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TRANSLATION OF HARMONIC SPINORS AND

INTERACTING WEYL FERMIONS ON HOMOGENEOUS SPACES

S. MEHDI AND N. PRUDHON

Abstract. We show that the image of the Poisson map, defined by Mehdi and Zierau in
[MZ14b], which intertwines principal series representations with a submodule of the kernel of
the cubic Dirac operator, commutes with the translation functor. As a byproduct, we obtain
a systematic geometric process which produces interacting Weyl fermions with a fixed energy
level on homogeneous spacetimes.

In honor of Professor Jean Ludwig

Introduction

The relativistic quantum dynamics of a free massive spin-1
2 particle on the Minkowski

spacetime is described by the Dirac equation (1928):

(1)
[
γ0

1

c

∂

∂t
+

3∑
j=1

γj
∂

∂xj

]
ψ =

mc

ı~
ψ,

where c is the velocity of light in vacuum, m is the mass at rest and the γj ’s are 4×4 complex

matrices (built from Pauli matrices) satisfying the following conditions:

γ2
0 = I, γ2

j = −I for j = 1, 2, 3, and γjγk + γkγj = 0 for all j 6= k.

Solutions to Dirac equation are called Dirac fermions (e.g., electrons, protons, neutrons).

If we choose units such that both the velocity of light and the Planck constant equal 1,

then the Dirac operator D̂ is the matrix-valued differential operator defined by:

(2) D̂ = γ0
∂

∂t
+

3∑
j=1

γj
∂

∂xj
.

It is a first order Lorentz-invariant differential operator acting on sections of the spin bundle

S over Minkowski spacetime. The spin bundle splits into half-spin bundles S+ and S− so that

Key words and phrases. Dirac operator; harmonic spinor; homogeneous space; admissible representation;
translation functor; Weyl fermion, interaction.
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2 S. MEHDI AND N. PRUDHON

D̂± := D̂ |S± sends sections of S± to sections of S∓. Hence the Dirac equation for massless

particles reads as the Weyl equations:

(3) D̂±ψ = 0

whose solutions are the (massless) Weyl fermions (e.g., neutrinos, antineutrinos). In partic-

ular, given the splitting S = S+ + S− of the spin bundle, Dirac fermions can be treated as a

combination of Weyl fermions. While Hermann Weyl predicted the existence of such particles

in the late 1920’s, it was only on July 2015 that a research team from Princeton University

reported the first observation of Weyl fermions (http://phys.org/news/2015-12-weyl-fermion-

discovery-ten-breakthrough.html).

In this paper, we are interested in interactions with Weyl fermions. More precisely, attached

with a finite-dimensional representation E of Spin(1, 3), there are a bundle E over Minkowski

spacetime and a twisted Dirac operator D̂±(E) defined by:

D̂±(E) = (γ0 ⊗ IE)
∂

∂t
+

3∑
j=1

(γj ⊗ IE)
∂

∂xj

which acts on sections of the bundle S±⊗E , where IE is the identity operator on E . The field

equations for the Weyl fermions, interacting with particles ‘living’ in the bundle E , are then

the following twisted Weyl equations:

(4) D̂±(E)ψ = 0.

Solutions are composite objects, resulting from interactions of the Weyl fermions with particles

‘living’ in E . We shall provide a geometric process which produces interacting Weyl fermions

with a fixed energy level on general homogeneous spacetimes. Our approach is based on

representation theory of semisimple Lie groups.

More precisely, suppose G/H is a homogeneous space where G is a connected non-compact

semisimple Lie group with finite center and H is a closed connected reductive subgroup of G.

Suppose S is the spin representation of H (see Section 2) and E is a finite dimensional repre-

sentation of the Lie algebra of H such that the tensor product S⊗E lifts to a representation

of H. This induces a homogeneous vector bundle, denoted by S ⊗ E , over G/H. Acting on

the space C∞(G/H,S ⊗ E) of smooth sections, there is the cubic Dirac operator

D(E) : C∞(G/H,S ⊗ E)→ C∞(G/H,S ⊗ E) .

D(E) is a G-invariant differential operator equal to the sum of the above first-order term D̂(E)

and a zero-order term, which comes from a degree three element c in the Clifford algebra of
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the orthogonal complement of the complexification of the Lie algebra of H. The cubic term

c is defined as the image, via the Chevalley isomorphism, of the 3-form

(X,Y, Z) ∈ (TeHG/H)3 7→ 〈X , [Y, Z]〉.

The reason we have to consider cubic Dirac operators for general spacetimes G/H is because

the square of the ordinary Dirac operator D̂(E) need not differ from the Laplacian by a

constant as it should be. Note that when H is a symmetric subgroup, the zero-order term

vanishes and the cubic Dirac operator D(E) coincides with the ordinary Dirac operator D̂(E).

The kernel of (twisted) Dirac operators plays an important role in representation theory.

When G admits discrete series representations and H is a maximal compact subgroup in G,

then the L2-kernel of D(E) is an irreducible unitary representation belonging to the discrete

series of G and every discrete series representation of G is the L2-kernel of D(E) for some

E [AS77, Par72]. When H is not compact, the smooth kernel of D(E) contains a principal

series representation (now G and H need not be equal rank). This is done in [MZ14b] by

constructing an intertwining map PE analogous to the Poisson transform:

(5) PE : C∞(G/P,W)→ C∞(G/H,S ⊗ E)

where P is a parabolic subgroup of G and W a representation of P . It turns out that

discrete series representations and principal series representations are building blocks of the

representation theory of real reductive Lie groups, since most representations can be embedded

in a principal series representation by Casselman embedding Theorem.

Our main result (Theorem 4.1) provides a systematic process that produces Weyl fermions

on G/H from Weyl fermions lying in the image of the Poisson transform P, via a commutative

diagram of the following form

(6)

Xλµ ⊗ Fν
Aµ ⊗ 1

→ kerD(Eµ)⊗ Fν ↪→C∞(G/H,S ⊗ Eµ)⊗ Fν

Xλµ+ν

p̃Gλµ+ν

↓ Aµ+ν→ kerD(Eµ+ν) ↪→ C∞(G/H,S ⊗ Eµ+ν)

p̃Hµ+ν

↓

where ker D(E•) denotes the smooth kernel of D(E•), {Xλµ} is a family of smooth repre-

sentations of G with infinitesimal character λµ and Fν (resp. Eµ) is a finite dimensional

irreducible representation of G (resp. H) with highest weight ν (resp. µ) with respect to

some fixed positive systems of roots. The various maps A• are G-intertwining operators,
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and the maps p̃G• and p̃H• are the projections on the corresponding infinitesimal characters

with respect to G and H. We are mainly concerned with the case where the representations

Xλµ are principal series representations and the intertwining maps A• are Poisson-type maps

P. However, due to many stages required in the construction of the Poisson maps P, other

families of representations have to be considered first, including the case of compact groups

and fundamental series representations. In each case, we obtain an intertwining map between

the family of representations and the kernel of the Dirac operator, as well as a diagram of the

form (6).

In other words, given a Weyl fermion interacting with a particle living in the bundle Eµ,

the interaction of this fermion with a particle living in the bundle Fν contains a Weyl fermion

interacting with a particle in the bundle Eµ+ν . Moreover, the action of the Casimir operator

of G (resp. H) on F• (resp. E•) induces some energy level restriction on the Weyl fermions.

The paper is organized as follows. The definition and the main properties of (cubic) Dirac

operators are recalled in Section 1. Several aspects of the kernel of Dirac operators are

discussed in Section 2 such as the translation principle for compact groups. Section 3 is

devoted to the construction of various commutative diagrams which are used to prove that

a specific embedding of fundamental series representations into the Dirac kernel commutes

with translation functors. Finally, in Section 4, we show that the intertwining map defined

in [MZ14b], which produces explicit non-zero solutions to Weyl equations D(Eµ) = 0 on

G/H, commutes with translations by finite dimensional representations (Theorem 4.1). This

provides a systematic geometric process which produces interacting Weyl fermions with a

fixed energy level on the homogeneous spacetime G/H as follows:

- (non zero) Weyl fermions f on the spacetime G/H, interacting with particles ‘living’

in the bundle Eµ (i.e. D(Eµ)f = 0), can be described as the ‘Poisson’ transform PEµ
of some (non zero) section over the piece G/P of the ‘boundary’ of G/H,

- the Weyl fermion f can interact with particles in the bundle Fν and the map p̃Hµ+ν

above produces a composite object consisting of a combination of (non zero) Weyl

fermions over G/H,

- this composite object itself can be described as the image by the ‘Poisson’ transform

PEµ+ν of some (non zero) section over the ‘boundary’ of G/H.

We thank the anonymous referee for his/her thorough review and highly appreciate the

comments and suggestions, which significantly contributed to improving the text.
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1. Dirac operators

Let G be a connected reductive Lie group with complexified Lie algebra g and Killing form

B. Let H be a connected reductive subgroup of G with complexified Lie algebra h. Let U(g)

(resp. U(h)) be the universal enveloping algebra of g (resp. h). We assume that the restriction

of B to h× h is still non degenerate. We have an orthogonal H-invariant decomposition of g

(7) g = h⊕ h⊥ .

In particular, the restriction of B to h⊥ remains non degenerate. The homogeneous reductive

space G/H has complexified tangent space at the origin canonically identified with h⊥. We

consider the Clifford algebra Cl(h⊥) of h⊥ with respect to B|h⊥×h⊥ . The defining relations of

the Clifford algebra are:

XX ′ +X ′X = −2B(X,X ′) (∀X,X ′ ∈ h⊥) .

The restriction of the adjoint action of G to H leaves the space h⊥ stable and preserves B.

In other words, we have a group homomorphism

Ad|H : H → SO(h⊥, B|h⊥×h⊥) .

Write Sg/h for the exterior algebra of a maximal isotropic subspace in h⊥. A specific choice of

an isotropic subspace is made in [MZ14b, Section 1.3.1]. Consider the Clifford multiplication

γ : Cl(h⊥) −→ End(Sg/h) .

Then the spin representation (Sg/h, sg/h) of h is defined as the composition map

h
ad|h
↪→ so(h⊥, B|h⊥×h⊥) ↪→ Cl(h⊥)

γ−→End(Sg/h) .

Let (E, σ) be a finite-dimensional representation of h such that the tensor product represen-

tation Sg/h⊗E lifts to a representation of the group H. We have a finite rank complex vector

bundle

Sg/h ⊗ E = G×H (Sg/h ⊗ E)

over G/H, whose space of smooth sections C∞(G/H,Sg/h ⊗ E) will be identified with the

space C∞(G, Sg/h⊗E)H of smooth Sg/h⊗E-valued maps f on G satisfying the equivariance

condition:

f(gh) = h−1 · f(g) (∀h ∈ H, g ∈ G) .

From now on, if F is a finite dimensional representation of H we will denote by F the induced

vector bundle of G/H.
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Let ] : U(h) → U(h) be the antipode. This is the antiautomorphism of U(h) given by

Y ] = −Y on h, so that

(Y1 · · ·Yn)] = (−1)nYn · · ·Y1 (∀Y1, · · · , Yn ∈ h).

We consider U(g) as a right U(h)-module and End(Sg/h ⊗ E) as the left U(h)-module given

by

v · T = T ◦ (sg/h ⊗ σ)(v]) (∀v ∈ U(h), T ∈ End(Sg/h ⊗ E)) .

Let J be the left ideal of
(
U(g)⊗ End(Sg/h ⊗ E)

)
generated by elements of the form

uv ⊗ T − u⊗ v · T
(
∀u ∈ U(g) , v ∈ U(h) , T ∈ End(Sg/h ⊗ E)

)
.

Then the tensor product over U(h) is defined as the quotient

U(g) ⊗
U(h)

End(Sg/h ⊗ E) =
(
U(g)⊗ End(Sg/h ⊗ E)

)
/J .

Let q be the quotient map. The action of H on the tensor product leaves J stable, and hence

induces an action of H on the quotient. The invariant space for this action is the image of

the H-invariants in the tensor product under q so that

q :
(
U(g)⊗ End(Sg/h ⊗ E)

)H → (
U(g) ⊗

U(h)
End(Sg/h ⊗ E)

)H
.

It is easy to check that the space
(
U(g)⊗U(h) End(Sg/h ⊗ E)

)H
is an algebra. For X ∈ Lie(G),

let r(X) denote the left G-invariant differential operator on G given by right differentiation:

(r(X)f)(g) =

[
d

dt
f (g exp(tX))

]
t=0

∀f ∈ C∞(G) .

Extend complex-linearly r to the complexification g of Lie(G).

Proposition 1.1. [KR00] The algebra DG(Sg/h⊗E) of G-invariant differential operators act-

ing on (smooth) sections of Sg/h⊗E is isomorphic to the algebra
(
U(g)⊗U(h) End(Sg/h ⊗ E)

)H
.

This isomorphism is induced by the following representation of U(g) ⊗ End(Sg/h ⊗ E) on

C∞(G, Sg/h ⊗ E):

(X ⊗ T )f(g) = T (r(X)f(g)) (∀X ∈ g, T ∈ End(Sg/h ⊗ E), f ∈ C∞(G, Sg/h ⊗ E)) .

Let c be the degree three element in Cl(h⊥) defined as the image under the Chevalley

isomorphism of the 3-form on h given by

(X,Y, Z) 7→ B(X, [Y,Z]).

Letting {Xj} be an orthonormal basis of h⊥ with respect to B, the geometric cubic Dirac

operator is the element DG/H(E) (or D(E) when no confusion is possible) of DG(Sg/h ⊗ E)
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defined by

(8) DG/H(E) =
∑
j

r(Xj)⊗ γ(Xj)⊗ 1 + 1⊗ γ(c)⊗ 1

with

c =
∑
j<k<`

B(Xj , [Xk, X`])XjXkX`

When H is a symmetric subgroup of G, then [h⊥, h⊥] ⊂ h and c = 0, i.e., the cubic Dirac

operator DG/H(E) coincides with the usual Dirac operator D̂G/H(E):

D̂G/H(E) =
∑
j

r(Xj)⊗ γ(Xj)⊗ 1 .

Both DG/H(E) and D̂G/H(E) define G-invariant differential operators and their above ex-

pressions are independent of the choice of the basis {Xj}.
Since the space Sg/h ⊗ E is also a Clifford module, we may consider the representation

I ⊗ (γ ⊗ IE) : U(g)⊗ Cl(h⊥)→ U(g)⊗ End(Sg/h ⊗ E) .

It sends H-invariants to H-invariants and goes down to an algebra homomorphism

ϕE :
(
U(g)⊗ Cl(h⊥)

)H q◦(I⊗γ⊗IE)−−−−−−−−→
(
U(g) ⊗

U(h)
End(Sg/h ⊗ E)

)H
.

As already mentioned in the introduction, one of the most important facts about Dirac

operator is that its square has a very simple expression. Let

D̂g/h =
∑
j

Xj ⊗Xj ∈ (U(g)⊗ Cl(h⊥))H and Dg/h = D̂g/h + 1⊗ c

such that ϕE(Dg/h) = DG/H(E). Let δ be the Lie algebra homomorphism defined by

δ : U(h) −→ U(g)⊗ Cl(h⊥)
X 7−→ X ⊗ 1 + 1⊗X.

Let ΩG be the Casimir operator for G is defined as the image of the identity element through

the sequence of G-equivariant maps

HomC(g, g) −→ g⊗ g? −→ g⊗ g ↪→ T (g) −→ U(g),

where g? denotes the vector dual of g and T (g) the tensor algebra of g. The Casimir operator

ΩH of H is defined in a similar way.

Theorem 1.2. [Kos99, Par72] There exist constants cg and ch depending on g and h respec-

tively such that

D2
g/h = (ΩG + cg)− δ(ΩH + ch) .
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A short proof was given in [Pru10], it avoids the computation of the constants cg and ch

which are explicitly calculated in [Kos99, Par72].

There is an algebraic analog of the geometric Dirac operator DG/H(E). Let (X,π) be a

smooth representation of G. The algebraic Dirac operator is the element

DX(E) = (π ⊗ γ ⊗ IE)(Dg/h) ∈ End(X ⊗ Sg/h ⊗ E)

defined as the image of Dg/h by the map π⊗γ⊗IE . In the same way one obtains the operator

D̂X(E). Note that in the case when E = C, H = {e} and π = 1G is the trivial representation

of G, one gets that cg = sg(ΩG). So, since the infinitesimal character of Sg is half the sum of

positive roots ρg (assume a system of positive roots has been fixed), we have cg = ‖ρg‖2. We

also note DX := DX(1H) the usual algebraic cubic Dirac operator on X.

The Kostant-Parthasarathy formula for the square of DX(E) reads as (see [Kos99])

DX(E)2 = π(ΩG)⊗ 1⊗ 1− π ⊗ sg/h(ΩH)⊗ 1 + ‖ρg‖2 − ‖ρh‖2 .

In the sequel we will use the notation ρ• above in several situations. Let q′ be a complex

Lie subalgebra of a complex Lie algebra q. Suppose t′ is a Cartan subalgebra of q′ contained

in a Cartan subalgebra t of q such that t = t′ + t′′, for some fixed vector subspace t′′. Choose

positive systems ∆+(t, q) and ∆+(t′, q′) of roots in q and q′ respectively, with the compatibility

condition that

∆+(t′, q′) = {α|t′ ∈ ∆(t′, q′), α ∈ ∆+(t, q) , q(α) ⊂ q′ , α|t′ 6= 0}

where q(α) is the α-root space. Then ρq (resp. ρq′) is half the sum of the elements of ∆+(t, q)

(resp. ∆+(t′, q′)), while ρq′⊥ is defined as ρq − ρq′ .

2. Kernel of Dirac operators and translations

2.1. Tensoring with finite dimensional representations. We keep the previous nota-

tions and we let (F, π) (resp. E) be a finite dimensional representation of G (resp. H). One

easily checks the following two properties.

Proposition 2.1. The map αH : C∞(G/H, Sg/h ⊗ E)⊗ F → C∞(G/H, Sg/h ⊗ E ⊗F) given

by

αH(f ⊗ w)(g) = f(g)⊗ π(g−1) · w ∈ Sg/h ⊗ E ⊗ F

is a smooth G-module isomorphism.

The second property relates the various Dirac operators on the bundles in consideration.



TRANSLATION OF HARMONIC SPINORS 9

Proposition 2.2. One has

αH ◦
(
DG/H(E)⊗ IF

)
=
(
DG/H(E ⊗ F ) + 1⊗ D̂F (E)

)
◦ αH .

2.2. The compact group case. We will need to describe kerDK/H(E) when K is compact

(with complexified Lie algebra k) and E is an irreducible representation of H. This has been

done explicitly by Landweber [Lan00] when K and H have the same (complex) rank. The

general case has been studied in the algebraic framework by Mehdi and Zierau in [MZ06]. If V

is an irreducible representation of K, and E′ is a highest weight representation of H in E⊗V ,

we will need a precise relation between the K-modules kerDK/H(E′) and kerDK/H(E)⊗ V .

Let t be a Cartan subalgebra of k containing a Cartan subalgebra th of h. There is a

subspace th⊥ of h⊥ such that t = th + th⊥ . Let ∆+ ⊂ ∆(t, k) be a positive root system defined

by a lexicographic order with th first, then th⊥ . Such a positive system has the property that

∆+(h) : = {α|th , k
(α) ⊂ h, α ∈ ∆+ and α|th 6= 0}

is a positive system of roots in h. Here k(α) is the α-root space in k. Let ρk (resp. ρh) be half

the sum of positive roots in ∆+ (resp. ∆+(h)) and W (K) be the Weyl group of K. Let d be

the largest integer less than or equal to 1
2(rank k− rank h).

Theorem 2.3. Let Eµ be an irreducible representation of H with highest weight µ with respect

to ∆+(h). The following assertions are equivalent:

(i) there exists w ∈W (K) such that ξµ = w(µ+ρh)−ρk ∈ t∗ is ∆+-dominant analytically

integral;

(ii) there exists a unique w ∈ W (K) such that ξµ = w(µ + ρh)− ρk ∈ t∗ is ∆+-dominant

analytically integral;

(iii) kerDK/H(Eµ) 6= {0}.

If one of (therefore, any of) the equivalent conditions holds, then

kerDK/H(Eµ) ' 2dVξµ .

Proof. As K is compact we may assume that any finite dimensional representation V of K

is unitary. Then there is a canonical isomorphism between V and its dual V ∗. Using this

isomorphism and [MZ14b, Equation (1.10)] we get, for any irreducible representation Vν of

K with highest weight ν, an isomorphism

HomK(Vν , kerDK/H(Eµ)) ' HomH(kerDVν , Eµ) .

Now, by [MZ14a], kerDVν can be described as follows. Letting

W1(ν) := {w ∈W (K) , w(ν + ρk)|t
h⊥

= 0 and w(ν + ρk)|th is ∆+(h)−dominant}
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we obtain that

(9) kerDVν = ⊕w∈W1(ν)2
dEw(ν+ρk)−ρh .

It follows that

kerDK/H(Eλ) = ⊕ν2dVν

where the sum is over all ν such that there exists w ∈W1(ν) such that ν + ρk = w−1(λ+ ρh).

Note that if such ν exists it is necessarily unique. In fact we would have w(ν ′ + ρk) = ν + ρk.

But ν + ρg is in the open Weyl chamber, so this implies that w = 1 and ν ′ = ν. �

Now we need to make a choice of

bµ ∈ HomK(Vξµ , kerDK/H(Eµ)) .

Let µ be an analytically integral weight in th which is dominant for some positive system of

roots in h. We specify ∆+ by choosing µ as the first basis vector and define ∆+(h) as above.

Then µ is dominant for both ∆+ and ∆+(h). Let Eµ be an irreducible finite dimensional

representation of H with highest weight µ. Let ρh⊥ = ρg − ρh and let ξµ ∈ t∗ be defined as

ξµ = µ− ρh⊥ .

In particular, ξµ|th = µ + ρh − ρg|th and ξµ|t
h⊥

= −ρg|t
h⊥

. Let Vξµ be the irreducible repre-

sentation of K with highest weight ξµ. By the previous proposition there exists a non zero

bµ : Vξµ → kerDK/H(Eµ). We choose a specific bµ as follows. First, observe that there exists

a non zero H-invariant vector v in Sk/h ⊗ Eρh⊥ and a non zero H-equivariant map

Eξµ|th → (Sk/h ⊗ Eρh⊥ ) ⊗ Eξµ|th
w 7→ v ⊗ w.

Then composing with the Cartan projection Eρ
h⊥
⊗Eξµ|th → Eµ, this yields a homomorphism

Eξµ|th → Sk/h ⊗ Eµ .

The projection of the restriction Vξµ |H of Vξµ to H onto its highest weight component Eξµ|th
defines a non-zero element of HomH(Vξµ |H , Eξµ|th ). By Frobenius reciprocity, we get a non-

zero element in HomK(Vξµ , C
∞(K/H, Eξµ|th )). We obtain aK-homomorphism by composition

(10) bµ : Vξµ → C∞(K/H, Eξµ|th )→ C∞(K/H, Sk/h ⊗ Eµ) .

Lemma 2.4. The range of bµ is contained in the kernel of the Dirac operator DK/H(Eµ).

Proof. For any finite dimensional unitary representations V of K, and E of H, we have an

isomorphism (see (1.10) in [MZ14b])

φ : HomK

(
V, C∞(K/H, Sk/h ⊗ E)

) ∼−→HomH(E, V ⊗ Sk/h)
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such that, for T ∈ HomK(V, C∞(K/H, Sk/h ⊗ E)),

T (V ) ⊂ kerDK/H(E) if and only if φ(T )(E) ⊂ kerDV .

The proof now follows from (9). �

Let E be a finite dimensional representation of H. Assume that E contains an irreducible

H-representation Eν with highest weight ν (with respect to ∆+(h)) which occurs with multi-

plicity one. We denote by pHν the H-equivariant projection on the highest weight component

(11) E
pHν−→Eν .

In a similar way, we define the K-equivariant projection pK• . Note that when E is the tensor

product Eµ ⊗Eν , then E contains an irreducible component Eλ+ν with highest weight µ+ ν

which coincides with the Cartan component. In this case, the map pHν coincides with the

Cartan projection and it induces a smooth K-equivariant map (denoted by the same symbol)

C∞(K/H, Sk/h ⊗ Eµ ⊗ Vν)
pHµ+ν−→ C∞(K/H, Sk/h ⊗ Eµ+ν) .

We shall always assume that Eµ is chosen in such a way that the h-representation Sk/h ⊗ Eµ
lifts to a representation of the group H. Note that, since ν is dominant, Sk/h⊗Eµ+ν also can

be lifted to an H-representation.

Proposition 2.5. The maps bµ and bµ+ν fit in the following commutative diagram

Vξµ ⊗ Vν
bµ ⊗ I→ kerDK/H(Eµ)⊗ Vν → C∞(K/H, Sk/h ⊗ Eµ)⊗ Vν

Vξµ+ν

pKξµ+ν

↓

bµ+ν
→ kerDK/H(Eµ+ν) → C∞(K/H, Sk/h ⊗ Eµ+ν) .

pHµ+ν

↓

◦ αH

Proof. We need to prove the following diagram commutes

Vξµ ⊗ Vν → C∞(K/H, Eξµ)⊗ Vν → C∞(K/H, Sk/h ⊗ Eµ)⊗ Vν

Vξµ+ν

pKξµ+ν

↓
→ C∞(K/H, Eξµ+ν)

pHξµ+ν

↓
→ C∞(K/H, Sk/h ⊗ Eµ+ν) .

pHµ+ν

↓
◦ αH
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It is clear that the left square commutes. The commutativity of the right square amounts to

prove that the following diagram is commutative:

Eξµ ⊗ Vν → Sk/h ⊗ Eρh⊥ ⊗ Eξµ ⊗ Vν
1⊗ pHµ ⊗ 1

→ Sk/h ⊗ Eµ ⊗ Vν

Eξµ+ν

pHξµ+ν

↓
→ Sk/h ⊗ Eρh⊥ ⊗ Eξµ+ν

1⊗ 1⊗ pHξµ+ν

↓

1⊗ pHµ+ν

→ Sk/h ⊗ Eµ+ν .

1⊗ pHµ+ν

↓

While the left part of the diagram clearly commutes, the commutativity of the right one

follows from the associativity of the Cartan projection. �

2.3. Highest weight submodule contribution. Some of the arguments in this subsection

are adapted from [KW76]. We keep the notation of Section 1: G is a connected reductive Lie

group with complexified Lie algebra g and Killing form B, and H is a reductive subgroup of

G with complexified Lie algebra h such that B remains non degenerate on h. We fix a Cartan

involution θ on G and we assume that H is θ-stable. In order to state our result precisely

we need to specify irreducible finite dimensional representations of G and H in terms of their

highest weights. Let t be a Cartan subalgebra of g. Such a Cartan subalgebra may and will

be chosen so that it decomposes as t = th ⊕ th⊥ where th is a Cartan subalgebra of h. If ν is

a linear form on t it defines by restriction a linear form on th. In the other direction, when λ

is a linear form on th we extend it to t by letting it be 0 on th⊥ .

First we choose a positive system ∆+ for g defined by a lexicographic order with th first

and then th⊥ . When a positive system has been chosen we may construct as in [MZ14b] a

positive system ∆+(h) for h by

∆+(h) = {α|th ∈ ∆(h, th), α ∈ ∆+ , g(α) ⊂ h , α|th 6= 0} .

If λ ∈ t∗h is dominant for some positive system in ∆(h, th), we specify ∆+ by choosing λ as

the first basis vector and define ∆+(h) as before. This makes λ dominant for both ∆+ and

∆+(h). Let Eλ be an irreducible finite dimensional representation of H with highest weight

λ. Let Fν be an irreducible representation of G with highest weight ν with respect to ∆+.

Then ν (restricted to th) is ∆+(h)-dominant. As before, we get a surjective H-equivariant

map

Eλ ⊗ Fν
pHλ+ν−→ Eλ+ν

and a smooth G-equivariant map (denoted by the same symbol)

C∞(G/H, Sg/h ⊗ Eλ ⊗Fν)
pHλ+ν−→ C∞(G/H, Sg/h ⊗ Eλ+ν) .
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We will use the isomorphism αH and the projection pHλ+ν to relate the kernel of the Dirac

operators with parameters λ and λ+ ν :

C∞(G/H, Sg/h ⊗ Eλ)⊗ Fν
αH−→C∞(G/H, Sg/h ⊗ Eλ ⊗Fν)

pHλ+ν−→ C∞(G/H, Sg/h ⊗ Eλ+ν) .

Recall that ρg (resp. ρh) is half the sum of positive roots in ∆+ (resp. ∆+(h)) and that

ρh⊥ := ρg − ρh.

Proposition 2.6. The representation Sg/h ⊗ Eλ contains an irreducible subrepresentation

Eλ+ρ
h⊥

with highest weight λ+ ρh⊥.

Proof. The representation Eλ+ρ
h⊥

has infinitesimal character λ+ ρg. Moreover the infinites-

imal characters occurring in Sg/h ⊗Eλ are of the form λ+ ρg −Σ(I) for Σ(I) :=
∑

α∈I α and

I ⊂ ∆+(h⊥) := ∆+ ∩ ∆(h⊥). But w(λ + ρg) = λ + ρg − Σ(I) implies that w = 1 and I is

empty (see [KV95, Proposition 7.166]). So the Z(h)-primary component of Sg/h ⊗ Eλ with

infinitesimal character λ+ρg contains a representation Eλ+ρ
h⊥

with highest weight λ+ρh⊥ . �

Definition 2.7. Let

kertopDG/H(Eλ) := kerDG/H(Eλ) ∩ C∞(G/H, Eλ+ρ
h⊥

) .

Lemma 2.8. Let f ∈ kertopDG/H(Eλ). Then for any w ∈ Fν , one has

pHλ+ν ◦ αH(f ⊗ w) ∈ kerDG/H(Eλ+ν) .

The proof is based on the following lemma.

Lemma 2.9. Let µ be a ∆+(h)-dominant analytically integral weight. If f ∈
C∞(G/H,, Eµ+ρ

h⊥
) then D̂G/H(Eµ)f has values in the subrepresentation of Sg/h ⊗ Eµ which

is contained in

⊕
I
nIEµ+ρ

h⊥−Σ(I)

where I runs over non empty subsets of ∆+(h⊥), Σ(I) =
∑

τ∈I τ and nI are non negative

integers.

Proof. For any weight τ one has a decomposition Eτ ⊗ h⊥ =
∑

β∈∆(h⊥) nβEτ+β, for some

nβ ≥ 0, and corresponding projections

p±τ : Eτ ⊗ h⊥ −→
∑
±β>0

nβEτ+β .
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When we take τ = µ+ρh⊥ we see that HomH

(
Im p+

µ+ρ
h⊥
, Sg/h ⊗ Eµ

)
= 0. In fact, the weight

of Sg/h ⊗Eµ are of the form µ+ ρ(h⊥)−Σ(I) as in the proof of Proposition 2.6 . So one has

the following commutative diagram of H-equivariant linear maps.

Eµ+ρ
h⊥
⊗ h⊥

p−µ+ρ
h⊥−−−−−→ Eµ+ρ

h⊥
⊗ h⊥y y

Eµ ⊗ Sg/h ⊗ h⊥ Eµ ⊗ Sg/h ⊗ h⊥
IE⊗ι−−−−→ Eµ ⊗ Sg/h

where ι is the contraction given by Clifford multiplication :

ι(v ⊗X) = γ(X)v ∀v ∈ Sg/h and X ∈ h⊥.

Because of the presence of p−µ+ρ
h⊥

, this shows that the differential term D̂G/H(Eµ)f takes

values in the subrepresentation of Sg/h ⊗ Eµ which is contained in ⊕
I
nIEµ+ρ

h⊥−Σ(I) where I

is non empty. �

Proof for Lemma 2.8.

One has

DG/H(Eλ+ν) ◦ pHλ+ν = pHλ+ν ◦ DG/H(Eλ ⊗ Fν)

and

DG/H(Eλ ⊗ Fν) ◦ αH = αH ◦ (DG/H(Eλ)⊗ IFν ) +A ◦ αH

where A is the 0th order invariant differential operator

A := −1⊗ D̂Fν (Eλ) ∈ 1⊗ EndH
(
Sg/h ⊗ Eλ ⊗ Fν

)
⊂
(
U(g) ⊗

U(h)
End(Sg/h ⊗ Eλ ⊗ Fν)

)H
.

Now if f is in the kernel of the Dirac operator D(Eλ), we get

(12) DG/H(Eλ+ν) ◦ pHλ+ν ◦ αH(f ⊗ w) = pHλ+ν ◦A ◦ αH(f ⊗ w).

By the assumption that f takes its values in the particular subrepresentation Eλ+ρ
h⊥

, one has

that pHλ+ν ◦αH(f⊗w) and pHλ+ν ◦A◦αH(f⊗w) both are in a subbundle Eλ+ν+ρ
h⊥

with highest

weight λ+ ν+ ρh⊥ . Applying Lemma 2.9 with µ = λ+ ν we get that the term D̂G/H(Eλ+ν) ◦
pHλ+ν ◦ αH(f ⊗ w) has values in a subrepresentation of the form

∑
I nIEλ+ν+ρ

h⊥−Σ(I).

Next we show that the cubic term also takes values in a subbundle of the same form. Since

DG/H(Eλ)f = 0 and f satisfies the assumption of Lemma 2.9 with µ = λ, it follows that

(1⊗ γ(c)⊗ IEλ)f = −D̂G/H(Eλ)f ∈ C∞
(
G/H, ⊕IEλ+ρ

h⊥−Σ(I)

)
.
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This implies that

(1⊗ γ(c)⊗ IEλ+ν )(pHλ+ν ◦ αH(f ⊗ w))

= pHλ+ν ◦ αH (1⊗ γ(c)⊗ IEλ)f ⊗ w) /∈ C∞
(
G/H, Eλ+ν+ρ

h⊥

)
.

We then see that the cubic term of DG/H(Eλ+ν) also has values on αH(f ⊗ w) in∑
I nIEλ+ν+ρ

h⊥−Σ(I). It follows that the left hand side of formula (12) takes values in a

subbundle of the form
∑

I nIEλ+ν+ρ
h⊥−Σ(I) while the right hand side is a section of a sub-

bundle Eλ+ν+ρ
h⊥

with highest weight λ+ ν + ρh⊥ . Hence both terms must vanish. �

3. The fundamental series

We now show that the embedding of a globalization of the fundamental series in the kernel of

the Dirac operator, as defined by Mehdi and Zierau in [MZ14b], commutes with the Zuckerman

translation functor. Let us give a precise statement.

In this section we assume that H is a compact, connected and θ-stable Lie subgroup of G.

So we may assume that H ⊂ K. At the level of Lie algebras, we have

g = h + h⊥ = h + (h⊥ ∩ k) + (h⊥ ∩ s)

where g = k ⊕ s is the Cartan decomposition associated with θ. The Cartan subalgebra

t = th + th⊥ of g is chosen so that th⊥ = (th⊥ ∩ k) + a where a is an abelian subspace of s,

tk = th + (th⊥ ∩ k) is a Cartan subalgebra of k and t = tk + a is a maximally compact Cartan

subalgebra of g.

We now choose positive systems as in [MZ14b]. Let ∆+ ⊂ ∆(t + a, g) be defined by a

lexicographic order with th first, then th⊥ , and a. Such a positive system has the property

that

∆+(h) : =
{
α|th : g(α) ⊂ h , α ∈ ∆+ and αth 6= 0

}
is a positive system of roots in h. Here we are denoting the α-root space in g by g(α). A Borel

subalgebra of g is associated to ∆+ in the usual way by

b = t + u , u =
∑
α∈∆+

g(α) .

Let Eµ be an irreducible representation of h with highest weight µ ∈ t∗h which is ∆+(t, g)-

dominant. As before we assume that the tensor product Sg/h⊗Eµ lifts to a representation of

the group H. We define ξµ ∈ t∗k as

ξµ = µ− (ρk − ρh)
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and choose λµ ∈ t∗ such that

λµ|tk = ξµ − ρs = µ− ρk + ρh − ρs and λµ|a = 0

where ρs := ρg − ρk. Let Vξµ be the irreducible representation of K with highest weight ξµ,

and assume that Sg/k ⊗ Vξµ lifts to a representation of K (see Section 1). Let A∞b (λµ) be a

smooth globalization with moderate growth of the fundamental series representation Ab(λµ),

that is the cohomologically induced (g,K)-module with parameter (b, λµ) ([KV95, Chapter

5]). Since Ab(λµ) is an admissible (g,K)-module, such a globalization exists and is unique up

to isomorphism by Casselman-Wallach globalization Theorem [Wal92, Chapter 11].

3.1. First step.

Theorem 3.1. (Corollary 1.14, Lemma 1.20 (case H = K) in [MZ14b])

There exists a one-to-one G-homomorphism

(13) A∞b (λµ)
Aµ−→ kerDG/K(Vξµ) .

Moreover for any possible choice of the map Aµ, the range of Aµ is contained in the space

of sections of the fiber bundle associated to the isotypic component of Sg/k ⊗ Vξµ with highest

weight ξµ + ρs.

Let Fν be an irreducible finite dimensional representation of G with highest weight ν such

that ν|a = 0.

Lemma 3.2. There exists a unique (up to scalar) G-intertwining map of smooth G-modules

ι : A∞b (λµ+ν)→ A∞b (λµ)⊗ Fν .

Proof. The representation A∞b (λµ) ⊗ Fν is a smooth G-representation of moderate growth

because A∞b (λµ) is of moderate growth and Fν is finite dimensional. Moreover the space of K-

finite vectors ofA∞b (λµ)⊗Fν isAb(λµ)⊗Fν . The Z(g)-primary component p̃λµ+ν+ρg(A∞b (λµ)⊗
Fν), with generalized infinitesimal character λµ + ν + ρg, is then a smooth G-representation

of moderate growth as well, and its space of K-finite vectors is the Z(g)-primary component

of Ab(λµ) ⊗ Fν with generalized infinitesimal character λµ + ν + ρg. By [KV95, Theorem

7.237] the latter is isomorphic to Ab(λµ + ν). In particular, the irreducible representation

Ab(λµ + ν) occurs with multiplicity one in the tensor product Ab(λµ)⊗Fν . Finally, again by

Casselman-Wallach globalization Theorem [Wal92, Chapter 11], one has

p̃λµ+ν+ρg(A∞b (λµ)⊗ Fν) ' A∞b (λµ + ν)
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with λµ+ν = λµ + ν. The existence of the map ι : A∞b (λµ+ν)→ A∞b (λµ)⊗Fν now follows. Its

unicity relies on the fact that Ab(λµ + ν) has multiplicity one in Ab(λµ)⊗ Fν . �

From Theorem 3.1 we know that this embedding ι takes value in the highest weight sub-

bundle of Sg/k ⊗ Vξ, that is kertopDG/K(Vξµ). In particular, pKξµ+ν|tk
◦ αK applies the image

of (Aµ ⊗ I) ◦ ι to the kernel of the Dirac operator by Lemma 2.8. Here αK is defined in a

similar way as for αH in Proposition 2.1. Since ξµ + ν = ξµ+ν , this allows to define

Aµ+ν = pKξµ+ν ◦ α
K ◦ (Aµ ⊗ I) ◦ ι .

Proposition 3.3. The following diagram is commutative

A∞b (λµ)⊗ Fν
Aµ ⊗ I→ kertopDG/K(Vξµ)⊗ Fν → C∞(G/K, Sg/k ⊗ Vξµ)⊗ Fν

A∞b (λµ+ν)

pGλµ+ν

↓

Aµ+ν
→ kerDG/K(Vξµ+ν ) → C∞(G/K, Sg/k ⊗ Vξµ+ν) .

pKξµ+ν ◦ α
K

↓

Proof. The infinitesimal character of A∞b (λµ) is λµ + ρg. So the Z(g)-primary components of

A∞b (λµ) ⊗ Fν have generalized infinitesimal character of the form λµ + ρg + ν ′ where ν ′ is a

weight of Fν . On the corresponding component the Casimir operator ΩG acts by

ΩG =
∥∥λµ + ρg + ν ′

∥∥2 − ‖ρg‖2 .

On the other hand, on the space kerDG/K(Vξµ+ν ) the Kostant-Parthasarathy formula implies

that the Casimir operator acts by

ΩG = ‖ξµ+ν + ρk‖2 − ‖ρg‖2 .

So if pKξµ+ν ◦α
K 6= 0 on the component of (Aµ⊗I)(Ab(λµ)⊗Fν) with generalized infinitesimal

character λµ + ρg + ν ′ we should have

‖ξµ+ν + ρk‖2 =
∥∥λµ + ρg + ν ′

∥∥2
.

But as ξµ+ν + ρk = λµ + ρg + ν, this implies that

λµ + ρg + ν ′ = w(λµ + ρg + ν)

for some element w in the Weyl group of g. By a standard argument this is possible only if

ν ′ = ν (see [KV95, Proposition 7.166]). In conclusion, pKξµ+ν ◦ αK ◦ (Aµ ⊗ 1) vanishes on the

kernel of pGλµ+ν . �
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3.2. Second step. We review the one-to-one G-maps constructed by Mehdi and Zierau in

[MZ14b]

(14) kerDG/K(Vξµ)
Bµ−→ kerDG/H(Eµ),

and we prove that these maps are compatible with translation functors. These maps depend

on the embedding defined in (10)

bµ : Vξµ → kerDK/H(Eµ) .

More precisely the construction goes as follows. First, we have an isomorphism

(15) φµ : C∞(G/H, Sg/h ⊗ Eµ)→ C∞(G/K, Sg/k ⊗ C∞(K/H,Sk/h ⊗ Eµ)),

and under this isomorphism the Dirac operator writes :

φµ(DG/H(Eµ)f) = DG/K(C∞(K/H, Sk/h ⊗ Eµ))φ(f) + 1⊗DK/H(Eµ)f .

Now let bµ : Vξµ → kerDK/H(Eµ) be a K-homomorphism. The map Bµ is then defined by

Bµ : C∞(G/K,Sg/k ⊗ Vξµ) → C∞(G/H,Sg/h ⊗ Eµ)
f 7→ φ−1

µ (g 7→ bµ(f(g))) ,

and if f ∈ kerDG/K(Vξµ) then Bµ(f) is in the kernel of DG/H(Eµ). Recall that for β ∈ t∗, the

map pKβ (resp. pHβ ) denotes the projection onto the irreducible K-isotypic (resp. H-isotypic)

component of highest weight β.

Proposition 3.4. For all µ and ν in the same Weyl chamber for g, the following diagram is

commutative.

C∞(G/K, Sg/k ⊗ Vξµ)⊗ Fν
Bµ ⊗ I→ C∞(G/H, Sg/h ⊗ Eµ)⊗ Fν

C∞(G/K, Sg/k ⊗ Vξµ+ν )

pKξµ+ν ◦ α
K

↓

Bµ+ν
→ C∞(G/H, Sg/h ⊗ Eµ+ν)

pHµ+ν ◦ αH

↓

Proof. By construction the map Bµ is given by the map φµ ◦ (I ⊗ bµ) where φµ is the isomor-

phism of equation (15) and

I ⊗ bµ : C∞(G/K, Sg/k ⊗ Vξµ)→ C∞(G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ))
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defined by I ⊗ bµ(f)(g) = I ⊗ bµ(f(g)) . This yields the following sequence of commutative

diagrams.

C∞(G/K, Sg/k ⊗ Vξµ)⊗ Fν
(I ⊗ bµ)⊗ I

→ C∞
(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ)

)
⊗ Fν

C∞
(
G/K, Sg/k ⊗ Vξµ ⊗ Vν

)
(I ⊗ pKν ) ◦ αK

↓
I ⊗ (αK ◦ bµ)

→ C∞
(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ ⊗ Vν)

)
(I ⊗ (αH ◦ I ⊗ pKν )) ◦ αK

↓

C∞(G/K, Sg/k ⊗ Vξµ+ν )

pKξµ+ν

↓

I ⊗ bµ+ν
→ C∞

(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ+ν)

)
I ⊗ pHµ+ν

↓

and

C∞
(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ)

)
⊗ Fν

φµ ⊗ I→ C∞(G/H, Sg/h ⊗ Eµ)⊗ Fν

C∞
(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ ⊗ Vν)

)
(I ⊗ (αH ◦ I ⊗ pKν )) ◦ αK

↓
→ C∞(G/H, Sg/h ⊗ Eµ ⊗ Eν)

(I ⊗ pHν ) ◦ αH

↓

C∞
(
G/K, Sg/k ⊗ C∞(K/H, Sk/h ⊗ Eµ+ν)

)
I ⊗ pHµ+ν

↓
φµ+ν→ C∞(G/H, Sg/h ⊗ Eµ+ν) .

pHµ+ν

↓

�

3.3. Conclusion. Steps 1 and 2 above can be summarized as follows. Let eve be the evalua-

tion at the identity. It follows from [MZ14b, Section 1.3.3] that for all µ the evaluation at the

identity of a section in the range of the map Bµ ◦Aµ has values in the H-submodule V0(µ) of

Eµ ⊗ Sg/h defined as its isotypic component of highest weight µ+ ρh⊥ − 2ρh⊥∩k.

A∞b (λµ)⊗ Fν
Aµ ⊗ I→ kertopDG/K(Vξµ)⊗ Fν

Bµ ⊗ I→ kerDG/H(Eµ)⊗ Fν
eve ⊗ IFν → V0(µ)⊗ Fν

A∞b (λµ+ν)

pGλµ+ν

↓

Aµ+ν
→ kertopDG/K(Vξµ+ν )

pKξµ+ν ◦ α
K

↓

Bµ+ν
→ kerDG/H(Eµ+ν)

pHµ+ν ◦ αH

↓

eve
→ V0(µ+ ν) .

pHµ+ν+ρ
h⊥−2ρ

h⊥∩k

↓

In the next section we will simply drop Aµ and Bµ from the notations. Moreover, the

group named here G will be replaced by a subgroup M (of a parabolic subgroup) of G and
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the group H will be replaced by H ∩M . So we will simply write without further reference to

this section that

(16) (pMλµ+ν (f ⊗ w))(e) = pH∩Mµ+ν+ρ
m∩h⊥−2ρ

m∩k∩h⊥
(f(e)⊗ w)

where pMλµ+ν (resp. pH∩Mµ+ν+ρ
m∩h⊥−2ρ

m∩k∩h⊥
) is the M -equivariant (resp. M ∩ H-equivariant)

defined as in (11).

4. The principal series

We start this section with some notations from [MZ14b]. We choose a Cartan subalgebra of

g as follows. Fix a maximal abelian subspace ah of h∩ s and let l := zg(ah) be the centralizer

of ah in g. Fix a Cartan subalgebra th of h ∩ k ∩ l and extend th to a Cartan subalgebra

t = th + th⊥ of k∩ l with th⊥ ⊂ h⊥ ∩ k∩ l. Then choose ah⊥ ⊂ h⊥ ∩ s∩ l so that ah + t + ah⊥ is

a Cartan subalgebra of l. Letting a := ah + ah⊥ , we see that a+ t is also a Cartan subalgebra

of g.

Let ∆ := ∆(a + t, g) be the set of a + t-roots in g. Fix a positive system ∆+ in ∆ by a

lexicographic order with a basis of ah first, then (in order) bases of th, th⊥ and ah⊥ . A positive

system ∆+(h) of (ah + th)-roots in h is chosen using the lexicographic order with the same

basis of ah as above, followed by the basis of th.

Having fixed a positive system of roots ∆+ in g, we may define a parabolic subalgebra of

g as follows. Set

Σ+ := {α ∈ ∆+ : α|ah 6= 0}.

Then p := l + n is a parabolic subalgebra of g where

n :=
∑
α∈Σ+

g(α) .

By the above choice of ∆+, p is the complexification of a (real) subalgebra of Lie(G). We

let P be the connected subgroup of G corresponding to this real parabolic Lie algebra. Then

P is a parabolic subgroup of G such that P ∩H is a minimal parabolic subgroup of H (see

Section 3.2 in [MZ14b]). It will be convenient for us to write l = m + ah with

m =
∑

α∈∆,α|ah=0

g(α) + (ah⊥ + t).

Therefore, one has the decomposition p = m+ah+n of p and the corresponding decomposition

of P , which we write as P = MAhN .

For the construction of the intertwining map, it is necessary to assume that the subgroup

H is not too small for certain Dirac cohomology spaces to be non zero. This is ensured by
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the following assumption (Assumption 1.24 in [MZ14b]):

(17) there is no root β ∈ ∆(th + th⊥ + ah⊥ ,m) so that β|th = 0.

Now consider a highest weight representation Eµ of H with highest weight µ such that

the tensor product representation Sg/h ⊗ Eµ of h lifts to a representation of H, and where

µ ∈ (ah + th)
∗ is a ∆+(h)-dominant integral weight satisfying the following conditions:

(i) 〈µ+ ρm∩h − Σ(I) , β〉 ≥ 0, for all β ∈ ∆+(m ∩ h) and I ⊂ ∆+(m ∩ h⊥) ,

(ii) 〈µ+ ρm∩h − 2ρm∩k∩h⊥ , β〉 > 0, for all β ∈ ∆+(m ∩ h)
(18)

where Σ(I) is the sum of the elements in I (see Section 2.3). Under these assumptions,

Eµ̃ :=
(
Eµ
)n∩h

is an irreducible representation of m ∩ h of highest weight µ|th and Sm/m∩h ⊗
Eµ̃ contains the irreducible highest weight representation of m ∩ h having highest weight

µ+ ρm∩h⊥ − 2ρm∩k∩h⊥ (Section 1.3.3 in [MZ14b]). Moreover, by Theorem 3.8 in [MZ14b],

there exist a representation W̃µ of P and a non-zero G-intertwining map

PEµ : C∞(G/P, W̃µ)→ C∞(G/H, Eµ ⊗ S)

such that Im(PEµ) ⊂ ker(DG/H(Eµ)). Both the P -representation W̃µ and the intertwining

map PEµ are explicitly described. The representation W̃µ is constructed as follows. Let Wλµ

be a smooth globalization of the cohomologically induced representation

Wλµ = A∞b∩m(λµ)

given along with an equivariant map of M -modules into ker(DM/M∩H(Eµ̃)) as in Section 3.

Then the representation Wµ of P is then

W̃µ := Wλµ ⊗ C−2ρh|ah .

Recall from [MZ14b, Lemma 1.25] that there is an embedding of spinors

Sm/m∩h ↪→ Sg/h .

The intertwining map PEµ is defined by

(19) (PEµϕ)(g) =

∫
H∩K

` · tµ(ϕ(g`)) d`

for a non-zero tµ ∈ HomP∩H(Wλµ⊗C−2ρh|ah , Sg/h⊗Eµ) given by the evaluation at the identity.

Here the action of ah on Wλµ ⊗C−2ρh is given by (µ+ ρh⊥)|ah , while the action by N ∩H is

trivial (see [MZ14b, Section 1.4.4]).

Let F = Fν be the irreducible finite-dimensional representation of G with highest weight

ν ∈ (a+ t)∗ such that it is ∆+(h)-dominant and assume that ν|a = 0. Then, as before, we get
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maps

C∞(G/P, W̃µ)⊗ Fν
αP−→C∞(G/P, W̃µ ⊗Fν)

pPµ+ν−→ C∞(G/P, W̃µ+ν) .

Here αP is defined similarly to αH and αK as in Proposition 2.1. The map pPµ+ν is the map

induced as before by an M -intertwining map (see Section 3)

A∞b∩m(λµ)⊗ Fν|t → A∞b∩m(λµ+ν) .

Theorem 4.1. The following diagram is commutative

C∞(G/P,Wµ)⊗ Fν
PEµ ⊗ 1

→ C∞(G/H, Eµ ⊗ S)⊗ Fν

C∞(G/P,Wµ+ν)

pPλµ+ν ◦ α
P

↓

PEµ+ν
→ C∞(G/H, Eµ+ν ⊗ S) .

pHµ+ν ◦ αH

↓

Indeed, for all g ∈ G, w ∈ Fν and f ∈ C∞(G/P,Wµ), we have :

(PEµ+ν ◦ pPλµ+ν ◦ α
P )(f ⊗ w)(g) =

∫
H∩K

` ·
[
pPλµ+ν

(
(f(g`))⊗ (g`)−1 · w

)
(e)
]
d`

=

∫
H∩K

` ·
[
pMλµ+ν

(
(f(g`))⊗ (g`)−1 · w

)
(e)
]
d`

=

∫
H∩K

` ·
[
pM∩Hµ+ν

(
(f(g`)(e))⊗ (g`)−1 · w

)]
d`

by equation (16) .

(20)

Recall that Eµ̃ is the irreducible representation of M∩H with highest weight µ|th with respect

to ∆+(m∩ h), and V0(µ) the H-representation defined in Section 3. The following diagram is

commutative:

V0(µ)⊗ Fν → Sm/m∩h ⊗ Eµ̃ ⊗ Fν → Sg/h ⊗ Eµ ⊗ Fν

V0(µ+ ν)

pM∩Hµ+ν+ρ
m∩h⊥−2ρ

m∩k∩h⊥

↓
→ Sm/m∩h ⊗ Eµ̃+ν → Sg/h ⊗ Eµ+ν .

pHµ+ν

↓
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So we get

(PEµ+ν ◦ pPλµ+ν ◦ α
P )(f ⊗ w)(g) =

∫
H∩K

` ·
[
pHµ+ν

(
(f(g`)(e))⊗ (g`)−1 · w

)]
d`

=

∫
H∩K

pHµ+ν([` ·
(
f(g`)(e)

)
]⊗ g−1 · w)d`

by H-equivariance of pHµ+ν

= pHµ+ν

(∫
H∩K

[` ·
(
f(g`)(e)

)
] d`⊗ g−1 · w

)
by linearity of integration

= pHµ+ν ◦ αH ◦ (PEµ ⊗ 1)(f ⊗ w)(g).
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