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Non-Asymptotic Analysis of Stochastic Approximation Algorithms for
Streaming Data

Antoine Godichon-Baggioni, Nicklas Werge*, Olivier Wintenberger
LPSM, Sorbonne Université, 4 place Jussieu, 75005 Paris, France

Abstract

Motivated by the high-frequency data streams continuously generated, real-time learning is becoming increasingly
important. These data streams should be processed sequentially with the property that the data stream may change over
time. In this streaming setting, we propose techniques for minimizing convex objectives through unbiased estimates
of their gradients, commonly referred to as stochastic approximation problems. Our methods rely on stochastic
approximation algorithms because of their applicability and computational advantages. The reasoning includes iterate
averaging that guarantees optimal statistical efficiency under classical conditions. Our non-asymptotic analysis shows
accelerated convergence by selecting the learning rate according to the expected data streams. We show that the
average estimate converges optimally and robustly for any data stream rate. In addition, noise reduction can be
achieved by processing the data in a specific pattern, which is advantageous for large-scale machine learning problems.
These theoretical results are illustrated for various data streams, showing the effectiveness of the proposed algorithms.
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1. Introduction

Machine learning and artificial intelligence have become an integral part of modern society. This massive uti-
lization of intelligent systems generates an endless sequence of data, many of which come as streaming data such as
internet traffic data, financial investments, self-driving cars, or sensor data. It requires robust and time-efficient algo-
rithms to analyze and process such data without compromising accuracy. This problem has attracted a lot of attention
in the machine learning community [2, 3, 28, 34, 36].

Even after 70 years, Stochastic Approximation (SA) algorithms are still widely used for handling large amounts
of data [24]; the most well-known is presumably the Stochastic Gradient (SG) method, which has led to numerous
extensions [8, 15, 23, 25, 32, 35]. An essential extension is the Polyak-Ruppert averaging (ASG) proposed by Polyak
and Juditsky [22] and Ruppert [26], which guarantees optimal statistical efficiency without jeopardizing the compu-
tational cost. Bottou et al. [4] reviews these stochastic algorithms for large-scale machine learning, including noise
reduction and second-order methods, among others.

Contributions. A fundamental aspect of this paper is to explore how changing data streams affect these stochastic
optimization methods. Our analysis extends the work of Moulines and Bach [18] to a streaming framework. We
examine two different kinds of data streams: constant and varying streaming-batches. These data streams includes
everything from vanilla SG and ASG, mini-batch SG and ASG, to more exotic learning designs. Our main theoretical
contribution is the non-asymptotic analysis of the SG and ASG method in this streaming framework. Our results show
a noticeable improvement in convergence rates by having learning rates that adapt to the expected data streams. In
particular, we show how to obtain optimal convergence rates robust to any data streaming rate.
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Organization. Section 2 presents the streaming framework on which the non-asymptotic analysis relies. Our
convergence results are presented in Sections 3 and 4, with and without averaging. Both sections includes analysis of
unbounded and uniform bounded gradients. These theoretical results are illustrated in Section 5 for a variety of data
streams. At last, some final remarks are done in Section 6.

2. Problem Formulation

The objective of the SA problem is to minimize functions of the form L(0) = E,[/,(6)] with respect to 6 € ®, where
® ¢ R is a convex body; a convex body in R? is a compact convex set with non-empty interior. The minimization of L
is achieved without evaluating it directly but by unbiased functions /, : RY — R. Observe that the principles for biased
functions (/;) are rather different [7, 27]. Let (/) constitute a sequence of independent differentiable random functions
(possibly non-convex) and their gradients unbiased estimates of VgL, e.g., see Nesterov et al. [21] for definitions and
properties of such functions. Let us now describe our streaming framework in which we will solve our SA problem:
at each time ¢ € N, a block consisting of n, € N random functions [, = (/;,...,l;,,) arrive. These random functions
(I;;) can be seen as observations (or random loss functions) depending on the true minimizer 8 and some underlying
noise sequence. To solve this, we introduce the Stochastic Streaming Gradient (SSG) defined as

n

0,=0., -2 Z Voli i(6i-1), 6 €O, (1)
=
where (y,) is a decreasing sequence of positive numbers also referred to as the learning rate satisfying Y!_, y; = oo
and ), yl.z < oo for t — oo [24]. In the same way, we introduce the Projected Stochastic Streaming Gradient (PSSG),
defined by
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=

where Pg denotes the projection onto the convex body ® C R?. The PSSG estimate in (2) is very convenient
for models with conditions on the parameters space, and thereby, requires a projection of the parameters. Next, to
guarantee optimal convergence properties [22, 26], we introduce the Averaged Stochastic Streaming Gradient (ASSG),
given as
=

o= ZO] ni6;, 8o =0, 3)
where (6;) follow (1) and N, denotes the accumulated sum of observations, ZLI n;. Similarly, we define the PASSG
estimate as when () (in (3)) is derived using (2). Practically, as we handle data sequentially, we will make use of the
rewritten formula: 6, = (N,_; /N))0,_; + (n,/N,)0,_; with 8, = 0.

2.1. Quasi-strong Convex Objectives

Following Moulines and Bach [18], Sridharan et al. [29], we make the following assumptions about the objective
function L: assume that 8* € ® is the unique global minimizer of L with Vy4L(6%) = 0. Also, let L be u-quasi-strong
convex [13, 20], that is, the exists ¢ > 0 such that V6 € ® the following inequality holds,

L(6") = L(6) + (VoL(6),6 — 6") + %HQ - 6|2 “)

Teo et al. [31] provides a comprehensive record of various convex functions L used in machine learning applications.
Next, let the function V4L be Cy-Lipschitz continuous, i.e., there exists Cy > 0 such that V6,6’ € @,

IVeL(6) — VoL(&")l < Cyllo - &'ll. &)

Furthermore, for the averaging estimate in (3), we need the function L to be twice differentiable with Cs-Lipschitz
continuous Hessian operator V(%L, meaning, there exists Cs > 0 such that V6,6’ € O,

IV5L(6) = VL@l < Csli6 = &', (6)
Note that (5) and (6) only needs to hold for 8’ = 6.



3. Stochastic Streaming Gradients

This section considers the SSG and PSSG methods with streaming batches arriving in constant and varying
streams. Our aim is to provide bounds on the quadratic mean E[||6, — 6*|*1, which depends explicitly upon the prob-
lem’s parameters. In order to do this, we assume the following about the function /,; foreachr € Nwithi =1,...,n;:

Assumption 1. The random variable Vyl, ;(0) is square-integrable and V6 € ®, E[Vyl, ;(6)] = VyL(9).

Assumption 2-p (C;-expected smoothness). For p > 1, there exists C; > 0 such that ¥6,0' € O, E[||Vyl,(6) —
Vol i(O)IIP] < CTE[l0 - 6/|1].

Assumption 3-p (o-gradient noise). For p > 1, there exists o > 0 such that E[|[Vgl, ;(6")|IP] < oP.

These assumptions are modified versions of the standard assumptions for stochastic approximations [1, 16] as they
hold for any i = 1,...,n,. Note that Assumption 2-p only needs to hold for & = 6*. By the smoothness assumption
(Assumption 2-p), we avoid the unfavorable uniformly bounded gradients assumption, which is too restrictive and
only holds for a few losses. Assumption 3-p is a weak assumption that should be seen as an assumption on ® rather
than on (;;). For SSG and PSSG, we only need Assumptions 2-p and 3-p to hold for p = 2, whereas, for ASSG
and PASSG, we need p = 4 in order to bound the fourth-order moment. Our framework include classic examples:
stochastic approximation (Robbins-Monro setting [24]) and learning from i.i.d. data, such as linear regression, logis-
tic regression, general ridge regressions and quantile regression, p-means, and softmax regression, under regularity
conditions [6, 30]. In the following theorem, we derive an explicit upper bound on the #-th estimate of (1) and (2) for
any learning rate (y,) using classical techniques from stochastic approximations [1, 16].

Theorem 1 (SSG/PSSG). Denote 8, = E[||6,—0%||*] for some 5¢ > 0, where (6;) follows (1) or (2). Under Assumption 1,
Assumptions 2-p and 3-p with p = 2, we have for any learning rate (y;) that

t 2

2 .

8, <exp —/127,- 7rf+i max 2, @)
Sh M t/2<i<t n;

with 78 = exp(4C% X1 ¥2/n) exp(2C2 i, 1o y?) (G0 + 202/ C2).

Sketch of proof. Under Assumption 1, Assumptions 2-p and 3-p with p = 2, we derive from (1) that (d;) satisfies
the recursive relation

8 < [1 = 2wy, + QCH + (n, — DCE; 'y216,-1 + 207n; 2, (8)

for any (n,) and (y,) fulfilling the conditions imposed on the learning rate [24]. This recursive relation is then bounded
in a non-asymptotic manner using Proposition 5. Bounding the projected estimate in (2) follows directly from the fact
that E[||Pe(8) — 6*|1*] < E[]|6 — 6°|1*], V6 € © [37].

Related work. When n, = 1 in (7), we obtain the usual SG method studied in Moulines and Bach [18]. Similarly,
Theorem 1 provides an upper bound on the function values, E[L(6,)—L(6")] < C;0,/2; this follows by Cauchy-Schwarz
inequality and Assumption 2-p.

Natural decay imposed by Robbins and Monro [24]. The learning rate (y;) should satisfy the following re-
quirements: Y\, y; = oo and Y/_, y?/n; < ¥, ¥? < oo for t — oo. These conditions directly imply that 77 < oo
as t — oco. Thus, our attention is on reducing the noise term max,2<;<; ¥;/n; without damaging the natural decay of
the sub-exponential term exp(—u X!_, 12 ¥i)- In particular, this non-asymptotic bound shows convergence in quadratic
mean for any learning rate, fulfilling these conditions. In addition, the scaling with (n,) in the noise term shows an
apparent variance reduction when we increase the streaming batches (7;).

Throughout this paper, we will consider learning rates on the form y, = Cynff t~® with hyper-parameters C,, > 0,
B € [0, 1], and @ chosen accordingly to the expected streaming batches denoted by n,. We start by considering constant
streaming batches (i.e., mini-batch SG) where n, follows the constant streaming batch size C,, € N:



Corollary 1 (SSG/PSSG, constant streaming batches). Denote 6, = E[||6; — 0*|171 for some 8y > 0, where () follows
(1) or (2). Suppose y; = Cycgt“’ such that a € (1/2,1). Under Assumption 1, Assumptions 2-p and 3-p with p = 2,
we have

C Nl—ar 21+(10.2C
S <exp [— =y lia_ﬁ]n; S e ©)
21-eC, uC, "Ny
where 6, = exp(4aC(2C? + Cyli,., C2)/a = DC, )60 + 202 /C?) is a finite constant.
Decay of the initial conditions. The bound in Corollary 1 depends on the initial condition &y = |6y — 6*|* and

the variance o in the noise term. The initial condition &y vanish sub-exponentially fast for @ € (1/2,1). Thus,
the asymptotic term is 2”"0’2Cy //JC;_H_’B N7, ie., 6, = O(N;®). Moreover, the bound in (9) is optimal (up to some
constants) for quadratic functions (/;;), since the deterministic recursion in (8) would be with equality. It is worth
noting that if C,C; or C,Cy is chosen too large, they may produce a large g, constant. In addition, 7, is positively
affected by C, when 8 < 1/2. Obviously, the hyper-parameter 8 only comes into play if the streaming batch size is
larger than one, i.e., C, > 1. Nonetheless, the effect of 7§, will decrease exponentially fast due to the sub-exponentially
decaying factor in front.

Variance reduction. The asymptotic term is divided by C ,i_“_ﬁ , implying we could achieve variance reduction by
taking a + 8 < 1 when C,, is large. Taking a large streaming batch size, e.g., C, = t, one accelerates the vanilla SG
convergence rate to O(N,l_'B ). However, this large streaming batch size would be unsuitable in practice, and it would
mean that we would take few steps until convergence is achieved.

The safe choice of having 8 = 0 functions well for the SSG method for any streaming batch size C,, but fixed-sized
streaming batches are not the most realistic streaming setting. These streaming batches are far more likely to vary in
size depending on the data streams. For the sake of simplicity, we consider varying streaming batches where 7, are on
the form C,#” with C, > 1 and p € (-1, 1) such that n;, > 1 for all 7. We will refer to p as the streaming rate. For the
convenience of notation, let p = p1.,,.

Corollary 2 (SSG/PSSG, varying streaming batches). Denote §, = E[||0, — 6*|]*] for some &y > 0, where (6,) follows

(1) or (2). Suppose y; = Cynft“’ where n; = Cpt’ with C, > 1 and p € (=1, 1), such that « — gp € (1/2,1). Under
Assumption 1, Assumptions 2-p and 3-p with p = 2, we have

pCyN, ™ ] 214452 C, (10)

Or <exp (_ 201D I d CUP by’
where ¢ = (1= B)p + @)/(1 +p) and x, = exp(d(a — B)CICL2CE + C2)/(2a — Bp) — D)6y + 202/C2) is a finite
constant.

Decay of the initial conditions. As mentioned for Corollary 1, the condition of having @ — 8p € (1/2,1)is a
natural restriction from Robbins and Monro [24], which relaxes the usual condition of having @ € (1/2, 1) for p non-
negative. For p € (-1, 1/2), setting @ = 2/3 and 8 = 1/3 would give same decay rate, §, = O(Nt_m) as we saw for
Corollary 1 when a = 2/3. However, accelerated convergence could be achieved by, e.g., setting@ = 1 and § = 1/2
for streaming rate p € (0, 1), giving us §, = O(N;(lw/z)/(“p)).

Variance reduction. Similarly to Corollary 1, the sub-exponential and asymptotic term is scaled by C,i_ﬁ ~ for
p = 0, implying we should take @ + § < 1 to obtain variance reduction. These conclusions will change when we
consider the averaging estimate in Section 4.

The reasoning in Corollary 2 could be expanded to include random streaming batches where n, is given such that
Cptt < n, < Cyt" with pr,py € (-=1,1) and Cy, Cy > 1. This yields the modified rate ¢’ = (1 = B)por + @)/(1 + pg);
nevertheless, we will leave the proof to the reader.

4. Averaged Stochastic Streaming Gradients

In what follows, we consider the averaging estimate (8,) given in (3) derived with use of (6,) from (1) (Section 4.1)
or (2) (Section 4.2). Besides having Assumptions 2-p and 3-p to hold for p = 4, an additional assumption is needed
for bounding the rest term of the averaging estimate.



Assumption 4. There exists a non-negative self-adjoint operator X such that E[Vyl, (6*)Vel, ;(6*)7] < Z.
Note that the operator X always exists when ¢ is finite for order p = 4 in Assumption 3-p.

4.1. Unbounded Gradients

As in Section 3, we conduct a general study for any learning rate (y,) when applying the Polyak-Ruppert averaging
estimate from (3):

Theorem 2 (ASSG). Denote 5, = E[||6, — 6*||] with (6,) given by (3) using (6;) from (1). Under Assumption 1,
Assumptions 2-p and 3-p with p = 4, and Assumption 4, we have for any learning rate (y;) that

-1 12
sy sz M l+C 512 4 G s +_ Al
0; ,U'}’th t uN, \ 31 4N, an+1 i Z”zﬂ )

i=1
an

=1

512 < A /2 Z Ny N
t 1/2 ,UNz -

Yivl1 Vi

where A = Tr(VgL(G*)‘lZVéL(G*)‘l) and A, = E[||0, — 6*||*] for some Ay > 0.

As noticed in Polyak and Juditsky [22], the leading term A/N, achieves the Cramer-Rao bound [9, 19]. Note
that the leading term A/N; is invariant of the learning rate (y;). Moreover, this bound of O(N; ') is achieved without
inverting the Hessian. Next, the processes (6;) and (A,) can be bounded by the recursive relations in (7) and (21).
There are no sub-exponential decaying terms for the initial conditions in Theorem 2, which is a common problem for
averaging. However, as mentioned previously, we are more interested in advancing the decay of the asymptotic terms.
To ease notation, we make use of the functions y.(f) : R — R, given as

A=/ /(1 - %) ifx < 1,
Y1) = S (1 +y) log(r) ifx=1,
x/(x=1) if x> 1,

with y € R,, such that 3/_, i™ < ¢%r) for any x € R,. Note that y(r)/t = O(t‘(":’y)/(””) if x < 1, yu(n)/t =
O(log(Ht™ ") if x = 1, and ¥.(1)/t = O(t™") if x > 1. Hence, for any x,y € R,, y(1)/t = Ot~/ where the O(-)
notation hides logarithmic factors.

Corollary 3 (ASSG, constant streaming batches). Denote 5, = E[||8; — 6*||*] with () given by (3) using (6;) from
(1). Suppose y; = Cngt‘” such that « € (1/2,1). Under Assumption 1, Assumptions 2-p and 3-p with p = 4, and
Assumption 4, we have

p A2 6o cilPr , 276Cs°Cy 2C10Cy? C,L.
< + +
t Nt1/2 3/2C1/2N1 w/2 2C1 n—ﬁNa 3/2Cﬁ()l—afﬁ)/2Nl(1+a)/2 /JN[
Cf) a—p /_ﬂgo < . (6 + 7]1{cp>1])230/2C(;O'ZC;/ZCSB/Zl//ga/z(N’/C/’)
HC, N2 1PN, ’

with T given by (1/C,,Cl + C)8)* + C) \JTGAL]C, + VALAS,/C,Ch + Cs NTISAS, consisting of the finite constants
ns,, I, and AS,, that only depends on i, 6o, Mo, C, 0, Cy, Cs, C,, C,, B and a.

Accelerated decay the initial conditions. By averaging, we have increased the rate of convergence from O(N; %)
to the optimal rate O(N; !). The two subsequent terms are the main remaining terms decaying at the rate O(N®~2) and
O(N;2®), which suggests setting @ = 2/3 would be optimal. The remaining terms are negligible. Next, it is worth
noting that having @ + 8 = 1 in Corollary 3, we would give no impact in the main remaining terms from the streaming
batch size C,. Moreover, taking @ = 2/3 and § < 1/3 would be an optimal choice of hyper-parameters such that
the streaming batch size C, have a positive or no impact. At last, as we do not rely on sub-exponentially decaying
terms, we need to be more careful when picking our hyper-parameters, e.g., taking C, C; too large may cause I to be
significant. Nevertheless, the term consisting of T decay at a rate of at least O(N;2).
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Corollary 4 (ASSG, varying streaming batches). Denote 6, = E[||6; — 6*||*] with (,) given by (3) using (6;) from (1).
Suppose y; = Cynft“’ where n; = Cot? with C, > 1 and p € (-1, 1), such that a — 8p € (1/2,1). Under Assumption 1,
Assumptions 2-p and 3-p with p = 4, and Assumption 4, we have
Al2 N 23+¢(l+f))0_CF()17¢*ﬁ)/2]1(sz) N 2"*‘/’)(”5)‘2C50'2Cy N 2¢(1+ﬁ)/2ClO_C;/2 . Cprv
- Nt1/2 H3/2C}1,/2Nf1_¢/2 luzcll—tﬁ—ﬁN;b #3/2C/(Jl—¢—ﬁ)/21(pzo» Nt(l+¢)/2 UN;
¢ , 3(1+¢)(1+p)/2 2~3/2~143B/2 b
. szl o= /_FZOALO N 23(1+¢)(1+p)/ Cso Cy Cp wg((y—ﬁp)/z(Nl/Cp)
uC, N12_¢ #3/2C;1<pzo» N, ’

=1/2
t

with T, given by (1/C,Cl + C)8Y/* + 2°C) \[RLAL]C, + 2 VILAL /C,Ch + 2°Cs \TILAL, consisting of the finite
constants nt),,, II), and AY,, that only depends on u, 6o, Ao, Ci, o, Cy, C5, C,, Cp, B and a.

Robustness towards streaming rates p: Following the arguments above, the two main remainder terms reveal
that =2/3 & a - Bp = (2 -p)/3, e.g., by setting 8 = 0, we should pick @ = (2 — p)/3. Likewise, if p = 0, we yield
the same conclusion as in Corollary 3, namely @ = 2/3. However, these hyper-parameter choices are not resilient
against any arrival schedule p. Nonetheless, we can robustly achieve ¢ = 2/3 for any p € (-1, 1) by setting @ = 2/3
and § = 1/3. In other words, we can achieve optimal convergence for any data stream by having @ = 2/3 and 8 = 1/3.

4.2. Bounded Gradients

In what follows, we consider the averaging estimate 8, given in (3) but with the use of the projected estimate
PSSG from (2). To avoid calculating the six-order moment, we make the unnecessary assumption that ||Vl ;(0)|| is
uniformly bounded for any 6 € ®; the derivation of the six-order moment can be found in Godichon-Baggioni [10].

Assumption 5. Let dy;, = infgegelld — 07| > 0 with O denoting the frontier of ®. Moreover, there exists Go > 0 such
that ¥t > 1, sup,eellVol (OI* < G a.s., withi=1,...,n,.

Corollary 5 (PASSG, constant streaming batches). Denote 6, = E[||6, — 6%||*] with (6,) given by (3) using (6,) from
. Suppose y, = 7% such that a € ,1). Under Assumption 1, Assumptions 2-p and 3-p with p = 4,
2). S CyCég @ h th (1/2,1). Under A jon 1, A ] 2 d3 ith 4
Assumptions 4 and 5, we have
L AV2 O 60CE TP 2e6csoC, 2C0C)? C,T.
t = 1/2 + 3/21/2 p71-a/2 + 2 ~l—a—B e + 3/2 ~(1=a—p)/2 y;(1+a)/2 + N,
N, w2C,/"N, w2C, PNy p2C, N, HN;
G INTRAL, | (6+ Thig)2 P Cio GG g, (NI Co)
'uCYNtZ—a ,US/ZNZ 5

with C, = C5+22Ge/d>,, andT, given by (1/C,Ch+CSy/*+Ci\TSALICp+ VAGAS /CyCh+Cs VTG AS,, consisting
of the finite constants n§,, IS, and A¢,, that only depends on u, 6o, Ao, Ci, 0, Cy, Cs, C,, Cp, B and a.

Corollary 6 (PASSG, varying streaming batches). Denote 5, = E[||6; — 6*||*] with (6,) given by (3) using (6,) from (2).

Suppose y; = Cynfft‘” where n; = Cpt with C, > 1 and p € (-1, 1), such that « — p € (1/2,1). Under Assumption I,
Assumptions 2-p and 3-p with p = 4, Assumptions 4 and 5, we have

A2 3D garaip2c,62C, 200402, C)/2 c,T,

<1/2
< + + +
er/z p3/2C)1,/2N11 $/2 #QC; ¢ ﬁN;b ,u3/2CE,1 & ﬁ)/21<pzo»Nt<l+¢)/2 UN,

t

b 5 3/2 ~143B8/2 , 5
szj B \/ﬂ'_goAﬁo 23(1+¢)(1+p)/2c(/s0.2Cy/ Cp+ B/ w/;

+
2— Tip>
MCyN; ‘ ,U3/2Cp PN,

(N:/Cp)

i

(a—pp)/2

with Cj = Cs + 22Go/d?, and T, given by (1/C,Ch + C)6)/* + 2 C)\JRLAL]C, + 2 VTLAL /C,Ch + 20 Cs VTTL AL,
consisting of the finite constants n},,, I1}, and A}, that only depends on u, 69, Ao, Ci, 0, Cy, Cs, C,, C,, B and a.
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5. Experiments

In this section, we demonstrate the theoretical results presented in Sections 3 and 4 for various data streams.
In Section 5.1, we illustrate the unbounded gradient case (Sections 3 and 4.1) using linear regression. Where in
Section 5.2, we present the bounded gradient case (Sections 3 and 4.2) by considering the geometric median. To
measure the performance, we use the quadratic mean error of the parameter estimates over 100 replications, given by
(E[16n, — 6°1I*1):»1. Note that averaging over several iterations gives a reduction in variability, which mainly benefits
the SSG and PSSG.

5.1. Linear Regression

Consider the linear regression defined by y; = XtT 0 + ¢, where X, € R? is a random features vector, 6 € R? is
the parameters vector, and ¢ is a random variable with zero mean, independent from X;. Moreover, (X;, €)» are
independent and identically distributed. Thus, #* is the minimizer of L(§) = E[(y; — X! #)*]. In this example, we fix
d=10,set6 = (-4,-3,2,1,0,1,2,3,4,57 € R'9 and let (X,) and (¢) be standard Gaussian. It is well-known that
C, can substantially impact convergence; when C, is too large, instability can occur, leading to an explosion during
the first iterations. If C, is too small, the convergence can become very slow and destroy the desired rate «. To focus
on the various data streams, we set C, = 1/2 and a = 2/3.

In Figure la, we consider constant data streams to illustrate the results in Corollaries 1 and 3. The figures show
a solid decay rate proportional to & = 2/3 for any streaming batch size C, € {1, 8, 64, 128} with 8 = 0, as shown in
Corollary 1. In addition, we see an acceleration in decay by averaging, as explained in Corollary 3. Both methods show
a noticeable reduction in variance when C, increases which are particularly beneficial in the beginning. Moreover, as
mentioned in Remark 1, the stationary phase may also commence earlier when we raise the streaming batch size C,,.
Next, in Figures 1b to le, we vary the streaming rate p for streaming batch sizes C,, = 1, &, 64, and 128, respectively,
with 8 = 0. These figures shows an increase in decay of the SSG when the streaming rate p increase. Despite this,
we still achieve better convergence for the ASSG method, which seems more immune to the different choices of
streaming rate p, e.g., see the discussion after Corollary 4. We know this from Corollary 2, as ¢ = (0 +@)/(1+p) > «
for 8 = 0. In addition, we see that C, has a positive effect on the noise (i.e, variance reduction), but if C, becomes
too large, it may slow down convergence (as seen in Figure le). Alternatively, we could think around the problem in
another way: how can we choose a and 8 such that we have optimal decay of ¢ = 2/3 for any p. In other words, for
any arrival schedule that may occur, how should we choose our hyper-parameters such that we achieve optimal decay
of ¢ = 2/3. As discussed after Corollary 4, one example of this could be achieved by setting @ = 2/3 and § = 1/3
such that ¢ = 2/3 for any p. Figure 1f shows an example of this where we (indeed) achieve the same decay rate for
any streaming rate p.

5.2. Geometric Median

The geometric median is a generalization of the real median introduced by Haldane [12]. Robust estimators such as
the geometric median may be preferred over the mean when the data is noisy. Moreover, in our streaming framework,
stochastic algorithms are preferred as they efficiently handle large samples of high-dimensional data [6, 10]. The
geometric median of X € R? is defined by 6 € R? which minimizes the convex function L(6) = E[||X — 6|| — |IX]I],
e.g., see Kemperman [14] for properties such as existence, uniqueness, and robustness (breakdown point). Thus, the
gradient VyL(6) = E[Vyl,(0)] with Vyl,(0) = —(X; — 0)/||X; — 6|| is bounded as ||Vyl;(0)]| < 1. As discussed in Gadat
and Panloup [9], this boundedness implies that it is not necessary to project our estimates explicitly. Similarly to
above, we fix d = 10 and let (X,) be standard Gaussian centered at 6 = (-4, -3,2,1,0,1,2,3,4,5)" € R'°. Moreover,
following the reasoning of Cardot et al. [6], we set C), = Vd = V10, and let & = 2/3.

Figure 2a shows the variance reduction effect for different constant streaming batches C, with 8 = 0. However,
the robustness of the geometric median leaves only a small positive impact for further variance reduction. Thus, too
large (constant) streaming batch sizes C, hinders the convergence as we make too few iterations. These findings can
be extended to Figures 2b to 2e, where we vary the streaming rate p for streaming batch sizes C, = 1, 8, 64, and
128, respectively, with 8 = 0. The lack of convergence improvements comes from S = 0, which means we do not
exploit the potential of using more observations to accelerate convergence. As shown in Figure 2f, we can achieve this
acceleration by simply taking 8 = 1/3. In addition, 8 = 1/3 provides optimal convergence robust to any streaming
rate p. Choosing a proper 8 > 0 is particularly important when C, is large, as robustness is an integral part of the
geometric median method.
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Figure 1: Linear regression for various data streams n, = C,#. See Section 5.1 for details.
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(b) Varying streaming batches, C, = 1,8 =0
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Figure 2: Geometric median for various data streams n, = C,#. See Section 5.2 for details.

(a) Constant streaming batches, p = 0,8 =0

(b) Varying streaming batches, C, = 1, =0

10? 102 —SSG - p=0.5
== ASSG - p=0.5
—— 55G - p=0.33
10! 10! = = ASSG - p=0.33
— 55G - p=0.0
= = ASSG - p=0.0
. .
2 10° S 100
= £
w w
c c
3 3
=101 =10t
g o
8 8
5 SSG - Cp=1 5
g 10-2{ == ASSG - C,=1 g 10-2
— S5G - C,=8
= = ASSG - C,=8
10-3 | === SSG - C,=64 1073
== ASSG - C,=64
— SSG - C,=128 §§. SN
10-4 ] == ASSG-C,=128 4 10-4 S
100 10! 102 10 10 10° 100 10! 102 10° 10 10°
Ne Ne
(d) Varying streaming batches, C, = 64,8 =0
10? 10
10! 101
S 100 s
g 10 = 100
w w
c =4
3 3
= 101 =
o — 55G - p=0.5 O 1071 | m—SSG - p=0.5
E= E=
© —= ASSG - p=0.5 © == ASSG - p=0.5
3 | = $56-p=033 3 = SSG - p=0.33
G 1071 == ASSG-p=0.33 3 lo-2] == ASSG-p=033
— 55G - p=0.0
== ASSG - p=0.0 == ASSG - p=0.0
1073 { === SSG - p=-0.33
= = ASSG - p=-0.33
SSG - p=-0.5
10-¢ ASSG - p=-0.5
100 10! 102 10° 10 10°
Ne
(e) Varying streaming batches, C, = 128,8=10
102
10t
. -
< =
f i
& 10° 5
(7 (7
= =
v m— SSG - p=0.5 i
® —= ASSG-p=0.5 ©
® 10-14 == S5G - p=0.33 3
3 = = ASSG - p=0.33 3
— S5G - p=0.0
= = ASSG - p=0.0
10-2 = SSG-p=-033
= = ASSG - p=-0.33
SSG - p=-0.5
ASSG - p=-0.5
10° 10! 102 10° 104 10° 10° 10! 102 10% 104 10°
Nt Nt



6. Conclusions

We considered the SA problem in a streaming framework where we had to minimize objectives using only un-
biased estimates of its gradients. We introduced and studied the convergence rates of the stochastic streaming algo-
rithms in a non-asymptotic manner. This investigation was derived using learning rates of the form y, = Cyn’: re
under varying data streams of n,. The theoretical results and our experiments showed a noticeable improvement in the
convergence rate by choosing the learning rate (hyper-parameters) according to the expected data streams. For ASSG
and PASSG, we showed that this choice of learning rate led to optimal convergence rates and was robust to any data
stream rate we may encounter. Moreover, in large-scale learning problems, we know how to accelerate convergence
and reduce noise through the learning rate and the treatment pattern of the data.

There are several ways to expand our work but let us give some examples: first, we can extend our analysis to
include streaming batches of any size in the spirit of the discussion after Corollary 2. Second, many machine learning
problems encounter correlated variables and high-dimensional data, making an extension to non-strongly convex
objectives advantageous, e.g, in Werge and Wintenberger [33], they use SG-based optimization methods for volatility
prediction through GARCH modeling. Third, Assumption 1 requires independent random functions, thus, an obvious
extension could incorporate a more realistic dependency assumption, thereby increasing the applicability for more
models. Moreover, studying dependence may give insight into how to process dependent information optimally. Next,
a natural extension would be to modify our averaging estimate from (3) to a weighted averaged version (WASSG)
proposed by Mokkadem and Pelletier [17] and Boyer and Godichon-Baggioni [5], given as

_ 1 :
0= ——m— nilog(l + i)'6,_1, 12
= S > nilog(l +i'6;-4 (12)

i=1

where 6y, = 0, 1 > 0 and (6,) is coming from (1). By giving more importance to the latest estimates, we should
improve convergence and limit the effect of bad initializations. Following the demonstrations in Section 5, an example
of this WASSG estimate () can be found in Figure 3 with use of 1 = 2. Here we see that although the WASSG
estimate in (12) may not achieve a better final error (compared to the ASSG and PASSG estimates in Figures 1f
and 2f), it still achieves a better decay along the way, often referred to as parameter tracking.

Figure 3: WASSG for various data streams n, = C,,#*. See Section 6 for details.

(a) Linear regression, varying streaming batches, C, = 8,8 =1/3 (b) Geometric median, varying streaming batches, C, = 8,8 =1/3
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7. Proofs

In this section, we provide detailed proofs of the results presented in the manuscript. Purely technical results used
in the proofs can be found in Appendix A. Let (¥;);>1 be an increasing family of o-fields, namely F; = o(l,...,[;)
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with l; = (l;1,...,1,,). Furthermore, we expand the notation with #;_;; = o(li1,...,li—1n,,> 115 .., ;) such that
Fr-1,0 = Fi—1. Meaning, YO < i < j, we have F,_; C F,_1; C Fi_1;. Thus, by the independence of the random
(differentiable) functions (/;;), Assumption 1 yields that V¢ > 1, E[Vgl, ;(0,-1)|F1-1i-1] = VoL(6,-1) Withi = 1,...,n,.

7.1. Proofs for Section 3

The section is structured such that we start by analyzing the recursive relations and bounding them for every choice
of learning rate. Next, we look at specific choices of learning rates.

Proof of Theorem 1. Taking the quadratic norm on both sides of (1), expanding it, and take the conditional expecta-
tion, yields

2
2

2 W3
E[1l6; = 6" IP1Fi-1] = 10,1 — 6°IF* + %E Fiot| = 22> ELVolyiBr-1). 61 — OWFia]. (13)
r =t

" n

D Valii (61)
i=1

To bound the second term (on the right-hand side) of (13), we first expand it as follows,

D BVl G DIPIFi] + D ENVol:i(0r1), Vol j0-))Fr 1 ). (14)
i=1

i#)
For first term of (14), we utilize the Lipschitz continuity of Vy/, ;, together with Assumptions 1 to 3-p, to obtain
EllIVolsi(O-DIPIFi-11 < 2E[Vol,i(6,-1) = Vol i @NPIF 1] + 2BVl i (0)PIFi-1] < 2C716,-1 — 617 + 207, (15)
using |lx + yII*> < 2(lIxI* + [lylI*). Next, for the second term in (14): as F;—; € Fr-1; € Fr—1,,; forall 0 < i < j, we have
E[{Voli(0:-1), Vol j(O 1) Fi-1] = E[E[(Vol, i(6i-1), VoL(O M Fi-1,i-111F1-11,

since 6,_; and /;; are #;_; j_;-measurable for all 0 < i < j, and similarly, as 6,_; is #;_;-measurable and F;_y; ;-
measurable for all i > 0, we also have

E[E[(Vol:i(6i-1), VoL O ) Fi-1i-)1Fi-1] = BUEIVol,i(0r-)IFi-1.:-1], VoL (O 1))Fi-1] = VLG DI,

where ||[VoL(,- )| < CéHHH — 6"||? as V4L is Cy-Lipschitz continuous and V,L(6*) = 0. Thus, we obtained a bound
for the second term (on the right-hand side) of (13) using the bounds of the two terms in (14):

D QCHO — 1P +20%) + ) Cel61 = 01 = @CPn, + Co(n = Dn)llohs = €I +207m,. (16)

i=1 i*)
For the third term (on the right-hand side) of (13) we use that L is u-quasi-strong convex and 6;_; is F;_-measurable,
EVol,i(6i-1), 0r-1 = ONFr-1] = EIVely i(0r-)IFi-11, 611 = 6% = (VoL(01-1), 6,1 — 0°) = pll6— — 6711, (17

by Assumption 1. Combining inequalities from (16) and (17) into (13) and taking the expectation on both sides of the
inequality, yields the recursive relation (8):

8 < [1=2uy: + 2C} + (= DCH; Y161 +207n;'y7,
with 6, = E[||6, — 6*||*] with some &y > 0. At last, by Proposition 5, we obtain the desired inequality in (7), namely
t t 2 t 2 2
_ . 2\ Vi 2 2 207}, 20" vi
using that (n, — Dn;! < 1,,.,,, n, > 1, and that max, <<, 20%/(2C7 + (n; — 1)C3) < max <<, 20%/2C} = 02/C}. O
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Remark 1. The decrease of (2C]2 + (n; — l)Cé)n,‘ly, determines when the stationary phase occurs. This is more
clearly seen in Proposition 4, where the inner terms directly depend on the inception of the stationary phase. Thus, by
increasing n;, we decrease (2C12 + (n; — l)C%)nflyt, and especially it dominates the constant C;.

Proof of Corollary 1. By Theorem 1, we have the upper bound giving as

! 2
. 20
6 <exp|- |+ — 3 18
r—eXp( ﬂiZ/Z)/l]ﬂt G, (B2 (18)

asn, = Cp, withz{ = exp((4C12/Cp) Y yf) exp(ZC%]l{CFM, Y yl.z)(60+0'2/C12). The sum term Y);_, 7/? = C%Clz,ﬁ D
in 7¢ can be bounded with the help of integral tests for convergence, X.!_, i =1+ Y i< 1+ fll x2dx <

1+1/Qa—-1)=2a/Qa—-1),as @ € (1/2,1). Likewise, plugging y, = Cycgt“’ into the first term of (18), gives

! !

¢ #Cycﬁtl—(t
exp|—u Z vi| =exp —,uCnyf Z i <exp (—uCnyf ﬁz x¢ dx) <exp —21—_’; ,
t

i=t/2 i=t/2
using the integral test for convergence. Next, as ()1 is decreasing, then max, »<i< ¥ = y:/2. Combining all these
findings into (18), gives us

ﬁ - (07
uC,Cot! ]; 2lteg2C, (19)

e (_ 2 uCh P
)

with 75, = exp(4aC3(2CT + Cp 1y, Co)/ Qe — l)C})_zﬁ )(S0 +207%/C?). Atlast, converting (19) into terms of N, using
N; = C,t, yields the desired. O

Proof of Corollary 2. For convenience, we divided the proof into two cases to comprehend that n, > 1 for all #: first,
we bound each term of (7) (from Theorem 1) after inserting, y, = Cynf = Cnyjtﬁp_" ifp>0,ory, > Ct@if
p < 0 (using that 8 > 0) into the inequality. If p > 0, the first term of (7) can be bounded, as follows:

t t C C.Bt1+/3p—a

- | = exp|—uc,c? S #o-e R

exp[ U Z y,] = exp( nCyC, Z PP ) < exp( TTeha ,
i=t/2 i=t/2

using that @ — Bp € (1/2, 1) and the integral test for convergence. In a same way, if p < 0, one has

t t 1-a
HCyt
exp {—y Z y,-] < exp [—,uCy E i ] < exp (— ZT—“ )

i=t/2 i=t/2

Likewise, with the help of integral tests for convergence, we have for p > 0, that Y/, yiz/n,- < > yiz < 2a -
BO)C2CY |(2a - Pp) = 1), as n, > Land @ — pB > 1/2. If p < 0, one has 31_, y?/m; < 31, ¥? < 2aC2CF /(22 - 1)
since C, > n; > 1. Next, as (1 — B)p + « > 0 for p > 0, then we can bound the last term of (7) by
20_2 Yi 20_2 C7 1 21+(1—ﬂ)p+(10_2 Cy
= max - < .
U t2<ist n; llcllfﬁ t/2<i<t j(1-Plp+a Mcll)’ﬁt(l—ﬂ)pﬂy

Likewise, if p < 0, we have

20_2 ¥ 20_2 Cy 1 21+(10_2C7
- ma.x = ma)( 138 < . ’
M t/2<i<t n; M t/2<i<t ni 1@ ut

since n; > 1 and 8 < 1. Combining all these findings gives

BLip20) (1-¢)(1+5) 1+p(14p) -2
uC,C, t 2 o-C,
6, <exp|-— - Tt ——— 20
1 S€Xp 2(=A)1+) O 1 (20)

where 7%, = exp(4(a — BP)C2C(2C2 + C2)/2(a - fp) — 1) with § = p1,,., and ¢ = (1 = B)p + @)/(1 + p). To write
this in terms of N, we use that N, = Y1 n; = C, 31, i = Co(t* + X121 #) < Co(t + [} ¥ dx) < Cp( + ¢ [ dx) =
C,(t + 11%°) < 2C,1t'**, for p > 0, thus, > (N,/2C,)"/1*P). For p < 0, we have N, < C,t, i.e, t > N,/C,. O
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7.2. Proofs for Section 4

Lemma 1 (ASSG/PASSG). Denote A, = E[||6, — 6*||*] for some Ay > 0, where (6,) follows (1) or (2). Under
Assumption I, Assumptions 2-p and 3-p with p = 4 and Assumption 4, we have for any learning rate (y,) that

t

A, <exp (—,U Z Yi

i=1/2

320 y?  480° Y, 1140t ¥ L)
max + max — + max s 2n

HIA"' 2 22 3 : 2
M t/2<i<t ni M t/2<ist n; M t/2<i<t ni

with l_[tA given in (29).

Proof of Lemma 1. We will now derive the recursive step sequence for the fourth-order moment using the same argu-
ments as in proof for Theorem 1. Thus, one can show that
<Z Volyi (61) 61 > ﬁ_l}

4 l S %k
= 6y = 01 Y Aol O Fir ], 6t = 6)
I’lt —

7';—1}»

(EIVol, (O DIF 111,01 = 6" = (VoL (B;-1), 61 — 67 > pll6r—y — 6°I1%,

2

E[1l6; — 6°1*1Fi-1] <ll6p—1 — °|I* + i (6-1)

Z Volii (6-1)
i=1

n; 2 n;

D Vel 61) <Z Vol (6,1) 01 — 9*>
i=1 i=1

using 6,_; is F,-; —measurable. Note, by Assumption 1, we have

7:;1+ E

t

Y7 .
+— 161 — 0°IPE ﬁ_l
t

4 3
+l;]E
;

as L is u-quasi-strong convex. Combining this with the Cauchy-Schwarz inequality (x,y) < ||x|||[y|l, we obtain the
simplified expression:
ﬁ :I

2

n

nglu 1)

48 ||e, | = O|PE

ny 4
D Velii (6-1)

4
(16, — 0" 1'|Fr1] <ll61 — O°II" + %E
i=1

t

Fi-1

3

n

D Valii (61)

i=1

— duyil6,- 1—9*||4+ ||9t | = 0|IE Fio1]-

Next, recall Young’s Inequality, i.e., for any a,, by, ¢; > 0 we have a;b; < a, c; 272 4+ b2 / 2ct,

n 4
Z Velt,i (6'[—1)
i=1

3 n
2n,||9,1 Al
i (60— < — Vol; ;i (6

O] <5t Z o (,1>

giving us

2

n; 4
D Vil (6-1)

. PRt
E[Il6, — 6°111Fi-11 <(1 = duy)lf—1 — 6°I* + —n4t E
i=1

t

8y; .
ﬁ_l} + o - PR
nt

D Valii 61)
i=1

Tz—l]-

(22)

To bound the second and fourth-order terms in (22), we would need to study the recursive sequences: firstly, utilizing
the Lipschitz continuity of Vy/,;, together with Assumptions 2-p and 3-p, and that 6,_; is ¥,_;-measurable (Assump-
tion 1), we obtain

ElIVol: i@ DIPIFi-11 < 2P [ELIVoL: i(61-1) = Valei( @111 + BV ol (@I 1F =111 < 277 [ClI6-1 = 6°117 + 0”1,
(23)
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for any p € [1,4] using the bound ||x + y||” < 2771(||x]|” + |Iy|l?). Thus, we can bound the second-order term in (22) by

1
D Volii (6-1)

i=1

2

E Fro1 | SI2CTn, + Co(ny = DIl = 6°1F + 2070, < [2Cn, + Cym Ly W0y — 67 + 207 ny,

(24)

following the same steps in the proof of Theorem 1, but with use of (23). Bounding the fourth-order term is a bit
heavier computationally, but let us recall that |3, x> = Xillxill* + X jxin x;) = Zllxll> + 2 e j(xi, x;). Then, we
have that

4 n n 2
= (vaglt,i(ef_l WP+ > (ol i(B1), Vol j(e,_l)>]
i=1

i#]

n 2 e 2
sz(Z||Vel,,,-<9H>||2) +4[Z<Vezt,,-<9,1),Vel,,j<9t1>>] , (25)

D Velii®-1)
i=1

i=1 i<j

as (x + y)> < 2x? + 2y”. For the first term of (25), we have

np 2
(vaglm(@_mﬁ]
i=1

n n
E E[IVol,i0-DIFIF11+ D ElIVol, (6 DIPIVol: (6, DIPIF 1]

i=1 i#j

-

<8, [CH1l6r—1 — 6°II* + *] + 4n? 1, [CH6-1 — 61 + o212,

using the bound from (23), n,(n, — 1) < n?1,,.,,, and that F,_; € F;_1; C Fi-1,j forall 0 < i < j. To bound the second
term of (25), we ease notation by denoting V!, ;(6;-1) by v;, giving us

n; 2 ne n; n; nt n
2 2
[Z(vi,vﬁ] = Z(Ui7vj> + Z Vi, uiX{up, vp) = Z(Uz‘,vﬁ + Z (i, viXug, vp) + Z Vi, ik, up) .
i<j i<j i<jk<l i<j i<jk<l i<jk<l
() k]) —_———— (kD= ()2 (kD) j#
A
B c

By Cauchy-Schwarz inequality, we can bound the first term A, by

E[AIF; 11 < )" ElllvilPlloAPIFi1] < 2n0n = DICH6-1 = 61 + 021 < 2071, [CFlI6-1 = I + 0P,

i<j

using that ;1 € F;_1; C F,—1; forall 0 < i < j. Next, since [ = jimplies i # k, we have

E[B|F:-1] = Z E v, vi){ve, uplFe-1] = Z EEKE[vilFr-1,i-1], Ui Elvel Fr-1 k=11, v Fr-1,-1 1F1-1]
i<jk<lith, j=I i< jk<Litk,j=I

= > EEVLO- ) v FmliFal < D) EIVeLO-DIPENIPIF 1 ]F]
i<jk<lizk,j=I i<jk<litk,j=l

< D 2GR0 —OIPICH0 — 6P + 07 = niln, = D = 2Calltrr = O IPICHI01 = 671 + 0]
i<jk<lLi#k,j=I

<11, Coll0-1 = O IPICTIO-1 — O + 0],

using the Cauchy-Schwarz inequality and the bound in (23). In the same way, as j # [ includes (i, j) # (k,[), we can
rewrite C as

ny n n
C= > Wopeu= D wupew+ Y. Uu)uew),
i<jk<l,j#l i<jk<li=k,j#l i<jk<li#k,j#l
C] C2
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where E[C|F,-1] = E[B|¥,-1]. Finally, we can rewrite C; as

G = Z (viv v + Z (vivj vy + Z (v {vun,

i<jk<Li#k,j#Li=l,j#k i<jk<li#k,j#lLi#l, j=k i<jk<lLi#j#k#l

Cay Cap Ca3
where E[Cy 1|F;-1] = E[C22|F-1] = E[B|F;-1], and

n

E[CoslFial = Y. EIIVeLO-DIMIF] < niln, = Dl = 2)(n = 3)Cell1 = 011 < 7if 1, CElIO — 0711

i<jk<li#j#k#l

Thus, the fourth-order term of (22), is bounded by

n; 4
D Vel 6-1)
i=1

T,_l] <16m,[CH0-1 — O°1I* + o*1 + 16021, [C}lI6,-1 — O°I* + 1

+ 12021, CEl6i-1 — O IPLCHIO~1 — 67| + %) + 4nf 1, .., Collbr—y — 6°I|*
<[16C}n; + 16C}n* 1., + 12CECIn 1, .., + 4Cen; 1, 116y — 67|
[3zc,zcrzn,2]1m>,, +12C30*n3 1, 10,-1 — 617 + 1600, + 160*n21,,.,,.  (26)
Combining the bound from (24) and (26) into (22), we obtain the recursive relation for the fourth-order moment:
E[Il6; — 6°1*1Fi-11 <[1 = 4y, + 8Ce L, y7 + 16CTn; ' yE + 48C! n; 3y, + 48Cn 1.y} +36C5Cin ' 1,7}
+ 12C Loy M6y — 611 + [160%0; Y2 + 96Clzo'2n,_2]lm,>”y, +36CE0°n, " 1,0,y 61 — 67|
+ 480’4n,_3)/;1 + 480'4n,_21m,>1,yf.

Using the Young’s inequalities, ZC%CI2 < n,C4 +n; 1C4 160’2n‘1yt2||9t,1 — 0|1 < 2uyllo; - 6*|1* + 320‘4;1‘111‘2)/?,
2C120-2n;2]]-(nt>1)7/;1||6t—1_0*”2 < C?n[_zll-(n;>l)7?||9[ 9*”4+O- n, 21 n,>u7t ,and zcéo—znt_ll(n,>1)7;‘”91—1_9*”2 < (o ]]-m,>1>7t 16—
O |I* + o*n21,,..y}, yields,

E[Il6, — 6°1*1Fi-11 <[1 = 2uy; + 8Ce 1,07 + 16CTn; ' y? + 48C! n; >y + 114C) 021, yF + 48Co 1, i Ml6i-1 — 6°II*
+32u7 oty + 48t n Tyt + 1140t n 21,y 27
Taking, the expectation on both sides of the inequality in (27) yields the recursive relation for the fourth-order moment:
Ay <[1 = 2uy, + 8Cg L, y7 + 16Cin, 'y} + 48C!n >y} + 114C! 0 1,,,..y! + 48C5 L, ¥/ 1A
+32u7 o'ty + 480 n Y] + 1140 ?1,,,y) (28)
with A, = E[||6, — 6*||*] for some Ay > 0. By Proposition 5, we achieve the (upper) bound of A; in (28), given as

t 4 2 4 3 4 3
32 ;48 ;114 1y
A, <exp —,uZyi m + (; xy—’z+ g maxy—‘3+ T oax L €2,1l_
fary) M t/2<i<t ni M t/2<i<t ni M t/2<i<t ni
where I12 is given by
o S S Ly,
2 i 4 i 4 n;>1
exp [32C1 ,:ZI n—i]exp (96Cl lzzl n—?]exp [228Cl ; 12 )
t ' 4 4
20 4oy
exp|16C% > 1,.,¥7 |exp[96CT > 1i.yvi||Ao+ = + , 29
P[ v 2N Yy J P( v; L0 | e e 29
with use of
32utotnty; + 480t n 3y + 1140 n 1, y? < ot 204y

max — + .
%% 8C21,,, + 16C2n, | +48C"n —*y2+ 114CH 21,72 +48C3 1,2~ CF uCon,

At last, bounding the projected estimate (2) follows from that E[||Pg(6) — 6*||*] < E[||0 — 6*|]*], V6 € ©. O
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7.2.1. Proofs for Section 4.1
Proof of Theorem 2. Following Polyak and Juditsky [22], we rewrite (1) to

0 =61 —— Zvelu(@ ) = _(9t 1= 6) = Vol (6;-1), (30)

where Vyl;(6,-1) denotes n; -1 Z 1 Vol;i(6,-1). Note Vol (6;-1) = Vol (67) + Vzlt(f)*)(é?, 1 — 6%), and that Vglt(G*) and
Vl,(0)—V4L(0) behaves almost hke ani.i.d. sequences with zero mean. Thus, f,—"* behaves like —V4L(6") 1N Z’zl n;Vol;(6")
leading to a bound in O(+/N;). Observe that

VIO )Or-1 — ) =Voli(0-1) — Voli(6") = [Vl (B1-1) = Voli(6") = VoL(6-1)] = [VoL(B;-1) = VLE)6,—1 — 6],

martingale term rest term

where V%L(G") is invertible with lowest eigenvalue greater than g, i.e., VzL(O*) > p. Thus, summing the parts and
using the Minkowski’s inequality, we obtain the inequality:
3 27\2

(|- 2])% s{]E
VL) - Zn [Vals 6r-1) - Vals ) = VoL (6]

e Al

As (Vgl,i(6)) is a square-integrable martingale increment sequences on RY (Assumption 1), we have

2} Z Z [||v2 ] Tr [V2L(0") ' ZV2L(0 )|

flljl N

2 t

1
VAL~ D miVli (61)

SR '
ViLO)" < D miVali (6")

=1

~

1
VoL @) 57 )i VoL @) = VoL (O) (01 = 6°)]

=]

1 t
VZLO) ' = Y n;Vel; (69)
6 N, Z o

i=1

. 3D

E

ij

using Assumption 4. To ease notation, we denote Tr[VZL(G*)‘lEVgL(H*)‘I] by A. Next, note that for all > 1, we
have the relation in (30), giving us

1 ! nitq n; 1 n; 1 n
— Vol (6;-1) = —9, 6;) = — ,-0)—-——|-—-0)—+ —=(6y—-6") —,
En oli (6;-1) = NE (-1 — 6;) Nt§( )( ) Nt(z )% N,(O ))/1

P Yivl i
leading to
1 < n n 1 n 1 n
VILO) " = ) nVli (Bi1) <— 116; — 6" ’“——"+—II9 1l = + — 1160 — 6"l —.
’ Nr; ’ Z Yl Np 7y Ny 7

Hence, with the notion of §, = E[||6, — 6*||*] this expression can be simplified to
2 Lo

E - E

| B

For the martingale term, we have

1
1Y 2
VoL©)" < D miVeli (60-1)

ri=1

n; 1 n
oF + 52 (32)
Ny ' Ny ©

n1+l l
71+1 %

2

1 < 1 <
E|||V2L ") n; [Vol; (6i-1) — Vol; (6%) — VoL (6;— nE Vol (0;-1) — Vol; (09I
aL(607) t; [Voli (6-1) = Vol; (67) = VoL (6;-1)] N,z,uZ; ||9( 1) 9()||]
2
t n; t n; ) % CZZ t
N Z Zvelz](@ 1) — Vol ; (67) N Z (]E[|Veli,j(9i—l)_ i ]) < N Zni5i—l,
NI || New 5= =

(33)
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by the Cauchy-Schwarz inequality and Assumption 2-p. For all # > 1, the rest term is directly bounded by (6):

N
§ 1
{]E U SN—I#ZniAf_l, (34)

with the notion A, = E[||6, — 6*||*]. Finally, combining the terms from (31) to (34), gives us

1—
—1/2
o T + —Z

=1

1 1
ViL©)" < D i [VoL(6m) = VL) 6y — )]

t =1

nz+1 ni

yl+1 71

C t 172 C t
12 ny 1/2 l 5 1/2
0,'" + 0, + — n;0;_ + — mA ], (35)
Nyw ' Ny © Ny (; ’ 1) N, :

where 6, = E[||f; — 6*||*], which can be simplified into (11) by shifting the indices and collecting the &, terms. O
Proof of Corollary 3. As n, = C, for all t > 1, we simplify the bound for 6, in (11) to

L 3 (=1 1/2 =1
- C C, (1 c,C; CsC
6,”2 1 5 E '+—p sy £ (—+C,)6(1)/2+—l a E 5| o+ ==L E A% (36)
/ - ’}’1+1 Yil Ny Nip \y1 N N =0

i=1
The second-order moment ¢, is bounded by Corollary 1 but with use of (19) as we work in terms of ¢. The fourth-order
moment A, from Lemma 1 can be simplified to:

: 4
1 (320% 4804 140" 1y, .,
< - E AT + — 2 3y el 3
& _exp( /Ji:,/z %] ot H ( IJC/% t?;sai)ét% * Cg t}??ét vt C2 [?2]21');[71

/,tCngtl_“]Hc 1[22“3204@0? 2480t C3CY 23“114o4c*c3ﬁ115p>1]

Y P
21—(1 ot =

<exp|-— + +
p ( u /1C§ 2a CS 3a Cg B

using that y, = CyCﬁt‘“ is decreasing as a € (1/2,1). Regarding I1* defined in (29), we can bound it by

e [64ac,2c§c§ﬁ] ((192+456cp11[6ﬂ>1,)c;*c§c3ﬁ] [32&C€C$C§ﬁl{cp>l,)
o — exp

Qa-1C, Cg 20 — 1
20 40'4Cy ]

4 b 4B 2Ty
eXp(192C C C IL{cp>1|)[A0+ C4 +/,1C2C1_ﬁ ’
1P

using X! i < 2a/QRa — 1) and Y!_, i™** < 2. Note that I1S, is a finite constant, independent of . To bound
the first term of (36), namely 1\% hoys 5,1/2|7l+1 — 7', we remark that ly;}}, — y;!| < C;'C;ﬁa/t"", one has (since

Va+b < va+ Vb),

Yi+1

1-B ¢ B:l-a lzﬂ
L1 G Z[p[&]r or] .
1

CyuN; P 22 VEC,? jal2
For simplicity, let us denote

o C Cﬁil—a © C Cﬁil—a’
AS = Zexp (_ﬂyzz—pa) > Z i exp (_M;z—pa ,

i=0

as @ < 1. Thus, the first part of (37) is bounded as follows:

Cfl)—ﬁa, 71'20 2 a1 ﬂC}/Cgil_a’ C’}_ﬂa (ﬂ,goAgo
—_— I exp|— < CuN,
b7 t



Furthermore, with the help of an integral test for convergence, one has Y/_, i*/>7! < 1 + flt 5927V ds = 1+ (2/a)®? -
(2/@) < (2/a@)t*/?, such that the second part of (37) can be bounded by

ﬁ 1z

l+a 3+a

1
27 0C) a 220'C to‘/2 2% 0C,°
a/2-1
El

C;/Z/B/ZN, i=1 C;/2H3/2Nr C;/zﬂS/zNzl o

By combining this, we get
4= i Yi+l CyuN; ﬂ3/2N1 -a/2

Similarly, second term of (36), can be bounded by

to — +a i)
C, 6% - C},_a_ﬁ /,tCyC§t1“’ \/_C 25° ou/ 2 ~P \RTAC, 24 C,” o
< - TS + <
Nt'ytﬂ t CyuNtl—a 22-a \/_C 2 a2 C}'MNtz a ( u3/2N1 /2’

using exp(—uC,Chr'="/22-%) = A < 17! 3| A¢ < r7'A¢, as A is decreasing. In a same way, one has

1 1 1 1 +a
CC2 (i 6~]2 <C1C,§ [A“ < 21+a(rzcyt1_aJ1/2 ) CiC; TG VAG, . 217C10'1/Cy

Nip T Ny (1-ayuc,” Nipt =t

1+a
i=1 Cp 2 ﬂ3/2Nr 2

Bound the last term of (36), is done as follows,
-1

CoC A% <

N P N =0

_ G VTTZAS  2%6Csa°Cy 6+ T )24 Cs0 Gy, (N Cy)

—30/2
- 2 32 Z :
22-«a Nu N/ -

CiCp S ( e, Chi! a) JTIE + 2°6C52C,Ch ’ii_a (6 + 71,222 Co02C P CF?
i=1

0

+ +
N C, PNy 1PN,

Thus, by collecting the terms above, we obtain:

I-a—

g A 60GT | 06CeC,  GUIVEAL 25CoG | G| 647l )20 GG
LT Ntl/2 \/C_yl«l3/2]\7,1_w/2 C}J_a_ﬁﬂtha CyﬂNz “ Cl 7 3/2N 7 lth ﬂ3/2¢(3)a/2(Nt/Cp)_1Nt
where I, = (1/C,Ch + C)6)* + CVISAS /Cy* + VAL AL /C,Ch + Cs VLA, O

Proof of Corollary 4. The steps of the proof follows the ones of Corollary 3 with the smart notation of ¢ and p: The
bound for §, in (11) is given by

_ _ 12 4

- A2 1 & n; n; n n (1 ¢ (& Cs <

8 <=0+ — E oA=L Ty sty L (— + C,) 507+ = s |+ =2 ) min Al
N Np Sy vl Ny Nyt \ 71 N, N

where the learning rate is on the form y, = C, nﬁ t~% with n, = C,#*. The second-order moment ¢; is upper bounded by
(20) from Corollary 2. The fourth-order moment A, from Lemma 1 can be simplified as follows,

: 2 3
320 1625 ;
A; <exp [—/1 Z y,»] I, + 7 max Y 1027 max %

2 <i< ) <i<t n2’
Py M t/2<i< tn M t/2<i<t nl,
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asn, > 1 foranyr>1and S <1, and

32(a - p)CICT(2CH + CY)
2(a-pp) -1

20 40’4C7
+ - o 1An b
c!  ucic)”

I, = exp[ ) p(192c5cF@ct + )| ro + =

using that 25:1 i <2fora > 2. Next, for p > 0, we have

ﬂcycgtl +Bo—a ] ) 220—2ﬁp+2p320.4 C)Z/CEB 230—3/3p+2p 1620’4 C;Cgﬁ

A; <exp (— L2 C2 120250420 + HC23a=36p+2p ’
P P

2 1+pp—a

using that @ — Bp € (1/2,1). If p < 0, one directly have

N uC,Chi—e) - 22RatCiCc 2%16204C3CY
<exp|————— |11, .
21-a H2t201 'ut3a

With the notion of ¢ and p, we can combine the two p-cases as follows:

Lip20) (1— 5 2¢(1+p 42 2B 3¢(1+p)—p 43 3B
uCyCﬁ 720) (1 ¢)(l+p)]HV . D3 C2CY 2HPP16204CIC)

A; <exp|-— —
! P [ 20-¢)(1+p) ,usz)]l‘”Z”’ (26(14p) ﬂc;]lwzo» 3o(1+p)—p

We will in the following bound the terms for 7 but afterwards we will translate it to terms in N,. If p > 0, the first
relation is ¢ > (N,/2Cp)”“+P> since N, = C, (" + f;} ) < Cp(tp+f]t X dx) < Co(tP+1° flt dx) = Cp(tﬁ+t1+p) < 2Cpt1+P
by use the integral test for convergence. Similarly, N; = C, Y., ¥ > C, fol X dx = C,**!, thus, 1 < (N,/C,)" /) If
p <0, onehast<N,andN, <Cpt,ie., t 2 N,/C,.

Bounding - o l/zln,+1/7,+1 n;/yil, we first note n,/y, = C;lcllfﬁt“‘ﬁ)’”“ for p > 0. Thus, by the mean value
theorem, we obtam

1-8 1-8
n; C o ((d-Bp+a)C
—| <1 =PBp+a)—-— sup PPl < T
Yiel Vi Cy et Cyi £

Nit1

(40)

asa+ (1 -P)p <1-psince @ —Pp € (1/2,1). For p < 0, the mean value theorem gives us

1-B 1-B 1-B

s n: aC aC
i+l T l+1 (z + 1) - nl ﬁl-a <L i+ D)= < sup |v"_1| S =4
Yier vl Gy Cy Cy vetiisn Gire

as (ny)>1 1s a decreasing sequence and S < 1. Thus, for any p € (-1, 1), we have

o1 +p)C) "

Njy1 n;
- Cyilf¢(1+ﬁ) ’

Yiv1 Vi

By using this, we obtain:

t—1 1 t Lip20 +(1=d)(145 1+¢(1+5)
1 Z(S% Mgl 1 ¢(1 +0)Cp 7 Z #1451 | o /lcng =0 j(1=¢)1+P) i 277 0 4/C,
N i vl NzﬂC P~ 21+(1-¢)(1+p) * DY sy . 9049)
= VHC, L2

Next, let us denote

o0 BLip=0) «(1-¢)(1+p o0 Blip=0) «(1-¢)(1+p
o _Zip o _,uCpr 020} ;(1=¢)(1+p) . Zi¢(l+ﬁ)—l o _,UCpr 020} ;(1-¢)(1+p)
=T L p 211 (1+5) =L P 211 (1+p) ’
i= i=
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sincedp(1+p)—1=a+ ({1 -B)p—-1<p. Thus,

A I Lip>0 +(1— = ~ 1- )
¢(1 + p)C, P Nk, Z’:i¢(1+ﬁ)_1 N UGG (1 + p)C) P VREAL
NuC, P 21+(1-p)(1+7) = e .

Furthermore, with the help of an integral test for convergence, we have

Leo1+p)

3+¢(1+p) p>0 ¢(1+p) ) 3+¢(1+p) %*ﬂ T ips0)

é(1 +p)2 2 Hp) C . - 7
(312 \JC,N, £ = (312 \JC,N, "R TN

Summarising, with use of ¢(1 + p) < 2, we obtain

iy
3 Lip=0)
Cp

+p(14p) 1- — +( 1+, 1-¢-p >
| —1 6% - nl ¢(1 +,5)Cll,7ﬁ \/ﬂ'_ZoAZo 2; w(zl HO'C 2 ]l(pz()) 2C; ﬁ\/ﬂ'_ZoAZo 22 a>(2| mO'C Lip0)
— < + < +
Np &y i NiuC, w32 \JC,N HCyN; w32 \JC,N!
Similarly, 1/ 2, one have
I’lt %

— ~ > _ ~ +¢(1+7) ][ > +0, —h— +¢(1+ 7 ]l ~
<C/1, ﬁ\/ﬂ_goﬁb(lﬂv) o _uCnyf%Lm,u ) (14p) o L C s 0 20 . Cﬁ ¢ ﬁ\/n_Zo v . o D C 1v20)
Nt7tﬂ r= NIC)/M 2 1+(1=¢)(1+p) #3/2 [C "yNt - NC7N12_¢ Iu3/2 \/_)/Ntl -¢/2

For [\',’—:ﬂ(yl‘1 + C)5%, we insert the definition of our learning functions, giving us

ny 1 1/2 Cp 1 1/2
_——+ Cl) 0./ = — +Crl6, .
Nit (71 " Nulc,ch 0

Bounding N’ (221 nis16:)'/2, follows the ideas from above, using that n,,; < 2°n,, to obtain

1 1
G -1 LT Lo ﬂcycﬁﬂwzmia—@(lw) , 2D G2C, 2
—_— E nis10;| < Cp E ¥ |exp| - YT v+ —T
Ny | 4 Ny — 2(1=¢)(1+p) MC;() B20) 1g(14)

_ 1 1ps0) (] 5 5 Tips
zp/zcl ; t 5 /,tCyCﬁ 020) ;(1-¢)(1+5) 2 +¢(14D) 2 Cﬁ p20)
= pﬂle exp|— +

‘ 3
Y=p E Lo—a
5
# ]

N 2(1-¢)(1+p) -
1
5 p Lipz0 (1-g)(145) ) 2
2p/2C 2¢(1+p)0_2c Cﬂ 12 ¢ 79)
<= Her AL + it
M u
¢(1+p) 21> (A-¢)(1+p)
YOG NS 2 oo T,
HUN; KN,

W10, \JC,\TL VAL 2°57Co /G,
< +

UN;

3/2 S 1 22
w'=C, N,?

Likewise, for Z n,-+1Ail/ 2, we get

+

00

1
Cs PGS S UC, Ch 1= j(1=0)14D) - 223042 216204 CIC) )
_Z"'” / Z P = Za-aam

2T 200147) pC 0 Pop—p

¥CsC, UC, L v {(1=0)1+D) _ 216G 2C, O 2302512130203 CFI?
< — Z “lexp|— . I3, + +
N 21+(1-g)(1+p)

,uc[]}wm 6(1+5) ﬂl/zc;}wzm B3o(14p)/2
p d(1+p)+p 2 44 -1 3¢(1+p)/2+p/2 23/2 ~143B/2 1-1
_ VGG VTTRAL 2 G’ GG N 2 Cso2Cyc) §"
= 1o 1o ’
KN ,Uch i\ i N3/2Cp PN,

i=1 i=1




where the second term can be bounded as

5)— 148 -1 5)— 1 5 51—
2D~ Ci02C, )P oo <2(1+¢><1+p> 1C302C, CLH o 3 20+01492C,52C,
1> - - Tips = 1—d— o s
#Zcp(p O)Nt p (1+Bp— a),u2cp(p O)Nt ,Uch 4 ﬁNt
and the third term by
3(1+¢)(1+p)/2 23/2 ~143B/2 1-1 3(1+¢)(1+p)/2 23/2 ~1+3B/2
3+AD2C c*c, Z o 2 Cs0°C/°C, lﬁg’(a ﬁp)/z(Nt/Cp)
Lo {p> :
,113/2Cp (p,o)Nt — /J3/2Cp ;,o;Nt

By collecting these bounds, we get

~ 1+3B/2
€&y PG, 2000020, PUONIRCGRERGI, g (NG
—_— n =
Nt,u . i+18;

+
UN, ,uZC/l_"’_ﬁ N;b w32 C]l(p>0

Combining our findings from above, we have

5 15 1+¢(14p) 1295
1/2 1-B VAV 3+(1+p) 5 Lip=0) 2-¢—p VAV paitre) 2 Lip=0)
(_51/2<A/ +2Cp VLA, 277 oC, C, VrLAy, 277 oC,
t

+ + +
N2 1-¢/2 2- 1-6/2
Nz/ HCyN: w2 VO, Y HCyN; ’ w2 \/C_yNz Y
LG (1 o) EPONGNRIVAL 2o G G0 VITRAL
l 0 +¢
N Cycg 0 uN; 3/2C1 gﬁl(pZO’Nquj uN;

20+1+9)-2C,52C 23U+0)1+P)/2C 0'2C3/2C1+w/21ﬁé(a ﬁp)/z(Nl‘/Cp)
+ +
MZCll)*qj*ﬁNt‘l’ 3/2C1L0>0 N,

This can be simplified to the desired using I, given by (1/C,Ch + C)6}/* + 22C, VI AL/C) + 2VALAL /C,Ch +
2°Cs5 \TILAY,, consisting of the finite constants n_, IT", and AY,. O

7.2.2. Proofs for Section 4.2

Theorem 3 (PASSG). Denote 6, = E[||6, — 6*|]*] with (6,) given by (3) using (8,) from (2). Under Assumption 1,
Assumptions 2-p and 3-p with p = 4, Assumptions 4 and 5, we have for any learning rate (y,) that
-1
<12 172 1 S

-1 172 ;o
A Rl M| noop . M ( ) sV 4 Cr | Cs 12
srct Nl Mijsip M g2 M o SN sl =2 S A
! Ntl/2 Nzﬂ; Yie1 il ! Nyyu ! N \n Nt,u ; e Ntﬂ; e

where A = Tr(V2L(6") ' EV2L(6")™") and C}, = Cs + 22Go/d2,

min*

Proof of Theorem 3. Denote E[|6, — 6*||*] by 6, with () given by (3) using (6,) from (2). As in the proof Theorem 2,
we follow the steps of Polyak and Juditsky [22], in which, we can rewrite (2) to

1 1
— (O-1 = 6,) = Vol (6-1) — — 4,
Yt Ye

where Vgl;(6;-1) = n;l 2:1;1 Vol:i(6:-1) and €; = Po(6i-1 — ¥ Val(0;-1)) — (6i-1 — ¥:Voli(6;-1)). Thus, summing the
parts, using the Minkowski’s inequality, and bounding each term gives us the same bound as in Theorem 2, but with
an additional term regarding €,, namely

[E

t

1
V2L(@")! ﬁz o

t i=1 1

MZ - JE[iP] ”’\/IE[uan I )
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using Godichon-Baggioni [10, Lemma 4.3]. Next, we note that E[||Q,
®], since

||2]l[HI_Ifyrvé)l,(H,_l)é@’] = 47z2Gé)P[91—1 _ytvelt(gt—l) ¢

QU7 <211Po (Br-1 = ¥:Val; (61-1)) — 011> + 297 V6l (0-DIF = 211Po (B1-1 — ¥iVal; Bi-1)) — Po G-I + 27 IVal, (O-DII*
<201 = ¥:Veli (B1-1) = O-1IF + 2¥2 Vel (B-DI* = 4¥F IVel, 6D < 4y G,

as Pe is Lipschitz and ||Vel, ()| < G for any § € ©. Moreover, as in Godichon-Baggioni and Portier [11, Theorem

4.2], we know that P[0, —v;Vel,(6;—1) ¢ O] < A, /dﬁqm, where dyin = infyegolld — 67| with 0O denoting the frontier of
®. Thus, (41) can then be bounded by

1 n; 21 2Go ¥ 1n_ 22Ge 12
NN \/E [||Q I Lyo,_, ypwgtio ])eo]] < ,udz—N, ZniAi Sm ZHMA,- ,

using that the sequence (#,) is either constant or varying, meaning n,./n, < 2.

Proof of Corollary 5. The proof follows directly from Corollary 3 but with use of Theorem 3.

Proof of Corollary 6. The proof follows directly from Corollary 4 but with use of Theorem 3. O

A. Technical Proofs

Appendix A contains purely technical results used in the proofs presented in Section 7. In what follows, we use
the convention inf @ = 0, Z?zl =0, and H?zl =1.

Proposition 1. Let (y;)»1 be a positive sequence. For any k < t, and w > 0, we have
13 1 1 1 1 1
Zl—[ [1+a)7, s;n 1+wa ;exp(waj]. (A.1)
i=k j=i+1 Jj=k Jj=k

Proof of Proposition 1. We begin with considering the first inequality in (A.1), which follows by expanding the sum
of product:

1 11 ! 1
Zl_[ l+a)yj =$Zn 1+wyj wy; = — Zl_[ 1+a))/j [1+ wy; —1]

i=k j=i+l i=k j=i+l i=k j=i+l
1 ! t t 1 !
— [l_[ 1 + wy; [1+wy,]—l_[[1+wyj} Zl_[1+wyj 1_[ 1+cuyj
w i=k Lj=i+1 Jj=i+1 Jj=i Jj=i+l

As the (positive) terms cancel out, we end up with the first inequality in (A.1):

t 1
(LZ 1_[ 1+a)y]] l_[ 1+a)yj

i=k L j=i Jj=i+1

t

[n Leap|= [T [1+on) - [ [1+wv)]

Jj=k+1 j=t+1

1 1
1[ 1+wyj] 1_[[1+wa w[n[lwta)yj —ll in l+wyj,
J= Jj=k

Jj=t+1 Jj=k

as [1},, = 1 for all € N. Using the (simple) bound of 1 + ¢ < exp(¢) for all 7 € R, we obtain the second inequality of
(A.1):

1 1 13
én 1+wy] énexp wa =—exp[ Zyj].

Jj=k
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Proposition 2. Let (y,)»1 be a positive sequence. Let w > 0 and k < t such that for all i > k, wy; < 1, then

Z ]_[ [1-wyi]yis = (A2)

i=k j=i+l

Proof of Proposition 2. We start with expanding the sums of products term in (A.2), given us

$ -5 11wl [l -enr [

E

i=k j=i+l i=k j=i+l i=k Lj=i+1 Jj=i+1
t t t t
—- 53|l TT1-emi = 5 33| TT (1= om0 -
i=k L j=i Jj=i+1 i=k Lj=i+l =i

As we only have positive terms, we can upper bound the term:

L3\ ] 1-m =TTl -ens

i=k Lj=i+1

1 13
<—|1-T][1-
Tw L ‘”7/

using I—[’jzk[l — wy;] > 0, showing the inequality in (A.2). O
Proposition 3. Let (y,);>1 and (11:)r>1 be positive sequences. For any k < t, we can obtain the (upper) bounds:
3 t 1 t
Z l_[ [1 +w71 mYi S — max; eXP(wZVj), (A.3)
i=k j=i+l Jj=k
with w > 0. Furthermore, suppose that for all i > k, wy; < 1, then
1 t 1
Z l_[ [1 - wyj] n; £ —maxrmn;. (A4)
" il W k<i<t
i=k j=i+l
Proof of Proposition 3. We obtain the inequality in (A.3) directly by Proposition 1:
t 1 t t l t l t
Z 1_[ [1 + w’}’j] nyi < }{I;gmz l_[ [1 + wyj i < 5 max; 1_[ [1 + wyj] < 5 max n; exp[waj].
i=k j=i+l i=k j=i+l Jj=k Jj=k
Similarly, for the inequality in (A.4), we have
t 13 1
Z 1_[ 1—w7,]77mﬁmaxmz 1—[ [1—0)7/ <;§23<7§77u
i=k j=i+1 i=k j=i+1
by Proposition 2. U
Proposition 4. Let (6:)1>0, (V)r=1, Me)e=1, and (vi)s=1 be some positive sequences satisfying the recursive relation:
0; < (1 = 2wy, + n1ye) 6021 + vives (A.5)

with 69 > 0 and w > 0. Denote ty = inf{t > 1 : n, < w}, and suppose that for all t > ty + 1, one has wy; < 1. Then,
for y, and n; decreasing, we have the upper bound on (6;):

t/2—1
8; <exp [— Z %] exp [Z nm](éo + max 77_) + Z ViYi

i=t/2 i=ty+1

1
+ — max v, (A.6)
W t/2<i<t

for all t € N with the convention that 21/2 =0ift/2 < 1.
23



Proof of Proposition 4. Applying the recursive relation from (A.5) ¢ times, we derive:

t t t
<[ [0 -20i +niddo+ 3 [ | [1 = 2075+ nws]vivis
i=1

i=1 j=i+l

B: A,

where B; can be seen as a transient term only depending on the initialisation dy, and a stationary term A,. The transient
term B, can be divided into two products, before and after 7,

t fo t
= 1_[ [1—2wy; +niyil = [l_[ [1-2wy; + 771%’]]( 1_[ [1-2wy; + 77[%]]~
i=1 i=1 i=to+1
Using that o = inf {r > 1 : ; < w}, and since for all ¢ > 7y, + 1, we have 2wy; — 1,y > wy;, it comes

B; < [1_0[ [1-2wy; + n,-y,-]]{ 1_[ [1- a)y,-]] < [1_0[ exp (—2wy; + n,-yi))[ l—[ exp (—wy,-)]

i=1 i=ty+1 =1 i=tp+1
T 0] t t Iy
=exXp (—20) Z ’yi] exXp [Z T]i’yi] exXp [—a) Z ’yl] < exXp [—a) Z ’yi] exXp [Z T]i’yi]

i=1 i=1 i=tg+1 i=1 i=1

by applying the (simple) bound 1 + ¢ < exp(¢) for all r € R. We derive that
B, <exp (— Z yl] exp (Z n,y,] (A7)
i=t/2

Next, the stationary term A, can (similarly) be divided into two sums (after and before #):

! ! fo t
A= )0 [ 11 =20y+ni]vivi+ 3 [ ][0 =20+ 0] vine.

i=to+1 j=i+l i=1 j=i+l

A,ﬁ] Ar,2
The first stationary term A, ; (with ¢ > #y) can be bounded as follows: if #/2 < #; + 1, we have
1 1
A, £ max v; Z l_[ l—wyj ;= — max v; < — max v,

to+1<i<t w to+1<i<t W t/2<i<t
i=ty+1 j=i+1

by Proposition 3. Furthermore, if £/2 > #; + 1, we get

t/2-1 ¢t
Atl< Z 1—[ l—w)’j Vivi = Z 1—[ l—w)’j Vﬁ’z*‘z l—l[l_w7j ViYi
i=ty+1 j=i+1 i=ty+1 j=i+1 i=t/2 j=i+1
t/2—-1 ¢ t t t t/2-1 1
Z 1_[ [1 —wyj Viyi + max v; Z H [1 —wyj]yi = 1_[ [1 —a)yj] Z Vi¥i + — max v,
=i+ j=1]2 SISt S i =12 P w t/2<ist

where [T)_,»[1 — wy;l < exp(~w X', 7)) as 1 + 1 < exp(r) for all € R. Thus, forall 7 € R,

t t/2—-1
1
Al <exp [—a) Z yj] Z Viyi + - Iglg)ilv (A.8)
Jj=t/2 i=ty+1
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where Z' 2 = 0if t/2 < ty. The second stationary term A, can be bounded, thanks to Proposition 1, as follows:

1 t 1 1 1
A= ZO: H 1 —2wy; + njyj] ViYi = H [1 = 2wy; + 'm’j] ZO: 1—01 [1 — 2wy + nm] ViYi
i=1 j=i Jj=to+1 i=1 j=i+l
t 1 1 t To fo
< I—[ 1—(1)’}/j Z 1_[ [1+77jyj]v,-y,~£exp —W Z j lrnqﬁgi_z l_[ 1+7]]7]]’7171
f0+1 =1 j=itl j=to+1 0N i
t
<exp|-— f 1m<fgt( — exp (Z my,] <exp|—w Z Yj| max — exp( Z Tm/z] P
fo z0+1 o i =) s

by the definition of 7, thus

1

1o
Ay Lexpl|-w Z Vi }2:22 ’7_ exp[ Z n,y,] <exp|- Z ]n<1lzgzJ ; exp[ Z; njyj). (A9)

j=1 J=t12

Then, using the bound for A, in (A.8) and A, in (A.9), we can bound A, by

1/2-1

1
A; <exp|-— e max — + 7vi| + — max v;. A.10
oo Yoo Do 2 3§ (A10)

Finally, combining the bound for B, in (A.7) and A, in (A.10), we achieve the bound for 6, < B;d¢ + A;, namely the
upper bound in (A.6). O

The following proposition is a more simplistic but rougher version of the bound in Proposition 4.

Proposition 5. Let (6,)150, (V)i=1, (1)1, and (v1)»1 be some positive sequences satisfying the recursive relation in
(A.5). Denote ty = inf{t > 1 : n, < w}, and suppose that for all t > ty + 1, one has wy, < 1. Then, for v, and 1,
decreasing, we have for all t € N,

i 1
0, <exp|-— Zy, exp[ Zny,](60+2max 1)+— max v;. (A.11)

1<i<t n; W t/2<i<t
=12 e/l /2

Proof of Proposition 5. The resulting (upper) bound in (A.11) follows directly from (A.6) by noting that #y < ¢, giving

us TN viye < X vivi < maxi<is (vi/m0) Ty miyi < maxi<is(vi/n) exp(2 Ty nivi), as (v;) and (y;) are positive
sequences. O

Acknowledgement

This work was supported by a grant from Région Ile de France.

References

[1] Benveniste, A., Métivier, M., Priouret, P., 2012. Adaptive algorithms and stochastic approximations. volume 22. Springer Science & Business
Media.

[2] Bottou, L., Bousquet, O., 2007. The tradeoffs of large scale learning. Advances in neural information processing systems 20.

[3] Bottou, L., Cun, Y., 2003. Large scale online learning. Advances in neural information processing systems 16.

[4] Bottou, L., Curtis, FE., Nocedal, J., 2018. Optimization methods for large-scale machine learning. Siam Review 60, 223-311.

[5] Boyer, C., Godichon-Baggioni, A., 2020. On the asymptotic rate of convergence of stochastic newton algorithms and their weighted averaged
versions. arXiv preprint arXiv:2011.09706 .

[6] Cardot, H., Cénac, P, Zitt, P.A., 2013. Efficient and fast estimation of the geometric median in hilbert spaces with an averaged stochastic
gradient algorithm. Bernoulli 19, 18—43.

[7] d’Aspremont, A., 2008. Smooth optimization with approximate gradient. SIAM Journal on Optimization 19, 1171-1183.

25



[8]
[9]
(10]
(11]

[12]
[13]

(14]
[15]
[16]
(17]
[18]

[19]
(20]

[21]
(22]

(23]
[24]
[25]
[26]
(27]
(28]
(29]

(30]
(31]

(32]

(33]
[34]

(35]
[36]

[37]

Duchi, J., Hazan, E., Singer, Y., 2011. Adaptive subgradient methods for online learning and stochastic optimization. Journal of machine
learning research 12.

Gadat, S., Panloup, F., 2017. Optimal non-asymptotic bound of the ruppert-polyak averaging without strong convexity. arXiv preprint
arXiv:1709.03342 .

Godichon-Baggioni, A., 2016. Estimating the geometric median in hilbert spaces with stochastic gradient algorithms: Lp and almost sure
rates of convergence. Journal of Multivariate Analysis 146, 209-222.

Godichon-Baggioni, A., Portier, B., 2017. An averaged projected robbins-monro algorithm for estimating the parameters of a truncated
spherical distribution. Electronic Journal of Statistics 11, 1890-1927.

Haldane, J., 1948. Note on the median of a multivariate distribution. Biometrika 35, 414-417.

Karimi, H., Nutini, J., Schmidt, M., 2016. Linear convergence of gradient and proximal-gradient methods under the polyak-tojasiewicz
condition, in: Joint European Conference on Machine Learning and Knowledge Discovery in Databases, Springer. pp. 795-811.
Kemperman, J., 1987. The median of a finite measure on a banach space. Statistical data analysis based on the L1-norm and related methods
(Neuchatel, 1987) , 217-230.

Kingma, D.P., Ba, J., 2014. Adam: A method for stochastic optimization. arXiv preprint arXiv:1412.6980 .

Kushner, H.J., Yin, G.G., 2003. Stochastic Approximation and Recursive Algorithms and Applications. Springer-Verlag.

Mokkadem, A., Pelletier, M., 2011. A generalization of the averaging procedure: The use of two-time-scale algorithms. SIAM Journal on
Control and Optimization 49, 1523-1543.

Moulines, E., Bach, F., 2011. Non-asymptotic analysis of stochastic approximation algorithms for machine learning. Advances in neural
information processing systems 24.

Murata, N., Amari, S., 1999. Statistical analysis of learning dynamics. Signal Processing 74, 3-28.

Necoara, I., Nesterov, Y., Glineur, F., 2019. Linear convergence of first order methods for non-strongly convex optimization. Mathematical
Programming 175, 69-107.

Nesterov, Y., et al., 2018. Lectures on convex optimization. volume 137. Springer.

Polyak, B., Juditsky, A., 1992. Acceleration of stochastic approximation by averaging. SIAM Journal on Control and Optimization 30,
838-855.

Reddi, S.J., Kale, S., Kumar, S., 2018. On the convergence of adam and beyond. International Conference on Learning Representations .
Robbins, H., Monro, S., 1951. A stochastic approximation method. The annals of mathematical statistics , 400—407.

Rumelhart, D.E., Hinton, G.E., Williams, R.J., 1986. Learning representations by back-propagating errors. nature 323, 533-536.

Ruppert, D., 1988. Efficient Estimations from a Slowly Convergent Robbins-Monro Process. Cornell University Operations Research and
Industrial Engineering.

Schmidt, M., Roux, N., Bach, F, 2011. Convergence rates of inexact proximal-gradient methods for convex optimization. Advances in
Neural Information Processing Systems 24, 1458—1466.

Shalev-Shwartz, S., Singer, Y., Srebro, N., Cotter, A., 2011. Pegasos: Primal estimated sub-gradient solver for svm. Mathematical program-
ming 127, 3-30.

Sridharan, K., Shalev-Shwartz, S., Srebro, N., 2008. Fast rates for regularized objectives. Advances in Neural Information Processing
Systems 21, 1545-1552.

Steinwart, I., Christmann, A., 2011. Estimating conditional quantiles with the help of the pinball loss. Bernoulli 17, 211-225.

Teo, C.H., Smola, A., Vishwanathan, S., Le, Q.V., 2007. A scalable modular convex solver for regularized risk minimization, in: Proceedings
of the 13th ACM SIGKDD international conference on Knowledge discovery and data mining, pp. 727-736.

Tieleman, T., Hinton, G., et al., 2012. Lecture 6.5-rmsprop: Divide the gradient by a running average of its recent magnitude. COURSERA:
Neural networks for machine learning 4, 26-31.

Werge, N., Wintenberger, O., 2021. Adavol: An adaptive recursive volatility prediction method. Econometrics and Statistics .

Xiao, L., 2010. Dual averaging methods for regularized stochastic learning and online optimization. Journal of Machine Learning Research
11, 2543-2596.

Zeiler, M.D., 2012. Adadelta: an adaptive learning rate method. arXiv preprint arXiv:1212.5701 .

Zhang, T., 2004. Solving large scale linear prediction problems using stochastic gradient descent algorithms, in: Proceedings of the twenty-
first international conference on Machine learning, p. 116.

Zinkevich, M., 2003. Online convex programming and generalized infinitesimal gradient ascent, in: Proceedings of the 20th international
conference on machine learning (icml-03), pp. 928-936.

26



	Introduction
	Problem Formulation
	Quasi-strong Convex Objectives

	Stochastic Streaming Gradients
	Averaged Stochastic Streaming Gradients
	Unbounded Gradients
	Bounded Gradients

	Experiments
	Linear Regression
	Geometric Median

	Conclusions
	Proofs
	Proofs for 2
	Proofs for 3
	Proofs for 3.1
	Proofs for 3.2


	Technical Proofs

