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Bivariate 2D empirical mode decomposition for analyzing instantaneous
turbulent velocity field in unsteady flows

Mehdi Sadeghi, Fabrice Foucher, Karim Abed-Meraim, Christine Mounaim-Rousselle

Laboratoire PRISME, Université d’Orléans, 8 rue Léonard de Vinci, 45072 Orléans, France

We introduce and demonstrate the bivariate two-dimensional empirical mode decomposition (bivariate 2D-EMD) for the
decomposition of a turbulent instantaneous velocity field to separate spatial large-scale organized motion from random tur-
bulent fluctuations. To validate this approach, it was applied to an experimental homogeneous and isotropic turbulent flow
(HIT), perturbed by a synthetic Lamb—Oseen vortex that mimics the feature of organized motion. Through different test cases,
the scale, the amplitude and the position of the synthetic vortex with respect to the turbulent velocity field were changed. By
applying an energy criterion on the modes which resulted from the decomposition process, the initial HIT flow was separated
from synthetic perturbation. It is important to point out that in this approach the decomposition as well as the distinction of
different parts of the flow are free from any prior and objective assumptions and it requires just one instantaneous velocity
field of the flow under analysis. The proposed methodology could be used for analyzing 2D velocity fields obtained from
experimental measurement or CFD in different configurations (in-cylinder flow, channel flows, etc.).

1 Introduction

Ever since the existence of so-called coherent structures
in turbulent flow was observed (Brown and Roshko 1974),
their identification, characterization and separation from
background turbulence have become a topic of major
interest in the scientific community (Epps 2017). Due to
their considerable content of flow energy (Fiedler 1998),
they have a great influence on several physical phenom-
ena such as mixing processes, combustion, heat transfer,
noise generation, and fluid—structure interaction. While
the coherent structures are significantly persistent in time
and space, their definition is not universal and is open

to debate (Hussain 1983; Bonnet et al. 1998). In the tri-
ple decomposition introduced by Reynolds and Hussain
(1972), a physical variable of turbulent flow such as
the instantaneous velocity U is separated into a mean i
(i.e., time-averaged), a coherent part u° (i.e., ensemble or
phase-averaged component) and a random fluctuation ",
soU = it + u® + u". However, in this definition, no correla-
tion between the coherent and the turbulent part is con-
sidered. Such a decomposition is not straightforward and
several approaches were proposed to distinguish different
parts of the velocity field in turbulent flow. Traditional
Fourier-based analysis (harmonic decomposition with
fixed frequencies), for instance, can be used to separate
flow organized motion from small scales. It is efficient



when a well-identified typical frequency exists within the
data. Nevertheless, the choice of the cut-off frequency
for scale separation is a major drawback of this method.
In addition, such an analysis can only give a meaning-
ful interpretation to linear and stationary processes and
its application to nonlinear and nonstationary processes
is problematic (Huang et al. 1998). Another attractive
method called proper orthogonal decomposition (POD)
was suggested by Lumley (1967) to extract coherent struc-
tures from turbulent flow. This method was developed in
the signal processing community by Pearson (1901) and
Hotelling (1933), and named Principal Component Analy-
sis (PCA). It is a linear procedure that decomposes the
velocity field into a set of orthogonal basis functions (i.e.,
modes) chosen according to their energy level. Afterwards,
the separation between the contributions of the coherent
part, the first energetic modes, and random fluctuations is
performed by truncating the series of the modes, which
requires defining an objective criterion (Druault et al.
2005; Roudnitzky et al. 2006; Foucher et al. 2008). In
addition, the POD method is a statistical approach associ-
ated with a convergence criterion that restricts its inter-
est in the case of intrinsically transient flows. A more
sophisticated filtering method, the wavelet transform, can
be used to extract coherent structures from the turbulent
fluctuating field as proposed by Farge et al. (1999, 2001)
and Lewalle et al. (2000). In this approach, the signal
is represented in terms of prior basis functions (mother
wavelet), that is, non-adaptive nature of wavelet decom-
position; hence, the performance of the analysis is closely
tied to how well the morphology of the signal under study
is represented by these selected basis elements. It should
be pointed out that this method was originally designed to
process nonstationary but linear phenomena (Strang 1989;
Flandrin 1998). For the analysis of nonstationary and non-
linear data, Huang et al. (1998) introduced the empirical
mode decomposition (EMD) method, which is intuitive,
direct, and adaptive with a posteriori-defined basis derived
from data. The combination of the EMD and Hilbert spec-
tral analysis (HSA) to obtain the instantaneous frequency,
designated as the Hilbert Huang transform (HHT) gives
the time—frequency—energy representation for nonlinear
and nonstationary data. The decomposition is based on
the simple assumption that at any given time, the data
may have many different coexisting oscillatory modes,
with significantly different frequencies, one superim-
posed on the others. EMD can provide the decomposition
of any complicated data set into a finite and often small
number of simple intrinsic oscillatory modes, also called
intrinsic mode functions (IMFs). An IMF is a counterpart
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Fig.1 EMD analysis of a turbulent signal in the top panel and
the corresponding IMFs (modes)

to the simple harmonic function but instead of constant
amplitude or frequency, as in the case of dynamical mode
decomposition (Schmid 2010), it has both variable ampli-
tude and frequency as a function of time, i.e., a multiscale
function. Given a one-dimensional (1D) signal, the algo-
rithm of EMD is described as follows:

1. Identify all local extrema of the variable x(¢).

2. Interpolate (using local spline interpolation) between all
the minima (resp. maxima) to obtain the signal envelope
passing through the minima, e, (¢) (resp. e, (?)).

3. Compute the local mean m(t) = (€pin (1) + €y (1)) /2.
4. Subtract the local mean from the signal to obtain the
modulated oscillation, local detail 4(7) = x(t) — m(¢).

5. The component A(f) is then examined to check if it satis-
fies the condition to be an IMF (given below). If yes it
is considered as the first IMF and denoted IMF, = A(?),
else set x(#) = h(t) and go to step 1.

6. Subtract the so-derived IMF from the variable x(¢) so
that the residual, 7(¢) = x(¢) — IMF(z), is taken as the new
data series in step 1.

7. Stop the process when the residual from step 6 becomes
a monotonic function, i.e., signal trend, from which no
more IMFs can be extracted.

In EMD procedure, step 1 to step 5 is called the sifting
process that iterates until the detail A(¢) satisfies the follow-
ing conditions to be an IMF. First, from the whole data set
the number of extrema and zero crossings are either equal or
differ by exactly one. Second, at any point, the mean value of
the envelope defined by the local maxima and the envelope



defined by the local minima is zero (symmetric upper/lower
envelope).

Several stoppage criteria were proposed by different
investigations which are not discussed here, but a general
discussion about all the criteria can be found in Wang et al.
(2010). After decomposition, the input signal can, therefore,
be expressed as x(f) = Zﬁ(v:] IMF, + ry(#). In this way, EMD
decomposes gradually any arbitrary signal from the finest
scale of the shortest period to longer ones. As an example,
Fig. 1 presents the analysis of a turbulent velocity signal
(first line) by EMD and its corresponding IMFs.

EMD has been exhaustively tested and validated (Huang
and Attoh-Okine 2005) and has met with great success in
various scientific fields such as seismology (Zhou et al.
2012) and geophysics (Feynman and Ruzmaikin 2014),
biology (Liang et al. 2005), atmospheric physics (Fran-
zke 2014) and brain—computer interface (Wu et al. 2011;
Hemakom et al. 2016). Huang et al. (1999) used EMD and
the Hilbert transform to assess the evolution of Stokes and
nonlinear water waves. They demonstrated the advantages of
this approach as compared to wavelet decomposition for the
identification of different events in the velocity field. Huang
et al. (2008) applied EMD on homogenous turbulence time
series to investigate turbulent scaling intermittency. Ducoin
et al. (2009) applied EMD to analyze the temporal evolution
of turbulent flow pressure over a transient moving hydrofoil.
Foucher and Ravier (2010) determined turbulence proper-
ties on a random perturbed flow and Mazellier and Foucher
(2011) used EMD to separate coherent structures from ran-
dom turbulent fluctuations. Sadeghi et al. (2016) applied
bivariate EMD to separate coherent structures from interfer-
ence fluctuations in turbulent flow.

All these applications are limited to the temporal analysis
of the local velocity field at one point in the flow. EMD has
also been applied on two-dimensional data during the last
decade. Bidimensional EMD has proved remarkably suc-
cessful in image processing (Linderhed 2009; Looney and
Mandic 2009) and pattern recognition (Nunes et al. 2005;
Guanlei et al. 2009). However, to the best of our knowledge,
EMD analysis has not yet been developed in the signal pro-
cessing community for the decomposition of bivariate (i.e.,
two components)-2D signals such as the 2D velocity fields
in which the velocity vector has two components, i.e., hori-
zontal and vertical velocities.

The objective of this study is to extend the EMD method
to the decomposition of bivariate two-dimensional signals to
separate flow large-scale organized structures from turbulent
random fluctuations in 2D fields. Since EMD is developed
to process nonlinear and nonstationary phenomena, such
an approach is entirely appropriate for analyzing flows that
are inherently unsteady. For instance, it can be applied on

instantaneous in-cylinder velocity fields of thermal engines
to study the large-scale cycle-to-cycle variation of the gas
motion that has a significant impact on engine performance
(see Borée and Miles 2014 for a recent review). It can also
be used to estimate the turbulent fluctuations near piston top-
dead-center that have a great influence on flame propagation
and the combustion process (Lumley 2001). The paper is
organized as follows. Section 2 is dedicated to the descrip-
tion of the temporal (1D) multivariate EMD. Section 3 pre-
sents the description of the proposed bivariate 2D-EMD.
The potential of this approach in the decomposition of tur-
bulent velocity fields and the methodology used to separate
the large-scale organized motion from the random turbulent
field are presented in Sect. 4. The main results and conclud-
ing remarks are provided in Sect. 5.

2 Multivariate EMD

The key issue for extending standard EMD to process one-
dimensional multivariate signals is the definition of the
local mean since the definition of extrema for multivariate
signals is not obvious. The bivariate signal can be consid-
ered as a complex-valued signal so to define the extrema
envelopes, it should be projected in a given set of uniformly
distributed directions in the complex plane, ¢, = 2kx /N
with 1 <k < N. Then the periphery of the envelope is the
signal extrema in each direction. The interpolation, cubic
spline, of extrema in each direction ends up with the partial
envelope curve in direction ¢,, for more details, see Rilling
et al. (2007).

Inspired by this idea, the Trivariate EMD was devel-
oped by Rehman and Mandic (2010); in this method,
the extrema are found by projecting the input signal in
multiple directions in 3D space using quaternion rota-
tion framework. A unite quaternion vector is written as
g = cos 0 +usin @ = ¢"/2, where u is a 3D vector of unit
length. So B’ the rotation of a 3D vector B about u by angle
20 is defined using B' = gBg* = ¢"/* - B - (¢"/?)", where
the symbol “*” denotes the quaternion conjugate. Therefore,
to obtain the signal rotations in 3D space, it needs generat-
ing a set of values of u and € (multiple direction vectors).
Each direction vector can be represented by a point on the
surface of unit sphere (that is the end point of the unit vector
drawn from the sphere center), so a set of direction vectors
that represents the rotation axis u and the rotation angle 6
is represented by several points at one longitudinal line of
a unit sphere as shown in Fig. 2a. To project a signal on the
whole 3D space, different equi-distance longitudinal lines on
the sphere should be considered, presented in Fig. 2b, each



Fig. 2

a Multiple direction vectors on a single longitudinal
line, corresponding to rotation axis u; b A set of multiple
direc-tions vector spanning the whole 3D space; ¢ Quaternion
vector

one corresponding to one 3D rotation axis. So the projection
of the input signal along multiple direction vectors can be
calculated by rotating the input signal about a set of vectors
g, rotation axes, which can also be presented by a set of unit
quaternion, so ¢ = 0 + cos ()i + sin (¢)j + Ok, by @ an angle
to the x-axis, see Fig. 2c.

So the trivariate input signal x(¢) can be considered as a
pure quaternion signal and its projection is obtained by
Py(n) = e0x(1)(e9%)" - k, where 6, = kx /K fork = 1,... K,
and ¢, = nx /N, forn=1,...,N. Afterwards the extrema
envelope curves eZ{”(t) are obtained using a component-wise

spline interpolation of the maxima of P;’;”(t) for all values of

k and n. Finally, the mean of all the envelope curves is com-
puted by m(t) = ﬁ Zle Eiv:l e:k". The rest of the procedure
is like the standard EMD. For illustration purpose, the
results of the decomposition of a signal that comes from
hand movement are displayed in Fig. 3.

To process multivariate signal, Rehman and Mandic
(2009) introduced multivariate EMD (MEMD). It is the
generalization of bivariate EMD and trivariate EMD. In this
method, the input signal is projected along different direc-
tions in n-dimensional spaces. Then the extrema of such pro-
jected signals are interpolated component-wise to generate
multiple n-dimensional envelopes. Then such envelopes are
averaged to obtain the local mean.

To represent direction vectors in an n-dimensional space
in the Euclidean coordinate system, the points on the surface
of corresponding unit (n — 1) spheres are considered, indeed
each point on the sphere surface corresponds to one direc-
tion vector from the center of the sphere.

The accuracy of the estimate envelopes is coupled to how
uniformly these points, i.e., the multiple direction vectors,

q =0+ cos ()i +sin(p)j + Ok as a rotation axis represented with
series of ¢ € [0, x], from Rehman and Mandic (2010)

are selected. They can be obtained by uniform sampling
based on a low-discrepancy Hammersley sequence as sug-
gested by Rehman and Mandic (2009). For visualization
purposes in the case of a trivariate signal, this sampling is
illustrated in Fig. 4a.

The uniformly sampled direction vectors in multi-dimen-
sional spaces, i.e., fixed distribution of direction vectors, are
quite suitable for circular data with equal channel (compo-
nent) powers. However, in the real world, there is a power
discrepancy and/or inherent correlation between data chan-
nels so the density of projections should match the signal
dynamics. To overcome this problem nonuniformly sam-
pled bivariate EMD (NS-BEMD); (Ahrabian et al. 2013)
and nonuniformly sampled trivariate EMD (NS-TEMD);
(Hemakom et al. 2015) were proposed to process bivariate
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Fig. 3 Decomposition of a hand movement signal by trivariate
EMD, from Rehman and Mandic (2010)
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Fig. 4 a Direction vectors for taking projections of a trivariate
sig-nal on a two-sphere generated by a low-discrepancy

Hammersley sequence, from Rehman and Mandic (2009); b
scatter plot of the

and trivariate signals, respectively. In both methods, the
directions of principal importance and the interchannel
power imbalance are used to map the uniformly sampled
direction set to non-uniform sampling, i.e., elliptically
distributed points along the directions of principal impor-
tance. NS-TEMD uses all the eigenvectors and eigenvalues
of the trivariate signal covariance matrix to determine the
directions and interchannel imbalance. Applying the same
method in the case of a multivariate signal is questionable
since the direction of global highest curvature of the original
input signal may not always align with the direction of the
local first principal component of each sifting input, result-
ing in a suboptimal estimate of the local mean.

To overcome this shortcoming, a new approach called
adaptive-projection intrinsically transformed MEMD (APIT-
MEMD) was introduced by Hemakom et al. (2016). The
direction of the first principal component that reflects the
largest power imbalance and/or correlation in the channels
of the multivariate signal is determined adaptively. Indeed,
in each sifting process, the vectors that are used to relocate
uniform pre-generated direction vectors are defined locally.

Consider an n-variate signal
{s(t)}tT=1 = {sl(t), 55(2), ... ,sn(t),} as an input for each sift-
ing process; in APIT-MEMD, the procedure of computing
adaptive direction vectors is as follows:

1. Determine the first principal component of s(¢);
perform the eigenvalue decomposition of the covari-
ance matrix given by, C = E{ssT} = VAV (with E{.}
the statistical expectation operator and (.)" the transpose
operator), where V = [vl sV, ey Vn] is the eigenvector
matrix and A = diag{)»l, Aysonns Xn} is the eigenvalue
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trivariate data, first principal components and its diametrically oppo-
site vector; ¢ projected vectors adapted to =1, from Hemakom et al.
(2016)

matrix, with A, the largest eigenvalue corresponding to
eigenvector v, i.e., the first principal component.

2. Construct a vector pointing in the diametrically opposite
direction to the first principal component vector in n
-dimensional space; vy = —V;.

3. Uniformly sample an (n — 1) sphere using the Hammer-
sley sequence to generate a set of K-direction vectors
{x }kK:l'

4. Compute the Euclidean distances from each of the uni-
form direction vectors to v;.

5. Relocating of uniform direction vectors as follows: half
of all the uniform projection vectors, xek , nearest to v,

xf’]‘ +av, ]

‘x‘a,’; +av]|

trols the densities of the projection vectors around the

first principal component. The other half of all uniform

L 0, .

projection vectors, x,* , nearest to v, are relocated using
o o1

o0 _ Mo T

NN
are relocated using %, = ,where 0 < a < 1con-

X, = .
Vv, o)
01 k

|x|,0] +avy, '

The a value reflects the degree of power imbalances
across the data channels: when @ = 0, it means that no power
imbalance exists or is not taken into account in the decom-
position. By increasing « the direction vectors will be more
clustered around the first principal component of the multi-
variate signal as shown in Fig. 4b, ¢ fora=1.

Once the adaptive direction vectors %gf and 2351 have been
obtained, they are used in the MEMD algorithm to decom-
pose the multivariate signal, according to the following

steps:



1. Compute a projection, denoted by {P"K(t)}tT=1 of the
input signal {s(t)}tT=1 along the direction vectors %, and
)Acvﬁl, fork =1, ..., K (the whole set of direction vectors),
giving {P9K (t)}kK= , as the set of projections.

2. Find the time instants | 7,* ¢ corresponding to the max-

ima of the set of projected signals {PQK(I)}kK=1~

Interpolate component-wise [t?" ,8 (tig" )], via cubic spline
interpolation, for all I\(/alues of k to obtain multivariate enve-
lope curves { % (t)}k=1'

3. For a set of K direction vectors, calculate the mean of

the envelope curves as
m() = % T el).

4. Extract the detail h(¢) = s(¢¥) — m(z), if h(¢) fulfills the
stoppage criterion for multivariate IMF (see below), it
is considered as an IMF and then re-apply the above
procedure to s(¢) — h(z), otherwise re-apply it to h(z).

The stoppage criteria used for standard EMD can also
be adopted for MEMD and APIT-MEMD. However, since
the extrema cannot be properly defined for multivariate sig-
nals, the condition for equality of the number of extrema and
zero crossings is not imposed. It should be emphasized that
for the multivariate IMF, the sifting process can be stopped
when all the projected signals fulfill the stoppage criterion.
In MEMD as a rule of thumb, the number of projections
should be at least five to six times more than the number
of data channels to generate meaningful IMFs. Neverthe-
less, when using APIT-MEMD, fewer direction vectors are
required since they are more clustered around the first prin-
cipal component.

The standard EMD suffers from the mode (scale)-mix-
ing problem, i.e., a single mode consisting either of signals
of widely disparate scales (oscillations) or a single scale
appearing in different modes (mode splitting). Mode-mix-
ing can often occur when the process contains intermittent
high-frequency oscillations and/or variation of instantaneous
amplitude and frequency of the modes.

To overcome this defect, the ensemble empirical mode
decomposition (EEMD) was proposed by Wu and Huang
(2009). It defines the IMF components as the mean value
of an ensemble trial. In each trial, a random white noise
of finite amplitude is added to the signal, then the standard
EMD is applied on the polluted signal resulting in series of
IMF components. Obtaining the (ensemble) mean of cor-
responding IMFs of the different decompositions leads to
the final result. A collection of white noise neutralizes itself
in a time/space ensemble mean of enough trials; therefore,
only the desired signal can persist in the final mean result.

The addition of white noise provides a uniformly distrib-
uted scale in time—frequency space. The intrinsic oscilla-
tions in the signal with different scales would automatically
project onto similar reference scales established by the white
noise. Therefore, the intrinsic local oscillation can be fil-
tered adaptively to proper scales via the natural filter bank
of EMD associated with the added white noise as introduced
by Flandrin et al. (2004) and Wu and Huang (2004). The
input noise level g, depends on the target signal-to-noise
ratio (SNR), in practice 0.1 < g, < 0.4, it should be noted
that while the data are dominated by high-frequency signals,
the amplitude of noise must be set to a small value and vice
versa (Wu and Huang 2009). The number of the ensemble
trials NE should be of the order of 100 as specified in Wang
et al. (2014).

Similar to the standard EMD, multivariate extensions of
EMD using the noise-assisted mode can be considered to
alleviate the mode-mixing problem (Rehman and Mandic
2011; Rehman et al. 2013). The added white noise chan-
nels occupy a broad range in the frequency spectrum. The
decomposition aligns its different components (IMFs) in
accordance with the quasi-dyadic' filter bank structure, with
each IMF containing a separate scale of the input signal. By
doing this, the IMFs of the original signal also align them-
selves in accordance with the structure of a quasi-dyadic
filter bank.

In noise-assisted MEMD (NA-MEMD) unlike EEMD,
the White Gaussian Noise (WGN) is not directly added to
the channels of the multivariate signal, but is considered as
an adjacent subspace. The composite signal is processed by
MEMD or APIT-MEMD and then the resulting IMF chan-
nels corresponding to white noise are discarded thus leading
to a set of IMFs associated with only original input. The
noise powers should be close to those of the input signal
channels, such that the WGN processes themselves do not
cause a power imbalance. One can choose the noise power as
a mean of input signal channel powers. The powers in each
of the noise channels are identical and the total perturbation
is a linear mixture of the noise channels.

A single realization of 1-channel WGN in the decompo-
sition of a multivariate signal may lead to slightly different
outputs for different trials of I-channel WGN. Therefore, the
uniqueness of the decomposition is questionable. To over-
come this shortcoming, an ensemble approach inspired by
EEMD was adopted by Rehman et al. (2013), called ensem-
ble-NA-MEMD, whereby an input multivariate signal was
decomposed several times (order of 100) by MEMD, each
time by a different set of 1-channel noise. Then the set of
! The dyadic filter bank decomposes a broad band signal into a col-

lection of successively band-limited components by repeatedly divid-
ing the frequency range.
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Fig. 5 Original data; an instantaneous velocity field obtained
experi-mentally in homogeneous and isotropic turbulence condition

multivariate IMFs obtained from MEMD is ensemble aver-
aged to obtain the output.

3 Bivariate 2D-EMD

The potential of bivariate EMD (BEMD) to fuse two images,
i.e., data multiscale fusion, was already investigated (Looney
and Mandic 2009; Rehman et al. 2009). Different studies
reported a significantly better performance of MEMD-based
fusion schemes compared with those based on discrete
wavelet transform (DWT) or principal components analysis
(PCA) (Mandic et al. 2013; Rehman et al. 2015). In fact, by
insightful viewpoint, these results reveal the ability of the
EMD approach to relate multiple components (IMFs) of a
multichannel signal whose components are located in two-
dimensional space.

Knowing about these potential of MEEMD, in this
study, we propose to use Ensemble NA-APIT-MEMD to
process a two-dimensional velocity field. The instantane-
ous 2D velocity field is considered as a 2D bivariate signal
Ux,y) = U(x,y) + V(x,y), where U and V are the velocity
components in x- and y-directions, respectively. The algo-
rithm of decomposition is the same as for multi-dimen-
sional ensemble empirical mode decomposition (MEEMD)
that was introduced by Wu et al. (2009) for decomposition
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of mono-variate multi-dimensional signal. First, ensem-
ble NA-APIT-MEMD is applied to each row (or column)
of the bivariate 2D signal, i.e., decomposition along one
dimension.

Afterwards, it is applied to each column (or row) of the
results of the decompositions in the first step, i.e., decompo-
sition along the second dimension. The final components are
obtained by applying the comparable minimal scale princi-
ple, i.e., “among all the components resulted from applying
EEMD in two orthogonal directions, the combination of the
components having comparable minimal scales would give
the most meaningful results” (Wu et al. 2009).

To illustrate this 2D decomposition method, an instanta-
neous experimental HIT velocity field (Galmiche et al. 2014)
is presented in Fig. 5. It is considered as f(m,n) gridded
spatially as 127 x 127 two-dimensional data. This field is
decomposed by the above procedure; the horizontal direction
components obtained by application of ensemble NA-APIT-
MEMD on each row of this velocity field are illustrated in
Fig. 6. It should be mentioned for the demonstration purpose
and to avoid redundancy, only the results of U component
velocity are presented.

Each of these 2D components is decomposed in the ver-
tical direction with their results illustrated in the vertical
columns in Fig. 7. Hence, the original two-dimensional data
are represented by

K J
fommy = Y hyy(m,n),
k=1 j=1

where h;; denotes the two-dimensional component that
is located in the jth row and kth column (Fig. 7), here
J = K = 6. It should be point out that the number of modes
in each direction is at most o(log, N ), where N is the signal
length.

Figure 7 reveals some oriented scales of the original data
and also some similar characteristics in different compo-
nents can be observed. The components of each row have
approximately the same vertical scale and the components of
each column have approximately the same horizontal scale.
Also the horizontal (vertical) scales of each row (column)
increase as k (j) increases. Another important property of

Fig. 6 The horizontal direction components for the U velocity component, left to right from high to low spatial frequency, the scale in each

panel is different and blue color corresponds to negative values



Fig.7 The components associated with U velocity components resulting from applYing Ensemble NA-APIT-MEMD in two orthogonal

direc-tions on the original data (Fig5), the scale in each panel is different and blue co

the components displayed in Fig. 7 is that they have approxi-
mately the same minimal scale for the first row components
hy ;. in the vertical direction and for the first column com-
ponents A, ; in the horizontal direction as shown in Fig. 8.
So using the comparable minimal scale princi-
ple the final ith 2D bivariate IMFs can be obtained by
BIMF, = Zkl;. iy + Z;. .1 h;;- The scheme of this combi-
nation strategy is presented in Fig. 9a, where the neighbor
components with the same shade are summed to construct a
final mode. The horizontal components of the final bivariate
modes of the original velocity field (Fig. 5) are presented
in Fig. 9. It should be mentioned that the decomposition

or corresponds to negative values

is independent of the selection of the orthogonal reference
frame so the results are not sensitive to the choice of direc-
tion (first horizontal and then vertical or vice versa) for
applying ensemble NA-APIT-MEMD.

By this way, the two components of the velocity field,
horizontal U and vertical V velocities are decomposed simul-
taneously. The major advantage of such an analysis is that
the inter-correlation between the two components of the
velocity during the decomposition is considered hence a set
of common scales can be find between the same-index IMF
of each component; in addition, the number of IMFs for each



0.2

0.15

Fig. 8 a Horizontal velocity oscillation along the central
column (the 63rd column) in the vertical direction for hy,

components; b horizontal velocity oscillation along the central row
(the 63rd row) in the horizontal direction for %;; components. In

each figure the differ-

components is the same that leads to have the physically
meaningful modes.

The final results of the decomposition of this HIT veloc-
ity field by the proposed bivariate 2D-EMD are presented
in Fig. 10, the two components U (left column) and V (right
column) and their different IMFs are plotted row by row.

For bivariate 2D-EMD analysis, two adjacent WGN chan-
nels were used. The influence of the number of noise chan-
nels on the decomposition requires a detailed investigation
which is beyond the scope of this study. However, it should
be pointed out that having a noise channel would enforce
the dyadic filter bank property and also that increasing the
number of noise realizations would further reduce the degree
of overlap (mode-mixing) between the IMFs. In this study,
the simulations suggest that the choice of the two WGN can
lead to the satisfactory results and the use of more WGN has
no significant influence on the resulting IMFs.

To not modify the degree of power imbalance between
data channels, the noise variance is equal to the mean vari-
ance of the two principal input signals, i.e., U and V velocity
components.

The number of direction vectors in MEMD and APIT-
MEMD varied from 32 to 256 (from moderat to very
high), indeed it should be considerably greater than the
dimensionality of the signal to extract meaningful IMFs
(Rehman and Mandic 2009). In this study to compute the
mean envelope, the input multi-component signal is pro-
jected in 64 directions, actually no change is observed in
our results by increasing this value.

0.4

0.3

-0.4 L L L L
0 20 40 60 80 100 120

(b)

ent colors correspond to different components: red lines; j or k=1,
yellow lines; j or k = 2, green lines; j or k = 3, light blue lines; j or
k = 4, blue lines; j or k = 6, magenta lines; jork =6

The projection density @ was set to 0.3 due to low power
imbalance between U and V velocity components. The
number of ensemble realizations NE is set to 100, it is
the same as EEMD when processes mono-variate signals
(Wang et al. 2014) and for the sifting process, the mean-
value stoppage criterion with (0.05, 0.5, 0.05) is used.
Note that the projection density and stopping criterion
parameters used in this investigation are standard values
widely employed in EMD analysis. It is worth noticing
that the mono-dimensional APIT-MEMD algorithm was
provided by Hemakom et al. (2016) and Rehman and Man-
dic (2010), it is available in https://www.commsp.ee.ic.ac.
uk/~mandic/research/emd.htm.

As one can see in Fig. 10, different components of the
input velocity field are matched in mode number and the
first mode of each component U and V contains the high-
est order of fluctuations as it is associated with the small-
est scale of the velocity field. When the decomposition
progresses, the spatial frequency of the fluctuations in
the modes decrease and the last mode of each component
represents the tendency of the input signal associated with
the large-scale structure of the velocity field. This property
of bivariate 2D-EMD decomposition can be verified by
computing the spatial power spectral density of each com-
ponent U and V of bivariate IMFs, presented in Fig. 11. It
is observed that the same-index modes across data chan-
nels contain common scales and their frequency bands
overlap, i.e., scale alignment. In addition, the energy of
different modes is concentrated in different wavenumbers
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Fig. 9 a Combination strategy for different components resulting
from applying ensemble NA-APIT-MEMD in two orthogonal direc-
tions; b horizontal velocity component U of the original velocity filed

(scales), confirming the very low degree of mode-mixing
in the decomposition.

It should be pointed out that since the modes are not
orthogonal with respect to one another, the sum of their
energy spectrum, that is associated with two velocity com-
ponents, does not superimpose on the input instantaneous
velocity spectra, as presented in Fig. 11 by gray and black
lines, respectively.

As noticed in computation of the power spectrum only
the fluctuations of the instantaneous velocity are taken into
account and the spatial mean of the velocity is subtracted.
Also the power spectral density is computed using Welch’s
method with the length 127 (size of velocity field) of the

10

displayed in Fig. 5 and the horizontal components of the final
bivari-ate modes: c-h mode (1, 2, 3, 4, 5 and 6, respectively), the
unit is ms!

FFT with 50% overlapping segments and Hann window
function.

4 Validation of bivariate 2D-EMD

To assess the ability of the proposed bivariate 2D-EMD in
the decomposition of a turbulent velocity field to separate
large-scale organized motions from the HIT flow field,
the following methodology was designed and tested.
An experimental homogeneous and isotropic turbulent
(HIT) flow was used as an initial velocity signal, U;(x,y)
including U and V components in x- and y-directions,



Fig. 10 Horizontal and vertical components of instantaneous velocity field, presented in Fig. 5, in the first panel and the different modes
resulting from bivariate 2D-EMD analysis
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Fig. 10 (continued)

respectively. This flow was generated inside a spherical
combustion chamber with the help of six fans. Velocity
fields of 127 x 127 vectors were obtained by means of High
Speed-PIV (2D2C) at 3.5 kHz frequency with a spatial
resolution of 0.16 mm corresponding to a field of view
of 20.32 x 20.32 mm?”. Galmiche et al. (2014) previously
characterized this homogeneous and isotropic turbulent
flow field in terms of integral length and temporal scales
and energy spectra.

For the purpose of the present study, the initial HIT
velocity fields were perturbed by a synthetic Lamb—Oseen

12

vortex P(x,y) to simulate a large-scale flow organized
structure, such as Tumble motion in engine in-cylinder
flows. The amplitude A, scale [ and the position of the
added vortex, called perturbation signal, were varied with
respect to the initial HIT. The 2D perturbed velocity field
U,(x,y) = U;(x,y) + P(x,y) was decomposed by bivari-
ate 2D-EMD into different modes, i.e., IMFs. Based on an
energy criterion the original, i.e., initial turbulence flow
can be recovered within the modes and separated from
perturbation.
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Fig. 11 Power spectra of each component of bivariate IMFs
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To evaluate the quality of separation, the energy spec-
trum of the original HIT flow and recovered turbulent
velocity field was compared. Also the relative mean
square error between the added synthetic vortex and the
separated perturbation were computed.

To seek a demonstration, the procedure was applied to
three instantaneous different velocity fields, called in the
following HIT fields 1, 2 and 3. Some discrepancies can
be seen, such as the different structures and the range of
vector values, as shown in Fig. 12. In the following, only
the perturbed and recovered velocity fields associated with
field 1, taken as an example, will be presented.

4.1 Influence of the vortex amplitude

The amplitude A of the added vortex was varied from the
input HIT turbulent kinetic energy value (TKE =~ 1 m?s~2)
as 10, 5, 2 and 1. The scale (size) of the synthetic vortex was
set arbitrarily to five times the longitudinal integral scale of
the HIT flow; [ =5 - Ly vy, With L, vy, = 3.2 mm and the
center of the vortex was positioned at the center (0, 0) as
shown in Fig. 13.

In Fig. 14a, b, the first initial HIT and the 2D perturbed
velocity fields obtained from the addition of the vortex
in Fig. 13a with A = 10ms~! are presented, respectively.
The perturbed velocity field is decomposed by bivariate
2D-EMD.

To recover the initial HIT velocity field within the differ-
ent modes, the energy criterion related to the signal intensity
is used. It is defined as E,, = 0.5( ( Uﬁ) + ( V2 > ) with n index
the mode number and the symbol “(.)”, the spatial average.
So when applied to a 2D signal it leads to

0.5
n

E, =

p i i (U5 (1) + Vy (x37))

x "y =1 j=1

where n, and n, are the total number of points within the
2D signal in the x- and y-directions, respectively, here
n, = n,=127. The energy content computed for each mode
is plotted in Fig. 15. As one can see, there is a sudden jump
in the sixth mode. Therefore, the recovered velocity field
that should ideally represent the initial HIT velocity field,
i.e., high-frequency field, is defined as a sum of the first
five modes (Fig. 14c), while the sixth mode is considered
as the largest scale flow structure, i.e., low-frequency field
(Fig. 14d). The same procedure was applied for HIT fields
2 and 3. The energy contents for both also present a strong
jump from the 5th to the 6th modes.

The spatial power density spectra of the initial HIT,
perturbed and recovered velocity fields for the three cases
are presented in Fig. 16. The mean spatial power spectrum
of the initial 8000 experimental instantaneous HIT flow
fields is also depicted as an indicator. It can be observed
that the spatial power spectral density from the recovered
turbulent velocity field is always under this mean value for
the lowest frequency number, i.e., the largest structures of
the flow. Although it is well superimposed on the initial
HIT flow in the inertial subrange, this feature is independ-
ent of the original HIT fields.
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Fig. 12 Three experimental instantaneous HIT velocity fields, all four vectors are displayed. a HIT field 1; b HIT field 2; ¢ HIT field 3
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Fig. 13 Velocity field of the generated vortex centered in the middle, [ =5 - L, ,, = 16 mm size for four different amplitudes. a A = 10; b

A=5cA=2;dA=1ms"!

The relative mean square error between the synthetic
Lamb—Oseen vortex P(x,y) and separated flow low-fre-
quency part Lf(x, y) can be computed to evaluate the rela-
tive accuracy of the results, as follows:

X X, PGy = LG )l
o =
Y X Py

where n, and n, are the total number of points in 2D
velocity field in the x- and y-directions, respectively, here
n, =n,=127 and symbol “|.[” denotes the absolute value.
Such an error in the case of A = 10ms~!is ¢ = 0.6, 0.5 and
1% for the three velocity fields. The results of this analysis
for the perturbation amplitude of A = 5and 2 ms~! are con-
sistent with the previous case so they are not represented.
In the case of A = 5ms~ !, the erroris o = 2.3, 1.6,3.1% and
for A = 2ms™!, the error is ¢ = 15.6,9.7,17.1% for three
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velocity fields. For all velocity fields when the perturba-
tion amplitude decreases, the value of ¢ becomes more
important. This is mainly due to the small value, i.e., the
low-velocity magnitude, in the dominator of o equation that
a small difference leads to the large error. For the case in
which the perturbation amplitude is of the same order of
magnitude as the TKE of the initial field, A = 1 ms~!, the
analysis results for HIT Field 1 are displayed in Fig. 17.

The spatial power spectra of the initial HIT, perturbed
and recovered velocity fields for the three under-study
HIT fields are presented in Fig. 18. Although by observa-
tion the perturbation amplitude has a strong impact on the
velocity—low-frequency part, Fig. 17d, the power spectra
of the recovered velocity fields are superimposed on those
of the initial HIT flows in the inertial subrange and the
smallest scales.
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Fig. 14 Vortex amplitude A = 10 ms™!, a initial HIT field 1; b perturbed velocity field; ¢ recovered velocity field; d low frequency part
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Fig. 15 Energy contents as a function of mode number

4.2 Influence of the vortex location

The location of the vortex center was varied relative to
the initial HIT velocity field center to assess whether the

15

bivariate 2D-EMD suffers from end-effect problems, i.e.,
decomposition of the 2D signal at the velocity field bound-
ary. The vortex amplitude was set to 5ms~! and the scale
[ = 16 mm. To compare with the case of the centered vortex,
two other cases were investigated: one with a vortex center
located at mid-distance between the center and corner (top
right) of the initial HIT field, and another with a center at
the corner of the initial HIT field, as plotted in Fig. 19a, b,
respectively.

These vortices were added as perturbation to the three
HIT fields. An example of perturbed flow fields is given
in Fig. 19c¢, d for HIT field 1. In Fig. 20, the spatial power
spectra of the initial HIT, perturbed and recovered velocity
fields are presented for both vortex locations and applied to
the three HIT fields. The conclusion is the same as above: all
the power spectra are superimposed on the initial HIT flow
fields in the inertial subrange and the smallest scales, but in
the region associated with large-scale structures, the energy
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Fig. 17 Vortex amplitude A = 1 ms™, a initial HIT field 1; b perturbed velocity field; ¢ recovered velocity field; d low-frequency part

under-study velocity fields is computed; for the case of vor-
tex location in Fig. 17a, 6 = 4.1,2,3% and for the vortex
location in Fig. 17b, ¢ = 6.8,2.9,4.7%.

spectra are underestimated for all the recovered fields. Fur-
thermore, the relative mean square error between the added
vortex and separated flow low-frequency part for the three
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4.3 Influence of the vortex size

The influence of the characteristic size of the perturbation
on the quality of the recovered signal obtained after EMD
analysis was then investigated. For this aim, the amplitude
of the vortex was set to 5m s~! and located at the center of
the initial velocity field. The size [ was varied as a function
of the longitudinal integral length scale of the initial HIT
flow: [ = a - Ly, vy With L,y =3.2mm and a = 1,2,5
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and 10. The perturbation vortices generated with @« = 1,
a =2 and « = 10 (the amplitude was set to 6 ms™!) are
shown in Fig. 21; the case in whicha = 5withA=10m s7!
is presented in Fig. 14.

The three HIT velocity fields were perturbed by these
synthetic vortices. By applying the energy content crite-
rion, the initial velocity fields are recovered. In these cases
also, the jump in the energy contents occurred at the 5th
mode. For a vortex size of [ =10 - Ly, ), the results for
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Fig. 24 Energy contents as a function of mode number, / =2 - L, 1,

HIT field 1 are presented in Fig. 22 as an example. The
energy spectra of the initial HIT, perturbed and recovered
velocity fields are also presented in Fig. 23. The results are
similar to the previous cases and the recovering quality is
not affected by the increase in the perturbation vortex scale
with respect to the integral length scales of the initial HIT
flows. Also in this case, o = 2.4, 1.9, 3.5% for three under
studies velocity fields.

In the case of /=2 - Ly vy), the energy criterion for
the result modes is plotted in Fig. 24. It is observed that
the energy content does not jump strongly from the fifth
to the sixth mode as in all the previous cases, but starts
to evolve from the fourth mode. Therefore, the recovered
turbulent flow was computed from the sum of the first five
modes and the sixth mode was considered as an organ-
ized motion as presented in Fig. 25¢, d. As can be seen,
some signatures of the perturbation vortex appear in the
center of the recovered turbulent velocity field. This fea-
ture also appears as an increase in the energy of the recov-
ered velocity field compared to the initial HIT flow in the
region of small wave numbers, see Fig. 26a.

To avoid some large-scale components on the recovered
velocity field, the recovered field was considered as the sum
of the first four modes as in Fig. 25e. Therefore, the corre-
sponding low-frequency field, Fig. 25f, is more representa-
tive of the generated one. However, a severe shoot in the
power spectral density of the recovered turbulent velocity
field can be observed in Fig. 26b. It should be pointed out
that the same results were obtained for the case in which

l= L(Ux,Vy)‘
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5 Discussion and conclusion

To assess the potential of the proposed bivariate 2D-EMD
to separate large-scale organized motion from random tur-
bulent fluctuations in an instantaneous velocity field, the
combination of an experimental HIT flow and a synthetic
Lamb-Oseen vortex that mimics the large-scale structure of
the flow was used as a perturbed velocity field. The ampli-
tude, position and scale of the synthetic vortex were varied
with respect to the initial turbulent velocity field.

As the perturbed velocity field is decomposed by bivari-
ate 2D-EMD in different modes, by applying an energy cri-
terion on the modes, the initial HIT flow was separated from
the synthetic perturbation. The proposed approach is not
sensitive to the perturbation amplitude, when the amplitude
of the added vortex is one, two or five times the TKE of the
initial HIT flow, the power spectrum of the recovered veloc-
ity field is superimposed on the initial one in the turbulent
inertial subrange and the smallest scales region of the flow.
For a vortex amplitude ten times the TKE, some fluctuations
in the energy spectrum of the recovered fields at the small-
est scale were noted. However, due to the low energy in this
region, they can be neglected.

To confirm this conclusion, in Fig. 27, the spatial power
spectrum of the first and second initial HIT velocity fields
and their recovered spectra obtained from the perturbed
velocity fields with different perturbation amplitudes are
compared. The perturbations are positioned at the center of
the initial HIT velocity fields with a size of | =5 - Ly, v,
As one can see there is good agreement between the spatial
power spectra of the recovered velocity fields.

The initial HIT field 1 and its fields recovered from dif-
ferent perturbed velocity fields are presented together in
Fig. 28. As one can see, similar structures can be clearly
detected in different recovered velocity fields as compared
to the initial HIT flow. The initial velocity field, see Fig. 28a,
contains some large-scale structures, which disappear in
all the recovered turbulent velocity fields. Consequently,
the energy spectra of the turbulent recovered velocity
field are attenuated in the region associated with the small
wavenumbers.

Figure 29 presents the spatial power spectrum for the
recovered velocity fields from HIT fields 1 and 3 that
are perturbed by vortices located at the center, at mid-
distance between the center and corner of the initial HIT
velocity fields. As can be noted, the power spectra of all
the different recovered velocity fields are superimposed,
indicating that the location of the perturbation vortex
(that simulates large-scale organized motion) in an HIT
velocity field does not affect the recovered velocity fields
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Fig.25 Vortex size [ =2 L, vy,
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that are obtained by bivariate 2D-EMD analysis. In addi-
tion, even when the center of the perturbation vortex is
located at the boundary of the initial HIT velocity field,
no over/under shoot effects exist at the borders of the
resulting recovered velocity fields or at those in the low-
frequency parts.

In addition, this investigation attests that when the size of
the perturbation vortex is much larger than the integral length
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scale of the initial HIT flow, i.e., five or ten times L( Ux,vy) that
can be considered as a large-scale organized motion, the
initial turbulent velocity field can be recovered using the
bivariate 2D-EMD method with an energy criterion. How-
ever, when the size of the perturbation vortex approaches
the turbulent length scale of the HIT flow, the quality of the
recovered turbulent field is drastically reduced. When the
size of the perturbation vortex is equal to the integral scale
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Fig.29 Spatial power density spectrum of the initial HIT velocity field and the recovered turbulent velocity fields for different locations of the

vortex center. a HIT field 1; b HIT field 2

of the initial velocity field L, ), they both have the same
feature hence they are not detachable. It is interesting to
point out that in bivariate 2D-EMD analysis, the separation
between the organized motion and the turbulent fluctuations
is not performed thanks to a cut-off frequency as in filtering
approaches or thanks to the mode truncation order as in POD
analysis. Figure 30a, b represents the evolution of the energy
contents as a function of the mode number for the different
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amplitudes (with [ =5 - L, ), the vortex is positioned at
the center) and positions (with [ =5 L, ), A =5 ms™))
of the perturbation vortex, respectively. As one can see, in
all cases perturbation is manifested as a sudden jump in the
value of this criterion in the last mode (IMF), which in the
bivariate 2D-EMD approach naturally has the lowest spatial
frequency.
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From this study, it has been demonstrated that the major
advantage of the bivariate 2D-EMD approach is that the
turbulent part of a given instantaneous velocity field can be
separated from organized motion based only on the instanta-
neous velocity field itself, whereas using the POD approach,
this separation is performed based on several velocity fields
to represent statistical averaging. This feature makes EMD a
powerful tool for analyzing phenomena that are intrinsically
transient. The proposed method is independent of the flow
Reynolds number and can be used for analyzing 2D velocity
fields obtained in different configurations such as in-cylinder
flow, channel flow and flow above airfoils.
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