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Investigation on the robustness of rotor/stator contact interactions with
respect to small mistuning

Nyssen F., Batailly A.1

Abstract
In this work, the impact of small mistuning on rotor/stator contact interactions is investigated. First, a detailed study of
a rotor/stator interaction between the first bending modes and the second engine order is presented in the tuned case.
Then, a numerical investigation on the effect of mistuning on the studied rotor/stator contact interaction is carried out.
In particular, a stochastic analysis is performed to evaluate the robustness of the interaction with respect to the mistuning
level. Simulations are conducted using a reduced order model (ROM) of an industrial bladed disk that combines both
physical degrees of freedom (along blades tip for contact treatment) and modal coordinates. Mistuning is introduced in
the tuned ROM by means of a modified version of the component mode mistuning method that allows to keep physical
degrees of freedom within the reduced basis. Nonlinear amplification factors, i.e. the amplification factors in the context
of contact nonlinearities, are compared with their linear counterparts, the latter are computed using a linear forcing
on each blade using a two nodal diameters traveling wave excitation on the mistuned and the tuned bladed disk. The
comparison between the linear and nonlinear amplification factor for each sample highlights that no correlation exists
between a mistuning pattern leading to high amplifications in a linear context or when contact nonlinearities are taken
into account. Therefore, dedicated analyses on the effect of mistuning should be undertaken with contact nonlinearities
considerations at the design stage especially if intentional mistuning is considered.
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Enquête sur la robustesse des interactions rotor/stator au désaccordage
faible

Nyssen F., Batailly A.1

Résumé
Dans ce travail, l’impact du désaccordage faible sur les interactions rotor/stator est étudié. Tout d’abord, une étude
détaillée d’une interaction rotor/stator entre les premiers modes de flexion et le deuxième régime moteur est présentée
dans le cas accordé. Ensuite, une étude numérique de l’effet du désaccordage sur l’interaction rotor/stator étudiée est
effectuée. En particulier, une analyse stochastique est effectuée pour évaluer la robustesse de l’interaction par rapport au
niveau de désaccordage. Les simulations sont menées en utilisant un modèle réduit d’un disque aubagé industriel qui
combine des degrés de libertés physiques (le long du sommet d’aube pour le traitement du contact) et des coordonnées
modales. Le désaccordage est introduit dans le modèle réduit accordé au moyen d’une version modifiée de la méthode
”component mode mistuning” (CMM) qui permet de retenir des degrés de libertés physiques dans la base réduite. Les
facteurs d’amplification nonlinéaires, i.e. les facteurs d’amplification dans le contexte de nonlinéarités de contact, sont
comparés avec leurs homologues linéaires, ces-derniers étant calculés en utilisant un forçage linéaire sur chaque aube
selon une excitation tournante à deux diamètres nodaux sur le disque aubagé désaccordé et accordé. La comparaison des
facteurs d’amplification linéaires et nonlinéaires pour chaque échantillon met en évidence qu’aucune corrélation n’existe
entre un motif de désaccordage menant à une forte amplification dans un contexte linéaire ou quand les nonlinéarités de
contact sont prises en compte. Par conséquent, des analyses dédiées à l’effet du désaccordage doivent être menées avec
nonlinéarités de contact dès l’étape de conception, en particulier si un désaccordage intentionnel est considéré.

Mots-clés
interactions rotor/stator; désaccordage; disque aubagé multi-secteurs
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INTRODUCTION

In turbomachinery, the unavoidable small discrepancies between each blade stemming from manufacturing tolerances
or material non-uniformities, known as mistuning, have a strong impact on the dynamics of bladed disks. Over
the past decades, numerous research works have been carried out focusing on the effect of mistuning on the bladed
disks dynamics in a linear context [1, 2]. The main consequences of mistuning are the frequency splitting [3], the
localization of the vibration energy within a few blades [4, 5] and the amplification of the maximum blade response
that may lead to high cycle fatigue [6, 7]. With the increasing occurence of nonlinear interfaces (such as frictional
contacts at the blade root or between shrouds) within the engines, researchers have recently investigated the coupled
effect of mistuning and nonlinear phenomena [8, 9, 10, 11, 12, 13, 14].

In this work, the focus is on the impact of small mistuning on rotor/stator contact interactions. Indeed, to lower
aircraft engines consumption and to comply with always more restrictive environmental requirements, clearances
between the rotating and stationary components within the engines are reduced to decrease aerodynamic losses, this
may also lead to occurrences of rotor/stator contact events. The vast majority of studies on rotor/stator interactions
have been conducted considering a single blade [15]. First investigations on full bladed disk dynamics have been
carried out using a two-dimensional phenomenological model in both tuned and mistuned configurations [16]. On
this academic model, a higher amplification of the vibration amplitudes has been evidenced in a nonlinear context
compared to linear forced responses. In this work, a full industrial bladed disk is considered. Following an in-depth
analysis of a specific tuned rotor/stator interaction, the effect of mistuning on these interaction is assessed. The
aim is to analyze the robustness of the rotor/stator contact interaction with respect to the mistuning level using
Monte Carlo simulations. To handle industrial finite element models in the stochastic analysis, reduction techniques
are mandatory to decrease the model size and accelerate computation times. Simulations are conducted using a
reduced order model (ROM) that takes advantage of its cyclic symmetry property and that combines both physical
degrees of freedom (along blades tip for contact treatment) and modal coordinates. As a first step towards a more
comprehensive understanding of the influence of mistuning on blade-tip/casing contact interactions, centrifugal
and thermal effects are neglected in this study. An explicit central finite difference time integration procedure
coupled with Lagrange multipliers is used to solve the equations of motion at each time step [17]. The abradable
layer, a sacrificial material deposited on the casing inner surface to reduce contacts severity, is modeled using radial
elasto-plastic rod elements distributed along the casing circumference [18].

In the second section of the article, the rotor/stator interaction between the first bending modes and the second
engine order is detailed for an industrial bladed disk considering a tuned configuration. In particular, the radial
displacement at the tip of each blade as well as the wear profile are analyzed in the vicinity of the interaction angular
speed. In the third section, the developed methodology to build the mistuned reduced order model is presented.
Mistuning is introduced in the ROM by means of a modified version of the component mode mistuning method.
This allows to retain physical degrees of freedom along the blade-tip within the reduced basis in order to handle
contact constraints directly within the reduced space. A small proportional mistuning located on the blades is
assumed. In the fourth section, a stochastic analysis is carried out to evaluate the robustness of the interaction with
respect to the mistuning level. Simulations are conducted for different mistuning levels, with 1000 samples for each
level. The nonlinear amplification factor, i.e. the amplification factor in the context of contact nonlinearities, is
defined as the ratio between the maximum radial displacement of all blades boundary nodes in the mistuned case
and in the tuned case. The obtained nonlinear amplification factors are compared with their linear counterparts: the
linear amplification factor is computed using a linear forcing on each blade using a two nodal diameters travelling
wave excitation on the mistuned and the tuned bladed disk. For the sake of confidentiality, all frequencies, angular
speeds and displacement amplitudes are normalized.

TUNED BLADE/CASING CONTACT INTERACTION

Industrial bladed disk model

The finite element model of the reference sector of the studied industrial bladed disk is shown in Fig. 1. The blade
is colored in light gray, the disk in dark gray, and the cyclic boundary nodes are highlighted in orange. The full
bladed disk counts 21 sectors. The bladed disk nominal angular speed is denoted Ωn. The structure is clamped at
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its downstream flange. A reduced order model (ROM) is built based on an extension of the Craig-Bampton method
in the Fourier basis to take advantage of the cyclic symmetry of the structure [19]. Both physical and modal degrees
of freedom are included in the ROM: five boundary nodes (see black dots in Fig. 1) are retained on each blade along
their tip, from the leading edge (LE) to the trailing edge (TE), and 20 modes per harmonic are included.

y

x

z
×

LE TE

clamping

Ωn

Figure 1. FINITE ELEMENT MODEL OF THE REFERENCE SECTOR OF THE BLADE DISK: BLADE ( ), DISK ( ),
BOUNDARY NODES (•) AND CYCLIC BOUNDARY NODES ( ).

The Campbell diagram of the studied bladed disk is presented in Fig. 2. The focus is made on the interaction
between the first bending (1B) modes and the engine order (EO) 2. The angular speed Ωi corresponds to the
crossing between the engine order 2 and the first bending mode with 2 nodal diameters. The angular speed range of
interest [Ω1,Ω2] highlighted in orange is centered around Ωi. All angular speeds in the interval [Ω1,Ω2] are lower
than the nominal engine angular speed Ωn, which implies that these angular speeds are passed through during a
limited number of engine revolutions to reach the nominal angular speed.

Ω1 Ω2 ΩnΩi
0

1

2

3

angular speed (-)

fr
eq

u
en

cy
(-

)

EO = 1

EO = 2

EO = 3

EO = 4

EO = 5EO = 6EO = 7EO = 8EO = 9

1B

Figure 2. CAMPBELL DIAGRAM.
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Definition of the contact scenario

Contact simulations are carried out using an explicit central finite difference time integration scheme to solve the
equation of motion. A constant time step of 10−6 s is used. Simulations are conducted on 100 engine revolutions at
constant angular speed, for 1500 different angular speeds. Among them, 76 are in the range of interest [Ω1,Ω2].
The surrounding casing is assumed to be rigid with an initial blades/casing clearance identical for all boundary
nodes to prevent any initial blades/casing interpenetration. During the first 0.04 s of the simulation, the casing is
progressively deformed at two opposite angular locations such that contacts are initiated and occur preferentially
at these two lobes of deformation. Such deformation is assumed to be consistent with the influence of a thermal
load on the casing and leads to contact initiation [20]. No forcing and no initial deformation are applied on the
blade airfoils. The abradable layer deposited along the casing circumference is modeled as elasto-plastic radial rod
elements, their plastic deformation following contacts representing the wear [18]. The maximum radial displacement
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Figure 3. MAXIMUM RADIAL DISPLACEMENT FOR ALL REVOLUTIONS ( ), AND FOR THE LAST REVOLU-
TION ( ).

among all boundary nodes at each angular speed is plotted in Fig. 3a, with a zoom on the angular speed range
[Ω1,Ω2] in Fig. 3b. Though the investigated phenomenon is inherently nonlinear due to contact occurences, one may
note that the interaction speed Ω? is only a few percents higher the linear prediction Ωi. This indicates a low level
of contact stiffening and a slightly nonlinear system. This softer contact configuration allows to give a first insight
on the robustness of contact interactions to mistuning.

The maximum radial displacement is computed on all boundary nodes during the last engine revolution ( )
and during the whole simulation ( ). The value obtained using the last revolution only is always lower or equal to
the one computed for the all simulation. A lower value considering only the last revolution means that the maximum
of amplitude occurs during the transient response, while the signal reaches a steady state at a lower amplitude. As
an example, the radial displacement at the leading edge of blade 1 for the angular speed Ω† is computed for 1000
engine revolutions for visualization purposes and plotted in Fig. 4a. In the current study, the first 100 revolutions
only (in black) are simulated. The transient response effectively leads to higher vibration amplitudes than the
stationary response starting after 750 revolutions. Also, depending on the angular speed, the 100th revolution occurs
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Figure 4. RADIAL DISPLACEMENT AT THE LEADING EDGE OF BLADE 1 FOR 1000 ENGINES REVOLUTIONS.

at a peak or an off-peak in the transient response, which explains the oscillation observed in Fig. 3 for the curve
corresponding to the maximum response computed at the 100th revolution. Conversely, the radial displacement at
the leading edge of blade 1 for the angular speed Ω?, for which the maximum radial displacement occurs during
the last revolution, is plotted in Fig. 4b for 1000 engine revolutions also. In this case, the amplitude of vibrations
always increases until a stationary response has been reached after more than 500 revolutions. But this angular
speed corresponds to the interaction with the engine order 2, such that the obtained vibration amplitude already
reaches a high value compared to other angular speeds even after 100 revolutions. In the following, only the highest
value (i.e. the one considered the whole simulation) is retained to be conservative and simulations are conducted
over 100 engine revolutions: the considered angular speed range being lower than Ωn, only a limited number of
engines revolutions occur in the angular speed range [Ω1,Ω2] at the engine ignition. Also, it allows to maintain
reasonable computation times for the stochastic analysis of mistuned configurations.

The radial displacement at the leading edge of all blades is depicted in Fig. 5 for the last three revolutions of
the simulation at the angular speed Ω?. The displacement of blade 1 is drawn in black ( ). The amplitude of
vibration is the same for all blades, with a phase shift of 2π

N between each blade (with N the total number of sectors).
This means that contacts with the abradable layer occur at the same angular locations for all blades. In the rest of
this section, results are plotted for blade 1 only.

Abradable wear

The radial displacement of blade 1 ( ) at both leading and trailing edges are superimposed to the abradable
layer profile ( ) in Fig. 6 for the three last revolutions. The abradable profile for the last revolution is underlined
in red ( ). At the leading edge (Fig. 6a), contacts between the blade and the abradable layer occur between
the two lobes induced by the casing deformation. Interpenetrations between the blade and the abradable layer
are observed during contact events because of the elastic deformation of the abradable layer. At the trailing edge
(Fig. 6b), blade/abradable layer contacts are located just before the two lobes. Interpenetrations also occur due to
elastic deformation of the abradable layer.
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Figure 5. RADIAL DISPLACEMENT AT THE LEADING EDGE OF BLADE 1 ( ) AND BLADE 2 TO 21 ( ) FOR
THE THREE LAST REVOLUTIONS AT THE ANGULAR SPEED Ω?.
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Figure 6. RADIAL DISPLACEMENT ( ), ABRADABLE LAYER PROFILE ( ) FOR THE THREE LAST REVOLU-
TIONS, AND ABRADABLE LAYER PROFILE ( ) FOR THE LAST REVOLUTION AT THE ANGULAR SPEED
Ω?.

In Fig 7, the time evolution of the blade radial displacement and of the abradable layer profile are drawn in
polar coordinates, at both leading and trailing edges for the simulation at the interaction angular speed Ω?. The
displacement curves are colored from white to black as the time increases, while the abradable layer profiles are
drawn from white to orange with time. The abradable layer profiles at the end of the simulation are underlined in
red ( ). At the leading edge (Fig. 7a), at the beginning of the simulation, the blade rotates without any contact.
The casing is progressively deformed during the first engine revolutions and the blade impacts the abradable layer
at the two lobes (at 90◦ and 270◦). After the contact initiation, a synchronization of the contacts at the angular
positions 170◦ and 350◦ occurs. At each contact, the abradable layer is worn at these two angular positions at each
revolution. At the blade leading edge (Fig. 7b), the blade also starts with a circular motion at the beginning of the
simulation. The progressive deformation of the casing along two lobes initiates contacts between the blade and the
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Figure 7. TIME EVOLUTION OF RADIAL DISPLACEMENT ( ) AND WEAR PROFILE ( ) AT THE ANGULAR
SPEED Ω?, AND ABRADABLE LAYER PROFILE AT THE END OF SIMULATION ( ).
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Figure 8. TIME EVOLUTION OF RADIAL DISPLACEMENT ( ) AND WEAR PROFILE ( ) AT THE ANGULAR
SPEED Ω†, AND ABRADABLE LAYER PROFILE AT THE END OF SIMULATION ( ).

abradable layer. A rotation of the two contact areas is rapidly observed as for the blade leading edge, with contacts
occurring at the angular positions 55◦ and 235◦. The abradable layer is worn in the vicinity of these two angular
positions at each revolution. Even if the abradable layer shows a sophisticated wear profile, only the engine order 2
contributes to the response.

The same quantities are drawn in Fig. 8 for the simulation at the angular speed Ω†. The behavior of the structure
clearly differs from the one obtained at the interaction angular speed Ω?. At both the leading edge (Fig. 8a) and the
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trailing edge (Fig. 8b), the blade rotates without any contact at the beginning of the simulation, and the casing is
deformed along two lobes during the first engine revolutions. Contacts occur at these two lobes and the abradable
layer is worn. Then, a steady state is achieved, with a contact at the two lobes at each revolution. The amplitudes
of vibration and the wear are significantly lower than for the interaction angular speed Ω?.

Displacement and stress fields

The displacement and stress fields at the time corresponding to the maximum amplitude of displacement of blade 1
for the simulations at the angular speeds Ω? and Ω† are shown in Figs. 9 and 10 respectively for the full bladed disk.
The used color code goes from white—no displacement and no stress—to red—high displacement or stress. For

Ω

0

8

(a) displacement field

Ω

0

σY

8

(b) stress field

Figure 9. DISPLACEMENT AND STRESS FIELDS AT THE TIME OF THE MAXIMUM DISPLACEMENT OF BLADE 1,
AT THE ANGULAR SPEED Ω?.
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0
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Figure 10. DISPLACEMENT AND STRESS FIELDS AT THE TIME OF THE MAXIMUM DISPLACEMENT OF BLADE
1, AT THE ANGULAR SPEED Ω†.

both displacement fields, two nodal diameters can be observed on the bladed disk (the odd number of blades renders
less distinct the notion of nodal diameters). Indeed, the two lobes initiate a response with two contact areas per
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engine revolution. However, the amplitudes of the displacements significantly differ, with a high vibration amplitude
for the interaction angular speed and a low amplitude outside of the interaction. For the stress field comparison, the
same color scale has been defined, the red color corresponding to σY

8 with σY the elastic limit of the bladed disk
material. The highest stresses are observed in the vicinity of the blades root.

NUMERICAL MODELING OF MISTUNED ROM

The tuned reduced order model of the full bladed disk with N identical sectors is obtained using a component
mode synthesis method detailed in [19] based on an extension of the Craig-Bampton method in the Fourier basis as
previously mentioned. The stiffness and mass matrices of the ROM are denoted Kr and Mr. These matrices combine
nb physical degrees of freedom—associated to nodes along the blade tip retained for the contact treatment—and η
modal coordinates. The transformation matrix used to project the structural matrices of the full finite element model
to the reduced space is Ψr. The eigenfrequencies and eigenvectors of (Kr,Mr) are denoted Λr and Φr respectively.

Mistuning is introduced in the ROM using a modified Component Mode Mistuning (CMM) method [21] for small
mistuning that takes into account contact interface degrees of freedom [22], called Component Mode Mistuning
with Mixed dof. As in the original CMM method, the structural matrices of the mistuned system are expressed
using the modal matrices of the tuned system and the mistuning is modeled as a perturbation in the modal space,
using a projection on cantilevered blade modes. The structural matrices of the cantilevered blade are Kb and Mb,
and the corresponding eigenfrequencies and eigenvectors are denoted Λb and Φb. Their restriction to R modes, R
being called the restriction parameter, is written Λb|R and Φb|R. The mistuning is assumed to be located on the
blades only. Considering a proportional mistuning, the Young’s modulus of each blade n (n = 1, ..., N) becomes
En = E0(1 + δn), with E0 the nominal Young’s modulus and δn the deviation due to mistuning. A deviation of the
blade Young’s modulus is equivalent to a deviation of its cantilevered eigenfrequencies. Therefore, the mistuned
stiffness matrix of blade n in the cantilevered blade modal space writes:

Λδ
n = δnΛb|R (1)

The deviation due to mistuning of the stiffness matrix of the full bladed disk in the modal space can be computed
using a participation factor Qn for each blade n:

Λδ =

N∑
n=1

Qᵀ
nΛδ

nQn (2)

The participation factor Qn can be computed using:

Qn = (Λb|R)−1(Φb|R)ᵀKb[ΨrΦr|N×R]n (3)

in which Φr|N×R stands for the restriction of Φr to N ×R modes and [·]n is the restriction to the degrees of freedom
of blade n. The deviation Λδ is applied in the modal space (the condition N ×R ≤ nf + η must be verified), i.e.

κ = Λr +

[
Λδ 0

0 0

]
, µ = I (4)

where (κ,µ) are the mistuned structural matrices in the modal space. Mistuning is applied on the stiffness matrix
only, i.e. the mistuned modal mass matrix µ is equal to the tuned modal mass matrix. Finally, the mistuned
matrices can be written in the reduced space using:

Kδ
r = (Φᵀ

r )
−1

κΦ−1r , Mδ
r = (Φᵀ

r )
−1

µΦ−1r (5)

BLADE/CASING INTERACTIONS WITH MISTUNING

The influence of mistuning on the robustness of the interaction between the engine order 2 and the first bending
modes is analyzed in this section using the described method. Samples are selected using a random draw with a
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uniform distribution (δn ∈ [−dE, dE]), with dE the mistuning level. Three levels of mistuning are considered: 1 %,
2 % and 3 %. Simulations are carried out using the same configuration than for the tuned case, except for the lobes
height and initial clearances that are reduced to be closer to operational engine configurations.

Amplification factors

The nonlinear amplification factor (AF) is defined as the ratio between the maximum radial displacement for all
boundary nodes in the mistuned configuration and the maximum radial displacement in the tuned case. The
convergence of the nonlinear amplification factor with the number of samples is shown in Fig. 11 for the different
mistuning levels (percentiles 10 ( ), 50 ( ) and 90 ( )) as well as the corresponding error. Considering
1000 samples allows to obtain converged values for all percentiles and mistuning levels, the relative error being below
1 %. Therefore, 1000 samples per mistuning levels are considered in the following.
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Figure 11. CONVERGENCE OF THE NONLINEAR AMPLIFICATION FACTOR WITH THE NUMBER OF SAMPLES,
PERCENTILES 10 ( ), 50 ( ) AND 90 ( ).

The envelop of the maximum responses of all samples over the angular speed range of interest [Ω1,Ω2] is shown
in Fig. 12a for 1 % ( ), 2 % ( ) and 3 % ( ) of mistuning. The tuned response is represented by the black dotted line.
The resonance frequency is slightly higher than Ωi because of contact stiffening. However, a low stiffening effect is
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Figure 12. ENVELOP FOR LINEAR AND NONLINEAR SIMULATIONS: TUNED CASE ( ), MISTUNING OF 1 % ( ),
2 % ( ), AND 3 % ( ).

observed here, which explained the smooth evolution of the tuned response with respect to the angular speed. For
all mistuning levels, a significant increase in the amplitudes is observed compared to the tuned configuration as
well as an enlargement of the resonance angular speed range. As the mistuning level increases, the width of the
resonance angular speed range increases. The selected angular speed range [Ω1,Ω2] is large enough to cover the
peaks for all samples. No significant change in the maximum amplitude is observed for the different mistuning levels.

The same quantities are drawn in Fig. 12b for linear simulations. Linear simulations consist in a linear forcing
with a 2 engine order traveling wave excitation applied at the blades leading edge. The maximum response of
the bladed disk in tuned configuration is plotted with a dotted black line. The resonance peak appears at an
angular speed equal to Ωi. For the mistuned cases, the same mistuning patterns than in the nonlinear analysis are
considered. The width of the resonance angular speed ranges is lower than in the nonlinear case for all mistuning
levels. No significant variation in the maximum amplitude with the mistuning level is observed, as for the nonlinear
configuration.

The evolution of the percentiles 10 ( ), 50 ( ) and 90 ( ) of the amplification factors with respect
to the mistuning level in both nonlinear (solid lines) and linear (dashed lines) contexts is plotted in Fig. 13. The
obtained values are very close, which could be explained by the weak nonlinearity of the studied interaction.

Nonlinear and linear amplification factors are then compared for each of the 1000 samples of each mistuning
level in Fig. 14. The density of points is given by the color code from white (low density) to dark color (high
density). Even if the percentile values were close (as previously seen in Fig. 13), no correlation is observed between a
mistuning pattern that leads to high amplification factor in a nonlinear context and a mistuning pattern that shows
a high amplification factor for linear simulations. Therefore, an optimization of the mistuning pattern to reduce the
maximum vibration amplitude in a linear context may not lead to an optimal choice when contact nonlinearities are
taken into account. For a mistuning level of 1 %, 47.8 % of the samples have a higher nonlinear amplification factor
compared to the linear amplification factor. For a mistuning of 2 %, this becomes 48.1 % and for 3 % of mistuning,
this is 52.3 % of the samples. Samples are therefore approximately equally spread on both sides of the diagonal
line. This observation differs from the conclusions derived from the phenomenological model in [16], for which the
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Figure 13. NONLINEAR ( ) AND LINEAR ( ) AMPLIFICATION FACTORS WITH RESPECT TO THE MISTUNING
LEVEL, PERCENTILES 10 ( ), 50 ( ) AND 90 ( ).
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Figure 14. COMPARISON OF THE NONLINEAR AND LINEAR AMPLIFICATION FACTORS.

amplification factors were increased when considering contact nonlinearities. However, the contact stiffening was
higher in the case of the phenomenological model (no abradable layer was modeled that soften the blades/casing
contacts), which can explain this difference in the behavior.

Localization factors

The localization of the vibrations within the bladed disk is analyzed for both nonlinear and linear simulations. The
localization factor (LF) is defined as [23]:

LF = 100× ζ − 1√
N − 1

with ζ =
max(Umax)√
〈U2

max〉
(6)

in which Umax is the maximum radial displacement at the blade tips during the last engine revolution, and
√
〈U2

max〉
is the quadratic mean value of Umax.

The maximum localization factor with respect to the amplification factor is shown in Fig. 15 for the nonlinear
case (Fig. 15a) and the linear one (Fig. 15b). Each mistuning level is represented with a different color (1 % ( ),
2 % ( ) and 3 % ( )). The values for the three selected samples are marked. As the mistuning level increases, the
localization factor increases in both nonlinear and linear contexts. A higher localization is obtained for the linear
configuration, as well as a lower dispersion of the points. This behavior is however not clearly observed for the
amplification factor: no clear impact of the mistuning level stands out. Only a small increase of the maximum
amplification factor values is observed as the mistuning level increase. Also, no correlation between the amplification
factor and the localization of the vibration is obtained.
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Figure 15. LOCALIZATION FACTORS WITH RESPECT TO AMPLIFICATION FACTORS FOR 1 % ( ), 2 % ( ), AND
3 % ( ) OF MISTUNING.

The comparison of the maximum localization factor over the angular speed range [Ω1,Ω2] obtained for each
sample in a nonlinear and a linear configuration are shown in Fig. 16. As the mistuning level increases, the maximum
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Figure 16. COMPARISON OF THE NONLINEAR AND LINEAR LOCALIZATION FACTORS FOR 1 % ( ), 2 % ( ), AND
3 % ( ) OF MISTUNING.

localization factor increases for both nonlinear and linear cases, as previously noticed. Also, the majority of samples
features a higher localization factor in the linear configuration rather than in a nonlinear context. In order to explain
this observation, three samples have been selected: samples 1© and 2© have significantly higher linear localization
factors, while sample 3© has conversely a higher nonlinear localization factor (see Fig. 16). The time evolution of the
radial displacement at the leading edge of each blade is shown in Fig. 17 for the three selected samples, for nonlinear
simulations at the angular speed corresponding to the maximum localization factor. The amplitudes obtained during
the last engine revolution are underlined in black, and the relative amplitudes obtained with the corresponding
linear simulation (normalized to reach the same maximum amplitude than the nonlinear case) are superimposed in
orange for comparison. Also, the amplitude at the last engine revolution in the tuned configuration are drawn in
dashed black lines to highlight the response amplification due to mistuning. For sample 1© (Fig. 17a), the maximum
linear localization factor over [Ω1,Ω2] is equal to 95.3 %. The vibrations are highly localized to blade 19 (see the
orange bars). For the same mistuning pattern and the same angular speed, the displacements in a nonlinear context
show that blade 19 also vibrates with a high amplitude compared to the other blades, but an increasing amplitude of
vibration is also observed on blade 17. The diverging motion of blade 17 decreases the localization factor (nonlinear
LF=68.1 %) since two blades vibrate with a high amplitude. For sample 2© (Fig. 17b), the localization factor is
again higher in the linear case, with a maximum value of 73.3 %. High amplitudes of vibration are observed for
blades 2, 5 and 8 as well as for blades 17, 18 and 19. In a nonlinear context, the relative amplitudes of vibration
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differ, in particular blades 2, 5, 8, 17 and 20 demonstrate an increasing amplitude of vibration with time. Again, the
localization factor is decreased for the nonlinear case because of the diverging amplitudes of a few blades. Therefore,
the analysis of the displacement for these two randomly selected samples allows to explain the lower nonlinear
localization factors: the diverging amplitude of different blades leads to a lower localization of the vibrations among
the blades. In the case of sample 3© however (Fig. 17c), the nonlinear localization factor, equal to 71.8 %, is higher
than its linear counterpart. Blade 7 has the highest amplitude of vibration, and in this case, only blade 7 has a
diverging displacement in the nonlinear simulation, which leads to a higher localization factors. Blades 18, 19 and
20 have low responses in the nonlinear case. Therefore, in a few cases (see the few points above the diagonal in
Fig. 16), only one blade exhibits a diverging amplitude and higher localization values are obtained.
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(b) sample 2© (nonlinear LF=54.3%, linear LF=73.3%)
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Figure 17. RADIAL DISPLACEMENTS AT THE LEADING EDGE OF EACH BLADE FOR CONTACT SIMULATIONS
AFTER 100 REVOLUTIONS ( ) AND LINEAR VALUES ( ) FOR THE MISTUNED CASE, AND TUNED
DISPLACEMENT AMPLITUDE AFTER 100 REVOLUTIONS ( )

The observed diverging amplitudes are directly linked to the transient motion, which occurs during the first
engine revolutions (in the tuned case, 750 revolution were necessary to reach a steady state, see Fig. 8). In order
to compare the amplitude of vibration of each blade in a steady state configuration, nonlinear simulations are
conducted over 1000 revolutions for the three samples at the same angular speed. Results are depicted in Fig. 18, in
which the relative linear amplitudes are drawn in orange (the values are normalized with respect to the maximum
nonlinear displacement) and the previous results (displacements from revolutions 0 to 100) are colored in black. The
corresponding mistuning patterns are superimposed in red (•). For sample 1© (Fig. 18a), the amplitude of blade
19 continues to increase during the next revolutions and becomes dominant as in the linear case. The nonlinear
localization factor increases (from 68.1% to 89.1%) and the amplitude distribution becomes closer to the linear case.
But the amplitude of blade 17 remains higher than in the linear context. For sample 2© (Fig. 18b), the nonlinear
localization factor increases when considering the steady state (from 54.3% to 60.3%). The highest amplitudes are
obtained for blade 2 and 5 as in the linear case. Finally, for sample 3© (Fig. 18c), the steady state results become
very close to the linear ones (nonlinear LF=60.5% and linear LF=61.0%). The results obtained for these three
samples show that the difference between linear and nonlinear localization factors comes mainly from the choice of
considering a fixed number of revolutions (100 in this study), but some differences in the relative amplitude remains
even when the steady state is reached due to the transient nonlinear phase. Also, no trend between the mistuning
pattern and the blades with high vibration amplitudes can be highlighted.
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(a) sample 1© (nonlinear LF=89.1%, linear LF=95.3%)
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(b) sample 2© (nonlinear LF=60.3%, linear LF=73.3%)
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Figure 18. RADIAL DISPLACEMENTS AT THE LEADING EDGE OF EACH BLADE FOR CONTACT SIMULATIONS
AFTER 1000 REVOLUTIONS ( ) AND LINEAR VALUES ( )

CONCLUSION

This work proposed an analysis of the effect of small mistuning on rotor/stator interactions. After a detailed study
of the tuned bladed disk dynamics in the case of an interaction between the first bending modes and the engine
order 2, a stochastic analysis on the robustness of the interaction with respect to the mistuning levels has been
undertaken. Different observations have emerged, and the results have been compared with those obtained with
a linear forcing (without contact nonlinearities). First, an enlargement of the angular speed range on which the
resonance occurs is observed in the nonlinear case compared to its linear counterparts. Secondly, nonlinear and linear
amplification factors are of the same order of magnitude. This could be explained by the low contact stiffening of the
studied configuration. The comparison between the linear and nonlinear amplification factor for each sample also
highlights that no correlation exists between a mistuning pattern leading to high amplifications in a linear context or
when contact nonlinearities are taken into account. Therefore, dedicated analyses on the effect of mistuning should
be undertaken with contact nonlinearities considerations at the design stage especially if intentional mistuning is
considered. Finally, lower localization factors are observed in the nonlinear case. Indeed, the diverging amplitude of
vibration for different blades in nonlinear simulations during the transient motion leads to a lower localization of the
vibration among the blades. Closer values are obtained considering the steady state solution.
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