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Abstract

In this paper, we provide upper bounds on the d2 distance between a large class of functionals of a
multivariate compound Hawkes process and a given Gaussian vector. This is proven using Malliavin’s
calculus defined on an underlying Poisson embedding. The upper bound is then used to infer the speed of
convergence of Central Limit Theorems for the multivariate compound Hawkes process with exponential
kernels as the observation time 7" goes to infinity.

1 Introduction

Hawkes processes have been used to model events that exhibit self-exciting properties. Initially introduced
in 1971 [7] to model seismic activities, Hawkes processes became popular in other fields like credit risk [6]
or micro-structure in finance [2]. In recent years, the need to model systems with interacting components
has been growing, that is how the multivariate Hawkes process emerged. In addition to its self-exciting
properties, the multivariate Hawkes process can model mutually-exciting phenomena and it has been used
in a wide array of fields such that neuro-science [I1], [12], social networks [I], cyber-security [4] and financial

econometrics [5].

In this paper, we consider the multivariate compound process (or total loss process) (L:)>o defined
component-wise at a time ¢ as

Hl P
L% = Zk:t1 Ykla (Ykl)k:L... are i.i.d,

HE .
LE=%00 Y3, (Y)k=1,.. arei.id,

where (ij)keN*,j:l,m .4 are i.7.d random variables and H; = (Htl, e ,H{i) is a family of d point processes
each having an intensity (A}, -+, %) such that

Ndt =E [Hy g — H{|F-], i=1,--,d
The process L is called a multivariate compound Hawkes process if its intensity A follows the dynamics

d
)\% = N’l -+ f[07t) Zk:l (I)lk(t — S)dL’;,

d
Al = pt+ f[o,t) D1 Pan(t — s)dLE,
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where pp = (ut, -+, u?) € R‘i plays the role of a baseline intensity and ® = (®i); ,_; ... 4 is a family of
non-negative integrable kernels on R .
This dynamics can also be expressed under the following matrix form

Ai=p +/ O(t — s)dL,.
[0,¢)

In some applications, the question about the Hawkes process’ longtime behaviour naturally arises. In the
special case Y} = 1, and under the condition that the spectral radius of the matrix S := ||®]|; is strictly
less than one (p(S) < 1), Bacry et al. [3] proved the following martingale Central Limit Theorem (CLT)

for (Ly)i>0 = (Hy)i>0 .
Hyp, — [0 Aedt
Hry — Jp " Mdt — (z2m)
VT 0] T—+00

where the convergence takes place in law for the Skorokhod topology and where 3 is a diagonal matrix that
depends only on g and S. From this martingale result, they derived the alternative CLT

Hp — [TE[\]dt
( 7= Jo BIA ) — ((Id—s)‘lzlﬂwy)
v€E[0,1]

v€E[0,1]

VT T—+oo ve[0,1]

Until very recently, the quantification of the speed of this convergence has not been thoroughly studied. In
the univariate 1-marginal case (v = 1), Hillairet et al. [8] have found a Berry-Esséen type bound on the
Wassestein distance between the normalized one-dimensional Hawkes process and its Gaussian limit

HT*ITE[)\t]dt N 1 2 _ K
dW( VI ’N(O’”)>O<ﬁ>’ T el

in case the kernel is an exponential ¢(u) = ae™#* (with 0 < a < ) or an Erlang function ¢(u) = aue#*
(with 0 < o < 8%). This result has been derived thanks to an approach introduced by Nourdin and Peccati
[@) which combines Malliavin’s calculus with Stein’s method.

In this article we prove a generalization of the quantification result to the multivariate case using a
version of Malliavin’s calculus that is adapted to higher dimensions. Following the lines of [13], we prove
an upper bound on the distance between a vector of divergences with respect to the multivariate Poisson
process and a given centered multivariate Gaussian in the do metric. Unlike the Wasserstein metric which re-
mains relevant in the multivariate normal space [9], the d2 metric is more suitable for the multi-dimensional
Poisson space.

After defining compound multivariate Hawkes process as the result of the thinning of Poisson measures
in section we introduce the elements of multivariate Malliavin’s calculus on the Hawkes process in
sections and Finally, in section we prove a general bound on a class of multivariate Hawkes
functionals. As a first application in section [3.2] we give a bound on the Wasserstein distance between the
multivariate and multimarginal normalized martingale and its Gaussian limits. Then we use those results
to show that if the kernels take the exponential form

ij(u) = ae M,
and under the following assumptions
Assumption 1 (Stability 1). The spectral radius of the matriz B~ Adiag(m?,--- ,m?) satisfies
p (B~ 'Adiag(m', - ,md)) <1,
with A = (aij)ij, B~™' = diag(5-, -+, ;) and (m',--- ,m?) = (E[Y"],--- ,E[Y?)).
Assumption 2 (Stability 2). Set V = B — Adiag(m!,--- ,m?). The eigenvalues of V are positive.
Assumption 3 (Third moment). The measures v',---  v? of Y} --- | Y have finite third moments.

the follwoing result holds:



Theorem 1.1. Let Lt be a multivariate compound Hawkes process.
_ Lr—diag(m’, - ,md)(B—A diag(m',--- ,md))ilBuT
Set Y = — .

~ T _
SetC = (J\/é) (J\/a) =JCJT, where J = (Id — diag(m?, - - ,md)B_lA) YandC = diag(o?, -+ ,03%)
where for any j=1,--- ,d

05 = /xQVj(dx) {(B — Adiag(m?, --- ,md))leu]j .

Let G ~ N <0, C’) Then, under the Assumptions @, H, there exists a constant K that does not depend
on T such that

d(Y'r,G) <

)

3=

for any T > 0.
Proof. Cf section [3.3] O
Remark 1. Assumption[]] is a special case of the assumption
p (@[ diag(m?, - ,m?)) <1,
since in the case of an exponential kernel one has

Otij

1@l = (1235l11);5 = (leize™ I11),; = ( 3, ) =574
ij

In the case of a uni-variate compound Hawkes process (d = 1), this is equivalent to assuming

1®]1m = Sm < 1.

B

Remark 2. If the memory parameters (8;)i=1.... a are the same for every particle (i.e ®;;(u) = a; ;e P%),
Assumptions[1] and [3 become equivalent.

For instance, we take the bivariate compound Hawkes process Ly = (L%, L%) where
1_ oy
Lt - k:tl Yk )
2 _ Hp 2
Li =>4 Y%,

with 7.7.d claims (Yk")i:l,g,keN with common exponential distribution £(1). The intensities are assumed to
follow the dynamics

A=p+ Ae P9 dL,.
(0,2)

For stability, it is enough to choose the parameters such that p(A4) < 8. For instance, by setting

1 2)
(33,
2 3

any 8 > % satisfies Assumptions 1| and Assumption 13| is satisfied because the exponential distribution
has moments of every order.

Figure [1f illustrates the convergence of the compensated loss (c¢f. Theorem to its centered Gaussian
limit N'(0, C) (also defined in Theorem [1.1))
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Figure 1: 2 — D histograms of Y’z and N(0,C) for # =4, p = (2,3)" and T = 1000 for n = 40000 Monte
Carlo samples.

On the other hand, showing the speed of convergence in the dy metric is a bit more complicated, mainly
for two reasons:

1. We do not know for which function the upper bound is reached for the sake of simulation.

2. Since the quantity E[f(Y’r)] cannot be computed directly, is has to be approximated with a Monte

Carlo estimation + >, F(Y’%). This means that for large times, the term in \% can be eclipsed

by the slow decay of the Monte Carlo estimator which is in ﬁ
We can still illustrate the behaviour of + 371 FYrhy - E[f(@)] for G ~ N(0,C), where f is a "well
behaved” function for which E[f(G)] is know explicitly. For instance, the following figure shows the evolution

in time for f(x) = e—illzll?
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Figure 2: Monte Carlo estimator 17, F(Y'5) — E[f(@)] (in blue) for 8 = 6, T =

[10, 50, 100, 500, 1000, 5000, 10000] and n = 150000. Notice how for large T', the Monte Carlo estimator’s
error becomes stronger.

2 Notations and preliminaries

In this section we generalize the mathematical framework introduced in Section 2 of [§]. We then proceed
to define the multivarite Hawkes loss as the result of a thinning procedure from a Poisson measure. We
finally recall some elements of Stein’s method in

2.1 General notations

1. Let d be an integer. For any two vectors u = (uz)l=1 d and v = (vz)l in R?, the product uv

is defined as the vector of R such that uv = (ulv’)

=1,.,d

i=1,-.,d

2. Let § € R and 1<, be the indicator of the set {§ < u'}. We define 1y<,, as the element of R? such
that 16§u = (19§ui)i:17‘__ -

3. Similarly, if v is a vector of d measures and f is a vector of d functions, we define [ f(z)v(dz) =

(f fi@)i(de)),y . 4

4. The inner product (-,-) corresponds to the Euclidian inner product and || - || is its norm.

5. The operator norm of a matrix A € My(R) is

[Allop := sup [[Az|.
ll|=1

6. For every function g : R — R, let

glx) —g\y
lgllep = sup 1LE) Z 9@
2 e —wl

7. If g € C1(R?) (continuously differentiable) then we write

V() = sup I¥78) = VI




8. Similarly, if g € C?(R%) (twice continuousy differentiable) then

Ms(g) = sup || Hess f(x) — Hess f(’y)”o,).
Ty ||:B — y”

2.2 Elements of stochastic analysis on the multivariate Poisson space

Let d be a positive integer. Let v',--- ,v? be a family of integrable probability measures on R, such that
v({0}) =0 for every i = 1,--- ,d, and define m’ = fR+ vt (dz).

In this section, every component of the multivariate compound Hawkes process is obtained through the

thinning of 3—component Poisson measure.
Let the space of configurations 9%, where

1= {“’j = Siim, 0=to <t1 <--- <tn, (6i,2) ERy xR, n €NU {+0<>}}~
i=1

Let F be the o-field associated to the vague topology on Q¢ and P the Poisson measure under which
the family _
N=(N)o

where
N7 ([0,] x [0,8] x (=00, y]) (@) :=w’ ([0,] x [0,6] x (—00,4]), (t,b,y) €RL, j=1,---,d

is a family of independent homogeneous Poisson processes with intensity measures dt ® df ® di?, that is,

P[N'([0,1] x [0,b1] % (=00, 31]) = na, -+, N([0,ta] x [0, ba] x (=00, ya]) = na]

d tjbjl/j (700, j] " ex 7tjbjl/j (700, j]
:1:[1( ((—=00,u51)) ni( ((—00,9,1))

We set FN = (]—‘tN)t>0 to be the natural filtration of (Nj)j:1 T
denoted by E[-]. For t > 0, we denote by E;[] the conditional expectation E[-|F{V].

The expectation with respect to P is

Remark 3. It is possible to define all the Poisson measures on the same probability space Q% by taking
N7 ([0,4] x [0,b] x (=o00,y]) () = N7 ([0,£] x [0,8] x (=00, y]) (w’), (t,b,y) € RY,

for any w = (w1,~~- ,wd) e .

From now on we confound (N7);—y ... 4 with (N7);=1.... 4.

We now generalize the operators defined in [8] for the 1—dimensional setting. We start with the
component-wise shift operator.

Definition 2.1 (Shift operator). Let j € [1,d]. We define for (t,6,z) in RS the measurable maps

Jj+

o) — Q

coeeswl e wd) e (wl’... 75{19,1)(“’]')7“' ,wd)7
where for any A in B(R% x R)

(Eg;,r&z) (wj)> (A) = o’ (A \ (t’ 0, :L')) + ]lA(ta 0, I)?

with
1, if (t,0,x) € A,
0, else.

1a(t0,2) == {



Definition 2.2 (Malliavin’s derivative). For F in L2(Q, Foo,P), we define D'F the Malliavin’s derivative
of F as

. 3 .
DiyguyF = Foet g~

If F=(F'--- | F") for somen > 2 where F* € L?>(Q, Foo,P) Vi=1,---,n,

3
F, (t,0,x) € Ry.

Dj

lomF = (Fioglh )= Fiztyny (8,6,2) €RY

(t,0,x

Definition 2.3. Let T be the sub-sigma field of B(Ri) ® FN of stochastic processes Z = (Z(t,e,x))(t,e,z)eRi
in L1(Q xR, P®dt ® df ® v) such that

D{t,e,z)Z(tﬂ,w) =0, fora.a. (t,0,2)¢€ Ri, forallj=1,--- d.

Definition 2.4 (Divergence operator). We set S the set of stochastic processes Z = (Z(t)e’w))(tg’w)eRi in
T such that for every j € [1,d]:
+E /
R

where [os Z(1,9,,)N? (dt, d6, dz) is understood in the sense of the Stieltjes integral.
+

2
E Z1,0.0)N? (dt, db, dx)) < 400,

/ | Z 0.0 |” b0V (de)
R}

3
+

For Z in S, we set the divergence operator with respect to N7 as

§(Z) = /]R ) Z(1.0.0)N? (dt,d6, dz) — /R ) Z(1,0,.)dtd0V (dz). (3)

+ +

For a vector Z € 8%, the divergence operator with respect to N is defined as
d
N(Z) =) 52",
i=1
and if Z =(Z",--- ,Z™) € S™™ is a matriz, its divergence is defined as
d

i=1

2.3 Definition of the multivariate compound Hawkes process

In this subsection we give a definition of the multivariate compound Hawkes process in the Markov frame-

work. Consider the events times Tf , Tg, -+ associated with the j—th component and define the counting
process
J )
H =) 1o,
i>1

Now assume that each event Tij corresponds to a random ”loss” Yij ~ 17 such that the variables (Yij)izl
are independent and identically distributed (i.4.d).
The compound process L7 of the total loss attributed to the j—th component is defined as

L= 1,.Y

i>1
To (H7)j—1.... a and (L7)j_1.... 4 we associate a predictable intensity vector (A);_1,... 4 such that

P[H], , — H] =1|F_] = Ndt



which tells us how likely it is for H7 to jump between ¢ and ¢ + dt, right before t.
The process L, = (L}, , L%);>¢ is called a multivariate compound Hawkes process if its intensity vector
A; follows the dynamics

d
N =i+ /[ S @yt - s)dLt,
0

) —1

d
=+ Bt —TYE,

k=1 Tf<t

where (pt!, -+, u?) € Rff_ and (tl)ivj) are non-negative integrable functions.

i,j=1,.,d

In this article, we restrict ourselves to the case where the kernels ® are a family of exponential functions
i (u) = azre” M

where (8;)j=1,.. a € (Ry)% and A = (a;)i j=1,..a € Ma(Ry). The intensity can be expressed under matrix
form

Ae=p +/ e BU=9) AdL,, (4)
[O7t)

with B = diag(B1,- -, B4). Furthermore, we recall Assumptions
We now introduce an equivalent definition of the multivariate compound Hawkes process, presented as
the result of a stochastic differential equation (SDE) with respect to a family of random Poisson measures.

Theorem 2.1. Let N = (Nl7 e ,Nd) be a family of independent Poisson measures as presented in (Section
. Let p € Ri and A € My(Ry) and (B1,---,P4) € Ri such that the Assumption (1| is verified. The
SDE below admits a unique solution (L, H,\) with H and L (resp. X) FN -adapted (resp. FN -predictable)

L{:/(Ot] . Rx]l{ggl\_z}]\fj(ds,de,de t>0, j=1,---.,d,
, U XRG4 X

zﬁZ/‘ Liycny N (ds, 0, dw), 20, j=1,---.d, (5)
(0,t] xRy xR

N =1+ [ Doy agre™BETWALE, 20 =1, ,d.

We set FH := (FH)>o (respectively FL := (FE)i>0) the natural filtration of H (respectively of L) and
FH = limy, oo FH (respectively FL = lim;_, o FE). Obviously FH c FE c FN as H is completely
determined by the jump times of H which are exactly those of L.

Proof. This is merely a d—dimensional version of Theorem 2.12 in [§]. O

Definition 2.5. Let L and X be the processes defined in Theorem[2.1. The multivariate Hawkes martingale
M is the process defined as

T
My = Lt — diag (m*, - -- ,md)/ Aedt
0

for any T > 0.

2.4 Malliavin’s analysis of the multivariate compound Hawkes process

This subsection is a generalization of Section 2.3 of [§] where we examine the impact of the i—th Malliavin’s
derivative on the j—th component of L, H and .



Definition and Proposition 2.1 (Lemma 2.15 in []). Let ¢t and v in Ry and (6,60, z) in R3.. For every
j €[1,d] it holds that :

" .
Lgensy (Lo © (g 4ys Av © (g 4 Jv>0

_ ) J+ Jj+
= Lgo<niy (Lo © €1 gy 0)0 Av © €11 gy,0) ) w20
which entails that for every -eventually vectorial- FL -measurable random variable F

LoaniyPitooF = Loy} Pisoon Fr P as.

where the derivative is applied to each component of F. The last equation allows us to define

) N L )
Dl s F = Loaty Divony ¥ V(0:0) €RY
as well as its vector version
_ J
Do = (D(t,)\{,z)F)j=17"',d’

= (1{9§A{}Dgt,0,z)F)jzl)...,d’ v(0,z) € Ri-

Proof. For each i € [1,d] and v > t, we have conditionally on 6y < A/
Lioegfd =Lt 1 N P / / Lypni 4i N¥(df, du, dy),
v ©€(t,60,2) t— T {0o<AF}T2=a * (t,0] xR JRy Y {GSA“OEZ{GOM} ( u dy)

and L o 5(+tj00 2 = L if t > v. Similarly for A, we have

d d
(0.t) 121 (t:v) k=1
d d .
" +/ Z 6_5(”_")%de§ + a:aije_ﬁ(”_t) —I—/ Z e_ﬁ(v_u)aikd(lfﬁ o ‘52?‘90@))-
(0,t) k=1 (t,v) h—1

In other words, (Lo 6:?00 ) )\oe(tjeo x)) solves the same (path-wise and in the SDE sense) equation for any
0y such that 0y < ;.
For the second equality, cf. the proof of Proposition 2.16 in [§]. O

Remark 4. It is also possible to include the process H in these results. From now on, H will be omitted
and we will focus exclusively on L and X.

Now we give the Malliavin’s derivative of the multivariate compound Hawkes process as well as its
intensity. To do so we start with introducing some notations. The vector e; is the element of R? that has
1 in the i—th component and zero elsewhere.

Proposition 2.1. Lett > 0 and x € R. For every j € [1,d], we have
=gt <7,
D (xe; + Li I,)\Z I), s>t

J
ety Lo Pl o)

As) =
(0,0), s<t

where the equality is understood path-wise and in the SDE sense and where

LN 1)52t = ((LZ’J’“‘”,)\Q’J’t’m)szt)i:17m7d is the unique solution to the SDE

Lyhte = /(t - Yl cocni psiiney NV (du, dO,dy), s > ¢,
sS F

d
LI = gy e Pils=) 4 E / e BETIALEIt s >t NPT =z,
k=1 (t7s)



or under the matriz form

j;j’t’w _

’ /(t IXR? Y ix,<ocn,paptny N (du, d,dy), s > 8,
58 +

(7)
St Jita

j\jmz = xeiB(S’t)A.j +/ efB(Sfu)AdLu , s>t A =zA,,

° (t.5)

where the first integral is understood as a vector of integrals with respect to each Poisson measure and the
indicator of a vector is understood as a vector of indicators.

~ gt <8, . . . . . . .
The process (Li f, /\Z, w)se[t’+oo) s a generalized multivariate compound Hawkes process, with an intensity

vector that is not bounded away from 0.

Proof. Tt is sufficient to apply the same procedure of Proposition 2.19 ’s proof in [§] to each component of
the vectors. Note that in this proposition, the subscript contains x, because in our case the size of the jump
has an impact on the A’s behaviour, since it is an integral with respect to dL and not merely dH. O

~J,tx <7t . . L, . .
Remark 5. Note that the process (LJ w, )\i x) defined above is equal in distribution to the (generalized)
s>t

S

~jtx zjtx

Hawkes process (Ls’ LA, ) . defined as a solution to the SDE
s>t

~jtx

i :/ U1 gy, N(du,do,dy), s>t
(t,s]xR% “

j {5tz

AT = re B A —l—/ e_B(S_“)AdjLJu’t7w, s>t Ay

B =zA
(t,s)

s
where N is a family of Poisson measures independent from IN but have the same distributions.

We conclude this section by stating the multivariate integration by parts (IBP) formula for the compound
Hawkes martingale.

2.5 Multivariate Stein’s method

Stein’s method is based on an alternative characterization of the Gaussian distribution. The combination
of this characterization with elements of Malliavin’s calculus (known as the Nourdin-Peccati approach)
provides us with a way to estimate the distance between a random variable and a Gaussian.

Lemma 2.2. Let C be a d x d real symmetric positive definite matriz and Y an R random variable. Then
Y ~ N(0,C) if and only if for every twice differentiable function f : R — R such that E[|(C, Hess f(Y))m.s|+
(Y, VF(Y))] < +oo:

E[(C,Hess f(Y))u.s —(Y,Vf(Y))] =0

where (A, B)i.s = tr(ABT) =" A;; B;; is the Hilbert-Schmidt matriz inner product and Hess is the Hessian
operator.

Proof. Cf. [§] for example. O
This shows that if for a sufficiently large class of functions f one has
E[(C’, Hess f(Y))ug.s — (Y, Vf(Y))] ~(

in some sense, then the random variable Y’s distribution is fairly ”close” to N (0, C).
We now introduce the function classes as well as the metric that we will use to quantify how close the given
distance of a random variable to a Gaussian distribution.

Definition 2.6. 1. The distance dy between two integrable random variables X and'Y is given by

d2(X,Y) := sup [ELf(X)] = E[f(Y)]I;

where
H = {g € C*(R), such that ||g||Lip < 1 and My(g) < 1}.

10



2. For a fixzed matriz C € Sj+(R) we define Fo to be the functional space

V2T
Fo = {g € CRY), such that Ma(g) < O ICUY2 . Malg) < LNC I2IC o}

Combining the definitions with the multivariate Stein’s equation, it is possible to prove (following the
lines of Lemma 2.17 in [13]) the following estimate of the dy distance between a centered variable F and

G ~ N4(0,C):

dy(F,G) < fseu}l_) |IE}[ (C,Hess f(F))m.s — <F7Vf(F)>”

Remark 6. Unlike for the univariate Poisson space case (cf. [8]) or the multivariate variables on a
Gaussian space [10], the Wasserstein distance dy is not well adapted to our computations. Nevertheless,
if do(Fpr,G) — 0 as T goes to infinity implies that Fr converges to the Gaussian G in distribution (cf.
Remark 2.16 in [13]) .

3 Main results

3.1 General bound

In this section, we give a bound on the ds distance between any random variable that can be expressed as
a divergence with respect to the Poisson measure.

Lemma 3.1. Let n be an integer and let F = (F',--- [ F™) be an F% such that E[||F||*] < +oo. For all
¢ € C3(R™) with bounded derivatives, for any k = 1,--- . n, there exists a random F such that
D?t,e,x)aiQS(F) = <vai¢(F)7D£€t,6,a:)F> <D(t 0 x)F Hess 0;¢(F ) t 0 z)F> (t,0,z) € Ri

where -
|(y, Hess 0y 6(F)y)| < |ly]|>M5(9), y € R?

Proof. The equality is merely an application of the multivariate Taylor-Young Theorem, combined with the
fact that

Dy 1y 0i6(F) = 0,6(F 0 ek, ) — 0,6(F),
= 0;¢(F + D(t 0.0 F) — 0ip(F).
When it comes to the upper bound on the rest, we have using Cauchy-Schwarz
|(y, Hess 0;¢(F)y)| < |lyll]| Hess 9;¢(F)yll,
< lly)1?|| Hess 0id(F)| op-
Using Schwarz’s Theorem we have that
Hess 0;¢(F) = 0; Hess ¢(F),
Hess ¢(F + he;) — Hess ¢(F)

= lim
D0 h ’
and the result follows using the fact that the norm || - ||,, is continuous. O

This lemma will be useful in proving the following result.
Theorem 3.2. Letn € N*. Let Z = ( (o I))( - be a stochastic process in S*". Set F = N (2)
t,0,x)e
the divergence of Z. Then, letting G ~ N(0,C) (for C € S+ (R)) we have

2
HD(MI FH dtdeuk(dx)] .

da(F,G) <[|[C7H|op|C|2L2 Z E

1,0=1

+ @nc B 1C e 3 ZE

1,j=1k=

zJ Z/ tOx)D(tQm)Fjdtdgyk(dx)

/ ’Z(tex
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If in particular Z(ktig 2) = Ty nr U(]‘fm), the upper bound takes the form

d2(F,G) <[CH|op|Cl5p” Z E

i,j=1

+ @IIC 3721 Z ZE UR AP ‘U(
T

1,0=1k=1

Cij Z / AU o Dy as oy F? div* (dz)

|

(t AE, )Fsztuk(dx)] .

Proof. We start by recalling the bound on the dy distance between F' and G
B(F,G) < sup [E[(C,Hess f(Fr) s — (VI (F)]|.
€fc

In [I0], the following technique is used. For any f € F¢ and n > 0 set f,(z) = E[f(z + /nN)] where N is
a centered Gaussian of unit variance. It is easy to see that

1. f, € C>®(R™).
2. If = folleo — 0 when 7 goes to zero.
3. Ms(fy) < Ma(f) and Ms(f,;) < Ms(f) using Young’s convolution inequality.

Thus we can assume that f € C°°(R") and the computations yield

E[(C,Hess f(F))g.s — (F,V f(F Z Cy0% f ZFlaf
4,j=1
— Z Ci;E[0} f(F)] — ZE[Fiaif(F

By definition, F' is defined as the divergence of the matrix Z, thus for each i € [1,n]

d .
=Y (2",
k=1
which entails that
d
E[F'0f(F)] =Y E[6*(Z*)0;f(F)].
k=1
Set Ep[] = E[-|NY, -+ Nk-1 Nk+1 ... N9] which stands for the expected value knowing all the counting

measures except for the k—th one. This notation is introduced in order use the integration by parts formula
in [I4] which is available for univariate processes. Hence

E[F'0;f(F ZJE E[0"(Z")0 f (F)]],

k=1
=) E[Ex /// 24t .0)Dbr 0,00 f (F )dtd@l/k(dx)]L
k=1
d
=Y E / Z6 0.2y Diip .y 0if (F )dtd&yk(dx)].
k=1 RS

Using Lemma [3.3] we have that

1 _
D{, 9.y 0if(F) = (N0, f(F),Df, g oy F) + 5(D{; g o F, Hess 0, f(F) D, o F),

2

1 _
Z t 0 z)F t 3 <DE€t,9,z)F7 Hess aif(F)th,e,z)F%

12



for some random F'. Hence

d

/R 85 (Dl g oy F. Hess 0, (F)Df,  , F)dtdov <dx>],

+

n d
=Y E lafj FF)Y /R ] ZE 9 ) Dbvo ) Fjdtdeu’f(dx)}

k=1""+

/]R 2ty (Dl .0y F Hess 0, f(F)D, ., F)clcon* (dx)] .

+

Then

ERC,Hessf(F»H.s—<F,Vf<F>>J=ZE[@% ( Z / 2l g2y Dl .oy F i (dx)ﬂ

/R ZE g oy (Dls .0y F, Hess 0, f (F)DL, ) F)dtdgn® (dx)].

+

By taking the absolute value, using the triangular inequality and the fact that for any f € F¢ and any
(i,4) € [1,d]?
10 f| o < Ma(f) < 1C™ M oplIClley?

we obtain the bound

[E[(C,Hess f(F))m.s — (F.Vf(F)]] <[IC oplICllsp? Z E

1,7=1

Cij Z/ Z{80,0)Dii.0.2) ' dtdOv" (dz)

|

/3 tmlﬂ (D, .09 F,Hessaif(F)Défw’x)Fwdtdﬁuk(dx)l :

|

/ 250,00\ | D0 ]|t (dx)],

+ = ZZ]E

i,j=1k=1

<|c” 1||op||CH1/QZIE

z] Z/ tOx)DtGw)Fjdtdayk(dx)

V2T
+ 7”0 3/2”0H0PZZE

i=1 k=1

and finally

d2(F,G) <[CY|op I C 5y Z E

7,7=1

IC™H 221 C op ZZE

i=1 k=1

Cij Z / 2 g0 D g o FIdtdgV" (da)

|

2
+ \/%TT / t 0 z)| HD(t 0,2) FH dtd@uk(dx)‘| .

For the second point, assume that Vk € [1,d] and Vi € [1,n]
ki ki
Z(t0,0) = Lo<atUtta)-
Keeping in mind that according to Definition we have
FI

]19<,\kD(t9z)F - D(t)\ k. x)

13



whenever 6 is less than A\F, thus

da(F,G) <[|[C7H|op|C|2L2 Z E

1,j=1 ]

+@HC 3/2||c|opZZEV MEOE |HDM)FHQW(M)}

i=1 k=1

1] Z/ )\kU(t z) éct )\;cyx)FJdth(dx)

3.2 Bounds on the CLTs

The following theorem is our first main result where we give the bound on the ds distance between a vector
formed by the normalized Hawkes martingale

My  Lp —diag(m',--- ,m%) fOT Adt
vT VT

and its Gaussian limit as 7" goes to infinity.

Fr=

Theorem 3.3. Fiz p and d in N*. Let (L)>0 be a compound multivariate Hawkes process whose intensity
A follows the dynamics and let 0 < vy < --- <wvp <1 bep distinct positive numbers. Set

e (F31T7... JFL g Fdgp . F T) e RPY,

and

C = diag(C,--- ,C%) € S,.a(R)
the block diagonal matriz such that Vn € [1,d]

Cl=0Cp = /mQV”(dx)‘ s {(B—Adiag(ml,-u ,md))71 Bu] , V1I<i<j<np.
Uj
Let G ~ N(0,C). Then there is a constant K > 0 independent from T such that

K
d2 (FT7 G) S ﬁ
Proof. Throughout this proof, K is a positive constant that does not depend on T and that is susceptible
to change from one line to the other. We also set vy = vp.
For each ¢ € [1,p-d] and k € [1,d], we define the matrix process

ki x
Z; =1 el gy 1 - -
t,0,x O<NF Lhk=i+p+1Lt<vi9,T )
@, ) i v Ui%pT

where i%p (respectively i+ p) is the remainder (respectively the quotient) after dividing 7 by p. It is possible
to write the set of integers from 1 to p - d as a partition of d disjoint intervals S; U ---U Sy each of cardinal
p. Thus forany n=1,--- ,d,n=4+p+1if and only if i € S,,.

We assume i € S, and compute the i—th component of the divergence of Z

d
7)) =384 (2™),
k=1
= 5n(2m),

= /R Zpy ) (N"(dt, d6, dz) — dtdgv" (dz))
3

1%p
/ / gy (N"(dt,d6, dx) — dtd6v” (da)),
\/ Uz%p R3

_T

14



Using the second equality of Theorem the dy distance is bounded by

d3(Tr, G) <[|C7[oplIC127 Z E Dj, yr iy pdtv* (dz)

|

’Lj Z/ )\ ]]-t<v1/pT1k i p+1\/m

4,g=1
\/2771_ . pd d T 2 A
+—C! B/QHCHO E / ALy <vso, T L kmicpy1 — s HD - I‘TH dtv”*(dx)| ,
8 2> ot o Plooter

QW1MAQW2§: > > E

z%p X
¢, / / N Dl T (da:)]
ni,ng= 1zesn1 JESny z%p
27 i%p T 2
+ LZIC 2 1C op / / || | atan)|
8 nlz:l 7,625’: Ry \V4 ’U'Lc7p A
R ’Ui%pT T .
Cij - / / )\?1 D?tl)\ F%ﬂdtl/nl (d:z:)
R, Jo vi%p

d
<NCMlepllCllsp? D> >, D E
VigepT 12
/ / A — ‘Dt/\nl F%’ dtv™ (dz) |,
R+ Ul?’p w

n1,ma=1 z‘esn1 FESn,y

+@né 135711 lop Z > D E

n1,n2=14€S,, jE€ESn,

K 3N Y (),

n1,n2=14€Sp, jESn,

where

AV =E

R 1%pT T .
Cij — At —=D™" ., I%.dev™ (d=
J /]RJr /0 t ﬁ)i%pT (A} L) T ( )

|

Vi /p
D™ .., T} ’ dtv™ (dz) | .
[ g P, ( >]
In both terms we have dependence on n; and mo which are respectively functions of ¢ and j. For 7,5 =

1,-+-,d. we will treat each term separately.
Term A}’

and

AZJi

First we start by computing the Malliavin’s derivative in the ¢—th direction of F]f. By linearity of the
derivative operator

D(tl,\nl )F —D(tl)\n1 )Fv;%pTv

— #D"l e _ mj%P vt A™2ds
VT Acta) | Tt 0 ° 7

which yields using Proposition

T ; vinrT
<vjy, ¢
DY, Th=—"E 2l —n, —|—Ln2’"1T - mj%p/ An2mihT g )
t

AL i Vi%
(A ) VVinpT op
Ti<v o,
SV % na,ny,t,x
= = J%P (,’L‘Ilnl:n2 + M’U 20/ :lr ) .
\/’Uj%pT

15



Thus

. Vigp T 1 < T N
A} =E /]R / 15 Y% (x]lm:m + Mgi/;:;’t’w) dtv™ (dx)
+

Vi%pT \/VjrpT

|

TA (:E]lnl:n2 + M m) dtv™ (dx)

’U<7T
]7

|
|

We start with the term Allj1 If ¢ and j are not in the same interval S,, (i.e. n1 = na), C’ij = 0, thus

Vi%p AV;%p) T

=E ||Ci; —

|

o / /
Ui%pvj%pT Ry

R n n 1)7/:,,/\’UJLyp)T 2
SE Cij —— 0 / / Anl dlfl/n1 (dI)
\/Uz%pvj%pT R4

('U'L%p/\vj%p)T t
/ / NN RN Ay (d)
Ry

0T
Ul%pvj%p Y
71 —n L%P/\vj%p)T
<E||¢y; — —Lm=na__ / / 2B\ dl™ ()
VVi%pUi%p T Jr,

1 (vi%p/\vj%p)T
e [t || [ A — B dE
\/WT Ry 0

1 (Vi%p AVj%p) T N
+ —F / / AT M RS At (da)
Ui%pvj%pT R, Vj%p

<A11,J1 + ]l’ﬂl_nzAzl,jZ + AZ»J

Allj1 = 0. Note that due to symmetry arguments ¢ and j are exchangeable, which allows us to assume that
7 and j are in the same interval and that ¢ < j which is equivalent to :%p < j%p. In this case, we have

n n Vi% . -1 "
Cij = Clotpjop = /R 2™ (dz), /ﬁ {(B — Adiag(m',--- ,m%) Bu] .
+ J7op

According to Lemma it is possible to put the intensity’s expectation under the form
E[\] = (B - Adiag(m",--- ,m%) ™" Bu+ Qe Vp,

where Q and V' are matrices such that all the eigen-values of V' are positive. Thus

1 ’U,;%pT i _ 1 ’Ui%pT
S — / EAJdt = , [—22 (B — Adiag(m!, - ,m?)) " Bu+ 762/ e Vidtp,
V0i%pUi%p L Jo Vi%p V0i%pUi%p L~ Jo

Vi%p ; 1 dyy~1 1 -1 VT
=,/—— (B — Adiag(m",---,m Bu+ ———QV ! (I;—e ) g,
\/v;p( ( ) VVi%pUi%p T ( )

which means that

. . 1 Vi%p T
AW =E ||C;; —7/ 2 ”l(dx)/ E[\/]dt

Y el S, 0 '

<E Cyj—/ 2,m (dz) {(B—Adiag(m1,~-~,md))_lBurl
Ry
1 n
+E / 2y (de) ———— [QV L (I — e VT ) u] |,

. ) vaj%pT[ ( ) 1]

E H [Qv—l (Id _ e_VT”"%P) ”]nl

I

1
| otvn) ———g
R4 \/Uz'%pvj%pT
1
=0 <T) because e~V TVize — (.
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For the term A112 we use the second equality of Lemma and the fact that for a given vector @, |||/« < |||
where ||.|| is the euclidean norm.
]:E [ ‘| ,

’Ui%pT
/ A — E[Adt
0
VigepT : 1 d
<E l/ e (B—Adlag(m TR 1) ))(Ui%pT—s)AMSH dS]
0

’Ui%pT
< / e
0
’Ui%pT
<),
0

where the last inequality comes from Cauchy-Schwarz.
Keeping in mind Ito’s isometry we have

E

Vigpd
/ %p e_(B_Adiag(ml’m’md))(vi%PT_S)AMSdS
0

)

~(B-Ading(n’ - ") i, T=5) gl B[]0, ) ds,

op

~(p-Adington’ o) o0 4| [0, 2] ds,

op

e

d
5 |M;'r2] 7
=1

d
ng[yM;ﬂ,

d
= ZE [[Mz] S] ,  where [Ml] . is the quadratic variation
i=1

E[|M,|*] =E

d s

:Z/ x%i(dx)/ E [\,] du,
i=1 7R+ 0

< K(s+1),

1/2

which implies that E [[|[M,|?] "~ < K (/s +1).
Using the fact that the operator norm is sub-multiplicative and Lemma we have that
e (B—A diag(m?!,--- ,m,d)) (vigpT—s5)

—(B—A diag(m?!,--- ,md)>(vi%pT—s)A <

op

| All
op
<K (1 + (viggpT — s)dfl) o—pa(vio, T—s)

VigepT )
[ e
0

1

’U,y%pT
<——FE / At — E[)\t]dt
\/'Ui%pvj%pT 0

K vt —pa(VigpT—s —
< \/W/O e~ Pa(vinpT )(1+(Ui%pT—S)d 1) (\/§+1>ds’

1
<O|——], c¢f the bound on Ay in [§].
<o) 2 in [

& op’

Combining these inequalities yields

1
— K
A /Ui%pvj%pT

4] _
A1,2 =

7

For the term Allj3 we start by noticing that the integral with respect to v*(dx) is equivalent to taking the

17



expectation of a random variable X of law v*. Hence

.. 1 Vi%p
AV, =E || — / / PN M2 (da)de
’ VVi%pUi%p L Jo Ry o
1 [ 'Ui%pT R .
= —0 E||Ex / X)\?lM:z/"lT Al
\/vz%pvj%pT L 0 I
- 1/2
1 vier T ni yrne,ni,t,x ’
<—F |Ex X)\thvij 7ot ,
\/Ui%pvj%pT 0 Jrer
and by Jensen’s inequality
577 1/2
A< 1 gl T o e gy
1,3 - —T X ViopT )
V' Vi%pUji%p 0

IN

() .
vi%pvj%pT T

VigepT £X 2
Ir:=E |Ex /0 XA MR d

Using lemma we have that

where

and therefore

This shows that

AV =0 (1) : (10)

Term A;’

Keeping in mind that

ij vt i |2
A = / / A?li‘D rT] dtv™ (dz)
Ry JO \/Uz(Vp (BT ’
and that
; Ti<v.o, T ~

D™ T = SY%p ( 1. _ M"zﬂni@)

(t, /\t ,) T \/Uj%pT Thna=n, + Vi%p T ’
we have

1,7 1 iwsp T T n Srne,ni,t.x 2
A= —— [ x/\l(xﬂ —ny + M 1”) v™(dz)de|
L Vi T /o /R P et )

9 VigpT
< _E BAMUL, AT " (dg)dt |
=S vy l/o /ﬂhx t Lni=ny +TA; v (dx) ]

2K - ]1n1:n2 3 L /vi%pT Vigep T /
= v™(d Apt]de E |\ | M,
T3/2 /]R+ (dz) : E[A]dt + T3/2 - z

Al i,J
= A5, + Ay

an,’ﬂl,tw 2
Vi%p T

Srno,ni,t.x
1; i%p

2
] "™ (dx)dt,

18



According to Lemma and to the fact that (B — Adiag(m?, - ,md)) has only positive eigenvalues we
have that fw” E[\]dt < KT and hence

. 1

=0 (7))

For the final term it holds that

'U1/p
6] _
A22_T3/2 /

zE
Ry
z%p N ¢ 2
[ [ e ]
-+ L
zE
Ry

Vigp T [ vi%pT "
T3/2 / AR, / AnznbTgel | ™ (dr)dt.
¢

Solving the SDE Wlth initial condition E; {)\nl’t QE}

Srne,ni,t.x
’Ucy T

/\”1

2
} v (dx)dt,

= zA.; we have that

Et [S\?Q,nl,t,x} -7 (6_ (B_Adiag(MI"..’md))(s_t)A.nl) 2 7

which is integrable. It follows that

.. t‘Vp
A% < T3 /2 /R E M\ v™ (dz)dt,
+

K TL

gm x? V" (da) KT,
R,
1

<O0|—].

- (x/T)

And finally

o 1
Ay =0 —=). 11
v=o(7) -

Combining [I0] and [I1] we conclude that

O

Corollary 3.3.1. Fiz d € N*. Let (L{)i>0 be a compound multivariate Hawkes process whose intensity A
follows the dynamics[fl Assume Assumptions[]] l [3 and[3 are in force.
Set C = diag(o?,---,032) where for any j =1,--- ,d

0]2» = /xgyj(dx) [(B — Adiag(m',--- ,m%))
and let G ~ N(0,C).
Then there exists a constant K > 0 independent from T such that

K
do(Fr,G) < ——.
z(T)ﬁ

Proof. This is merely an application of Theorem forp=1and v; = 1. O

Remark 7. The specific bounds ||g||Lip < 1 and Ms(g) < 1 could have been relazed to ||g||Lip < K1 and
Ms(g) < Ko where K1 and Ky are two arbitrary positive constants.
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As a final result in this section, we consider the slightly modified process

Ly — diag(m!,--- ,m%) fOT E[X;]ds
VT

Y=

and we study its behaviour as T" goes to infinity.

Theorem 3.4. Set C = J\FC) t (J\FC) = JC 'J, where J = (I; — diag(m!,- - - ,md/)B_lA)_1 and C
is defined in Corollary
Let G ~ N (0, C') There exists a constant K that does not depend on T such that

for any T > 0.
Proof. Thanks to Lemma [£.6] we have that

JYr=Fr+J 'Ry

f(Jz)

LethHandseth::cHHJH ,
op

Let G ~ N(0,C). We have

this function is clearly in C2(R?) and || f7||rip < 1 and Ma(fs) < ||/]]op-

E[f(Y7)] = EF(@)]] = [/l [E[£:(J7Y )] ~E[£,(J @),
= ||JHop‘E[ (Fr+J 'Rr)] —E[f4(G)]],

where G = J'G ~ N(0,0).

Using a Taylor expansion, there exists a random Y™ such that

f1(Fr+J'Ry) = f5(Fr)+ (Vf,(Y"),J'Ry),

hence

E[£(Y7)] = BUA(G)]| = 1llop [ELfs(Fr)] ~ E[f2(G)] + E[(V£5(Y "), T Re)] |,
< N llop [E L5 (Fr)] = E £ (G + 1 llop [E [(V1(Y*), T Re)] |
< Wl 530 [B[9(F0)] = Elg(@l| + 1]y [E[(VSs(Y"), T B}

where H; = {f € C?(R?) such that ||f||ri;p < 1 and Ma(f) < ||J|lop}. Using Cauchy-Schwarz’s inequality

(twice) the second term is bounded as follows
E[(V£(Y™"),J'Re)]| < [E[[V£2(Y7)] HJ 1RTH]

|E
‘Vf Y] E [l ] .

/ 1/2
E(Ifs03,) E 170, 1R

= ), [1m?]

Thanks to Corollary and Remark there exists a positive constant K (independent from f and T and
that can change from one line to another) such that

[Blrr ] - £@)] < & (= +E[IRel] ).
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And using Lemma we have that

—1 E[}\T} — AT

B[R] = E |||diag(m!, - ,m) (B — Adiag(m, - ,m")

i

VT
. 1 d - 1 an-1% 1 2
< |aingm’ .- .m?) (B~ Adiagom’- - om®) 7| ZE[IED] - Ar ]
K< 2
< T ;E {()\} —E[N,) } , and by virtue of Lemma [{.4]
K
< —.
- T
And finally
~ 1
B - 5@l =0 (=)
hence the result. O

3.3 Proof of Theorem [1.1]

We start by recalling that
Ly — diag(m?,--- ,m%) fOT E[X;]ds
Yr= ,
VT

and that

v Ly — diag(m?,--- ,m%) (B — Adiag(m?!,--- ,md))_l BuT
T= VT ’

where V = B — Adiag(m!,--- ,m?).
Using Lemma [4.2] we have that
EN] =V 'Bu+e V(I -V 'B) p,

hence

T T
/ E[N\]dt = V"' BuT + / e Vidt (I, -~V 'B) p,
0 0
=V 'BuT + (Ig—e V")V (14— V7'B) p.
We deduce that
Y'r=Yr—-R'r,

e diag(m! e mh) (La—e V) (VI VB
with R/p = — .

Let G ~ N (0, C’) as defined in Theorem and let f € H. Using a Taylor expansion, we have for some
X

F(Y'r) = f(G) = f(Y1) = f(G) = (VI(X),R'7).

Since supgega [[Vf(z)|2 <1 and Y'r =0 (%), we deduce that

0¥, @) < do(¥ 7. G) 1 O (%) |

which yields using Theorem [3.4]
~ 1
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4 Lemmata

Lemma 4.1. Set V = B — Adiag(m!, - ,m?). Assume that Assumption @ is in force. Then there are
positive constants K and pq such that

eVl < K1+ t1-tet

for any t > 0.

Proof. First, we call V’s eigenvalues p; > --- > pg and we recall that they are positive. Using Jordan-
Chevalley’s decomposition we can write

V = Pdiag(py,--- ,pa) Pt + Vyar

where V,,;; is a nilpotent matrix that commutes with P diag(p1,---,pq)P~*. Let t > 0, taking the expo-
nential yields

—tV _ —tPdiag(p1,.pa) P —tVoir
- )

efthiag(pl,m,p,i)P*1 *th'z
= Pdiag(e” "', e PP 1Zt7 ml
Since the operator norm is sub-multiplicative and using the triangular inequality

V
€y < 1P Hopll P~ o e =0 opZ o Vol

< K |[diag(e ", e )| (14071
S K ||diag(6*01t7 e aeipdt)Hoo (1 + tdil) P

where the last inequality comes from the fact that all norms are equivalent in finite dimension. O

Lemma 4.2. If A follows the dynamics|4| then for each t
E[\] = (B — Adiag(m ,md))_1 Bu+e™ (B—Adiag(m? - m®) (Id — (B — Adiag(m',--- ,md))_lB> .

Proof. First we prove that if the kernels are exponential, then A is a Markov process that follows an SDE.
By multiplying [4] by e®* we get

ePiIn =ePlu + / eP*AdL,, and by differentiating,
(0,2)

Bt (AX; + BAdt) = eP'Budt + Pt AdL,.

Hence the SDE

By taking the expected value of [12| and keepind in mind that dE[L,] = diag(m!,---,m?)E[X]ds, the
intensity’s expectation is the solution of the multivariate ODE

dE[\] = Bpdt — (B — Adiag(m', -, m%)) E[A/]dt, (13)

with initial condition E[Ag] = . Assumptionguarantees that all the eigenvalues of (B — Adiag(m?,---,m?))
are positive, thus the matrix is invertible and we get the result. O

Lemma 4.3. The difference between the intensity and its expected value is

A —EN] = / e (B-Adingn® o) =0) gqpp,
[0.t)
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where

t
M, =1L, —/ diag(m?!,--- ,m®)A.ds.
0

Its integral with respect to time is

T T ( N L 4
/ A — E[A]dt :/ e (B-Adiagn® o m) (T=) g g g
0 0

Proof. By taking the difference between |12 and [13| we can verify that A — E[A] is a solution of the SDE
d(A —E[N]) = _(B — Adiag(m',--- amd)) (At = E[Ad]) + AdM,

with the initial condition Ag — E[Ag] = 0. Solving the SDE (using variation of parameters) yields
At —E[A] = / e (B diag(m’ ’md))(t_s)AdMS.
[07t)
For the second equality, we start by taking the integral with respect to time until the instant 7'

4 T (B—Adiag(m' M)t
/ A — E[A]dt :/ / ¢~ \B-Adiag(m?,.mD) ) (t=9) gqpg dt,
0 0 J[0,t)

T ,T

= / / ]ls<te_(B_Adlag(ml"" ’md))(t_s)AdMSdt, and using Fubini’s identity
o Jo
T T o )

_ / / e (B—Adlag(m M )) (t_s)thdMs,
0 s

T T—s . 1 0
= / / ef(BfAdlag(m m ))uduAdMs, using a change of variables
o Jo
T

= / (T — s)AdM s,
0

B—Adiag(m?!,-- ,md))

where @ is the anti-derivative of ©u — 67( “ that vanishes at zero. In absence of common

jumps, the integration by parts formula is

0 = B(0)AMy — B(T)AM — /Td (@(T — 5)) AM, + ®(T — ) AdM.,
0

hence
T T . 1 a
/ )\t—E[At]dt:/ ¢~ (B-Adiagim! ) (T=9) g pp g
0 0

O
Lemma 4.4. For any fixzed n,m in [1,d] we have for any T >0
E[(Ar —EA7]) A7 —EDF)] < K
where K is a positive constant independent from T .
Proof. Using the first equality of Lemma |4.3| we have
1 . 1 T
O — D)) O — B = [ e (oo atinnten) 0 qang, [ angTaTe (oAt nt) 1o,
[0,T) [0,7)

which yields using the multivariate Ito isometry

T —(B-Adiag(m',--,m%)) (T—s) T —(B-Adiag(m',-- md))T(Tfs)
E|(Ar —EAg) (Ar —EAa)) | = [ e a AdE[[M],] ATe o ,
0.1)
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where d[M] is the quadratic variation matrix infinitesimal growth

d([M],),; =d M, M7]_,
= Lypyd [M']

= 1;,E [\] ds.

ij

Since the expected value of A! is bounded by a constant independent from 7T and since all of (B —
Adiag(m?,- - ,m?))’s eigen-values are positive we obtain the result. O

Lemma 4.5. Assume that Assumptions@ and are is force. Fori,j € [1,d] let It be the quantity defined
in[9, then we have

1
—Ir < K.
TiT =

Proof. Let m < n be two integers in [1,p] and 4, j in [1,d]. We start by expanding [9]

2
va ..
Ir=E |Ey </ X/\ng:ingt) :
0

o[ o]
- Q/R / / E [XALE: [Miif&f’””Mi;faf”H dsdtvidz,
+

=2E

o i T s i ) .

where we recall that M)"5" = L)"p" —m? [["7 M»b%ds is a martingale. Thus the product’s expectation
n n

is

v, T Un Un v T

Et Mj ,i,t, acM] 14,8, x} _ Et [Mj,iéf,x (Mj,i;,x _ Mtj,i,s,x>:| + Et |:Mj L.t xMj ,1,8, 3:} ,

the last term vanishes since for any ¢t < v,,,T < v, T, E; {M{]’jf””Mt“‘”} = Mtj’i’s’I]Et [Minljfx} = 0. Thus

v T
/ / / yZ]IQSS\zL,i,t,wﬂagj\{'t,i,s,wdeyj (dy)du] s
t Ry JRy
v T 4
/ / / YLy pmin(agiots agen) 00 (dy)du |
t Ry JRy

) v T
:/ y2dv (y )/ E, [mln()\““” )\J”“")} du,
¢

<K/ /\“”]du.

As shown in remarkl /\2 ** has the same dynamics as a Hawkes process 5\;51 that satisfies -if we follow
the lines of the proof of Lemma [£.2} the SDE

v T v T

Et [sztxszsx

i

AN = CBAYdu 4+ AL (14)

u

whose solution yields

~1,8,T

E, [A

ZSZE
u

}:e V(u=- t))\
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where V = B — Adiag(m!,--- ,m?) whose eigen-values py,--- , pg are positive. Hence

onT ~1i,8,T 7
/ e VX du|
t

=K [V_l (Id _ e_V(’UnT—t)) Xi,s,m}ﬂ '

7366 T 2 0rdhe,s,T
E, [N < K

By plugging this inequality in I7’s expression we get

L<K / / m / "E [/\i/\@ Vo (g = eV nT0) iﬁ’s’m]j] dsdtvi(dz),
Ry JO 0
K/R+ /OUMT /Ot 2 [V_l (Id — e_V(”"T_t)) E [A;Ag}\i”ﬂj dsdtv'(dx),
/0 m /0 e (vt (1= e VT B [NE, {Atxtmmj dsdtv (dz),

[ [ v (e v o) e e )] dsana,

“

Ry

“
Ry

~1,8,T

| =E NIE[N

~1,8,%

since 5\1”0 starts at s, Eg {)\ﬁ)\t } By solving the expectation value of the SDE

with the initial condition E [S\Z’s’x] = A ;x we get

S

B[N = A,

which yields after being plugged in the last inequality

v T t 7 . . .
Iy <K / / / 22 [V (1o = eV T0) V0 A ) B AE, [N]] dsdtv' (d),
Ry JO 0

o i ,
SK/ / / 3 [V*l (Id — e*V(vant)) ef‘/(tfs)A.z} E [)\;)\z] dsdtv (dz).
Ry JO 0

By combining Cauchy-Schwarz’s inequality and Lemma [£.4] we have that
ENX] <E NP RN < K,
thus
) v T t J
Ir <K xBZ/(dx)/ {Vl (Id —eiv(v”Tft)>/ ev(ts)dSA.i] d,
R, 0 0
) v T J
<K [ 23vi(da) / [V*l (Id - e*V@nT*t)) V(I — eV A,l} dt,
0

Ry
’UmT ]
SK/ {V*Q (Id — e*V(”"T*t)) (Ig—e V1) A_i} dt, because V commutes with its exponential,
0

v T J
:K/ [V_Q (Id e VlmT=t) _ o=Vt 4 e_anT) A'Z} dt,
0
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and since v, T < v, T,

v T
I SK/ [ Lall,, + e~ VonT=1)
0

+le™,, + le™ 7, t,
op op op
v T
SK/ 1+ (1 + (UnT _ t)d—l)e—(ﬂ—Pd)(UnT—t) + (1 + td—l)e—(ﬂ—Pd)t + (1 + ’Uan_l)e_(B_pd)U”Tdt’
0
<KT.

O

LT—diag(m17--- 77nd) fOT A dt LT—diag(ml,-" ,m?) fOT E[X;]dt

Lemma 4.6. Set F'r = N and Y 7 = N . Then we have the
equality
Yr=JFr + Ry, (15)
where .
J = (Is — diag(m', - -- ,md)B_lA)
and
—1 ]E[)\T] — )\T

Ry = diag(m',--- ,m?) (B — Adiag(m',- - ,m?%)) T

Proof. By taking the expected value of SDE [12] we have the system

dAt = B([L — )\t)dt + Ast,

dE [A¢] = B(p — E[X])dt + Adiag(m?,--- ,m?)E[\]dt,
which yields after integrating with respect to time

Ar —p = BuT — B [} Adt + AL,

E[Ar] — p = BuT — (B — Adiag(m',--- ,m%)) [T E[A]dt.

In order to involve the quantities of interest F'r and Y 7, we state the fact that diag(m?,-- - | md) is invertible

(since v!,--- ,v? are suppoted by R%), hence

Ar — p = BuT — Bdiag(m!,--- ,m?)~!diag(m!,---,m%) fOT \dt + AdLp,
E[Ar] — p = BuT — (Bdiag(m',--- ,m?) =" — A) diag(m!,--- ,m%) [ E[A;]dt,
which yields by adding and subtracting Lo

Ar — p = BuT + Bdiag(m?, -~ ,m?)~! (ﬁFT _ LT) + AdLq,

E [)\T] — = B/LT + (B diag(ml, cee ,md)fl — A) (\/TYT — LT> .
Subtracting the first equation from the second yields

E[Ar] — Ar = (Bdiag(m?,--- ,m?) ' — A)VTY r — Bdiag(m',--- ,m*)"'"VTFr,
= (B — Adiag(m', -+ ,m%)) diag(m', - -- ,mO"WTY p — Bdiag(m?,--- ,m%) " "WTFr.

Since (B — diag(m?,--- ,md)A) is invertible, we have
. -1 E[A7] = Ap . _
B — Adiag(m",--- ,m? 17:d1a m',- ,mH7Y

— (B — Adiag(m?,--- 7md))_1 Bdiag(m',--- ,m*) ' Fr,

=diag(m',--- ,m") 'Y

— (diag(m', - ,m?) — diag(m?,--- ,m%) B~ Adiag(m!, - ,md))71 Fr.
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Multiplying to the left by diag(m?,---,m?) we get

diag(m?', -+ ,m%) (B — Adiag(m, -+ ,m%))

-1 E[Ar] = Ar . 1 dyp-1 41
AT ATy (1, — diag(m!, -, m®)B1A) T Fop
Nis T (d g( ) ) T

O
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