N

N

Stability of a cross-diffusion system and approximation
by repulsive random walks: a duality approach

Vincent Bansaye, Ayman Moussa, Felipe Mufioz-Hernandez

» To cite this version:

Vincent Bansaye, Ayman Moussa, Felipe Munoz-Hernandez. Stability of a cross-diffusion system and
approximation by repulsive random walks: a duality approach. 2021. hal-03344301v2

HAL Id: hal-03344301
https://hal.science/hal-03344301v2

Preprint submitted on 20 Feb 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03344301v2
https://hal.archives-ouvertes.fr

Stability of a cross-diffusion system and approximation by
repulsive random walks: a duality approach

Vincent Bansaye Ayman Moussa Felipe Mufioz-Hernandez

February 20, 2024

Abstract

We consider conservative cross-diffusion systems for two species where individual
motion rates depend linearly on the local density of the other species. We develop duality
estimates and obtain stability and approximation results. We first control the time evo-
lution of the gap between two bounded solutions by means of its initial value. As a by
product, we obtain a uniqueness result for bounded solutions valid for any space dimen-
sion, under a non-perturbative smallness assumption. Using a discrete counterpart of our
duality estimates, we prove the convergence of random walks with local repulsion in one
dimensional discrete space to cross-diffusion systems. More precisely, we prove quantita-
tive estimates for the gap between the stochastic process and the cross-diffusion system.
We give first rough but general estimates; then we use the duality approach to obtain fine
estimates under less general conditions.

Key words and phrases: Cross-diffusion, duality, stability, scaling limits, repulsive random
walks.

1 Introduction and notation

Approximations of interacting large populations is motivated by physics, chemistry, biology
and ecology. A famous macroscopic model was introduced by Shigesada, Kawasaki and Ter-
amoto in [34] to describe competing species which diffuse with local repulsion. In the case of
two species, it writes

{atu — A(dlu + apu’ + CL12UU) = u(ry — $11u — S12v),

Opv — A(dgv + agv? + agluv) = v(re — S91u — S220),

where u and v are the densities of the two species and d;, 75, a;; and s;; are non-negative real
numbers. Completed by initial and boundary conditions, this system (that we simply refer
to as the SKT system) offers a model for the spreading of two interacting species which mu-
tually influence their propensity to diffuse, through the cross-diffusion terms a;;. The other
coeflicients represent either natural diffusion (d; coefficients), reproduction (r; coefficients) or



competition (s;; coefficients). The main motivation of [34] was to propose a population dy-
namics model able to detect segregation, that is the existence of non-constant steady states u
and v having disjoint superlevel sets of low threshold value. As a consequence of this moti-
vation, the first mathematical results dealing with this system focused on sufficient conditions
for the coefficients to ensure existence of non-constant steady states, with a careful study of
the stability of the latter. This study of possible segregation states is still active and we refer to
the introduction of [6] for a nice state of the art. It is a striking fact that during its first years of
existence within the mathematical community, the SKT system has not been studied through
the prism of its Cauchy problem. As a matter of fact, existence of solutions has been tackled
only a few years later: the first paper dealing with this issue is [26] and explores the system
under very restrictive conditions. Several attempt followed, but only with partial results. A
substantial progress was achieved by Amann [3, 4], who proposed a rather abstract approach
to study generic quasilinear parabolic systems. The scope of this technology goes far beyond
the sole case of cross-diffusion systems. In the specific case of the SKT system, it offers exis-
tence of local (regular) solutions, together with a criteria of explosion to decide if the existence
is global or not. This fundamental result of Amann has been then used by several authors to
establish existence of global solutions for particular forms of the SKT system. This is done, in
general, under a strong constraint on the coefficients. For instance, [28] treats the case of equal
diffusion rates in low dimension and [21], settles the one of triangular systems (that is, for two
species, when aj2a21 = 0). However, the general question of existence of global solution for
the complete system remains open, even in low dimension.

Another way to produce a global solution is to sacrifice the regularity of the solutions, and
deal with only weak ones. This strategy relies on the so-called entropic structure of the system:
SKT systems as the one previously introduced, admit Lyapunov functionals which decay along
time and whose dissipation allows to control the gradient of the solution. This method has been
used successfully in [8] to prove, for the first time, existence of global weak solutions for the
SKT system, without restrictive assumptions on its coefficients. After it first discovery in [19],
this entropic structure has been explored and generalized to several systems, allowing for the
construction of global weak solutions for variants of the original SKT system (see [25, 15] and
the references therein). With this low level of regularity for the solutions, uniqueness becomes
an issue in itself. It has been studied either under simplifying assumptions on the system like
in [31, 11] or in the weak-strong setting thanks to the use of a relative entropy (see [12]).

1.1 Objectives and state of the art

This work is initially motivated by yet another mathematical challenge offered by the SKT
system: its rigorous derivation. The diffusion operator used in the SKT system is specific. We
focus in this paper on the main difficulty raised by this operator, which is the non-linearity
of diffusion term. The initial goal of the work is to approximate the conservative SKT system,
without self-diffusion, that is the following one
Ou — A(dyu + ajguv) = 0, W
Ov — A(dav + agguv) = 0,



where all the coefficients d; and a;; are assumed positive. Whereas (possibly heterogeneous)
diffusion of lifeless matter (e.g. ink or any type of chemical substance) uses the Fick diffusion
operator —div(uV-) to express the spread, SKT systems rely on the (more singular) operator
—A(p-). As it was already explained in [34], this choice of diffusion operator is at the core
of the repulsive mechanism allowing the segregation to appear. However, the justification
proposed in [34] was rather formal, leaving open the question of the rigorous justification
of SKT systems. As far as our knowledge goes, there exist mainly three approaches for the
derivation of SKT systems

(i)

(iii)

The first path was proposed in [22], where an SKT model is obtained as an asymptotic
limit of a family of reaction-diffusion systems. In this approach the idea is that one of
the two species exists in two states (stressed or not), and switch from one to the other
with a reaction rate which diverges. This was used in [22] to obtain formally a triangular
cross diffusion system. This strategy has been followed with a rigorous analysis, mainly
to produce triangular systems (see [36] and references therein) and more recently for a
family of "full" systems in [14] which, however, do not include the SKT one.

Another strategy was proposed by Fontbona and Méléard in [18]. The idea is to start
from a stochastic population model in continuous space where the individuals’ displace-
ments depend on the presence of concurrents. Then, the large population limit (under
adequate scaling) leads to a non-local cross-diffusion model. In comparison with the sys-
tem (1), the limit model rigorously derived in [18] is a lot less singular, because of several
convolution kernels. It was explicitly asked in [18], whether letting the convolution ker-
nels vanish to the Dirac mass was handable limit or not. A first partial answer was given
in [30], but applied for only specific triangular systems. More recently, it was discovered
in [17] that even for the non-local systems, it is possible to ensure the persistence of the
entropy structure, allowing to answer fully to the question of Fontbona and Méléard, at
least for the standard SKT system.

A little bit before [17] appeared, Chen et. al. proposed another strategy in [9] (see also
[10] which deals with a slightly different family of systems). It also starts from a stochas-
tic model and makes use of an intermediate non-local one. The main difference with
[18, 30, 17] is that in [9] the two asymptotics are done simultaneously (size of popula-
tion to infinity and parameter of regularization to 0). This direct approach amounts to
"commute" the asymptotic diagram from the stochastic model to the final PDE; this is a
common feature with the current work that we will comment later on.

The third path was proposed in [13] and justifies the SKT model through a semi-discrete
one. The latter is itself derived from a stochastic population model in discrete space
where individuals are assumed to move by pair, in order to ensure reversibility of the
process and the existence of an entropy for the limit model. In [13] the link to the stochas-
tic was done formally whereas the asymptotic analysis linking the semi-discrete model
to the SKT system was proved rigorously, relying on a compactness argument which is
allowed thanks to the existence of the Lyapunov functional for the semi-discrete system.

In this paper, we are interested in connections between microscopic random individual-



based models (or particle system) and such macroscopic deterministic dynamics, in the spirit
of strategies (ii) and (iii) described above. We do not use any non-local approximated system as
in [18, 9], being inspired instead by the semi-discrete approach proposed in [13]. We consider
also a discrete space and that each species moves randomly and is only sensitive to the local size
of the other species. Let us comment the main differences and novelties of this work compared
o [13]. First, we prove rigorously that the suitably scaled stochastic process converges in law
in Skorokhod space to SKT system (1) and we perform this space and time scaling limit at
once. Besides, individuals of each species move independently with a rate proportional to the
number of individuals of the other species, on the same site. We do not need to make them
move by pair, which may be hard to justify regarding phenomenon at stake. Indeed, we do
not need a reversibility property and do not use the entropic structure. The main difficulty
to prove convergence of the stochastic process at once lies in the control of the cumulative
quadratic rates due to local interactions when the number of sites becomes large. As far as we
have seen, entropy structure does not provide the suitable control of these non-linear terms
and a way to get tightness and identification in general. We use a different approach based on
generalized duality. This provides quantitative estimates in terms of space discretization and
size of population. Moreover, at the level of the PDE system, it implies a local uniqueness result
for bounded solutions of the SKT system. The duality approach allows to compare locally the
stochastic process with its semi-discrete deterministic approximation. It is optimal in the sense
that it provides the good time space scaling for such an approximation.

Let us describe now the stochastic individual-based model. The population is spatially
distributed among M sites. The process under consideration is a continuous time Markov
chain (U (t), V' (t))¢>0 taking values in NM x NM_ The two coordinates count the number of
individuals of each species at each site, for each time ¢ > 0. Each individual of each species
follows a random walk and its jumps rate increases linearly with respect to the number of
individuals of the other species. The dynamic is defined by the jump rates as follows. For any
vector of configurations (u,v) € NM x NM | the transitions are

u— u+ (eHg — ei) atrate 2u;(dy + ai2v;),
v v+ (ei+9 — el-) atrate  2v;(dy + az1u;),

where (e;)1<;j<ns is the canonical basis of RM ey = en, enrr1 = ey and 6 € {—1,1} with
both values equally likely. Let us mention that hydrodynamic limits of other stochastic models
with repulsive species have been considered, in particular in the context of exclusion processes,
see e.g. [33]. In that case, local densities are bounded so difficulties and limits are different.
In an other direction, stochastic versions of the limiting SKT systems have been considered,
see e.g. [16]. We also mention [20] for hydrodynamic limit to fast diffusion, where the non
linearly is also in the motion component. The model is different and we are interested here in
the interaction of two species, without self diffusion. Besides our techiques are different since
we do not rely and do not need an entropic structure and the control of the approximation
involves a different distance.

This work contains two main results which at first sight can appear unrelated in their for-
mulation. The first result is a quantitative stability estimate on the SKT system which bounds
the distance between two solutions in terms of their initial distance. This result is based on



a new duality lemma and applies for bounded solutions, only if one of them is small enough.
As a by-product of this stability estimate, we prove uniqueness of bounded solutions of the
conservative SKT system under a smallness condition which does not imply ellipticity for the
system (later on, we will comment on this non-perturbative smallness condition). This result
is valid in arbitrary dimension and is, as far as our knowledge goes, new. Uniqueness theo-
rems for (only) bounded solutions of the full SKT system are missing in the current literature
[11, 12, 31].

The second main result is the convergence of the properly scaled sequence of processes
(UMN VMNY - ven to the SKT system. We obtain quantitative estimates of the gap between
the trajectories of this process extended to the continuous space and the solution of SKT system,
in a large population and diffusive regime. This analysis is performed in a one dimensional
setting for the space variable. The strategy is to insert the semi-discrete model proposed in
[13] and estimate separately the gap between our stochastic process and this semi-discrete
system and then, estimate (with enough uniformity) the distance between the semi-discrete
system and the continuous SKT limit. Following this plan, we first propose a general estimate,
which relies on naive bounds of the quadratic diffusion term. Roughly, we first bound locally
the size of the population by the (constant) total number of individuals. These bounds allow
for convergence with a fixed number of sites but lead to an unreasonable assumption of a
superexponential number of individuals per site when the number of sites increases. When
we faced this difficulty, we tried to obtain an estimate as sharp as possible to capture the good
scales and compare on each site the different objects. It’s during this step that we discovered
the stability estimate described above, which is interesting for its own sake. A nice feature of
this stability estimate is that we can transfer it onto the semi-discrete and stochastic setting.
We obtain then the convergence of the stochastic model towards the SKT system, with sharp
estimates and relevant size scales. This asymptotic study shares a similar limitation as the
previous paragraph: it holds only under the assumption of small regular solution of the SKT
system, which is ensured by Amann’s theorem [3, 4].

The paper is organized as follows. In the end of this section, we collect several notations
which will be used throughout the paper. In Section 2 we define the sequence of stochastic
processes we consider and we recover the semi-discrete system introduced in [13]. We also
state our two main results and comment on some potential extensions. In Section 3 we show
the convergence in law in path space of the stochastic process towards the semi-discrete sys-
tem when the number of individuals goes to infinity but the number of sites remains fixed.
We provide a quantification of this convergence. It implies the general (no restriction on the
limiting SKT system) but naive (in terms of scales) convergence discussed above. Then, Sec-
tion 4 is dedicated to the duality estimates with source terms and their consequences. These
duality estimates account for the interacting system when one of the population is seen as an
exogenous environment, which amounts to decouple the two species. In a first short paragraph
(Subsection 4.1) we state and prove the generalized duality lemma and its application to the
stability estimate of the SKT system in the continuous setting. This paragraph is the only one
of the study in which we work in arbitrary dimension for the space variable. Then, the rest
of Section 4 focuses on the translation of these estimates in the semi-discrete setting. This in-
cludes the definition of reconstruction operators, the study of the discrete laplacian matrix and



the translation of classical function spaces into the discrete setting. Eventually in Section 5, we
apply the previous machinery to the difference between the stochastic process and the approx-
imated system that solutions of (1) solve when looked at a semi-discrete level. We then deduce
our main asymptotic theorem by controlling the martingales and approximation terms. In a
short appendix, we also give a dictionary which gives the correspondence of different objects
in the discrete and continuous settings.

1.2 Notation
Finite-dimensional vectors

Throughout the article, vectors will always be written in bold letters. The canonical basis of
RM will be denoted (e;)1< <. Due to the periodic boundary condition that we will use, we
will frequently use the convention ey = ej; and epr 41 = €;.

Given M € Nand p € [1,00) we introduce a rescaled norm || - ||, s defined for x € RM
by ||||p.ar := M~Y/P||z||, where || - |, denotes the usual /” norm on R, Similarly, we define
the rescaled euclidean inner-product (-|-)3; of RM for z,y € R™ by (x|y)yr = M~ (x|y),
where (-|-) is the usual inner-product of RM so that ||wH%7M = (x|x)pr.

The symbol © is the internal Hadamard product on RM, that is (x © y); = 2;1;. We will
also often use (when it makes sense) the operator x © y defined by (x @ y); = z;/y; and the
“vectorial” square-root 2z'/2 whose components are (VTi)1<i<M-

The arithmetic average of all the components of a vector  will be denoted [x]y; =
—1M
M35
The vector of RM for which every component equals 1 is denoted 1,;. The orthogonal
projection onto Spang(1,7)* is denoted with a tilde, that is: & = @ — [ 1.

Finally, for z,y € RM we write £ > y whenever x — y € ]Rﬁ‘f[ .

Functions

We will manipulate random and deterministic functions which may depend on the time variable
t € Ry and the space variable € T¢ where T := R/Z is the flat periodic torus. We will
rely on the following convention for functions: uppercase letters will be reserved for random
elements whereas lowercase letters will represent deterministic functions. Accordingly to the
previous paragraph, vector valued functions will be denoted in bold whereas scalar valued
functions will be denoted with the normal font.

Quite often results will be stated on a fixed time interval [0, T']. For this reason, we intro-
duce the periodic cylinder Q7 := [0, T] x T For any function space E defined on T or Qr,
the corresponding norm will be denoted || - ||z, e.g. || - || 2(14)- In case of a Hilbert structure,
the inner-product will be denoted by (-|) g, e.g. () L2 (1a). We will frequently use the H* (T%)
Sobolev space and their homogeneous subspace H*(T¢) constituted of those elements having
a vanishing average on T,



For random functions Z :  x Q7 — R we will frequently use the norm

1/2
12l = (ts;ér;}ﬁ<||z<t>\|zlm> + E(HZH%Q@T))> : (2)
€10,

Note that in the case of a deterministic function z, the previous norm becomes simply

1/
el = (1213 oy ey + 121320y) 3)

Finally, for any metric space X, D(]0,7T], X) denotes the space of cadlag functions from
[0, 7] to X endowed with the Skorokhod topology.

2 Main objects and results

Before stating our main results, we need to define precisely the objects that we aim at consid-
ering.

2.1 Repulsive random walks and scaling

Let us define the stochastic process by means of a trajectorial representation using Poisson
random measures. We consider a probability space (£2, F,P) and introduce a family of inde-
pendent Poisson random measure (N7) ey on Ry x Ry x {—1,1} with common intensity
ds ® dp® B(df), where 3 is the law of a Bernoulli(%) random variable. We refer to Definition
8.1, Chapter 1 in [23] for the definition of Poisson random measure. Moreover, the initial data
(U(0), V(0)) almost surely belongs to N x N The corresponding process (U (t), V (t))1>0
is then defined as the unique strong solution in D([0,c0), N*M) of the following system of
stochastic differential equations (SDEs) driven by the aforementioned measures

t M A
v =0+ / / Z Lp<ou;(s=)(di+araVi(s)) (ej+0 — €j) N (ds, dp, o),
0 R+><{—1,1} ]:1
t M A
V(t) = V(O) + / / Z 1p§2Vj(s_)(d2+a21Uj(s_)) (ej+9 - e]) N] (dS, dp, d@),
0 R+><{—1,1} le

where the jump rates dj, dz, a12 and ag; are the one of (1). Let us first explain roughly the
terms of these SDEs. The measures N produce the sources of randomness for the jumps; the
indicator functions 1 select the jumps which actually occur depending on the number of in-
dividuals of each species; the jump of one individual from j to its neighbor j + 6 induces the
variation e; 9 — e; on the vector couting the population size of site, resp. U and V. The
existence and uniqueness of this system of SDEs can be proved by induction using the fact
that the process is constant between two jumps and the total jump rate is bounded. Indeed,
the total population size of each species is constant along time: [|U(t)||1,p = [[U(0)||1,0m.



|V (t)]l1,am = ||V (0)||1,a- Therefore, conditionally on the initial value (U (0), V' (0)), the pro-
cess (U(t), V(t))i>0 is a pure jump Markov process on a finite state space with bounded rates.
The strong uniqueness and existence of this system of SDEs are actually also a consequence
of more general statements for SDEs with jumps described a Poisson random measure, see in
particular Theorem 9.1, Chapter 4 in [23].

We are interested in the approximation (hydrodynamic limit) when the population size and
the number of sites tend to infinity. Informally, we consider

(UM (), VN ()50 = (U(M?t) /N, V (M?t) /N )0,

but now interaction occurs through the local density of individuals. The scaling parameter
N € N* yields the normalization of the population per site and provides a limiting density
when N goes to infinity. The initial population per site is of order of magnitude /N and each
species’ motion rate is an affine function of the density of the other species on the same site.
The motion of each individual is centered and we consider the diffusive regime, which leads
the time acceleration term by a factor M?2. This time acceleration is equivalent to multiply the
jump rates by the same factor.

More precisely, for 7,7 = 1,2 and t > 0, we set
nyy () = 2MANUY (1) (dy + a1 (2)),
My (1) = 2MENVIN (8) (da + an U (1)),

Given an initial data (UM (0), VM:N(0)), the normalized process (UM (t), VM:N (1)) 150
is defined as the unique strong solution in D([0, 00), R*) of the following system of SDEs

M,N /N _ M,N Ci+o — €5 \ry
U (t) =U / /R_FX{ 11} - p niVIJN(Sf) N N (dsadpada)a
(4)

p_QJ

VMN (1) = yMN () / / 21 . WW(ds,dp,de).
R+><{ 11}

2.2 The intermediate (semi-discrete) system

To estimate the gap between the discrete stochastic process (4) and the SKT system (1), we are
going to use a third system on which our asymptotic analysis will pivot

S (1) — Ay (1) + anu (1) © 0 (1)) = 0,

(i M( t)—Aum (dQ’UM(t) + agluM(t) ® 'UM(t)) =0,



where the unknowns are the vector valued curves u™,v™: R, — RM and the matrix Aj;
is the periodic laplacian matrix, that is

-2 1 0 1
1 -2 1 0
Apy=M*| o - - - | e My(R). (6)
0 1 -2 1
1 0 1 -2

This semi-discrete system corresponds to a large population approximation but fixed number
of sites M. Existence and uniqueness for (5) can be proven using the standard Picard-Lindel6f
theorem, as this is done in [13] where this semi-discrete system has been introduced.

2.3 Statements

Our first main result is a stability estimate for the conservative SKT system (1). As far as our
knowledge goes, this result is new in the context of weak solutions for the SKT system. To
measure the distance between two solutions on a time interval [0, 7'], we use the norm defined
in (3) in the deterministic setting, see Section 1.2. We define also the affine functions y;: R — R
fori = 1,2, by p;(x) = d; + a;;x with {4, j} = {1,2}.

Theorem 1. Let T > 0 and consider a couple (u,v) € L>®(Qr)? and (u,v) € L>®(Qr)? of
non-negative bounded weak solutions of the SKT system (1), respectively initialized by (ug, vg) €
L>®(T%?2 and (g, vo) € L>®(T%)2. If the following condition

[ullzoe @)l (@) < (7)

is satisfied, then we have the stability estimate
—112 2 — _
Ml =12 + llo = 3 S o = TollZ -1 czay + oo = Toll -z
o+ ([0 — Tl 11 (Bo) | 2 ey + [0 = Tolala2(To) | ey )

where the constant behind S depends only on a;j, d;, [[ul| oo (@) [Vl oo (@r)> and [|| - ||| is de-
fined by (3). In particular, if a bounded non-negative solution satisfies (7) then, there is no other
bounded non-negative solution sharing the same initial data.

Remark 1. In case of equality in the smallness condition (7), uniqueness remains but the stability
estimate controls only the H=1 part of the || - ||| norm.

The proof of Theorem 1 relies on a generalized duality lemma presented in Subsection 4.1
and on the concept of dual solutions developed in [30], for the Kolmogorov equation. The
uniqueness result contained in Theorem 1 is conditional: if there exists a bounded (non-
negative) solution (u, v) satisfying (7), then it is unique in the class of bounded weak solutions.
The existence of global bounded solutions for the SKT system is a long standing challenge in the



context of cross-diffusion systems. Partial results are known, in the wake of the quest of even
more regular solutions (which are in particular bounded), like [21] or [28] that we already cited.
In the weak solutions setting, the paper [24] gives sufficient —yet restrictive— conditions on the
coefficients of the SKT system to ensure boundedness. Since the previous results are rather
constraining on the coefficients, we prefer to rely on Amann’s theory [3, 4] and understand
Theorem 1 as a local result which holds for initial data satisfying (7). However, we emphasize
that the condition (7) is considerably less restrictive that the standard perturbative assumptions
considered for cross-diffusion systems and we call it for this reason a non-perturbative small-
ness condition. This condition does not apply to both species but only on the product of the
densities: one of the two functions  and v can be huge. Secondly, the stability and uniqueness
result contained in Theorem 1 is not of a "weak-strong" type: both solutions are weak (only
bounded, no a priori assumptions on the spatial derivatives) which is, as far as our knowledge
goes, a substantial step in the analysis of cross-diffusion systems. Indeed, because of the stiff-
ness of those systems a common strategy to recover a well-posedness result is to impose on
the coefficients or the solution itself a constraint ensuring that the total system is uniformly
elliptic in the sense that it can be written as 0,U — div(A(U)VU) = 0 with a diffusion matrix
A(U) uniformly positive, that is satisfying (A(U)X, X) = || X||3 pointwisely for X € R2. In
our case a direct computation shows that the matrix A(U) = A(u, v) is

Alu,v) = dy + ajv a u
’ @12V do +asu)

For non-negative densities u and v, the trace of the previous matrix field is positive, so its
positiveness (as a quadratic form) is equivalent to det(A(U) 4+ A(U)T) > 0, that is 4(d; +
a12v)(da + ag1u) > (azu + a2v)?. Since this inequality is trivially true for (u,v) = 0, the
previous computation paves the way to well-posedness results for small enough densities or
strong enough self-diffusion w.r.t. the cross-diffusion coefficients (see e.g. [5, 31, 12]). In all
these results, the setting in which the solution are built is in fact strongly elliptic and in the
best case, a weak-strong uniqueness result is obtained (see e.g. [5]). In our case, the condition
(7) does not ensure strong ellipticity for the system: v could be very small and u very large and
still we could have 4(d; + a12v)(ds +as1u) < (as1u+ ai2v)?. In particular, our stability result
is of weak-weak type. As the proof of Theorem 1 (which is done in Subsection 4.1) is totally
insensitive to the dimension d, it is here stated in full generality. However, the remaining part
of the paper is sensitive to the dimension and will focus on the case d = 1. It deals with the
approximation of the SKT system by stochastic processes.

Before stating our second main result, let us comment briefly Section 3 in which we propose
a first estimates of the gap between the stochastic process defined by (4) and the semi-discrete
system (5) on a fixed interval [0, T']. The methodology at stake in this paragraph, which is quite
rough, allows for asymptotic quadratic closeness between these two objects, provided that, as
N, M — 400, we have the following

N > M*exp(cMT), (8)

where c is some constant which will become more explicit in the next section. Combining this
fact with the compactness result [13, Theorem 8], we obtain convergence (up to a subsequence)

10



of our stochastic process towards a weak solution of the SKT system. These estimates and con-
vergence yield first results which are general in terms of parameters and form of the solution.
However, the limitations of this approach are twofold. First, the scaling condition (8) involves
a superexponential and time dependent number of individuals per site in order to make to be
able to sum local estimates. As we will see, and as we can guess from the form of quadratic
variations, this scaling is too restrictive for convergence. Second, this approach necessitates a
self-diffusion term in the limiting system in order to use the compactness result of [13]. Indeed,
self diffusion term tends to regularize the solution.

We develop then a different approach, based on the discrete translation of Theorem 1. This
alternative method does not rely on [13], so that self-diffusion is not needed in the system. The
convergence result is obtained by means of a quantitative estimate which bounds the expec-
tation of the ||| - ||| -norm of the gap between the stochastic processes and the solution of the
SKT system. In particular, there are no compactness tools used and the entropy of the system
is not needed. Convergence is then guaranteed only with a quadratic number of individuals
per site. This corresponds to the expected scaling for having local control of the stochastic
process by its semi-discrete approximation, since beyond this scaling quadratic variations do
not vanish. The main disadvantage of this new method is that, like for Theorem 1, it needs the
existence of a bounded solution satisfying condition (7).

In order to state the following result, we need to introduce, for any integer M > 1, the
discretization of the flat (one dimensional) torus T

k
Ty = A{x1,29,--+ ,xMm}, withxk:M,forlgkgM. 9)

Given a vector u € RM | classically there exists exactly one continuous piecewise linear func-
tion defined on T for which its value on each point z; of Tjs is given by uy; we denote this
function 7y (u). We adapt the same notation if instead of w one considers a vector valued map
U (which could depend on the event w or the time ¢ for instance), so that m5/(U) becomes a
real-valued map.

This time, to measure the distance between those random functions we use the probabilistic
version of the distance introduced in Subsection 1.2, that is (2).

Theorem 2. LetT' > 0. In the one dimensional case d = 1, assume the existence of a non-negative
solution u, v belonging to L>*(Qr) N L%(0,T; H3(T)) of the system (1), initialized by ug, vg in
LN H3(T) and satisfying the assumption (7). Consider the stochastic processes (UM-N vV M.N)
defined by (4) and assume the existence of Cq such that for all M, N € N,

||UM’N(0)H1,M + HVM’N(O)HLM < Cyp, almost surely. (10)

Then, there exists a sequence (Opr)nr € R§O converging to 0 and a constant D > 0 such that for
any (M, N) € N? satisfying N > M?>D, there holds

2 2
llear UMY = .+ mar (VMEN) = o7, (11)
2

M
S E[HWM(UM’N(O)) —uoFr-1¢py + Ilmar (VN (0)) = vollZp—1(py | + 0ar + N
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where ||| - ||| is defined by (2) and the symbol < and the constant D depend (only) on Cy, T,
di, aij, ||ull Lo (@) 10|l oo (@) While the sequence (6ar) ar depends only on the solution u, v.

Remark 2. If the solution u, v is assumed to be more regular, the convergence of (dp7)ar can be
estimated more accurately. See Remark 6 for more details. Also, L?(0,T; H3(T)) is not optimal
and could be replaced by L?(0,T; H**5(T)) for any s > 1/2.

This immediately implies the following convergence for the ||| - ||| ,-norm.

Corollary 1. Let T' > 0. Under the assumptions of Theorem 2, consider an extraction function
#: N — N such that M? = o(¢(M)). If the initial positions of the individuals are well-prepared
in the sense that

Elmar (UM #0(0)) = ol + s (VD ©0) = wllfyagry | | = 0.

then we have

. 2 2
iy (UMDY — g+ lmar (VD) — o] =0,

where ||| - ||| is defined by (2).

Let’s end up with other perspectives and extensions we have in mind.

We considered in this work periodic boundary conditions since the domain of study is the
flat torus (be it in dimension 1 or more). For Theorem 1, our method of proof relies on fine
energy estimates involving negative Sobolev and quadratic norms. There is no doubt that the
method of proof we introduce can be adapted without much difficulties to boundary condi-
tions that are more frequently used in the population dynamics (as homogeneous Dirichlet
or Neumann for instance). For the description of the stochastic individual based model and
Theorem 2, it amounts to kill the individuals hitting the boundary (for homogenous Dirichlet
boundary condition) or reflecting the motion by authorizing only jumps that remain inside the
domain (in the case of Neumann boundary condition). This would be an interesting extension
of our work. It would lead to additional technical difficulties, but we do not see any major issue
in the application of our method.

The approach we have developped in this work differs from more classical techniques re-
lying on reversibility property or the existence of suitable Lyapunov functional. This point of
view allows to get convergence in a strong sense. This ensures that the number of individu-
als of the stochastic process on a given site is well approximated by the limiting SKT system.
Moreover, we expect that this approach can be extended in several directions and could be use
for more sophisticated models. An extension for which we are rather confident is the general-
ization of our asymptotic analysis to higher dimension. An upper limit is fixed by the avatar
of the Bramble-Hilbert lemma, which is Lemma 2. This latter demands a Sobolev embedding
H?(T?) «— €°(T%), which holds only for d = 1,2,3. On the other hand, keeping in mind
that solutions of the system of PDEs represent a population density in an environment, the
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exploration of such system in dimensions greater than 4 loses some interest. We thus believe
that the analysis that we develop is adaptable to dimensions 2 and 3. However, this seems to
imply a technical cost.

Besides, we believe that birth or death of individuals can be included in our framework. This
is relevant for modeling purposes and would add a reaction term in the limiting system. Orig-
inally the SKT system was introduced because of its ability to produce segregated states. But
these particular equilibria result from the interaction of the cross-diffusion rates and the reac-
tion rates (that we have chosen to neglect here) terms.

Finally, we expect that our proofs can be also extended to more general cross-diffusion terms
or self-diffusion. In a nutshell, we believe that the main lines of our approach should work for
various extensions and could lead to interesting future works.

3 A first approach

The trajectorial representation (4) yields for each coordinate of UMV
1 [ :
UZ.M’N t) = UZ.M’N 0) — —/ / 1 _ un~,_ N'(ds,dp,db
() ( ) N : R+><{7171} pgnl,i (3 ) ( )

1 /t/ -
1 wmun, Lg N ds,dp,do
N Jo Jryx{-1,1} p<my i1 (s7) ( )

+ = 1 un, 1o N'T ds,dp,df). (12)
N Jo Jryxi-11} Py i (57) L ( )

1,i+1

By compensating the Poisson random measure, we obtain the following semimartingale
decomposition (see Definition 4.1 in Chapter 2 in [23])

UMN (1) = AMN (1) + MMV (1), (13)

where AMN = (AM

N . .
;" )i<i<u is a continuous process defined by

t t
AMN ¢y = UMN () + /0 di Ay UM (5)ds + /0 YA (UM’N(S) O] VM’N(S)) ds,

with Ay as defined in (6), and MM = (MiM’N)lgig M is a martingale. More precisely,
forany 1 < i < M, MZM’N is a square integrable martingale whose predictable quadratic
variation is given for ¢ > 0 by

MMNY 4y = M? td o[ MN [M.N MN () q

(M) () = N, 1\ (s) + Uiy (s) + U2y (s))ds (14)

M2 t
+— /0 ar2 (20" ()N (5) + U () VAT () + UMY ()25 (s) ) ds.
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Then, there exists a constant C', which only depends on the diffusion coefficients, such that
M M.N M2 t
DM <0 5 /0 (TN )+ (UMY ()3 + VAN (s)]3) ds. (15)
i=1

We refer to Chapters 1.6 in [23] for the definitions of martingales and to Chapter 2.2 for the
more specific form of martingales appearing here. The analogous decomposition holds for the
coordinates of (V¥ (t));>0, the second species.

Let us give first estimates of the gap between the stochastic process and its approximation
in large population for a fixed number of sites. Let

UMN () = UMN () —aM(t), VEN() = VMN (1) — oM (1),
Proposition 1. We assume that there exists Co > 0 such that almost surely, for any M, N > 1,
TN ) 1ar + IV O 1,01 + (6™ O)llar + 0™ (0)[10r < Co

Then, for anyT' > 0, there exist c1, co > 0 such that forany M, N > 1,

B sup [N O+ s VO,
te[0,T] ’ t€[0,T] ’

M? M3 y
< (B(u O+ IV OI) +a (S + T ) e,

where ¢ and co only depends on the diffusion parameters and the initial bounds.

In particular, this estimate guarantees that the normalized stochastic process converges to
the semi-discrete SKT system when the population size becomes large and the number of sites
is fixed. This constitutes an alternative approach for the rigorous derivation of the SKT system
of [9], starting from discrete space. Both results seem to involve the same scales, with a number
of individuals exponentially large compared to the inverse of the spatial scaling parameter. Our
approach, in where the interaction is restricted to the same site, seems to relax the condition
of small cross-diffusion parameters in [9]. Nevertheless, our main motivation in the rest of the
paper is to go beyond this exponential scale and provide sharper estimates.

Proof of Proposition 1. First, using the fact that the total number of individuals is constant along
time, we observe that under our assumptions

max ([T (0) 1,01, (VY (@) |1,00) = max([UY(0) [z, VY (0)][1,00) < Co, (16)
almost surely for any M, N > 1, and

max(||u (t) 107, [lo™ (#)]l1,3r) = max(|[u (0) |10z, [0™ (0)][1,01) < Co,  (17)
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for any M > 1. Combining (13) and (5), we notice that the process UMV (t) = UMV (t) —
uM (t) has finite variations and satisfies

UM (1) = UMN(0) + / t dy Ap UM (5) ds
0
+ /t algAM(UM’N(S) O VMN) —uM(s) e 'UM(S)) ds + MMV (1),
0

Consider now the square of its coordinates

(3 (3

t
UM N ()2 =uM N (0)? + / 20U (s7) AN (s) + RN (1),
0
fori=1,..., M, where

= {0 N 2@ ) - )

7
0<s<t

Putting the two last expressions together yields

7

U (1) = U (0)° + 2dy / UM (5) (Aatd M (), ds
0
+ 2a12 / UMY (5) (A (UMY (5) © VMV (5) — u (5) © 0™ (5))), ds
+ 2/tuMN( dMMN (5) + RN ().
0

Given u € R let us introduce the discrete gradient vector Vi,u = (M (uir1 — u;))1<i<m
(recalling the periodic convention). Summing over all the sites i € {1,..., M} and using
discrete integration by parts in the second and third terms of the right hand side yields

e o)) = [ o)) - 241 [ 56 )

— 2a12 / Z (Vi UM (s ))z(vL (UM’N(S) O VM) —uM(s)o UM(S)))z' ds

+22/ UM () AMIMN (5) 4 |RMN (1))

Dropping the second term which is negative, taking absolute value in the third term and using
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2|ab| < |a|? + |b|? ensures that
t
U O} < o )+ asa [ 95U s
0
t
+ a12/ HV}\"/[(UM’N(S) ® VM’N(S) — uM(s) ® ’vM(s)) H; ds
0

M
223 [N am N s+ B )

Moreover

Y= 3 (U U 6)) = (5) X v

0<s<t 0<s<t ‘

since the jumps on/{iM’N and UiM’N coincide and are of size 1/N. Then HRM’N(t)H1 is given
by the number of jumps before time ¢

E (|RMN@)],) = 2N 2E#{t > 0: UMY (s) £ UMY (s7)}).

uM,N

Moreover, the total jump rate in the scaled process , when the number of individuals of

each species in site 7 is equal to (u;, v;), is
% v ol
; 1
202 Z:;u (d1 + auNZ) < 20M2||ul|; (d1 + auT) < COMBN(1+ M),
where C() = 2(dy + a12)Cp, by (16). Then we get

M3
E (RN @)[],) < 2Cot (1 + M).
Lets us now deal with the third and fourth terms. We notice that

2
(V3N ()] =02 (U (5) = U™ () < 208 (U ()2 + N (5)?)

Similarly, using also |ab — cd| < |a — ¢|b + ¢|b — d| to deal with the difference of products of
positive terms and recalling (16) and (17), we get

(VTN (5) 0 VMV (s) —u(s) © vM<s>>>?
< 402 (| ) VAL ()2 4 ™ )1 VM (5)?
+ VAN )[R ()7 + VAV )R UMY (5)?)
< 400M4(VZ+1 (s)2 + VM () + U (3)2+UM’N(S)2).

)
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Gathering these bounds, taking supremum and then expectation gives us

B sup [ (03 )

s€[0,t]

E(LN (0)[2) + dars M2 /0 BN (s)2) ds
T 8C3ay M ( [ B R s+ [ Bt o) ds>

M
s ﬂ43
+2ZE<sup / uM’N(r)dM?d’N(r)>+2C()TW(1+M),
1

i
i s€[0,t] JO

for some constant C{). For the martingale part, we use Cauchy-Schwarz and Burkholder-Davis-
Gundy inequalities which together with (14) and (16) yield

E( sup [0 dM%Nm)Q

s€[0,t]

§E<sup /UiM’N(T)deV[’N(r)

s€[0,t] 2>
< [y aa™)m)

= 2MWQE<HUM’N(O)H1<CZ1 + a2 HVM’N(O)HI) /Otblij\/[’N(s)2 ds)

< c (1 + M) /OtIE(Z,{ZMvN(S)2> ds,

for some constant C{j. Using that \/z < 1 4 x for all z > 0, we obtain

E<S§[10%] /OSU%’N(r)dMy’N(rO 20'/?/@( /tIE<uf‘4’N(s)2)ds>.

Putting everything together and using again (16) yields
A44
N
4 1" M2 t M,N 2
+ | 8Coa1aM*™ + 24/2C] sup || UM (r)]3 ) ds
VF_ r€(0,s]
4 8ComaM’ / B sup V01 as

r€(0,s]

E(sup [N (s >\|2><E(uuMN< I2) + 2y/20p 2 +206T
s€[0,t]

In a similar way we can obtain analogous bounds for V" Adding the two inequalities and
then applying Gronwall’s lemma leads us to the desired conclusion. O
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To go beyond the previous estimates, we will rely on a stability property for the SKT system
that we will prove in the next section. This will allow us to compare the terms involved in the
stochastic process to those of the targeted SKT system so that the former will appear as a stable
perturbation of the latter.

4 Duality estimates

4.1 The continuous setting

The duality lemma is a tool first introduced by Martin, Pierre and Schmitt [29, 32], in the
context of reaction-diffusion systems. We propose below a small generalization of the duality
lemma, which was suggested in [30, Remark 7]. As a matter of fact, we will not directly use
the duality lemma presented in this paragraph, but rather translate it in a discrete setting (see
Subsection 4.4 below).

Lemma 1. Consider i € L*®(Qr) such that o := infgo, pu > 0, 20 € H 1(T9) and f €
L?(Q7). Then, there exists a unique z € L*(Qr) that solves weakly the Kolmogorov equation

Oz — A(pz) = Af, (18)
2(0,-) = zp.

Furthermore, this solution z belongs to €' ([0, T]; H~'(T%)) and satisfies the duality estimate

T g + [ 12 < ol + o [ we s [ 20 )
Qr Qr @ JQr

Remark 3. This duality estimate is stronger than the one stated in [30]: it contains a (singular)
source term and allows a uniform-in-time control of the H~(T¢) norm. The proof that we follow
via negative Sobolev energy estimate was used in [27, Lemma 22] in a different context, but only at
the formal level (in a smooth setting). Here we include a singular r.h.s. and give a well-posedness
result in this rather non-smooth setting to justify all the computations.

Proof. The proof of existence and uniqueness is exactly the same as [30, Theorem 3]: following
the naming of this article, z is the unique dual solution of (18). For this z, the regularity
€([0,T]; H~(T9)) is obtained classically. We can thus focus here on the duality estimate
which needs to be proven only in the case when every function involved in (19) is smooth, in
the sense that they are ¥°°°. For any ¢ € [0, 7] there exists a unique ¢(¢) of vanishing mean
such that —A¢(t) = z(t) — [2(t)]pa. Besides, by integrating the Kolmogorov equation we get

d
L el =0,
so that [2(t)]pa = [20]pa and —0;A¢ = 0, z. In particular, we have by integration by parts

1d

» P(t) Op2(t) = 21 Jra V(L)
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Therefore, multiplying equation (18) by ¢ and using integration by parts
1d 9
537 [ IVeWIT+ [ pz(z = [z0lpa) = = | (2 = [z0]7a) -
2 dt Td Td Td

Integrating in time and using Young’s inequality for the right hand side, we get

1 1
3 [LvoDE s [ s [ el [ 900)F

g , 1P
+ 3 (Z_ [ZO]']Td) ,U,—i-— —
2 T 2 Qr H

and thus, using ¢ > o > 0,

2 2 2 2 1 2
Lo [ n< [ 1960R + ko [ weg [

Noticing that [|2(¢)[| g1 ey = [[2(£) = [z0]ma || -2 (rey = [V S(2)
side of the inequality to get the full H—'(T¢) norms, the proof is over. O

2, once we add [zg]pa to each

In Subsection 4.4, we will give (in the discrete setting) variants of the previous duality
lemma which include in the r.h.s. some error term, which is possibly singular in the time
variable. Being able to take into account those error terms will be crucial in the final asymptotic
limit studied in Section 5. However, already in its current form, the previous duality lemma is
a valuable piece of information. We highlight this with an application of this lemma: the proof
of Theorem 1, which applies to the conservative SKT system (1) that we consider here with
(uo,vo) as initial data. We recall the definition of the affine functions p;(z) = d; + a;jz for
1,7 = 1,2, so that (1) rewrites

{&:u — Al (v)u) =
Orv — Aug(u)v) =

In particular, we recover the framework of Lemma 1, as soon as v and u are bounded and
non-negative.

Proof of Theorem 1. Let’s introduce z := u — v and w := v — v, so that, by subtraction
Oz — A (3)2) = Af,
Oyw — Apz(Ww) = Ag,

where f = a19u(v — v) and g := ag;v(u — u). Since u and v are bounded and non-negative,
we recover the structure of Lemma 1 and we get

2
V2. d 2 2 2 / — ajo 2 / 2
1Ty + /Q 2 < Weolls ooy +leolha | @+ e | o

T

_. a3
T R R M T Co R L M
Q Qr 2 Q

T T
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since infg,. p1; > di, | f| < arz|w| [|U]| Lo (q,) and |g] < a21|2][[V]| fec(@,)- By combining the
two inequalities we infer

L R e o o T

Qr T

2
a12 2 2 2 -
el gy (ol ey + ol | o)

2
a1202] 2 2 2

d (e} [e%s} .
+ 1( d1d2> [ull (QT)HUHL (QT)/Q z

T

In particular, if we want to absorb the last term of the r.h.s. in the Lh.s. the inequality that we
need is exactly the smallness condition (7). If the later is satisfied, and if we allow the symbol
< to depend on d;, a;j, ||ul| o (g,) and ||v]| Lo (@), We have established

I con + [ 25 allos + ol o

T

el [ @+ o [ ).

T
Since the previous computation is still valid replacing 7" by any ¢ € [0, 7], we have in fact
2 _ _
N 5 Vool + ol + ol | )+ ool | ).
T T

Exchanging the roles (z,u,7,u,v) < (w,7,u,v,u), the previous right hand side remains
unchanged: we have exactly the same estimate for |||w]||3. on the left hand side. The proof is

over once we notice that fQT p1(T) =T [ra p1(To) and fQT p2(@) =T [pa pi2(To), since the
space integrals of u and v are conserved through time. O

4.2 Reconstruction operators

We now transfer the previous estimates into a discrete setting. We will have to manipulate
several norms on RM, reminiscent of classical function spaces of the continuous variable. As
the number of points M of the discretization will be sent to infinity, it will be crucial to have
estimates which do not depend on this parameter. In particular, the following notion of uniform
equivalence will be relevant.

Definition 1. Given norms Py yr and P ps on RM | we say that Py yr and P pr are uniformly
equivalent if there exists o, 3 > 0 such that

VM eN, VuecRM aPy(u) < Poy(u) <SP ().
If this is satisfied, we write Py py ~ P pr.

Given a discretization like (9), we will use two interpolation methods to build a function
defined on the whole torus T.
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Definition 2. Foru € R, the function defined for x € T by

M
op(u)(x) = Z 11,0 (M(z — 21)) ug,
k=1

is a step function and the function

M
v (u)(x) == ZG (M(x — x)) ug, where 0(z) == (1 — |2])7,
k=1

is a piecewise linear function. The corresponding vector space of functions (step and continuous
piecewise linear functions respectively) are denoted

sy = {onm(u) s u e RM1 and py = {mp(u):ue RM}.
Ift — u(t) is a map from [0, T] to RM, we simply denote by ops(u) and mpr(w) the respective
maps from [0, T to sy and pyy respectively.

Proposition 2. Foru € RM we have |[ullsc = [loar(w)l|poo(ry = [[mas(w)]| oo (r) and for
1 < p < oo we have ||[ullpar = [|onr (W)l ze(ry > l7ar(w)|| Lo (T). Furthermore, the equivalence
loar()lzeery ~ lmas(-)|| Lo(ry holds on the positive cone RY!.

Proof. The equalities are obvious. For the inequality and the uniform equivalence, we refer to
[13, Lemma 11].

O

We end this paragraph with an estimate that belongs to the folklore of the finite element
method and omit the proof. It is usually proved using the Bramble-Hilbert lemma, but since
here we focus on the one dimensional case, it is also possible to give a direct, elementary proof
(see for instance [2, Lemma 6.2.10]).

Lemma 2. Forp € H%(T) and M € N* there exists a unique tp; () € pas matching the values
of ¢ on the grid (xy)1<k<n. It satisfies

e = ene ()l -1 (my S Mﬁ?H@HIp(T)’
ng — LM(SO)HLQ(T) S MﬁQH@HH%T)’
o = ene ()l gy S Mﬁl”‘PHHQ(T)’

where the symbol < means that the inequality holds up to a constant independent of p and M.

4.3 A discrete negative Sobolev norm

We introduce in this paragraph a norm on RM analogous to the H~!(T%) norm for functions.
We summarize first the main (standard) properties of the laplacian matrix Aj; introduced in
(6) in the following proposition (for a proof see for instance [35]) .
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Proposition 3. Recalling the definition (6), the spectrum of the matrix —A s is given by
k
{4M2sin2<%> 0<k<M-— 1} CR,.

We have thus —Ay € SL (R) and this matrix admits therefore a unique symmetric non-negative
square root. One has furthermore Ker(A ;) = Spang(1as) and —Ajs enjoys a uniform (in M)
spectral gap : all non-zero eigenvalues of —A s are lower-bounded by 16, independently of the
dimension M.

Using this, we fix the following notations.

Definition 3. Foru € Ran(Ajs) the unique ® € Ran(Ajy) such that u = AP is denoted
(with a small abuse of notation) & = A]Tju. The square root of the non-negative matrix — Ay

is denoted \/— A\ ;.

The uniform spectral gap for the discrete laplacian (see Proposition 3) implies in particular
the following estimate for any ® € RM

@ — [®@]arll2nr < | An P20 (20)

On the torus, the Poincaré-Wirtinger inequality implies the estimate || o— @] z2(m) S [|A¢l|r2(T),
from which the previous inequality is somehow reminiscent.

A standard computation when dealing with the Lagrange finite element methods in dimen-
sion 1 shows that, up to a factor 1/M, the stiffness matrix is precisely given by —A 5 whereas
the mass matrix is given by (see Section 6.2.1 and Exercise 7.4.1 in [2])

2 1 1
2 1 1
P8 0
6 3 6
Bu=|: ~ . 1] (21)
0 12 1
6§ g
1
5 0 § 3

More precisely, recalling that i, pr(x) == @(M(x — x1)) where p(z) := (1 — |z|)", we have

1
(—Am)k,; = M/ Vorm - Vi, (BMm)kj = M/Spk,MSDj,M,
T T

forany 1 < k,j < M. Since pyy is the vector space spanned by the functions (g ar)1<k<M,
expanding elements of this space on that basis we recover the following standard result.

Proposition 4. Forw € R™ we have
—(w|Ayw)y = / Vs (w) ()2 da, 22)
T

where we recall that (-|-)p denotes the rescaled inner product on RM (see Subsection 1.2). Fur-
thermore, for any u € RM we have

Byu=—Ayw <= Vi € PM,/Tw(w) T (u) () de = /TW/J(OC)'VWM(w)(ﬂU) dz. (23)
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Recalling & = u—[u] s 1)s and Definition 3, we infer from Proposition 3 that —(@|A /@)y >
0. This enables us to introduce the following norm || - ||~ a7, which is a discrete counterpart
of the H~!(T) norm.

Definition 4. Foru € R™, we define

lull-1ar =/~ @A @) + [uld;.

This is a hilbertian norm on RM | whose associated inner-product is given by the following formula,
foru,v € RM:

(ulv) 1,7 = (@A )ar + [ulnr[v]ar-
Proposition 5. We have the uniform equivalence:
Mlmar (=2 my + e Ollz2ery ~ M- - + lwar (Dl pzeny.- (24)
Moreover for any u € RM,
lull-1, < flull2ar (25)
Proof. We first observe the uniform equivalences

lmar (@)l 2y ~ llmas (@)l L2 (ry + [[w]al,
lmar (@)l -1y ~ Imar (@)l g-1.r) + [l
lwll—1,ar ~ llwll -1, + [[ula].
Without loss of generality we can therefore establish the uniform equivalence (24) under the
assumption [u]ys = 0.

We have HuH%lM = —(u|Ay u)pr = —(Ay®, @)y where & == —A,/u. Thanks to
Proposition 4 we have therefore

Jall2 1 s = 9700 () 22, (26)
The matrix Bjs defined by (21) satisfies 6 By; = M~2A,; + 61y, so it commutes with Ajy.
In particular, the equation u = —A ;P is strictly equivalent to
BM’U, = —AMw,

where w := B);®. We obtain from Proposition 4 that this last equation is equivalent to

Y € pur, /1r¢(x) v (u)(z) de = /TVQ,Z)(:U) - Vry(w)(z) de.

Since we assumed [u]ys = 0, we have also [7a/(u)]r = 0 and we can therefore solve — Ay =
7ar (w), for a unique ¢y, € H?(T). We have then, by integration by parts,

Vi € par, /Tw(x) v (u)(z)dr = /va(x) -V (z)de.
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In particular, we have established

Y € pu, /TVQ,Z)(:U) (Vry(w)(z) — Vo (z))de =0,

and this equality holds in particular for 1) = 75 (w). We deduce that for each ¢ € pys
[ 197 w)(a) = Vi) d
= /T(VWM(w)(:v) — Veou(z) + Vi(z) = Vry(w)(x)) - (Vra(w)(z) — Vur(z)) de

= [(V0@) = Veus(@) - (Vmas(w)(w) = Vepas(a)
and we get by the Cauchy-Schwarz inequality
[Vay(w) = Voullpzr < inf [V = Vo r2em).
YeEPM

Taking ¥ = 1)/ () and using successively ||V f|12(r) = 27THfHH1(1r) for f = p(p) —omr €
H'(T) and the third estimate of Lemma 2, we get

1
Vs (w) = Veourlzry S Ve (@) = Voullzzm S llaar(9) = enmllgneny S g7llenll g
Recalling that —Agr = w7 (uw) we have HWM(U)HH—I(T) = Vel p2(ry and HQDMHFP(T) =

[Aenllr2ery = l[mar(w)llp2(ry. All in all, using the reversed triangular inequality we have
established

1
IV (w)ll 2y = 1w (W)l gr-1(my| S 37 llmar (@)l 22 m).-

To conclude, due to (26), it is thus sufficient to prove that |V mas (w) || L2(r) ~ [[V7ar (@) 22 (1)
where we recall w = B);®. This last equality implies in particular

2 1 1
7TM(’w) = §7TM((I)) + ETﬁﬂ-M(q)) + ET*ﬁﬂ-M((I))’

where we recall the translation operator 7, defined by 7, f () = f(x + a). We have therefore
2 1 1
Vru(w) = §V7TM(<I>) + ETA_l/IVﬂ'M((I)) + ET_%VTI'M(@). (27)

Both V7 (w) and V7p(®) belong to s5/(T) i.e. are respectively equal to some functions
or(X) and o/ (7), for some A, v € RM.

A classical computation shows (see [2, Exercise 7.4.1] for instance) that the spectrum of
By lies within [1/3,1]. In particular, the spectral radius of both Bjs and B};' are bounded
independently of M. The identity (27) shows that A = Bj;~ and we have just controlled the
euclidean subordinate norms of By and B};': we have ||v|j2,r ~ ||Bary||2.0, and therefore
[V (W) r2ery ~ [IVTar(®)| £2(r), thanks to Proposition 2, concluding the proof of (24).

Let us turn to the proof of (25). Using (20), | A}/ @2, < ||]|2,1 and Cauchy-Schwarz
inequality entails that — (@A, )y < ||w||2 ;. By Pythagore’s identity, we obtain (25), since
w =+ [u]y1p and || [u]a Lull3 5 = [uff,- m
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Proposition 6. Forw € €*([0, T]; Ran(Ay)), we have

~(Aww () = 5 SOl

Proof. Ifv(t) == —A; w(t), we have Aprv(t) = —w(t) and therefore Ayv'(t) = —w'(2),
with still [v/ ()]s = 0. We then have v/(t) = — A,/ w'(t). We infer, by symmetry of /= Ay,

—(Ayw®)w' () = —(v()| Ay (1)),

4.4 The discrete duality lemma

We are now all set to state and prove two discrete duality lemmas. They are counterparts of
Lemma 1 in a semi-discrete setting and they are to be applied to an ODE. At the same time,
they generalize Lemma 1 since they include an additionnal source term. We first consider the
case when this source term is regular (Lemma 3) and then the case when it isn’t (Lemma 4).
The second case amounts to consider an ODE with several Dirac masses in the right hand side.
Being able to handle this singular setting will be of crucial importance in order to use these
results for stochastic jump processes (see Proposition 8 below).

Lemma 3. Consider p € €([0,T]; RY)) so that each component is uniformly (w.r.t. to time and
index) lower bounded by a positive constant o > 0. Consider f,r € € ([0, T]; RM). There exists
a unique function z € €1([0, T); RM) solving, for some fixed zg € RM,

2(t) = Dar [2(0) © plt) + F(1)] + (1),

This function satisfies furthermore

sup [|z(6)[121,u +/ on(z © u?)(s,x)? ds dz
t€[0,T] Qr

T
<ol + [ Rl ds
+l/TmAﬂ@aﬁdmu+2A?4@v@»4Md&<%>

«

where the Hadamard product © and the square-root pu'/? are defined in Subsection 1.2.
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Proof. Existence and uniqueness of z are straightforward, the ODE being linear with continu-
ous coefficients. To get the estimate we first notice

[z = [r(®)]a, (29)

Now, taking the inner-product of the ODE with the vector AK; z(t), we get, using the symme-
try of Ay and the fact A3} Z(t) € Spang(1,/)* (see Subsection 4.3),

—(ayz0E®) +(Eolzmonn) =-(20[f0) - (Z0]ayF0)

We use Proposition 6 to identify the first term of the Lh.s. and get

M

1d

STIEOIZ + (0l o nm)  =-(Z0[F0) ~ (Z0[a570) - 60

Using Cauchy-Schwarz’s inequality and that the entries of pu(t) are all lower-bounded by a > 0
we have the following inequality, for any vector g € RM (using the inequality 2ab < a? + b?)

Z(t)|g =HE(t)IIz,Mllgllz,Mé1 Z(t)|z(t) © p(t) +ngH§,M-
M 2 M 2«

Using this estimate in (30) with g := f(¢) and the definition z(t) == z(t) — [z(¢)] s We get

%% < [z(t)]M[z(t)Qu(t)]M—F%(E(t)‘g(t)QM(t))

+ o 7O B~ (30)|8570)

IZWI 0+ (20 2 o))

M M

o
Using once more the definition z(t) := z(t) — [2(¢)]ass we get eventually

d) e 1 2 2 S(OIA-LF
SIZOIZ 0+ (20|20 © pt)) < <IFOIB .+ ORIl —2(Z0|a570) .
Now, note on one hand that z(¢) L 1, for the (:|-)_1 ps inner-product and on the other hand,
because of (29),

%%[z(t)]?w = [2(O)]m[r®)]ar-

Adding this last quantity to both sides of the estimate and integrating in time, we recover (28),
since for any vector u € RM, |Jull,nr = [loas(w)|r2(r). O

For the next lemma, we introduce 0 < ¢y < t; < --- < t,, < T some (fixed) jump
times and the intervals Ij, :=|tg,tp41[. We fix also a function = : [0,7] — RM which is
cadlag (continuous right and limited left) and %! inside each of the intervals I; and has jump
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discontinuities ay, := x(t;) —x(t, ) at each ¢;. Note that such a function  can be decomposed
as ® = xr + x; where zg € €1([0,T];RM) is the regular part and @ ; is the jump part,
explicitely given by

m
ZBJ(t) = Z akltztk .
k=1

Lemma 4. Consider p € €([0,T]; RY)) so that each component is uniformly (w.r.t. to time and
index) lower bounded by a positive constant o > 0. Consider f € €([0,T);RM) and x a cadlag
piecewise €' function just as above, vanishing at 0. There exists a unique piecewise € function
2 with walues in RM solving, for some fixed zy € RM,

z(t) = z0 + /Ot Ay {z(s) O p(s) + f(s)] ds + x(1).

This function satisfies furthermore, for anyt € [0,T],

12 ()12 10t + / oar(z ® @/2)(s,2)? ds da

t

1
< ||Z0H2—1,M + E/

3 JanlP o +2 3 (20 lar) 1ar +2 /O (2(5) 2y (s))—1ar ds.  (31)

<t t, <t

orr(F)(s,2)? ds da + /0 [2(8) 2 [a(s)]ar dis

t

Remark 4. Note that the two last terms of the r.h.s. in (31) are of the same "nature" in the
sense that replacing xr by x j in the integral, one formally recovers the corresponding discrete
summation.

Remark 5. Note also that [z(1)]3, < [|20l13 37 + l2(2)]13 5

Proof. Given zy,  and f, the uniqueness of such a function z is straightforward because
taking the difference of two hypothetical solutions, one gets a linear homogeneous differential
equation with continuous coefficients and 0 as initial data. For the existence, we first note that
if x ;7 = 0 the equations rewrites (after differentiation) as a simple linear ODE with continuous
coefficients. Then, the equation being linear, we only need to treat the case when zp = f =
xr = 0 and m = 1 for which a solution is explicitely given by z(t) = z11;>¢,, where 2 is
the (unique) solution in the case when = f = 0 and zy = a;. Using Lemma 3 we claim, for
0 < k < m — 1, that the function z satisfies

t
el 2O+ [ [ outzont?) 02 dsds
tp JT
t

< )P + / (=) B a3 ds

tg

+é/t:/TUM(f)(s,x)zdsdx—FQ/t:(z(s)|x93(s))1,Md5.
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In particular, if & > 1, we have in particular at t = ¢,

l=(t0) 2 1M+/'“ /oM (20 uV/2)(s,2)2 ds da

th—1

< latte-D)Paar+ [ ERrla(s)l s

th—1

173
/ /O‘M (s,x) dsdx—|—2/ (2(s)|ZR(s)) -1, ds.
th_1 te—1

Adding all these estimates down to k = 1 we recover
t
vl 1=+ [ [ otz u) s dsda
2 2 ¢ 2
< Jlzo 2 1M+Z(||z M21ar = 1206 12000) + /0 [2(5) ()]s s

+E/0 /Ta]\/[(j")(s,gc)2 dsdx—i—Z/Ot(z(s)]m'R(s))_LMds.

At this point it is important to note that the jumps of z are exactly the ones of x, so that

2(t;) = a; + 2(t7). 2(t)1 210 — 121200 = 2(2(8)|ag) -1 + [lag]|2y  and
the proofiis over. [J

5 Quantitative estimates and proof of Theorem 2

For a function f defined on [0, 7] x T, recalling the definition (9) of the discretized torus Ty,
we denote by f [0,T] — RM the function whose value at time ¢ is the list of values of f at
the points xp, € Ty, for 1 < k < M. We have then the following proposition.

Proposition 7. Letu, v be two elements of L?(0,T; H3(T)), solution of the system (1). We have

M (t) = Ay [dia™ (t) + arpa™ (t) © M (1)] + M (1),
oM (t) = Ay [dio™ () + an M (t) © aM ()] + sM(t),

where the error terms v sM : (0,T) — RM satisfy

(™ loc)as and (Is¥ loc)as  —> 0, in L}(0,7). (52)

Proof. For a smooth function f defined on T we have, by Taylor expansion, for any h # 0

Thf +7_nf —2f

2 = " + Op_s0(h?).
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A short computation shows that the operator h~2 (7, 47_j — 2Id) coincides with D_;,D;, where
Dy, is the difference quotient operator defined Subsection 6.2 of the Appendix. In particular,

using Proposition 11, we infer the following weakened equality if f is only assumed to belong
to H3(T)

Thf + 7 nf —2f

h2 = f//+oh—>0(1),

where the topology is still uniform but the rate of convergence is not a priori controlled. Still
thanks to Proposition 11, in the previous equality f can be replaced by the product of any pair
of H3(T) functions. In particular here, using this remark on u, v and uv, we infer

Oyu = MZ(Tl/M +7_1/n — 21d) [dlu + a12uv] + M,
Oy = MQ(Tl/M +7_1/m — 21d) [dgv + agluv] + M,

where the error terms satisfy

(rar)a and (sp)yr  — 0, in LY (0, T; L™(T)), (33)
M—+oco

from which one deduces directly (32). O

On the other hand, we recall (see (13)) that our stochastic process satisfies

t
UMN (1) = UMN(0) + / At (UMY (5) 4+ a1 UMV (5) © VIV (5) ) ds + MMV (1),
0

VN () = VIEN(0) + / A (VN (5) + an UMV (5) © VIV (5) ) ds + NN (),
0

where MM is square integrable martingale whose quadratic variation is given by (14) and
NMN satisfies similar properties. By symmetry, we can focus on the first species UV . For
compactness of notation, we introduce a new Poisson random measure N and its associated
Poisson point process {(T,Yx) : k > 1} on Ry x Ej. It consists in collecting the Poisson
random measures A/ on the different sites and the intensity of the new Poisson point process is
ds®vyr(dy), where By = Ry x{—1,1}x{1,..., M}, va(dp,dd, di) = dp®5(d0)@mnpr(di),
and nar(di) = 3 ;< ;<) 0; is the counting measure on the sites {1,..., M}. The martingale
MMN can now be written as

t
MU () = S UM, VN G0, Yo, — [ (UM (5), VI (),
E>1 0
where H yields the jumps and ¢ the compensation

€10 — €
)

H(u?v’p? 9? Z) = 1P§2M2Nuz (d1+a12vi) N

d(u,v) = Ay (dlu + appu © ’U).
(34)
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Denoting
t
ZMN ) =aM @) - UMM @e), XMN@) = / rM(s)ds — MMV (1),
0
we have yet another system satisfied by these quantities

ZMN () = ZMN(0) + / A (2 (s) @ AMN(s) + FMN(s)) ds + XMV (1), (35)
0

where
AMN@Y = di1y + ap VN (1), (36)
WMN (@) =M (1) - v (@), (37)
FM’N(t) = algﬁM ®© WM’N(t). (38)

Let us provide a useful estimate, which allows to control the maritngale terms.

Lemma 5. ForanyT > 0,

E( sup IMMV@)2, 0+ sup INMN@)2, )
te[0,T] t€[0,7)
M2 M.Nn2 M2 M.N 2 M2
< N2Vl s+ S WV i+ T

Proof of Lemma 5. Without loss of generality we can focus on M™Y. Doob inequality for
square integrable martingales (see Corollary 6.2 in Chapter 1.6 in [23]) ensures

E( sup [IMMN@) ) S E((MMN)T)a)

te[0,7

Owing to (25), it is sufficient to bound the r.h.s. of the previous inequality. For this purpose,
we use (15) and get

M
E ([(MYN)(T)]) = 22 D E(MIY)2 )
=1

1 M2 T
Sarw ), BT N6+ 10N 6+ 1V () ) ds

Moreover, (s)|l1 = JUMN(0)|]; as. and we recall that UM-N (t) = aM (t) — ZM-N (¢)
and VMN (1) = oM (t) — WM N () for any s > 0. Adding that boundedness assumption on
the solution of the SKT system and (10) (which guarantees (16)) ensure that

M2

M2
)

T —
v

UM ()0 + 22 / o (@) + 04 (5M)? = TO(
T
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Finally, we obtain

E (M) (T)]ar)

M (T 2

—/ E(| 2N ()15 + WY (5)[3) ds + T

]\42 2
N N E (JM(ZM’N)(SaSU)Q + O'M(WM’N)(S,CC)Q) dsdx +TW,

where we recall that HUH% = MHuH%M = MHUM(uH%Q([O 7))- 1t ends the proof recalling
definition (39). O

We can now apply the discrete duality lemma obtained in the previous section to control
the gap Z"N. This is the core of the next result and yields Theorem 2. Given a process
Z: Q2 x[0,T] — RM defined on a probability space (2, F,P), we consider the discrete analog
of the norm ||| - ||| - introduced in (2), that is:

1/2
121l pr = < sup E (| Z(0)] 1 1) +E(\|0M<z>||iz(QT>)> . (39)

t€[0,T]

Proposition 8. Let u,v be a bounded L?(0,T; H3(T)) non-negative solution of the system (1)
satisfying (7). There exists constant C,D > 0 depending only on the diffusion parameters and
[ul| oo (@) V]| oo (@) Such that for any (M, N) € N? satisfying N > M?D, there holds
M,N 2 M,N 2 M?
122 g+ Wy < C(B(Araw () 4 T +03), (40

where || - |ll7 s is defined by (39), (0nr)mr — 0 and

Az (0) = |ZYN(0) 12 p + TIZMN (0)3, (AN (0)]ar
+ W O)]2 4y + TWHN ()13, T (0)]ar. (41)
Remark 6. The sequence §y is directly linked to the error terms ™ and s introduced in
Proposition 7. From the proof of this very proposition, it is therefore clear that assuming more

regularity for u,v, one can give an explicit rate of convergence for dy;. For instance if u,v is
assumed L?(0,T; €*(T)) one could take p; = O(1/M?).

Proof of Proposition 8. We apply Lemma 4 with z :== ZM-N andx = 5 + z; = XMV and

f = FMN and p .= AMN recalling the definitions (36) — (38). More explicitely, recalling
(34), we have here

m(t):/t ds+/ UM (), VN (5))ds,

= HUMN (1), VIN(T), Vi) Lz,
k>1
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where we recall that {(T%,Y%) : £ > 0} is a Poisson point process on R, x E); with inten-
sity ds ® var(dy). Besides, using that ¢ +— [AMN(¢)]5; and t +— [ZMN(t)])s are constant
functions, we observe

t
| E el s = T2V O (A O
We obtain from Lemma 4 that for any ¢ < T that

1ZVN ()24 0 + / orr (ZMN @ (AMN)2) (5, 2)? dsda

t

1
< HZM’N(O)HZ—LM + d_1/Q on (FMY) (s, 2)* dsdx
t

t
- T[ZMN (0)3, [AMN ()]s + 2 / (ZMN (s) [ M (5))_ 0y ds
0
+RMN (1), (42)
where RN (t) is given by

RMN () = Y [HOUMN(T), VT, V) 12
Tp<t

—2 > (ZM"N(T) |HUMN(T), VIEN(T),9)) - m
Tp<t

=7 (2N () | SO (), VN () s ds. (43)

Some cancellations will happen for the error term RV (¢) when taking the expectation,
thanks to the martingale structure. For the moment we keep it as it and focus on the other
terms. Besides, recalling (25), we have |lul|-1x < |Jull2, < ||ul|s and Cauchy Schwarz
inequality entails for any s > 0,

(ZMN () [ 7Y (5))-1,0] < NZYN ()] =1l (5) oo
We plug this estimate in (42). We also use that AZM’N > d; and that

loar (FY M) (s,2)| < aralull poe @ lon (W) (s, 7)),
as 1 takes the values of v in the grid. We obtain

1ZMN @I 40+ da / ot (ZMN) (s, 2)* dsda

Qt

<N ZMN )12 0 + TIZMN (0)]3, (AN (0)]ar

(ar2llull Lo (@r))?
+
dq

/ o (WMNY (s, 2)? dsdz

t

t
1 / 1ZMN (8) a7 (5) oo ds + RMV (1),
0
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As the roles of ZM:N and WMV are symmetric in the previous inequality, we have a similar
estimate for W' Thus, by setting

FM’N(t) =dy + aglUM’N(t),

and defining SMN(t) as RMN(t) (exchanging UMV and VMV and replacing Z*V by
WM:N in (43)) we get

HWM’N(t)HzLM—i-dQ/ UM(WM’N)(s,x)2 dsdx

t

< W 0)]12 4 + TW A (0)3, [T (0)] s

(az1[|v]| oo (@q))?
_|_
da

/ o (ZMN) (s, )% dsda
t

t
2 WY () s () s + S 1),
0

ZM,N

Plugging now this inequality in the estimate for gives us

1ZMN )2 0+ dy / orr(ZMN) (5, 2)? dsda

t

2
o (1 @)
dids

1 oo oo 2
n (a12a21||u”L (QT)HUHL (QT)> / O_M(ZM,N)(S’x)Qdex
t

dy do

(a12HUHL°°(QT))2 ! M,N M M,N
B (2 [N @)l a8 ()l ds + SN ()

t
2 129 () arr ¥ (5) e ds + RIS 1),
0
By using our bound (7) on [|u|| poc () [|V[| Lo (@), We can absorb the term of the third line in the

Lh.s. of the inequality. Thus, letting < to depend on these (deterministic and fixed) parameters
this yields

1ZMN @I 40+ da / ot (ZMN) (s, 2)* dsda
< Ar v (0) + RMN (1) + SMN (1)
t
4 /0 12V () [ (3) oo s
t
T /0 WA (5) | _yar 8™ () oo s, (44)

where A7 s v, (0) is defined in (41). As before, the rh.s. of (44) is invariant exchanging Z M,N
and WM:N 5o that the same estimate holds for WY in the Lh.s. (with dy instead of d;).
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We will now sum both inequalities and take expectation. For the sake of clarity, we therefore
introduce

() == E(I1ZMV (021 00) +E(IW N O 00)

E(/ aM(szN)Q) +E</ UM(WM’N)Z),

t t

0(t) :

and we thus infer
D(t) +0(t) S E(Aran(0) +E(RYN(2) + MY (1))
+ [ B2 Gl I 6 s

t
+ BN @) ) 87 (5) s )

Now, on one hand, thanks to Cauchy-Schwarz inequality we have

E(I 2" ()]l -101) < E(IZY ()2 000))"

and a similar majoration replacing ZM-N by WMV 5o that
(12N ()10 ) + E(IWMN ()] -100 ) S v(s)/2.

On the other hand, going back to the definition (43) of RM+, one checks that the two last
terms on the right hand side form a martingale starting from 0. Then taking expectation in
(43), the two last terms disappear and we recover

E(RMN@) =B | > NHOG"N(T), VNI, Yl a0 | =E (MY N @I a)
Tp<t

where the last identity can be directly obtained from the semimartingale decomposition of
|MMN(4)]12, ,, (as for the classical proof with canonical euclidian inner product). The same

bound applying for S™-V(¢) only replacing the martingale MY by NN - All in all, we
infer from (45) the following estimate for any ¢t < T’

+ + t V2 ()rM (s oo + I8M ()]0 ) ds
where

Co =E(Arun(0)) + sup E (IMMN(@#)|2, ) + sup E(INYN@)210) . (46)
te[0,T] t€[0,T]

Using the nonlinear Gronwall Lemma 6 we infer

s (40 4000) S ot ([ (Gl + 187 @)as)’. @)

te[0,7
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Since (||7™]|o0) s and (|[sY ||s) s both converge to 0 in L'(0, T) (see (32)), the squared inte-
gral in the third line is a sequence (d7) a7 — 0. We are left with controlling the two martingale
terms that appear in the definition (46) of Cj. This is achieved by Lemma 5 and (47), which
finally yields

2

2 2 M
IZ2 V7 g+ WV S B(Azarn(0)) + T + O

M? 2 2
+ 57 2Vl ar + W N .

The previous inequality can be rewritten replacing < by < % for some D > 2. If indeed

N > M?2D, then 1 — ]32—]\]62 > % and the terms in the last line can be absorbed in Lh.s. O

Now we can prove the remaining main result.

Proof of Theorem 2. We have
CMN = 1y (UMY — g
= 1 (UMY — @My + oy (@) — u = 7p (ZMN) + 1ar(u) — u,

where the interpolation operator ¢); is the one used in Lemma 2. Using the triangular inequal-
ity, we infer

M,N 2 M,N |12
20 B(IC @l-1) +E (16 o)

< M,N 2 M,N\ |2
< sup B(Ims (2 M) (Olf-1m) + E (Ime(2 ) (o)

+ sup |leas(u) — ul/?- + |lear(u) — ul? . (48)
rel0T] [leas (w) HH H(T) [lear (u) ”L2(QT)

Now, using Proposition 2 we have that |75, (Z) lz2(Qr) < llom (ZMN) I 22(Q,), and using
the equivalence (24) of Proposition 5, we get for all ¢ € [0, T]

172 (ZM ) Ol g-1¢my S 12N @)1, + M Hlmar (ZYY () g2 ry
SNZMN @)1 + M Hloa (ZYY ()] 22 ry.-

Then the expectation terms in the r.h.s. of (48) satisfy the following bound for M > 1

2
2w B (Imr( 2 ) Olfy-1m) + B (Im (2 izon)) So 12%lizar
€ I

where ||| - |||, is defined in (39). Using Proposition 8, we infer
2

M
M,N 2 M,N |2 < i}
tES[%PT]E (HWM(Z )(t)HH—l(’IF)> +E (HWM(Z )HL2(QT)> S E(A7mn(0)) + T— + O,
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where (637)ps — 0. Recalling the definition (41) of A7 s n(0), we use [ZN(0))3, <
HZM’N(O)H%LM and that [AMN(0)] = di + a12[VN(0)] 5 is uniformly bounded almost
surely thanks to (10) (with similar estimates for the second species) to infer

M,N 2 M,Ny |2
2w B (Imar( 2Ol m) + B (I (2o,

M,N 2 M,N 2 M?
SE (Im (2 ) O z) ) +E (Ima (W) O)[3 1)) + = + b

Of course we can replace Z:" (0) by ¢*+¥(0) but with an extra cost of ||tar (uo) — uo |31 (T)’
that we somehow already had looking at the r.h.s. of (48). For this, we invoke Lemma 2 which
allow us to write

tes[lépT} lleas () — u”%{ﬂ(m + [lear (u) — u”%2(QT) S M_4HU’H%OOOLQ([QT};H?(T))7

which can be added to the sequence (d57) s going to 0. Proceeding similarly to get the control
on WMV and gathering all the terms leads to the conclusion. O

6 Appendix

6.1 Nonlinear Gronwall lemma

Lemma 6. Assume( < 9,0 € €°(R.) satisfy for some constant Cy > 0 and0 < c € LL (Ry)

W() +0(t) < Co +2 /0  e(s)(s) V2 ds.

Then there holds

B(t) +0(t) < (001/2 + / t o(s) ds>2.

0

Proof. Wlo.g we can assume C > 0 (or replace it by Cp + ¢ and let ¢ — 0). In that case the
function

a(t) == Cy + Q/Ot c(s)ip(s)/? ds,

satisfies a’(t) = 2¢(t)y(t)"/? < 2¢(t)a(t)'/? which integrates as

¢
a(t)t/? — 03/2 < /0 c(s)ds,

since a(t) > a(0) = Cy > 0. The conclusion follows using ¢(t) + 6(¢t) < a(t). O
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6.2 Difference quotient and Sobolev spaces
For a real number h # 0, we consider the difference quotient operator
Dy, : LY(T) — LY(T),

Fros Thfh_f'

We recall the following standard result for Sobolev spaces

Proposition 9. For f € H'(T), one has for any h # 0,
(Opf)n — fin L*(T), ash — 0.

Dy fll2 < Hf/HQ In particular,

The estimate is (for instance) proven in [7, Proposition 9.3] and the convergence is obtained
by a straightforward density argument. From the previous result we recover the following one.

Proposition 10. For f € H?(T) has (D_p,Dyf)n — f” in L*(T) as h — 0.
Proof. We use Proposition 9 for both f and f/, writing
D_yDuf = f" =D_pn(Dnf = ) + D-nf — f"),

and the conclusion follows since the family of operators (Dj,)p is uniformly bounded from
HY(T) to L¥(T). O

With the previous, one gets eventually the following result.

Proposition 11. For f, g € H3(T), on has(D_;Dpf)n — f" in L°°(T) as wellas (D_,Dy fg)n —
(f9)" in L>(T), as h — 0.

Proof. For the first convergence, one just note that differentiation commutes with difference
quotients so that from Proposition 10 one directly infers (D_;,Dp,f), — f” in HY(T) —
%°(T) and the uniform limit follows. For the product, we simply use that H3(T) is an algebra
(see e.g. [1, Theorem 4.39] for a proof). [

6.3 Discrete—continuous dictionnary

Discrete | Continuous
Ay A

- llps | N ey
([)m [z

- l=10z | I -1y

- Mzar | M- Hll7
[ [
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