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Abstract

We consider conservative cross-diffusion systems for two species where individual mo-
tion rates depend linearly on the local density of the other species. We develop duality es-
timates and obtain stability and approximation results. We first control the time evolution
of the gap between two bounded solutions by means of its initial value. As a by product,
we obtain a uniqueness result for bounded solutions valid for any space dimension, under
a smallness assumption. Using a discrete counterpart of our duality estimates, we prove
the convergence of random walks with local repulsion in one dimensional discrete space
to cross-diffusion systems. More precisely, we prove sharp quantitative estimates for the
gap between the stochastic process and the cross-diffusion system. We complete this study
with a rough but general estimate and convergence results, when the population and the
number of sites become large.

Key words and phrases: Cross-diffusion, duality, stability, scaling limits, repulsive random
walks.

1 Introduction and notation

Approximations of interacting large populations is motivated by physics, chemistry, biology
and ecology. A famous macroscopic model was introduced by Shigesada, Kawasaki and Ter-
amoto in [27] to describe competing species which diffuse with local repulsion. In the case of
two species, it writes

{8tu — A(dlu + CL11U2 + CL12UU) = u(rl — 811U — 8121)),

v — A(dav + aguv + a22v2) = v(ry — S21u — S220),

where u and v are the densities of the two species and d;, r;, a;; and s;; are non-negative real
numbers. Completed by initial and boundary conditions, this system (that we simply refer
to as the SKT system) offers a model for the spreading of two interacting species which mu-
tually influence their propensity to diffuse, through the cross-diffusion terms a;;. The other
coeflicients represent either natural diffusion (d; coefficients), reproduction (r; coefficients) or



competition (s;; coefficients). The main motivation of [27] was to propose a population dy-
namics model able to detect segregation, that is the existence of non-constant steady states u
and v having disjoint superlevel sets of low threshold value. As a consequence of this moti-
vation, the first mathematical results dealing with this system focused on sufficient conditions
for the coefficients to ensure existence of non-constant steady states, with a careful study of
the stability of the latter. This study of possible segregation states is still active and we refer to
the introduction of [3] for a nice state of the art. It is a striking fact that during its first years of
existence within the mathematical community, the SKT system has not been studied through
the prism of its Cauchy problem. As a matter of fact, existence of solutions has been tackled
only a few years later: the first paper dealing with this issue is [20] and explores the system
under very restrictive conditions. Several attempt followed, but only with partial results. A
substantial progress was achieved by Amann [1, 2], who proposed a rather abstract approach
to study generic quasilinear parabolic systems. The scope of this technology goes far beyond
the sole case of cross-diffusion systems. In the specific case of the SKT system, it offers exis-
tence of local (regular) solutions, together with a criteria of explosion to decide if the existence
is global or not. This fundamental result of Amann has been then used by several authors to
establish existence of global solutions for particular forms of the SKT system. This is done, in
general, under a strong constraint on the coefficients. For instance, [21] treats the case of equal
diffusion rates in low dimension and [16], settles the one of triangular systems (that is, for two
species, when a12a21 = 0). However, the general question of existence of global solution for
the complete system remains open, even in low dimension.

Another way to produce a global solution is to sacrifice the regularity of the solutions, and
deal with only weak ones. This strategy relies on the so-called entropic structure of the system:
SKT systems as the one previously introduced, admit Lyapunov functionals which decay along
time and whose dissipation allows to control the gradient of the solution. This method has been
used successfully in [4] to prove, for the first time, existence of global weak solutions for the
SKT system, without restrictive assumptions on its coeflicients. After it first discovery in [15],
this entropic structure has been explored and generalized to several systems, allowing for the
construction of global weak solutions for variants of the original SKT system (see [19, 11] and
the references therein). With this low level of regularity for the solutions, uniqueness becomes
an issue in itself. It has been studied either under simplifying assumptions on the system like
in [24, 7] or in the weak-strong setting thanks to the use of a relative entropy (see [8]).

1.1 Objectives and state of the art

This work is initially motivated by yet another mathematical challenge offered by the SKT
system: its rigorous derivation. The diffusion operator used in the system in SKT system is
specific. We focus in this paper on the main difficulty raised by this operator, which is the
non-linearity of diffusion term. The initial goal of the work is to approximate the conservative
SKT system, without self-diffusion, that is the following one

{@u — A(diu + ajguv) =

0,
1
O — A(dav + agruv) = 0, W)



where all the coefficients d; and a;; are assumed positive. Whereas (possibly heterogeneous)
diffusion of lifeless matter (e.g. ink or any type of chemical substance) uses the Fick diffusion
operator —div(uV-) to express the spread, SKT systems rely on the (more singular) operator
—A(p-). As it was already explained in [27], this choice of diffusion operator is at the core
of the repulsive mechanism allowing the segregation to appear. However, the justification
proposed in [27] was rather formal, leaving open the question of the rigorous justification
of SKT systems. As far as our knowledge goes, there exist mainly three approaches for the
derivation of SKT systems

(i)

(i)

(iii)

The first path was proposed in [17], where an SKT model is obtained as an asymptotic
limit of a family of reaction-diffusion systems. In this approach the idea is that one of
the two species exists in two states (stressed or not), and switch from one to the other
with a reaction rate which diverges. This was used in [17] to obtain formally a triangular
cross diffusion system. This strategy has been followed with a rigorous analysis, mainly
to produce triangular systems (see [28] and references therein) and more recently for a
family of "full” systems in [10] which, however, do not include the SKT one.

Another strategy was proposed by Fontbona and Méléard in [14]. The idea is to start
from a stochastic population model in continuous space where the individuals’ displace-
ments depend on the presence of concurrents. Then, the large population limit (under
adequate scaling) leads to a non-local cross-diffusion model. In comparison with the sys-
tem (1), the limit model rigorously derived in [14] is a lot less singular, because of several
convolution kernels. It was explicitly asked in [14], whether letting the convolution ker-
nels vanish to the Dirac mass was handable limit or not. A first partial answer was given
in [23], but applied for only specific triangular systems. More recently, it was discovered
in [13] that even for the non-local systems, it is possible to ensure the persistence of the
entropy structure, allowing to answer fully to the question of Fontbona and Méléard, at
least for the standard SKT system.

A little bit before [13] appeared, Chen et. al. proposed another strategy in [5] (see also
[6] which deals with a slightly different family of systems). It also starts from a stochas-
tic model and makes use of an intermediate non-local one. The main difference with
[14, 23, 13] is that in [5] the two asymptotics are done simultaneously (size of popula-
tion to infinity and parameter of regularization to 0). This direct approach amounts to
"commute" the asymptotic diagram from the stochastic model to the final PDE; this is a
common feature with the current work that we will comment later on.

The third path was proposed in [9] and justifies the SKT model through a semi-discrete
one. The latter is itself derived from a stochastic population model in discrete space
where individuals are assumed to move by pair, in order to ensure reversibility of the
process and the existence of an entropy for the limit model. In [9] the link to the stochas-
tic was done formally whereas the asymptotic analysis linking the semi-discrete model
to the SKT system was proved rigorously, relying on a compactness argument which is
allowed thanks to the existence of the Lyapunov functional for the semi-discrete system.

In this paper, we are interested in connections between microscopic random individual-



based models (or particle system) and such macroscopic deterministic dynamics, in the spirit
of strategies (ii) and (iii) described above. We do not use any non-local approximated system
as in [14, 5], being inspired instead by the semi-discrete approach proposed in [9]. We consider
also a discrete space and that each species moves randomly and is only sensitive to the local size
of the other species. Let us comment the main differences and novelties of this work compared
to [9]. First, we prove rigorously that the suitably scaled stochastic process converges in law
in Skorokhod space to SKT system (1) and we perform this space and time scaling limit at
once. Besides, individuals of each species move independently with a rate proportional to the
number of individuals of the other species, on the same site. We do not need to make them
move by pair, which may be hard to justify regarding phenomenon at stake. Indeed, we do
not need a reversibility property and do not use the entropic structure. The main difficulty
to prove convergence of the stochastic process at once lies in the control of the cumulative
quadratic rates due to local interactions when the number of sites becomes large. As far as we
have seen, entropy structure does not provide the suitable control of these non-linear terms
and a way to get tightness and identification in general. We use a different approach based on
generalized duality. This provides quantitative estimates in terms of space discretization and
size of population. Moreover, at the level of the PDE system, it implies a local uniqueness result
for bounded solutions of the SKT system. The duality approach allows to compare locally the
stochastic process with its semi-discrete deterministic approximation. It is optimal in the sense
that it provides the good time space scaling for such an approximation.

Let us describe now the stochastic individual-based model. The population is spatially
distributed among M sites. The process under consideration is a continuous time Markov
chain (U (t), V(t))¢>0 taking values in N¥ x N The two coordinates count the number of
individuals of each species at each site, for each time ¢ > 0. Each individual of each species
follows a random walk and its jumps rate increases linearly with respect to the number of
individuals of the other species. The dynamic is defined by the jump rates as follows. For any
vector of configurations (u,v) € N¥ x NM | the transitions are

u— u-+ (ei+9 — ei) at rate 2ul(d1 + algvi),
v v+ (eHg — ei) atrate 2v;(da + ag1u;),

where (e;)1<j<as is the canonical basis of RM, ey = epr, enry1 = €1 and § € {—1,1} with
both values equally likely. Let us mention that hydrodynamic limits of other stochastic models
with repulsive species have been considered, in particular in the context of exclusion processes,
see e.g. [26]. In that case, local densities are bounded so difficulties and limits are different. In
an other direction, stochastic versions of the limiting SKT systems have been considered, see
e.g. [12].

This work contains two main results which at first sight can appear unrelated in their for-
mulation. The first result is a quantitative stability estimate on the SKT system which bounds
the distance between two solutions in terms of their initial distance. This result is based on
a new duality lemma and applies for bounded solutions, only if one of them is small enough.
As a by-product of this stability estimate, we prove uniqueness of (small) bounded solutions
of the conservative SKT system. This result is valid in arbitrary dimension and is, as far as
our knowledge goes, new. Uniqueness theorems for (only) bounded solutions of the full SKT



system are missing in the current literature [7, 8, 24].

The second main result is the convergence of the properly scaled sequence of processes
(UMN VMNY, ven to the SKT system. We obtain quantitative estimates of the gap be-
tween the trajectories of this process extended to the continuous space and the solution of SKT
system, in a large population and diffusive regime. This analysis is performed in a one dimen-
sional setting for the space variable. The strategy is to insert the semi-discrete model proposed
in [9] and estimate separately the gap between our stochastic process and this semi-discrete
system and then, estimate (with enough uniformity) the distance between the semi-discrete
system and the continuous SKT limit. Following this plan, we first propose a general estimate,
which rely on naive bounds of the quadratic diffusion term. Roughly, we simply bound locally
the size of the population by the (constant) total number of individuals. These bounds allow for
convergence with a fixed number of sites but lead to an unreasonable assumption of a superex-
ponential number of individuals per site when the number of sites increases. When we faced
this difficulty, we tried to obtain an estimate as sharp as possible to capture the good scales
and compare the semi-discrete system and the continuous one. It’s during this step that we
discovered the stability estimate described above, which is interesting for its own sake. A nice
feature of this stability estimate is that we can transfer it onto the semi-discrete and stochastic
setting. We obtain then the convergence of the stochastic model towards the SKT system, with
sharp estimates and relevant size scales. This asymptotic study shares a similar limitation as
the previous paragraph: it holds only under the assumption of small regular solution of the
SKT system, which is ensured by Amann’s theorem [1, 2].

The paper is organized as follows. In the end of this section, we collect several notations
which will be used throughout the paper. In Section 2 we define the (sequence of) stochastic
processes we consider, we recover the semi-discrete system introduced in [9] and state our
two main results. In Section 3 we show the convergence in law in path space of the stochastic
process towards the semi-discrete system when the number of individuals goes to infinity but
the number of sites remains fixed. We provide a quantification of this convergence. It implies
the general (no restriction on the limiting SKT system) but naive (in terms of scales) conver-
gence discussed above. Then, Section 4 is dedicated to the duality estimates with source terms
and their consequences. These duality estimates account for the interacting system when one
of the population is seen as an exogenous environment, which amounts to decouple the two
species. In a first short paragraph (Subsection 4.1) we state and prove the generalized duality
lemma and its application to the stability estimate of the SKT system in the continuous set-
ting. This paragraph is the only one of the study in which we work in arbitrary dimension for
the space variable. Then, the rest of Section 4 focuses on the translation of these estimates in
the semi-discrete setting. This includes the definition of reconstruction operators, the study of
the discrete laplacian matrix and the translation of classical function spaces into the discrete
setting. Eventually in Section 5, we apply the previous machinery to the difference between
the stochastic process and the approximated system that solutions of (1) solve when looked
at a semi-discrete level. We then deduce our main asymptotic theorem by controlling some
martingales and approximation errors. In a short appendix, we also give a dictionary which
gives the correspondence of different objects in the discrete and continuous settings.



1.2 Notation
Finite-dimensional vectors

Throughout the article, vectors will always be written in bold letters and if not stated oth-
erwise, the components of the vector w € RM are (u;)1<i<ps. The canonical basis of R
will be denoted (e;)1<j<as. Due to the periodic boundary condition that we will use, we will
frequently use the convention ey = ejs and epr 1 = €.

1/p
Given M € Nand p € [1, 0o] we denote by || - ||, = (Zf‘il ]azi\p) the usual /” norm on

RM and || - ||p.as the rescaled norm defined for & € R by

LM 1/p
N P — )
||| p,as (M El | ;] > forp < oo, and  ||z||eo : 12?}(\/[\%|.
1=

Similarly, the corresponding (rescaled) euclidean inner-product of R is denoted (-|-)
1 M
(x|y)m = W z;xzym
i

sothat || - [13 5y = ().
The symbol ® is the internal Hadamard product on RM, that is (z © y); = x;y;. We will

also often use (when it makes sense) the operator « @ y defined by (x @ y); = x;/y; and the
“vectorial” square-root x1/2 whose components are (/Z;)1<i< M-

The arithmetic average of all the components of a vector « will be denoted

1 M

The vector of RM for which every component equals 1 is denoted 1,;. The orthogonal
projection onto Spang(1,7)* is denoted with a tilde, that is: & = & — [y 1 7.

For z,y € RM we write ¢ > y whenever ¢ — y € Rf.

Functions

We will manipulate random and deterministic functions which may depend on the time variable
t € Ry and the space variable + € T¢, where T := R/Z is the flat periodic torus. We will
rely on the following convention for functions: uppercase letters will be reserved for random
elements whereas lowercase letters will represent deterministic functions. Accordingly to the
previous paragraph, vector valued functions will be denoted in bold whereas scalar valued
functions will be denoted with the normal font.

Quite often results will be stated on a fixed time interval [0, 7"]. For this reason, we intro-
duce the periodic cylinder Q7 := [0, T] x T<. For any function space E defined on T% or Qr,



the corresponding norm will be denoted || - ||, e.g. || - || 2(ray. In case of a Hilbert structure,
the inner-product will be denoted by (-|-) . e.g. (+[*) L2(pay. We will use frequently two Sobolev
spaces on T¢, the definition of which we briefly recall for the reader’s convenience.

Any distribution ¢ € 2’'(T¢) decomposes

o= cl@er,

kezd

where e, (2) == 2™ and ¢ (p) == (p, ex). For s € R we define H*(T?) as the subspace of
2'(T%) whose elements ¢ satisfy

D (@) P+ [k[*)* < oo,
kezd
equipped with the norm
1/2

lpllprscray = § > lenl) P (1 + [k[*)®
kezd

By analogy with the average notation of the previous paragraph, for any integrable function
 defined on T¢, we denote
s = [ o
Td

which is in general [¢]|1a = co(¢) if ¢ is merely a distribution. The expression
1/2

ol gregry = 4 S lee(@ PRI ¢
kezd

is only a semi-norm on H*(T¢) and is a norm on the homogeneous Sobolev space H*(T%)
constituted of those elements ¢ belonging to H*(T?) and having a vanishing mean, i.e. for
which [¢]T = ¢o(¢) = 0. We use mainly these spaces for s = 1 and s = —1.

Finally, for any metric space X, D([0,T], X) denotes the space of cadlag functions from
[0,T] to X endowed with the Skorokhod topology.

2 Main objects and results

Before stating our main results, we need to define precisely the objects that we aim at consid-
ering.



2.1 Repulsive random walks and scaling

Let us define the stochastic process by means of a trajectorial representation using Poisson
point measures. We consider a probability space (€2, F, P) satisfying the usual conditions. We
introduce a family of independent Poisson point measure (N7) jenonRy xRy x{—1,1} with
common intensity ds ® dp ® [(df), where 3 is the law of a Bernoulli(%) random variable.
Almost surely the initial data (U (0), V/(0)) belongs to N x N, and the corresponding
process (U(t), V (t))i>0 is then defined as the unique strong solution in D([0, 00), N2M) of
the following system of stochastic differential equations (SDEs) driven by the aforementioned
measures

Ul / / Z Lycotr; (s (ds+asa Vs (s-)) (€540 — €5) N7 (ds, dp, ),
R+X{ 1 1}

vit / / Z 1p<ov;(s)(daanU;(s)) (eJ+9 - e]) Nj(ds, dp, do),
R+><{ 1 1}

where the jump rates dy, da, a12 and ag1 are the one of (1). Uniqueness and existence for the
previous system of SDEs are obtained easily from a classical inductive construction. Indeed,
the total population size of each species is constant along time: [|U(t)|1,ps = [|[U(0)
|V (#®)|li,m = |[V(0)]]1,a. Therefore, conditionally on the initial value (U (0), V(0)), the
process (U(t), V (t))¢>0 is a pure jump Markov process on a finite state space with bounded
rates.

We are interested in the approximation (hydrodynamic limit) when the population size and
the number of sites tend to infinity. Informally, we consider (U (M?t) /N, V (M?t)/N);>0 and
interaction now occurs through the local density of individuals. The scaling parameter N € N*
yields the normalization of the population per site and provides a limiting density when N goes
to infinity. The initial population per site is of order of magnitude N and each species’ motion
rate is an affine function of the density of the other species on the same site. The motion of each
individual is centered and we consider the diffusive regime. As a consequence, we accelerate
the time by the factor of M?, which amounts to multiply the transition rates by M?.

We denote the renormalized process by (UM (t), VM:N(#)),~0. Moreover, for u,v € R
andi,j = 1,2 we set

iy (8) = 2MPNUN (1) (di + a2V (1)),
My (1) = 2MENVIN (1) (da + an U (1)

For a given initial condition (UM (0), VM:N(0)), the process (UM (), VMV (1)),5 is the
unique solution in D([0, c0), R*M) of the following system of SDEs

t M e .
UM’N(t):UM’N(O)+// oy N (ds, dp, ),
Ry x{ 11} Lo L N
(2)

€ilp—€; .
VMN () = VN () / /]R 2 p<né\gN(sf)%N](ds’dp’d9)'
+ _



2.2 The intermediate (semi-discrete) system

To estimate the gap between the discrete stochastic process (2) and the SKT system (1), we are
going to use a third system on which our asymptotic analysis will pivot

guM(zt) — Ay (diu () + arpu (t) © M (1)) =0,

d 3)
—oM(t) — A (dov™ () + asiu™ (t) © M (1)) =0,

where the unknowns are the vector valued curves u™, v : R, — RM and the matrix Ay,
is the periodic laplacian matrix, that is

1 -2 1 0

Ay =M |+ - - - | eMy). (4)
0o -~ 1 —2 1
1 - 0 1 =2

This semi-discrete system corresponds to a large population approximation but fixed number
of sites M. Existence and uniqueness for (3) can be proven using the standard Picard-Lindelof
theorem, as this is done in [9] where this semi-discrete system has been introduced.

2.3 Formal insight

Before stating our main results, let us give an informal argument to see how the stochastic
process (2) can be linked with the SKT system (1), through the semi-discrete system (3).

We first introduce the infinitesimal generator L™V of the process (2). For this purpose, we
define the translation operator 7, for any vector a € R It acts on any function G: RM — R
by the formula 7,G(+) :== G(- + a). Then, for 1 < j < M, we define the operator

N
[,j = TN-1(ej+1—e;) + TN=L(ej—1—e;) — 21d,

for G: RM — R. We recall here the periodic convention: ey = e)s and epr1 = €. Then, for
any measurable and bounded function F': R2Y — R, we define for (u,v) € R?M

M
LMNF(u,v) =) 1 {nffj’N(uj, ) LN [F (-, 0)] () +m 5" (ug, v) LY [F (u, .)](v)} .

For N going to infinity and F' differentiable, Taylor’s approximation ensures that L~ F con-
verges to

LMFP(u,v) = (Ap(diu + a1pu © v) | Vo F(u,v)) + (A (dov + an1v @ u) | Vo F(u,v)),

where (-|) is the inner product on R and Ay is the discrete laplacian matrix defined in (4).
Roughly, this ensures that for a fixed number of sites, the stochastic model can be approximated



in large population by the semi-discrete system (3). Then, as M goes to infinity, the discrete
laplacian represented by Ajs is expected to be formally replaced by the laplacian, thus the
components of u™ and vM are expected to approach the values of u and v on a uniform grid
of step ﬁ, yielding the cross-diffusion system (1).

2.4 Statements

Our first main result is a stability estimate for the conservative SKT system (1). As far as
our knowledge goes, this result is new in the context of weak solutions for the SKT system.
To measure the distance between two solutions on a time interval [0, 7], we introduce the
following norm

/

- = (1 W ozpr-scaoy + - Wan) ©)
We define also the affine functions y;: R — R for ¢ = 1,2, by pi(z) = d;i + a;z with
{i,j} ={1,2}.
Theorem 1. Let T > 0 and consider a couple (u,v) € L*>°(Qr)? and (u,v) € L>®(Qr)? of
non-negative bounded weak solutions of the SKT system (1), respectively initialized by (ug, vg) €
L>®(T%?2 and (g, o) € L>®(T%)2. If the following smallness condition
dyidy

)
a12G21

1| oo (@) 1Tl oo (@) < ()

is satisfied, then we have the stability estimate
2 — — 12 =112
=l + o = Bl S lito —TollZ-1 gy + o —TolZ -1 zay
+ ([0 = Tolalln (v0) | 1 ey + o0 = Tl la2 (w0 | ey )

where the constant behind S depends only on a;j, d;, ||| Loo (@), |0l oo (@r)> and ||| - ||l is de-
fined by (5). In particular, if a bounded non-negative solution satisfies (6) then, there is no other
bounded non-negative solution sharing the same initial data.

Remark 1. In case of equality in the smallness condition (6), uniqueness remains but the stability
estimate controls only the H=1 part of the || - ||| norm.

The proof of Theorem 1 relies on a generalized duality lemma presented in Subsection 4.1
and on the concept of dual solutions developed in [23], for the Kolmogorov equation. The
uniqueness result contained in Theorem 1 is conditional: if there exists a bounded (non-
negative) solution (, 7) satisfying (6), then it is unique in the class of bounded weak solutions.
The existence of global bounded solutions for the SKT system is a long standing challenge in
the context of cross-diffusion systems. Partial results are known, in the wake of the quest of
even more regular solutions (which are in particular bounded), like [16] or [21] that we already
cited. In the weak solutions setting, the paper [18] gives sufficient —yet restrictive— conditions
on the coefficients of the SKT system to ensure boundedness. Since the previous results are

10



rather constraining on the coefficients, we prefer to rely on Amann’s theory [1, 2] and un-
derstand Theorem 1 as a local result which holds for sufficiently small initial data. Indeed,
Amann’s theory proves existence of regular solutions, which exist at least in a neighborhood
of the origin. Starting from an initial data satisfying (6), we recover in this way a small interval
on which the estimates remains valid. As the proof of Theorem 1 (which is done in Subsec-
tion 4.1) is totally insensitive to the dimension d, it is here stated in full generality. However,
the remaining part of the paper (which deals with the approximation of the SKT system by
stochastic processes) will focus on the case d = 1.

Before stating our second main result, let us comment briefly the Section 3 in which we
propose a first approach to estimate the gap between the stochastic process defined by (2)
and the semi-discrete system (3) on a fixed interval [0, 7']. The methodology at stake in this
paragraph, which is quite rough, allows for asymptotic quadratic closeness between these two
objects, provided that, as N, M — 400, we have the following

N > M*exp(cM*T), (7)

where c is some constant which will become more explicit in the next section. Combining this
fact with the compactness result [9, Theorem 8], we obtain convergence (up to a subsequence)
of our stochastic process towards a weak solution of the SKT system. The result is general
in terms of parameters and form of the solution. However, the drawbacks of this approach
are twofold. First, this necessitates a self-diffusion term in the system (which tends indeed
to regularize the solution) in order to use the compactness result of [9]. Second, and most
importantly, the scaling condition (7) involves a superexponential and time dependent number
of individuals per site in order to make the law of large numbers to hold on each site and to
be able to sum local estimates. As we will see, and as we can guess from the form of quadratic
variations, it is too restrictive.

We propose instead a different approach, based on the discrete translation of Theorem 1.
This alternative method does not rely on [9], so that self-diffusion is not needed in the sys-
tem. The convergence result is obtained by means of a quantitative estimate which bounds
the expectation of the ||| - ||| ;-norm of the gap between the stochastic processes and the solu-
tion of the SKT system. In particular, there are no compactness tools used and the entropy of
the system is not needed. Convergence is then guaranteed only with a quadratic number of
individuals per site. This corresponds to the expected scaling for having local control of the
stochastic process by its semi-discrete approximation, since beyond this scaling quadratic vari-
ations do not vanish. The main disadvantage of this new method is that, like for Theorem 1, it
works only in a perturbative setting: it needs the existence of a small regular solution.

In order to state the following result, we need to introduce, for any integer M > 1, the
discretization of the flat (one dimensional) torus T

k
Tar = {x1,22, -+ 20}, withxk:M,forlngM. (8)

Given a vector u € RM, classically there exists exactly one piecewise continuous function
defined on T for which its value on each point x, of Ty is given by ug; we denote this function
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7 (u). We adapt the same notation if instead of u one considers a vector valued map U (which
could depend on the event w or the time ¢ for instance), so that 7, (U) becomes a real-valued
map.

Theorem 2. In the one dimensional case d = 1, assume the existence of a non-negative solu-
tion (u,v) of €1 regularity in time and €* regularity in space of the system (1), initialized by
(o, Do) € €*4(T) and satisfying the smallness assumption (6). Consider the stochastic processes
(UMN VMNY defined by (2) and assume the existence of Cq such that for all M, N € N,

[T O)lar + VN O)llar < Co, - almost surely ©)

Then, for any (M, N) € N? such that N/M? is large enough, for any T > 0,

Ellmar (UN) =l + limas (V) = vl
2

_ M
S E[HWM(UM’N(O)) = o Fr-1¢py + lmar (VN (0)) = BollF-rmy | + M~ + - (10

where ||| - ||| is defined (5) and the symbol S depends on C, T, d;, a;j, |[@|| Loo (1), 10l oo (@)
This immediately implies the following convergence for the ||| - ||| ,-norm.

Corollary 1. Under the assumptions of Theorem 2, consider an extraction function ¢: N — N
such that M? = o(¢(M)). If the initial positions of the individuals are well-prepared in the sense
that

Elmar (UM 0(0)) = ol + lmas (V40 (0)) =Ty |, — 0.

then for any T > 0, we have
. —m2 2
Jim [ [fma (UMD — @ 4 [lmar (VOD) )] <o,

Similarly to Theorem 1, we still have a smallness condition (6) on the target solution. In
some sense, this restriction is not so surprising. Even though it is a bit more hidden in this
asymptotic context, the estimate (10) already contains a kind of uniqueness property for the
target solution (u,v), just as the quantitative estimate of Theorem 1. At the very least, (10)
states that among all possible weak solutions, (@, D) is the one who “attracts” such stochastic
processes. And then, a natural way to select such a solution is to ensure uniqueness by means
of sufficient regularity. These two differences come from the fact that, contrary to the previous
result, Theorem 2 estimates the distance between a vector-valued stochastic process and a
deterministic function which is defined on the whole torus T. This obliges to consider corrector
terms. The first one consists in the martingale term which measures locally the gap between the
stochastic process and the semi-discrete deterministic approximation. Here, we observe that
the estimates are sharp and the scales obtained for convergence are optimal: when N = ¢(M)
is of order M?2, the local behavior of the size of the population in the individual based model will
remain stochastic at the limit. This limiting stochastic regime should be interesting for future
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works. The second correction term consists in replacing & by a piecewise continuous function
in order to be able to compare it to the semi-discrete system and thus with 7y, (U V). As a
matter of fact, the proof of Theorem 2 relies on a careful translation of the (idealized) functional
setting of Theorem 1 to the discrete level, together with the treatment of those corrective terms.
This analysis necessitates, among other things, discrete duality lemmas including potential
singular error terms. These are stated and proved in Subsection 4.4. Let us end up with a
remark and perspectives. Another approach for future works would be to prove /> estimates
for the semi-discrete system such that it is independent of M. With this one could show that
the semi-discrete system is not far from verifying the limiting equation, and from here evoke
the continuous version of the duality estimates in order to quantify the convergence. Also, the
results obtained can be extended to the case in where the system (1) presents self-diffusion and
a source term (which would correspond to adding births and deaths in the stochastic process).
Last but not least, it is natural to ask to what extent the asymptotic analysis that we proposed
can be generalized to higher dimension. An upper limit is fixed by the avatar of the Bramble-
Hilbert lemma (which is Lemma 2). This latter remains true in higher dimension but demands a
Sobolev embedding H?(T%) — €°(T%), which holds only for d = 1,2, 3. On the other hand,
keeping in mind that solutions of the system of PDEs represent a population density in an
environment, the exploration of such system in dimensions greater than 4 loses some interest.
We expect that the analysis that we develop should be adaptable to dimensions 2 and 3, but
this would imply a technical cost that we have preferred to avoid for now.

3 A general and rough estimate

The trajectorial representation (2) yields for each coordinate of UMY

I j
UZM,N(t) — UiM’N(O) _ N/O /R i lp< ]\/[,N(S_)Nz(d57dp7d0)
+xX1—1h

ST

1 /t/ »
M,N (— 19——1 NZ dS,dp, dé
N 0 JRx{-1,1} P<7717i_1(s) ( )
1 /t/ i1
1 M,N ,_ _ 10_—_ /\/.Z ds,dp, do). (11)
N 0 R.Q_X{fl,l} p<—n1,i+1(s ) 1 ( )

By compensating the Poisson point measure, we obtain the semimartingale decomposition
UMN(t) = AMN () + MMV (), (12)

where AM:N — (AMN

5 )i<i<M is a continuous process defined by

t t
AMN ¢y = UMN () + /0 di Ay UMY (5)ds + /0 algAM(UM’N(s) ©) VM’N(S)) ds,

with Ajs as defined in (4), and /\/lfw s a square integrable martingale whose predictable
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quadratic variation is given by

7

(MM (1) = ]‘f; / i (201N () + UL (5) + UMY (s) ) s (13)

7

+ /0 a2 (20N )V (5) + U (VN () + UMY (VY () ) s

The analogous decomposition holds for the coordinates of (V¥ (#));>, the second species.

Let us give first estimates of the gap between the stochastic process and its approximation
in large population for a fixed number of sites. Let

UM () = UM (1) —u(t), V() = VIV () — oM ().
Proposition 1. We assume that there exists Cy > 0 such that almost surely, for any M, N > 1,

max(|[UYN (0)]11,a, VN (0) 1,01, [|w™ (0) [[1,04, [[0™ (0)

) < Co

and that for any T > 0, there exist c1, ca > 0 such that for any M, N > 1,

B sup [N O, s VO, )
te[0,T] te[0,T)] ’

M? M3\ (Mg
< (B Oy + PO )+ (T #1570 E)T

where c1 only depends on the diffusion parameters and the initial bounds and cy only depends on
the diffusion parameters.

In particular, this estimate guarantees that the normalized stochastic process converges
to the semi-discrete SKT system when the population size becomes large and the number of
sites is fixed. As evoked in the introduction, this is a first step for obtaining convergence to
the continuous SKT system, when the semi-discrete system itself converges to the expected
continuous limit. Moreover, provided of an estimate for this last convergence, combining both
of them will enable to prove convergence of the stochastic processes towards the cross-diffusion
system with simultaneously the size of the population and the number of sites going to infinity.
This constitutes an alternative approach for the rigorous derivation of the SKT system of [5],
starting from discrete space. Both results seem to involve the same scales, with a number
of individuals exponentially large compared to the inverse of the range of interaction. Our
approach, in where the interaction is restricted to the same site, seems to relax the condition
of small cross-diffusion parameters in [5]. Nevertheless, our main motivation in the rest of the
paper is to go beyond this exponential scale and provide sharper estimates.

Proof. First, using the fact that the total number of individuals is constant along time, we ob-
serve that under our assumptions

max ([T (0) 17, (VY (@) |1,00) = max([UY(0) 17, [V (0)[1,01) < Co, (14)
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almost surely for any M, N > 1, and
[o™ ()[11,00) = max((|[u (0)[[1,ar, [0 (0)[l1,0r) < Co, (15

for any M > 1. Combining (12) and (3), we notice that the process UM (t) = UMV (t) —
uM (t) has finite variations and satisfies

max([[u (¢)

t
LN (1) = UM () 1 / d Ay UM (5) ds
0

t
+ / a12Ap (UM (s) @ VN (5) —u(s) @ v (s)) ds + MMV (@),
0
Consider now the square of its coordinates

t

U =0+ [ 2UN () () + R ),
0

fori=1,..., M, where

Moy = 3 (U - w6 2N ) U ) - U (7)) |

0<s<t

M,N M,N
and U;

since the jumps of U/; are of size 1/N. Putting the two expressions together

yields
uMN )2 = uMN (0)2 + 24, /0 t UMY (s) (ApUMN(s)), ds
2o [ UV ) (B0 (05 0 VI 6) () 00V (9) s
+2 /tuj””(s) AMM N (5) 4 RMN ().

7

Given u € RM let us introduce the discrete gradient vector V7 v = (M(uip1 — w;))1<i<m
(recalling the periodic convention). Summing over all the sites i € {1,..., M} and using
discrete integration by parts in the second and third terms of the right hand side yields

et N @)][; = e N )5 - 2d1/0 [V UMN (s)][, ds
~ 2a / Z (VUMY (5)), (Vi (TN (5) © VI () - uM () 0 0™ (5)), ds

+22/“MN ) AM () £ (| RN ()]
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Dropping the second term which is negative, taking absolute value in the third term and using
2|ab| < |a|? + |b|? ensures that

o ] < [N O +ans [ 7N s

T /o Vi (UMY (s) © VIN () — uM (5) © 0™ () || ds
M
#23 [ U A + R )
. 0

RM’N(

Let us observe that H t) H | is given by the number of jumps before time ¢

E(|R™¥@)|,) = 2N2E#{t > 0: UMV (s) £ UMY (s7)}).

Moreover, the total jump rate in the scaled process U ", when the number of individuals of
each species in site 7 is equal to (u;, v;), is

M
2023w (d1 + a12%> < 2M2||ul|; (dl + a12||1}]\‘7|1) < CIMBN(1+ M),
=1

where C() = 2(d; + a12)Co, by (14). Then we get
M3
E(|R™(0)],) < 2Ct = (1 + M).
Lets us now deal with the third and fourth terms. We notice that

7

(VN ()2 =2 (UMY ()~ UM () < 20 (UMY ()7 + 12 (5)?))

Similarly, using also |ab — ¢d| < |a — ¢|b + ¢|b — d] to deal with the difference of products of
positive terms, we get

(VI UMN () 0 VMV (5) —uM(s) © ’UM(S)))?
<422 ([ )3 VY (5)? + [ )] VN (s)?
+ VN O3 U ()2 + VAN )12 (5))

<4CEM (VN (92 + VMY (97 + Ul (02 + U (602),
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using (14) and (15). Gathering these bounds, taking supremum and then expectation gives us

B sup [ (03 )

s€[0,t]

t
< BN (0)]12) + darn M2 /O (UM (5)|2) ds

t
+ 8C3ajo M* (/0 E(VY(s)(13) ds+/0

B ()]3) ds

M s 3
+2ZE<sup / uMW(r)dM%N(r)>+2C(3TAJ4V(1+M).
1 0

(2
im s€[0,t]

For the martingale part, we use Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities
which together with (13) and (14) yield

s 2
E(sup / Z/{Z»]V[’N(r)d/\/l?/‘[’N(r)>
1J0

s€[0,¢

< E( sup
s€[0,t]

)
< [ oy at™)e)

<22 (jo ), (1 + a2 [V )] / UM ()2 ds)

[u eyt )
0

3 t
< C’(’)]\]{r(lJrM)/o E(uleN(sf) ds.

Using that /1 + 2 < 14 « for all x > 0, we obtain

K] MQ t M.N
E| sup / Z/{,L»M’N T dM?/[’Nr> <4 /20" — 1+/ E(U s)?)ds |.
(s [ emram o) < ey 1+ (o)

Putting everything together and using again (14) yields

M3 M*
E( sup IIUM’N(S)H%> < E(JMN0)[) +20/20 = + 20T

s€[0,t]

M2 t
+ <8Coa12M4 +2 206’) / IE< sup ||UMN(T)||%> ds
0

\/N rel0,s]
t
+8Cyurt [ E( sup ||vaN<r>||%) s,
0 rel0,s]

for some Cf > 0. In a similar way we can obtain analogous bounds for VM. Adding the
two inequalities and then applying Gronwall’s lemma leads us to the desired conclusion. []
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The proof above is general in the sense that we have no conditions on the limiting SKT
system. But as explained in the previous sections, convergence with a large number of sites
requires a superexponential number of individuals per site. The bounds in the previous proof
are indeed not sharp at several steps. In particular, we have controlled the quadratic terms by
bounding the local size of one species by the total number of individuals, which is fixed and
thus controlled quantity. Similarly, the gradient term has been dominated by brute force since
we have summed the components. To go beyond these estimates and deal with the quadratic
term, we develop a duality approach. This will bring stability property and allow us to compare
the terms involved in the stochastic process to those of the targeted SKT limit. The stochastic
process will then appear as a stable perturbation of this SKT system.

4 Duality estimates

4.1 The continuous setting

The duality lemma is a tool first introduced by Martin, Pierre and Schmitt [22, 25], in the
context of reaction-diffusion systems. It consists in an a priori estimate for solutions of the
Kolmogorov equation. The strength of the estimate is that it requires very low regularity on the
diffusivity (merely integrability), which allows its use when dealing with rather weak solutions.
We propose below a small generalization of the duality lemma, which was suggested in [23,
Remark 7]. As a matter of fact, we will not directly use the duality lemma presented in this
paragraph, but rather translate it in a discrete setting (see Subsection 4.4 below). The purpose
of this paragraph is then twofold. First, prove Theorem 1. Second, explain, avoiding several
technicalities inherent to the discrete setting, the core ideas that will be used in Subsection 4.4.
Below, we call a weak solution to a solution in the distributional sense. During (and only in)
this whole paragraph, we work in arbitrary dimension d.

Lemma 1. Consider 1 € L>®(Qr) such that o := infg, pu > 0, 20 € H1(T9) and f €
L?(Qr). Then, there exists a unique z € L*(Qr) that solves weakly the Kolmogorov equation

Bz — A(uz) = Af,
{z(O, ) = 2p. 1e)

Furthermore, this solution z belongs to €([0, T]; H~'(T%)) and satisfies the duality estimate
1
s+ [ 12 < ol + o [ w s [ £ )
Qr Qr @ JQr

Remark 2. This duality estimate is stronger than the one stated in [23]: it contains a (singular)
source term and allows a uniform-in-time control of the H~'(T¢) norm.

Proof. The proof of existence and uniqueness is exactly the same as [23, Theorem 3]: follow-
ing the naming of this article, z is the unique dual solution of (16). For this z, the regular-
ity €([0,T]; H~'(T%)) is obtained classically from the belongings z € L?(Qr) and d;z €
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L%([0, T); H~2(T%)), which come from the equation itself. We can thus focus here on the du-
ality estimate which needs to be proven only in the case when every function involved in (17)
is smooth, in the sense that they are ¥*°. Indeed, the assumptions on the data give us a smooth
sequence (11", 2, fn)nen converging to (i, zo, f) in LY (Qr) x H™Y(T?) x L?(Qr), with a
uniform bound for the first component. Let’s call (2™),en the corresponding sequence of solu-
tions. Note that, by parabolic regularity, the 2"’s are also smooth. Then, if the duality estimate
(17) is proved in the smooth setting, we get (up to some subsequence) weak(-x) convergence
of (2")nen, in L=([0, T]; H=1(T4)) N L2(Qr). But, by uniqueness of the target equation,
the only possible limit point is precisely z, the solution of (16). The whole sequence (z"),,
converges therefore weakly(-x) towards z, and (17) is recovered by the usual semi-continuity
argument for weak convergence.

So, without loss of generality, we assume now that u, 29, f and z are smooth. This allows
to justify rigorously the following computations. For any function w defined on T¢ and having
zero average there exists a unique function ¢ of zero average satisfying A¢ = w (which is
easily seen via the Fourier coefficients). In particular, for any ¢ € [0, 7] there exists a unique
¢(t) of vanishing mean such that —A¢(t) = z(t) — [2(¢)]14. By integrating the Kolmogorov
equation we get

d
&[z(t)]’ﬂ‘d =0,
so that [2(t)]1a = [20]e and —0;A¢ = O;z. In particular, we have by integration by parts

1d

” P(t) Orz(t) = 2t o V().

Therefore, multiplying equation (16) by ¢ and using integration by parts

Integrating in time and using Young’s inequality for the right hand side, we get

1 1
2/@ yv¢(T)y2+/QT pz? < /QT,uz[zo]Td—I—2/Td\V¢(0)]2
f?

1/ 9 1
+35 (z = [#0]pa)"p + 5 ;
2 T 2 Qr M

and thus, using p > a > 0,

2 2 2 2 1 2
Lo [ p< [ wooR ol [ el [

Noticing that [2(t)| jy-1(pay = [[2(t) = [20]pa | zr-1(7e) = [[V(2)
side of the inequality to get the full H—'(T¢) norms, the proof is over. O

2, once we add [2g]ya to each
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In Subsection 4.4, we will give (in the discrete setting) variants of the previous duality
lemma which include in the rh.s. some error term, which is possibly singular in the time
variable. Being able to take into account those error terms will be crucial in the final asymptotic
limit studied in Section 5. However, already in its current form, the previous duality lemma is
a valuable piece of information. We highlight this with an application of this lemma: the proof
of Theorem 1, which applies to the conservative SKT system (1) that we consider here with
(1o, o) as initial data. We recall the definition of the affine functions p;(x) = d; + a;jx for
1,7 = 1,2, so that (1) rewrites

Fpu — Ap (v)u) =
0w — Apz(u)v) =

In particular, we recover the framework of Lemma 1, as soon as v and u are bounded and
non-negative.

Proof of Theorem 1. Let’s introduce z := u — v and w := U — v, so that, by subtraction
Orz — Al (v)2) = Af,
Ohw — Apz(u)w) = Ag,

where f := a19u(v — v) and g = a210(u — u). Since u and v are bounded and non-negative,
we recover the structure of Lemma 1 and we get

a2,
AT g+t [ 2 < feolosgoy + feolha [ o) + Rl [ u?

Qr Qr Qr

2
™2 d 2 2 02/ ‘121720o / 2
()21 gy + /Q w < Juolf-sgeny + 10 | pat) + Lol |2

T

since infg,. p1; > di, | f| < arp|wl|[@||p=(g,) and |g] < a21|2[|[7]| Lo (@,)- By combining the

two inequalities we infer

I 2oy + /Q 2 < Neollyoagoy + oo [ (o)

T T
2

12 11212 2 2
+ 22 1l gy (0l oy + ol | paw)

T

2
a12a21 2 _p 2

d (o'} oo .
+ 1( dids > 1@l 200 (@) 1011 200 (1) /QTZ

In particular, if we want to absorb the last term of the r.h.s. in the Lh.s. the inequality that we
need is exactly the smallness condition (6). If the later is satisfied, and if we allow the symbol
< to depend on d;, a;j, ||l (g, and |[D]| oo (@), We have actually established

=T+ | S leolBagra + 10 1ros

QT
T[22 /Q i1 (v) + [0 /Q o (u).

20



Since the previous computation is still valid replacing T by any ¢ € [0, T], we have in fact
2
01 5 003300y + ol + ol | ia(0) + ol [ o).
T T

Exchanging the roles (z,u,7,u,v) <> (w,7,4,v,u), the previous right hand side remains
unchanged: we have exactly the same estimate for ||w||3. on the left hand side. The proof is

over once we notice that fQT p1(v) =T [ra ,ul(vq) and fQT p2(v) =T [ra p2(uo), since the
space integrals of u and v are conserved through time. O

4.2 Reconstruction operators

As explained in the previous paragraph, we plan now to transfer the previous duality and
stability estimates into a discrete setting. The purpose is to be able to use these results on
the semi-discrete system (3). We will have to manipulate several norms on R reminiscent
of classical function spaces of the continuous variable. As the number of points M of the
discretization will be sent to infinity, it will be crucial to have estimates which do not depend
on this parameter. In particular, the following notion of uniform equivalence will be relevant.

Definition 1. Given norms P ) and P ps on RM | we say that Py \; and P> )y are uniformly
equivalent if there exists o, 3 > 0 such that

VM e N, Yu € RM, OCPLM(’U,) < P27M(u) < ﬁPLM(’u,)
If this is satisfied, we write Py py ~ P pr.

Given a discretization like (8), there are several ways to build a function defined on the
whole torus T. The generic approach is to fix a profile 6 (generally compactly supported) and

consider
M

xHZH(M(x—a:k))uk. (18)
k=1
Definition 2. Foru € RM and § = 1(_1,0], the function defined by (18) is a step function
that we denote oyr(u). Foru € RM and 0(2) := (1 — |z|)*, the function defined by (18) is a
piecewise linear function that we denote wy;(u). The corresponding vector space of functions (step
and continuous piecewise linear functions respectively) are denoted

sy = {om(u):uc RM} and py = {my(u):ue RM}.

Ift — u(t) is a map from [0, T] to RM, we simply denote by opr(u) and myr(u) the respective
maps from [0, T to sy and pys respectively.

Proposition 2. For u € RM we have |[ul/oc = lore(w)||Loo(ry = llmas(w)|| oo Ty and for
p < oo we have ||ullp,nr = |loapr(w)|loer) > |lmas(w)|| po(r). Furthermore, the equivalence
loar ()l Loery ~ |7mar(-)l| Loy holds on the positive cone RY.
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Proof. We first notice 1|_; o) * 1[g 1)(z) = fEl 11j(z —y)dy = (1 — |z|)". In particular, we
infer for p(z) = (1 — |=|)™

orm(T) =@ (M(r —x1)) = /1[—1,0] (M(x — ) —y) 1,1 (y) dy

= N/ 1i_1 (M(z — 2z —xy)) 1[071}(Mz) dz
= 9k,M*PM(-'£)~

We have thus established 7y (u) = o (w) * par where (pas) s is an approximation of the
identity. Therefore, we have || (w)|| o (1) < [|onr(w)]l e ()

Conversely, assume u« > 0. By definition we have

M
w) =) uppr
k=1

with g 1 (2) = p(M(z — x%)) and p(z) = (1 — |z|)*. Recall that for any vector w € R,
one has M/P|jw||, 1y < M||w)||1 2. In particular, using uy, > 0, we infer at any point x € T

M M 1/p
= Zukﬁpk,M > (Z Ui@%y;(@) ;
k=1 k=1

from where we conclude

2
l|mas (w )HLP > M||ul? MHSOH HUM(U)Hip(T)ma

using that H‘Pk MHLp(qr MH‘PHLp('[r ﬁ,% O

We end this paragraph with an estimate that belongs to the folklore of the finite element
method and omit the proof. It is usually proved using the Bramble-Hilbert lemma, but since
here we focus here on the one dimensional case, it is also possible to give a direct, elementary
proof.

Lemma 2. Forp € H%(T) and M € N* there exists a unique tp;(p) € pps matching the values
of ¢ on the grid (xy)1<k<n- It satisfies

le = ear(@)l -1y S M2l 0l 2y
e = ear(P)llL2(m) S M72H<PHH2(T),
le = eae (D)l gremy S M7l gz

where the symbol < means that the inequality holds up to a constant independent of p and M.
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4.3 Prerequisites on the discrete laplacian matrix

We give in this paragraph several useful properties linked to the discrete periodic laplacian
matrix introduced in (4). This matrix Ay is not invertible: we have Ker(Aj;) = Spang(1ar)
and Ran(Aj) = Ker(Ay)*t = {u € RM : [u]py; = 0}. We refer to Subsection 1.2 for the
definition of 1, and [] 5/

Definition 3. For u € Ran(A)y) there exists a unique ® € Ran(Ays) such that u = Ay ®.
By a small abuse of notation we write then ® = Aﬁu.

Proposition 3. The matrix —Aj; is symmetric non-negative and admits therefore a unique
symmetric non-negative square root that we denote \/—A .

Proof. The proof is standard and we simply note that the spectrum of —A ), is given by

2
{M2<22cos(]\7>) 10 < k:ng}={4M2sin2<7;];> 0<k< Ml} C Ry,

which establishes the non-negativeness. O
Proposition 4. For any ® € RM we have the estimate |® — [®]r]l2.0s < || A ®l|2.0s-

Remark 3. This is the discrete counterpart of the following consequence of the Poincaré-Wirtinger
inequality [l — [¢lrl L2(r) < 1A¢] L2r), for o € H?(T).

Proof. Using the identity sin (7k/M) = sin (7(M — k)/M ), the spectrum —A ; that we iden-
tified in the proof of Proposition 3 rewrites

k M-—-1
a?sin? (Z5) o<k < .

In particular, using the inequality sin(z) > 2z valid on [0, /2] we see that apart from 0 all
the eigenvalues of —A s are lower-bounded by 16. —A ), being symmetric, its diagonalization
can be written in an orthonormal basis of RM that we denote (wk)o<k<m—1, with wy being
the (only) element of this set belonging to Ker(Ajs). We have therefore

M-
1 2
|®—[® ]MH2M = M kz_: ‘I’|wk M162 Z M, il ( ‘I’|wk @HAM‘I’HQ,M- O

Before introducing an analog of the negative Sobolev norm, we recall a standard compu-
tation linked with the Lagrange finite elements method for which we need to introduce the
following matrix

2 1 1
2 1 1
SO Y 5
6 3 6
By=|: - -~ - (19)
0 102 1
6§ 9
1
6 0 5 3
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Proposition 5. Forw € RM we have
— (w|Ayw)y = / Vs (w)(@) ? de, (20)
T

where we recall that (-|-)s denotes the rescaled inner product on RM (see Subsection 1.2). Fur-
thermore, for any u € RM we have

Burtn = —Apw = Vi € py. /T () mar (u) () d = /T Vi a)- Vs (w) () da. (21)

Proof. py is the vector space spanned by the functions ¢y, as(2) = @(M(x — x1)) where
o(x) == (1 — |z|)T, so the r.h.s. of the equivalence (21) boils down to

/ orm ()T (u)(x) de = / Veoru(x) - Vry(w)(z) de,
T T

for k € {1,..., M}, and one checks that

1 2 1
/Tsoi,M(:E)SOj,M(fB) de =+ <31i=j + 61z‘—j|1> ;
/r Voinm(r) Vojyu(r)de = M(21i=j — 1;_jj=1),

where the equality |i — j| = 1 has to be understood modulo M. Expanding 7/ () and 7y, (w)
on the basis (g, ar)1<k<nr, We get the equivalence (21). Formula (20) is obtained in the same
fashion, expanding 7/ (w) on the basis. O

We observe that u + —(u|A};u)y is non-negative, due to the symmetry and non-
negativity of —Aj; (see Proposition 3). For u € RM, recalling that u = w — [u]a1p7, we
have then —(@|Ay; @)y > 0. This enables us to introduce the following norm || - || s,
which is a discrete counterpart of the H~*(T) norm.

Definition 4. Foru € RM | we define

ull—101 = \/—(@IA 5 @) + [ul3;.
This is a norm on RM

Proposition 6. We have the equivalence
Mz (a-ery + lmar Ol z2ery ~ M- =10 + HWM('WL?(W)- (22)
Moreover for any u € RM,

[l < Jlufl2.ar (23)
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Remark 4. The above definition is reminiscent of the equality

P p—— /T (o~ o),

where v is the unique solution of —AY = ¢ — [p]T.
Proof. We first observe the uniform equivalences

lmar ()l z2(ry ~ 1w (@) 2r) + [l ],
lmar (@)l -1 (ry ~ llmar (@) -1 (ry + [[u]ml,
Jwll—1,ar ~ |l -1 + [[u]a].
Without loss of generality we can therefore establish the uniform equivalence (22) under the
assumption [u]y; = 0.

We have |[ul|?, ,; = —(u|A u)y = —(Ay®, @) where & := —A} u. Thanks to
Proposition 5 we have therefore

[l = ||V7TM(¢’)||%2(T)' (24)
The matrix B); defined by (19) satisfies 68,y = M ~2Aj; + 61y, so it commutes with A ;.
In particular, the equation u = —A ;P is strictly equivalent to
BMu = —A]\/[’w7

where w = B);®. We obtain from Proposition 5 that this last equation is exactly equivalent
to

Vi € pas, /T (@) mar (w) (z) dz = /T Vib(a) - Vs (w) () da.

Since we assumed [u]ys = 0, we have also [ra/(u)]T = 0 and we can therefore solve —Appr =
7a (w), for a unique oy € H?(T). We have then, by integration by parts,

Vi € pas, /T (@) mar (w) (z) d = /T V() - Voors () da.

In particular, we have established
Vi) € pa, /T V() - (Vrar(w)(@) — Vo () da = 0,
and this equality holds in particular for v = 77 (w). We deduce that for each 1 € py
[ 197 w) @) = Vi) d
- /T (Vrar(w)(2) — Vour(2) + Vib(x) — Vras (w)()) - (Vrar (w) () — Vipnr (1)) da

= /TW(:(:) —Veou(z)) - (Vry(w)(x) — Vo () de,
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and we get by the Cauchy-Schwarz inequality

[Vrp(w) = Voullpzry < inf [V = Vol 2
YEPM

Taking ¢ = tps(¢) and using successively ||V f||p2(1) = 27T||f||H1 for any f € H'(T) and
the third estimate of Lemma 2, we get

I mar(w) = Vorllzam) < [Venr(9) = Veourllzan
1
S lenr(@) = ontllgnny S o lipaery

where we refer to Subsection 1.2 for the definition of the homogeneous norms || - || Frs(T)- Re-
calling that —Apys = myr(u) we have HTrM(u)HH_l(T) = |IVeu|lp2(ry and H@MHHQ(T) =
I1Aeamz2ry = lImar(w)|lp2¢r). All in all, using the reversed triangular inequality we have
established

IVa (W)l 2ery = llmas (W)l gy H?TM( w)| 2T

To conclude, due to (24), it is thus sufficient to prove that || Vras (w) || r2¢ry ~ [V (®) | £2¢my
where we recall w = B, ®. This last equality implies in particular
_2 D)+ ! D) + ! P
mu(w) = s (®) + ey mar(®) + o7 1 T (D),
where we recall for a € R the translation operator 7, defined by 7, f(x) = f(x + a). We have
therefore

2 1 1
VTI’M(UJ) = *VT{'M((I)) + *TLVWM((I)) + ET_TZVWM((I)). (25)

3 6 M
Both V7 (w) and V7p(®) belong to s5/(T) i.e. are respectively equal to some functions
o (A) and o/ (7), for some A, v € RM

Note that B,y is uniformly well-conditioned: the spectral radii of Bj; and B;j are bounded
independently of M. This can be seen writing By; = %I M+ %J M, Where Jy is the matrix

o 1 0o --- 1
1 0 1 --- 0
JM — : . . . .
o --- 1 0 1
1 -0 1 O
The eigenvalues of Jys are {2cos (ZE) : k € {0, .. —1}}, so the spectrum of By lies

within [1/3, 1].

The identity (25) shows that A = Bj;~ and we have just controlled the euclidean subordi-
nate norms of By and B} ': we have ||y||2,01 ~ || Bary||2.0, and therefore || V7 (w) |l z2(T) ~
V72 (@) £2(T), thanks to Proposition 2, concluding the proof of (22).
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Let us turn to the proof of (23). Using Proposition 4, | Ay @20 < ||]|2,ar and Cauchy-
Schwarz inequality entails that —(w|Ay @)y < H17||§ - By Pythagore’s identity, we obtain
(23), since u = u + [u]ps1 and ||[u]M1M||%,M = [u]3,. O

Proposition 7. Forw € €*([0, T]; Ran(Ayy)), we have

—(Aywt)|w' () = w2, M)

2dt

where as usual (-|-)ps denotes the rescaled inner-product on RM

Proof. Ifv(t) == —A,jw(t), we have Apv(t) = —w(t) and therefore Ayv'(t) = —w'(t),
with still [v/(¢)] s = 0. We then have v/(t) = — A}/ w/(t). We infer, by symmetry of v/—Ayy,

—(Ay, 'w( )|w ( YAMY'( ))M
Y Y (t)>M
(v OIV=8av()),,

< (0] Anv(0)y ;jtuwu)u%l,M. =

M\H/‘\
l\')\l—lQ_.‘Q_.

4.4 The discrete duality lemma

We are now all set to state and prove the discrete duality lemmas. These estimates will apply to
linear differential equations with source terms. We first consider the case when the source term
is continuous and then the case when it is not regular, respectively Lemma 3 and 4. We need
to combine them to deal with the approximation of the stochastic process and this is achieved
in Proposition 8.

Lemma 3. Consider p € €([0,T); RM)) so that each component is uniformly (w.r.t. to time and
index) lower bounded by a positive constant o > 0. Assume that z € €*([0, T]; RM) solves

#(1) = A [2() © p(t) + £()] + (),

where f and r are two functions in € ([0, T|; RM). Then we have the following estimate, for any
parameter a > 0

sup 2()]% a1 + / oar(z ® 2 (s, 2)% ds da
t€[0,T] Qr

S(l—l—a)[Hz( N v+ [2 M/ s)|amrds + 1/ o (f)(s, ) dsdx

+(1+ah <T+T/ (s )]Mds+i> /TUM(r)(s,x)2dsdx, (26)

0

where the Hadamard product © and the square-root pu'/? are defined in Subsection 1.2.
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This is a counterpart of Lemma 1. In the case, » = 0, one can indeed get rid of a.

Proof. We follow the proof of the continuous case, Lemma 1. Since Ran(A ) C 17, we claim

(2 = (20, 1) = [r(0)]a,

and therefore .
=0 = (20 + [ (o) ds (27)
Recalling the definition z(t) := z(t) — [z(¢)] s we also have
2(6) = Z(t) + [r(®)u.

Now, taking the inner-product with the vector A]T/[l z(t) in the differential equation solved by z,
we get, using the symmetry of Ay and the fact A}/ Z(t) € Spang(15/)* (see Subsection 4.3),

—(axE0z®) + (Eolm o) =-(20[F0)+A570)
We use Proposition 7 to identify the first term of the Lh.s. and get
sTIEOR L+ Oz onm) =-(Z0lfO+a570) . @)

Using that the entries of (t) are all lower-bounded by o > 0 we have the following inequality
(see Subsection 1.2 for the notation @), for any vector g € RY

(E0ls),,| = |(FO 0 n0 g 0 we??) |
<120 © u(t) 2arslg @ () a1

1
< —=2(t) © u(®)llz,0llg 2,00
\F

< 5115@) © p(t) 23 0 + *HQHQ M
:%@@g@@u@%ﬁaymuw

where we used Young’s inequality. We use this estimate in (28) with g := f(t) + Ay} 7(t)

S EOR L+ (B0 0 u)
<3 GO o p®) + 5170+ MO ar

which, after expanding the definition z(¢) := z(t) — [z(¢)]»s, becomes

D210+ 5 (200|200 0 p9)

< SR ORABOI + 5 1F(0) + AT By
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Using Proposition 4 to infer || A7 ()27 < [|[7()||2.ar < ||7(t)]|2,ar and the convex inequal-
ity (z + )% < (1 +a)z? + (1 + a~!)y? we eventually get, after integration in time

t
12012 10t + / l2(5) ® pa(s) 2|13 0y ds

< EO) 10 + /0 [2(8)]2[1e(5)]ar ds

1+a
«

_l’_

L+a b [t
JRCCIERT D
@ 0

t
/0 1£(5) 13,00 ds +

On the other hand, using once more the above convex inequality, we claim from (27) and
Cauchy-Schwarz inequality that

T
2O < (1+a)[z(0)]3 + (1 + a_l)T/ [r(s)]3s ds.
0
Summing the two last inequalities we obtain (26) since for any vector u € RM, ||lu||2 =
HUM(U)HLZ(T)~ ]

Lemma 4. Consider p € €([0,T); RM)) so that each component is uniformly (w.r.t. to time and
index) lower bounded by a positive constant o > 0. Assume that z4: [0, T] — RM solves

2alt) = /0 Anr[za(s) © ()] ds + zat), (30)

where x4 is any cadlag RM valued function over [0, T]. Then we have the following estimate

sup ||Zd(t)||2_1,M+/ o (za © pt'?) (s, )2 ds dz
t€[0,T] Qr

T
< sup [lza®)|?1u + / ()t [a(s)3r ds, (31)
te[0,T] 0

where the constant behind < is universal and p'/?
square-roots of the ones of .

denotes the vector map whose entries are the

Remark 5. In this lemma we consider the (discrete) Kolmogorov equation with a singular source
term x4. The mere integrability of this term forbids to differentiate in time this equation, so we
cannot proceed as we have done in the proof Lemma 3.

Proof. Using (30), we first remark that [24]ys = [24]a and therefore

2 - [ Aut[ruls) © u(s)] s + Fult)

We take as usual the inner product with —A]TJI z4(t) and use symmetry to write

(83320 E0) + [ (o zals) o pls)) ds = — (A3 Ea(t), Falt)
M Jo M

v
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We use the definition of the ||-||_1,37 norm (see Proposition 6) and the equality Zq = 24— [24]m
to infer

t
ZaOIP 100 + /0 lza(s) © u(s)2]3 oy ds

s

= /Ot[zd(s)]M <1M|Zd(5) © M(S))M ds — (A]T/}Ed(t), id(t))

The first term of the r.h.s. can be handled using Young’s inequality to absorb a part of it in the
Lh.s. and get

t
IZaOIP 1 ar + /0 lza(s) @ p(s) 212 0r ds

S [ T Balne) 1B g s = (A3 Zate). Fat)), - G2

Now, defining ®); = A}/Z; and ¥y, = A} &4 we have that using Cauchy-Schwarz’s
inequality, the definition of the || - ||_1 3/ norm and the symmetry of the discrete laplacian
matrix

_(A]T/[lgd(t) ‘ £d<t)>M = —<‘I)M<t> ‘ AM‘I’M(t))M
= (V=Aun () | V-Auwu )
<=2 ® () laa V=2 rr @ s (8) |20

= [1Za@l-1ael[Za(®) | -1,0-

Plugging this estimate in (32), we have

t t
||gd(t)||2—1,M+/O sz(3>®.u’(3)1/2”%,Md35/0 [za(s) Rl (5) 2115 0 ds + | Za(t)]2 1 -

Recalling that [z4)3, = [z4]%; and adding this term to the inequality, we get (31). O

Proposition 8. Consider p € €([0,T]; RY)) so that each component is uniformly (w.r.t. to time
and index) lower bounded by a positive constant o > 0. Assume that z: [0, T] — RM solves

20 =200+ [ Au[=(6) © ) + 1) ds + (0

where f is a function in €([0,T];RM) and ¢ = =z, + x4, with the regular component z, €
€1([0,T),RM) and the singular component x4 is any cadlag RM valued function over [0,T).
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Then we have the following estimate, for any a > 0,

sup Hz(t)”%l,M +/ om(z ®u1/2)(s,x)2 dsdzx
te[0,7 Qr

T
< (02 2O 0+ OB [ s+ [ ()57 asda]

«

+(14+a)(l+at) <T - T/OT[,u(s)]Mds + i)

/ or(xl) (s, z)? dsdz

T

T
Hra [ s fea®lF o+ [ s lzao)lds]. 63
t€[0,T) 0

Proof. Let’s define z, € €*([0, T]; RM) as the unique solution of

20 =20+ [ Bu[a)© (o) + £(5)]ds + 2,00,
which, since x, is continuously differentiable, is equivalent to the Cauchy problem
21() = A2 (0) © p(t) + F()] ds + 2(0), (34)
2-(0) = 2(0). (35)
Now, defining z; := z — z,, one readily checks that it solves
)= [ Au[a(s) 0 uls)] ds + a0,

The Cauchy problem (34) - (35) is exactly the one of Lemma 3, with r(t) := «/.(¢), we therefore
infer from this very lemma, for any a > 0

sup [z ()11 s + / oar (20 © ut/2)(s, 2)% ds da
te[0,T Qr

T
<(1+a) [||z<o>||2_1,M+[z<o>ﬁw /0 ()]s ds + /Q ou(F)(s,2)% ds da
T

(%

+(1+ah <T+T/0 [(s)]ards + ;) /TaM(m;)(s,x)stdx.

Now, since z = z4 + z,, combining the triangular inequality and the convex inequality (x +
y)?2 < (1+a)z? + (14 a~1)y? implies

sup 2(t)12 10t + / oar(z ® @/2)(s,2)? ds da
te[0,7] Qr

<(1+a)

sup a2 as+ [ UM<zr@u1/2><s,x>2dsdx]
te[0,T] Qr

+(1+a™h [ sup |lza(t)||*1 01 + / oM<zd@u1/2><s,w>2dsdx] ,
t€[0,7) Qr
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so that the proof follows from Lemma 4, which focuses on the non-regular component. O

5 Quantitative estimates and proof of Theorem 2

Let u, v be two functions defined on Q7 of € regularity in time and €* regularity in space
solution of the system (1). We have, by Taylor expansion, for any h > 0 and ¢**(T) function f

h? h3

Thf _ f + hf/ + 5f// + ?fm +Ohﬁ\0(h4),
B2, b

T—hf — f o hf/ + af/l _ ?f/// + Oh_>0(h4),

where Oj,_,q refers to the L>°(Qr) norm. We have therefore

Thf +7nf —2f

h2 = f" + Onso(h?).

In particular, denoting by %™ () and ¥ (¢) the respectives values of u and v at the points
(t,zy) for k = 1,..., M, we have the following discrete system:

oM (t) = Ay [dra™ () + arnt™ (¢) © M ()] + rM (1),
oo™ (t) = Ay [dio™ (t) + a o™ (¢) © M ()] + M (2),

with
[T (@)oo + 8™ ()0 S M2, (36)

uniformly for ¢ on compact intervals.

On the other hand, we recall that our stochastic process satisfies

t
UM (1) = UM (0) + / Ay (BTN (s) + azU N (5) © VN (5) ) ds + MOV (),
0

VIR () = VIER(0) + / A (VN (s) + an UM (s) © VAN (5) ) ds + NN (1),
0

where MM is square integrable martingale whose quadratic variation is given by (13) and
NMN satisfies similar properties. By symmetry, we can focus on the first species UMY,
Denoting

t
ZYN (1) = @M (1) - UMV (1), XM (f) = / M () ds — MM (8),
0
we have yet another system satisfied by these quantities

ZM’N(t):ZM’N(O)—I—/tAM<ZM’N(s)@AM’N(S)—FFM’N(S)) ds + XMN(1), (37)
0
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where
AMN () = di1p + ap VN (1),
WY (@) =M () — VN (),
FMN () = apa™ © WMV (1),

We can now apply the discrete duality lemma developed in the previous section to control the
gap ZMN_ This is the core of the next result, which yields Theorem 2. For z: [0,7] — R,

let

1=l

1/2
M = (tSElP} 12(0) 12,0 + HO'M(Z)H%Q(QT)) :

)

Proposition 9. Let u,v be a €*(Qr) solution of the system (1), if

a12a21
didy 1wl Loe @y lvll oo (@ry < 1,

then for any (M, N) € N? such that N/M? is large enough
2 2
E(I1Z ™ lz,ar + W)

S NZYN )17 001+ VYN (0)]a0) + WY )17 0,(1 + [TV (0)] 1)

+ (1+ T2+ T*[UMN (0) + VMN(0)] ) M~ + TM?N .

Proof. We first observe that t +— [AM:V ()], is constant and we set

T
1
AN :T+T/ [AMN (s)]ards + -
0 1

1
=T+ Td1 +a[V(0)ar) + -
1

By applying Proposition 8 with 24 := — MY and

t
Tt |—>/ r™ (o) do,
0
we obtain that

sup HZM’N(t)H%LM + / oM (ZM’N © (AM’N)1/2)(S, z)? dsdz
t€[0,77] Qr

T
SIZMN )2 0 + [ZM’N(O)]%/O (AN (5)]ar ds

1
+ A orr (FMN) (s, z)? dsdx+)\¥’N/ or(r™M) (s, z)? dsdx
1 JQr T

T
©osup MV @2+ /0 AMN ()] 3y MY ()2, dis.

te[0,7)
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Since A} > dy and |oar (FMN) (s, 2)| < ara|lul|poe (o |oar(WN) (s, )|, we obtain

2
1 ZMN @)l ar
SNZMN(0)12, 00 + TIZYN(0)] 3, AMY (0)]
al?"u!iLw(QT) / o (WM (s, )2 dsdx + )\%N / o (rM) (s, x)? dsdz
1

T T

T
+ sup [MMN@)12, 0+ / [AMN ()] ar [MMN ()13 ds.
te(0,7) 0

As the roles of ZMN and WMV are symmetric in the previous inequality, we have a similar
estimate for W™V Thus, by setting

TMN(1) = dy + an UMV (1),
and
M,N 4 1
FMN T/ YN () ards + -
0 2

1
=T +T?(dy + CL21[UM’N(0)}M) +

d727
we get
2
W17, 0,
S AW )2 0 + TN (O)]F, T (0)]ar
L @lPllz~©n

y /UM(ZM’N)(s,x)2dsda:+’y¥’N/ onr(sM) (s, x)* dsdx
2

T T

T
L+ osup NN @I+ / TV ()]0 VYN ()13, ds.
te[0,7) 0

Using now our assumption on the bound of ||| .o () ||7]| Lo (@) and letting < to depend on
those parameters, we get that

122 70 S NZMN )11 1 ag + TIZMY (0) 3 [AM N (0)]ar
+ W) 24 ar + TN (0)13, [0 (0)]

+ (AP ) / (oar(r™)(s,2)? + oar(sM)(5,2)?) dsda

T

T
©osup [MMN@)2 ¢ / IAMN ()] MY ()13, ds
t€[0,T] 0

T
+osup [N+ [N () Y () ds.
te[0,7] 0
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The previous rh.s. is again invariant with respect to the roles of ZM-V and W Then
using the uniform bounds on o7 (™) and 37 (s™) from (36) and taking expectation, we get

(| )
SN2 )20+ T2 O A (O))a
WA )240g + TN )N O] + (A 4+ 43) a

FE( s MU0 ) + A O [ EIMO ) as
t€[0,T]

FE( sup IV 02,0) + 0O [ BN )R ds.

te[0,7)

We are left then with controlling the local martingale terms that appear at the end. Since

and recalling that [AM(0)]y; = [d1 + a12 VN (0)] 0, we have

IAMN (0 M/ E(IMMY (5)]2,) ds
T M
< (d+ a VAN O0)l0) 77 SOE( sup MV (0)?).

i—1 t€[0,T]

Besides, we also have using (23)

B( sup MUV ) <E( sup MUV y)

te[0,T] t€[0,T]
: (t:;;pT( > At 0))
ZE( sup MMN( t) )

_ t€[0,T

Now, Doob’s inequality ensures that E(SuPte[o 1] MM N (1) ) S E((MMNY(T)), where the

(2

35



expression of the quadratic variation </\/lfw ’N> is found in (13). Moreover, since

M

> (UM @V ) + U VY () + UMY VN s)
=1
< Z ( 2, VM N( )2>
= HUMN( O3+ [V @)]13,
we get
MZE( sup MMN( t) )

t€[0,T

M2 M2 T
< M,N M,N 2 M,N 2
NME(N/ [T ()]l ds + N/o (lUMN ()3 + |V (s)Hz)ds>,

Moreover UMY ()| = [[UM(0)||; as. and we recall that UMV () = @M (t) — ZMN (1)
and VMV (1) = oM (1) — WMN () for any s > 0. Adding that boundedness assumption on
the solution of the SKT system and (14) ensure that

i M\ 2 M?
T/ MN M2 _ T M=
U /QTJM 4 o (@) =10 (M),
we finally have
E({ sup MMN( t)
M Z <te[0T )
T A2
N [ EUZN G - W ) s+ 7
M2 2

E (om (ZM’N) (s,2)% + o (WM’N) (s, x)2) dsdx +T—

NN N

M?

2 M? 2 M?
N W|||ZM’N|”T,M + W\HWM’NHH,M +7T

N
By symmetry we have bounds of the same order for the terms involving (N5 (t))y>0. We

plug these bounds in (40) and gather the terms |||ZM’N|||§~7M and H\WM’N|||2T’M in the left
hand side. For N/M? large enough, we can control the left hand side and get

2 2
E(I1Z" N 7 pr + W17 00)
SNZYN )2 1 0r + TIZYN (003, (AN (0)]
+[WN0) 12 0 + T[W N (0)]3, 0 (0)]
M2

+ (AP ) A (14 (AN (0) + TN (0)] )
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Using that T'[u)%, < ||oa(u) H%Q(QT) for any u € RM, by rearranging the terms we conclude
the proof. n

Now we can prove the remaining main result.
Proof of Theorem 2. We have
CMN = (UMY — g
= (UMY — @™y (@™ — u = g (ZN) 4 0py () — i,

where the interpolation operator ¢y is the one used in Lemma 2. Using the triangular inequal-
ity, we infer

MN ()12 M,N |2
EL:{%%}HC (t>HH—1(1r)+HC Iz22(@r)

<E| sup [mur(ZM )OIy + Imar(ZMY) (0,
te[0,7

+tes[%g’}HLM<u) ullfroa oy + llear (u) = ullzzgp)- (41)

Now, using Proposition 2 we have that ||, (ZN) 22(Qr) < loar(ZMN)|| 12(@ ) and using
the equivalence (22) of Proposition 6 we get for all ¢ € [0, T']

e (ZN) Ol -1 cmy S N2 @)l 1,00 + M Hlmar(ZY ()] 2 ry.-

This means that the expectation term in the rh.s. of (41) satisfies the following bound for
M>1

M,N 2 M,Ny (2 < M,N |2
E[tes[%%}nww YO 1 gy + 17ar (M) 22, | S E (112N 170 -

All in all, using Proposition 9, we get

M,N 2 M,Ny 2 <
ELSE&F’T Im 2O 25y + (2 2(an| ST ean,

where €7 v is the rh.s. of (38). Getting back to (41), we still have to control the second
expectation term of its r.h.s., for which invoke Lemma 2 which allow us to write

b et = Wl gy + lenr () = el gy S M el Eoen2 o,y m2(m))-

Gathering all the terms leads to the conclusion. O
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Appendix

Discrete-continuous dictionary

Discrete | Continuous
Ay A

I lpar | N+ ooy
([) ([)z2m)

I ll—1ne | I [Ti=1¢m

- Wzne | -l
[ [t
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