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Short recommendation: 14 

This paper tackles the recurrent problem of analysing time series of spatial observations with 15 

spatially explicit methods. The approach is deliberately data based. We clarify and transform 16 

the method called Min-max Autocorrelation Factor to address ecological questions. EOMs are 17 

coined as a spatially explicit improvement of EOFs.   18 
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Abstract 21 

Point 1. Exploratory data analysis of spatio-temporal ecological observations often leads to 22 

decompose the spatio-temporal problem into a spatial part multiplied by a temporal part 23 

(factorization). Empirically, factorization can be done by principal component analyses (PCA). 24 

However, this produces factors that are spatially correlated leading to incomplete factorization. 25 

The purpose of this work is twofold: first, to detail the Min-max Autocorrelation Factor (MAF) 26 

developed a long time ago and to highlight its limitations and assumptions and, second, to adapt 27 

the method to ecological applications leading to Empirical Orthogonal Maps (EOM).  28 

Point 2. Empirical Orthogonal Maps (EOM) owe their name to the fact that they correspond to 29 

Empirical Orthogonal Functions (EOF) enhanced by a spatially explicit PCA. The method 30 

allows to extract the spatial patterns that explain most of the variability of a set of spatio-31 

temporal observations indexed by time and to quantify their relative importance through time.  32 

Point 3. Application on a time series of sixty-one scientific monitoring surveys targeting 33 

octopus distribution off the Mauritanian coast indicates that tens basic maps are sufficient to 34 

recover 68% of the total variability, and that the first two EOMs explain 38.4% of this 35 

variability. It also demonstrates the existence of a clear seasonality of the spatial patterns that 36 

are then estimated by weighted means of the EOMs.   37 

Point 4. This manuscript clarifies the concept of orthogonality between factors in a spatial 38 

context (whether real for some distances and assumed for others). This provides the conditions 39 

for using Euclidean distance between spatial distributions, which, in turn, founds the reduction 40 

of a large set of spatial distributions into a small subset of basic spatial distributions explaining 41 

most of the variability within the set of input maps.  42 

 43 
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1. Introduction 46 

Several approaches, stochastic or deterministic, parametrical or empirical, can be explored to 47 

analyse data with a dual spatial and temporal dimension. The complexity of the landscape of 48 

possible approaches is complicated by the semantic that, sometimes, introduces ambiguity. For 49 

instance, it is common to say that some methods are spatial while, in fact, they are not. Our 50 

criterion is to consider that a method is spatial (respectively temporal), if the interchange of two 51 

observations in space (respectively in time) modifies the result. Spatial representation of outputs 52 

is not sufficient to pretend that the method is spatial. For instance, Empirical Orthogonal 53 

Functions - EOFs (Lorenz, 1956) produce outputs that can be represented on a geographical 54 

scale. However, EOFs do not account for spatial structures and spatial autocorrelation that exist 55 

in the observations and are not, per se, spatial statistics. This was precisely the improvement 56 

brought in by Switzer and Green (1984) with the Min-max Autocorrelation Factors - MAF that 57 

explicitly account for spatial correlation. 58 

When dealing with spatio-temporal observations, a common objective of a large part of the 59 

different approaches is to factorize the spatio-temporal problem into a spatial part multiplied by 60 

a temporal part. Based on the Stochastic Partial Derivative Equation - SPDE framework 61 

recently developed by Lindgren et al. (2011), Thorson et al. (2015) proposed a Spatial Factor 62 

Analysis – SFA. This approach uses a reduced number of orthogonal random fields with SPDE 63 

characteristics. Each latent random field is indeed a stationary random Gaussian field 64 

characterized by a Matérn spatial covariance function (related to the distance between 65 

observations). In such a model, spatial independence between factors is guaranteed by 66 

construction and their number is constrained to be small for inference and parsimony 67 

considerations. This framework is thus quite appealing in that it allows identifying few factorial 68 

maps summarising the input spatio-temporal signal. A possible drawback of this approach is 69 

that the factors, both their numbers and their shapes, are model based. Once the model types 70 



are chosen (i.e. Matérn spatial autocorrelations functions), the parameters are inferred using 71 

Integrated Nested Laplace Nested Approximation - INLA algorithms making the overall 72 

approach efficient.  73 

Switzer & Green (1984) proposed a factorization based on so-called min-max autocorrelation 74 

factors – MAFs to filter out the noise of a series of multichannel spatial imagery data. Even 75 

though their approach recourses to the computation of variograms, no variogram model is 76 

required and their approach is model-free. The MAF procedures is a sequence of two Principal 77 

Component Analyses – PCA, and can be fully developed empirically, that is, without any 78 

parametric assumption. Since their seminal work, several studies have been developed using 79 

MAF decompositions (Shapiro & Switzer, 1989) notably in marine ecology (Fujiwara, 2008; 80 

Woillez et al., 2009; Petitgas et al., 2020).   81 

When applied to multivariate time series, it is often the case that the different variables are 82 

systematically measured over time (preferably regular but not necessarily). In these cases MAFs 83 

can be readily applied, as in Solow (1994) or in Woillez et al. (2009). The situation is more 84 

problematic considering time series of spatial distributions. Precisely because it is a model-free 85 

approach, the main drawback of MAF is that they need isotopic observations, i.e. data observed 86 

at the same spatial points over time (Wackernagel, 2003). This is seldom achieved for spatial 87 

survey following a scientific random design. In these cases, observations must be transformed 88 

into isotopic sets of data prior to factorization by ad hoc means. For instance, Petitgas et al. 89 

(2020) used migration to the nearest point of a common grid prior to the computation of MAFs. 90 

However, when the sampling protocol varies from one survey to the other, or when the number 91 

of samples fluctuates between surveys, heterotopy cannot be solved by simple migration; 92 

instead, a spatial interpolation (e.g. kriging) is required to return to isotopy.   93 

Particularly suitable situations embrace the regular grids. In these cases, as we will see in this 94 

manuscript, the first PCA of the MAFs is nothing but an EOF. This paves the way for a new 95 



nomenclature that is further justified by the following consideration. As it is underlined in this 96 

paper, MAFs are ordered by descending spatial autocorrelation intensity (the first MAFs are, 97 

by construction, those with the strongest autocorrelation at small geographical distance). This 98 

is the reason why the first MAFs suppress any noise component. However, in the ecological 99 

context, we defend the idea that what matters is rather the relative importance of the different 100 

spatial factors in the variability the observations, which corresponds to a different perspective. 101 

The objective is no longer to filter out the noise but to build the spatio-temporal patterns that 102 

best explain the time series of distribution maps, with the possible consequence that the most 103 

important part of the spatio-temporal signal could be the noise (nevertheless, this is important 104 

to know from an ecological point of view). We thus reformulate the MAF so that the first factors 105 

of the decomposition, hereafter called Empirical Orthogonal Maps – EOMs, make it possible 106 

to reproduce a reasonable portion of the variability of the initial data, which is not necessarily 107 

ensured by MAF.  108 

The objectives of this manuscript are then threefold. First, we detail the steps of calculation of 109 

EOMs and clarify the standardization step which is important for the interpretation of the 110 

outputs. Second, we indicate how to choose the factorial maps that explain most of the 111 

variability. Third, we emphasize that the orthogonality only concerns the short spatial scales 112 

and discuss the possibility to compute Euclidean distance between spatial distributions.  113 

The developments are illustrated by an application on a time series of thirty years of scientific 114 

monitoring surveys of the octopus spatial distribution off the Mauritanian coast.  115 

 116 

2. Method 117 

The Min-Max Autocorrelation Factor (MAF) was developed by Switzer and Green (1984) to 118 

eliminate noise in a family of hyperspectral images. When the image series is indexed by time, 119 

MAFs allow the spatio-temporal information present in the data set to be represented as a 120 



product of two terms. The first term (purely spatial) expresses spatial patterns from the data 121 

which, once recombined with weights fixed by the second term (purely temporal) give back the 122 

initial set of observations. In statistics, the factorisation brings the concept of independence. 123 

However, as mentioned below, this indeed only refers to non-correlation. The above-mentioned 124 

factorisation amounts to an augmented Empirical Orthogonal Factorization (EOF), which we 125 

therefore call an Empirical Orthogonal Mapping (EOM). Each term is important and 126 

meaningful: “Empirical”  indicates that no parametric assumption is required, “Orthogonal” 127 

refers to non correlation, and “Map” specifies that the factors of the decomposition are maps or 128 

spatial distributions (contrary to PCA where the factors are variables). The EOM is thus a min-129 

max autocorrelation factorization of a set of spatially regular distributions indexed by time.  130 

 131 

2.1. Construction of EOMs 132 

The whole process is developed outside of any probabilistic framework even though the use of 133 

random function formalism would be relevant. In this regard, capital letters are used to denote 134 

matrices. The EOMs are obtained by linear combination of a set of spatially regular distribution 135 

maps represented by the matrix 𝑍 of dimension 𝑆 ×  𝑇 where 𝑆 indicates the spatial dimension 136 

(e.g. the number of geographical positions sampled each time) and 𝑇 the temporal dimension 137 

(e.g. the number of times the spatial distribution is observed). Without loss of generality, we 138 

consider that 𝑍 has been centred according to 𝑍 − 1 ∗ 𝑚𝑡 where 𝑚𝑡 is the transpose of 𝑚, a 139 

1 × 𝑇 vector containing the mean of each map, and where 1 is a S × 1 vector of ones. The 140 

matrix notation provides a connexion with the continuous space-time framework where 𝑍[𝑠, 𝑡] 141 

represent the value at site 𝑠, 𝑠 = 1, … , 𝑆 and at time 𝑡, 𝑡 = 1, … , 𝑇. 142 

EOMs consists of a double PCA where the first PCA is nothing but an EOF. It is based on the 143 

eigen elements of 𝜌0, the correlation matrix of 𝑍, that is the variance-covariance matrix of 𝑍𝑠 =144 

𝑍 ∗ 𝐷𝑠−1 where 𝐷𝑠−1 is the 𝑇 × 𝑇 diagonal matrix of the inverse standard deviations. 145 



Standardizing the observations (or not) is key for the final interpretation of the output. The 146 

correlation considered here is the correlation between observations made at the same site but at 147 

different time, that is for a 0 distance in the geographical space. If we denote Λ0 the vector of 148 

the eigenvalues and 𝑃0 the 𝑇 × 𝑇 matrix of the corresponding eigenvectors, the EOF are written 149 

as 150 

𝐹 = 𝑍𝑠 ∗ 𝑃0 = 𝑍 ∗ 𝐷𝑠−1 ∗ 𝑃0 151 

where 𝐹 is a 𝑆 × 𝑇 matrix with the same dimension as 𝑍. The variances of the factors are given 152 

by the corresponding eigenvalues traditionally organised by decreasing values. Their sum 153 

equals 𝑇 the number of input spatial distributions. This first PCA is a projection of the 154 

standardized raw data in an orthogonal (but not orthonormal) base formed by the empirical 155 

orthogonal factors. In the spatio-temporal representation, the orthogonality between the factors 156 

refers to non-correlation of the factor values at the same geographical points. However, these 157 

factors may exhibit spatial correlations in the sense that their spatial covariances may be 158 

different from zero. The factors of an EOF are statistically, but not spatially, orthogonal. 159 

The second PCA thus aims to construct new factors with no spatial correlation for a given 160 

spatial distance (which usually corresponds to the distance to the nearest neighbour in the case 161 

of systematic spatial sampling or to the average distance to the nearest neighbour in irregular 162 

cases). The EOFs are first standardised, that is divided by the square root of their eigenvalues: 163 

𝐹𝑠 = 𝐹 ∗ 𝐷
Λ0

−1/2 164 

The second PCA is then based on the diagonalization of the variance-covariance matrix of their 165 

spatial increments for a given distance lag ℎ, that is on the eigen decomposition of (twice) the 166 

matrix of variogram and cross-variogram values between standardized EOFs. If we denote Γℎ 167 

the 𝑇 × 𝑇 matrix of (twice) the variogram and cross-variogram, Λℎ its eigen values and 𝑃ℎ its 168 

eigen vectors, the EOMs are obtained by: 169 

𝛸 = 𝐹𝑠 ∗ 𝑃ℎ = 𝑍 ∗ 𝐷𝑠−1 ∗ 𝑃0 ∗ 𝐷
Λ0

−
1
2

∗ 𝑃ℎ = 𝑍 ∗ 𝑃 170 



With the operator 𝑃 171 

𝑃 = 𝐷𝑠−1 ∗ 𝑃0 ∗ 𝐷
Λ0

−1/2 ∗ 𝑃ℎ 172 

In this expression, the matrix 𝑃 explicitly describes the sequence of operations required to build 173 

EOMs. First, the data are standardized (diagonal matrix 𝐷𝑠−1); then, their statistical variance-174 

covariance matrix is diagonalized and the data are projected in this orthogonal space (𝑃0); then, 175 

the factors constituting this orthogonal space are normalized (diagonal matrix 𝐷
Λ0

−1/2); and, 176 

finally, (twice) the variogram-cross-variogram matrix at distance ℎ of the projected data is 177 

diagonalized and the projected data are projected once more in this new orthogonal space (𝑃ℎ). 178 

𝛸 is an 𝑆 × 𝑇 matrix.  179 

By construction, the final factors Χ, have a unit variance, and are uncorrelated locally and at 180 

distance ℎ (the proof is given in Switzer and Green, 1984). The eigenvalues Λℎ equal (twice) 181 

the variogram of the final factors at distance ℎ and are generally organised in increasing order 182 

so that the first factors correspond to the strongest spatial structures.  For two EOMs ranked 𝑖 183 

and 𝑗, which are up to now similar to MAFs, we get: 184 

𝛾𝑖,𝑗(ℎ) = {

1

2
Λh[𝑖] if  𝑖 = 𝑗 (simple variogram)

0 if  𝑖 ≠ 𝑗 (cross-variogram)

 
  185 

 186 

Each EOM (Χ[. , 𝑡], 𝑡 = 1, … , 𝑇) represents a spatial distribution, which is a linear combination 187 

of the input spatial distributions. As EOMs are obtained by linear combinations of the input 188 

spatial distributions, this can be reversed (given that 𝑃 is invertible; see the section “Practical 189 

considerations”). Each input spatial distribution can, in turn, be expressed as a linear 190 

combination of the full set of the EOMs without any approximation (back-transformation): 191 

Z = Χ ∗ P−1 = 𝑋 ∗ 𝑄 192 

Approximation of the input spatial distributions are obtained by the linear combination 193 

eventually reduced to the 𝑟-first EOMs: 194 



𝑍̂1
𝑟 = Χ[. ,1: r] ∗ 𝑄[1: 𝑟, . ] 195 

(𝑆 × 𝑇) = (𝑆 × 𝑟) ∗ (𝑟 × 𝑇) 196 

Obviously, the larger the 𝑟 parameter, the better the approximation. While the primer objective 197 

of Switzer and Green (1984) was to remove the noisy part of a set of images, they ordered the 198 

factors by increasing variograms values at distance ℎ in order to favour the most spatially 199 

regular factors. However, the objective here is to select as few factors as possible that explain 200 

as much variability as possible. There is a priori no reason for the two arrangements to converge. 201 

The EOMs are thus re-arranged by their percentage of explained variance as follows. 202 

In PCA, the variance or the total inertia 𝐼 is equal to the sum of the variances of the input 203 

variables, that is to the trace of the variance-covariance matrix of 𝐼 = 𝑡𝑟(𝐶𝑍), and the 204 

percentage of variance explained by the first factors is equal to the sum of their eigenvalues 205 

over the inertia. This cannot be directly transposed to the EOMs.  206 

Therefore we define the percentage of variance explained by each EOM as: 207 

𝑡𝑟(𝐶𝑍̂r
r)

𝑡𝑟(𝐶𝑍)
=

𝑡𝑟(𝑄[𝑟, . ]𝑡 ∗ 𝑄[𝑟, . ])

𝑡𝑟(𝐶𝑍)
=

∑ 𝑄[𝑟, . ]2

𝑡𝑟(𝐶𝑍)
 208 

This makes it possible to rank and re-arrange the EOMs according to the percentage of variance 209 

they explain and select the ones that explain the largest part of the input variance.  210 

 211 

2.2. Mathematical orthogonality and statistical independence 212 

In spatial statistics, the orthogonality implies the absence of correlation between factors at any 213 

given possible distance (i.e. not only locally for zero distance). Strictly speaking, this means 214 

that the set of EOMs form an orthogonal base if and only if they are spatially uncorrelated. 215 

However, the definition of the EOMs insures zero covariance only at distances 0 and at distance 216 

ℎ.  While it is a step ahead towards spatial non-correlation compared to traditional EOFs, the 217 

EOMs are not fully spatially orthogonal and do not form a basis sensus stricto.  218 



However, a weak definition of non-correlation is envisaged here. The EOMs are said to be 219 

weakly spatially uncorrelated if the mean value of their cross-variogram values equal 0 at any 220 

given distance: 221 

𝛾𝑖,𝑗(ℎ)̅̅ ̅̅ ̅̅ ̅̅ = 0   ∀ℎ,  if 𝑖 ≠ 𝑗 222 

This can be applied to the full set of the EOMs or to the 𝑟-first ones in order to qualitatively 223 

diagnose if the space where the input spatial distributions are projected is more or less spatially 224 

orthogonal. 225 

 226 

2.3. Distance between spatial distributions  227 

In the EOMs framework, each input spatial distribution corresponds to a vector of coefficients 228 

of their EOMs decompositions. If the 𝑟-first EOMs are uncorrelated, these coefficients give the 229 

coordinates of the input spatial distributions in the orthonormal space defined by the 𝑟-first 230 

EOMs. Each dimension of this space is defined by an EOM, that is, a basic spatial distribution.  231 

The first factorial plan is thus the 2D space defined by the two spatial distributions that explain 232 

most of the variability of the input spatial distributions that is the first two EOMs. Each input 233 

distribution can be represented by a point in this 2D space, thanks to its first two coordinates.  234 

This can be generalised to any 𝑟-dimensional EOMs space and opens the use of a distance-235 

based metric to compare distribution maps. For instance, hierarchical ascending classification 236 

or k-means, to group spatial distributions whose decompositions in the base of EOMs are 237 

similar. Given the above discussion on orthogonality (in the mathematical and statistical 238 

senses), the recourse to Euclidean distance between spatial distributions in an 𝑟-dimensional 239 

EOM space is as relevant as the orthogonality of the EOMs is effective. 240 

There is a strict equivalence in considering:  241 

 the coefficients of the decomposition of an input spatial distribution on 𝑟 basic spatial 242 

distributions/EOMs 243 



 the coefficients of the approximation of an input spatial distribution by the linear 244 

combination of 𝑟 basic spatial distributions/EOMs 245 

 the coordinates of an input spatial distribution in an orthogonal space made of 𝑟 basic 246 

spatial distributions/EOMs  247 

 248 

2.4. Standardised and non-standardised EOMs 249 

As indicated by the back-transformation equations, the coefficients of the decomposition of a 250 

given spatial distribution, say 𝑍[. , 𝑡], in an 𝑟-dimensional EOM space correspond to 251 

𝑃−1[1: 𝑟, 𝑡], that is the 𝑟-first lines of the 𝑡𝑡ℎ column of the rebuilding matrix 𝑃−1. 252 

Back-transformation, dimension reduction and approximation can refer to the standardized 253 

input data: 254 

  255 

Zs = Χ ∗ Qs 256 

with 257 

𝑃𝑠 = 𝑃0 ∗ 𝐷
Λ0

−
1
2

∗ 𝑃ℎ    and     𝑄𝑠 = 𝑃𝑠
−1 258 

Zŝ1

r
= Χ[. ,1: r] ∗ Qs[1: 𝑟, . ] 259 

 260 

This allows analysing the shape of the input spatial patterns irrespective to their level of 261 

variability. In this case, spatial distributions are similar if they have the same patterns, up to a 262 

multiplicative value. The corresponding percentage of correlation explained by the 𝑟-first 263 

EOMs is given by   264 

𝑡𝑟(𝐶Zs
r̂)

𝑇
=

∑ 𝑄𝑠[𝑟, . ]2

𝑇
 265 

which may differ from the percentage of variance explained.  266 

 267 



2.5. Practical considerations 268 

EOMs are built for a given reference distance ℎ. In practice, one often needs to use some 269 

tolerance around the reference distance either to account for sampling sites that are irregularly 270 

spaced and/or to account for a large distance interval for which the cross-variograms will be 271 

null on average to ensure weak independence for instance.   272 

The signs of the eigen-elements are purely conventional but coherent between eigenvectors and 273 

their eigenvalues. Therefore, their interpretation must be established jointly. An EOM whose 274 

coefficients are all negative is interpreted according to its symmetric values with respect to 0.  275 

Empirical variance-covariance matrices are not always positive definite. In particular, when 276 

𝑇 ≥ 𝑆, that is when the number of surveys is larger than or equal to the number of sampling 277 

sites per survey, the variance-covariance matrices is singular and cannot be inverted. In this 278 

case, its eigen-elements do not exist and the EOM decomposition is not possible.  279 

The time series of input spatial distributions may not be regular in time. It is also worth 280 

mentioning that indexes 𝑡 could be interchanged without modifying the EOM outputs.  EOM is 281 

not a method that is explicitly temporal. However, unlike EOF that are not a spatial method 282 

(sites could be interchanged without modifying the EOF outputs), EOM are spatially explicit. 283 

All the computations were performed under R using the package RGeostats, which can be freely 284 

downloaded from http://cg.ensmp.fr/rgeostats. The scripts are available in the archive 285 

associated to this manuscript.  286 

 287 

3. Data 288 

EOMs are used to analyse the time series of sixty-one (𝑇 = 61) octopus surveys on board the 289 

research vessels N’Diago and AL-Awam during the periods 1987-1996 and 1997-2017 290 

respectively. Each survey follows a stratified random sampling based on three latitudinal strata 291 

(Fig. 1).  The average number of samples is 102 per survey with some surveys having only few 292 

http://cg.ensmp.fr/rgeostats


tens of samples. In each sampling site, the density of octopus is provided in number of 293 

individuals per swept area (on average 0.055 km²). An inter-calibration experiment between the 294 

two research vessels was carried out for the period 1987-89 in order to make the data series 295 

homogeneous by taking into account the change of fishing gear that took place in 1989 (Gascuel 296 

et al., 2007). The timing of the surveys is not regular but there is at least one survey per year.  297 

The position of the sampling sites of each survey are drawn at random and are thus different 298 

from one survey to the others, with surveys with a low spatial coverage.  So, prior to EOMs 299 

computations, survey data are interpolated by ordinary block kriging (Chilès & Delfiner, 2012) 300 

on a regular 0.1° x 0.1° grid restricted to the polygon of presence of octopus. The number of 301 

active grid cells is 𝑆 = 341. As 𝑇 < 𝑆, it is possible to compute EOMs.   302 

As all regression techniques, kriging is a smoothing. This means that the kriging maps do not 303 

have the same level of variability than the raw input observations. This is in favour of the use 304 

of standardized EOMs that allow comparing and grouping the surveys only based on the shapes 305 

of their spatial distributions.  306 

 307 

4. Results 308 

The first EOM alone explain 28.5% of the overall variability (Fig. 2) and four basic EOMs were 309 

enough to recover more than half of the input variability. The ranking based on the percentage 310 

of explained correlation is not fully consistent with the ranking based on the variogram value 311 

(see for instance, the sixth EOM whose spatial regularity is not intermediate between that of 312 

the fifth and the seventh ones). The local variability, i.e. the variogram value at the reference 313 

distance of 0.1°, starts to increase after the tenth EOMs. Meanwhile, the ten first EOMs carry 314 

68% of the overall variability. This is considered as a good compromise for dimension reduction 315 

(𝑟 = 10). 316 



The cross-variogram values of the ten selected EOMs are equal to 0 for the reference distance 317 

(i.e. ℎ = 0.1°) and are, on average, equal to zero when mixing all pairs of EOMs together (Fig. 318 

3a) which is consistent with a weak non-correlation. However, their fluctuations clearly 319 

increase for larger distances. When EOMs are computed for a large interval of reference 320 

distance, say for distances between 0° and 1°, their cross-variogram values are strongly reduced 321 

around 0 on average for all distance classes between 0° and 1° (Fig. 3b) indicating that they 322 

form an orthogonal base in the strong sense. However, this produces EOMs whose spatial 323 

structures are rapidly pure noise with no spatial structure and low descriptive power (Fig. 2).  324 

The first factorial space, i.e. the space formed by the two first EOMs, explains 38.4% of the 325 

overall input correlation. In this factorial space, the surveys display two clear groups with little 326 

overlap between them (Fig. 4). This is further investigated through a hierarchical ascending 327 

classification (HAC) based on the 10 first EOMs using the Ward distance. The HAC underlines 328 

the existence of two groups of surveys with similar spatial patterns (Fig. 5) that strongly 329 

matches the climatic seasons (Fig. 5; accuracy = 68%). While the first three EOMs get clearly 330 

and statistically (ANOVA with 𝑝. 𝑣𝑎𝑙𝑢𝑒 <  10−3; Fig. 6) different scores for the two clusters, 331 

ANOVA diagnostics are also statistically significant for EOM ranked 6, 8, 9 and 10. Finally, 332 

the vectors of the average scores per cluster are used to estimate the mean spatial distribution 333 

of each cluster (Fig. 4).  334 



 335 

Figure 1. Sampling protocol. Typical survey data (March, 2015). Octopus densities are in 336 

number of individuals per swept area (on average 0.055 km²). 337 

 338 

Figure 2. Values of the omnidirectional variogram of the EOMs for the grid cell distance (0.1°) 339 

as a function of the percentage of correlation explained by the r-first EOMs. In black, the EOMs 340 

corresponding to a reference distance equal to the grid cell size (ℎ = 0.1 +/−0.05). In red, the 341 

EOMs obtained when ℎ = 0.5 +/−0.5. The first ten EOMs are depicted by plain circles. 342 



  

Figure 3. Cross variogram values for the first distance lags for the first 10 EOMs. Left: EOMs 343 

used in the study corresponding to a reference distance equal to the grid cell size (ℎ = 0.1 +344 

/−0.05). Right, EOMs obtained when using a large interval reference distance (ℎ = 0.5 +345 

/−0.5).  346 



 347 

Figure 4. Factorial space made of the first two EOMs. In this space, the survey are located 348 

according to their standardised scores in the EOMs factorisation. The two EOMs associated to 349 

each dimension of the factorial space are represented. The mean distribution of each group is 350 

also represented. Surveys that happened during the hot season are denoted “H” and “C” for the 351 

cold season. Polygons are the convex hull encompassing the surveys that belong to the same 352 

cluster of the hierarchical ascending analysis. 353 

 354 

 355 



 356 

Figure 5. Dendrogram (Ward distance) of the 61 surveys based on the first ten EOMs. The 357 

colour bar is defined by the season: in blue, the months corresponding to the cold season (light 358 

blue for the two extremal months of the cold season) and, in red, the months corresponding to 359 

the hot season (light red for the two extremal months of the hot season). 360 

 361 

Figure 6. Boxplots per cluster of the scores of the decompositions of the 61 input spatial 362 

distributions on the 10 first EOMs. The colour’ transparency is proportional to the p-value of 363 

the difference between means per cluster: the more transparent, the less significant the 364 

difference between the two seasons.  365 



5. Discussion 366 

Being defined by the sequence of two PCAs, EOM is fundamentally an empirical approach. 367 

The fact that it refers to variogram in the second PCA does not change this fact. By the way, 368 

what is minimized is not the value of a variogram model at a given distance, but the value of 369 

empirical covariance between the increments of two EOFs for a given reference geographical 370 

distance. The recourse to random function is thus external to the EOM: either before, in order 371 

to get values on fixed sampling sites over the study period, or after, to map the EOMs if needed. 372 

Being empirical, EOM has the drawback that it can only be performed for sets of sampling sites 373 

(spatially regular or not) that are systematically observed over time (isotopy). Factorizing a set 374 

of heterotopic variables (i.e. variables that are not observed at the set sets of geographical 375 

points) by linear combinations remains an open question. Spatial covariance (simple and cross 376 

covariance) can deal with heterotopic variables (Wackernagel, 2003). However, the 377 

fundamental nature of factorization being to make a linear combination of the variables at the 378 

same points, the problem cannot be fully solved by the recourse to covariance.  379 

Similar to EOFs that are not spatial in their construction but that can be represented spatially, 380 

EOMs are not temporal but can be represented temporally. It is thus an abuse of language to 381 

say that EOM offers a spatio-temporal approach. 382 

In statistics, the orthogonality of the factors (PCA, EOF, etc) refers to the absence of mutual 383 

correlations. In a spatial context, this means the absence of correlation at the same geographical 384 

points. After the second PCA, the orthogonality is extended to a given geographical distance 385 

but not to all possible distances. So EOMs do not reach a full orthogonality by construction. 386 

The only known case were orthogonal factors in the statistical sense are also fully spatially 387 

uncorrelated is the case of the proportional covariance also called intrinsic correlation model 388 

(Chilès & Delfiner, 2012). This model is very peculiar and very specific. In the present analysis, 389 

we have shown that a weak orthogonality can however be considered when mutual correlations 390 



are not null one by one, but on average. We also have indicated that enlarging the distance 391 

interval used in the EOM computation can help reaching orthogonality. However, the EOMs 392 

that are obtained in this case lack of ecological interest. There is thus a compromise between 393 

orthogonality, that makes orthogonal representations and Euclidean distances relevant, and 394 

ecological interest when EOMs get meaningful spatial patterns. 395 

MAFs were initially developed to eliminate noise in a set of images and extract their common 396 

signal. They are thus naturally ordered by decreasing autocorrelation at the reference distance, 397 

that is, by increasing order of the eigenvalue of the second PCA. Considering all MAFs in the 398 

analysis and interpretation allows to restore all the initial information and to describe perfectly 399 

the spatiotemporal variability of the observed data. However, there is no reason why the most 400 

important factors should be the most spatially regular. Indeed, the most important EOMs are 401 

rather those that endorse most of the variability. In our study case, the percentages of variance 402 

explained by the EOMs indicate that the two rankings are not similar, even though the first ten 403 

EOMs are the same. 404 

Depending on the EOMs’ algorithm, the approach refers either to the raw data or to their 405 

standardized version. The empirical Taylor’s power law (Taylor, 1961) has been widely 406 

established in ecology. It can be summarized as the relationship between mean and variance (of 407 

count data). In this context, looking at spatial patterns relatively to the standard deviations 408 

amounts to study the spatial patterns relatively to the biomass. It is thus key to know precisely 409 

what kind of PCAs is used and which EOMs are generated. Analyses reported here concern the 410 

spatial patterns in relative terms in order to compare and to group the surveys considering only 411 

the shapes of their spatial distributions. This also weights down the impact of the kriging made 412 

prior to the analyses.  This allowed grouping surveys that are characteristic of each ecological 413 

season, and allowed building the expected spatial distribution for each ecological season. This 414 

means that the climatic season coincided with an ecological season. This was known a priori. 415 



However, this came as an resulting property from the comparison of the spatial distributions 416 

and was not included at first in the analysis. This is a key difference that strengthens the status 417 

of such a knowledge: it is no longer a priori brought in, but it is deduced from a long series of 418 

spatial distributions. 419 

 420 
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