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Abstract: Congestion is a phenomenon that impacts most cities in the world. Due to car
emissions, it is a significant source of pollution. Even though mobility restrictions can reduce
congestion and emissions, essential activities still need cars. With lockdown measures during the
global pandemic of Covid-19, measuring essential traffic data has been made possible. This paper
concerns analysis and modelling of such essential traffic. It appears that congestion dynamics
of essential traffic exhibits dynamics than can be represented with a linear model. This paper
introduces such a model and provide a method to jointly estimate the parameters and the model
input. The model is validated with data collected in Johannesburg, South Africa.
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1. INTRODUCTION

Excessive reliance on the motor vehicle as a mode of
transportation is the cause of urban dysfunction such as
pollution, congestion, and space consumption. Congestion
can be defined as a physical condition in traffic streams
involving reduced speeds, restrained movements, extended
delays and paralysis of the traffic network. Pollution due
to road transportation mainly concerns two types of emis-
sions:

• Greenhouse gas emissions which can trap additional
heat from the sun in the earth’s atmosphere, causing
the ‘greenhouse effect’ and climate change. CO2 is
the main greenhouse gas produced by motor vehicles.
The vehicle’s level of CO2 emissions is linked to the
amount and the type of fuel consumed.

• Air pollutant such as carbon monoxide (CO), ni-
trogen oxides (NOx), hydrocarbons (HC), particu-
late matter, volatile organic compounds and benzene
are emitted into the environment by motor vehicles.
Air pollutants can contribute to urban air quality
problems, such as photochemical smog and adversely
affect human health through respiratory illness, car-
diovascular disease and cancer.

It is now well known that congestion and pollution levels
are strongly related, Galatioto et al. (2014). If left un-
controlled, the use of the automobile would inexorably
move the urban region away from sustainable develop-
ment. There is therefore a need for collective efforts for
the development of tools for monitoring and controlling
congestion and pollution at a city level. Some cities,
Grenoble (France) for instance, have implemented dif-

ferentiated traffic according to the age of the vehicle in
case of high level of pollution. Due to Covid-19, mobility
restrictions have led to a drastic decrease in congestion
and car emissions. However, essential activities still need
cars and contribute to pollution. Measuring congestion
during lockdown periods provide a direct measurement
of essential mobility. Understanding the dynamics of such
essential mobility is crucial to define targets on mobility
management.

Evaluating congestion as the travel time or delay incurred
in excess of that in free flow conditions provide a strong
basis for defining indicators that are easy to comprehend
by the large public. Some relevant congestion indicators
include the Speed Reduction Index (SRI), the ratio of
the relative speed change between congested and free-flow
conditions and the Relative Congestion Index (RCI): ratio
of delay time and free-flow travel time; He et al. (2016);
Rao and Rao (2012); Wan et al. (2018).

Previous studies reveal different strategies of assessing con-
gestion and pollution trends. For instance, Chiabaut and
Faitout (2021) utilised k-means algorithm and Gaussian
mixture to visualise congestion maps in Lyon, France. Ini-
tially using k clusters, historical data-sets are categorised
before merging with real-time data-sets to visualise the
evolution of traffic patterns. Similar to other studies they
proposed the use of the average speed of the observations
to reduce the bias of recorded travel speed. There is also
a growing body of research on utilising floating car data
to assess road transportation, Jiang et al. (2011), Zhou
et al. (2013). Examples include studies by Dasgupta et al.
(2021) who assessed the congestion and pollution problem
by using Google traffic data to model congestion and



pollution trends in Dar es Salaam (Tanzania). A regression
model was used that incorporates a dynamic model of wind
impact on the greenhouse gas. All these works have been
carried out for general traffic patterns except Moyo et al.
(2020) where a comparison between lockdown days and
usual days is carried out in terms of emissions.

Using congestion measure at a city level, the aim of this
paper is to study essential traffic, i.e. congestion patterns
during mobility restrictions. The paper seeks to show that
in an urban environment a linear dynamic model can
well represent both congestion and emission dynamics.
It is the first time essential congestion and emission are
modeled. Moreover, modelling congestion as a mixture of
step-responses of linear dynamic systems constitutes an
original contribution.

The paper is organized as follows. In section 2, we formu-
late the problem under study which is solved in sections
3 and 4. The derived model is validated with real data in
section 5. Then conclusions are drawn in section 6.

2. PROBLEM FORMULATION

The relative congestion index at time k, c(k) is defined as
the ratio of extra travel time ∆T (t) with respect to the free
flow travel time Tf ; He et al. (2016); Wan et al. (2018):

c(k) =
∆T (k)

Tf
=
T (k)− Tf

Tf
. (1)

If a model of the travel time T (k) is available then one can
deduce the one for c(k). Travel time is usually modeled
through time series analysis in order to understand the
underlying mechanism that generates the observed data,
which is used if for forecasting purpose. The main as-
sumption of a time-series is that an observation at a given
time depends only on its previous values and on a random
noise. Curve fitting with radial basis functions for instance
can also be used to get a static model of travel time and
consequently for c(k).

Actually, c(k) can be viewed as the output of a dy-
namic system excited by an unknown input representing
behaviour of drivers, transportation demand and other
factors. The model of such dynamic system is unknown.
For an usual traffic day, complicated dynamics are involved
and lead to complex nonlinear dynamic systems. However,
with the COVID-19 pandemic, almost all countries reg-
ularly implement mobility restrictions. For some specific
time windows, only mobility related to essential activities
is allowed. The related traffic is called hereafter as essential
traffic. The purpose of this paper is to study precisely
the dynamics of essential traffic by modelling both the
unknown input and the dynamic system itself.

From the observed data (see Fig. 1 that depicts the dy-
namics of the congestion index during working days for
usual days and for days under lockdown), essential traffic
dynamics seem to be less aggressive and could be modelled
with a linear system. Furthermore, the impact of conges-
tion in terms of emissions εt(k) of air pollutant of type
t (see section 4) has been modelled with some nonlinear
static functions. As a consequence, emission εt(k) can be
viewed as the output of a Wiener system (a cascade of
linear dynamic system with a static nonlinear function).

We aim at showing that in an urban environment a linear
approximation is valid and then yields a linear dynamic
system for representing εt(k). In contrast to time-series
modelling which involves noise as external signal, here
we assume a deterministic input signal with possibly a
physical meaning.

Fig. 1. Average congestion index during working days:
usual traffic (2019) vs essential traffic as recorded
during lockdown in Johannesburg (2020).

3. MODELLING DYNAMICS OF ESSENTIAL
TRAFFIC

In this section, we derive a dynamic linear model and its
input u(.), in order to reconstruct the congestion index
c(k) during an essential traffic day.

3.1 Model structure

From Fig. 1 one can note a significant reduction of the
congestion. In addition, while usual traffic exhibits two
huge peaks with same levels at morning and evening
rush hours, only the evening peak can be noted for
the essential traffic. Traffic during usual days can be
segmented into three periods: (i) going to work (morning
peak), (ii) working time (noon plateau), (iii) going back
home (evening peak). For essential traffic the two first
periods are merged. One can think to model the process
as the response of a possibly linear system to a step-wise
constant signal. We propose the following model for the
input

x(k) =


0, 1 ≤ k < k0
K0, k0 ≤ k < k1
K1, k1 ≤ k ≤ k2
0, k2 ≤ k ≤ 24

with unknown magnitudes K0 and K1 and step times
ki, i = 0, 1, 2 to be defined from observed data. For the
example in Fig. 1, on can set k0 = 6, k1 = 15, and k2 = 21.
The unknown input x(k) can therefore be represented as
the sum of three delayed steps as:

x(k) = u0(k) + u1(k) + u2(k), (2)



where ui = Aiu(k − ki), u(.) standing for a unit step:
u(k) = 1 if k ≥ 0 and u(k) = 0 elsewhere. The magnitudes
and the time delays Ai and ki, i = 0, 1, 2, are to be
estimated from data.

Having linear system’s step-responses in mind, from Fig.
1, one can note overshoots in response to u0(.) and u1(.).
This leads to adoption of second-order transfer functions to
represent dynamics of congestion. Precisely the following
model structure is proposed, where

Fig. 2. Model structure for congestion index.

Hi(z) =
1

1 + aiz−1 + biz−2
.

Using difference equations, the proposed model is as fol-
lows:

c(k) =

2∑
i=0

ci(k) + ν(k), with (3)

ci(k) = −aici(k − 1)− bici(k − 2) +Aiu(k − ki).
where ν(k) stands for the modelling error.

3.2 Physical interpretation of the input

The first and the second inputs define the instant where
morning and afternoon congestion waves start. Their am-
plitude can be related to the level of congestion in steady
state, if there was only one wave. u0(.) represents essential
congestion generator while u1(.) can be viewed as essential
congestion damper. The last signal u2(.) allows dissipating
the remanent effects of the congestion caused by the first
two signals. The underlying assumption is that a conges-
tion wave cannot subside on its own. Hence the need to
add this third signal that brings the system back to rest.

3.3 Parameter estimation

Defining θi = (ai, bi, Ai)
T

, i = 0, 1, 2, thanks to the
delayed step nature of the inputs and setting c(k) = 0
for k < k0, one can note that:

• for k = k0, k0 + 1, · · · , k1 − 1,

c(k) = ψT0 (k)θ0 + ν(k), (4)

with ψT0 (k) = (−c(k − 1), −c(k − 2), 1).

• for k = k1, k1 + 1, · · · , k2 − 1

c̃(k) = c(k)− c0(k) = ψT1 (k)θ1 + ν(k), (5)

with φT1 = (−c̃(k − 1), −c̃(k − 2), 1)
• for k = k2, k2 + 1, · · · , 24

˜̃c(k) = c̃(k)− c1(k) = φT2 (k)θ2 + ν(k), (6)

with φT2 =
(
−˜̃c(k − 1), −˜̃c(k − 2), 1

)
.

Denoting

Ψi = ( ψi(ki) ψi(ki + 1) · · · ψi(ki+1) ) , i = 0, 1, 2

and

νi = ( ν(ki) ν(ki + 1) · · · ν(ki+1) ) , i = 0, 1, 2

where k3 = 24, in matrix form we get:

γ0 =


c(k0)

c(k0 + 1)
...

c(k1 − 1)

 = Ψ0θ0 + ν0 (7)

γ1 =


c̃(k1)

c̃(k1 + 1)
...

c̃(k2 − 1)

 = Ψ1θ1 + ν1 (8)

γ2 =


˜̃c(k2)

˜̃c(k2 + 1)
...

˜̃c(k3)

 = Ψ2θ2 + ν2 (9)

The parameters are then estimated by solving sequentially
the optimization problems:

θ̂i = argminθi ||γi −Ψiθi||2, i = 0, 1, 2.

The solutions are given by

θ̂i = Ψ†iγi, i = 0, 1, 2. (10)

4. LINEAR MODEL FOR CONGESTION TO
EMISSIONS.

In this section we aim at deriving a linear approximation
to a static function that maps congestion c(k) to emission
εt(k). In what follows, we drop the time index k since we
are dealing with a static map.

From definition (1) of the congestion index, with few
algebraic operations we can link the average speed V with
the free flow speed Vf as

V (c, Vf ) =
Vf

1 + c
(11)

For a given free flow speed Vf , the average speed is then
a strictly decreasing function of the congestion index.

Several factors influence the fuel consumption and emis-
sions of vehicles, including vehicle speed, loaded weight,
model year, road grade, road type, and congestion level.
Emissions due to road transportation can be derived using
either macroscopic, microscopic, or mesoscopic models (see
Othman et al. (2019) for a review of such models). Recent
years have seen several attempts to model emissions or fuel



consumption using macroscopic variables as the average
speed; Boriboonsomsin et al. (2012); Song et al. (2013).
We aim at developing a congestion to emissions index as a
function of the congestion index and analyze its properties.

In Boriboonsomsin et al. (2012), emissions of type t have
been modeled as:

εt(V ) =
αt
V

+

2∑
l=0

βk,tV
l. (12)

Parameters at and βk,t depend on the type of the vehicle
and the type of pollutant (HC, NOx, CO, CO2).

Table 1. Regression coefficients for Light duty
vehicles Song et al. (2013)

t αt β0,t β1,t β2,t
HC 10.8 −7.11× 10−3 3.76× 10−4 3.63× 10−5

NOX 2 −4.49× 10−2 −3.36× 10−4 3.49× 10−5

CO 80.8 1.16 5.03× 10−3 5.35× 10−4

CO2 4780 111 −1.24 2.37× 10−2

It can be shown that for V > 0, εt(V ) is a convex function
with a single minimum at Vm, the unique real root of the
polynomial P (Vm) = 2β2,tV

3
m + β1,tV

2
m − αt, which is the

numerator of the first derivative of εt(V ). Table 2 gives the
values of Vm for different t.

Table 2. Values of Vm (km/h) with minimum
emissions level for different air pollutants.

HC NOX CO CO2

51.31 32.29 40.76 57.09

Figure 3 depicts εt(V ) for CO2 One can note that after

Fig. 3. CO2 emission with respect to average speed

Vm the emissions increase slowly with the speed. In what
follows we show that, for an operational average speed
V ≤ Vmax, we can approximate εt(V ) by a decreasing
function:

ε̃t(V ) =
at
V

+ bt. (13)

Values of at and bt, can be obtained by minimizing the
cost function

J(at, bt) =
1

N + 1

N∑
n=0

(
εt(Vn)− at

Vn
− bt

)2

,

with 0 < Vn ≤ VN = Vmax.

Example: For V0 = 1 Km/h, Vn = Vn − 1 + 0.01,
n = 1 : N − 1 and VN = Vmax = 70 Km/h, we have
found the values a = 4.632× 103 and b = 48.428 for CO2

emissions. Fig. 4 shows how good is the approximation.

Fig. 4. Approximation of CO2 emission

Proposition 1. For a free flow speed Vf and a congestion
index c, emissions for essential traffic in an urban environ-
ment can be well approximated as

εt(c, Vf ) = εt(0, Vf ) +
at
Vf
c, (14)

with εt(0, Vf ) the emissions at congestion free given by
εt(0, Vf ) = at

Vf
+ bt.

Proof. Equation (14) is obtained by substituting in (13)
the speed by the expression (11).

The model for emission of type t can then be reproduced
by the model depicted in Fig. 5.

5. MODEL VALIDATION

We consider congestion trends for the city of Johannesburg
for model validation purpose. As the economic hub of
South Africa, numerous commuters travel into and out
of the city on a daily basis. This has led to a situation of
commuters experiencing high levels of congestion during
the peak hours. In early 2020, there was a global outbreak
of the Corona virus (COVID-19). As a response to this
pandemic, Saladié et al. (2020) and WHO (2020) outlined
that many nations introduced movement restrictions to
reduce the spread of the virus. In South Africa, the
first mobility restriction was announced on the 23rd of
March 2020 to take effect on the 26th of March 2020;
Gilbert et al. (2020); Moyo et al. (2020). During the
initial 21 days lockdown, the only movement for providing
essential services was permitted. As part of the shutdown,
movement between provinces, metros and district areas



Fig. 5. Dynamic linear model for emission of type t.

was banned. To facilitate movement by essential workers
public transport for essential trips was restricted, in the
morning between 05:00 to 09:00 and evening between 16:00
to 20:00. Nyabadza et al. (2020).

Google (2020) reveals mobility trends during the pandemic
in developing cities such as Johannesburg have decreased,
which has led to a drastic reduction of congestion on
major roads. Figure 6 outlines notable mobility trend
changes from baseline due to lockdown regulations from
20/04/2021 to 26/04/2021. Recreation and retail trips
have had -3 percent change compared to the baseline; Trips
made using public transportation have had -19 percent
change compared to the baseline; and lastly Workplace
trips have had a decline of -12 percent change compared
to the baseline.

Fig. 6. Percentage of mobility change from baseline

TomTom Congestion Index was collected from April 14th
to 27th. Given the city of Johannesburg road network
which consists in urban arterial and highways we limit the
free-flow speed to 50 Km/h.

In Figure 7, we can note that a good reconstruction of
congestion index is obtained with the proposed linear
model. The parameters were set to k0 = 7h, k1 = 15h,

k2 = 21h. However, while k0, start time of the first step can
be easily detected and k1 can be inferred from commuters
behaviour, detecting k2 is more challenging.

Fig. 7. Model validation - data for April 16th, 2020.

In table 3, we evaluate the Root mean square reconstruc-
tion error for different choices of (k0, k1,k2). For this
purpose, we set k0 = 7h, k1 = 14h, 15h, 16h, and
k2 = 20h, 21h, 22h. The results are given in Table 3.
One can note that the best hour for the second step input
is k1 = 16h for all the evaluated dates. For k3, 21h is the
most likely hour.

Table 3. Root Mean Square Reconstruction
Error and best selection of k1 and k2 for

various working days

Date Best k1 Best k2 RMSE

April 14 16h 20h 0.531
April 15 16h 22h 0.485
April 16 16h 21h 0.367
April 17 16h 20h 0.347
April 20 16h 21h 0.265
April 21 16h 21h 0.367
April 22 16h 22h 0.403
April 23 16h 21h 0.241
April 24 16h 21h 0.242
April 27 16h 20h 0.291

6. CONCLUSION

The paper has presented a dynamic linear model for urban
essential traffic congestion and emission. The validated
model consists in three IIR second-order filters excited
by delayed step inputs. Magnitude and time delays can
be related to the transportation demand and to working
time schedules. The parameters of the model are identi-
fied using a least squares method. For the average free
flow speed in an urban context, the mapping between
congestion and emissions can be well approximated with
a linear function giving rise to a linear dynamic model
for emissions reconstruction. As future works, using this
model, extraction and forecasting of essential traffic from
usual one will be investigated. In addition, it could be
interesting to explore the link between the magnitude of
the unknown input signal with the transportation demand,
which can constitute a a control variable.



Fig. 8. Comparison of CO2 emissions during a day.

Fig. 9. Empirical cumulative distribution function of the
estimation error.
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