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Seminormalization and regulous functions on
complex affine varieties

FRANCOIS BERNARD

Abstract

We study seminormalization of affine complex varieties. We show that polynomials on the
seminormalization correspond to the rational functions which are continuous for the Eu-
clidean topology. We further study this type of functions which can be seen as complex
regulous functions, a class of functions recently introduced in real algebraic geometry, or as
the algebraic counterpart of c-holomorphic functions.
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1 Introduction.

The present paper is devoted to the study of seminormalization of affine complex varieties, to
its link with continuous rational functions and to the study of those functions. The operation of
seminormalization was formally introduced around fifty years ago in the case of analytic spaces
by Andreotti and Norguet [I]. For algebraic varieties, the seminormalization of X in Y is the
biggest intermediate variety between X and its normalization which is bijective with X. Recently,
the concept of seminormalization appears in the study of singularities of algebraic varieties, in
particular in the minimal model program of Kollar and Kovécs (see [I1] and [12]).

Around 1970 Traverso [20] introduced the closely related notion of the seminormalization A7 of
a commutative ring A in an integral extension B. The idea is to glue together the prime ideals
of B lying over the same prime ideal of A. The seminormalization AJE:, has the property that it
is the biggest extension of A in a subring C of B which is subintegral i.e. such that the map
Spec(C) — Spec(A) is bijective and equiresidual (it gives isomorphisms between the residue
fields). We refer to Vitulli [21] for a survey on seminormality for commutative rings and alge-
braic varieties. See also [14], [22] and [19] for more detailed informations on seminormalization.
In the paper [14], the authors tried to identify the coordinate ring of the seminormalization of a
variety as the ring of rational functions which are continuous for the Zariski topology. Unfortu-
natly, the Zariski topology is not strong enough for this to be true. The first aim of this paper
is to show that the correct functions to consider are rational functions which are continuous for
the Euclidean topology. The idea of studying the concept of seminormalization with that kind
of functions comes from [8] and [I5] in the context of real algebraic geometry. Those functions
appeared recently in real algebraic geometry (see [7] and [I0]) under the name of "regulous func-
tions". They allow to recover some classical theorems of complex algebraic geometry, such as
the Nullstellensatz, which normally do not hold anymore in real algebraic geometry. A complex
analog of regulous functions has been studied in [4] and [3] in the point of view of complex ana-
lytic geometry. The second aim of this paper is to bring a study of complex regulous functions
in the point of view of complex algebraic geometry.

The paper is organized as follows. In the second section we recall Traverso’s [20] construction of
the seminormalization of a ring and its universal property regarding to subintegral extensions
of rings.

In the third section we look at the seminormalization of an affine variety and to its universal
property in the geometric case. The seminormalization of an affine variety X can be seen as the
biggest birational variety such that its closed points are in bijection with those of X.

In the fourth section we introduce continuous rational functions on a complex affine variety X.
More precisely we consider the functions f : X(C) — C which are rational on a Zariski dense
open set of X(C) and which are continuous, for the Euclidean topology, on all X (C). The ring
of those functions is denoted by K°(X (C)). The first result we obtain is that continuous rational
functions are regular on the smooth points of a variety. It allows us to see, in the beginning of
Subsection that for X a normal variety, the thinness of Sing(X) implies K°(X (C)) = C[X].
In fact it is a particular case of our main result : for X a variety, we have K°(X(C)) = C[X ]
where X T is the seminormalization of X. In order to prove it, we look at morphisms f + fom
between rings of continuous rational functions where 7 : Y — X is a finite morphism. We show
that the image of such a morphism is

{f € K%(Y(C)) with f constant on the fibers of 7. : Y/(C) — X (C)}

It allows us to reinterpret subintegral extensions between cordinate rings of varieties. For X and
Y two varieties, one get that C[X] < C[Y] is subintegral if and only if K°(X(C)) ~ K(Y(C)).



The results of Subsection [£.1] can be summarized as follow: for every morphism 7 : ¥ — X such
that C[X]| < C[Y] is subintegral, we get

KO(X(C)) —= KO(Y(C)) —= K (X *(C))—— K*(X'(C))

A consequence is that the restriction of a complex continuous rational function on a subvariety
is still a rational function. It is an interesting fact because it says that, unlike the real case,
continuous rational functions are regulous functions.

In the rest of the section, we are interesting in finding criteria for a continuous function to be
rational and then for a rational function to be continuous. In Subsection we show that
a continuous function on X (C) which is a root for a polynomial with coefficients in C[X] is
necessarily rational. It implies two results. First, we get that K°(X(C)) is the integral closure
of C[X] in C°(X(C),C). Secondly, we get an algebraic version of Whitney’s theorem 4.5Q in
[23], saying that a continuous function on the closed points of an affine variety is rational if
and only if its graph is Zariski closed. The second point says that c-holomorphic functions
with algebraic graph studied in [4] and [3] correspond, for algebraic varieties, to the continuous
rational functions considered in this paper.

Finally, in Subsection [£.4] we give several nontrivial examples of continuous rational functions
thanks to the following criterion. A function f : X(C) — C is a continuous rational function if
and only if it is rational, integral over C[X]| and its graph is Zariski closed.

In section 5 we reinterpret several classical results about seminormalization in terms of rational
continuous functions. In the first subsection, we look at criteria for a variety to be seminormal
given by Leahy-Vitulli, Hammard and Swan (see the review [21]). To prove that those criteria
are sufficient, we show that if f is an element of KX°(X(C)) \ C[X], then we can always find
a function ¢ € C[X][f] \ C[X] such that ¢" € C[X] for all n > 2. To see that they are
necessary, we construct explicit continuous rational functions from the relations appearing in
the different criteria. The second subsection is dedicated to see what the commutation between
the localization and the seminormalization means for the continuous rational functions.

In section 6 we define the sheaf ICg( of complex regulous functions and we generalize the main
result of this paper by showing that, for an affine variety X, the scheme (X, Ing) is isomorphic
to the affine scheme (X1, Ox+).

Acknowledgement : The author is deeply grateful to G. Fichou and J.-P. Monnier for their
precious help.

2 Universal property of the seminormalization.

We recall in this section the construction of the seminormalization introduced by Traverso [20]
for commutative rings. This construction is linked to the notion of subintegrality in the way
that the seminormalization of a ring is its biggest subintegral extension.

Let A be a ring, we note Spec(A) := {p C A | p is a prime ideal of A} the spectrum of A and
Spm(A) := {m C A | m is a maximal ideal of A} the maximal spectrum of A. Let p € Spec(A),
then Ay, := (A\ p)~14 is the localization of A at p and r(p) := A,/pA, the residue field of p.

Since the seminormalization is defined for integral extensions, we recall this notion here.



Definition 2.1
Let A — B be an extension of rings.

1. An element b € B is integral over A if there exists a monic polynomial P € A[X] such
that P(b) = 0.

2. We call normalization of A in B and we write A’y the ring defined by
Alp :={b € B | b integral on A}

3. The extension A — B is integral if Al; = B.

Now we define the seminormalization of a ring in an integral extension. The idea behind this
definition is to glue the prime ideals of B above those of A. If one thinks of it in terms of
algebraic varieties, it consists of gluing points in the fibers together.

Definition 2.2
Let A — B be an integral extension of rings. We define

AL :={b€ B|Vp € Spec(4), by € Ay + Rad(By)}
where Rad(By) := ﬂ m is the Jacobson radical of By.
meSpm(By)

We say that AE is the seminormalization of A in B. If A = AE, then A is said to be
seminormal in B.

We introduce now the notion of subintegral extension which is strongly related with that of
seminormalization.
Definition 2.3

An extension of rings A — B is called subintegral if the two following conditions hold :

1. The induced map Spec(B) — Spec(A) is bijective.

2. For all p € Spec(A) and q € Spec(B) with g A = p, the induced map on the residue
fields k(p) — k(q) is an isomorphism.

When the second condition holds, we say that A — B is equiresidual.

The following statement gives the link between the two last definitons. It gives us a universal
property of the seminormalization : the seminormalization of a ring in another one as its biggest
subintegral subextension.

Proposition 2.4

Let A — C — B be integral extensions of rings. Then the following statements are
equivalent :

1) The extension A — C is subintegral.

2) The image of C'— B is a subring of AE.




Before proving this, we give several lemmas. First, we recall some classical algebraic results.
Those are crucial to make things working, this is why most of the ring extensions we consider
are integral extensions.

Lemma 2.5 (/2])
Let A — B be an integral extension of rings. Then

1. (Lying-Over property) The map Spec(B) — Spec(A) is surjective.

2. Let p € Spec(A) and q € Spec(B) such that N A =yp. Then q € Spm(B) if and only
if p € Spm(A).

3. (Going-up property) Let p C p’ € Spec(A) and q € Spec(B) such that qN A = p. Then
there exists q C q' € Spec(A) such that ¢ N A =yp’.

4. Let S be any multiplicative subset of A, then S™'A — S~!B is integral.

Now see that a subextension of a subintegral extension is necessarily subintegral.

Lemma 2.6

Let A — C — B be integral extensions of rings. Then the following properties are equivalent
1) The extension A < B is subintegral.

2) The extensions A — C and C — B are subintegral.

Proof: Let us prove that 1) implies 2). We start by showing the bijection between spectra. First, see
that the induced maps between Spec(C') — Spec(A) and Spec(B) — Spec(C) are surjective because the
extensions are integral ( Lemmal[2.5] 2) ). Now let p € Spec(C), suppose that there exists q1, g2 € Spec(B)
such that g NC =g NC =p. In that case 1 N A =g NCNA=pnN A and the same is true for qs.
Since A — B is subintegral, we have

NnNA=qNA = q =02

This shows that Spec(B) — Spec(C) is bijective. We now suppose that there exists p € Spec(A) and
p1,p2 € Spec(C) such that p; N A =pyN A =p. By what we’ve just shown, we can consider some unique
q1, 92 € Spec(B) such that gy NC = p; and goNC = py. Then gy NA =g2NA =p, soq; =gz and
finally p; = po. It shows that Spec(C') — Spec(A) is bijective.

We now show the isomorphisms on the residue fields. Let’s consider the following commutative diagram

11

AC c— "2 .

T

Asp s o g oy

K(p) K(p")C K(p")

The diagram is indeed commutative because the f; are obtained by the universal property of quotient
and their injectivity comes, for example with f;, from the following equality :

ker(n' 0i1) = {a € A such that i(a) €p’} =p'NA=p

By hypothesis, A < B is subintegral, so x(p) — k(p”’') is an isomorphism. This implies that x(p) — x(p’)
and x(p’) — k(p”’) are also isomorphisms. The first implication is proved.



We now show that 2) implies 1). Let’s suppose that A < C and C < B are subintegral. Let p € Spec(A),
then there exists a unique element p’ € Spec(C) above p. In the same way, there exists a unique element
p” € Spec(B) above p’, so p” is the unique element of Spec(B) above p. The fact that we have k(p’) ~ x(p)
and k(p”) ~ k(p’) gives us the equiresiduality. We have shown that A < B is subintegral. |

The three following classical results brings a better understanding of the Jacobson radical in the
definition of the seminormalization.
Lemma 2.7

Let A — B be an extension of rings, p € Spec(A) and q € Spec(B). Then

Lemma 2.8

Let A — B be an integral extension and p € Spec(A). Then

Spm(By) = {q4B, | q € Spec(B) and N A = p}

Remark. If A — B is an integral extension and p € Spec(A), then

Rad(By) = ﬂ m= m qB;
meSpm(By) qeSpec(B),qNA=p

Lemma 2.9

Let A — B be an integral extension of rings. Then

Rad(A) =Rad(B)N A

Now, we have all the tools to demonstrate that the seminormalization of a ring in another one is
its biggest subintegral subextension. But before that, we must check that the seminormalization
gives a subintegral extension.

Proposition 2.10

Let A — B be an integral extension of rings. Then

A— AE is subintegral

Proof: We recall that A, = {b € B | Vp € Spec(A) b, € A, + Rad(B,)} C B. To clarify the proof, we
will use the following rating abuse : AT = Af and A} = (A™),.

Let’s start by showing the bijection between spectra. In fact, we just have to show that Spec(A") —
Spec(A) is injective since the extension is integral. Let p € Spec(A) and q1,q2 € Spec(A™) such that
g1 NA=g2NA=p. Suppose that there exists b € q; N g5 and write b, = a + 8 € A, + Rad(B,).
Then o = b, — 3 € qi A} N A,. But, by Lemma we have qi A} N Ay, = pA, = qAf N A,
and thus o € qug‘. Moreover 8 = b, —a € Ag‘ and § € Rad(Bp). So, by Lemma we get
B € Rad(By) N Af = Rad(A[) C q2A]. It gives b, € q2A] which is not possible by hypothesis on b.
since q; and g2 can be inverted in the proof, we obtain q; = g2 and so Spec(A™) — Spec(A4) is bijective.



We show now the equiresiduality. Let p € Spec(A4) and q € Spec(A™) such that gN A = p. Let
q' € Spec(B) such that ¢’ N A = p. We can see that ¢’ N AT = q because ¢’ N A7 is a prime ideal above
p and Spec(A™) — Spec(A) is bijective. We obtain the following commutative diagram :

AC ATC B
A,C A B,
™ at p—

f
Ay /pAy—— A;/EI\A;T(—> Bp/El:Bp

Ay /pAp(H A;r/qA;r(H Bq//qu/

We want to show that f is surjective. Let 7+ (%) € Af/qAf. Then b € At so there exists a € A, and

f € Rad(B,) such that b, = a+ 3. The remark under Proposition [2.8| tells us that Rad(By) C q'B, so
7' (by) = () and since the diagram is commutative, we get 77 (b,) = 77 (a) = f o (). Finally we

obtain ; () :7T+(bp):7r+ b
(5) -5t = ()

which proves the surjectivity of f and gives us A,/pA, ~ A;‘/qA;‘.

But we can see that A} /qA} ~ Al /qAL because
AfJqAY ~ Frac(AY/q) and At /q — Al /qAl — Af/qAT — Al /qAf

This gives us the result
R(p) ~ Ay /oA, = AL /9AT ~ k()

Finally, we get the main result of this section that we have already stated in Proposition [2.4]

Proposition (Proposition [2.4]). Let A < C < B be integral extensions of rings. Then the
following statements are equivalent :

1) The extension A — C' is subintegral.
2) The image of C < B is a subring of A'g.
Proof: Let’s prove that 1) implies 2). Suppose that A < C' is subintegral, we want to show :
Ve e C, Vp € Spec(A), ¢, € Ay + Rad(By)
Let p € Spec(A). We write q € Spec(C') such that g N A = p and so we get the following diagram :

Sl

m




One can see that the diagram is commutative thanks to the following equality
Ker(¢) = {¢, € C, such that 7’ o t(cp) = 0} = {¢, € Cy such that o(cy) € qCq} = qCyq N Cp, = qC,.

Thus, by Lemma we have
ker(¢poi) = qCp, N A, = pA,

We now consider ¢ € C' and we want to show ¢ € Af;. We have ¢(c,) € £(q), so one can consider ¢ € A,
such that fo (%) = ¢(cp). Thanks to the diagram’s commutativity, we have f o = ¢ o i, which gives

us
a /a
oter) =10 (1) =2 (1 (7))
Thus ¢(cp, — (%)) = 0 and so cp —i(%2) € qC,. But, since q is the only ideal above p, we have qC, =
Rad(Cy). So, by Lemma [2.9) we get C, —i(2) € Rad(C,) = Rad(B,) N C, C Rad(B,). And so
¢p € Ay +Rad(B,), which shows C C AfL.
We now prove that plies 1). Suppose we have A — C — AE — B. Those extensions are integral
2.10

and, by Proposition [2.10} the extension A < AE is subintegral. Then Lemmatells us that A — C'is
subintegral. |

As said previously, Proposition can be put into the form of a universal property. We rewrite
it in the following way :

Theorem 2.11 (Universal property of seminormalization)

Let A — B be an integral extension of rings. For every intermediate extension C' of A — B
such that A — C' is subintegral, the image of C' by the injection C < B is contained in Ajg.

A+( inclusion

(M/

Remark. Let A — B be an integral extension. We have A — AE subintegral by Proposition
[2.10] So we can apply the universal property in the following way :

A+ ¢_tnclusion

A+
(% /

Thus Af — A;E But, by definition, A™
property

A% is included in AJE;. We get the following idempotency

+ _ gt
Af = AL



3 Universal property of the seminormalization in the complex
geometric case.

Let X = Spec(A) be an affine algebraic variety with A a C-algebra of finite type. Let C[X] := A
denote the coordinate ring of X. We recall that X is irreducible if and only if C[X] is a domain.
A morphism 7 : Y — X between two varieties induces the morphism 7* : C[X| — C[Y] which is
injective if and only if 7 is dominant. We say that 7 is of finite type (resp. is finite) if 7* makes
C[Y] a C[X]-algebra of finite type (resp. a finite C[X]-module).

The space X is equipped with the Zariski topology for which the closed sets are of the form
V(I) := {p € Spec(C[X]) | I C p} where I is an ideal of C[X]. We define X(C) := {m €
Spm(C[X]) | k(m) = C}. Thus, if we write C[X] = Cl[z1, ..., z,]/I, the elements of X(C) can
be seen as elements of Spm(C[x1, ..., x,]) containing I. The Nullstellensatz gives us a Zariski
homeomorphism between X (C) and the algebraic set Z(I) := {x € C" |Vf €I f(x) =0} C C".
We will call 7. : Y(C) — X(C) the restriction of 7 to Y (C). The set X(C) is also equipped
with the Euclidean topology induced by C". We will add the prefix «Z—» before a property if
it holds for the Zariski topology. If X is irreducible, then we write (X)) := Frac(C[X]).

If needed, for x € X (resp. X(C)), we will write p, (resp. my) its associated ideal in C[X].

The goal of this section is to prove the following theorem and to write a universal property of
the seminormalization for affine varieties.

Theorem 3.1

Let m: Y — X be a finite morphism between affine varieties. Then the following properties
are equivalent.

1) The morphism 7. : Y (C) — X(C) is bijective.
2) The extension ©* : C[X| — C[Y] is subintegral.
3) The morphism 7 :Y — X is a Z-homeomorphism.

4) The morphism 7. : Y (C) — X (C) is a Z-homeomorphism.

The following classical result will be useful in the sequel.

Lemma 3.2

Let m: Y — X be a finite morphism between irreducible varieties. Then there exists a non
empty Z-open subset U of X such that

Yu € U(C), #m_ (u) = [K(Y) : K(X)]

Proof: Let U be a non empty Z-open set of X such that U is normal. Since the characteristic of C
is zero, the extension K(X) < K(U) is separable. So we can apply Theorem 7 p.117 from [I7] on the
morphism 7 restricted to 71 (U).

The following proposition gives the main part of Theorem The Nullstellensatz is the key to
prove it, which is not surprising for a statement of this kind.



Proposition 3.3

Let m: Y — X be a finite morphism between affine varieties. The following properties are
equivalent

1) The extension 7 : C[X] < C[Y] is subintegral.

2) The morphism 7. : Y(C) — X (C) is bijective.

Proof: Suppose that C[X] < C[Y] is subintegral, then Y — X is a bijection and as the extension is
integral, the inverse image of X (C) is Y(C) (cf. lemma [2.5)). Therefore

7. : Y(C) — X(C) is bijective

Conversely, suppose that Y(C) — X(C) is bijective. We start by checking that 7 is bijective. Let
y1,y2 € Y such that 7(y1) = m(y2) and write p,,, p,, for the associated prime ideals of C[Y]. We want
to prove that y; = yo. By the Nullstellensatz, it is equivalent to show

Py = ﬂ my = ﬂ My = Py,

Py, Emy €Y(C) Py, Emy €Y (C)

Let y € Y(C) such that p,, C m,. We then have pr(,,) C My(y), S0 Pr(y,) C My(y). Thus, by the going-up
property, we can consider y’ € Y/(C) such that p,, C m,, and m(y) = 7(y’). As we have supposed that 7
is injective on Y (C), we get y = y/'.
Finally

vy € Y(C) Py, Cmy = py, Cmy

The role of y; and ys can be inverted in the proof, so we get

Py, = ﬂ m, = ﬂ my =p,, ie Yy =1y
er(C)vpyl gmy yEY(C)vpyggmy

It remains to check the equiresiduality. Let z € X and y € Y such that n(y) = z. We want to
prove k(py) ~ k(py). If we write V' = Spec(C[X]/p,) and W = Spec(C[X]/p,), we get the following

commutative diagram :

C[X]—"~ C[Y]
(

iﬂx

Ter)*

ClV)——

|

Cw
K(V)— KW
As C[Y] is a finite C[X]-module, we have that C[W] is a finite C[V]-module. Thus my is a finite
morphism between two irreducible varieties. Therefore we can apply Lemma to consider a non empty
Z-open set U of W such that

]
)

Vue UC)  #(mwe) ' (u) = [K(W): K(V)]

But we have previously shown that 7 is bijective so [KK(W) : (V)] =1 and so we get k(pg) =~ k(py).

10



The following lemma completes the results needed to get Theorem

Lemma 3.4

Let A — B be an integral extension of rings and m : Spec(B) — Spec(A) be the induced
map. If the morphism 7 is bijective, then m is a Z-homeomorphism.

Proof: Since 7 is Z-continuous, even when the extension is not integral, we just have to show that x is
Z-closed. Let p € Spec(A) and q € Spec(B) such that g N A =p. We have

m(V(a)) ={a'NA|qCq €Spec(B)}

som(V(q)) € V(qNA) =V(p). If p’ € V(p), then the going-up property says that there exists q' € Spec(B)
such that ¢’ N A =yp and q C q. Therefore V(p) C 7(V(q)) and so 7(V(q)) = V(p) which is Z-closed. [ |

We can finally prove the main theorem of this section.

Theorem (Theorem [3.1)). Let m : Y — X be a finite morphism between two affine varieties.
Then the following properties are equivalent.

1) The morphism . : Y (C) — X(C) is bijective.
2) The extension 7 : C[X| — C[Y] is subintegral.
3) The morphism 7 :Y — X is a Z-homeomorphism.

4) The morphism . : Y (C) — X(C) is a Z-homeomorphism.

Proof: First of all, Proposition gives us the first equivalence. Now suppose that C[X] < C[Y] is
subintegral. Then 7 is bijective and since C[X] — C[Y] is integral, we can apply Lemma and get
that 7 is a Z-homeomorphism. Finally, if 7 is a Z-homeomorphism then 7, is a Z-homeomorphism and
thus m, is bijective. |

Before going further, we must define the seminormalization of an affine variety. If 7 : Y — X is
a finite morphism between two affine varieties, then C[.X ]E[Y} is a finite C[X]-module because it

is a submodule of C[Y]. Thus C[X ]ay] is a C-algebra of finite type because so is C[X].
Definition 3.5

Let m: Y — X be a finite morphism between two affine varieties. The affine variety defined
by

X;/r = SPGC(C[X]E[Y])

is called the seminormalization of X in Y.

As a consequence of the previous theorem, we are going to see that, in order to get the semi-
normalization of a variety in an other one, it is sufficient to glue together the closed points in
the fibers of ..
Definition 3.6

Let A — B be an integral extension of rings.
We define

Agmax ={be B|Vme Spm(A), by € A + Rad(Bn)}

11



Corollary 3.7

Let w:Y — X be a finite morphism between two affine varieties.
Then

+

C[X]Ef?f = (C[X](C[Y]

Proof: We write A := C[X] and B := C[Y]. So we have to show A}m** = AL. First of all, note that
the inclusion Ajg - AE”” is obvious.

In order to prove the other inclusion, we have to show that Spm(Agm‘”) — Spm(A) is bijective. If we
succeed, we will be able to deduce, thanks to Proposition that A — AE’”” is subintegral and the
universal property of the seminormalization will give us the result.

Let m € Spm(A) and my, my € Spm(AL™**) such that m; N A =my N A =m. Suppose that there exists
b € myNm§ and write by, = a4+ € An+Rad(By). Then 8 =by—a € AE:’;;I, sof € Rad(Bm)ﬁAgj’;fI.
By Lemma we get § € Rad(AE’;f’") C m1A+m‘” N m2A+m‘”. In particular, g € mlAEj’;f’ and by
hypothesis on b, we also have by € myAfmes. We then have a = by — f € mlAg':';r;” N A, and
mlAE;:l”'”” NA, =mA, = mgAE;:l”'”” N Aw, by Lemma Thus a € mQAE,’;;{L‘” and since § € mgAE’;n”'””,
we get by, € mQAgj';f“” which is not possible by assumption on b. Considering the fact that the role of my
and my can be inverted in the proof, we get m; = ms. |

We are now able to write a geometric version of the universal property of seminormalization.
By just adapting the one we have obtained at the end of the first section with coordinate rings,
we get :

_CX+C—>(C

{M\ /

This gives us the following statement for varieties :

Theorem 3.8 (Universal property of seminormalization)

LetY — Z — X be finite morphisms of affine varieties. Then 7. : Z(C) — X (C) is bijective
if and only if there exists a morphism 7TJZr Xy + — Z such that 7o 7rJZr 7. Moreover 7TJZF is

unique and WZ((C) : X5-(C) — Z(C) is b1ject1ve.

Y Xi_— X

Y
+ ™
™
\VZ bij
Z

Proof: We have the following equivalences :

.1 Z(C) = X(C) bijective <= C[X] < C[Z] subintegral ( by Theorem [3.1])
— C[Z]c (C[X](JCF[Y] o~ (C[Xay]] ( by Proposition [2.4])
<= Hﬂ'JZr : X;; — 7 dominant, such that 7o 71'} =77t

T,

Since every morphism Xy + — Z is finite, this concludes the existence. We get the uniqueness of 7 by
injectivity of 7*. Since (C X] — C[X;"] is subintegral then Lemma says that C[Z] — C[X;}] is also
subintegral. So Theorem tells us that WJZF(C) : X35 (C) — Z(C) is bijective. |
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4 Continuous rational functions on complex affine varieties.

This section is dedicated to the introduction and study of continuous rational functions and
how they are linked with the concept of seminormalization. The first subsection is dedicated
to the study of the ring of continuous rational functions on a variety. Concretely, we show
that this ring corresponds to the coordinate ring of the seminormalization of the variety in its
normalization. In the second subsection, we show that continuous rational functions are always
regulous in the case of complex affine varieties. The theory of regulous functions comes from
real algebraic geometry and was introduced in [7] and [I0]. In this theory, continuous rational
functions and regulous functions are not the same on real singular algebraic sets. It is not true
anymore for complex affine varieties. In the third subsection we look at continuous functions
being a root of a polynomial in C[X][t]. This leads to identify continuous rational functions with
"c-holomorphic" functions with algebraic graphs on algebraic varieties. This kind of functions
are studied in [4] and [3] in the point of view of complex analytic geometry. We show, with
algebraic arguments, that they coincide on algebraic varieties. Finally, the fourth subsection
presents examples of continuous rational functions.

We begin by recalling classical results on the normalization of an affine variety.
Definition 4.1

Let A be a commutative ring. We note K the localization S™'A where S is the set of
non-zero-divisors A. The ring K is called the total ring of fractions of A.

If A is reduced with a finite number of minimal prime ideals p1, ..., Py, then

piN.Np,= () »=(0

pESpec(A)
We get the following injections :

A= Alpy X ... x A/pp, = Kj X ... X K, where K; := Frac(A/p;)

Then the total ring of fractions of A corresponds to the product of the fields K;.

We define A’ to be the integral closure of A in K and we simply call it the integral closure of A.
In the same spirit, the seminormalization of A in K is denoted by AT and is simply called the
seminormalization of A. Finally, we say that A is seminormal if AT = A.

For X an affine variety, the total ring of fractions of C[X] is denoted by K(X). The ring K(X)
(which is a field when X is irreducible) is also the ring of classes of rational fractions on X and is
called the ring of rational functions on X. It means that it represents the set of classes of regular
functions f on a Z-dense Z-open set U of X (C) with the equivalence relation (f1,U1) ~ (f2,U2)
iff f1 == f2 on U1 N UQ.

We say that a morphism ¢ : Y — X is birational if the associated morphism K(X) — K(Y) is
an isomorphism.

The integral closure of C[X] being a finite C[X]-module ( see [6] Thm 4.14 ), it is also a C-algebra
of finite type. Thus we can define the normalization X' of X such that X’ = Spec(C[X]"). We
get a finite and birational morphism 7’ : X’ — X. The normalization of X is the biggest affine
variety finitely birational to X. It means that for every finite, birational morphism ¢ : Y — X
there exists ¢ : X’ — Y such that 7/ = p o).

13



The seminormalization X* of X is the variety X;, defined in Definition The seminormal-
ization X comes with a finite, birational and bijective morphism 7 : X+ — X whose universal
property is given by Proposition [3.§

Finally for every affine variety X, we have the following extensions of rings :
CIX] < C[XT] = C[X'] — K(X).
Definition 4.2

Let X be an affine variety. We write K°(X (C)) the set of continuous functions f : X(C) — C
for the Euclidean topology which are rational on X (C).

Ezxample. The most classical example of such a function is the following :
Let X = Spec(C[z,y]/ < y?> — 23 >), consider the function f defined on X(C) = Z(y? — 23) by

f:{ Zifx #£0

0 else

First of all, we show that we will always be able to assume X to be irreducible thanks to the
following lemmas.

Lemma 4.3

Let E be a topological space and {E;}icr be a covering of E. Let A be a subspace of E
such that AN E; is dense in E; for all i € I. Then A is dense in E.

Proof: Let U be a non-empty open set of E. Then there exists ¢ € I such that UNE; # &. Since ANE;
is dense in F; and U N E; is a non-empty open set of F;, we get ANU NE; # @. Then ANU # &. So
A is dense in E.

Lemma 4.4

n

Let X be an affine variety and f : X(C) — C. We write X = U X; where the X; are the
i=1

irreducible components of X. The following properties are equivalent

1) f € KX(0))
2) vie [in] fixo € KO(Xi(C))

Proof: Let f € K°(X(C)), we call U the Z-dense Z-open set on which f is regular. For j € [1;n], the
set X\ U#j X; is a Z-open set contained in X;, which is not empty because X; ¢ U#j X;. Thus, since
U is Z-dense, we have X;(C)NU # @. So f is regular on X;(C) N U which is Z-dense because X; is
irreducible. Then, fx, ) being clearly continuous, we have f|x, ) € K°(X;(C)).

Let f : X(C) — C such that fix,c) € K°(X;(C)) for all i € [1;n]. Then f is regular on a Z-dense
Z-open set of every component and since, by Lemma [£.3] a union of dense open sets of each irreducible
component of X is a dense open set of X, we get that f is regular on a Z-dense Z-open set of X (C). Let’s
show that f is continuous on X (C). First of all, f is clearly continuous on every point of the set

X\ [ JXi(©)nx,(C)
i#
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which are the points that do not belong to any intersection of components. Now let’s take a look at
the continuity near the other points. Let z € (;.; X;(C) where J is a subset of [1;n]. Let € > 0 and
j € J. Since f is continuous on X;(C), we can consider a Euclidean open set U; containing x such that
Vy € X;(C)NU; we have |f(z) — f(y)| < e. By doing the same for all j € J, we obtain

vyeX(@©)n (U [f(z) = fly)| <e
jeg
n
Remark. Let X be an affine variety and X = U X, its decomposition into irreducible compo-
i=1

nents. Then

KX (C)) =~ {(f1, . fn) € KO(X1(T)) % ... x K%(X,(CT))

| fiwxacmxj(«:) = fj\Xi<C>ij<C>}

The next proposition shows that the continuity allows us to be more precise concerning the
Z-open set where an element of K°(X(C)) is regular. We write X,e, (resp. Xging) the set of
regular (resp. singular) points of X and X,¢4(C) (resp. Xying(C)) those of X (C).

Proposition 4.5

A function belongs to K°(X(C)) if and only if it is continuous for the Euclidean topology
and it is regular on X,¢4(C).

Remark. Let x € X, we write Ox , := C[X],, the ring of functions which are regular at =. If X
is irreducible and W is a subvariety of X, we write Ox (W) := Nyew Ox 2.

Proof: We assume X irreducible thanks to Lemma Let f: X(C) — C be regular on the Z-dense
Z-open set U(C) and continuous on X (C). Then there exists ¢,p € C[X] such that pf = ¢ on U(C). As
a Z-dense Z-open set is dense for the Fuclidean topology and pf — ¢ is continuous, we get pf — ¢ =0 on
X(C).

Let € X,¢4(C), we have to show f € Ox,,. If pis a unit in Ox ,, then f = ¢p~' € Ox . Else,
since & € X,¢4(C), the Auslander-Buchsbaum theorem tells us that Ox , is a UFD. So, even if it means
multiplying ¢ by some unit elements of Ox , we can write

n
p=]]r
=1

with p; some prime elements of Ox ;. We now consider a Z-open neighbourhood Wi (C) of = such that
pf = q on Wi(C) and p; is a prime element of Ox(W;(C)). Thus ¢ vanish on Z(p;) and since the
Nullstellensatz tells us that J(Z(p1)) = p1Ox(W1(C)), we have ¢ € p1Ox(W1(C)). So there exists
q1 € Ox(W71(C)) such that ¢ = p1g;. Then we obtain

n

S; . 81—1 _
Hpi P Nlwie) = Dy o
=2

In the case where s1 > 1 we’ll have Z(p1) C Z(q1) so we can iterate the process and get g5, € Ox (W7 (C))
such that

n

Sq —
Hpi Foo = Isilwio
=2

If we take W5(C) a Z-open neighbourhood of z on which py is prime, we can the repeat the previous
argument on W1 (C) N W5(C). Thus, by doing this n times, we can consider a Z-open neighbourhood
Wi (C) of z in X(C) and gss, € Ox(Wn(C)) such that f, . = gss,|y, - Then we finally conclude
that f € OX@.
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Remark. Note that the Euclidean continuity is essential in the proof to apply the argument
of density at the end of the first paragraph. In particular, the Zariski continuity used in [14]
wouldn’t be enough because it doesn’t allow us in general to extend an equality which is true
on a Z-dense set. As an example we can consider the function f defined on A!(C) by

f:{ %ifz#()

0 else

This function is Z-continuous because it is a bijection and the Z-open sets of A!(C) are of
the form A!(C)\{finite nb of points}. However, even if zf(z) = 1 on the Z-dense Z-open set
A'(C)\{0}, this equality does not extend on the whole space A!(C).

4.1 Connection between continuous rational functions and seminormaliza-
tion.

The goal of this subsection is to study the ring K°(X(C)) for X an affine variety. The main
result being Proposition [£.13] which tells us that this ring is in fact the coordinate ring of the
seminormalization of X, in other words K°(X(C)) = C[X™*]. To do this, we must look at how
the continuous rational functions behave when they are composed with finite morphisms of affine
varieties.

As we have seen previously, the functions in X°(X (C)) are regular on the regular points of X (C).
Thus, if X is normal, the singular locus is too thin for a continuous rational function not to be
polynomial. This allows us to identify the ring KX°(X(C)) when X is normal.

Proposition 4.6
Let X be an affine normal variety. Then K°(X(C)) = Ox(X(C)) = C[X].

Proof: First C[X] C K°(X(C)) is obvious. Conversely, let f € K°(X(C)). By the previous proposition
we get f € Ox(X,eq(C)). But since X is normal we have codim(Xing(C))> 2. Thus, by [9] p.124,
there exists a function f € Ox(X(C)) which coincides with f on X,,(C). As the function f — f is
continuous for the Euclidean topology and vanish on X,..4(C) which is a dense open set of X (C), we get

f=7Fe0x(X(C) =Clx]. u

In the following proposition, we improve the result of Proposition We write Norm(X) :=
{z € X | Ox is integrally closed} and Norm(X(C)) = Norm(X) N X (C).

Proposition 4.7

Let X be an affine variety and f € K°(X(C)). Then

Vz € Norm(X(C)) f € Ox,

Proof: Let 7' : X’ — X be the normalization morphism of X and f € K°(X(C)). Proposition tells
us that fon’ € C[X’']. Let 2 € Norm(X(C)), then there exists a unique 2’ € X’ such that 7’'(z') = =
and so Ox ; — Ox/ 4. Since normalization commutes with localisation (one can see [2] for example),
we get O , ~ Ox . But x € Norm(X(C)) implies Ox , = O, so

0X7$ ~ OX’,ac’

Finally, since fon’ € Ox/ 4, we get f € Ox 4. [ ]
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Remark. A UFD being integrally closed, we have X,.; C Norm(X). So Proposition implies
Proposition [£.5]

Before continuing the study of continuous rational functions, we have to establish some properties
of finite morphisms that we will need later.

Lemma 4.8

Let m:Y — X be a finite morphism of affine varieties. Then

7. : Y(C) — X(C) is surjective and closed for the Euclidean topology.

C

Proof: Proposition tells us that the morphism 7 is surjective and that the inverse image of X (C) is
Y (C). It gives us the surjectivity of 7, : Y(C) — X (C).

To show that . is closed, we are going to prove that it is proper for the Euclidean topology. Let K
be a compact subset of X(C). We first have that «_'(K) is closed because m, is continuous. Suppose
C[Y] = Cly1, .-, yn]/Iy and Y (C) C C"™. We write Y; : y — y; the map giving the i*" coordinate of an
element of Y(C). We then have Y; € C[Y] and, since by hypothesis C[Y] is a finite C[X]-module, there
exists an identity of the form

YF +ap_,o wc.Yikfl +...+agom, =0 with a; € C[X]

Let y € 7' (K). We write m.(y) = @. If y; # 0, then

YF(y) + ak 0 me (). 7 (y) + . +ag o me(y) =0
E yf+ak_1($)yf_l+...+a0($) =0
= l+ap1(2)/yi+ ... +ao(z)/yF =0
As K is a compact set, the a;(K) are bounded. So
V(yn)n € Wc_l(K)N Yi(yn) + +o0

This means that Y;(n (X)) is bounded for all i and so that _'(K) is a compact set. More generally,
we have shown :

7. : Y(C) — X(C) is proper for the Euclidean topology.

C

Since a proper continuous map is closed, the lemma is proved.

Remark. What we have just shown implies that for every finite morphism 7 : Y — X of affine
varieties with 7. bijective, the morphism 7. is an Euclidean homeomorphism.

Henceforth, for any given morphism 7 : Y — X of affine varieties, we shall write ¢ : K%(X (C)) —
C(Y(C),C) the map f +— f om.. The purpose of this notation is to differentiate this map from
the morphism 7* : C[X] — C[Y]. We will see that if 7 is a finite morphism we can determine the
image of ¢. This will be useful for us since the normalization and seminormalization morphisms
are finite.

Lemma 4.9

Let m: Y — X be a surjective morphism of affine varieties. Then ¢ is injective and

Im(p) C {f € K°(Y(C)) with f being constant on the fibers of .}
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Proof: If f € K°(X(C)) then we can consider p, ¢ € C[X] with ¢ a non-zero-divisor such that q.f —p = 0
on X (C). Write Y = |J;_, ¥; the decomposition in irreducible component of Y. Then, for all i € [1;n],
we get go 7T|Y1(C).f Oy, ) ~POTely, , = 0 on Y;(C). Thus fo Ty, ) € K(Y;) and since 7 is continuous,
we have fom, |, . € K°(Y;(C)). By Lemma we get fom. € KY(Y(C)). Moreover

Vy1,y2 € Y((C) 7rn:(yl) = ﬂc(yQ) = foﬂc(yl) =f O”Tzc(yQ)

which shows the lemma’s inclusion. It remains to prove the injectivity of ¢ :

Let f € K°(X(C)) be such that ¢(f) = fonm. =0 and take € X(C). As 7 is surjective, there exists

y € Y(C) such that 7(y) = x. So we can write f(z) = fom.(y) = 0. Thus we get f = 0 which shows
that ¢ is injective. ]

We deduce from Lemma that continuous rational functions on an affine variety can be seen
as polynomial functions on its normalization.

Proposition 4.10
Let X be an affine variety and f € K°(X(C)). Then f is integral on C[X].

Proof: Let f € K%(X(C)) and 7 : X’ — X be the normalization morphism of X. Since 7 is a finite
morphism, the previous lemma gives us K°(X(C)) — K°(X'(C)). But, by Proposition we get
K%(X'(C)) = C[X'] so K°(X(C)) — C[X'] and so fom. € C[X']. By definition of C[X’], we can
consider a relation of the form (f o7.)" + (ap_1 0o7.)(fom.)" t + ...+ (agom.) = 0 on X'(C) with
ag, ..., an—1 € C[X]. Since m_ is surjective, we get that f + an,_1f"" ' + ...+ a9 = 0 on X(C). Hence f
is integral on C[X]. |

Remark. In general, a function f : X (C) — C is integral on C[X] if and only if it is rational and
locally bounded on X (C).

We obtain the following commutative diagram which sums up the situation :

KO(X(C))—"=K(X'(C))

C[X]— > C[X]

As previously announced, we are going to give a description of the image of ¢ in the case 7 is
finite.
Proposition 4.11

Let 7 : Y — X be a finite morphism of affine varieties. Then the image of ¢ : K°(X(C)) —
KO(Y (C)) is

Im(p) = {f € K%Y (C)) with f constant on the fibers of m.}

Proof: Let f € K°(Y(C)) be such that

Vyi,y2 € Y((C) 7Tc(yl) = Trc(yQ) = f(yl) = f(y2)

We consider



The map is well defined by hypothesis and because 7 is surjective. Moreover we have f = gom_ and
fec%Y(C),C)sogom. €COY(C),C).

We now show that g € C°(X(C),C). Let F be a closed subset of C. Then (gom,) " (F) =x_"'(g7"(F))
is closed because gom, = f is continuous and 7. (7 (¢~ (F))) = g~ (F) because , is surjective. Thus,
since 7, is closed (see lemma , the set g~1(F) is closed and so g is continuous.

It remains to prove that g is a rational function. We have
gom. € K'Y (C)) = gom, isintegral on C[Y] by Proposition
= gom, is integral on C[X] by [2] Corollary 5.4 p.60
= g is integral on C[X] because 7 is surjective
= g€ K%X(0)) by Proposition [£.1§] that we prove further away.

This shows f € Im(¢). So we have proved that the set of functions in K°(Y(C)) which are constant on
the fibers of 7. is included in Im(y). The reverse inclusion being given by Lemma we finally get

Im(p) = {f € K°(Y(C)) with f constant on the fibers of 7.}

Now, considering the last proposition, it is natural to wonder what happens when there is only
one element in every fiber of 7.. The answer is given in the following proposition.

Proposition 4.12

Let w : Y — X be a finite morphism of affine varieties. Then the following properties are
equivalent :

1) The extension 7 : C[X] < C[Y] is subintegral.

2) The morphism ¢ : K°(X(C)) — K°(Y(C)) is an isomorphism.

Proof: Suppose C[X] — C[Y] is subintegral, by Theorem it means that 7. : Y(C) —» X(C) is
bijective. So, in this case, every function of K°(Y(C)) is clearly constant on the fibers of .. So, by
Proposition [£.11] the map ¢ is surjective and Lemma [£.9] gives us the injectivity.

Conversely, if 7. is not bijective, there exists y; # y2 € Y (C) such that 7w(y;) = 7(y2) and we can find
f € C[Y] such that f(y1) # f(y2). Thus f € K°(Y/(C)) but f ¢ Im(y).

Finally

0 : KY(X(C)) = K°(Y(C)) is an isomorphism <=
— T

:Y(C) = X(C) is bijective
: C[X] — CJ[Y] subintegral

* O

Let X be an affine variety, the coordinate ring of X is the largest ring subintegral over C[X].
Thus for every finite morphism between two varieties 7 : Y — X with C[X] — C[Y] subintegral,
we obtain the following commutative diagram :

K°(X(C)) —=K2(Y(C)) —= L (X *(C))—— K*(X'(C))

We will complete the diagram by showing C[X+] = K°(X+(C)). We prove it in the next theorem
by saying that the polynomial functions on the seminormalization are the polynomial functions
on the normalization which are constant on the fibers of 7/, : X'(C) — X(C).

19



Theorem 4.13

Let X be an affine complex variety and 77 : X — X be the seminormalization morphism.
We have the following isomorphism

p: KY(X(C) = C[X1]
f > fowg'

Proof: We have shown in Corollary [3.7] that
CIX*] = C[X o] = {f € C[X'] / ¥z € X(C) fa € Ox + Rad(Oxs)}
Let ' : X’ — X be the normalization morphism of X. We want to show
C[XTme] = {f € C[X'] / f constant on the fibers of 7/}
Let z € X(C) and f € C[XTme=]. We write n/~*({x}) = {24, ...,2},}. The goal is to show f(x}) = f(z/)

J
for all i, j € [1,n]. First, the ideals of Ox- , above m, are of the from my Ox/z:

OX,z — OX/,m
my OX,(JL‘ A m“"’1 OX’,;z

mw;l OX/7£U

By definition, we have f, € Ox , +Rad(Ox/ ;). So we can write f; = o+ with @ € Ox , C Ox/ , and
B e mx/IOX/,x N...N mx;LOX/Vx. Thus, for all i € {1,...,n}

fo(2f) = a(x'(x7)) + B(x7)

But 8(z;) = 0 because 3 € my: Ox , and a(7'(27)) = a(z). So a(x) = f(2}) = ... = f(z;,) and we obtain

(2

C[XxFmes] C {f € C[X'] / f constant on the fibers of 7/ }.

Conversely, let f € C[X'] be constant on the fibers of /. Let # € X(C), thenVy € /7! (z), f(y) = a € C.
We then have
fI —o € m my(’)x/,x = Rad((’)X/,z)
yerl(z)
and so f € C[X Tme=]. We have proved
C[XTmes] = {f € C[X'] / f constant on the fibers of 7/ }.
But since K°(X’(C)) = C[X'] by Proposition 4.6/ and since
¢ : K2UX(C)) = {f € K%X'(C)) / f constant on the fibers of 7’}

by Proposition we get
¢ : K%(X(C)) = C[XTmes] = C[XT].

We have managed to identify the ring of continuous rational functions of an affine complex
variety : it corresponds to the coordinate ring of its seminormalization. We can now complete
the previous diagram.

For every morphism 7 : Y — X of affine varieties such that C[X] — C[Y] is subintegral, we get

KO(X(C)) —=KO(Y(C)) —= K (X *(C))—= K*(X'(C))
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4.2 Continuous rational functions and regulous functions.

As said before, continuous rational functions are of particular interest in real algebraic geometry.
They are very related to an other kind of functions : the regulous functions. Let X be a real
algebraic set and let f : X — R be continuous. We say that f is regulous on X if for every
algebraic subset Z C X, the restriction f, has a rational representation. This is why they
are sometimes called "hereditarily rational functions". Those two types of functions are not the
same in the case of real singular algebraic sets. One can consider the following example (from
[10]) of a continuous rational function which is not regulous.

Example. Let X := {23 — (1 + 22)y®} C R3 be an real algebraic set. Consider f : X — R such
that f(x,y,2) = (1 + 22)% See that, although f is continuous on X and f = x/y if y # 0, the
function f is not rational on {y = 0}.

For more details, one can see [13] section 3 for a review on these notions. We show, in the follow-
ing proposition, that these two kinds of functions are the same in complex algebraic geometry.

Proposition 4.14
Let f € K%(X(C)). Then for every subvariety V. C X, we have

fivie, € KX(V(C))

Proof: As usual, Lemma allows us to suppose V irreducible. Let’s considerate 77 : X+ — X the
seminormalization morphism of X and V' = V(p) an irreducible subvariety of X. Like in Proposition
we have the following commutative diagram :

cx)L opx

i (ﬂ"';/v)*

C[f/](—> C[EV]
(V)

K(W),
with W = V(q) where q is the unique prime ideal of C[X*] above p. By the going-up property and the
description of prime ideals for quotient rings, one can see that W — V is a bijection. Thus Theorem [3.1]
tells us that C[V] < C[W] is subintegral. Since C[W] is a finite C[V]-module, we can apply Proposition
and get that K°(V) < K°(W) is an isomorphism. Thus

feRNX(C) = forl € Ox+(XT(C)) = fomlyq) € Ox+(W(C))

= fv© Ty = fomye €LOWI(C) = fiv) € KX(V(C))

Remark. In real algebraic geometry, regulous functions can also be defined in the following
equivalent way. Let f: X — R be a continuous function on a real algebraic set. We say that f
is regulous ( or sometimes stratified-reqular ) if there exists a finite stratification S of X, with
Zariski locally closed strata (i.e. the intersection of a closed and an open set), such that for all
S € S the restriction fi, is regular. It also applies in our case, if f : X(C) — C is a continuous
rational function, then we can write
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p/q ifq #0
f: pg/(]g ifqlz()andqgsé()
p3/qs g =¢g2=0and g3 #0

and for every n > 1, we have Z(g,) C Sing(Z(gn—1))-

4.3 The ring of continuous rational functions seen as an integral closure and
algebraic Whitney theorem.

In Whitney’s book [23], one can find a chapter dedicated to a certain type of functions : the
"c-holomorphic" functions. The c-holomorphic functions are defined as continuous functions
on an analytic variety which are holomorphic on the smooth points of the variety. Note that,
by Proposition continuous rational functions are c-holomorphic. A characterization of c-
holomorphic functions, given by Whitney, is that a continuous function is c-holomorphic if and
only if it has an analytic graph. This theorem naturally leads to wonder if we can have the same
characterization for continuous rational functions. In other words, do we have, on an affine
algebraic variety, that a continuous function is rational if and only if its graph is algebraically
closed 7 The answer is yes and a proof with arguments from analytic geometry can be found in
[4]. The goal of this section is to prove a slightly stronger version with arguments from algebraic
geometry.

More precisely we aim to show that, if X is an affine variety, then every continuous function
from X (C) to C, for which there exists P(t) € C[X][t] such that P(f) = 0, is rational.

It allows us to deduce the algebraic version of Whitney’s theorem discussed above but also to
identify the ring in which X°(X(C)) is the integral closure of C[X].

We start by proving the theorem in the case where X is irreducible and where the polynomial,
for which the continuous function is a root, is irreducible in (X)[t]. With those hypothesis
we can give a proof similar to the one given in [I§] (theorem 8.4 p.176). It is very important
for the polynomial to be irreducible in IC(X)[t] otherwise the new variety created from it won’t
necessarily be irreducible, whereas the key argument uses the irreducibility of this new variety.
Notation. Let P be a polynomial, we note disc(P) its discriminant.

Lemma 4.15

Let X be an irreducible affine variety and f : X(C) — C be a continuous function. Suppose
there exists an irreducible polynomial P € K(X)[t] such that

U a Z-open set Yrxe U(C) Pz, f(x))=0

then
feK'(X(C))

Proof: First we consider the affine Z-open set X; such that P is a monic polynomial of C[X;][¢]. Then
we write Y7 = Spec(C[X1][t]/ < P >), which is irreducible because P is irreducible in IC(X)[t] = IC(X1)[¢],
and 7 : Y7 — X; the induced finite morphism. We note X5 the affine Z-open set where disc(P) does
not vanish. Finally we write Y2 = 77!(X3). Now X, and Y, are two irreducible affine varieties with
7w : Yy — X5 finite and

Vz € Xo(C) #n ' (z) = [K(Y2) : K(X3)] = deg(P).

We write m := deg(P) and we prove by contradiction that m = 1. Let’s suppose m > 1.
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Let z € X5(C), we can consider U, a Euclidean open set such that Xo(C) N U, is connected and

m
71X (C)NU,) = |_| V! where V' C Y3(C) are two by two disjoint connected open sets
i=1

We note
p: Xo — Y,

= (s f(2))

which is, by hypothesis on f, a continuous section of 7. Thus ¢(X2(C) NU,) is connected and so it
corresponds to one of the V! which we denote V0. We then have that ¢(X5(C)) and Y2(C)\¢(X2(C))
are open sets because

P(X2(C)) = U Ve
z€X5(C)

and

O\e(X20)= |J | |W

£E€X2(C) iio

Moreover, since m > 1, we clearly have ¢(X3(C)) # Y2(C). But since Y; is irreducible, the set Y3(C)
must be connected, a contradiction. So m must be equal to 1 and then f is rational.

In order to prove the desired theorem with Lemma[£.15] we need to find an irreducible polynomial
of K(X)[t] for which the continuous function is a root. This is what Lemma [4.16] gives us.

Lemma 4.16

Let X be an affine irreducible smooth variety and f : X(C) — C be continuous with respect
to the Euclidean topology. Suppose there exists a monic polynomial P € C[X][t] such that

Vre X(C) Pla, f(z)) =0

Then f is a root of an irreducible polynomial of K(X)[t].

Proof: Since X is supposed to be smooth and P to be a monic polynomial, we can apply [23] Lemma
2J Chapter 4 to get that f is holomorphic on X (C). In particular, we get f € M(X(C)) which is a field
because X is irreducible (see [I8] Theorem 7.1). Now consider the morphism

evy: KX)[t] — M(X(C))
QL) — Q)

We have that I(X)[t] is a principal ideal ring because K(X) is a field. Since P(f) = 0 in M(X(C)),
then ker(evy) # 0. So there exists F' # 0 such that ker(evy) =< F >. Since M(X(C)) is a domain, the
polynomial F' is irreducible in I(X)[¢].

We now have all the arguments we need to demonstrate the main theorem of this section.
Theorem 4.17

Let X be an affine variety and f : X(C) — C be a function continuous for the Euclidean
topology. Suppose there exists a polynomial P € C[X][t] which is non-zero on each irre-
ducible component of X (C) and such that

Ve e X(C) Pz, f(z))=0
then

f e K(X(C)
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Proof: Let X = [J;_, X; be its decomposition into irreducible components. Let i € [1,n] then fix.©)
is a root of the polynomial P with its coefficients restricted to X;(C). Thus, by Lemma it is enough
to prove the theorem for an irreducible affine variety.

If Xing(C) = Z(< qu,...,qs >) and a,, is the leading coefficient of P, we can replace X by D(qia,) and
then suppose that X is smooth and that P is a monic polynomial. It allows us to use Lemma [£.16 and to
get an irreducible polynomial F' € K(X)[t] such that there exists a Z-open set U where for all z € U(C),
F(z, f(z)) = 0. The conclusion is now given by Lemma [4.15]

Thanks to Theorem we can now see the ring of continuous rational functions as an integral
closure of C[X].

Corollary 4.18
Let X be an affine variety. Then

K°(X(C)) = C[X]eo(x(c).0)

Proof: The result follows from Proposition and Theorem .17}

Remark. By using Corollary one can give a very short proof of Proposition Indeed,
if V is a subvariety of X and if f € K°(X(C)), then there exists a monic polynomial in C[X][¢]
for which f is a root. So f, © is a root of the same polynomial with its coefficients restricted

to V(C). Since fj, ., is continuous, we get f|, . € C[V]/CO(V(C) o= KOV (C)).

Let’s conclude this section by proving the algebraic version of Whitney’s Theorem 4.5Q in [23]
introduced at the beginning of this section.

Corollary 4.19

Let X be an affine variety and f : X(C) — C be a continuous function. We note
If:={(z, f(x)) |z € X(C)} C X(C) x AY(C) the graph of f. Then the following properties
are equivalent :

1) The graph I'y is Z-closed.
2) feK(X(0))

Proof: The implication 1) implies 2) comes from Theorem Conversely, we suppose f € K°(X(C))
and we note 7 : X — X the seminormalization morphism. By Proposition we have for € C[XT].
Thus

Ffo7r = {(y7f OW(y)) | Yy S X+(C)}

is Z-closed. Moreover the map 7w x Id is Z-closed because, by Theorem 7 is a Z-homeomorphism. So
X Id(T for) = {(7(y), fom(y));y € XT(C)} is Z-closed. Finally, since 7 is bijective, we get

{(x(y), fory) |y € XT(C)} ={(z, f(x)) |z € X(C)} =T,

Remark. In [3] and [4], the authors consider c-holomorphic functions with an algebraic graph.
Corollary [£.19 tells us that those functions are the same as the ones considered in this paper
when we work on algebraic varieties.
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Remark. In real algebraic geometry, the zero sets of regulous functions are the closed sets of a
thinner topology than the Zariski topology called the regulous topology. In [7], the authors show
that we can recover some classical theorems of complex algebraic geometry if we work with the
regulous topology instead of the Zariski topology. In our case, if f € K°(X(C)) then Corollary
4.18 tells us that {x € X(C) | f(x) =0} =Ty N (X(C) x {0}) is a Zariski closed set.

4.4 Examples of continuous rational functions.

In general, it is not easy to determine the seminormalization of a variety. We present in this
subsection several examples of continuous rational functions and also some explicit seminormal-
izations of affine varieties. In order to do this we give a pleasant criterion to identify continuous
rational functions.

Proposition 4.20

Let X be an affine variety and f : X(C) — C. Then f € K°(X(C)) if and only if it verifies
the following properties :

1. fe K(X)
2. There exists a monic polynomial P(t) € C[X][t] such that P(f) =0 on X (C).

3. I'y is Zariski closed.

Proof: The direct implication is given by Propositions and Conversely, suppose that f verifies
the three properties above. We consider the map

¢ CXI] — K(X)
Q)  — Q)

and write C[Y] ~ C[X][t]/ ker ¢ ~ C[X][f] with 7 : Y — X the morphism induced by C[X]| — C[Y]. We
then have
C[X] — C[Y] = C[X][f] c K(X)
So K(X) ~ K(Y) and = is birational. Moreover C[Y] is a finite C[X]-module because so is C[X][t]/ <
P(t) > and
ClY] = C[X][t]/ ker ¢ ~ (C[X][t]/ < P(t) >)/(< P(t) > /ker)
Hence 7 : Y — X is a finite birational morphism. We want to show that m_. is bijective. By Corollary
there exists an ideal Iy C C[X][t] such that I'y = Z(I;). We have I; C kert because VQ € Iy ,
QUf) = 0. So
Y(C) = Z(kery) C Z(Iy) =Ty = {(z, f(2)) | v € X(C)}
Then
Vo € X(C), 7 '(z) =@ or {f(z)}.
Since m is finite, 7, is surjective. So, for all z € X(C), n_*(x) is not empty, which means that 7_!(z) =
{f(x)}. We have shown Y (C) =TIy thus 7, is bijective with the inverse map x +— (z; f(x)). Thus 7, is a
finite birational and bijective morphism. From the universal property of the seminormalization, we get

C[X] = C[Y] < C[X™]

that induces .
Xty oL x
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So, if we note t € C[Y] such that ¢ : (z, f(2)) = f(z), Theorem[4.13|gives us the existence of g € K°(X(C))

such that to (17 )¢ = gom. o (my)c so t = gom,. Therefore, since 7. is surjective, we get for all x € X (C)

9(x) = gome(; f(2)) = t(z; f(2)) = f(x)
Thus f = g € K°(X(C)) which concludes the proof.

Ezample. Let V = Spec(C[z,y]/ < y* + (2% — 1)2* =0 >) and

f: viC) — C
) y/rifx#0
(wy) { 0 else

The function f is a root of the polynomial P, (t) = t* + 2%(2* — 1). Since Pg)(t) = ¢, all
the values of f are given by the roots of 2t —y = 0 on {z # 0} and else by the root of P, (?).
Thus we have I'y = Z(< y* + (22 — 1)z*; 2t — y; t* + 22 (22 — 1) >) which is a Zariski closed set.
So the previous proposition tells us that f € K°(V(C)).

Remark. The key thing in the criterion we gave is that f is defined on all V(C). When one
add rational functions to the coordinate ring of a variety to get its normalization, the functions
are only defined on a Z-open set. Consider again the previous example but with the fraction
% € K(V). Ttis a root of Py (t) = t*4 (2 —1) on {x # 0}. But Py = t* —1 as two distinct
roots, so Z(< y? + (2% — 1)z*; 2%t — y;t> + (22 — 1) >) cannot be the graph of a map on V(C).

Ezample. Now we give an example which illustrates the fact that a continuous rational function
is a stratified-regular function (see remark after Proposition [4.14]). Let V' be a variety such that
the set of its closed points, seen in A*(C), is defined by the following equations

22+ zyxr +ty? =0 (1)
V(C):{ 22+2%+t3+yt=0 (2)
222 + 2%y — 222 =0 (3)

Let f: V(C) — C such that

zfy ify#0
f= z/t ify=0andt+#0
0 else

To show that f is indeed a continuous rational function on V(C), we show that f satisfies the
three properties of Proposition 4.20] In particular we look at its graph I'y and show that it is
the following Z-closed set in A®(C) defined by

22+ 2yz + ty? =0 (1)
P2+t + B34yt =0 (2)
22?2 + 2%y —y?22 =0 (3)
yX —z=0 (4)
X24+2X+t=0 (5)
X2 +2X -22=0 (6)

First of all, let’s verify that f is indeed a root of the polynomials (4), (5) and (6) on V(C). We
start by looking on D(y) C V(C) where f = z/y :
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v(5) o=
<%)2 (3 ) = S — 0y (1)
6) : 2 (5) o (2) - 22 = By ) by (3)

Now we check that it is still true on Z(y) N D(t) :

(5) + (5)74=z(5) +t = — 0 by (2)

6) : 2 (%)2 +x(3)—22= W = 0 since y = 0 implies x = 0 by (1).

We get that f is a root of the polynomials (4), (5) and (6). It remains to see if the values of f
are completely determined by those polynomials.

If y # 0, then the equation (4) forces the value of f to be x/y on D(y). If y = 0 and ¢ # 0, then
X242X+t=0
X2 = 22/¢2

Z(y) ND(t). Finally if y = t = 0, then the system becomes X?2 = 0.

the system (4), (5), (6) becomes { which forces the value of f to be z/t on

We have shown that I'y is completely described by the system given above. Thus I'y is Z-closed.
By (5) then f is integral on C[X]. By (4) then f is rational on V(C). So Proposition tells
us that f € KO(V(C)).

Remark. The jacobian matrix of the equations defining V' is
2r +yz  zx+ 2ty xy y?

Jac(V) = 0 t 22+ 22t 224y
2% + 2yxr  a% — 222 —2%z 2ta?

and, if y = 0, it becomes :

0 0 0 0
Jac(V)|{y:0} =0 t 22422t 22
0 0 0 0

So we have {y = 0} C Viing(C) which is coherent with Proposition

Remark. In the equations defining I', we could replace (6) by (z — 2t?)X — (¢3 + 22).

Ezample. Tt is shown in [5] that, for plane curves, the seminormality can be read on the geometry
of the singularities. A curve in A%(C) is seminormal if and only if its singularities are double
points whose tangents are linearly independent. We illustrate this by looking at the example of
three lines crossing at the origin in A%(C).
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Let V' = Spec(C[X;Y]/ < XY (Y — X) >). It is clear that V is not seminormal because the
lines are not linearly independent.
Let f: V(C) — C be such that

f:{ 2 if (z3y) # (0;0)

0 else

We can see that f is a root of the polynomial P, (t) = t2 — 2y and that [’y is equal to
Z(xy(y —x); (v +y)t — 2xy; 2 — 2y) because 0 is the only root of P(o,0)- So, by Proposition m
we have f € K°(V(C)). Furthermore, we have I'y = V(C) because the graph corresponds to
three linearly independent lines in A3(C). Indeed it is the union of three lines crossing at the
origin with direction vectors (1,0,0), (0,1,0) and (1,1,1).

Another way to see that f is continuous is that f,—o =0, fj,—0 = 0 and fj,—, = 2. So fisa
continuous rational function on each irreducible component of V(C). Thus f € K°(V(C)) by
Lemma [4.41

4.5 Nullstellensatz for complex regulous functions.

A very important property of the regulous functions in real algebraic geometry is the regulous
version of the Nullstellensatz ([7] Theorem 5.24). We give here a regulous version of the Null-
stellensatz for complex affine varieties. One can also find a proof of this result for c-holomorphic
functions with algebraic graph in [3].

We consider the same notations as in Theorem So, if X is an affine variety and 7 : X+ — X
is its seminormalization morphism, we consider the isomorphism

p: KUX(C) = C[xT]
f = fom.

Let I ¢ K°(X(C)). We write
21 :={x e X(C) |Vf €I, f(x) =0}
Let E C X(C). We write
J(E) = {f € K*(X(C)) | vz € E, f(x) = 0}
Let I be an ideal of K°(X(C)), then I is of the form I =< g1, ..., g, > by noetherianity. So
m (20D = 7w N (NZ%(gi) = N H(20%(90) = NZ(gi 0 me) = Z(0(]))

Theorem 4.21 (Nullstellensatz)
Let X be an affine complex variety and I be an ideal of K°(X (C)). Then

JUZ0D)) =VI

Proof: One of the inclusion is clear. For the other inclusion, we consider f € J°(Z°(I)). It is equivalent
to say that Z°(I) c Z°(f). Then Z(p(I)) = = (2°(I)) C 7' (2°(f)) = Z(f om.). Then, by the
classical Nullstellensatz on C[X '], we can consider n € N such that (f o w.)" € ¢(I). So we get
fr=97He(H)") € 7 (p(I)) = I and finally f € V1. u
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We also get a version of the Nullstellensatz where we want to study only one element of
K°(X(C)). We will need this result in Section One can do the exact same proof as Theorem
[4.21] by adapting it with the following notations. For f € K°(X(C)), I € C[X][f] and E € X(C),
consider Z7(I) := {z € X(C) | Vg € I, g(z) = 0} and J/(F) := {g € C[X][f] | Vz € E, g(z) =
0}. Also, consider C[Y] = C[X][t]/If, 7 : Y — X and ¢ : C[X][f] = C[Y].

Theorem 4.22

Let X be an affine complex variety. Let f € K°(X(C)) and I be an ideal of C[X][f] then

Tz D) =VI

5 Proofs of classical results on seminormality with regulous
functions.

We revisit several results on seminormality using regulous functions. In this section X will
be an affine variety. If f € KY(X(C)), then we have shown in the previous section that I,
the graph of f, is a Z-closed set of X(C) x A!(C). So there exists an ideal I; C C[X][t] such
that I'y = Z(If). Moreover, we have C[X][t]/I; ~ C[X][f] and, since f is integral over C[X],
the ring C[X][f] is a C[X]-module of finite type. We note Cond(f) := (C[X] : C[X][f]) =
{p € C[X] | p.C[X][f] € C[X]} the conductor of C[X] in C[X][f].

5.1 Definitions and criteria of seminormality in commutative algebra.

In this paper we have used Traverso’s definition of the seminormalization [20] where, for an
integral extension of rings A < B, the seminormalization of A in B is given by

A}, = {be B|¥p € Spec(A), b, € A, + Rad(B,)}

But, as explain in [2I], there are several definitions of the seminormalization for commutatives
rings. For Hamann a ring A is seminormal in B if, for n € N*, A contains all the elements b € B
such that b”,b"*! € A. The equivalent definition used by Leahy and Vitulli consist in replacing
n and n + 1 by any positive relatively prime integers. Finally Swan gave an other definition
of the seminormalization which is not equivalent to the previous ones for general commutative
rings. Our goal in this section is to reinterpret those definitions in term of regulous functions
and to see that they are all equivalent for affine rings.

Definition 5.1

Let A < B be an extension of rings and b € B be such that b?, b> € C[X]. In this case, we
say that A — A[b] is an elementary subintegral extension.

It is shown in [19] that, if a ring A is not seminormal in an other ring B, then we can always
find a proper elementary subintegral subextension of A — B. The following proposition gives a
similar result with regulous functions.
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Proposition 5.2

Let X be a complex affine variety and f € K°(X(C)) \ C[X]. Then there exists an element
g € C[X][f]\ C[X] such that g" € Cond(f) C C[X], for all integer n > 2.

Proof: We know by Proposition that f can be writen in the following way

p1/q1 if ¢ #0
p2/q2 if gg=0and g #0

Pn-1/qn—2 if @ =..=q¢,2=0and g, 1 #0
Pn if g=q1=...=¢,_1=0
We consider the minimal integer s such that ¢s11f ¢ C[X]. If s exists, we continue the proof with
gs+1f — ps+1 € C[X]. If s doesn’t exists, we take f — p,. So we can suppose that

pi/ar i @ #0
p2/q2 if ¢ =0and g #0

ps/Qs if ¢1=..=¢-1=0andqs #0
0 if g=q1=..=¢;=0
with ¢;f € C[X] and so ¢; € \/Cond(f) for all i < s. Let’s consider I =< ¢i"*, ..., ¢i's > with n; € N such
that ¢/ € Cond(f). See that Z7(I) C Z7(f). So, by Theorem we have f € v/I. Since I C Cond(f),
we get f € y/Cond(f). So we can consider the minimal integer m > 1 such that f™ ¢ Cond(f) and
fm*1 € Cond(f). The fact that f™ ¢ Cond(f) means that there exists h = ag+a1.f+...+aqf? € C[X][f],
where d := deg(f) — 1, such that f™.h = ag.f™ + a1.f™ + ... + amiaf™ ¢ C[X]. But since
fmtl e Cond(f), we get ar.f™ + ...+ apmeaf™T € C[X]. It implies that aof™ ¢ C[X] and so
f™ ¢ C[X]. Finally, we write g := f™ and we have find an element g € C[X][f] \ C[X] such that
g™ € Cond(f) C C[X], for all integer n > 2. |

We prove now that Traverso, Hamann and Leahy-Vitulli’s definitions of the seminormalization
are equivalent. In order to do this with regulous functions, we show the following Lemma.

Lemma 5.3
Let f € K(X) such that there exists n,m € N* with gcd(n,m) = 1 and f", f™ € C[X].
Consider u,v € Z such that un + vm = 1 and assume that v > 0 and v < 0. Then

g:{ffffm#o € KO(X(C)

0 else

Proof: Let X; be an irreducible component of X. If fﬂ.(@ = 0, then f|xv(© = 0 so we define 9lx,, =0
So, by Lemma [4:4] we can suppose that X is irreducible and that f™ # 0. We have
, { FitfmA0 { (F)/(F™) i £

0 else 0 else

So the graph of g is Ty = Z((f™) ™"t — (f™)*“;t™ — f™) and, by Proposition we get g € KO(X(C)). B

The Lemma tells us that a fraction with one of the property appearing in the following criteria
extend into a regulous function. So if X is seminormal it has to contain the elements mentioned
in criteria 3),4) and 5). Moreover Proposition 5.2 shows that the seminormalization is the
reunion of all of this kind of elements. So it is sufficient for X to contain those elements in order
to be seminormal. This is how we obtain the following Proposition.
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Proposition 5.4 (Hamann and Leahy- Vitulli’s criteria)

Let X be an affine complex variety. Then the following statements are equivalent :
1. X is seminormal.

2. Vf € C[X'] the conductor of C[X] in C[X][f] is a radical ideal of C[X][f].

w

Ve K(X) f2,f3 € C[X] = feC[X].

N

(X)
Ve K(X) M fmeClX] = f e C[X], for some m,n € N relatively prime.
5 VfekK(X) fr,f" e C[X] = f e C[X], for some n € N.

Proof: 2) = 1). If X is not seminormal, then there exists f € K°(X(C)) \ C[X]. So Proposition
[5-2 gives an element g € C[X][f] such that g belongs to the radical of (C[X] : C[X][f]) but not to the
conductor itself. The fact that g ¢ C[X] and g™ € C[X] for all n > 2, shows that 3),4) or 5) = 1).

1) = 2). Suppose there exists f € K(X) and g € \/Cond(f) \ Cond(f). We can consider n € N*
such that g"~1 ¢ Cond(f) and ¢g" € Cond(f). So there exists h € C[X][f] such that ¢g"~1h ¢ C[X] and
(g"th)?%, (9" 'h)3 € C[X]. Then, by Proposition we get

_[ g h i (g"TTh)? #£0
v = { 0 else € K*(X(C)

So 1 € K°(X(C)) \ C[X] which means that X is not seminormal.

1) = 4). Take n,m € N such that gcd(n;m) = 1 and assume X is seminormal. Consider f € IC(X)
such that ™, f™ € C[X]. Then, by Proposition we can extend f to a regulous function. So we get
f € K°X(C)) = C[X]. Since, for all n € N, we have ged(n;n + 1) = 1, we also get 1) = 3) and 5).

We now show that Traverso and Swan’s definitions of the seminormalization are equivalent for
affine rings by using regulous functions. First we get the following Proposition which gives us a
way to construct regulous functions from polynomials that respect a certain type of relation.

Proposition 5.5
Let p,q € C[X] be such that there exists n € N* with p" €< ¢"*! >. Then

0 else

f_{p/q lfq#() EKO(X(C>)

Proof: Consider n € N* such that p® €< ¢"™! >. Then there exists h € C[X] such that p"® = hq"*!.
So, if X; is an irreducible component of X such that ¢ = 0, we get that p = 0 and so we define f‘xi(c) =0.
Then, by Lemma [4.4] we can suppose X irreducible and ¢ # 0. In this case, the graph of f is given by
I'y = Z(Ix;qt — p;t" — gh) and we can apply Proposition to conclude.
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Lemma 5.6

Let X be an affine variety and p,q € C[X]. We write

f:{p/qifq%o

0 else

Then
p? =¢° ifand only if f> = q and f2 =p
)

In this case f € K°(X(C)) and

Tp=Z(Ix;qt —pit* —q) = Z(Ix;t* — ¢;t° — p)

Proof: Let X; be an irreducible component of X such that ¢ = 0. Then flx,-@) = 0 and the lemma
becomes trivial. So, by Lemma we can suppose X irreducible with ¢ # 0. In this case, if p? = ¢°
then 2 = p?/¢®> = ¢®/¢*> = q and f3 = p?/¢® = p3/p* = p if p,q # 0. Moreover, if ¢ = 0, then
fP=q=f=p=0. So f2 =qand f2 = pon X(C). Conversely, if f2 = q and f> = p then

p? = ()2 = ()% = ¢*. We get that f € K°(X(C)) by Proposition |
The Lemma shows that the relations of the form p? = ¢® produce regulous functions and

Proposition [5.2] tells us that the seminormalization is the reunion of all of this kind of functions.
Hence we obtain Swan’s criterion.
Proposition 5.7 (Swan’s criterion)

Let X be an affine complex variety. Then the following statements are equivalent :
1. X is seminormal.

2. For all p,q € C[X] such that p* = ¢ there exists f € C[X] with f?> = q and f3 = p.

Proof: 1) = 2). Suppose X is seminormal and let p,q € C[X] with p? = ¢®. Then by Lemma
we get an element f € K°(X(C)) such that f2 = g and f3 = p. Since X is seminormal, we have f € C[X].

2) = 1). Suppose that X is not seminormal, then Proposition gives us an element g €
K(X(C))\C[X] with g%, ¢° € C[X]. So if we write ¢ := ¢? and p := ¢, Lemma tells us that
p? = ¢>. Thus, if there exists f € C[X] with f2 = ¢ and f? = p, we get f = g on D(q). By continuity,
we get f = g on X (C) which is impossible because g ¢ C[X]. |

5.2 Localization and seminormalization.

It is shown, for general rings, that the operation of localization and seminormalization commute.
In Traverso [20], it is proved by considering special subextensions between the seminormaliza-
tion and the normalization of the ring. In Swan [19], it is proved by considering elementary
subintegral extensions of the ring (see Definition . We propose here, because we will need it
in Proposition [6.5] a proof with regulous functions but only in the case of the localization by a
single element because we need S~!C[X] to be affine.
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Proposition 5.8 (Seminormalization and localization by a single element)

Let X be a complex affine variety and S be a multiplicative set of C[X]| such that S =
{1,q,4%,...} with ¢ € C[X] . Then

SYlc[xt) = (sc[x])t

Proof: First, see that it is equivalent to show
ST (X(C)) = K*(D(q))

The inclusion S71K°(X(C)) € K°(D(q)) is clear because if f € K°(X(C)), then for all s € S the function
f/s is still rational and continuous on D(q). To get the other inclusion, we must show

Vg e KO(D(g) IseS 5g = { s@)g(z) iz eD@)  pox(e))

0 else

So let g € K°(D(q)). Then, by Proposition it verifies the three following properties :
1. g € K(D(q))

2. g is the oot of a monic polynomial whose coefficients are in S~1C[X].
3. The graph I'y € D(q) x AY(C) of g is Z-closed.

In other words, g € K(D(q)) and there exists a system of polynomials

Pz t) =4+ 54207 42 =0

Sd—1

Fy(x,t) —‘“'di g 2Ll gdiml gy S0

S1,d S1,dy—1 $1,0

(%) :

Fo (1) = gota gidn 4 Sndast gdn=l gy 200 — )

Sn,dn Sn,dp—1

such that, for all x € D(q), the element g(x) is its only solution. We have to see if there exists an s € S
such that sg verifies a system of the similar form on C[X]. Lets consider

d—1 2
(=) (T
k=0

i,j€[1;n] x [05d;]

2

We show that sg is the only solution of the following system whose coefficients are in C[X] :

D __¢d s d—1 s d—1 _

P(I’t) =t%+ sd,lad_l't +...+%ao.5 =0

” _ _s dy s di—1 s di

Fl(mvt) S1.a; alydl.t + slﬁdlilal’dl,l.s.t + ..+ 1.0 aio-S 0
(%)

al _ dn s dn—1 s dn

F,(z,t) = . . d,, 1" + sn,dn,la”vdn—l's't + ...+ g On0-8" = 0

Indeed, for all x € D(q), we have
{ Pz, s9(x)) = s%(x) P(, g(x)) = 0
Fy(x,59(x)) = s%H(2) Fi(w, g(x)) = 0

So sg(x) is the only solution of the system (xx) for all € D(gq). Now see that, in the definition of s, we
carefully took squared elements so that if x € Z(s) = Z(q) then all the coefficients in (**) vanish except
tdin P(x,t). Thus, for all x ¢ D(q), we get t = 0 and so sg(z) is the only solution of the system (x*) for
all z € X(C).
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The fact that localization and seminormalization commute leads to look at seminormality di-
rectly at the points of a variety.

Definition 5.9
Let X be an affine variety. We define the set of seminormal points in X by

SN(X) :={z € X | Ox is seminormal}

and the seminormal points of X (C) by SN(X(C)) = SN(X) N X(C).

Now we can improve proposition [£.7] and be more precise about the points where regulous
functions are regular.

Proposition 5.10
Let X be an affine variety and f € K%(X(C)). Then f € Ox . for all z € SN(X(C)).

Proof: We prove 1) = 2). Let f € K°(X(C)) and z € SN(X(C)), we consider 7+ : XT — X the
seminormalization morphism of X and 2™ € X (C) such that 7 (2%) = 2. By Theorem we have
fo ﬂ'g € C[X™]. Since seminormalization and localization commute, we have f o Tt € Oxt ot = Oj(,a:

and since z € SN(X(C)), we have that Ox , — (’);x is an isomorphism. So f € Ox ;.

Remark. An element in (,csn(x(c)) Ox,2 does not always extends by continuity. One can take
the example X = Spec(Clx,y]/ < y? + (22 — 1)z* >) given after Proposition We have
SN(X(C)) = {(0;0)} = {z = 0} but the fraction % cannot be continuously extended on X (C).

We can deduce from Proposition [5.10] a classical result about seminormalization.
Corollary 5.11
Let X be an affine variety. Then X is seminormal if and only if SN(X (C)) = X (C).

Proof: Suppose that X is seminormal, then C[X ] = C[X]. So it is clear that Ox , = Ox+ .+ for all
z € X(C). Conversely, suppose that SN(X(C)) = X(C) and let f € K°(X(C)). Then, by Proposition
we have f € (\,cx ) Ox,» = C[X]. So K°(X(C)) = C[X] and X is seminormal.

6 The sheaf of complex regulous functions.

In the paper [7] introducing the regulous functions on real algebraic varieties, the authors define
the sheaf of regulous functions because they wanted to recover some classical theorems from
complex algebraic geometry for real varieties equipped with the sheaf of regulous functions. In
the same spirit, we look at the sheaf of complex regulous functions and we will notably show
that, if X is an affine variety, then (X, K% ) is isomorphic to (X, Ox+). In particular (X,K%)
is an affine scheme.

Definition 6.1

Let X be an affine variety and U be a Z-open set of X(C). Then we write K% (U) the set of
continuous functions f : U — C for the Euclidean topology which are regular on a Z-open
Z-dense subset of U.
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By doing the exact same proof as that of Lemma [£.4] we get the following result.

Lemma 6.2

Let X be an affine variety, U be a Z-open set of X(C) and f be an element of K% (U).
We note {X;}ic[i;n) the irreducible components of X. Then the following statements are
equivalent :

1) feK%(U)
2) Vi € [1;n] f\UﬁXi((C) € ’Cg((UﬂXi((C))

Definition 6.3

Let X be an affine variety. The sets Z°(I) where I is an ideal of K°(X(C)) introduced in
Theorem define the same topology as the Zariski topology. Despite this fact, it is still
interesting to define the regulous topology on X (C) whose open sets are generated by the
sets

D'(f) = {x € X(C) | f(x) # 0}
where f is an element of K°(X(C)).

Now that we have a local definition for regulous functions, we define the sheaf /Cg(.

Proposition 6.4

Let X be an affine variety. The presheaf defined by

K% : { regulous open sets of X(C)}°? — Ring
U = K% (U)

is a sheaf

Proof: It is a presheaf because if V' C U are regulous open sets, we have a restriction morphism

K% (U) — KX(V)
f = fiv
In order to prove that it is a sheaf, we consider a regulous open set U and an open cover {U; };cr of U.

By Lemma we can suppose that X is irreducible. Let {f;}ics be such that f; € K& (U;) for all i € I
and such that for all 4,5 € T

(fi)‘UiﬁUj = (fj)lUiﬂUj
Then we can define the continuous function

f: U = C
x = f(z) ifzel;

Moreover, for all i € I, there is a Z-open set V; N U; which is Z-dense for the induced topology on U;, on
which f; is regular. Since X is irreducible, all the Z-open sets are Z-dense so one can take any ig € I and
get that f is regular on the Z-open Z-dense set V;, N Uj,. |

Thanks to Proposition [5.8] we get the following extension theorem for regulous functions defined
on a principal open set of an affine variety.
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Proposition 6.5

Let f € K°(X(C)) and Iet g : D°(f) — C be an element of K% (D°(f)). Then there exists
N € N such that the function

Ny { IN(@)g(x) ifz € DO(f)

0 else

is an element of K°(X(C)).

Proof: Let f € K°(X(C)) and g : D°(f) — C. We write 7 : XT — X the seminormalization morphism.
Since 77 1(DO(f)) = D(f o), we get

gom:D(forn) = Ce€K%+(D(for))
Moreover, by Theorem we have for € C[X]. Then D(fom) is affine and we can apply Proposition

with ¢ := f o 7. So we obtain an integer N such that (f o7)Ngor € KO(XT(C)) = C[X*]. Finally,
thanks to Theorem [£.13] again, we get

IN €N fNg e K'(X(C))

The previous proposition allows us to described the structure of a ring of regulous functions
defined on a principal open set.

Proposition 6.6

Let X be an affine variety and let U := DY(f) be a regulous open set with f € K°(X(C)).
Then, the restriction morphism from K% (X (C)) to K% (U) induce an isomorphism

K% (X(C))y ~ KX(U)

Proof: Let ¢ : K& (X(C)) — K% (U) be the restriction morphism. Since the restriction of f to U doesn’t
vanish, we get the induced morphism

P K% (X(C)) s — KX (U)

Let g € K& (U). Then, by Proposition there exists N € N such that fVg € K% (X(C)). So ¢y is
surjective.

Let g/f™ € K% (X(C))¢ such that ¢¢(g/f™) = 0. Then (g9/f™)jv = g|U/f‘7[‘] = 0 implies that g vanish on
the dense set U. So g vanish on all X (C) because it is continuous for the euclidean topology and we get
g/f" = 0. Hence ) is injective. |

We now get the main result of this section which is a generalization of Theorem [£.13]for schemes.
Theorem 6.7

Let X be an affine variety and m : X* — X be its seminormalization morphism. Then
(m,m*) is an isomorphism of ringed spaces between (X,K%) and (X, Ox+).

Proof: Let f € K°X(C)) and g : D°(f) — C € K%(D(f)). By Proposition we have g €
K% (X (C))y, so there exists h € K°(X(C)) and N € N such that ¢ = h/fY on DY(f). Then, by
Theorem we get g=hon/for™N € Ox+(D(f om)).

Now, let g : U — C € K% (U) with U a regulous open set. Then we can write U = [J;_, D(f:)
with f; € K°(X(C)). Then gp(s,) € K%(D(f;)), 50 g © Tp(fion) € Ox+(D(f; o)) and finally we get
gom € Ox+(U) because Ox+ is a sheaf.
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Conversely, if UT is a Z-open set of X+ (C) and f € Ox+(U™), then for=!:U — C € K& (U) because
7 is a bicontinuous birational morphism.

Remark. A part of the paper [7] is dedicated to prove Cartan’s theorems A and B for real alge-
braic varieties with the sheaf of regulous functions. Since those theorems are true for complex
algebraic varieties with the sheaf of regular functions (see [L6] Theorem 2 section 45 and The-
orem 3 section 3), then Theorem says that those results are also true for complex algebraic
varieties with the sheaf of regulous functions.

Corollary 6.8

Let p C C[X ] and q € C[X] be prime ideals such that p N C[X] = q. Then

Ox(D(a))* =~ KX (D(q))

Proof: By Theorem [6.7| and since localization and seminormalization commute ([20]), we have

Ox(D(a))* ~ (C[X]q)" ~ CIXT], ~ Ox+(D(p)) ~ KX (D(q))
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