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NEW CONSTRUCTIONS OF ENTANGLEMENT-ASSISTED
QUANTUM CODES

A. ALLAHMADI, A. ALKENANTI, R. HIJAZI, N. MUTHANA, F. OZBUDAK, P. SOLE

ABSTRACT. We present two new constructions of entanglement-assisted quantum
error-correcting codes using some fundamental properties of (classical) linear codes in
an effective way. The main ideas include linear complementary dual codes and related
concatenation constructions. Numerical examples in modest lengths show that our
constructions perform better than known constructions in the literature. We also give
a proof on a generalization of binary Singleton type bound on entanglement-assisted
quantum error-correcting codes to arbitrary g-ary entanglement-assisted quantum

error-correcting codes.

Keywords: Entanglement-assisted quantum error correcting codes, Hull of a
code, concatenation, isometry codes
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1. INTRODUCTION

Quantum error-correcting codes play an important role both in quantum commu-
nication and quantum computations. The construction of quantum error-correcting
codes (or quantum codes in short) has been an active research field since the pio-
neering works in [1], [5], [33], [34]. One of the important developments in the area
of quantum error-correction was the introduction of entanglement-assisted quantum
error-correction [18]. The entanglement-assisted quantum codes have the advantages
of both entanglement-assisted and operator quantum correction. In their theory it is
assumed that in addition to the quantum channel, the sender and the receiver share
a certain amount of pre-existing entangled qubits. We refer to [18] and [8] for further
details.

Recently there has been many results in the literature in constructing new entanglement-
assisted quantum error-correcting codes using some properties of (classical) linear codes
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[12], [13], [22], [23], [24], [29], [30]. Ome of the common tools they use is the hull of
a linear code. They also use some properties of generator matrices of certain codes
and/or some properties of algebraic curves in algebraic geometry codes.

In this paper we present two constructions: Constructions 1 and 2. Construction 1
is very powerful and it works for any field F, with ¢ > 4. Constructions 2 uses the idea
of isometry codes, which is related to concatenated construction of linear codes and it
works for any field F, including ¢ € {2, 3}. Our constructions are quite simple and clear.
Nevertheless we use some fundamental ideas in code constructions (like hull of a code)
in a very effective way so that we obtain significant improvements in the parameters of
entanglement-assisted quantum error-correcting codes. In particular our constructions
use [6] and [7] in an effective way. We also generalize a Singleton type bound from
binary entanglement-assisted quantum codes to arbitrary g-ary entanglement-assisted
quantum codes in Appendix A (see also the paragraph before Notation 3.7 below).

The rest of this paper is organized as follows. The next section collects some basic
notions and notations. We present Construction 1 in Section 3. Construction 1 uses
an algorithm in one of its steps and we explain this algorithm explicitly in Appendix
B. We give Construction 2 in Section 4. We also present some important material in
Appendix A.

2. BACKGROUND MATERIAL

Now we introduce some fundamental notions that we use. Let ¢ be a prime power
and F, denote the finite field with ¢ elements. For integers 1 < k <n, let G bea k xn
matrix of rank k. Let C' be the linear code over [F, having G as a generator matrix. We
consider the F,-linear space [y as an inner product space as well under the Euclidean
inner product (or the ordinary inner product) defined as

(1) (a1,... apn) - (by,...,by) :=a1by + -+ ayby,
(see, [19, page 8]). Using the inner product in (1), let
Chti={(ar,...,a,) €FL:(ar,...,a) - (c1,...,cp) = 0forall (ci,...,c,) € C}
be the dual linear code of C'. The Hull of C'is defined as
Hull(C) = C nC*.

Recall that C is a linear code of length n, dimension k£ and G is a generator matrix of

C. One of the fundamental properties we have is
(2) rank(GG") + dimg, Hull(C) = k.

If Cis an [[n, k, d]]), quantum code with ¢ entangled qubits, we will write its param-

eters as an entanglement-assisted quantum error-correcting code as [[n, k, d; c]],.
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3. A GENERIC CONSTRUCTION FOR ¢ > 4

In this section we present a construction of entanglement-assisted quantum codes
over IF, for ¢ > 4. It gives a generic and simple algorithm to construct an [[n, k, d; n—k]],
entanglement-assisted quantum code using a generator matrix of a (classical) [n, k, d],
code.

We illustrate this algorithm with explicit examples. We study the performance of
our construction in terms of the entanglement-assisted quantum Singleton bound (see
Notation 3.7 below) of the parameters.

Our construction in this section improves many recent constructions significantly.

We are ready to present our construction in this section.

Construction 1: This construction has the following steps:

1.1) Let ¢ > 4 be a prime power. Let G be a k x n matrix over F,, whose row space

is an [n, k, d], code.

1.2) Using the algorithm in [6, Section 5A] modify G to a k x n matrix Gy over
[, such that the row space of G is the code €y C Fy having the properties:
Hull(C}) = {0} and C is an [n, k,d], code. We refer to Appendix B for an
explicit presentation of this step of the algorithm.

1.3) Using C; and Cf (actually only Ci") obtain an [[n, k,d;n — k]], entanglement-
assisted quantum code following [9, Theorem 4]. We refer to the proof of
Theorem 3.2 below for details.

We will prove that this construction is correct. First we state a useful result due to
[37] in its first form. We prefer to state it for arbitrary finite fields and using generator
matrices as in [9] (see also [12], [13], [29] and [30]).

Theorem 3.1. Let q be an arbitrary prime power. Let G and Gy be generator matrices
of [n, k1, di]q and [n, ko, ds), codes Cy and Cy over F,. Put

¢ = rank(G,GY).
Then we have
(3) ¢ = dimg, Cy — dimg, (C; N CyY)

and there exists an effective construction of [[n,n — ki — ka2 + ¢, d; c]], entanglement-

assisted code C over IF,, where
Here dy(+) is the minimum Hamming distance of the corresponding set.

Now we are ready to prove that Construction 1 is correct.



4 A. ALLAHMADI, A. ALKENANTI, R. HIJAZI, N. MUTHANA, F. OZBUDAK, P. SOLE

Theorem 3.2. Let ¢ > 4 be a prime power. If G is a generator matriz of a [n, k,d|,
classical code, then Construction 1 gives an [[n,k,d;n — k]|, entanglement-assisted

quantum code.

Proof. Let V' be the F,-linear code having G as the generator matrix. Using Step 1.2
in Construction 1 and the algorithm in Appendix B we obtain a k x n matrix G; over
F, such that the F,-linear code V; having G, as a generator matrix has the following
properties: Vj is an [n, k, d], code and Hull(V;) = {0}.

Let C; and C; be the Fy-linear codes of length n defined as

CL=Cy=V>
Note that
(5) CiNCy =Vi-nvi = {0} as Hull(V;) = {0}.
Similarly we have Cy N C{- = V2 N Vi = {0} and hence

dg(Ci-\ (CoNCY)) = dy(Vi \ {0}) =d and
dp(Cy \ (C1 N Cy)) = du (Vi \ {0}) = d.

(6)
Applying Theorem 3.1 using C; and C; we obtain an
[[n, k(C), d(C); cllq
entanglement-assisted quantum code C. Here using Theorem 3.1, (3) and (5) we get
(7) ¢ =dimg, Vi" =n—k.
Using Theorem 3.1 and (7) we get
(8) ECY=n—k —ks—c=n—(n—-k)—(n—k)+(n—k)=k.
Using Theorem 3.1, (4) and (6) we get
9) d(C) = min{d,d} = d.
Combining (7), (8) and (9) we complete the proof. O

The following example makes a connection to Appendix B and hence it also illustrates
Step 1.2 of Construction 1.

Example 3.1. Using Construction 1 and Examples B.1, B.2 and B.3 we immediately
obtain [[23,7,12;16]]4, [[19,9,8;10]]4 and [[20,7,10; 13]]s codes.

Using Construction 1 and the codes in [15] or [28], we immediately obtain new

entanglement-assisted quantum codes:
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Remark 3.3. We first compare our results with the very recent paper [22]. Construc-
tion 1 improves many of the results in [22] significantly. For example in [22] they state
that a code with parameters [[34,10,9;24]], is a new entanglement-assisted quantum
code in [22, Table 2|. Using Construction 1 and the corresponding code from [15] we
immediately obtain a code with parameters [[34, 10, 16; 24]];. The improvement in the
minimum distance from 9 to 16 is significant.

As another example in [22] they state that a code C' with parameters [[26, 14, 5; 12]]4
is a new entanglement-assisted code in [22, Table 5|. Using Construction 1 and [15]
we immediately obtain a code C' with parameters [[26, 14, 9; 12]];. The improvement in
the minimum distance from 5 to 9 is significant.

We also have improvements compared to the very recent paper [23]. For example
in [23] they state that a code with parameters [[22, 16, 3;6]]9 is a new entanglement-
assisted code in [23, Table 1]. Using Construction 1 and the corresponding code from
[15] we immediately obtain a code with parameters [[22, 16, 5; 6]];. The improvement

in the minimum distance is from 3 to 5.

Next we study the performance of Construction 1 in terms of the entanglement-
assisted quantum Singleton bound. Here we need to introduce some notation.

Notation 3.4. Let ¢ be a prime power. For integers 1 < k <n, let D,(n, k) denote the
largest integer d such that there exists a classical [n, k, d], code. We call C' is optimal if
C'is a classical [n, k, Dy(n, k)], code. We call C'is best known if C' is a classical [n, k, D],
code and there is no known code in the literature having parameters [n, k, D'|, with
D’ > D. There is a database and a related command BDLC in Magma.

Notation 3.5. Let ¢ be a prime power. For integers 1 < d < n, let K (n, d) denote the
largest integer k such that there exists a classical [n, k, d], code. We call C' is optimal if
C'is a classical [n, K,(n,d), d], code. We call C'is best known if C'is a classical [n, K, d|,
code and there is no known code in the literature having parameters [n, K', d], with
K’ > K. There is a database and a related command BKLC in Magma.

The notions of optimal codes in Notations 3.4, 3.5 are related but different.

Notation 3.6. Let ¢ be a prime power. Let C be a classical [n, k, d], code. Then the
Singleton defect S(C) of C' is the nonnegative integer defined as

S(C)=n+1—-k—d.

This is nonnegative due to the Singleton bound (see, for example, [19]). If S(C) =0,
then C is called a mazimally distance separable (MDS) code.

The analog of the Singleton bound for the entanglement-assisted quantum codes is
rather intricate. In [4, page 24], the authors stated that if there exists an [[n, k, d; c|],
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entanglement-assisted quantum code, then
(10) 2d<n—-k+2+c

However this bound is invalid for a range. For example in [14], the author constructed
an [[9,1,6; 1]], entanglement-assisted quantum code, which is a counterexample to the
bound in (10). A correct analog of the Singleton bound for the binary entanglement-
assisted quantum codes is given in [21] as follows: If there exists an [[n,k,d;c]]s
entanglement-assisted quantum code, then

n+2

(11) d< = 2d<n—-k+2+c

We could not find a proof of the bound in (11) for ¢ > 2 in the literature. Recently in
[16], among other results, the authors provide entropic proofs of Singleton bounds for
a range of codes.! In Appendix A, in Theorem A.5, we generalize the bound in (11)
to arbitrary g-ary entanglement-assisted quantum codes (see also Remarks A.6, A.7 in
Appendix A). We call the bound in (11) as the entanglement-assisted quantum Singleton
bound, which is defined only if d < ”TJ“Q We note that, unfortunately, there are some
incorrect formulations of the entanglement-assisted quantum Singleton bound even in
the very recent literature (see, for example, [12, Proposition 2.3], [13, Proposition 4.3],
[22, Theorem 2.3], [23, Theorem 2.6], [24, Lemma 12|, [29, in the last paragraph in
Section 2] and [30, Equation (7) in page 8]).

Notation 3.7. Let g be a prime power. Let C' be an [[n, k, d; |, entanglement-assisted
quantum code. Then the entanglement-assisted quantum Singleton defect S,(C') of C
is the integer defined as

SC)=n+2+c—k—2d.

If d < ™2 then S,(C) is nonnegative due to the entanglement-assisted quantum
Singleton bound in (11). If d < 2 and S,(C) = 0, then we call that C' is a mazimally
distance separable (MDS) entanglement-assisted quantum code.

We presents our results on the performance of Construction 1.

Corollary 3.1. Let ¢ > 4 be a prime power. Let 1 < k < n be integers. For
any optimal [n,k, D,(n, k)], classical code C' with Singleton defect S(C), there exists
an [[n, k, Dy(n, k);n — k], entanglement-assisted quantum code C with entanglement-

assisted quantum Singleton defect

N

S,(C) = 25(C).

In particular iof C' is MDS and k > 5, then C is entanglement-assisted quantum MDS.

~

Also if S(C) =1 (called near MDS), then S,(C) = 2.

'We note that we were not aware of the results in [16] when we submitted the original and the first

revised versions of this paper, which were written before the first version of [16] were made available.
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Proof. Using Theorem 3.2 we construct C' having the parameters [[n, k, Dy(n, k);n —

~

k]],- By definition of S,(C') we get

A

S(C)=n+2+ (n—k) — (k—2D,(n,k)) =2(n+1—k — D,(n, k) = 25(C).

Note that if C'is MDS and k > %, then Dy(n, k) =n+1—k < 2 and S,(C) =0
This implies that C' is entanglement-assisted quantum MDS by definition. U

The following is an analogue of Corollary 3.1

Corollary 3.2. Let ¢ > 4 be a prime power. Let 1 < d < n be integers. For any
optimal [n, K,(n,d),d], classical code C' with Singleton defect S(C), there exists an
([n, K,(n,d), d;n—K,(n,d))], entanglement-assisted quantum code C with entanglement-
assisted quantum Singleton defect

S,(C) =25(C).
The following results improves Theorems 17 and 18 of [24] significantly. Namely we
do not have extra conditions on ¢,n and/or k as in [24, Theorems 17 and 18].

Theorem 3.8. Let g > 4 be a prime power. If1 < k < n < q+1, then using generalized
Reed Solomon codes and Construction 1 we immediately obtain [[n, k,n+1—k;n—kl|,
entanglement-assisted quantum code.

Proof. Using generalized Reed Solomon codes we easily construct a & X n generator
matrix G over [F, such that the linear code C' having G' as a generator matrix is an
[n,k,n + 1 — k|, code (see, for example [35, Propositions 2.3.2 and 2.3.3]). Then we
obtain a [[n, k, d; n—k]], entanglement-assisted quantum code using Construction 1. [J

Remark 3.9. Construction 1 also extends some of the results in [29] and [30]. First we
need to recall some notation and facts related to algebraic functions fields and algebraic
geometry codes, for which we refer, for example, to [35]. For ¢ > 4, and g > 0, let N,(¢g)
denote the largest integer N such that there exists an absolutely irreducible curve x (or
equivalently an algebraic function field) over F, of genus g having N rational points.
Using algebraic geometry codes [11] (see also [35]) if n < N,(g) and 1 < k < n, then
there exists [n, k, d], code over F, with k+d>n+1—g.

It is well known that, due to Hasse-Weil bound we have N,(g) < g+ 1+ 2gq*/? [35].
A curve is called a maximal curve if it attains the Hasse-Weil bound.

For any ¢, the projective line is a maximal curve of genus 0. If g > 1, then there
exists a maximal curve over [, only if

i) ¢ is a square, hence put ¢ = ¢%, and
(i) g < 2o=Y,

Note that the Hermitian curve over F2 has genus w. We refer to [32] and [35] for
the details of these facts.
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In [29] and [30] the authors consider only maximal curves of genus 0 if ¢ is arbitrary,
and of genera 1 and M if ¢ = ¢?. In their construction they need to control the
duality and hence they need explicit and arithmetic conditions on a chosen algebraic
curve. However in Construction 1, if ¢ > 4, we do not need to control such arithmetical
conditions because of Step 1.2 of the algorithm, which is explained in Appendix B
in detail. Hence we can use any suitable algebraic curve over finite fields. There are
algebraic curves with NV, (g) many rational points, which are not maximal. For example
consider ¢ > 1 and ¢ is a not a square, or consider g > %1_1) if ¢ = ¢2. Moreover
evenifg=¢l and 1 < g < @, then there are many different values of ¢ such that
we have a maximal curve over I, which is not birationally isomorphic to a projective
line, elliptic curve or Hermitian curve. Using algebraic geometry codes together with
such algebraic curves and Construction 1 we also extend the related results of [29] and
[30]. Note that Construction 1 complies also with generalized algebraic geometry codes
(see, for example, [26]).

As concrete examples, we have the following extensions. In [29], after [29, Theorem
4] they state to construct a [[39, 25, 14; 14|32 entanglement-assisted quantum code. In
fact [29, Theorem 4] allows to construct an [[n, k,n — k; n — k]]32 entanglement-assisted
quantum code for all integers 1 < k£ < n < 42, where the upper bound 42 is due to
the arithmetical condition n 4+ 2 < Njy(1) = 44 in [29, Theorem 4]. Here N3»(1) is
the largest integer IV such that there exists an absolutely irreducible curve of genus
1 (elliptic curve) having N rational points (see [36]). Using Construction 1 we relax
this condition. Indeed there exist an [n,k,n — kjs2 code for all integers 1 < k < n
and 2 < n < 44, in particular for n € {43,44} (see [28]). Hence using Construction 1
we obtain an [[n, k,n — k;n — k|32 entanglement-assisted quantum code not only for
1<k<n<42but also for 1 <k <n <44,

Similarly in [30, Table 2] they present a [[15, 10, 6; 5]];¢ entanglement-assisted quan-
tum code. In fact [30, Theorem 5| allows to construct an [[n,k,n —k + 1;n — k|16
entanglement-assisted quantum code for all integers 1 < k < n < 15, where the upper
bound 15 is due to the arithmetical condition n < ¢ — 1 = 16 — 1 in [30, Theo-
rem 5|. Using Corollary 1 and the existence of [n,k,n — k + 1];6 MDS codes with
1 <k <n <17, we obtain an [[n, k,n — k+1;n — k]]15 entanglement-assisted quantum
code not only for 1 < k < n < 15 but also for 1 < k£ < n < 17. We further obtain
an [[18, 15, 4; 3]]16 entanglement-assisted quantum code using Construction 1 and the
MDS code [18,15, 4]14, which does not follow from [29] or [30].

In [22] they also use the notion of net rate of an [[n, k, d; c]], code as the ratio “=<. Let
nR(C) = =< denote the net rate of an [[n, k, d; ]|, code C. In [30, Table 4] they present
a [[26, 15, 6; 5]]9 entanglement-assisted quantum code C;. Using Construction 1 and [28§]
we obtain an [[26, 19, 6; 7]]o entanglement-assisted quantum code Cy. The net rate of
C, is much better than the net rate of (', which satisfy nR(C’l) = % > nR(C)) = %.
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Note that the length and the minimum distance of C; and C} are the same. Similarly in
[30, Table 4] they present a [[64, 39, 11; 10]];6 entanglement-assisted quantum code Cs.
Using Construction 1 and [28] we obtain an [[64,48,11;16]];s entanglement-assisted
quantum code ég. The net rate of C’g is much better than the net rate of (5, which
satisfy nR(Cy) = 2 > nR(Cy) = 2. Note that the length and the minimum distance
of Cy and C*Q are the same.

Remark 3.10. In [12], the authors construct entanglement-assisted quantum codes
over F, with parameters [[n, k,d;c]|] only for n < ¢ + 1 and with some arithmetical
restrictions. Using Construction 1, we cover all of these parameters and we extend
their results considerably as we do not have such arithmetical conditions and n can be
larger than g+ 1. In [13], the authors construct further entanglement-assisted quantum
codes over F, with parameters [[n, k, d; ¢]] only for n < ¢+ 1 and with less arithmetical
restrictions. Using Construction 1 we also extend these results as we do not have any
arithmetical condition and n can be larger than g+1. In our results it is not necessary to
use (-intersection pairs of codes as in [13] to get MDS entanglement-assisted quantum

codes with the same parameters as in [13].

4. A CONCATENATED TYPE CONSTRUCTION FOR ALL q

In this section we present a concatenated type construction of entanglement-assisted
quantum codes over [, for all g. This construction is especially interesting when ¢ = 2
or ¢ = 3. Nevertheless we prefer to present it for arbitrary ¢q. This construction also
improves several recent results significantly (see Remark 4.5 below).

An important ingredient of our construction in this section is isometry codes, which
were introduced in [7]. We first recall its definition. Let g be an arbitrary prime power
and k be an integer with £ > 2. The trace of a € Fx over F, is defined as

k—1
trp e (@) =Y a’ =a+al+ 4ol
=0
We also denote trg /v, (@) by tr(a) in short for simplicity. Let {er, .. e} C Fp
Assume that (eq,...,e) is an ordered basis of F,x over IF,. Recall that (ef,...,e}) is

the dual basis if

1 ifi=y
r(eics) = 9 { 0 ifi#j

for 1 <i4,5 < k. There exists a uniquely determined dual basis for any basis of F

over F,.

Definition 4.1. Let 2 < k£ < n be integers. Under notation as above let (ey,...,ex)
be an ordered basis of Fyx. An Fy-linear map 7 : Fpe — F7 is called an isometry if

m(e;) - m(e)) = di
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for 1 <4,j <k, where the inner product is the Euclidean inner product on Fy. Here
(e},...,¢€}) is the dual basis of (e,...,ex). The image 7(F ) is called the isometry
code corresponding to T.

We are ready to present our construction of this section.
Construction 2: This construction has the following steps:

2.1) Let ¢ be any prime power. Let 2 < k < n be integers such that there exists an
isometry map 7 : Fgx — . Let the parameters of the isometry code m(Fyx) be
[n, k,d]. It is useful to choose 7 so that d is as large as possible.

2.2) Let G be a K x N matrix over F ., whose row space is an [N, K, D], code.

2.3) Note that ¢ > 4 as k > 2. Using the algorithm in [6, Section 5A] modify G
to a K x N matrix G over F such that the row space of Gy is the code C;
having the properties: Hull(C}) = {0} and C; is an [N, K, D]« code.

2.4) Using C1, the isometry map 7 and [7, Theorem 3.1] we obtain an [F-linear code
Cy C FN having the properties: Hull(Cy) = {0} and C is an [nN, kK, > dD],
code.

2.5) Using Cs and C5- obtain an [[nN, kK, > dD;nN — kK]], entanglement-assisted
quantum code following [9, Theorem 4].

Using the arguments above we conclude the following.

Theorem 4.2. Let q be an arbitrary prime power. For integers 2 < k < n assume
that there exists an isometry map m : Fox — Fy such that the isometry code w(Fy) has
parameters [n,k,d]. If G is a generator matriz of an [N, K, D] classical code, then
Construction 2 gives an [[nN,kK,> dG;nN — kK], entanglement-assisted quantum
code.

Using [7, Example 2.3] we obtain an isometry 7 : Fy — F3 so that the parameters
of the isometry code mo(Fy) is [4,2,2]o. Note that this isometry code is optimal. Using
this isometry and Construction 2 we obtain the following.

Corollary 4.1. Let 1 < K < N be integers. Using Construction 2, the isometry
7o given above and an Fy-linear code with parameters [N, K, D4y(N, K)l]4, we obtain a

binary entanglement-assisted quantum code with parameters
[[AN,2K,> 2D4(N, K); 4N — 2K]],.

Similarly let 1 < D < N be integers. Using Construction 2, the isometry mo given

above and an Fy-linear code with parameters [N, K4(N, D), D]y, we obtain a binary
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entanglement-assisted quantum code with parameters
[[AN,2K4(N,D),> 2D;4N — 2K,(N, D)]].

Remark 4.3. Using another isometry map 7 : For — 7, it is immediate to get an
analogue of Corollary 4.1. For example there exists an isometry map 7 : Fgs — Fos so
that the isometry code 7(FFgs) has parameters [5, 3, 2]5. This allows to construct binary
entanglement-assisted quantum codes with parameters

5N, 3K, > 2Ds(N, K); 5N — 3K]]s and [[5N,3Ks(N, D), > 2D;5N — 3K5(N, D)]]».

For ternary codes, it is not difficult to find an isometry w3 : Fg — F3 so that the
parameters of the isometry code m3(Fg) is [5,2,3]3. Note that this isometry code is

optimal. Using this isometry and Construction 2 we obtain the following.

Corollary 4.2. Let 1 < K < N be integers. Using Construction 2, the isometry
73 given above and an Fg-linear code with parameters [N, K, Do(N, K)lg, we obtain a

ternary entanglement-assisted quantum code with parameters
[[BN,2K,> 3D4(N, K);5N — 2K]]s.

Similarly let 1 < D < N be integers. Using Construction 2, the isometry m3 given
above and an Fg-linear code with parameters [N, Ko(N, D), D]y, we obtain a ternary
entanglement-assisted quantum code with parameters

[[5N, 2Ko(N, D), > 3D; 5N — 2K,(N, D)]]s.

Remark 4.4. As in Remark 4.3, it is immediate to get an analogue of Corollary 4.2
provided we know a good isometry map. For example there exists an isometry map
7 : F3s — F4 so that the isometry code 7(F33) has parameters [4, 3,2]3. This allows to
construct ternary entanglement-assisted quantum codes with parameters

[AN,3K,> 2Dy;(N, K); 4N — 3K]]3 and [[4N, 3K (N, D), > 2D; 4N — 3Ky:(N, D)]]s.

Remark 4.5. Construction 2 also improves several recent results significantly. For
example in [22] they state that a code C; with parameters [[90, 28, 10;62]], is a new
entanglement-assisted quantum code in [22, Table 1]. Using Construction 2, in par-
ticular Corollary 4.1 with a [22,14,6], code (see [15]), we obtain a [[88,28,12;60]],
entanglement-assisted quantum code Cy. The dimensions of C; and C5 are the same.
The other parameters in going from C to C5 behave as follows: n decreases, d increases
and ¢ decreases. These are all in favor of Cs. Hence C5 is a better code compared to
(] in terms of the parameters.

Similarly in [22, Table 1] they state a code C} with parameters [[30, 6,5;24]], as a
new entanglement-assisted quantum code. Using Corollary 4.1 with a [7,3, 4], code
(see [15]), we obtain a [[28, 6, 8; 22]], entanglement-assisted quantum code Cy. Again
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the dimensions of C] and (5 are the same and all the other parameters are in favor of
Cs. Hence (5 is a better code compared to C in terms of the parameters.

In [31] they state a code C with parameters [[132, 12, 30; 120]], is a new entanglement-
assisted quantum code in [31, Table 1]. Using Corollary 4.1 with a [33, 6, 20|, code (see
[15]), we obtain a [[132,12,40; 120]], entanglement-assisted quantum code Cy. All the
parameters of C; and C are the same except the minimum distance. The improvement
of the minimum distance in C5 from 30 to 40 is significant.

APPENDIX A. APPENDIX A: SINGLETON TYPE BOUND FOR
ENTANGLEMENT-ASSISTED QUANTUM CODES

In Appendix A we prove a Singleton type bound for entanglement-assisted quantum
codes using methods from [1, 2, 20, 21].

Recall that F, is the finite field with ¢ elements. Let char(F,) = p so that F, C F,.
Let C denote the complex field. We regard C? as a Hilbert space and let |z) be the
(column) vectors of an orthonormal basis of C?, where the labels x are elements of IF,.
Let ¢, = exp(2mv/—1/p) be a p-th root of unity in C. Let tr : F, — F, be the trace
map from [F, onto [F,.

For a,b € F, let X(a) and Z(b) be the unitary operations on C? defined by

X(a)|lz) = |z + a) and Z(b)|z) = ¢'*|z).
Let C1" = (C9)®" be the n-th tensor of C?. The coordinate basis is given by
%) = |21) @ [22) @ - - @ [p).

Consider a = (ay,...,a,), b= (by,...,b,) € F}. Let X(a) and Z(b) be the unitary
operations on C?" defined by

X(a)lx) = [x + a) and Z(b)|x) = ¢ *>|x),

P

where b-x=3%""  bx; € F,.
The set &, = {(4X(a)Z(b) : a,b € F}, u € F,} is a finite group of order pg*". Let
E,, C &, be the subset defined as

E, = {X(a)Z(b):a,bc F'}.

Fora = (ai,...,a,), b= (b1,...,b,) € F} and e = X'(a)Z(b) € E,, let the (quantum)
weight wg(e) of e be the integer

wole) =#{1<i<n:a; #0or b #0}.
For 0 <i <mn, let &,[i] C &, be the subset defined as

Enlil ={e € &, wgle) =1}
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Definition A.1. A g-ary quantum code of length n is a subspace @ of C?" such that
dimc @ = K > 1. The minimum distance of () is the largest integer d such that for
any error e € &,[i] with ¢ < d we have

[v), |w) € Q are orthogonal vectors = (v|elw) = 0.
Such a code @ is called an ((n, K, d)), code.

Next we formally define g-ary entanglement-assisted quantum error correcting codes.
Let ¢ be a positive integer. For |a) € C7", |b) € C*°, and |¢)) = |a) ® |b) € CT° note
that |a){a| is a ¢" x ¢™ matrix, |b)(b| is a ¢¢ X ¢° matrix, and [¢)(¢)] is a ¢"T¢ x ¢"*¢
matrix. Recall that Tr is the trace operation on square matrices and hence Tr(|a)(al|)
is a complex number. Let Tr(|1)(¢]) denote the ¢° x ¢° over C defined as

Tra(l¢) (1) = Tr(la)(al)[b) (0]

We extend this definition to C"™" = C%" ® C¢ as follows: Let |[¢) € C7™ be an
arbitrary vector. There exist an integers s > 1, vectors |ai),...,|as) € C?", vectors
|b1),...,]bs) € CT and complex numbers A, ..., A\, € C such that |[¢) = A\j]a;) ®
|b1) + -+ + Aslas) @ |bs). Put |[¢;) = a; @ b; for 1 < i < s. We further assume
without loss of generality that {|a;) : 1 < i < s} C C? is an orthonormal set or
{Ib;) : 1 < i < s} C C? is an orthonormal set. Note that Tr,(|1;){¥4]) is a ¢¢ x ¢°
matrix defined above. Now we define Tra(|¢)(¢)|) for the arbitrarily chosen vector
l) € CI"™ as the ¢° x ¢¢ matrix given by

Tea(Jo) (1) = A [? Tea(lvon) (@ul) + -+ [ As 2 Tra(is) (vs])-

Definition A.2. An ((n, K, d; c)), entanglement-assisted g-ary quantum error correct-

ing code is a subspace Q of C? such that dime¢ Q = K > 1 satisfying the following

two properties:

1 c
L) |¢) € Q@ = Tra(|)(¥]|) = — 14, where [ is the identity operation on C? .
qC
2.) For integer 0 < i < d and each error e € &,[i] we have:
[}, |w') € Q are orthogonal vectors = (v'|e’|w') = 0,
where €’ is the error in E, ;. defined as ¢/ = e ® [ ..

Let {|¢;) : 1 <i < K} be an orthogonal basis of (). Let

pP= Z|wi><¢i|
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be the orthogonal projection of C?""" onto Q. For 1 < i < n and 1 < j < ¢ be the
split weight enumerators of () defined by

1 2
Bij =17 > (Tr((e@e)P)),
e€E,[i]
GIEECU]
and
1
Bli] = Z Tr((e®e)Ple®e)P).
e€Ey[i]
e'€E.[j]

We need to recall some notions and properties of Krawtchouk polynomials before
the next theorem. We refer to [27, Section 5.7] for details. Let m be a positive integer.
For 0 < i < m, the i-th ¢*>-ary Krawtchouk polynomial with respect to m is

(12) Py(z;m) = g(—l)j (-1 (j) (2:;)

In this paper we consider ¢*-ary Krawtchouk polynomials. Note that P;(z;m) is a
polynomial of degree 7 in z with the leading coefficient (—¢?)*/i! and the constant term
(")(¢ — 1)". In particular

(2

(13) Py(x;m) =1 and Py (z;m) = —¢*x + 1.

Let 0 < 7,5 < m be integers. Recall that the Kronecker symbol ¢, s is given by
5, = 1 %f r=s,
’ 0 ifr#s.
We have the orthogonality relations (see [27, Section 5.7, Corollary 18]) that
(14) > Pi(iym) = Pi(s;m) = ¢*"6,..
i=0

Moreover we also have (see [27, Section 5.7, Exercise 41]) that

(15) i (Z:Z) Py(z;m) = ¢* (n;x)

=0

Let n,c be positive integers. Let f(z,y) € R|x,y] be a polynomial of degree at most
n in x and at most ¢ in y. The properties above imply that there exist uniquely
determined coefficients f,, € R for 0 <u <n and 0 < v < ¢ such that

(16) f(:v,y) = Zqu,qu(m;n)Pv(y; C).

u=0 v=0
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The expansion in (16) is called the Krawtchouk expansion of f(z,y). Using (14) we
determine the coefficients in the Krawtchouk expansion as

a7) fis = e D 3 Hw ) Plism)Pulic)

u=0 v=0

for0<i<nand0<j<ec
Now we are ready for the next theorem. The proof of the following theorem uses the

same arguments as in [21, Theorem 2| and hence we skip its proof.

Theorem A.3. Assume that Q) is an ((n, K, d;c)), entanglement-assisted q-ary quan-
tum error correcting code with projector P and split weight enumerators B, ; and ij
for 0 <1< n, 0<j <c, respectively. Then the following properties hold:

]_.) B()’O :Bé:(): ]_.

2.) B, > B;; > 0.

3.) Bp;=0forj=1,...,c

4) BLO:Bz'J,_O fO?"izl,...,d—l.

5.) Bao < Bi.

6.)
K n C
ij = By,» P;(u;n) Pj(v; ¢)
’ qn+c u=0 v=0
and
LS ST B PPy (v: )
i, — o bi(u;n) Py (v c).
! q - K u=0 v=0 ’

The following theorem is similar to [2, Theorem 4] and [21, Theorem 5].

Theorem A.4. Let Q) be an ((n, K,d;c)), entanglement-assisted quantum error cor-
recting code. For 0 <i<n and 0 <j <clet f;; € R such that

(18) fij >0 for alli,j in this range,
and
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Let f(x,y) € Rlx,y] be the polynomial defined using the coefficients f;, j above and the

Krawtchouk polynomials in x and y variables given by

(20) Fley) =3 fiPilain)Pi(y;c)
=0 4,0
Assume further that
(21) fla,8) <0 for all integers d < a<n and 1< <ec.
Then we have
1 f(£,0)

K<

max ————.
qnTe 0<e<d-1 ff,O

Proof. Let B;; and Bf] be the split weight enumerators of @). Using (18) we obtain

d—1 d-1 ¢
(22) LHS :=q""K Z fioBio < ¢"°K Z Z fiiBi;-
i=0 =0 j=0

It follows from Theorem A.3, item 6) that

q"+1'3K Z Z BivPi(u; n)P;j(v;c)

u=0 v=0

(23) B, ;=

for 0 <i<d—1and 0 <j <ec¢ Combining (22) and (23) we obtain that
LHS < Y00 Yo fii Yimo Yovmo Buy Pl ) Py(vs )

(24)

where we use the definition in (20). Using (24) and (21) we get that

d—1
(25) LHS < Biyf(i,0).

=0

Combining (25) and Theorem A.3, item 4 we conclude that

d—1 d—1
(26) K Z fioBio < Z f(2,0)Bip.
i=0 i=0

It follows from (26) that we have

L Y5 fi,00By 1 f(i,0)

4

The main result of this appendix is the following Singleton type bound for entanglement-

assisted quantum error correcting codes.
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Theorem A.5. Let QQ be an ((n, K, d;c)), entanglement-assisted quantum error cor-
recting code. If d < "T“, then

K< qn+c—2(d—1).

Proof. Let f(z,y) € Rz, y] be the polynomial

q2(n+c—d+1) n

(27) f(x,y>=Wg(l—§)H<y—j>.

j=1
For integers 0 < a <n and 0 < 8 < ¢ we have
e f(a, ) =0if 1 <5 <¢, and

° f(a, O) — q2(b+c—d+1) (nd—gﬁl—l)

by definition in (27). Consider the Krawtchouk expansion of f(z,y)

F@,y) =D funPulain)Py(y;c),

u=0 v=0
with the coefficients f,, € R. It follows from (17) that we have

1 n C . .
Jup = W Z Z fla, B)Pali;n) Pa(j; c).-
a=0 =0
As f(a,f) =0for 0 < a < cand 1 < < ¢ for the function f(z,y) in (27) and
Py(y,c) =1 (see (13)) we obtain that

1 n
fup = WZf(a,O)Pa(u;n)
a=0

1 n Ti*Oé
(28) = o Zq”"”—ﬁ”—“& ;”)1) Pa(uin)
a=0 d—1

It follows from (16) that we have

n

9 2 (ualha )t = (321)

Combining (28) and (29) we get
(i1
(a"1)

In particular f,, is independent from v.

(30) fu,v =

for0<u<nand 0<wv<ec.
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For 0 <wu; <wuy <d-—1 we claim that

f(ulao) > f<u2’0>.

(31) ful,O - fuz,O

Indeed using (30) we get

f(ulao) _ (nnfidljrll) > f(u270) _ (nnfidzfl)

— (n—u = — (n—u —
Jur0 (dfll) Juz0 (d712)
(n—u1)! (n—ug)!
(n—d+1)!(n—u;—n+d—1)! > (n—d+1)!(n—uz—n+d—1)!
(n—uy)! - (n—ug)!
(d—=D)!(n—u1—d+1)! (d—=D)!(n—uz—d+1)!
(n—u —d+1)! - (n—ug—d+1)!
d—w -1 = (d—us—1) —
(n—u1—d+1)! (d—u1—1)!
(we—di D) = (d—us 1)) —
(n—ui—d+1)(n—rug—d+2)>(d - —1)-(d—u) <>
n—u—d+1>d—u —1 <—
n -+ 2
d<
iy 2 9

where in the step (*) above we use the observation that both sides are the products of
us — uy consecutive integers such that the left hand side ends at n — u; — d + 1 and
the right hand side ends at d —u; — 1. As d < ”T“ by assumption, this completes the
proof of the claim in (31).

We apply Theorem A.4 using f(x,y) in (27). Note that the assumptions of Theorem
A4 hold. Using Theorem A.4 and the claim in(31) we conclude that

1 £(0,0)
"¢ foo

K <

1
- qn+cf(0’0)

1 2(n+c—d+1)
_ 4 (—1)°!
qnte (—=1)ec!

— qn+072(d71).
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Remark A.6. If ¢ = 2, then Theorem A.5 corresponds to [21, Theorem 6]. It is clear
from the proof of Theorem A.5 that the factor ﬁ is necessary in the definition of
f(z,y) in (27) in the proof of Theorem A.5. However this factor is forgotten in the
proof of [21, Theorem 6] in [21]. Hence we also present this small correction in our
detailed proof.

Remark A.7. Let S be an abelian subgroup of &,. If S satisfies some commutation
relations given in [25] (see also [9] and [21]), then

1 glY) = |¢) for all g € S}.

is called an entanglement-assisted g-ary quantum error correcting stabilizer code. We

n—+c

C={)ec

refer to [25], [9] and [21] for further details on entanglement-assisted quantum stabilizer
codes. In particular C' is a subspace of C¢"™* and C' is an entanglement-assisted g-ary
quantum error correcting code in the sense of Definition A.2. If the parameters of C'
are shown as ((n, K,d;c)),, then we call C' as an [[n, K, d; c]], throughout this paper
in order to emphasize that C' is a stabilizer code. Note that [9, Theorem 4] is a
construction of stabilizer codes. As our constructions are based on [9, Theorem 4], the
quantum codes in all sections except the appendices are quantum stabilizer codes and
denoted using [[-]];. It is clear that Theorem A.5 holds for quantum stabilizer codes as

well.

APPENDIX B. APPENDIX B: THE ALGORITHM OF CARLET ET. AL. [6]

In Appendix B, we explain an important step in detail of our Construction 1. Recall
that we present Construction 1 in Section 3.

Let ¢ > 4 be a prime power. Let G be a k x n matrix over F,, which is a generator
matrix of an [n, k, d, code C. We observe that [6] gives an algorithm in order to modify
G to a k x n matrix G’ over F; such that the linear code C’ having G’ as a generator
matrix has the following properties: C” is an [n, k, d], over F, (same parameters as C)
and Hull(C") = {0} (while Hull(C') is not necessarily {0}).

In this appendix we explain this algorithm in detail.

First we find a n x n permutation matrix P over F, such that G; = GP is in the
systematic form. Namely

Gl - [Ik A],

where I is the k x k identity matrix and A is a k x (n — k) matrix over F,. For
example using Gaussian elimination we can find the row reduced echelon form of G.
This indicates the pivot columns in the row reduced echelon form of G. Changing the

pivot columns to the first £ columns gives a method to find such a permutation matrix
P.
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Let C; be the Fg-linear code having G as a generator matrix. Note that C; is
permutation equivalent to C' and hence C is again an [n, k, d|, code.

Here we need to introduce a notation. For a symmetric k£ X k matrix M and a subset
I C{1,2,... k} with #I = t, let M; denote the (k —t) x (k —t) symmetric submatrix
of M obtained by removing the i-th column and -th row of M for each ¢ € I. Note
that M; = M if I = (. We denote M; = 0 if I = {1,2,...,k} by convention (see
Remark B.1).

Note that G,GT = (GP)(PTGT) = GG as PPT = I,,. Let 0 < tlek be the integer
such that rank(GG") = k — t. Tt follows from (2) that let dimp, Hull(C) = ¢. Hence
there exists a subset 1 C {1,...,k} such that (GGT), is invertible (see also [?]). In
fact there is a deterministic way to choose such I as follows: Let J be the subset of
{1,2,...,k} such that j € J if and only if the j-th column is a pivot in the reduced
row echelon form of GGT. Put I ={1,2,...,k}\ J.

For 1 <i <k, let a; € F, be chosen as follows:

F 1,-1} ifiel
(32) O-/ie Q\{077 } 126 )
{1} ifi 1.

Let D be the n x n diagonal matrix having entries aq,as,...,ax,1,...,1 in order,

namely D = Diag(ay, ag,...,ax, 1,...,1). Let G5 be the k x n matrix obtained from
G as

G2 - GlD

Let Cy be the F,-linear code having G5 as a generator matrix. Recall that a square
matrix M is called a monomial matrix if there exists exactly one nonzero entry in each
row and column of M (see, [19, page 24]). Moreover if G is a k X n generator matrix
of a code C and M is an n X n monomial matrix, then the code having GM as a
generator matrix is called monomially equivalent to C' (see, [19, page 469]). Here D
is a monomial matrix and C5 is monomially equivalent to C;. In particular C5 is an
[n, k,d], code, having the same parameters as Ci.

Let Dy be the k x k diagonal matrix given by D; = Diag(a, as, ..., a). Note that

Dy 0

Go=n Al F
n—k

] =[D; A

and hence

GoGL = D2+ AAT = I + AAT 4+ Diag(a? —1,...,a2 — 1)

33
(33) G1GT + Diag(a? — 1,...,a2 — 1).
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Recall that rank(G1GY) = k—t and ay, ..., a4 € F, are chosen as in (32). Hence using
(33) and [6, Lemma 9] we conclude that

(34) det(G,GY) = (H(a? — 1)) det(GGT); # 0,

iel
where det(GGT); = 1if [ = {1,2,...,k} by convention (see Remark B.1). Therefore
Hull(Cy) = {0}.

Remark B.1. If G is self-orthogonal, then GG = 0 and hence t = k. In this
degenerate case it is necessary to choose I = {1,2,...,k}. We have the conventions
that (GGT); = 0 and det(GGT); = 1 when I = {1,2,...,k}. Indeed in this degenerate

case (33) becomes
GyG3 = 0+ Diag(af —1,...,a; — 1)

and hence we use the convention (GGT); = 0. Again in this degenerate case (34)
becomes

det(G,GT) = (H(af - 1))
iel
and hence we use the convention det(GGT); = 1. We need to use the convention that
det(GGT); = 1if I = {1,2,...,k}. The convention (GGT); = 0 is not essential as it
appears only in the background.

In summary we obtain the following algorithm:

Input: For integers 1 < k <mn, let G is a k X n matrix of rank k over [F,. Let C' be
the F, linear code having G as a generator matrix. Let C be an [n, k, d|, code.

Output: G’ is a k X n matrix of rank k over F,. Let C’ be the I, linear code having
G’ as a generator matrix. We obtain that C’ is an [n, k, d], code with Hull(C") = {0}.

i) Find an n x n permutation matrix P such that GP is in the systematic form
so that GP = [I, Al
ii) Let rank(GGT) = k — ¢, Find a subset I C {1,...,k} such that #I = ¢ and
(GGT); is invertible.
iii) For 1 <i <k, let o; € I, be chosen as follows:

F,\{0,1,-1} itiel
(35) OQE Q\{” } 126 9
{1} ifigl.
iv) Put G’ = GPDiag(ay,...,ax,1,...,1).
Remark B.2. In many cases for a starting code [n, k, d], code C' we know a generator

matrix G in systematic form. In such a case we take P = I,, and we skip step i) in the
algorithm.
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In the following examples we illustrate this algorithm. In these algorithms the gen-
erators matrices in the input are in systematic form and hence we take P = I, as

explained in Remark B.2.

Example B.1. Let ¢ = 4 and w € Fy be an element satisfying w? +w + 1 = 0. Note
that w s a primitive element of Fy. Let G be the 7 x 23 matrix over Fy given by

10000000 w 0 w w 1 w 1 w w 0 0 w 1 0 w
01 0 0 0 0 0 0 w 0 1 w 0 0 w? w? 1 w 1 w w? 0 w?
001 00UO0O0CO0 w2 w2 w w1 w w 0 0 w0 w 0 1 1
G=|0001 00001 1 0 1 w w 1 w 1 w* 0 1 1 w w
00001000 w> 0 w w w 0 0 w 0 w 1 w w w w
00000100 w 0 1 w 0 w 1 w 0 1 w w w w 0
I 0O 0 00 0 0 1 0 O w 0 1 w 0 w? 1 w 0 1 w w? w w |

Let C' be the Fy-linear code having G as a generator matriz. In fact C' is a code in the
database of Magma [3]. Using the Magma command BKLC(Fy, 23,7) (or BDLC(Fy,23,12))
we immediately obtain C' and the matriz G- above. Then C is an [23,7,12]4 code. More-
over C' is an optimal code in both of the senses in Notation 3.4 and Notation 3.5 below.

We refer to the online table [15] for the optimality.

We observe that rank(GGT) = 6 and hence dimg, Hull(C') = 1. Using the algorithm

explained in this appendiz, let I = {7} C{1,2,...,7},
Dy = Diag(1,...,1,w,1,...,1)

N—— N——
6 times 16 times

and G1 = GDy. Moreover let Cy be the Fy-linear code having G, as a generator matriz.
We obtain that Cy is an [23,7,12]4 code and Hull(Cy) = {0}.

Example B.2. Let ¢ = 4 and € Ty be an element satisfying w? +w +1 = 0. Let G be
the 9 x 19 matrix over Fy given by

»
[N
»

1 0 0O 0O OO O OO 1 w w w 0 1 0 w w w
010000000 w 0 0 1 w w 1 1 w 0
001 00O0O0ODO0ODO0OUO0O w 0 0 1 w w 1 1 w
0001 0O0O0DO0O0 w 1 1 w 0 w w w 0 w
G=|0 00010000 w w w w w w w W w w
0 000O0OT10UO0U0 w2 0 w w w 0 w 1 1 w
0 000O0OOT1O0TU0w 1 1 w w 1 0 0 w 0
00 00O0O0OO0OT1OU0 0 w> 1 1 w w 1 0 0 w
000000001 w w w 0 1 0 » v w 1 |



NEW CONSTRUCTIONS OF ENTANGLEMENT-ASSISTED QUANTUM CODES 23

Let C' be the Fy-linear code having G as a generator matriz. Using the Magma
command BDLC(Fy, 19, 8) we immediately obtain C' and the matriz G above. Then C
is an [19,9,8]y code. Note that C is a best known code in the sense of Notation 4.5
(see [15]).

We observe that rank(GGT) = 0 and hence dimg, Hull(C) = 9. Using the algorithm
explained in this appendiz, let I ={1,2,...,9} C {1,2,...,9},

Dy = Diag(w, ...,w,1,...,1)
——— ——
9 times 10 times
and G1 = GD1. Moreover let C be the Fy-linear code having G1 as a generator matriz.

We obtain that Cy is an [19,9,8]s code and Hull(Cy) = {0}.

Example B.3. Let ¢ = 4 and € F4 be an element satisfying w? +w +1 = 0. Let G be
the 7 x 20 matriz over Fy given by

1 000000 w 0 0 1 w w 1 w 0 w 1 1 1]
01 000O0OO0O0 w w 1 0 w w 0 w 1 w 0 w
0010000 w w w 0 1 1 w w> 0 w w 0 0
G=[0 0 0100 0 w? v w w w w 0 0 w? w w w 1
0000100 0 w 0 w w w w 1 0 w w w 0
0 00O0OOT 101 0 w w 0 w 1 1 1 w 0 1 0
00000001 w 1 0 1 w w 1 0 1 0 0 w w,|

Let C' be the Fy-linear code having G as a generator matrixz. Using the Magma
command BKLC(Fy4,20,7) we immediately obtain C' and the matriz G above. Then C
is an [20,7,10]4 code. Note that C is a best known code in the sense of Notation 3.4
(see [15]).

We observe that rank(GGT) = 6 and hence dimg, Hull(C') = 1. Using the algorithm
explained in this appendiz, let I = {7} C{1,2,...,7},

D, = Diag(1,...,1,w,1,...,1)
—— ——
6 times 13 times

and Gy = GDy. Moreover let Cy be the F4-linear code having Gy as a generator matriz.
We obtain that Cy is an [20,7,10]4 code and Hull(Cy) = {0}.
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