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Abstract. Forward Kinematic (FK) analysis of under-constrained Cable-Driven
Parallel Robots (CDPRs) deals with the inherent coupling between the loop-
closure and static equilibrium equations. The non-linearity of the problem is mag-
nified with the addition of the coupling between the cable lengths and their ten-
sions based on the elastic cable model. The paper proposes an unsupervised neu-
ral network algorithm to perform fast forward geometrico-static analysis for CD-
PRs in a suspended configuration with elastic cables. The formulation determines
a non-linear function approximation to model the FK and proves to be efficient
in solving for consecutive and close waypoints in a path. The methodology is
applied on a simulated six-degree-of-freedom (6-DOF) spatial under-constrained
suspended cable-driven parallel robot. Specific comparison results to show the ef-
fectiveness of the proposed method in tracking a given path are presented against
the results obtained from least-square non-linear optimization.

Keywords: Unsupervised Neural Networks - Elastic Cables - Forward Kinemat-
ics.

1 Introduction

Cable-Driven Parallel Robots (CDPRs) belong to a class of parallel manipulators where
cables are used to manipulate a Moving Platform (MP) and connects it to a fixed base
frame. CDPRs are inherently accompanied with various advantages of low inertia, high
payload to weight ratio, and a significantly large workspace as compared to their se-
rial and parallel counterparts. Such advantages have been exploited for various tasks
like large scale 3D printing [2], in rehabilitation mechanisms [8], as transfer robots for
the elderly [11] and rescue robots [12] as well as in large-scale telescopes [22]. The
kinematic analysis for CDPRs play a vital role in realizing various fundamental char-
acteristics consisting of the size of the static workspace, maintaining static equilibrium
and achieving appropriate stiffness. However, such an analysis turns out to be more
complex as compared to parallel manipulators with rigid links, driven by the fact that
cables can only apply unilateral forces, i.e., only pull the MP and not push it. Thus, con-
straining its capability to account for static equilibrium. Furthermore, such an analysis
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is critically dependent on the configuration of the complete manipulator as well as on
the nature of the cables used.

The robot configuration is generally based on the number of cables modulating the
intended degrees of freedom (DOFs) and on the availability of the cables to pull the
MP in both upward and downward directions. In this context, we are particularly in-
terested in suspended configurations i.e. when cables can only pull the MP upward.
With the reduction in the number of cables, the system becomes under constrained and
typically has n-DOFs controlled by m(< n) cables. Thus, allowing only m-DOFs to
be controlled. The kinematic analysis of such robots is inherently coupled with static
analysis and cannot be solved without solving the combined kinetostatic problem [5].
For such systems, even when the cable lengths are fixed, the MP still moves and be-
haves according to the external wrench. Accordingly, the geometrico-static [4] problem
becomes more complex and may have several solutions. The cable lengths tend to be
the most feasible proprioceptive measurement for CDPRs as compared to cable ten-
sions or orientations. If only cable lengths, i.e., pulley motor position measurements,
are considered, the kinematic analysis is significantly influenced by the cable model
used. Cables can be considered mass-less and non-elastic, mass-less but elastic, or with
non-negligible mass and elastic [6]. In this paper, the cables are supposed to be massless
and elastic.

Solving the forward kinematics for under-constrained suspended CDPRs has been
approached as finding all the possible solutions to the geometrico-static equations or
incorporating various iterative strategies to solve in real-time. Interval analysis [3,10] is
one possible approach to solve for the complete analysis taking into account that some
cables may be slack and have been explored for underconstrained systems. Various
works have led to optimization problems for real-time analysis based on minimizing the
potential energy [18], finding the lowest equilibrium pose [7] or minimizing cable ten-
sions [14]. Iterative (usually, Levenberg-Marquadt) algorithms have found themselves
useful in locally minimizing pose errors [18], using Hessian matrix to construct con-
vex problem [17] and Jacobian matrix to solve the linearized approximation of the FK
problem [21] at hand.

The optimization problem discussed for the real-time analysis can be seen to be a
highly non-linear system and can be easily correlated to neural network architecture.
Artificial Neural Network (ANN) has been used extensively in recent research to solve
the inverse analysis of serial robots and forward analysis of parallel robots. Supervised
methods are employed by collecting ground truth data and training to find a function
approximation. Such practices have been extensively applied to serial [23], and cable
[16] robots. Furthermore, as most controllers directly work on joint space applying
direct control over motor winches to modulate cable lengths, path planning in joint
space [15] is a better option. In such a situation, processing Cartesian poses for accurate
tracking of a planned path can take advantage of a real-time forward kinematics module.

2 Contributions and Paper Organization

In this paper, we propose an unsupervised feed-forward neural network algorithm based
forward kinematics of under-constrained suspended CDPRs with elastic cables. On the
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one hand, the under-constrained configuration couples the kinematics and statics of the
robot, whereas, on the other hand, the elastic cable model couples the cable lengths with
their tensions. This makes the problem formulation highly non-linear and coupled. The
algorithm is motivated by the aim of performing forward kinematics for such situations
while tracking a pre-planned path and is fulfilled using the unsupervised neural network
weight adaptation strategy. Assuming that the waypoints belonging to the path are close,
our model does not require significant weight updates. Thus, the convergence turns out
to be slower for the starting position and faster for the waypoints as compared to the
popular least-square non-linear (Isgnonlin by ® MATLAB) optimization framework.
Finally, a pre-planned path is tracked using a simulated spatial CDPR (with 6-DOFs, 4
cables). The overall performance for the proposed algorithm and Isgnonlin is compared
based on the time efficiency and accuracy.

The model of the manipulator and the associated nomenclature are discussed in
Section 3. Section 4 describes the elastic cable model used Section 5 formulates the
geometrico-static problem of the CDPR under study. The unsupervised neural network
is described in Section 6. Section 7 gives the simulation results obtained using the pro-
posed approach. Those results are discussed in Section 8. Conclusions and future work
are drawn in Section 9.

3 Parametrization

We consider a CDPR consisting of m ca-
bles and n-DOFs. Its " closed-loop be-
ing represented in Fig. 1. The two frames
of reference, namely, %, and %, are
attached to the fixed base frame and
the MP frame respectively. a; represents
the Cartesian coordinates vector of exit
point A; on the fixed frame, expressed
in .%,. The cable attachment with the
MP, B; is defined by the Cartesian coordi-
nate vector b; expressed in .%,. The MP
pose is defined by the vector p from O
to P and the corresponding orientation of Fig. 1: i""_closed loop of the CDPR
the MP w.r.t. the fixed frame is defined

by the rotation matrix *R,, € SO(3) from

Fp to F, p-

The i loop closure equation is expressed as:

bai + E?ll,‘ — bR[,pb,’ b pP= 03 (D)

u; is the unit vector along the ith cable pointing from A; to B; and 03 is a three-
dimensional zero vector. The subscript ? (7, resp.) means that the corresponding vector
is expressed in frame %}, (%), resp.).
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The pre-planned path used for verification purpose is chosen to be within robot
workspace (based on CRAFT [13] with an upper and lower bound on cable tensions
equal tof =86 N and 7 = 1 N respectively). The MP mass is named mg.

4 Elastic Cable Model

We consider the mass-less elastic cable model wherein the cables are modelled as linear
springs instead of rigid links. Their elongation is a function of their elasticiy and the
tension. This eventually couples the kinematic analysis of the robot with the statics.
Naturally, for a cable to get into a stable elongation, it is a logarithmic function of
time [1]. However, for simplicity, we consider solving for the final elongation and use
the stress-strain relationship [6]. For a cable, let the parameters be Ay, Ey, t., ¢, and £,
defined as the undeformed cross-sectional area, elastic modulus, cable tension, length
from the actuator-encoder and the final elongated length, respectively. Then, the elastic
elongation, A/, is given by:
ly
Ey Ap

and along with the relation, ¢, = ¢, + A/, the undeformed length can be obtained as a
function of cable tension and elongated length, given by:

1+ Eoter

Al =1, @)

> 3

5 Geometrico-Static Modeling

After realizing the first coupling between kinematics and statics based on elastic cable
model in Section 4, this section formulates the second coupling between them based on
the under-constrained suspended configuration. Specifically, this section presents the
static equilibrium formulations with the inverse and forward kinematics. It should be
noted that all occurrences of ¢; correspond to the elongated cable length.

5.1 Static Equilibrium

Let an external force f, and moment 7, be applied on the moving platform. For the
moving platform to remain in equilibrium, there must exist a m-dimensional vector of
cable tensions, t = [f],12,...,ty], satisfying the Newton-Euler equation given by,

~Wittw=0, (4)

where W is the normalized Wrench matrix of the mechanism at this particular MP pose,
given by
bll] .. ”um

W= (1/r)"R, by xPuy ... (1/r)’R, by, " uy,

&)

and w, = [f (1/r)t]]" as dimensionless homogenized matrices with the help of a
characteristic length r which is defined as =1 /m Y Hj b,-||§ (refer [19, 20]).
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Hereafter, we denote W as W(s), because wrench matrix is a function of the MP pose,
s (defined in the next subsection).

Now, as the wrench matrix formulation is similar for both massless rigid and elastic
cables [9], the tension distribution obtained from Eq. (4) holds true for our case.

5.2 Inverse Kinematics

The inverse kinematics (IK) formulation for CDPRs is the mapping from the Cartesian
space to the cable space. For a given For a given pose (position + orientation) of the
moving-platform (MP) of a n-DOF CDPR, IK computes the undeformed lengths of the
m cables.

The MP pose, s = [’p,’¢]”, is given by the position vector of the geometric center of
the moving platform ”p and its orientation with respect to the base frame *¢ = [¢, 0, y].
Thus, R, = R;(¥)R(0)R(¢) and from Eq. (1),

tu; =" p+ thpbi —ba; (6)

0 = H”p+bRP”b,- “a| 7

where €, = [€a1,€a2, - -, am) 1s the vector of undeformed actuated cable lengths ob-
tained using the corresponding elongated cable lengths, ¢; (from Eq. (7)), and cable
tensions, t (from Eq. (4) using MP pose s) through Eq. (3). ||.||2 denotes the two-norm
of a vector. This IK mapping from s, t to ¢, is referred to the mapping function defined
as,

E:seR"teR"— £, cR"

5.3 Forward Kinematics

The forward kinematics (FK) of a cable-driven manipulator consists of obtaining the
platform pose, s, based on given cable lengths £, and external wrench. For the under-
actuated CDPR studied in this paper, the kinematic model is under-determined. Thus,
the FK problem is set up as a minimization problem where the relative error between
the given actuated cable lengths, 2,, and the lengths obtained from the IK at the current
pose, £, = E(s, t) is a minimum. The error required to be minimized is given by:

e(s) =

L—&(s. ), ®)

Thus, for a given Za, the FK formulation is expressed as:

(0, eR"—»seR"
such that

¢(@,) = argmsin 2,—E&s, t)H2
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6 Neural-Network Formulation

The components of robot kinetostatics play a vital role in defining the solution of the
forward kinematics and the feasibility of the solution as a measure of satisfaction of the
static equilibrium. Unlike serial robots, solving the forward kinematics is more diffi-
cult than solving the inverse kinematics for such parallel robots. The proposed neural
network (NN) formulation is guided by an unsupervised iterative strategy to solve the
surrogate objective of finding a suitable MP pose for given cable lengths.

The complete NN framework is built to take the cable lengths from the trajectory
in joint space along with the external wrench being applied on the MP. Thus, the input

vector is given by x = [ZZ we!]”. Finally, the framework solves for the MP pose and
required cable tensions to maintain the MP in a static equilibrium while considering
elastic cable elongations. Accordingly, the output vector is given by y = [s” t7]7. The
overall proposed strategy is formulated as solving:

NN :x e R"" 5y c R™H"

s.t. forza,we exands,tey
b ¢
L-EGs. 1)
—W(s) t+we=0,

NN(x)=y= argmiP
s,

The above quadratic optimization problem was formulated as a surrogate objective
(Z) based on penalty formation from the constraints such that

2y =I5 ) = [l &G, 0+ -Wis) 4 wel ©)

However, it can be observed that the summation holds two different measurement
units, namely, square meter and Newton, respectively. In order to homogenize the sur-
rogate objective, the characteristic length (meter) and the weight (Newton) of the MP
were used respectively. Hence, the homogenized objective function is expressed as:

2
mg g

R

where g = 9.81m/s? is the acceleration due to gravity. Such a penalty function formula-
tion can be solved using Gradient Descent, Newton or Quasi-Newton method and Trust
Region methods.

6.1 Network Architecture

The formulated input-output problem is solved by means of an unsupervised neural
network scheme where the error is calculated using the cable lengths corresponding to
the predicted MP pose. The gradients are calculated based on the Stochastic Gradient
Descent (SGD) algorithm and the weights are updated based on those gradients.
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Consider a Neural Network (NN)
consisting of two hidden layers with
weights W of size h x (m+n), V of size
(m+n) x h and biases B of size h x 1, re-
spectively. Here, £ is the number of hid-  w,
den nodes in the hidden layers. The acti-
vation functions used for the hidden lay-
ers is the sigmoid function, o(x), defined
by:

~>

1
o(x)= — an .
I+e Fig. 2: Neural network architecture and ac-

The back-propagation error is de- tivation function
fined using . from Eq. (8). From SGD
formulation, the weights and biases are optimized with reference to calculated change
in weights 8w of size h x (m+n), 8y of size (m+n) x h and biases 8p of size i x 1
given by:

aw<j,i>=a§f;i) Voi=[l(min), j=[1H (12)
Bk))= g ¥ i=[AL k=1 () (13)

The updated weights and biases ([J,.,,) are obtained by using the above 8 values
obtained for the corresponding current weights and biases ((rens)- Here. U represents
all of W, V (weights) and B (biases). The neural network parameter update equations
are given by:

Woew = Weurrent — (X5W (15)
Vaew = Veurrent — a5V (16)
Brew = Beurrent — aSB (17)

where « is defined as the learning rate, typically in the range of 1074,

6.2 Derivatives and Gradient Descent

The final problem gets reduced to calculation of the gradients, i.e, the changes in
weights. To solve this problem, some pre-calculations are done to represent the pre-
dicted output vector y** from the input x, such that,

ynn (m+n)x1 = V(m+n) XhG(WhX (m+n)x(m+n) x1 + Bh>< 1 ) (] 8)

Each " individual term in the output vector is a function of the components of the
input vector:

h m+n
HEDY (V(u,j)c ( f W (j,i)x(i) + B(J, 1))) (19)
i=1

=
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[——cables o Pose Instances| —Cable 1 (I;) — Cable 3 (I;)
—Cable 2 (I,) —Cable 4 (I,)
4.5
EY '
£3.5F /7
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g 3 '
L25¢
Q
©
o 2t
15 ; ; : :
0 10 20 30 40 50
y (m) 00 x (m) Pose Instance
(a) Model and Cartesian Path (b) Pre-planned path in Cable Space

Fig. 3: CDPR configuration and reference path

As a result, the gradients defined in Egs. (10) to (12) take the form:

aj m+n aj 8y’;"

N e .. 20
WD)~ 5 v WD 0
8 min 9P gy
Z  dymn oV (k,j) @h
m+n ag ay
8B (j,1 Z y™ dB(j,1) 22)

The individual segments can be calculated based on derivative of the error with
respect to the outputs and the derivatives of outputs with respect to the weights. Here-
after, we refer this complete algorithm as the Unsupervised Forward Kinematics Neural
Network (UFKNN).

7 Simulation Results

UFKNN algorithm is implemented on a 6-DOF spatial robot with four cables. The
primary motivation of the methodology is to develop re-usability by making a module
to learn the FK for a particular manipulator. Thus, the results are analyzed by making
the manipulator follow a planned path in the joint space and are compared against the
results obtained with Isgnonlin, a non-linear optimizer using the Levenberg-Marquardt
algorithm. It is expected that the weights estimated for one instance do not vary much
when the MP moves to the next waypoint, decreasing the time taken to compute FK for
each instance. This makes tracking faster using only proprioceptive sensors. The results
are present thereafter considering the elastic cable model.

The suspended underconstrained configuration as shown in Fig. 3a is considered.
The setup with a size of 4.24 m x 3.67 m x 2.76 m (I x b x h) has a moving platform
of size 0.28 m x 0.28 m x 0.20 m. The appropriate learning rate (o) was obtained
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iteratively by observing the quality of the results. Table 1 gives the parameters that are
used in this illustrative example.

Table 1: Parameters for spatial CDPR-UFKNN algorithm, Isgnonlin and elastic cable
model

Parameter Value |[Parameter Value |Parameter Value

meg  5.6Kg| 1 ISN | itrsg,  5x10*
r039%m| n I8N | tol*® 1078

u 50 13 25N Ey 70 GPa

h 64 14 20N do 5 mm

a 107 | Lpeshora 00001 Ay md3/4

The reference path for this case is chosen to be a vertical spiral in the center of
the fixed frame, as in Fig. 3a, and the corresponding path in joint space is shown in
Fig. 3b. Such a path considers the extreme points at varying heights. Now, to track the
accuracy of the algorithm in finding an appropriate solution, we prepare ground-truth
outputs using the Cartesian data and fixed tension vector equal to t = [t1,,13,14], cable
tension values being given in Table 1. The wrench to be applied on the MP at every pose
instance is calculated by considering the fixed tension vector and the wrench matrix
corresponding to that MP pose.

The comparison setup for both the algorithms was based on an iterative rule based
on the fact that the right initial solution should speed up the convergence of the algo-
rithms. The ground truth output belonging to the first pose instance was fed into the
algorithms. During this initial setup process, while Isgnonlin takes only 4 secs to con-
verge, the neural network formulation requires about 1.5-min to tune the initial network
weights. All the calculations were performed using ©MATLAB with CPU computa-
tions on an Intel ®i7-7500U CPU@2.70GHz.

After both the algorithms perfectly fit
into the starting pose, the previous out-

puts from the algorithms were used as 10

initial for | li ioht _ —Neural Net
initial guesses (for Isgnonlin) or weights 7 g _Isqnonlin
(for neural network) for each of the next Q

pose instances. The performance and ac- S 6

curacy are measured on a variety of fac- ?"_u

tors as described below. Here, perfor- 2 4

mance is referred to the overall computa- o,

tional time objective which is the primary

objective. Accuracy, on the other hand, 0 Pols% Nurznober (igst Ci(s)e) 50
refers to the relative deviation of the ca-
ble lengths, cable tensions and Cartesian  Fig. 4: Computational time efficiency com-
MP poses from the desired values. parison

As a performance measure, the over-
all performance for both the algorithms
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was compared based on the computation time for each of the 50 pose instances. Fig-
ure 4 clearly justifies the learning of the neural network. It should be noted that the
pre-iterations for the initial pose for 1.5 min can be considered as the time taken by
the algorithm to learn the model-specific kineto-statics. Though Isgnonlin gets the priv-
ilege of having a very close initial guess (as the waypoints are very close to each other),
it has to perform a black-box optimization every time due to its model-free approach,
and takes nearly the same time (= 3.5 secs). The UFKNN algorithm does not store the
guesses, but a non-linear approximation of the kineto-static model itself and progres-
sively decreases the computational time. This is to be noted that the test conducted in
the presented work maintains constant tension targets for all the test poses in the ref-
erence path. With this consideration, the final points on the reference path lie at the
boundary of the wrench feasible workspace and hence the computation time increases
in the later stages.

8 Discussion

As we deal with coupled kinematics and statics of the under-constrained CDPR model,
the pose can be changed to satisfy wrench feasibility and decrease the wrench satis-
faction error. Thus, it is essential to judge the formulation’s accuracy by comparing it
with the ground truth reference poses. The metrics for comparison are the cable lengths,

6 x107 6 x107*
g g —Neural Net
@ @ ||—Isgnonlin
Ea Ea
S S
@ o
-2 ~ 2
Q —Neural Net|| 2
a —Isqgnonlin e
“o “o
0 10 20 30 40 50 0 10 20 30 40 50
Pose Number (Test Case) Pose Number (Test Case)
(a) For Cable 1 (b) For Cable 2
x10 x10*
,55 ,55
24 g4
£ E,
53 S
@ o2
m2 <
Q —Neural Net|| 21 —Neural Net
a1 —Isqgnonlin o —Isqgnonlin
o S

0 10 20 30 40 50 0 10 20 30 40 50
Pose Number (Test Case) Pose Number (Test Case)

(c) For Cable 3 (d) For Cable 4

Fig. 5: Comparison of cable length errors
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0.035

< c
2 o —Neural Net
a a 0.04  |—Isgnonlin
F 003 g
i : K, 0035
5 50.025 gz 002

. © C
28 © £0.025
=3 £z
22 02 sz 002
“ @ 0.015

0 10 20 30 40 50 0 10 20 30 40 50
Pose Number (Test Case) Pose Number (Test Case)
(a) For Cable 1 (b) For Cable 2
g 0035 § 0.035 —Neural Net
(7
[ =
= 0.03 - 0.03
Q@ Q@
® < 0.025 8%0.025
ogt ogt
£ q% £ q;)
sz —Neural Net| | 5=
0 10 20 30 40 50 0 10 20 30 40 50
Pose Number (Test Case) Pose Number (Test Case)
(c) For Cable 3 (d) For Cable 4

Fig. 6: Comparison of cable tension errors

cable tensions, and the predicted MP poses. Figures 5 and 6 show the accuracy compar-
ison of both the algorithms.

For cable lengths, the desired cable lengths obtained from the planned path are a part
of the inputs to the algorithms. After predicting the MP pose by the UFKNN algorithm,
the obtained cable lengths are calculated through IK. The final error is the difference
between the calculated and the desired cable lengths. The comparison of these cable
errors is given in Fig. 5 for all cables. The maximum deviation in cable length is equal
to 0.6 mm, which is negligible with respect to four-meter frame length. It is apparent
that UFKNN reaches the same accuracy as Isgnonlin in terms of cable lengths, but in
lesser time.

For cable tensions, the cable tension values were fixed for all MP pose instances,
whereas the external wrench, which is also an input to the algorithm, is varied such
that the wrench feasibility condition holds. The outputs of the algorithm correspond
to the MP pose and cable tensions. The error between the obtained and fixed desired
tensions is shown in Fig. 6. The maximum absolute error in cable tensions is 0.035 N
for Isgnonlin and 0.04 N for the UFKNN algorithm. The corresponding mean errors are

0.020 N and 0.025 N respectively. All these cable tensions usually result in a very high
[=W(s) t+well, ~ 1077
mg g ’

For predicted MP poses, the mean Cartesian error for the MP poses of the complete
path is 0.6 mm for UFKNN algorithm and 0.5 mm for Isgnonlin. The deviations are
mostly due to angular displacements, which should be null, but such a high precision
cannot be expected from numerical computations.

degree of wrench satisfaction i.e.
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9 Conclusions and Future Work

This paper presented an unsupervised neural network weight adaptation framework ac-
cording to the kineto-statics of under-constrained Cable-Driven Parallel Robots (CD-
PRs) with elastic cables and solves the FK problem for a suspended configuration.
The approach is validated with simulated results in a 6-DOF spatial CDPR setup and
compared with a non-linear least-square optimization-based Isqnonlin algorithm. The
comparison demonstrates the advantages of the model-based UFKNN algorithm to ap-
proximate the robot’s kineto-statics compared with model-free black-box optimization
techniques currently in practice. This method is beneficial to track paths in cable space,
namely in the actuation space. The method is computation time-efficient and works at
the same accuracy as other related optimization techniques. Future work includes imple-
menting the proposed algorithm on hardware and conducting simulated experiments to
fully leverage its capabilities. Finally, the algorithm will be extended to non-negligible
mass and sagging-based cable models to determine the solutions to the forward kine-
matics of more complex and realistic CDPRs.

Acknowledgement This work was supported by the ANR CRAFT project, grant ANR-
18-CE10-0004, https://anr.fr/Project-ANR-18-CE10-0004
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