C1)>0, defined by:

At:t_SM“ Bt:SMt+1—t, C?:W]&t—f—l?
and the associated empirical measure:
1
= /[0 , e cods € M0, +00]? x {1,...,n}).

We denote by P} the law of .

This empirical measure is a measure on three coordinates, whereas Lefevere, Mariani and
Zambotti [I3] consider a measure on two coordinates since W = F'(7) in their work. Looking
at (0, 4o0] allows us to avoid integrability considerations at infinity since As and By can be

as large as we want simultaneously.

Choosing as metric d(t,t') = [+ —2| on (0, +0c] and the usual one on {1, ..., n} we immediately
see that ) = (0, 4+00]? x {1,...,n} is a Polish space, so that X = M((0, +o0]? x {1,...,n})
is also Polish. In addition (a,b,c) — -1 is continuous (of course it is equal to 0 if either a

a+b
or b equals +00).
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For 1 € M((0,4+0cc]? x {1,...,n}), we denote:

p(1/7) = p(1/(a + b)) = /(o +00)2x{l,..n} @+ b :

(da, db, dc)

and for 1 € M1((0, +0c] x {1,...,n}), we denote:

w(1/7) = /(O L (dr,aw),

00]x{1,en} T

Let us define A} € M((0,+00]? x {1,...,n}) as :

A = {0 € MY((0, 400l x {1, m}), (1)
1o(da, db, dc) = / Stur(1—wyrawy (dat, db, de)du @ w(dr, W),
[0,1]%(0,400) x{1,...,n}

€ MY(0,400) x {1,...,n}),7(1/7) < +00}
We also define A™:
A" = {u(da,db,dc) = apo(da,db, dc) + (1 — @)d(400,100)(da, db) @ n(dc),
o € Al a € [0,1],m € MY ({1,...,n})}. (4.2)
The following will be used several times in what follows

Lemma 4.1. For M > 0, the set Xpy ={v e X, v(1/(a+b)) < M} is compact in X.

Proof. First the set {a+b > 0} is compact in Y for 6 > 0. It follows that Xy is a uniformly
integrable set, hence is relatively compact (tight). Indeed for v € Xy

v({a+b<d})<dv(l/(a+b) <oM.
Notice that this set is also closed, so that it is compact. Indeed if v belongs to Xy, I/(ﬁ) <
ﬁ) < M since (a,b,c) —
1/(a + b+ ¢) is bounded and continuous. It remains to apply the monotone convergence
theorem. D

M for all e > 0. Any weak limit v of such v’s satisfies v/(

Remark 4.2. This lemma and its proof are still true if we replace {1,...,n} by a compact set
W. &

Recall that ¢™ denotes the joint distribution of (7, W"™), so that its first marginal does
not depend on n. We may thus skip the superscript n when dealing with quantities that
only depend on this first marginal. To simplify the notation we will denote by £ the g in
Assumption [2.4] i.e.

§ = sup{c € R, ¢(e”) < o0} € [0, +o0]. (4.3)

For m € MY((0,+oc] x {1, ...,n}), satisfying w(1/7) € (0, +00), we define # € M*((0, +oc] x
{1,...,n}) as:

#(dr, dW) = —— L (dr,a)

7(dr, _7T(1/T)T7T T, .

7 has no weight on {+oo} x {1,...,n}.
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We also define the functional I§, I" : M*((0,4+00]? x {1,...,n}) — [0, +oc] by:

w(1/7)H (7 |p™ if Al
I (n) = {cxg IR otieiwi;e’ (4.4)
am(1/7)H (7|yp™ 11—« if A"
N s

where H is the relative entropy defined by

d
H(v|p) = /ln (d:) dp  if v is absolutely continuous w.r.t. pu

00 otherwise.

We denote by Cp((0,+0c]? x {1,...,n}) the set of bounded and continuous functions on
(0, +c)? x {1,...,n}.
For a bounded measurable f : (0,+00) x (0,400) x {1,...,n} = R, we set :

Flarw) = [ flur, (1= wyr, W)du (16
0
We define:
Chj = / T FLTW) i (qr aW) (4.7)
(0,400)x{1,...,n}
and
Dy.p = sup / I S/TTW) i (dr dW) . (4.8)
>0 J(s5,+00)

We consider
I:={f:(0,+00]? x {1,...,n} = R, bounded, lower semicontinuous,
Cnyr<1,Dys< +oo}. (4.9)

The reasons for introducing such quantities are detailed in [13] section 1, see in particular
subsection 1.5 (and more particularly Remark 1.5) and subsection 1.6.

4.2. Large deviations principle for cumulative process when W is finite valued.

We will first prove a LDP for the empirical measure p}':

Theorem 4.3. Let uj the empirical measure of a cumulative process satisfying Asumptions
and such that W" takes its values in {1,...,n}. The family (P})¢>0 of probability distri-
butions of i satisfies a large deviations principle with good rate function I"™ ast — oo with
speed t, where I™ is defined in .

Applying the contraction principle we will then deduce

Theorem 4.4. Let (1;, W]); an i.i.d. sequence of couples of random variables in (0,400) X
{1,...,n} following the law ™. Let us define Z}' = Ef\iﬁ W the associated cumulative
process. If Y™ satisfies Asumptions then the law of Z}'/t satisfies a large deviation
principle with good rate function J" (given by (2.6))).
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5. THE FUNCTIONAL I"™

This section aims at proving that I, defined in , is a good rate function i.e proposition
5.2| (analogue to Proposition 1.3 in [I3]. Three propositions are necessary to prove it: the
propositions and which are the analogues of Proposition 2.1 in [I3]. In order to
prove these three propositions some additional lemmata are necessary.

Remark 5.1. If the scheme of proof is close to the one in [I3], the proofs of this section need
some new ideas. In particular, we will use conditioning by sets like {W = j}. This induces
to use disintegration and uniform controls in j. That is why it is useful to work with a
finite valued W. In addition the compactness of M;({1,...,n}) will help to control the third
coordinate (which does not exist in [I3]). Except two auxiliary lemmata, we decided to give
self contained proofs. &

Proposition 5.2. The function I™ is a good rate function. Moreover, I" is the lower semi-
continuous envelope of I).

For the proof we need the next three propositions. We need another notation: if vy is a
sequence in M!((0,+o00) x {1,...,n}), & and I are defined as in ([¢.3) and (4.5]) respectively,
with 9™ replaced by .

Proposition 5.3. Let 1}, be a sequence in M1 ((0,4+00) x {1,...,n}). Assume that 1}, — ¥™,
and & — € as k — 4o00. Then any sequence (ug)x in M ((0,4+00]? x {1,...,n}) such that
lim supy_,o0 I3 (k) < 00 is tight and thus, relatively compact in M((0,+00]? x {1,...,n}).
In particular, for k large enough, such a sequence is in A™. If we consider m; and oy the
associated quantities, we have:

lim sup a7 (1/7) < 400. (5.1)

k—o0

Proposition 5.4. Let ¢y, be a sequence in M'((0,+00) x {1,...,n}). Assume that 1}, — ",
and &, — € ask — +oo. Then for any p and any sequence (i) in M((0, +00]?x{1,...,n}),
such that p, — p, we have liminfy_, o I () > 1™ (p).

Remark 5.5. Both previous propositions are still true when replacing {1, ...,n} by W a com-
pact subset of R as it will be clear looking at their proof. &

Proposition 5.6. Let 1y, be a sequence in M*((0,+00) x {1,...,n}). Assume that vy, — ™,
and &, — € as k — +o00. Then for any p in M*((0,+00]? x {1, ...,n}) with I"(u) < oo, there
exists a sequence (u)x such that pg, — p, p € Ay for all k and limsupy,_, o I} (i) < I™(p).
1

Moreover, we have iy, %M k—) plas)-
—00

For this last proposition we need to work with W taking values in a finite set.

Now we can prove the main Proposition of this section.

Proof of Proposition 5.9 We want to prove that I" is a good rate function and is the lower
semicontinuous envelope of 1§}

We apply Propositionwith Y = Y™ : for all (ug)r sequence of ML((0, +00]? x {1,...,n}),
if lim supg_, o, I™(pr) < 400, then the family (uy)y is tight in M ((0, +oc]? x {1, ...,n}). We
can deduce that I" has relatively compact sublevel sets (and is coercive).
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Thanks to Proposition 5.4 we have, for any y and any sequence p in M*((0, +00]?x {1, ...,n})
such that pp — p, liminfg_, oo I™(ug) > I™ (). Thus I™ has closed sublevel sets. It also means
that I™ is lower semicontinuous.

I'" has relatively compact and closed sublevel sets, so I™ is a good rate function.

We already know that I™ < I since Afj C A", and I" is lower semicontinuous, so I" is
smaller than or equal to the lower semicontinuous envelope of Ij}.

Thanks to proposition for any p € MY((0,+00]? x {1,...,n}) with I"(u) < oo, there
exists (1) a sequence in Afj such that pp — p and limsupy_, o I"(pr) < I"(p). In fact,
lim supy,_, oo 1§ (1) < I™(p). So I™ is greater or equal to the lower semicontinuous envelope
of Iy and finally I" is the lower semicontinuous envelope of I/} O

We turn to the proof of the three auxiliary propositions.

Proof of proposition[5.3. Choose a sequence (u)y in M*((0,4+00]? x {1,...,n}) such that
lim supy,_, o I} (i) < 0o. We want to prove that this sequence is tight and thus, relatively
compact in M((0, +o00)? x {1,...,n}).

Since limsup,_, o, If (k) < oo, for k large enough, p, € A™. Then, there exist oy € [0,1],
. € MY((0,+00) x {1,...,n}) with m,(1/7) < 400 and n, € ML({1,...,n}).

First, we prove equation (5.1)):

lim sup a7 (1/7) < +00.
k—oo

We have I} (pg) = oypmp(1/7)H (7| 0r) + (1 — )& > ami(1/7)H (7 |[¢by). Therefore

apm(1/7) < I% (we consider H (7g|vy) # 0).
Moreover
1
o (1/7) = et
Then
I (pk) o
e (1/7) < H (7 |vr) : T (7)
I (k) o,

and limsup a7 (1/7) < lim sup - N = .
k—300 /7 k—oo H(Tr|tr)  Tr(T)
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ap € [0,1] and limsupy_,o I}/ (k) < +00, so there exists a constant C' < oo such that
Vk,ap < C and I}'(pug) < C. Then

lim sup a7 (1/7) < limsup A ¢
koo T T koo H(TRlYR)  T(T)

< (Climsu A 1
- l<:—>oopH(7~rk|7/)k) 7 (T)

< (C'limsu 1
- k—>oop H(7|br) V 7 ()
C

< .
~ liminfg_y oo H(7g|Yk) V T(T)

If there exists a subsequence k; such that H (7, [vx;) — 0, then lim 7y, = limy, = ™.
Thus, since [0, 1] and M'({1,...,n}) are compact, there exist subsequences of ay, and 1, which
converge. Eventually, there exists a subsequence of p; which converges, so this sequence is
relatively compact. In particular, is true because lim inf; o 7x; (1) = ¥"(7) > 0.

Else, liminfy_,oo H (7 |t)r) > 0 and lim sup,,_, . axmr(1/7) < co. Then is true.

Moreover, for M large enough and k large enough, ux(1/(a + b)) = apmi(1/7) < M. So
Wi € Xy which is a compact set by Lemma Then, this sequence is relatively compact.
In both cases, the sequence is relatively compact and is true. O

Remark 5.7. As already said we only used the compactness of M!(W) and lemma |4.1|so that
the above proof immediately extends to W compact. &

Proof of proposition[5.4 Let p € MY((0,+00]? x {1,...,n}) and let (ux)x in M*((0, +00]? x
{1,...,n}), such that pj — p. We want to prove that liminfy_,o I}’ (pg) > 1™ ().

Since pp — p, we may replace py by subsequences again denoted pj in what follows. We
assume supy, I} (pur) < oo (otherwise, if liminfy o I (i) = 400, +00 > I™(n)). Then
pi € A™ and we denote by ag, m, 1 and g the corresponding quantities, with ay, € [0, 1]
and 7 (1/7) < 0.

First, if limsupy,_,., o = 0, we may assume taking a subsequence that limay = 0. So
B = O(4o0,400) ® (limg 7). Since MY({1,...,n}) is compact, (limgn,) € MY({1,...,n}).
Therefore

liminf I} () = Uiminf oy (1/7) H (7 |[¢r) + (1 — ag)&e > Iiminf(1 — o )& = £ = I ().
k—o0 k—o00 k—o00

Secondly, we have limsup,_,., ar = @ > 0. Again we may assume that lim oy = a.

We begin by studying the sequence j, and 7, to have some information about lim infj,_, o 17 (1)
Then, we prove that g is in A", and finally we work on I"™(u).

Since supy, I} (pur;) < 0o, we can apply the proposition and in particular the equation :
lim supy,_, o, a7 (1/7) < 00. Since & > 0, we have: limsup,_,. 7mx(1/7) < oo. For k large
enough and M large enough, we have m(1/7) < M.
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{1/ € MH((0,+00] x {1,...,n}),v (i) < r}

is tight for all 7 > 0, there exists a subsequence of 7 which converges in M!((0, +-00] x
{1,...,n}). We can write the limit of 7 (or its subsequence) as B + (1 — 8)d(4o0) ® 10, for
some 3 € [0,1] and ny € M'({1,...,n}).

Ifg>0,nl/7) < %limsupk_mo m(1/7) < oo. If § = 0 we choose an arbitrary 7 such that
m(1/7) < 0.

Now, we prove that y is in A™ where p is defined by:
=1
po=Tim oy
= 1i,£n(akuo,k + (1 — @) (400, +00) @ Mk)
= 6411]?1 o,k + (1 — 0_5)6(—1—007—&-00) ® (h}{:n 77k)
It holds

Mo,k = / S(ur,(1—u)r,w)du @ mx(dT, dW)
[0,1]%(0,400) x{1,...,n}

2 5uT —u)T du@ﬂ'd’r,dW—kl— J sotoo) @ M0-
’HOOB [0,1] % (0,4-00) x {1,...,n} (ur,(1=u)m, W) ( ) +( p) (400,400) & TI0

Let o and n be defined as:
fo == / O(ur,(1—uyr,w)du @ m(dr, dW)
[0,1]x(0,400) x{1,...,n}
a(l-p) 1—a
“1-ag Pt 1 a5

(Lim 7).
We get
p=apfuo+a(l - ﬂ)5(+oo,+oo) ®mno+ (1 — 5‘)5(+oo,+oo) ® (11’.211 k)

= aBpo + (1 = aB)d(100,400) @M,
and in particular p € A™ with a = fa.

Eventually

I"(p) = Bar(1/7)H(7|Y") + (1 — Ba)é
= a[Br(1/7)H(7|[P") + (1 — B)E] + (1 — a)¢
= am(1/7)H (7x|vr) + (1 — a)é
+aBr(1/m)H (7|[Y"™) + (1 = B)E — mi(1/7) H (T 1bk)]
< lminf I (ug) + a [Br(L/m) H(7|") + (1 = B)E = m.(1/7)H (Tk|top)] -

In particular, we can apply Lemma 2.4 from [13] (the proof can be directly adapted in our
case), since the hypotheses therein are satisfied:
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Lemma 5.8. Let m, € M'((0,4+00) x {1,...,n}) be such that m,(1/7) < oo such that

lim T (dr, dW) = Br(dr,dW) + (1 = 8)d(4.00)(dT) @ no(dW) (5.2)

for some B € [0,1], # € MY((0, +00)x{1,...,n}) such that m(1/7) < oo andng € M ({1,...,n}).
Then

lim inf . (1/7) H (7 |ypr) 2 A (L/7)H(7[Y") + (1 = B)E.
Eventually

I"(u) < lim inf I ue) + & [B(1L/7)H (71" + (1= 5)€ — me(L/) H (g )]
<0 by Lemma [5.§|

< liminf I7 (ug).
k—o00

0

Remark 5.9. Once again we only used the fact that {1,...,n} is compact so that we may
replace it by any compact W. %

Proof of proposition[5.6 Let p in M((0,+00]? x {1,...,n}) with I"(u) < co. We want
to prove that there exists a sequence (uy) such that pp — p, pp € Ay for all k and

lim supy_ o, I (15) < (1),
Since I"(u) < 0o, u € A™. Let «, m and 7 corresponding to u:

w(da, db, dc) :a/ S(ur,(1—u)r,w) (da, db, de)du @ w(dr, dW)
[0,1]x (0,400) x{1,....n}

+ (1 = @)0 (400,400 (da, db) @ n(dc).

The aim of this (technical) proof is to construct a sequence of laws 7, depending on 1), which
satisfies a condition on its limit (the condition described below) and a condition on its
entropy with respect to ¢ (the condition described below). Then, we will construct a
sequence of measure p which will satisfy the wished conditions. The next paragraphs give
the details.

We denote 1™ (d7) the marginal law of 7 in ¢", and v (d7) the corresponding law associated
to 1y to simplify notations. In particular, ¢"(d7|W = j) is the marginal law of 7 given
W = j. We write ¢; the weight of j for n: ¢; = n({W = j}).

Fix p > 0,L > M > 1 such that Pyn(7 = 1/M) = Pyn (7 = M) = Pyn(7 = L) = 0. Then
there exist N € Nand 1/M =T, < Tp < ... < Ty = M such that T;4; — T; < p and
Pyn (T =T;) = 0.

Here of course N and T; depend on M and p. We also use the shorthand notation A; =
[T, T;+1) and A = UY | A; in this proof. Then for L > M define Wg:,f’M (dr, dW), n,f’M(dT, dw)
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and ﬂk’M’L(dT, aw) e ./\/ll((O +00) x {1,...,n}) as:

N n -~
AZ,W .
7r0k M dr, aw) G ZZ mlr € A )T¢k(d7, aw|r e A;, W =j), (5.3)
B i=1j=1
n 1
1 = 4
M(dr,dw) = Zwk G rem,L) 4 (dT|W = j) @ 6;(dW),  (5.4)
apl M (dr, dw) = axfy (dr, dW) + (1 — a)ny ™ (dr, dW), (5.5)

where ﬁ,g’M is the normalizing constant such that ﬂg’,i\/[ is a probability measure.

Some g;’s can be equal to 0. In these cases, we consider in fact the sum on j such that the g;

aren’t zero: all the following calculation are then true. Thanks to Assumption [2.4] we know

that for each j € {1,...,n}, Vt € RT " ({r >t} N{W = j}) > 0, so the measure nlg’M exists

for adequate L and M. To simplify the notation, we consider in the following calculus that
LM . .

n, is the sum for j € {1,...,n}.

The above definition makes sense if L > M is large enough, and k is large enough depending
on L and M (k will be sent to +oo before L, and L before M), and there is no problem with
the conditioning. As " (7 € 90A;) = 0, if ¥i(4; x {j}) = 0 for each k large enough, then
¥(A; x {j}) = 0. Since I"(u) < oo, then H(7|¢)") < oo and 7(A; x {j}) = 0. The term
n (i,7) in would be considered equal to 0. Similarly if ¢ ([M, L) x {n}) = 0 then the
term in j in vanishes. If each terms of one sum is zero, then « is equal to 0 or 1, by the
same arguments on the relative entropy.

We want to prove:
lim lim lim lim ﬂ'i’L’M
M—o0 L—o0 p—0 k—o0

lim inf lim inf lim inf lim sup 70"“M (1/7) H(7Z5M 1) < an(1/7)HG ™) + (1 — )& = (),
M—oco L—oo p—=0 p oo
(5.7)

where the limits in M and L are understood to run over M and L satisfying the above con-
ditions.

= am + (1 - ) (40) ® 7, (5.6)

Once (5.6) and (b.7)) are proved, we can consider sequences pp — 0, Ly — 0o, M} — oo
(such that pg, L and M}, satisfy the above conditions), we can define 7, = W,’;’“’L’“’M’“ which
satisfy: m, — am + (1 — @)d(1o) ® 1 and

lim sup 7, (1/7) H (7g ) < I™(p).

k—o0

Then pp defined by:

ux(da,db, dc) := S(ur,(1—u)r,w) (da, db, de)du @ i (dT, dW)

/[0,1} % (0,400)x{1,...,n}

satisfies the proposition.
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First, we prove the convergence (/5.6) step by step. First, we consider ﬁg’,iv‘[.

The normalisation constant Bk’M satisfies:

N n =~ .
Mo (T € Ay, W = j) o
C (0,400) % {1,...,n} Z:ZU; 7(A) Tp(dr, dW|r € A, W = j)
N n N
i=1j=1 77( ) A x{j}
N n =~ .
Ai7W = .
:ZZW(TGN J)¢k(T|T€Ai,W:])
=1 j= (4)
i=17=1

Since g v ¥, then Vi < N,Vj < n,¢p(r € A;, W = j) . YT € A, W = j). By
—00 —00
bounded convergence (because 7 € A; = 7 < Tj41), Vi < n,Vf € Cp((0, +00) x {1,...,n}),

/ (7, W)ibg(dr, dW) —s (7, W)™ (dr, W),
Aix{j} k—oo JA; x{j}
So:
, : N LA (r € A, W =)
g — gP — ;; =A) (1|7 € A;, W = j)
and

i A“ .
b (dr, dW) — 7™ (dr, dW) =33 m(r € ‘)V D) o (dr, dW s € A, W = ).

Bp’ i=1j=1

Let f € Cp((0,+00) x {1,...,n}). On A = [1/M,M), for each j < n, 7 — 7f(7,j) is
uniformly continuous, so there exists a modulus of continuity wy, such that V(z,y) € A,Vj €
{1, on}|zf(z, ) —yf(y,5)| < ws(|lz—y|). In fact, wy is the maximum of the n modulus of
continuity for functions 7 +— 7f(7, 7).
For all p > 0, (T;); defined as before,

/Ax{l,...,n} 7~T(7’ S A) (d ’dW) ; Ax{j} 7T(T c A) (d 7dW)
_y FEDT
T L /Ax{j} Fre ) dndW).

j=1l1i=1
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Then:

ZZ/ mmTeA (f(r, ‘]))fr(dr, dW) < / Tf(T, W)fr(dT, dW)

j=11i=1 Aix{j} TEA)

77777

n N maXTeAi(Tf(Taj))~
= Z g/A x{7} T(r € A) )

n N
mlnTeA (f(1,7)) . Tf(r, W) _
3 Fre AW =) < /Ax{l ’ #(dr,dW)

j=li=1 ared) T T akq, n} (7 € A)
n N
maxoea (f ()
g;; € A) (T € Ay 7)
Let us remark that
maXTEA (tf(1,7)) . mlnreA (Tf(7,7)) -
JZMZI #(r € A) w(r e Ay, W =) JZUZ1 #(r e A) (T e Ay, W =j)
1 XX . 4 . ‘
~ rem L € AW =) (] () - mip(r4(.5))
1 n N 3
S ;; (T € A, W = j)ws(p) = we(p) — 0
Then
n N .
mlnTeAi (Tf(T,])) ~ Tf(T’ W)
gz:lzz:l 77'(7’ € A) 7T(T €AW= ]) g) Ax{1,..n} ﬁ(A) (dT7 dW)
and
maXTEA (tf(1,7)) . Tf(r, W) _
]ZI; (7 € A) 7(re A, W= )/j) ity F(A) 7(dr,dW).
Then, by studying ,BP’MTrp’M(f):
NS A(re A, W =) . 4
;; G (A) )rg%<7f(f,y))
N nfT(TGAZ‘,WZj) n .
g;; #(A) /Tf(T,W)’gZJ (dr,dW|T € A;, W = j)

i=1j=1 ( ) €
So:
W) -
VfGCb((O,+oo)x{l,...,n}),ﬁp’ng’M(f)lH—)O o Tf;(TA) )W(dT,dW). (5.8)
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pM _ . M M . T _
In particular, for f = 1, 7" (1) = 1 so: p* /:6 BY = Jaxqt,my sy T dr, dW) =

7(r|r € A). So fy M dr, dw) — M (dr,dW) := B%M’Tﬁ’(dT, dWi|r € A).

When M — oo, 7(1 € A) = n(r € [4;,M)) = 1. So: M . #(7) and: 7} (dr,dW) —
— 00

r(dr,dW) /7 (1) = 7(dT,dW).

Now, we study nlf’M

n 1
dT dw)
jzl Vr(T e, ) IW = J)

We have ¢ (T1car,)|W = 7) vd V(T Lrepr,n) W = j), so

T]]‘TE[ML q]wk(dT‘W = ]) ® 0, (dW)

" 1
Mdr, aw) = nM (dr, dW) Z T Loepr W = )T]ITe[ML )3 " (dT|W = j)@6;(dW).
j=1 TE
When L — oo,
L 1

LM M
n M (dr, dW) — 0 (dr, dWV) = E
j=1 w (T]ITE[M +OO | = j)

For g € Cp((0, +00) x {1,...,n}) with a compact support,

1
Z/Moo)¢ T]lTe[M—l—oo |W )

T e[M 400) 2P (dT|W = §)R0;(dW).

79(T, ) g " (dr|W = j).

For M large enough, n™(g) = 0.
Moreover, for i € {1,...,n},

1
M

" (Lw=;) = / .

(M 400) V(T re[ar,400)| W = 1)

Then: n™ (dr, dW) = 61 o0)(dT) @ n(dW).

n(T]ITE[M,Jroo)‘W = Z) — ¢
n(T]ITE[M,-i-oo)‘W - Z)

W =) =

Now we deduce the convergence of 7, LM,

LM

lim lim lim lim 7
M—o00 L—o00 p—0 k—o0

(5.6) is then proved.

=am + (1 — a@)d(40) @ 7.

Now we prove the equation (5.7). We define 7% LM 7T0’k and nk by:

11
frﬁ’L’M(dT, W) = — o~ (dr, W), (5.9)
m (YT T
11
T (dr,dW) i= — o —nfy! (dr, dW), (5.10)
0.k My O
M 1 L rm
dr,dW) = — 50—, (dT,dW). 5.11
W)= Sy 7 ) o
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In particular:

1 T
M/ = T reln,0)4(dT|W = §) @ 8;(dW)
o zn: TE [M,L) |W - .7 Z 1

q; qj _ .

wkT]lTe[MHW—] V(7T € [M,L),W = j)
~LM 1 1 " 1 .

k ] 1 T
1 i 1
(1/7_) Z (7_]1 L) ’W_j)]lTe [M,L Qka(dT’W_])(@(S (dW)
j:1 T

Using Lemma 2.3 from [13] (the proof of which can be easily adapted in this situation) ,
m— 7(1/7)H (7|Yy) = H(7r|¢)k) is convex, so:

1 1
RN (TGN 0) < e HEY 0 + (1 — 0) e B 0)
Tok (T e (7)

First we consider the second term: since ¢"({r = M }) = ¢"({r = L}) = 0, we have:

lim — - H(72M ) = H(iM |ym)

LM
k M ()

1
M(7)

i M () =M/

1 L 1
M(dr, dW) = , g™ (dr|W = ) @ §;(dW
(o W) = S 2 T g W = ) e 08 (W =) @ 05
We have
H(i" M|y

o (M (dr, dW)
[M,L)x{1,...n} Y (dr, dW)

1 . / M (dr, dW) Lreim,0)95 ,
nL’M(l/T)jzl [M.L)x{3) ( Y (dr, dW) ) (T e a ) W = W =g @ olam)

> M (dr, dW)

We can decompose 9" in the following form:

PM(dr,dW) = pip"(dr|W = j) ® 6;(dr),
j=1
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where p; = " (W = j). By definition of A" and {1,...,n}, we know that p; = 0 implies
q; = 0. Then:
H(~L’M\w")
i/ 1 Lcin,n)9 Y (dr|W = j) ® §;(dW)
M (1/7) 1/T = ML)x{a} nBPM(L/7) (e, )W = J) pjp™ (dr|W = j) @ 6;(dr)

" Lcimn)a5
Y (T, W = J)

P (dr|W = j) ® 6;(dW)

1 " qj Y (dr|W = )
. S , 1
ntM(1/7) 2% /[M,L) ' (pjnL’M(l/T)wn(T]lre[M,L)’W = j)) P (T e,y W = J)

ézn:q-ln 4qj w(TE[ML’W_])
ntM(1/7) &=V pinBM (/7)Y (T e,y W = 7)) o™ (T e,y W = 4)
1

= qj \ V"(Lrgipr,n)lW =)
- - ] 4
LAy 2 G ( > V(L)W = J)

& W Y (Lrepr,n) W =3)
e =y n (nPM(1 /7 (71, W = : —.
nL’M(l/T) ;QJ <77 ( / )d) ( 6[M,L)| ])) wn(Tﬂfre[M7L)|W — ])

Then we study

1 ~L M = Y (Lrepr,ny|W = J)

Mg,

V" (Lrepr, ) |[W = 5)
—qun LMlT (1, W = ’ —.
’ ( W9 (Threqyr] )T/’n(T]lTE[M,L)‘W =J)

First, we have ¢n(Tﬂfe[M,L)\W =j) > M, and " (Lrepn,p)|W = j) < 1, s0

V' (Lreppr,n) W =1J) | & (%) 1 (%‘)
’ : gIn| =)< —[) qgln|—=
P (T lrepr,n)|W = J) ; T\ M ]Z::l T \p
— 0
M —o0

Secondly, we have:

" N VM (Leprn)W = 13)
giIn (" (M (1/7)71, W =j : :
jz_; ! ( ( (/) Lretarny )) V(T L,y |W = J)

" V" (Lrepa,ny|[W = 7)
— 1 LM 1
20 i (v M) e = )
V" (Lrepr,n) W = 37)
wn(T]lTE[M,L)WV = ])
n I (Y (FLeepnn W =)

—n (pEM1 /) x M1/ j
= (y"M(1/7)) xn (1/)+j§_:1q] V(e[ W = J)

+Z%1H< (L epar,n) |W_J)>

V" (e, |W = J4)-
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Moreover, ¢™(TLreprp)W = j) 2 M, so ™ (Leep)|W = j) | — ~ +oo. Since
Inx
Tz :L‘joo 0 and wn(ﬂ‘re[M,Jroo)’W = ]) M—>—> 0, we have:

(t1, W =j)
( el )zb”( Lreppr,n)|lW = j) 0.

jzl V(T Lrep,n) W = J) ML

n

Eventually, n™M(1/7) = f[M,L) 1nlM(dr) < L. Then in particular

1
lim  lim % (> =0. (5.12)
T

M—~+o0o0 L—o0o
. L,M L,M
Since z1lnz = 0, n™(1/7) x In (77 (1/7')) MJ:ZFOO 0.
Then

H ~L.M|,,n
lim lim 7(77 [+")

=0<E&.
M—o00 L—00 7~]L7M (7’) £

We focus on the first term. We know that ﬁg:k (1) = 1/7¢), M(1/7). We have:

N n -~
: (1€ Ai, W =)
li lim li =
i, it i, 21 4/7) = i o 33 ST =

= e 105 BV
1
= (5.13)

7i(7)

1 1
Then: — . Now, we study H(?TO 'k |tg):

Al ) i 7

As WO’M(l/T) =1/87M we have

1
Mdr,dw) = ———=aftM(dr, dW)
T

N n -~ .
Ay, W =
S FCEAWZ0) pn e awr € AW = )

N n ~ — 4
:ZZW(T6Ai’I;V_])Q/)n(dT,dW‘TEAi’W:j)'
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k—
= H(ig M ")
_N w(re A, W =j)
a ;jzl 7(A)
Noa 7?(7-6AZ,W:m)qp”(dT,dWhEAl,W:m)> " s
/ln <§ m{:l () (e diT) Y™ (dr, dW|T € Ay, W = §)
A & A(r e Ay W =)
- 22 ZIV .
/ I <7?(T € A, W =j) Y™ (dT, dW) > Y™ (dT, dW)
A;x{j} T ) 1!1"(7’ S Ai,W :j)w"(dﬂ dW) ’(/)n(T S Ai,W = ])
L& A(re AW =) L FrE AW =) .
- ;; F(A)n(r e A4, W =j) /Az-x{j}l ( (A)pn(r € Ay, W = 9)> vHdndm)
A & A(r e Ay W =) F(r e A, W = j)
- ;; (4) " (fr(A)w"v €AW = j))
I & A(r e AW =7) Ared,W=35\
- 2321 A" (WT €A, W = j)) (rA)
1 Y& o Fred, W=4\ | .
- izuzzjlw(f € AW = j)In (WT e j)> In(7(A))
1 ~(r . (T € A°) i, ‘ A w(re A, W =j)
- | () *EZ A=)l <wn<reAi,W=j>>]

_ (m(fr(A)) +7(A%) In (5522))))

The well known decomposition of entropy property tells us that if (By,)m<as is a partition
of (0,+00) x {1,...,n}:
i ()
Y™ (Bm)/

Here, (A; x {j})i; and A€ are a partition of (0,+00) x {1,...,n}. We have:

M
H(7|yp™) > > 7

m=1

. ~p,M o, M| in
Jim G ) = HwM ")

< (") - (n

=1
=
+
2
h
N
=

7N

=N

N

N

S~———

N———
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Since 7(A) — 1 and 7(A°) — 0 as M — oc:

lim sup sup lim H(ﬁ’g’;i\/[Wk) < H(7 ™).
M—oo p<1 k ’

Now, we can construct a sequence 7y (= ﬂ'zk’Lk’Mk) such that: 7, — am + (1 — @)ds ® 1 and
i Do 7 (1/7) H (R 1) < (1)
Eventually, by (5.12)) and (5.13]),

(e33) == (7)
H a-+b T T

— Pk>
= am,

o
S
7N

k—o0

6. SOME ADDITIONAL TECHNICAL TOPOLOGICAL LEMMATA.

Before proving the upper bound and the lower bound of the LDP for empirical measures, we
add two useful lemmata. The first one will be used several times for the upper bound. Once
again its proof uses conditioning.

1
Lemma 6.1. Let D}, = {,u e A" u (—H?) < M} Then D}, is a compact set.
a

Proof. Since D}, C X); we already know that it is relatively compact. But since A™ is not
clearly closed, we have to show that D7, is closed.

Let (pu)r be a sequence of measures in D},;. We will prove that some subsequence again de-
noted (1), converges in Dy,. We denote by ay, ok, 7 and 7, the corresponding quantities
in the definition.

For any k, oy, € [0,1] and nx € M({1,...,n}) which is compact, so there exists a subsequence
Q(k)> NMp(ky and a € [0,1] and 7 € M({1,...,n}) such that Qpk) 3 @ and 7y — 7.
—00

1
We remind that, for any r > 0, {1/ € MY((0,+00)),v <$) < r} is a compact set.
If a =0 : then for f € Cp((0,+00)? x {1,...,n}):

otk (f) = iy 1o,ok) (f)  + (1 = Q) (0(4o0,400) @ Me(k)) ()
—— ——

=0 €[~ flloo, I flloo] —1 =
k::o (5(+oo,+oo) & n)(f)

Since (§(4o0,4+00) @ M) € Diiys pp(r) converges in Dy

If @ >0 : then for k large enough, we have : |a,;) — al < a/2, 50 ayy) > a/2. Then, we

have:
(7) = (o53) = o (a) < s = o
TeW) \7 ) THoem \ o) = Oéso(k)uw(k) A
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We will prove that for all 4, 7,(x)w=;, which is the conditional law 7 given W = i, belongs

1
to {V € MY((0, +c0]), v () < r} for a well-chosen 7.
x

For any k, w1 € M0, +0c] x {1,...,n}), let define (@j,0(k))je(1,...,ny the weights such that
Go(k) = Pr gy (W = j). Then 7 (1/7) can be written with its marginal law:

1 1 .
To(k) (7.) = Z Bp(k) By [T’W = J} .
je{l,...,n}

The ((¢j,4(k))je{1,...n})k are at most n sequences of weights in [0,1]. There exists a sub-
sequence (qj.po(k))jefl,..,ny and a (gj)jeq1,..ny With g; € [0,1] such that >°¢; = 1 and
(@pa(k)) jef1,...ny tends to (gj)jeq1,..ny- Let J the set of indices j such that q; # 0. Let
Pmin the minimum of the g; for j € J:

Pmin = min{g;,j € J} # 0.

Then, for k large enough, we have:

. Drmi
Vi€, Gigar) > o
Then, we have, for each j € J
1 1 . Pmin 1 .
o (7) = Tt £V =] 2 BB 2w =]

ie{l,...,n}
and T, 1) (%) < %, then:

AM

QPmin

_ 1 _
¥j € JEn,_ MW — ]} <

1
So Vj € J, (k) w=j € {V € MY((0,+o0]), v () < 4M/(ozpmin)} which is a compact set.
x
There exists a subsequence of (7, (x)w=;)r Which converges to a 7J for each j € J. By a
diagonal argument, we consider an extraction (3 such that:
V€ T Ty tyw=s = -
We define then 7 corresponding to (g;); and (77);:
m(dr,dW) = Z qjé(W:j)ﬂj(dT)
JjeJ
Vf € Cp((0,+00] x {1,...,n}), w(f) = D a7 (f(, 7).
JjeJ

Then, 7, 1) — .

It remains to show that i to belong to D}, i.e to A™.
7w can be written as:

7(dr,dW) = m(1 < 400) X 7(d1,dW|T < 00) + (1 — 7(7 < 00))w(dr, dW|T = 00).
Let 7*(dr,dW) = n(dr,dW|T < 0), * = 7(T < +00) and n* such that = (dr, dW|r = c0) =
O+o0) @M
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Moreover, pg (&) is the product measure of du and 7). T, 1) Weakly converges to 7, so
0,5 (k) Weakly converges to the product measure of du and w. We denote by o the product
measure of du and 7*. Then p ) tends to

p= 0o po + (1 = B7)8( 100, 100) @0 + (1 — @)d(400,400) @ 1-
With
al—p") . (-0
+ )
"= 0ap) Ta-ap”
we can write 1 = af* 1o + (1 — af*)( 400 +00) @ N0, SO 1 € A"

O

The next lemma introduces A", a closed set which contains A" (but is not its closure despite
the notation). This will be used directly in the proof of the upper bound of the large deviation
principle. A similar set is discussed in [I3] lemma 2.5. However we have here to carefully
manage the third coordinate, so that the proof in [I3] has to be rewritten.

Lemma 6.2. The set
A" = { € M0, +00)® x {1,....,n}) : p = apo + (1 — @)0(400,400) @M, € [0, 1],

to(da,db,dc) = / 5(1“.7(1,“).,.7‘/[/) (da,db,dc)du @ 7w(dr,dW),
[0,1]x(0,00)x{1,...,n}

7€ MH(0,+00) x {1, ...,n}),n € M'({1, ...,n})} (6.1)
is closed in M'((0,+00]? x {1,...,n}).

Proof. Let py, € A™ such that py, converges to a u € M!((0,+00]? x {1,...,n}) when k tends
to co. We will prove that p is in A". Let oy, 7 and 7 be the corresponding quantities to
i as in the definition of A™.

(ak)r € [0,1] admits a subsequence which converges to a o € [0,1]. 7 is a sequence of
measure on the finite set {1,...,n}, so a subsequence of 7 converges to n € M'. As usual
we identify the subsequence and the sequence.

(m6)x € ME((0,+00) x {1,....;n}) € MY([0,+0c] x {1, ...,n}) also admits a subsequence which
tends to a limit 7 € M*([0, +oc] x {1,...,n}).

Then

wu(da,db,dc) = O(ur,(1—u)r,w) (da, db, de)du @ w(dT, dW)

/[0,1]><(0,+oo)><{1,...,n}
+ (1 = @)0(400,400) (da, db) @ n(dc).

We need to prove that p is in A™. First we verify that 7 has no weight in 0, and secondly
we prove that by rewritting u, we can consider 7 € M!((0,4+00) x {1,...,n}), @ and 7 such
that p have the good form.

First, we consider the weight of 0 for . By Skorohod’s representation theorem, there exists
a sequence (P, Vi) and X}, of random variables such that (P, Vi) € (0, +00) x {1, ...,n} has
the law 7, Xj has the law 7 and (P, Vi) converges a.s. to (P, V) of law 7, X} converges
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a.s. to X of law 7. Let U be an uniform random variable independent of (Py); and P. For
any f € Cy([0,+00)? x {1,...,n}) we obtain

pr(f) = aE[f(UPy, (1 = U) Py, Vi)] + (1 — ag)E[f (+00, +-00, X})]
— QE[f(UP, (1= U)P,V)] + (1 - )E[f(+00, 00, X)]

and this limit is equal to u(f). For f-(a,b,c) = 14 p<., since u € M((0, +00]? x {1,...,n}):
ar({P <e}) = p(f.) = 0. Then 7 € M*((0,+oc] x {1,...,n}).
3

Now we prove that we can write g in the same form that in A", Let § = n(P = 400). If

B =0, then

a / Stur(1 -y (dat, db, de) du@(dr, AW )+(1=0)3 4 0.4.00) (da, db) @1 (de)
[0,1]x(0,400) x{1,...,n}

is already in the good form.
Else,

u(f) =apE[f(UP,(1 -=U)P,V)|P < oo] + a(l — B)E[f(+00, +00, V)| P = 0]
+ (1 — @)E[f (400, +00, X)]
= afE[f(UP,(1-U)P,V)|P < o]+

(1-ap) (O‘l(l__g)E[f(+oo, o0, V)|P = 0] 4 —

. E[f(+oo,+oo,X)]> .

1-—ap
Let 7(dW) = SLBr(dW|r = c0) + 5%, a = af and 7(dr,dW) = n(dr,dW|r < o).
Therefore pu € A™. O
Remark 6.3. Here again one can replace {1,...,n} by a compact subset W. &

We finally set two important results. The first one is identical to Lemma 2.6 and Lemma 2.7
n [13]:

Lemma 6.4. If n € A" then I"( ) < supsep p(f) and if p € A"\ A™ then supser p(f) =
+o00. (recall that T is defined in (4.9))

The proof of the Lemma is almost identical to [13]. Indeed it is enough to consider a third
variable ¢ € {1,...,n}. Similarly to the proof of Lemma 2.6 we have to introduce a function

pla+b,c)
a+b
for a continuous and compactly supported ¢. fq, s is lower semi-continuous. One can then

copy the proof of Lemma 2.6 in [I3]. For the second part we may consider the same function
fe as in the proof of Lemma 2.7 in [13].

fd,cp,M (a7 b, C) = +d1 (M,4o0] (CL + b)

Notice that again we may replace {1,...,n} by a compact W.

The second one (and its proof) is identical to Proposition 3.3 in [13]

Lemma 6.5. For all f € T and all t > 0, E(et#' () < — < +oo.



LDP FOR CUMULATIVE PROCESSES 31

7. PROOF OF THEOREM [£.3]

In this section, we prove the LDP for P} that denotes the [P distribution of pj'. This time
the introduction of the third coordinate W replacing F(7) does not create any new difficulty.
However some points in the proofs of [I3] are not clear for us and we will give the details for
some points.

The proof of the upper bound is made in several steps: the proof of a weak principle, for
compact sets C (itself divided in several steps), and the proof that uj’ is an exponentially
tight family, i.e. satisfies: for all & € R there exists some compact set K, with

1
lim sup n InPY(K5) < —a.
t—+o00

The (full) upper bound for closed sets C then follows from [9]. These steps are described in
[13] section 3.

Exponential tightness is the aim of Lemma 3.1 in [I3]. The first step is the following lemma

Lemma 7.1. We have:

1 1
lim i —InP(pu | — M) = —ooc.
im limsup - In (ut (a—l—b) > ) 00

M—+00 t—400

whose proof is unchanged in our case. Since {v € M;((0,+00]? x {1,...,n}), v(1/(a+b)) <
M} is compact (see lemma [4.1]), exponential tightness follows.

The proof of the upper bound for compact subsets is done in [I3] p. 2261 and 2262 beginning
with the definition of the set

Aprgs ={p € Mi((0,400]?),3v € A, [v(g) — p(g)| < 6, u(1/(a+1b)) < M}

for some continuous and bounded g, 6 and M positive. We do not see an immediate argument
showing that this set is closed (hence compact since it is relatively compact). We will thus
slightly modify the proof in [I3].
We introduce a modified set for M ¢ and g as before,

Moo = {n€Mi((0,+00]?),3v € A" u(g) — u(g)| <6, (7.1)

p(1/(a+b)) < M,v(1/(a+0b)) < M+6}.
We also define .
Mgo ‘= — limsup n In P} (Al g.6)°) - (7.2)

t——+o0

One can of course replace g by a finite number of continuous and bounded g;’s.

Lemma 7.2. A}, 5 is a compact set.

Proof. Notice that if p € A}y, g.0 Weakly converges to some i, p € Djy; according to lemma
The corresponding sequence vy in A™ actually belongs to Dy, s so that one can find
a subsequence still denoted v, that converges to some v € D}, s (this is the key difference
with Apzg.5). Since g is bounded and continuous, by taking limits we have |v(g) — u(g)| < 9.
Of course for € > 0,

v(l/(a+b+e)) = liinuk(l/(a—kb—ke)) < lillgnyk(l/(a—i-b)) <M+94,
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and v(1/(a+0b)) < M + ¢ follows by letting £ go to 0 thanks to the monotone convergence
theorem. Compactness follows since AR/[, 9.0 € Dl which is compact. O

The next step consists in showing that the empirical measure pj is close to A™ more precisely

Lemma 7.3. For f € Cy((0,+c]? x {1,...,n}) we define

1 M 1 t— 9
V) =730 [ F s, (1= m Wi+ =2 (oo, +00, Wi )
=1

Then v € A™ almost surely.
For all g, 0 there exists some t(g,d) such that fort > t(g,0), the events {|u}(g) —vi*(g)| > d}

and {‘,u? (ﬁ) — (ﬁ)‘ > 0} are almost surely empty.

Proof. This lemma is the analogue of Lemma 3.2 in [I3] but due to the modification of our
A’]}/L 4.6 We have to complete the proof therein.

Arguing as in the proof of Lemma 3.2 in [I3] one shows that for ¢ large enough the set
{luf(g) — v (g)| > ¢} is almost surely empty. For the other term,

Hars) 7 (a5)
Fe\ase) " \axo

M, M,
1 1 t—S 1 1 1
= fETix——kTMtHx Me s ——§Ti><—
t t = Ti

] Ti t TMy+1  TMi+1
1 t—Su 1
Tt T ot
Hence for t > 1/ we have ‘M? (%M) - (a%Lb)‘ < 4. O

Corollary 7.4. limps 100 R”Mﬁ’g = 400.

Proof. According to lemma , for ¢ large enough (that does not depend on M but only on
¢ and g) the set {ui'(1/(a+0b)) < M} N (A}, ;)¢ is almost surely empty. Hence for ¢ large
enough
P*((ARr,6)°) < P"(ui(1/(a+ b)) > M)
and the result follows from lemma [7.1]
O

We may now follow the proof in [I3]. First exactly as in [I3], thanks to Lemma for all
open set O, all g, M, d and all f €T,

1
li - InP}O) < — inf I? u
?nsupt n t( )_ VIEO f,M,g,cs( )

where

m () = p(f) A R%,g,é if pe Aﬁ/ﬂgﬁ (7.3)
f7Mvg76 +OO OtherWiSG ’ '
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Since f is lower semicontinuous, I, - s(p) is also lower semicontinuous thanks to the com-
pactness of A%, 5. One can thus deduce as in [13] that for all compact subset I,

1 -
limsup - InP}K) < —inf sup I? = —inf I(w).
im sup - (K) < Juf sup 79,6 (1) Jnf (1)

If u ¢ A" which is closed according to lemma one can find an open neighborhood U of
w such that U N A™ = (). We may choose U of the form

A
U= (v, [v(g:) — nlgi)l < 8}
i=1

for some family g1, ..., gx of bounded and continuous functions, so that for at least one of the
gi’s denoted by g, u & A}y 5. Hence Ng 5 A%y 5 C A™ and I(p) = +oo if p ¢ A". Together
with corollary [7.4 we deduce that

I(p) >suplp(p)  where Ip(u) = p(f)if w € A™, Ij(p) = +o0o otherwise.
fer

Thus, according to lemma I(p) > I™(p) and the upper bound is proved.

The proof of the lower bound is similar to [I3], just replacing the sample 7; by a sample
(15, Wi), and thus is omitted.
8. PROOF OF THEOREM [4.4]

We turn to the proof of theorem [£.4] We first will deduce a LDP from theorem by using
the contraction principle, and then identify the rate function.

8.1. The contraction principle.

Define ¢(a, b, c) = —< which is continuous on (0, +oc]? x {1,...,n}. Then

a+b
(t = Sv )W, 41

t ’TMt+1

1 M
1y (p) = n ZWz‘n +
i=1

Remark that
(t = Sm)Wip 1

t TMt+]_

n
< =
—t

so that

t—o00

1
lim sup n InP (

1 M
i) =5 D W > 5) = —00
=1

showing that p'(¢) and 1 S Mewr = zi/t will satisfy the same LDP. The contraction
principle (Theorem 4.2.1 in [9]) should thus furnish some LDP for Z}'/t. Unfortunately ¢ is
not bounded so that u + (i) is not continuous from Mj (0, +00]? x {1, ...,n}) to R and the
contraction principle does not apply directly. We are thus obliged one more time to use an
approximation procedure replacing ¢ by

C
¢ (a,b,c) = (@+b)ve
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for ¢ > 0. Replacing 7; by 7f = 7; V € we may introduce M§, A, Bf, C;"° and u;"° as in
subsection The results of the previous section apply to this new process (introducing
a rate function I™(p)) This time we may apply the contraction principle so that pu;™(¢f)
satisfies a LDP with rate function

JEM(m) = inf{I™ (u) , p € M0, +00]% x {1,...,n}),m = pu(¢°)}. (8.1)

We now have

t— Sf\/[f)W]?\l/[f—H

)

1 M (

en
() = YW+ e
o1 Mg+1

so that, since My < My,

My My _ Qe n
1 1 (t = S5 )Wt 11
g () — n >wp < n > Wi+ tT; -
i=1 i=ME+1 Mg+1
n
< T = M) +1).

But according to [13] Lemma 5.4, M; is an exponentially good approximation of M;. It
follows that ;" (¢f) is an exponentially good approximation of Z*/t so that, finally, thanks
to Theorem Z{'/t satisfies a weak LDP with rate function

J"(m) = sup liminf inf Jo"(m). 8.2
(m) sup limfnf _inf (m) (82)

In particular we know that J” is l.s.c. so that its level sets are closed.

8.2. Study of the rate function.

The goal of this subsection is to show the following lemma (partly close to Lemma 5.1
in [I3]) explaining the various forms of the rate function (recall that ¢(a,b,c) = c¢/(a + b)).

Lemma 8.1. We define, for allm > 0, J*(m) := inf{I" (), p € M ((0, +00]?x{1,....,n}),m =
u(p)}. Then

i) Jv=Jm (J" is defined in (2.6)). In addition
Jo(m) = inf {13 (2), 11 € ML((0, 4002 x {1, .,n}),m = ()}
it) We also have:
() = min{I" (1), i € MY((0, +00]? % {1,...,n}),m = ()} (5.3)
— min{I5 (), jr € M0, +00]? x {1, n}),m = u(g)}.
it1) Finally,
Jh=Jr=J".



LDP FOR CUMULATIVE PROCESSES 35

Proof. Proof of i) We have
J"(m) := inf {I”( ), 1 € M1((0, +00)* x {1, ...,n}),/ai_kbu(da,db, de) = m}
= inf {I"(u),,u e A", / %Hu(da, db,dc) = m}
1 i n n c
{am (2) 19" + (1 - .0 € 0,10 € Ay [ —o(da, b, de) = ]}
= inf {om (71_> H(7w[y")+ (1 —a)é,a € 0,1], up € Ay, am (T) = m}
{ L Hm) + (1 - a)e,a € 0,1, 7 € M1((0, 400) x {1, ....n}),a g

. o ww)
1nf{ﬁ (F6") + (1= )€ € 0,116 > 0.7(r) = fLa™ 2 = }

Let p(a,b) = inf{H(v|y"),v(1) = a,v(W) = b}. We have p = A according to Csiszar
I-projection theorem (Theorem 3 in [§]). As in [I3] (proof of Lemma 5.1) another way is to
directly prove the dual equality p* = A™.

We thus have
J"(m):inf{ﬁ (,8, /B)—i—(l—a)f,ae [0,1],[3>0} .

But

() =Slf5{w+my— RCE)
-5 (5. 5) -5

Thus
J"(m) = inf {ﬁA;’; (g 7;) +(1—-a),ac0,1],8 > o} .

We will show that :

1, P (5:5) + 0 - = (5.5).

Taking o = 1, we see that the left hand side is less than or equal to the right hand side. To
show the converse inequality, pick a € [0, 1]:

BAZ (g) 7;) +(1—-a)= Sxtg){ax + (1 = a)§ +my — BAn(z,y)}

> sup{z A{+my — BAq(z,y)}.
T,y

Since W is bounded, eV > C(y) > 0 for all y, so that we have for all x > ¢ and all y,
P (e"THY) > Cly) 97 (e"T) = o0
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This shows that A, (x,y) = 400, for all x > £ and for all y. Hence, the supremum on z can
be restricted to the supremum on {z < £}:

o

a m

5 5 - - An )
B’6>+(1 a)&Zs;}g{wA£+my BN (z,y)}

= sup {z +my — fA,(z,y)}
<&,y

(52

Notice that during the proof we have seen than the minimization is obtained looking only at
€ Ap so that we may replace I" by I in the definition of J".

and the desired inequality is proved.

Proof of ii). This part is completely similar to the corresponding one in the proof of Lemma
5.1 in [13]. The only thing to see is that we may replace ||F||o in [I3] by K if |[W| < K.
Proof of iii). To prove this equality, we first prove the inequality J™(m) < J"(m).
Let m € R* and ¢ > 0. First, remark that J"(m) < J™%(m). Indeed, if u € A", with
associated 7, v and 1), is such that H(7|¢™°) < 400 and p(¢®) = m, then 7 has its support
included in (e,+00) x {1,...,n}. Hence I"(u) = I"™*(p). Moreover, pu(p) = p (%M) = m.
This yields
Tt(m) = nf{I" (), i € MI((0, +00]? x {1, ., n}),m = ()}

< inf{1" (1), p € M ({(a,b,) € (0,400)% x {1, .,n}), pl{a+b < £}) = 0,m = u(p)}

— it {17 (), jr € MI((0, 45 X {1, ), m = (")} = %,
We will take the limit as € — 0. To this end we may write for § > 0,

inf  J%(2) < inf  J™%(2)
2,|z—m|<é z,|z—m|<d
so that
inf  J"(z) <liminf inf J™%(2) < J"(m)
2,|z—m| <o €20 z,]z—m|<é

Since J" = J", it is clearly lower semicontinuous so that

J"(m) <liminf inf J"(z) < J"(m).
0—=0  z,|z—m|<é

Finally Jn < Jn

Now, we prove that J" > J". Since J"(m) is a minimum, let i a measure such that

J"(m) = I"(iu) and j1(p) = m. For a sequence ¢, going to 0, we consider 1y the distribution

of (7 Ve, W) . Using proposition there exists py € Afy with associated to 1y, such that

pr — fand limsupy_, oo I3 (pr) < I1™(1). Here I} = I™, so limsupy,_, oo 1™ (ux) < I™(f1).

By construction px({a +b < er}) = 0 and for 7, associated to ug, we have H(7g|yp™) <

+o00. Since 7y is a measure on (e, +00) x {1,...,n}, H(7|vr) = H(7k|y™), and it follows

I () = I ().

As a consequence of propositionit holds g (a%rb) — [ (a%rb) Hence, 6, = ’,uk (a%rb) — I (a%rb)‘ —

0.



LDP FOR CUMULATIVE PROCESSES 37

We can now write
inf () < I () = 1)

Z’|Zim|§5k
so that

limsup inf  J™%(z) <limsup I"(ug) < I"(n) = J"(m)

k—oo 2z |z—m|<dy k—o0
and finally

J"(m) = supliminf inf  J™%(z) < J"(m).
(m) supliminf  inf (2) < J"(m)

0

Remark 8.2. The first two items i) and ii) in the previous lemma are still hold true if we
replace {1,...,n} by a compact set W. O

8.3. End of the proof.

At this point we have obtained that Z}'/t satisfies a weak LDP with rate function J”. In
order to get the full LDP we have to show that the level sets are bounded (since we know
that they are closed). Recall that it is not a direct consequence of the contraction principle
since p — p(¢) is not continuous.

First since J" < J™* for all € > 0, for all closed set F' it holds limsup,_,qinfycp J™(y) >
infyep J"(y).

It remains to show that J™ is a good rate function i.e. that it has compact level sets.
According to the previous subsection for a sequence my such that J"(my) < (3, we may
find a sequence py € A such that pg(p) = my and I (ur) < B. The corresponding
satisfies limsup m;(1/(a + b)) < +o0 according to proposition (here a = 1). Since
lp(a,b,c)| < C/(a+b), my is bounded and one can find a convergent subsequence.

9. PROOF OF THEOREM [2.5]

When W is bounded and discrete, the full LDP is already given by Theorem [£.4] If W isn’t
bounded, or isn’t discrete, we need to differentiate whether Sy = oo or not.

In the first case, when [y = co, we are able to prove a Large Deviation principle. Since the
rate function J is difficult to calculate, we compare J with an other function J to simplify
some inequalities. This work is done in the following subsection [0.1]

In the second case, since the approximation Z;'/t isn’t an exponentially good approximation
of Z;/t, we only prove some useful inequalities of deviations, but we’re not able to prove the
Large Deviation Principle.

9.1. Case A: y = co. In this case, Z}'/t is an exponentially good approximation of Z;/t
(see Lemma or depending on the approximation strategy). Combining the LDP
principle obtained for Z;'/t (Theorem [4.4) with Theorem [2.2] (1) we obtain that Z; /¢ satisfies
a weak LDP with rate function
J(m) = sup liminf inf J"(2).
() =g yniat | f "

In order to obtain a full LDP, we use lemma Therefore it remains to show that Z;/t is
exponentially tight.
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Lemma 9.1. Assume that Assumption is fulfilled, then (Z/t)i>0 is exponentially tight,
i.e. for all a > 0, there exists a compact set K, such that

1 Z
lim sup ElogIP’ (tt ¢ Kg) < —a.

t——4o00

Proof. Since Zj'/t is an approximation of Z;/t and satisfies a full LDP, we can decompose
the probability as following: for each n, and for all §:

P(Tgl-aa)<p(|3-E>0)+p (S ¢-arsa-a)
gP(Zt 2t >5)+IP><Z;<—A+6>+P(Z;>A—5>.

§3maX(P<Ztt—Z; >5),IP’<Z;<—A+5>,]P’(Z;>A—5>>.

t

(9.1)
By Lemma Z'/t and Z;/t satisfies
—1 Z AL )
Vo > O,IimlimlogIP’( RN 5) = —BL,
n ot t t t 2
i.e.
2 — 1 AAL
Ya > 0,V6 > ﬁ—a,ﬂn(a, 9),Vn > n(a,é),li?ltlogP( Tt — Tt > 6) < —a. (9.2)
0

(If By = +00, we can consider all § > 0.)

We just have to study P (? >A-— 5) and the symmetric case. We know from Theorem (4.4
that:

—1 4
lim — log P (t > B) < — inf J"(m).
t 1 t m>B

It remains to show that Yo > 0 one can choose a level B, such that Ym > B,, J"(m) > a.
Remind that

o= {5 35}

= inf — BlogE[e*™T¥Wn
éggsgg{wrmy BlogEle ]},

(where W,, = W AnV (—n)).
Since —|W| < W,, < |W|, we obtain by differentiating whether y is positive or negative that

x4+ my — Blog E[e® ¥Wn] > 2 4+ my — Blog E[e*™HWIWI],
Therefore, we deduce the lower bound

J"(m) > J|~|(m) ;= inf sup {x + |mly — BlogE[e”er'W']}.
B>0 zeR,y>0
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Remark that J!' is an even function, thus by symmetry, we can assume m > 0.
Now, using Cauchy-Schwarz inequality, we deduce that

sup {x + my — flog E[e””‘w‘]} = sup {a: + my — glogE[exTﬂ/W]Q}

JUGR,Z/ZO xGR,yZO
> sup {x +my — b log E[e**7] — s log E[e2y|W|}}
z€R,y>0 2 2

> sup {:c — glogE[eQW]} + sup {my _ glogE[er|W|]}
T€eR y>0

There exists zg < 0 such that E[e?*07] < e~!, and since Sy > 0, y — E[e¥"] is strictly
increasing and continuous on [0, By). Then there exists yo > 0 such that 1 < E[e?0IV]] <.
Therefore

sup {x +my — s log ]E[e‘”Ter'Wl]Z} > x0 — s log E[e*™7] + myo — 5 log E[e?v0! W]
z€R,y>0 2 2 2

> xo +myo + g (1 - logE[e2y°|W|])
Finally, since 1 — log E[e?I"]] > 0, we conclude that
I
J(m) > o + myo =7 oo

In conclusion, let @ > 0 and 6 > %—2‘ (or § > 0 if By = +0), let n(a, d) defined in (9.2)) and
n = n(a,d), let A= <%0 4§ (z and yo are determined by the law of 7 and W). We have

lignilogIP’(Ztt>A—5>§— inf J"(m)

m>A—0
< it 71
<- mi>ri‘f75 xo + myo
< —x9 — yo(A —9)
< —«

and using the evenness of JI',

—1 AL

lim — log P (t < —-A+ 5) < —a.

t i t
Eventually combining these bounds with (9.2) in , and deduce that for n > n(a,d),
ml logP (Zt ¢ [—A,A]) < —a.
t i t
O

Now, we have a full LDP for Z,/t, but the expression of J isn’t very convenient. In particular,
this expression can depend on the reduction used. In order to simplify some inequality and
obtain Equations and , we prove J > J defined in .

We consider two cases: in the first one, Lemma we assume W is bounded by K and
consider the discretization W" defined in subsection Then in the second one, Lemma
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0.5 we will examine the general case.

Contrary to [I3] we do not know a priori that .J is a good rate function. However, we use
results of Lemma replacing {1,...,n} by [-K, K|. In particular we deduce that

J(m) = J(m) = min{I(u); p € M*((0,+0c]* x [-K, K]), () = m}.
We want to prove

Lemma 9.2. If W is bounded, it holds J < J.

Proof. We may of course assume that J(m) < +oo. One can thus find sequences m,, and
en < 1 such that ¢, — 0, m;, — m and J"(m,) < j(m) + &,. Since J" = J", one
can thus find a sequence g, € M'((0,+c]? x [-K, K]) such that I,(u,) < J(m) + 1.
According to proposition (recall that it is true here, see remark one can thus find
some subsequence still denoted by j,, converging to some j in M*((0, +00]? x [~ K, K]). Now
(again recall remark according to proposition [5.4| we have lim inf,, I),(p,) > I (1) so that
1) < J(m).

In order to see that I(u) > J(m) it remains to show that pu(c/(a + b)) = m and to apply
J=J.

Notice that thanks to ii) in lemma we may have chosen i, € Afj so that proposition
tells us in addition that limsup,, u,(1/(a + b)) = M < 400 (since the sequence o, = 1). It
follows

p(l/(a+b+¢)) = liﬁnun(l/a +b+¢)) <limsup u,(1/(a+b)) =M
n

so that again using monotone convergence we deduce u(1/(a + b)) < M. Hence, since ¢ is u
a.s. bounded, pu(c/(a + b)) is well defined.
To calculate p(c/(a + b)) we need more. Using the definition of J” and what precedes the
sequence [, satisfies
~npony _ My, <

A = @) =€
for some C' < +o00 since m,, is bounded and lim,, p,,(1/(a + b)) = p(1/(a + b)) > 0. We will
deduce that 7" is tight. Indeed a standard application of the Orlicz-Hélder inequality (with
the conjugate pair u — e* — 1 —u and u +— u +— ulnu — u) shows that

1
In(1/¢m(A))
for some universal constant k. Choosing A = {a+ b < €} so that y"(A) = ¢¥(A) we get the
desired result choosing € small enough.

It follows

C _
Ln <a—{—b (6 l(a + b)]la—I—bSe + ]la+b>€)) —Mn

7"(A) < kC

< Kpn(1/(a+ b)) Crpn({a+b < e})
C'u({a+b<e}).

Since the integrated function is bounded and continuous we can pass to the limit in n first,
and then in ¢ using Lebesgue’s bounded convergence theorem since

_ K
(5 1(a + b)naerSa =+ ]1a+b>5) < m

A

a+b
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which is p integrable according to what we did before. This finally shows that u(c/(a+b)) = m
and concludes the proof. O

We do not know about the converse inequality.

Remark 9.3. We will see below another way to prove this result (in an even more general
context). Nevertheless we have given this proof in order to complete the picture in the [13]
context. o

We will now directly study the function J. Recall that

J(m) = él;% sxuz}/) (CU +my —f In E(ez7+yw)) = él;% 8;15 A(m, B, z,y).

We do not assume here that W is bounded.

Lemma 9.4. J is a good rate function.

Proof. First we remark that

Sup A(m765$7y) > sSup A(m7671:> O) = sup (.7) - BIHE(exT)) :
T,y x x

Since 7 > 0 (and supposed not to be identically 0) one can find z, < 0 such that E(e*7) = ¢!

(we already use this in the proof of lemma , so that

sup A(m, B, x,y) > x- + 5.
x7y

Let {J < M} be some level set of J. For 8 > M —x, := 3; one has sup, , A(m, 3, z,y) > M
so that for all m € {J < M} it holds

J(m) = 0<1/§1Sf 5, 5P A(m, B, z,y).

Now remark that

sSup A(m7 67 x, y) > sSup A(ma B? 07 y) > A(m7 67 07 ’{)
T,y Y

where 0 < kK < 1 A By, By being defined in Assumption ii). For B < B;, BInE(e"V) is
thus bounded by C, so that

J(m) >mk —C
showing that {J < M} is bounded.

It remains to show that the level sets are closed. Let m,, — m be a sequence in {J < M}.
According to what precedes we know that the infimum in S has to be taken in a bounded
interval, so that one can find a (sub)-sequence 3, converging to § such that

J(mn) S Sup A(mn7 /Bna x, Z/) + €n
x7y

with €, going to 0. This implies that for all (z,y)
T+ mpy — Bn In ]E(e”erW) <M+eg,

which implies J(m) < M by taking the limit in n and then the supremum w.r.t. (z,y). O
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For a general W, consider

J(m) = sup liminf inf J"(z).
(m) 6>18 n—=00  |m—z|<d (=)

We now know that Z}"/t satisfies a full LDP with good rate function J". We may state
Lemma 9.5. It holds J < J.

Proof. As for the proof of lemma we may of assume that J(m) < 4oo and thus find
sequences m,, and &, < 1 such that £, — 0, m,, = m and J"(m,,) < j(m) + &,,. We denote
6n = |m — my|. Define M = J(m) + 1. For n large enough, m, belongs to {J" < M}.
We have seen in the proof of lemma that J,(m,) is thus given by the infimum for
0< B <M — |z;| =3 where E(e*"") = e~!, i.e 2, does not depend on n. The same holds
with J(m). If 8 € (0, ;] and € > 0 we may found (z., y.) such that

IN/Bmf5) < oot — 5 n (8 o) 4o
< ze+mpy. — F1In (IE {ex”*yﬁWD + e+ 0nlyel

Since
E |:e$57+yswn:| — ]E |:el's7'+ysW:|

as n growths to infinity, for n large enough the difference is less than e so that

BA*(1/B,m/B) < e+ mnye — B 1In (B [T ]) 4+ (14 87)e + bl

< BAL(L/B,mn/B) + (14 Br)e + Onlyel -
Taking the infimum in S and then the lim inf,, we get

J(m) < limninf Jn(mp) + (1 + Br)e < J(m)+ (1 + Br)e.

It remains to let € go to 0 to conclude. g

Remark 9.6. When W = 1 a.s. it is easily seen that sup, , A(m,3,2,y) = 400 except for
m = [ yielding J(m) = sup, (zr —mInE(e”")) as expected.

Since J is defined on R one can expect some monotonicity on intervals delimited by the
asymptotic mean E(W')/E(7). We were not able to prove this monotonicity. &

9.2. Case B: [y < oo. We remind that W" is a reduction of W such that Z}'/t is an
approximation of Z;/t and satisfies a full LDP, as proved in Theorem However, this
approximation is not an exponentially good approximation, therefore the LDP cannot be
transferred to Z;/t. In this case, we prove the deviation Inequalities and . We

will focus on the first one, P (% >m+ a), since the proof is exactly the same for the second

one,]?(% Sm—a).

For each n € N*| for k € (0,1), we have

Z zZ7 Z Z
P(;Zm—ka)SIP’(;zm—kna)—HP’(tt—tt 2(1—m)a>

A Z, A
§2maX[P<;Zm+ﬁa>,P<tt—; 2(1—&)@)}
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Then, for each n € N* and x € (0,1), we obtain

t—o00

1 7
lim supZ log P (tt >m + a)

) 1 AL i 1
< max hmsup;loglfD TZm—Hm ,hmsup;log[?’

t—o0 t—o00

< Zy I
t t

>(1- /{)aﬂ .

We handle the first term with the full LDP for Z'/t with the rate function J" (Theorem
and the second term with Lemma (3.1 m or E or E depending on the approximation
strategy). We then have

Zy
hrnsupt logP ( > m—i—a)

t—o00

< max [hmmf( inf J”(z)) By

n—oo z>m-+kKa
1—
< —min {hm sup _inf J"(z),,@o(ﬂ)a] .
n—oo Z>m4+ka 2

(1— H)a}

Since this inequality is satisfied for each n, we can then apply the Lemma proved below,
which gives us

limsup _inf J"(z) > _inf J(z),

n—oo z>m+ka z>m-+kKa

and we obtain the Inequation (2.10)): for all x € (0, 1)

VA
hmsup " log P (tt > m+a) < —min

t—o00

inf J(2), BOML] .

z>m—+ka 2

Remark 9.7. Notice J™ isn’t the same in each case. J" can be written

J"(z) = inf sup{z + my — ,BlnE( ”“”Wn)},

B8>0 z,y
but the definition of W™ depends on the reduction:

e If W is only bounded by K, a reduction with finite valued W™ was necessary:

n—1 .
n K
W= > = Lwelirm Gk
j=—n

e If W is only discrete, a reduction with W bounded by —n and n have been done:
W = (W Vn)A(—n).
e If W isn’t bounded nor discrete, another reduction is necessary:

—1 .
W" = —nlw<_pn +nlw>y, + Z *]1 Weld ity
j=m2 " !
Since in each case, W™ is discrete and bounded a.s. and E (e””wn) oo E (e”“’w)

for (z,y) such that E (e$7+yw) < 00, the proof is the same.



44 P. CATTIAUX, L. COLOMBANI, AND M. COSTA

Lemma 9.8. Assume (W™),, is a sequence of random variables which converges almost surely
to W and such that for each n, W™ is discrete and bounded a.s. Then, we have, for all z5 € R,

lim sup 1nf J"(z) > igf J(2),
z2>20

n—oo 2220

Proof. Let (W™),, be a sequence of random variables which converges almost surely to W,
such that for each n, W™ is discrete and bounded a.s. Let zp € R. Thanks to Lemma [8.],
J" has different forms. Here we will use the form

n . (1 m
77(2) = inf 81, (5 B) |
If lim sup,,_, o inf.>,, J™(z) = 0o, then the inequality is satisfied.
Let assume limsup,,_, . inf,>.  J"(z) < co. We denote C(zp) this quantity.
There exists a sequence ny — oo such that limg_,o inf,>,, J™(z) = C(29). For each k € N,
there exists a sequence (2F); in [z9, +00) such that inf,>,, J™ (z) = lim; J™ (2F).
Let 6 > 0. There exists K such that Vk > K, inf,>,, J™(z) € [C(20) —6/2,C(z0) + /2] and
I such that Vi > I, J™(2F) E [C(20) — 0,C(20) + 0]
Then, for k > K, and i > Ik, Fisin {J™ < C(20) + 0}
Moreover, for each n € N, J" 2 J! by the proof of the Lemma where
Il — _ xT+y|W|
J(m) - ét;f()xe?;i)m {x + |m|y — BlogE[e ]} :

So for k > K, and i > I, zF is in {JIl < C(2) + 6}.
By the exact same argument than for J in the proof of Lemma u {JH < C(z) + 6} is a
compact level set of JI'.
Then, for k > K and ¢ > I}, z’-C is in a compact There exists at least an adherent point 2y,

in this compact, and a subsequence z A oo Zlim- In particular, 2z, > 2o.

it —
Like in the proof of Lemma J"5 ( ij ) is given by the infimum for 5 € (0, 3;). If 8 € (0, 3;)
and € > 0, we may found (., y) such that

BA*(1/8, 21im/B) < we +mye — fIn (B [em=7+W]) 4
< x4+ zZ?yE —B1n (IE {exfTerEWD + €+ |2lim — sz | ye|

Since
E |:e$57'+y5Wn:| S E |:e$57'+y5W:|

as n growths to infinity, for n large enough the difference is less than & so that
BA*(1/B, 21m/B) < e + 2y — BIn (B [e™ ™" ) o (14 Br)e + ot — 2, [l
< BAL(/B %) /B) + (1 + Br)e + |2t — 2|1
Taking the infimum in 3 and then the lim; we get
J(21im) < hHl]lnf J"5 (2 k] )+ (14 Br)e < limsup 1nf J"(2) + (14 Br)e.

n—oo 2220
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By letting € go to 0 we obtain:

J(21im) < limsup inf J"(z).

n—o00 2220

Then,
inf J(z) < J(21im) < limsup inf J"(z).
2220 n—oo 2220
]
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