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Supplementary material

Sara Elbouch

We show the intermediate steps that have led to the computation of the
variance. We detail each moment that intervenes in the computation of the
variance in the scalar case (p = 1). For the sake of readability in the bivariate
case (p = 2), we detail those moments for the particular case of a bivariate-
embedding of a scalar process (because having v11(7) = ~22(7) reduces the
length of the expressions involved). In addition, we expose the expression of
the mean of B in the particular case of a tri-variate embedding (p=3)ofa
scalar process. If requested, the variance of Bs can be given in a handwritten
format.
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1. Computation of the variance of Bp

1.1. Scalar case (p = 1)
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The second-order moment of El reads:
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1.2. Bivariate case (p = 2)

For the sake of readability, we restrict details about computation to the
case of a bivariate embedding of scalar process (because this particular case
where 7411(7) = 792(7) simplifies the length of the expressions).
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+CF (12875 (n — q) + 128y1(n — ¢)y-1(n — q))

1
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—2560001’70(71 — Q)('Vl (n - Q) + ’7—1(n - Q))]

Gl BB — ) + 64— 0) + 47,0~ 0)
+C(12845(n — q) + 12871(n — )7-1(n — q))
—256CoCh0(n — q) (1 (n = q) + 71 (n = q))]

e O3 m = )+ 6433 m — 1) + 524 (m = 1)
+C7(12875(m — j) + 12871 (m — j)y-1(n — q))

mwg(l%ﬁ(m — i) +64(7{(m —0) + 21 (m — 1))

+C2(128v3 (m — 1) + 12841 (m — i)y_1(m — 1))
—256C,Ciyo(m — i) (v (m — i) +y-_1(m —1))] (21)

1
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E{AnnAnjAjkAknAmmAmﬁAlqum} =

16

E{A2 A2} +

1
@ o0

WG = k) + 640 — k)y-1(f — k) + CF

(6475(j — k) + 64(7i(j — k) + 72,7 — k)

+6471() — k)y-1(j — k)

—256CoC170(j — k) (11 (7 — k)

+7-1(5 — k)]
1

M(eres

Yo (0 — q) + 6471 (€ — q)y—1 (€ — q)) + C}

(6475(0 — q) + 64(77(L — q) + 72, (0 — q))

+6471 (€ = g)y-1(£ = q))

—256CoC170(¢ — q)(n (¢ — q)

+7-1(0 — q))]

-yl

+y_1(€ — k)?)) + CH(64~2 (0 — k) + 64, (L — k)

7—1(€ - k’))

—128CoCiyo(€ — k) (1 (£ — k) +7-1(€ — k)]

1 . .
+((J§——012)2[Cg<647§(‘7 —0)+32(v (=0

72107 = 0)?) + CE (645 — ) + 647 () — 0)
Y-1(j —£))
—1280001’70(] - ﬁ) ('}/1 (] - 6) + 7—1(j - E))]

1 : :
T oo Col6h i — ) + 32050 — )

+7-1( — 9)*)) + CH(64% (j — q) + 6471(j — q)
-1 — q))
—128CoChy0(j — @) (1 (J — @) +7-1(4 — q))]

+m[03(647§ (¢ — k) +32(7i(g — k)
+7-1(q — k)?)) + CF (6475 (q — k) + 6471 (q — k)
v-1(g — k)

—128CoC1v0(q — k) (g — k) +v-1(q — k)]

C5(192

C3(6475 (0 — k) + 32(7i (¢ — k)



ﬁ < [C3(32002(n — §) + 16(x2(n — §) + 72 1(n — )) + 967 (n — )1 (n — ))
+CT(96(vi (n — j) + 721 (n — ) + 128vi(n — j)y—1(n — ) + 12875 (n — j))
—448CyChyo(n — j)((n — J) +v-1(n — 7))]

wlcvlz)g X [C3(32075 (n — k) +16(7i (n — k) + 2, (n = k)) + 9671 (n — k)y-1(n — k))

FOH96(+3(n — k) + 72, (n — ) + 1287 (n — k)71 (n — ) + 12843(n — k)
—44800C170(n - k) (71 (n - k) + Vfl(n - k))]

x [C5 (32075 (m — €) + 16(7i (m — £) + 72, (m — £)) + 9671.(m — £)y-1(m — 0))

+

1
(CT- 7y
FCHO6(3(m — €) + 224 (m — 0)) + 1287 (m — £)y1(m — £) + 1283 (m — 0))
—448C,Cyyo(m — €)(y1(m — €) + y_1(m — £))]

G (G0 — )+ 160:3m = )+ (m = ) + 965 m = )12 (m — )

+CF(96(7; (m — q) + 771 (m — q)) + 1281 (m — q)y_1(m — q) + 12875 (m — q))
—4480001%(m — (]) (71 (m - Q) + 7—1<m - Q))]

+W1012)2[C§(1287§(m —J) + 64(yi (m — j) + 2, (m — 7)) + CT (12875 (m — j)
+128’71(m J)v-1(m = j)) — 256CoCryo(m — j)(y1(m — j) + y-1(m — j))]

[C5(12875(n — 0) + 64(71(n — £) + 7%, (n — 0))) + C{ (12875 (n — )

(C2 Ct)?
+12871(n — O)y-1(n = £)) = 256CoCryo(n — £)(vi(n — £) +v-1(n — ()]
oo Ci(12875(n — q) + 64(7i(n — q) + 721 (n — q))) + CF (128~ (n — q)
+128%(n —q)v-1(n —q)) — 256CoCryo(n — q)(11(n — q) +v-1(n — q))]

)v-
(Cg — 012)2 [C3(12875(m — k) + 64(75 (m — k) + 721 (m — k))) + CF (12875 (m — k)

+128v1(m — k)y-1(m — k)) — 256CoCryo(m — k) (71 (m — k) + y-1(m — k))] (22)

We sum now over all the time indices according to proposition 5.1.

2 i Ly Qun—k) 1~ Q(n— k)
BB = m oo LGy | P
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Qi(n—k) = [32(y1(n—k) +v_1(n—k))* + 25670 (n — k)*|C3 +
[64(71(n — k) +7-1(n — k))* + 1287 (n — k)*|C}

—3847v0(n — k)(v1(n — k) +7-1(n — k) (24)
B[R] = 64— Z —Cf; +o(1/N) (25)

Var[B,) = E[B?] — E[B,)?

N 2 (cg-opi W

2. Mean of tri-variate embedding of a scalar process (p = 3)

E[B;] =15 — —
[Bs] =15 N stz; 00—02 c2+0200—2c2) N
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Co[=9070(5)? 4+ 4(71(5) +7-1(8))? + 2(72(s) + 7-2(5))’
—20(72(8)7-2(8) + 271(8)7-1(5))]

—4CFCT[16(m(s) +7-1(5))* + (72(5) +7-2(s))?
—2071(8)7-1(5) — 1072(s)7-2(s) + 2070(5) (72(s) + 7-2(s))
—2470(s)%] = 4C5CF[=1270(5)* + (1 (s) +7-1(5))? + 4(72(s) + 7-2(5))?
=5(72(8)7-2(5) + 271 (s)7-1(8))] — 4CTC3[1d0(s)* + 6(71(s) +72,)?
+2071(s)7-1(5) — Y0(s) (Y2(s) + 7-2(5))] + 4CTCoCa[1870(s)*

+22(71 +7-1)" + 4(72(8) +7-2(5))* — 1072(s)7-2(s)

—870(5)(72(5) + 7-2(s))] + 8C5C1[470(5) (1 (s) +7-1(s))

+4(72(8)7-1(8) + 7-2(8)11(8)) — (12(8)71(8) + 7-2(8)7-1(5))]
—5605C105[370(s) (m(s) +7-1(5)) + (12(s)71(5)

+72(5)7-1(5) + 7-2(5)m(5) + 7-2(8)7-1(5))] + 8C5 Ca[90(5) (2 + 7-2)
+2(71(s) + 7-1(5))% = 571 (s)7-1(s)] = 8CoC3[270(s) (72 + 7—2)

+2(71(5) +7-1(5))* = 57(s)7-1(8)] + 56C1C570(s)?

+8CT(Cy — Co)[870(s) (1(5) + 7-1(8)) — 9(a2(s) 71 (s)

+7-27-1) + (71 (8)12(s) +7-2(5)n(s))] + 8CoC1C3[—40(5) (11 (s)
+7-1(8)) +8(12(s)71(8) + 7-2(5)7-1(5)) + 3(v=2(8)11(5) + 12(8)7-1(5))]
+OT[=14(72(s) + 7-2(s))? = 5670(s)* + 5670(s) (72(s) +7-2(5))]
—14C370(s)? (27)
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