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TRANSLATION OF HARMONIC SPINORS AND
INTERACTING WEYL FERMIONS ON HOMOGENEOUS SPACES

S. MEHDI AND N. PRUDHON

ABSTRACT. We show that the image of the Poisson map, defined by Mehdi and Zierau in
[MZ14b], which intertwines principal series representations with a submodule of the kernel of
the cubic Dirac operator, commutes with the translation functor. As a byproduct, we obtain
a systematic geometric process which produces interacting Weyl fermions with a fized energy
level on homogeneous spacetimes.

In honor of Professor Jean Ludwig

INTRODUCTION

The relativistic quantum dynamics of a free massive spin—% particle on the Minkowski

spacetime is described by the Dirac equation (1928):

10 3 0 me
1 RLERE S R
(1) ’VocatJr;%axj Y=t

where c is the velocity of light in vacuum, m is the mass at rest and the 7;’s are 4 x 4 complex

matrices (built from Pauli matrices) satisfying the following conditions:
73 =1, 7J2~ = —1 for j =1,2,3, and ;v +xy; = 0 for all j # k.

Solutions to Dirac equation are called Dirac fermions (e.g., electrons, protons, neutrons).
If we choose units such that both the velocity of light and the Planck constant equal 1,

then the Dirac operator D is the matrix-valued differential operator defined by:

. 0 <~ 0
(2) D =75, +j;7jaxj~

It is a first order Lorentz-invariant differential operator acting on sections of the spin bundle
S over Minkowski spacetime. The spin bundle splits into half-spin bundles ST and S~ so that

Key words and phrases. Dirac operator; harmonic spinor; homogeneous space; admissible representation;
translation functor; Weyl fermion, interaction.
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2 S. MEHDI AND N. PRUDHON

Dt .= D |s+ sends sections of S* to sections of ST. Hence the Dirac equation for massless

particles reads as the Weyl equations:
(3) DEp =0

whose solutions are the (massless) Weyl fermions (e.g., neutrinos, antineutrinos). In partic-
ular, given the splitting S = ST 4+ S8~ of the spin bundle, Dirac fermions can be treated as a
combination of Weyl fermions. While Hermann Weyl predicted the existence of such particles
in the late 1920’s, it was only on July 2015 that a research team from Princeton University
reported the first observation of Weyl fermions (http://phys.org/news/2015-12-weyl-fermion-
discovery-ten-breakthrough.html).

In this paper, we are interested in interactions with Weyl fermions. More precisely, attached
with a finite-dimensional representation E of Spin(1, 3), there are a bundle £ over Minkowski

spacetime and a twisted Dirac operator ﬁi(E) defined by:

w

. ) )
DH(E) = Ie)— @ Ie)——

which acts on sections of the bundle S ® &, where I¢ is the identity operator on £. The field
equations for the Weyl fermions, interacting with particles ‘living’ in the bundle &, are then

the following twisted Weyl equations:
(4) DHE)Y) =0.

Solutions are composite objects, resulting from interactions of the Weyl fermions with particles
‘living’ in £. We shall provide a geometric process which produces interacting Weyl fermions
with a fixed energy level on general homogeneous spacetimes. Our approach is based on
representation theory of semisimple Lie groups.

More precisely, suppose G/H is a homogeneous space where G is a connected non-compact
semisimple Lie group with finite center and H is a closed connected reductive subgroup of G.
Suppose S is the spin representation of H (see Section 2) and FE is a finite dimensional repre-
sentation of the Lie algebra of H such that the tensor product S ® F lifts to a representation
of H. This induces a homogeneous vector bundle, denoted by S ® £, over G/H. Acting on
the space C>*(G/H,S ® £) of smooth sections, there is the cubic Dirac operator

D(E): C®(G/H,8®E) — C®(G/H,S®E).

D(E) is a G-invariant differential operator equal to the sum of the above first-order term ZS(E)

and a zero-order term, which comes from a degree three element c in the Clifford algebra of
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the orthogonal complement of the complexification of the Lie algebra of H. The cubic term

c is defined as the image, via the Chevalley isomorphism, of the 3-form
(X,Y,Z) € (T.yG/H)? — (X ,[Y, Z]).

The reason we have to consider cubic Dirac operators for general spacetimes G/ H is because
the square of the ordinary Dirac operator ﬁ(E) need not differ from the Laplacian by a
constant as it should be. Note that when H is a symmetric subgroup, the zero-order term
vanishes and the cubic Dirac operator D(FE) coincides with the ordinary Dirac operator YS(E)

The kernel of (twisted) Dirac operators plays an important role in representation theory.
When G admits discrete series representations and H is a maximal compact subgroup in G,
then the L2-kernel of D(FE) is an irreducible unitary representation belonging to the discrete
series of G and every discrete series representation of G is the L-kernel of D(E) for some
E [AST77, Par72]. When H is not compact, the smooth kernel of D(E) contains a principal
series representation (now G and H need not be equal rank). This is done in [MZ14b] by

constructing an intertwining map Pg analogous to the Poisson transform:
(5) Pe: C*(G/P,W) = C*(G/H,S®E)

where P is a parabolic subgroup of G and W a representation of P. It turns out that
discrete series representations and principal series representations are building blocks of the
representation theory of real reductive Lie groups, since most representations can be embedded
in a principal series representation by Casselman embedding Theorem.

Our main result (Theorem 4.1) provides a systematic process that produces Weyl fermions
on G/H from Weyl fermions lying in the image of the Poisson transform P, via a commutative

diagram of the following form

A, @1
X, ® F, "> kerD(E,) ® F,~C>®(G/H,S®E,)® F,

(6) ﬁ§#+v ﬁﬁ—i—y
Ay -
X)‘;L+u — ker D(E,u—&-l/) — C (G/H, S® 8#4_1,)
where ker D(F,) denotes the smooth kernel of D(FE,), {X),} is a family of smooth repre-
sentations of G with infinitesimal character A\, and F, (resp. FE,) is a finite dimensional

irreducible representation of G (resp. H) with highest weight v (resp. ) with respect to

some fixed positive systems of roots. The various maps A, are G-intertwining operators,
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and the maps p¢ and pf are the projections on the corresponding infinitesimal characters
with respect to G and H. We are mainly concerned with the case where the representations
X, are principal series representations and the intertwining maps Ae are Poisson-type maps
P. However, due to many stages required in the construction of the Poisson maps P, other
families of representations have to be considered first, including the case of compact groups
and fundamental series representations. In each case, we obtain an intertwining map between
the family of representations and the kernel of the Dirac operator, as well as a diagram of the
form (6).

In other words, given a Weyl fermion interacting with a particle living in the bundle &,
the interaction of this fermion with a particle living in the bundle F, contains a Weyl fermion
interacting with a particle in the bundle &,,. Moreover, the action of the Casimir operator
of G (resp. H) on F, (resp. F,) induces some energy level restriction on the Weyl fermions.

The paper is organized as follows. The definition and the main properties of (cubic) Dirac
operators are recalled in Section 1. Several aspects of the kernel of Dirac operators are
discussed in Section 2 such as the translation principle for compact groups. Section 3 is
devoted to the construction of various commutative diagrams which are used to prove that
a specific embedding of fundamental series representations into the Dirac kernel commutes
with translation functors. Finally, in Section 4, we show that the intertwining map defined
in [MZ14b], which produces explicit non-zero solutions to Weyl equations D(E,) = 0 on
G/H, commutes with translations by finite dimensional representations (Theorem 4.1). This
provides a systematic geometric process which produces interacting Weyl fermions with a

fixed energy level on the homogeneous spacetime G/H as follows:

- (non zero) Weyl fermions f on the spacetime G/H, interacting with particles ‘living’
in the bundle &, (i.e. D(E,)f = 0), can be described as the ‘Poisson’ transform Pg,
of some (non zero) section over the piece G/P of the ‘boundary’ of G/H,

- the Weyl fermion f can interact with particles in the bundle F, and the map ]55 i
above produces a composite object consisting of a combination of (non zero) Weyl
fermions over G/H,

- this composite object itself can be described as the image by the ‘Poisson’ transform

Pe, ., of some (non zero) section over the ‘boundary’ of G/H.

We thank the anonymous referee for his/her thorough review and highly appreciate the

comments and suggestions, which significantly contributed to improving the text.
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1. DIRAC OPERATORS

Let G be a connected reductive Lie group with complexified Lie algebra g and Killing form
B. Let H be a connected reductive subgroup of G with complexified Lie algebra h. Let U(g)
(resp. U(h)) be the universal enveloping algebra of g (resp. h). We assume that the restriction

of B to h x b is still non degenerate. We have an orthogonal H-invariant decomposition of g
(7) g=haht.

In particular, the restriction of B to h* remains non degenerate. The homogeneous reductive
space G/H has complexified tangent space at the origin canonically identified with b+. We
consider the Clifford algebra Cl(h1) of b+ with respect to Blys«pL- The defining relations of
the Clifford algebra are:

XX'+ X'X =-2B(X,X") (VX,X' ept).

The restriction of the adjoint action of G to H leaves the space hT stable and preserves B.

In other words, we have a group homomorphism
Ad|g: H = SO(b, Blgr ) -

Write Sy /y for the exterior algebra of a maximal isotropic subspace in hL. A specific choice of

an isotropic subspace is made in [MZ14b, Section 1.3.1]. Consider the Clifford multiplication
v: Cl(h*) — End(Syp) -

Then the spin representation (S, sq/5) of b is defined as the composition map

ad
b Ji’so(rﬁ, Byt ) = Cl(hT) — End(Syp) -

Let (F,0) be a finite-dimensional representation of h such that the tensor product represen-
tation Sy ® E lifts to a representation of the group H. We have a finite rank complex vector
bundle

Sg/p ®E =G xp (S, @ E)
over G/H, whose space of smooth sections C*°(G/H,S;/, @ &) will be identified with the
space C*°(G, Sq/p @ E)H of smooth Sq/p © E-valued maps f on G satisfying the equivariance
condition:

flghy=n""-f(g) (YheH,geq).

From now on, if F' is a finite dimensional representation of H we will denote by F the induced

vector bundle of G/H.
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Let #: U(h) — U(hH) be the antipode. This is the antiautomorphism of U(h) given by
Y%= —Y on b, so that

(Y7 - --Yn)ﬁ = (-1)"Y,---"1 (YY1, , Y, €h).
We consider U(g) as a right U(h)-module and End(S,/, ® E) as the left ¢(h)-module given
by
v-T=To(sgy®0)(v")  (YveU(h), T €End(Syy,® E)).
Let J be the left ideal of (U(g) ® End(S,y ® E)) generated by elements of the form
wT —uxv-T (Vu e U(g),v €U(h),T € End(Sy, ® E)) .

Then the tensor product over U(h) is defined as the quotient

U(w) @ Bnd(Syyy @ ) = (U(g) ® End(S, ® E)) /J.

Let ¢ be the quotient map. The action of H on the tensor product leaves J stable, and hence
induces an action of H on the quotient. The invariant space for this action is the image of

the H-invariants in the tensor product under ¢ so that

H
q: (U(g) ® End(Sy/ ® E))H — <U(g) Zf(%) End(S;/p ® E)) :

It is easy to check that the space (U(g) @y (5) End(Sy/s © E))H is an algebra. For X € Lie(G),
let 7(X) denote the left G-invariant differential operator on G given by right differentiation:

(XN = |G o) vrec=(@).

Extend complex-linearly r to the complexification g of Lie(G).

Proposition 1.1. [KRO0] The algebra Dg(S, /s ®E) of G-invariant differential operators act-
ing on (smooth) sections of Sy /s ®E is isomorphic to the algebra (U(g) @y () End(Sy, ® E))H
This isomorphism is induced by the following representation of U(g) ® End(Sy/y ® E) on
C®(G, Sy ® E):

(X®T)f(g) = T(r(X)f(9)) (VX €9, T € End(Sy, ® E), f € C(G, Sy ® E)).

Let ¢ be the degree three element in Cl(h*) defined as the image under the Chevalley
isomorphism of the 3-form on § given by

(X,Y,Z)— B(X,[Y, Z]).

Letting {X;} be an orthonormal basis of h' with respect to B, the geometric cubic Dirac

operator is the element Dg, g (FE) (or D(E) when no confusion is possible) of Dg(S,/p @ €)
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defined by
(8) Dem(BE) =) r(X;)@v(X;)®@1+1@v(c)®1
J

with

c= Y B(X [ Xk, X)) X; X3 X,

J<k<t

When H is a symmetric subgroup of G, then [hL, hL] C h and ¢ = 0, i.e., the cubic Dirac
operator D/ (FE) coincides with the usual Dirac operator Da /a(E):

Deyu(E) =) r(X;) @v(X;) ®1,

J

Both D¢,y (E) and D /i(E) define G-invariant differential operators and their above ex-
pressions are independent of the choice of the basis {X}.

Since the space Sy, ® E is also a Clifford module, we may consider the representation
I®(y®Ig): U(g) ® Cl(h) — U(g) ® End (S @ E).

It sends H-invariants to H-invariants and goes down to an algebra homomorphism

H go(Ievelg) <

H
VB (u(g)®01(w)) © Ug) ® End(Sg/h@)E)) .

U(n)
As already mentioned in the introduction, one of the most important facts about Dirac
operator is that its square has a very simple expression. Let
Doy =Y _ X;®X; € (U(g) ® Cl(H" )7 and Dyjy = Dy + 1 @ ¢
J
such that ¢ (Dy/y) = Dg/u(E). Let § be the Lie algebra homomorphism defined by

§:U() — U(g) ®Cl(hL)
X — X141 X.

Let Q¢ be the Casimir operator for G is defined as the image of the identity element through
the sequence of G-equivariant maps

Homc(g,9) — 9®g" — g®g — T(g) — U(g),

where g* denotes the vector dual of g and T'(g) the tensor algebra of g. The Casimir operator

Qg of H is defined in a similar way.

Theorem 1.2. [Kos99, Par72] There exist constants ¢y and ¢y depending on g and b respec-
tively such that

Dg/h = (Q¢ + Cg) —6(Qy + Cf)) .
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A short proof was given in [Prul0], it avoids the computation of the constants ¢y and ¢
which are explicitly calculated in [Kos99, Par72].
There is an algebraic analog of the geometric Dirac operator Dg/g(E). Let (X,7) be a

smooth representation of G. The algebraic Dirac operator is the element
Dx(E) = (r®@v® Ig)(Dy/y) € End(X ® Sy @ E)

defined as the image of Dy by the map m#®~® Ig. In the same way one obtains the operator
ZA)X(E) Note that in the case when E' = C, H = {e} and 7 = 1¢ is the trivial representation
of G, one gets that ¢; = s4(€2g). So, since the infinitesimal character of Sy is half the sum of
positive roots py (assume a system of positive roots has been fixed), we have c¢g = ||pg*. We
also note Dy := Dx(1p) the usual algebraic cubic Dirac operator on X.

The Kostant-Parthasarathy formula for the square of Dx (FE) reads as (see [Kos99])
Dx(E)* =7(Q6) @ 1® 1 — 7 ® sg/5(Qr) ® 1+ [lpgll* — llpol>-

In the sequel we will use the notation p, above in several situations. Let g’ be a complex
Lie subalgebra of a complex Lie algebra q. Suppose t’ is a Cartan subalgebra of q' contained
in a Cartan subalgebra t of q such that t =t +t”, for some fixed vector subspace t’. Choose
positive systems A (t,q) and AT (', q') of roots in q and ¢’ respectively, with the compatibility

condition that
AT, q) = {alv € A, q), a € A*(t,q) 9" C d',alv # 0}
where q(® is the a-root space. Then py (resp. py) is half the sum of the elements of A*(t,q)
(resp. AT (¥, q")), while py1 is defined as pg — pgr.
2. KERNEL OF DIRAC OPERATORS AND TRANSLATIONS

2.1. Tensoring with finite dimensional representations. We keep the previous nota-
tions and we let (F,m) (resp. E) be a finite dimensional representation of G (resp. H). One

easily checks the following two properties.

Proposition 2.1. The map o' : C*(G/H, Sy, ® ) @ F — C®(G/H, S5y @ € ® F) given
by
ol (few)(g)=flgenlg™) weSyy®ESF

is a smooth G-module isomorphism.

The second property relates the various Dirac operators on the bundles in consideration.
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Proposition 2.2. One has
o o (Dgyp(E) @ Ir) = <DG/H(E QF) +1® f)F(E)) ol

2.2. The compact group case. We will need to describe ker Dy, u(E) when K is compact
(with complexified Lie algebra £) and E is an irreducible representation of H. This has been
done explicitly by Landweber [Lan00] when K and H have the same (complex) rank. The
general case has been studied in the algebraic framework by Mehdi and Zierau in [MZ06]. If V
is an irreducible representation of K, and E’ is a highest weight representation of H in E®QV/,
we will need a precise relation between the K-modules ker Dy (E") and ker Dy (E) @ V.

Let t be a Cartan subalgebra of £ containing a Cartan subalgebra t; of h. There is a
subspace t,1 of ht such that t = ty +t,. Let AT C A(t,®) be a positive root system defined
by a lexicographic order with t first, then ;.. Such a positive system has the property that

A*(h): = {aly, € C ha € AT and o, # 0}

is a positive system of roots in h. Here £(@) is the a-root space in €. Let p (resp. py) be half
the sum of positive roots in A™ (resp. AT (h)) and W (K) be the Weyl group of K. Let d be

the largest integer less than or equal to %(rank{% —rank b).

Theorem 2.3. Let E,, be an irreducible representation of H with highest weight p with respect
to AT(h). The following assertions are equivalent:
(i) there exists w € W (K) such that &, = w(p+py) — pe € t* is AT -dominant analytically
integral;
(ii) there exists a unique w € W(K) such that &, = w(p + py) — pe € t* is At -dominant
analytically integral;
(i) ker D1 () # {0}
If one of (therefore, any of) the equivalent conditions holds, then
ker Dg i (Ey) ~ 29V, .

Proof. As K is compact we may assume that any finite dimensional representation V of K
is unitary. Then there is a canonical isomorphism between V and its dual V*. Using this
isomorphism and [MZ14b, Equation (1.10)] we get, for any irreducible representation V,, of

K with highest weight v, an isomorphism
Hompg (Vy,, ker D/ (E,)) ~ Hompy (ker Dy, E,) .
Now, by [MZ14al, ker Dy; can be described as follows. Letting

Wi(v) :={w e W(K), w(v+ PE)‘thl =0 and w(v + pe)lg, is AT (h)—dominant}
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we obtain that

(9) ker Dy, = ®uwews (1) 2 Bu(u+pe)—py -
It follows that
ker D i (Ey) = ©,27V,,
where the sum is over all v such that there exists w € Wy(v) such that v + pe = w= (X + py).

Note that if such v exists it is necessarily unique. In fact we would have w(v' + p¢) = v + pe.

But v + pg is in the open Weyl chamber, so this implies that w =1 and v/ = v. ]

Now we need to make a choice of
by, € Homp (Ve,, ker D g (EL)) -

Let p be an analytically integral weight in t; which is dominant for some positive system of
roots in h. We specify AT by choosing i as the first basis vector and define A*(h) as above.
Then p is dominant for both A™ and A*(h). Let E, be an irreducible finite dimensional
representation of H with highest weight p. Let py. = pg — py and let £, € t* be defined as
§u =1 — pyer.
In particular, £,|y, = p+ py — pgly, and fu|thl = _ng’thy Let Vg, be the irreducible repre-
sentation of K with highest weight £,. By the previous proposition there exists a non zero
bu: Vg, — ker D/ (E),). We choose a specific b, as follows. First, observe that there exists
a non zero H-invariant vector v in Sg/py ® Eph . and a non zero H-equivariant map
Ef/,tlth - (SB/F] ® prL ) ® Egy,‘th
w — v & w.

Then composing with the Cartan projection Eph L ®@E¢,, — E,, this ylelds a homomorphism

“uh

E@L — Sé/h ®E,.

‘fh
The projection of the restriction V&J g of Vﬁu to H onto its highest weight component Em «

J)
defines a non-zero element of Hompy (V,|u, Ee,,| th). By Frobenius reciprocity, we get a non-

zero element in Homg (Ve,, C*(K/H, &, t )). We obtain a K-homomorphism by composition
(10) b,ut %}L%COO(K/H, ggu‘th)—}coo(K/H, Sé/h®gﬂ)‘

Lemma 2.4. The range of b, is contained in the kernel of the Dirac operator Dy p(Ey).

Proof. For any finite dimensional unitary representations V of K, and E of H, we have an

isomorphism (see (1.10) in [MZ14b])

¢: Homg (V, C®(K/H, Sy ® €)) — Homp (E, V ® Syy)
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such that, for T' € Homg (V, C*(K/H, Sgy @ £)),
T(V) C ker D/ (F) if and only if ¢(T)(E) C ker Dy .

The proof now follows from (9). O

Let E be a finite dimensional representation of H. Assume that E contains an irreducible
H-representation F, with highest weight v (with respect to AT (b)) which occurs with multi-

plicity one. We denote by pf the H-equivariant projection on the highest weight component

H

(11) EYSE,.

In a similar way, we define the K-equivariant projection pX. Note that when E is the tensor
product E, ® E,, then E contains an irreducible component E), with highest weight p + v
which coincides with the Cartan component. In this case, the map pZ coincides with the

Cartan projection and it induces a smooth K-equivariant map (denoted by the same symbol)
plftI+V
CP(K/H, Sy @ E,@Vy) — C(K/H, Sg/p @ Ep) -

We shall always assume that £, is chosen in such a way that the h-representation Sy @ E,
lifts to a representation of the group H. Note that, since v is dominant, Sg/y ® Ej,4,, also can

be lifted to an H-representation.

Proposition 2.5. The maps b, and b, fit in the following commutative diagram

b, @1
Ve, @ Vi, —— ker D/ (Ep) @ Vi, — C®(K/H, Sy @ E4) @V,

K H H
pﬁ;uru p;u'+l’ ca

Veurw —5—— kerDigym(Epi) —— CF(K/H, Sepy @ Ep).
u+v

Proof. We need to prove the following diagram commutes

Ve, @V, — C®(K/H,&,) @ Vi, — C®(K/H, Sy ® £,) @ V,

K H H H
Pen Peytv Puyy 0

%;ﬁu B— COO(K/H7 gf;ﬂrl/) — COO<K/H7 SE/K) ® 8,u+u) .
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It is clear that the left square commutes. The commutativity of the right square amounts to
prove that the following diagram is commutative:

H
1®p, ®1
E§H®VV—>SE/h®EPhJ_®E€M®VV4>SE/'J®EN®VV

H H H
Pe,tv l®l®pe 4, 1 ® Py

E€H+V - Sf/h ® prj_ ® EE,H—V 4H> Sg/h ® E#Jr,/ .
ptv

While the left part of the diagram clearly commutes, the commutativity of the right one

follows from the associativity of the Cartan projection. O

2.3. Highest weight submodule contribution. Some of the arguments in this subsection
are adapted from [KW76]. We keep the notation of Section 1: G is a connected reductive Lie
group with complexified Lie algebra g and Killing form B, and H is a reductive subgroup of
G with complexified Lie algebra h such that B remains non degenerate on . We fix a Cartan
involution # on G and we assume that H is #-stable. In order to state our result precisely
we need to specify irreducible finite dimensional representations of G and H in terms of their
highest weights. Let t be a Cartan subalgebra of g. Such a Cartan subalgebra may and will
be chosen so that it decomposes as t =t @ t;. where t; is a Cartan subalgebra of h. If v is
a linear form on t it defines by restriction a linear form on t;. In the other direction, when A
is a linear form on t; we extend it to t by letting it be 0 on t;..

First we choose a positive system AT for g defined by a lexicographic order with t; first
and then t;.. When a positive system has been chosen we may construct as in [MZ14b] a

positive system A (h) for h by
A*(h) = {al, € A(h, ), @ € AT g C b, aly, #0}.

If A € t; is dominant for some positive system in A(b, ty), we specify AT by choosing X as
the first basis vector and define AT () as before. This makes A\ dominant for both AT and
AT(h). Let E\ be an irreducible finite dimensional representation of H with highest weight
M. Let F, be an irreducible representation of G with highest weight v with respect to A™.
Then v (restricted to t;) is AT (h)-dominant. As before, we get a surjective H-equivariant
map

P,

E>\®FV—>E)\+I/

and a smooth G-equivariant map (denoted by the same symbol)

H
C®(G/H, Syjp @ Ex @ F)) 258 C(G/H, Sy @ Eny).-
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We will use the isomorphism o and the projection pf\q ', to relate the kernel of the Dirac

operators with parameters A and A + v :
C(G/H, Sy @ E2) ® Fy 5 C%(G/H, Syyy @ Ex © F.) 5 C(GH, Sy ® Exir).
Recall that pg (resp. pp) is half the sum of positive roots in AT (resp. AT(h)) and that
Pyt 2= Pg — Py-
Proposition 2.6. The representation Sy @ E) contains an irreducible subrepresentation

E/\+p,,L with highest weight A + py..

Proof. The representation E>‘+”h , has infinitesimal character A + py. Moreover the infinites-
imal characters occurring in Sy, @ E) are of the form A + pg — %(1) for 3(I) := ) ;@ and
I C AT(ht) .= AT N A(hY). But w(A + pg) = A+ pg — S(I) implies that w = 1 and I is
empty (see [KV95, Proposition 7.166]). So the Z(h)-primary component of Sy ® E) with

infinitesimal character A+pgy contains a representation F) Py with highest weight A+pg.. [

Definition 2.7. Let
keriop Dy (EN) == ker Dy (Ex) N C™(G/H, g)‘ﬂ’hl) .
Lemma 2.8. Let f € kerop Dy (Ex). Then for any w € F,, one has
P, 0o (f @ w) € ker Dy (Exgy) -
The proof is based on the following lemma.

Lemma 2.9. Let u be a A1(h)-dominant analytically integral weight. If f €
C>*(G/H, SM"f‘PhL) then ﬁg/H(EM)f has values in the subrepresentation of Sy @ Ey, which
1s contained in

Gla nfEquphle(I)

where I runs over non empty subsets of AT(h*), £(I) = > ;7 and n; are non negative

integers.

Proof. For any weight 7 one has a decomposition E, @ h+ = ZﬁeA(hi) ngl; 5, for some

ng > 0, and corresponding projections

priEr @bt — > ngErip.
+6>0
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When we take 7 = p+ py. we see that Hompy (Imp;:Lp[l s Sg/p ® Eu) = 0. In fact, the weight
)]
of S5 @ By, are of the form i+ p(h) — X(I) as in the proof of Proposition 2.6 . So one has

the following commutative diagram of H-equivariant linear maps.

n p;-‘rPhL n
Eu—l—phl ®@b — EM'FPhL ®h

IE®t
E.® Sy @bt == E,® Sy, @b~ —2= E,® Sy

where ¢ is the contraction given by Clifford multiplication :
(v @ X) =v(X)v VveSyyand X € ht.

Because of the presence of p, . R this shows that the differential term ZSG /a(EL)f takes
)]
values in the subrepresentation of Sy, ® £, which is contained in ©&n IEM-FP,, | —x(1) where I
I

is non empty. ]

Proof for Lemma 2.8.
One has

DG/H(E)\-I—V) 0 p§{+u = p§{+1/ o DG/H(EA ® FV)
and
Dayu(Ex® F,) o = a' o (Dgyy(Ex) ® Ip,) + Ao o

where A is the Oth order invariant differential operator
H
A=-1® DFV(E)\) €1®Endy (SE/‘) ® Fy® Fl,) C (U(g)ué(@h) End(Sg/h QR FEy® Fl,)) .

Now if f is in the kernel of the Dirac operator D(E)), we get
(12) Dayu(Exyy) opily, 0o (f@w) =pil, 0 Ao (f @ w).

By the assumption that f takes its values in the particular subrepresentation £ Ap, s ONC has
that py,, oo’ (f ®w) and p¥,, 0 Ao’ (f ®w) both are in a subbundle Extvip,. with highest
weight A + v+ py.. Applying Lemma 2.9 with u = A+ v we get that the term D¢y (Ex1y) 0
pﬁ{ru o ol (f ® w) has values in a subrepresentation of the form > nIE)\-i-l/—f—phJ_—E(I)'

Next we show that the cubic term also takes values in a subbundle of the same form. Since

Dg/u(E))f =0 and f satisfies the assumption of Lemma 2.9 with = A, it follows that

(1 & ’V(C) ® IEA)f = —ZSG/H(E)\)]C € COO(G/H, @Ig)\+ﬂhL—E(I)) .
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This implies that

(1®7(c) @ Ip,,,) (PR}, 0 o (f © w))
=piy, 00 (1®9(e) ® Ip,)f @ w) ¢ CF(G/H, Extup,, ) -

We then sce that the cubic term of Dg,p(Exty) also has values on o (f ® w) in
D nIE)\Jrl,erh L —s(r)- It follows that the left hand side of formula (12) takes values in a
subbundle of the form ) ; nrE),, +pyL —5(1) while the right hand side is a section of a sub-

bundle EA*”JF% , with highest weight A + v + py.. Hence both terms must vanish. ([l

3. THE FUNDAMENTAL SERIES

We now show that the embedding of a globalization of the fundamental series in the kernel of
the Dirac operator, as defined by Mehdi and Zierau in [MZ14b|, commutes with the Zuckerman
translation functor. Let us give a precise statement.

In this section we assume that H is a compact, connected and #-stable Lie subgroup of G.

So we may assume that H C K. At the level of Lie algebras, we have
g=b+b-=b+0H"NE+(HNs)

where g = € @ s is the Cartan decomposition associated with 6. The Cartan subalgebra
t =ty + tyL of g is chosen so that ;1. = (t;0 NE) + a where a is an abelian subspace of s,
te =ty + (t,2 N £) is a Cartan subalgebra of € and t = t; + a is a maximally compact Cartan
subalgebra of g.

We now choose positive systems as in [MZ14b]. Let AT C A(t+ a,g) be defined by a
lexicographic order with t; first, then t;1, and a. Such a positive system has the property
that

AT(h): = {a|th: g ch,ae At and a7 0}

is a positive system of roots in f. Here we are denoting the a-root space in g by g(®. A Borel
subalgebra of g is associated to AT in the usual way by
b=t+u, u= Y g,
acAt
Let E, be an irreducible representation of h with highest weight u € t; which is AT (t, g)-
dominant. As before we assume that the tensor product Sy ® E, lifts to a representation of

the group H. We define ¢, € t as

§u =1 — (pe — py)
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and choose A, € t* such that

Mlee =&u—ps=p—pe+py—ps and Ayla=0

where ps := pg — pe. Let Vg, be the irreducible representation of K with highest weight &,
and assume that Sy ® V¢, lifts to a representation of K (see Section 1). Let Ag°(A,) be a
smooth globalization with moderate growth of the fundamental series representation Ag(\,),
that is the cohomologically induced (g, K')-module with parameter (b, \,) ([KV95, Chapter
5]). Since Ap(A,) is an admissible (g, K )-module, such a globalization exists and is unique up

to isomorphism by Casselman-Wallach globalization Theorem [Wal92, Chapter 11].
3.1. First step.

Theorem 3.1. (Corollary 1.14, Lemma 1.20 (case H = K ) in [MZ14b])

There exists a one-to-one G-homomorphism
0o A
(13) AF (M) = ker D (Ve ) -

Moreover for any possible choice of the map A,, the range of A, is contained in the space
of sections of the fiber bundle associated to the isotypic component of Sqse @ Ve, with highest
weight &, + ps.

Let F, be an irreducible finite dimensional representation of G with highest weight v such

that v|, = 0.

Lemma 3.2. There exists a unique (up to scalar) G-intertwining map of smooth G-modules

vi AP (Mutw) = Ag(A) @ Fyy

Proof. The representation Ap®(A\,) ® F, is a smooth G-representation of moderate growth
because Ap°()\,) is of moderate growth and F), is finite dimensional. Moreover the space of K-
finite vectors of Ag°(\,)®F), is Ap(A,)®@F),. The Z(g)-primary component Py, 114 p, (A5 (An)®
F,), with generalized infinitesimal character A\, + v + pg, is then a smooth G-representation
of moderate growth as well, and its space of K-finite vectors is the Z(g)-primary component
of Ay(\,) ® F,, with generalized infinitesimal character A\, + v + pg. By [KV95, Theorem
7.237] the latter is isomorphic to Ay(A, + v). In particular, the irreducible representation
Ap (A +v) occurs with multiplicity one in the tensor product Ay(\,) ® F,,. Finally, again by
Casselman-Wallach globalization Theorem [Wal92, Chapter 11], one has

ﬁ)\u""/"l‘Pg (Acb)o()\'u> & Fl/) ~ Ago()\u + l/)
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with A\, 4, = Ay +v. The existence of the map ¢: AF°(\,1,) = Ag°(Ay) ® F), now follows. Its
unicity relies on the fact that Ay()\, + v) has multiplicity one in Ap(A,) @ F),. O

From Theorem 3.1 we know that this embedding ¢ takes value in the highest weight sub-
bundle of Sy ® Vg, that is keryop Dk (Vg, ). In particular, pg ol © o applies the image
of (A, ® I) ot to the kernel of the Dirac operator by Lemma 2.8. Here o is defined in a

similar way as for aff in Proposition 2.1. Since §u + v = &40, this allows to define
At :pgw ool o(A,®I)ou.

Proposition 3.3. The following diagram is commutative

A, @1
AP (Ny) ® Fy = keryop Doyie (Ve,) © By — C(G/K, Sye @ Ve,) ® F),

G K K
p)\‘u,‘i’y p£u+y o«

AP (M) A ker Dg/re(Ve,y,) — CF(G/K, Sgpe @ Ve, 1) -
pt+v

Proof. The infinitesimal character of Ag°(\,) is A, + pg. So the Z(g)-primary components of
AX(A,) ® F, have generalized infinitesimal character of the form A\, + pg + v/ where 1/ is a
weight of F,,. On the corresponding component the Casimir operator g acts by

Qi = [N+ pg +7'|° = logl?

On the other hand, on the space ker D¢/ (Vg, ., ) the Kostant-Parthasarathy formula implies

that the Casimir operator acts by
Qg = 1€usv + el — llpgll -

So if ng oa® # 0 on the component of (4, ®1)(Ap(\,) ® F,) with generalized infinitesimal

character A\, + pg + v/ we should have
16t + pell” = [P+ g + /| -
But as §,4, + pe = Ay + pg + v, this implies that
Ao+ pg +V =wh, + pg+v)

for some element w in the Weyl group of g. By a standard argument this is possible only if
V' = v (see [KV95, Proposition 7.166]). In conclusion, pgﬁy oa® o (A, ® 1) vanishes on the

kernel of pi ‘e O
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3.2. Second step. We review the one-to-one G-maps constructed by Mehdi and Zierau in

(MZ14b]
B
(14) ker D/ (Ve,) —>ker D g (Ey),

and we prove that these maps are compatible with translation functors. These maps depend

on the embedding defined in (10)

bu: Ve, — ker Dy (Ey) -
More precisely the construction goes as follows. First, we have an isomorphism
(15) bp: CF(G/H, Sy ® E) — C(G/K, Sgpp @ CF(K/H, Sy ® EL1)),
and under this isomorphism the Dirac operator writes :

¢u(Dayu(Ep)f) = Dayx (C™(K/H, Sgyy @ E4))d(f) + 1@ Dy (Eu)f -
Now let b,,: Vg, — ker Dg /g (E)) be a K-homomorphism. The map B, is then defined by

B, : C¥(G/K,Sgp @ Ve,) — CF(G/H, Sy ® &)
f = o (g = 0u(f(9))),
and if f € ker D/ (Ve,) then B, (f) is in the kernel of D¢/ (E,). Recall that for 3 € t*, the
map pé{ (resp. pg ) denotes the projection onto the irreducible K-isotypic (resp. H-isotypic)
component of highest weight 5.

Proposition 3.4. For all p and v in the same Weyl chamber for g, the following diagram is

commutative.

B,®I
C®(G/K, Sgpe @ Ve,) @ F, ——— C™(G/H, Sy ® E,) ® F,

K H

K H
Py, ©Q PuyvoQ

COO(G/K, Sg/g ® V£H+V) T) C’OO(C;'/];I7 Sg/h ® gN‘H’)
pn+v

Proof. By construction the map B,, is given by the map ¢, o (I ® b,) where ¢, is the isomor-
phism of equation (15) and

I® bﬂl COO(G/K, Sg/g ®V§u) — COO(G/K, Sg/g ®COO(K/H, Sg/h ®g,u))
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defined by I ® b,(f)(9) = I ® b,(f(g)). This yields the following sequence of commutative
diagrams.

(I®b,)®
e

I
Co(G/K, Sq/e @ Ve,) @ F, C® (G/K, Sgp @ C(K/H, Spyy @ E,))) © F,

(I®pf)oak (I®(aoI®pk))oak
o) I ® (aK 0 bﬂ) 00 o)
C®(G/K, Syt @ Ve, @V,) ————4 C®(G/K, Sy @ C(K/H, Spp @ E, @ V)
K H
pf;ﬂrv I ®pu—‘,—y
CHG/E, Sype ® Vo) — 1o butv C(G/K, Sype @ C*(K/H, Sypy @ Eut))
and
O (G/K, Syye @ C¥(K/H, Sy @ E,)) @ F, ——= C®(G/H, Sqjy @ E,) @ Fy
(I® (" oI ®pk))oak (I®pl)oal

C®(G/K, 832 @ C¥(K/H, Sp1y @ £, @V,)) —— CP(G/H, Sy/y ® E, Q&)

I'® p;I;I-H/ pf—i—u

o0 [e'e) ¢ v 00
C® (G/K, Syp @ C(K/H, Sty © Eutn)) —— 2 CF(G/H, Syjp @ Eu)

O

3.3. Conclusion. Steps 1 and 2 above can be summarized as follows. Let ev, be the evalua-
tion at the identity. It follows from [MZ14b, Section 1.3.3] that for all x4 the evaluation at the
identity of a section in the range of the map By, o A, has values in the H-submodule Vj(u) of
E, @ Sy, defined as its isotypic component of highest weight p + py1 — 2pp1 .

A, @1

B,®I eve ® I,
AZ (M) @ F, —F— keriop Doy (Ve,) ® Fy —— ker Dy (E,) ® Fy —

%(M)®Fu

G K K H H H
p>‘ﬂ«+l’ pgu+l’ o p'u;{»y o pﬂ+”+phL72phLme
AP Mpyw) —— keryop Dy (Ve,y,) ———— ker Dg/p(Euyy) —————— Vo(p+v).
Apvy Bytv Ve

In the next section we will simply drop A, and B, from the notations. Moreover, the

group named here G will be replaced by a subgroup M (of a parabolic subgroup) of G and
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the group H will be replaced by H N M. So we will simply write without further reference to

this section that

(16) W, (Fow)e) =g, L, (fl)ew)

HNM
Lesp. p'“"'”"'pmnhi ~2PnenpL

defined as in (11).

where p% » ( ) is the M-equivariant (resp. M N H-equivariant)

4. THE PRINCIPAL SERIES

We start this section with some notations from [MZ14b]. We choose a Cartan subalgebra of
g as follows. Fix a maximal abelian subspace ay of h N's and let [ := 34(ay) be the centralizer
of ay in g. Fix a Cartan subalgebra t; of h N &N [ and extend t; to a Cartan subalgebra
t=ty+t,. of Nl with t. C htNneNnIl. Then choose apr C bt NsNlso that ap +t+ago is
a Cartan subalgebra of [. Letting a := ay + a1, we see that a +t is also a Cartan subalgebra
of g.

Let A := A(a +t,g) be the set of a + t-roots in g. Fix a positive system AT in A by a
lexicographic order with a basis of ay, first, then (in order) bases of ty, ;1 and ay.. A positive
system A1 () of (ay + ty)-roots in h is chosen using the lexicographic order with the same
basis of ay as above, followed by the basis of tj.

Having fixed a positive system of roots AT in g, we may define a parabolic subalgebra of
g as follows. Set

sti={ae A" :alq #0}.
Then p := [+ n is a parabolic subalgebra of g where
n= 3 g,
aexT
By the above choice of AT, p is the complexification of a (real) subalgebra of Lie(G). We
let P be the connected subgroup of G corresponding to this real parabolic Lie algebra. Then
P is a parabolic subgroup of G such that P N H is a minimal parabolic subgroup of H (see
Section 3.2 in [MZ14b]). It will be convenient for us to write [ = m + ay with
m= Z gl + (apL +t).
Q€A afqy =0

Therefore, one has the decomposition p = m+-ay+n of p and the corresponding decomposition
of P, which we write as P = M AyN.

For the construction of the intertwining map, it is necessary to assume that the subgroup

H is not too small for certain Dirac cohomology spaces to be non zero. This is ensured by



TRANSLATION OF HARMONIC SPINORS 21
the following assumption (Assumption 1.24 in [MZ14b)):
(17) there is no root 3 € A(ty + ty1 + age, m) so that S|y, = 0.

Now consider a highest weight representation £, of H with highest weight p such that
the tensor product representation Sy, ® E), of b lifts to a representation of H, and where

w € (ap + t5)* is a AT (h)-dominant integral weight satisfying the following conditions:

) (1) {p + pmry — 2(I),8) >0, forall B € AT (mNp)and I € AT (mNph),
(i) (1 4 pmnb — 2PmenpL  B) > 0, for all B € AT (mnNb)

where X(I) is the sum of the elements in I (see Section 2.3). Under these assumptions,
E; = (Eu)nmh is an irreducible representation of m N b of highest weight ply, and Sy /may @
E; contains the irreducible highest weight representation of m N b having highest weight
B+ Pt — 2Pmeenp (Section 1.3.3 in [MZ14b]). Moreover, by Theorem 3.8 in [MZ14b],

there exist a representation Wu of P and a non-zero G-intertwining map
Pe,: CX(G/P,W,) — C¥(G/H,E,®S)

such that Im(Pg,) C ker(Dg/p(E,)). Both the P-representation /VVM and the intertwining
map Pg, are explicitly described. The representation Wu is constructed as follows. Let W),

be a smooth globalization of the cohomologically induced representation

W)\,u = g%m()\ﬂ)

given along with an equivariant map of M-modules into ker(Dys/yng(Eg)) as in Section 3.

Then the representation W, of P is then

Wll = W/\u & C72ph|% .
Recall from [MZ14b, Lemma 1.25] that there is an embedding of spinors

Sm/mny > Sg/p -

The intertwining map Pg, is defined by

(19) (Pe,)(g) = / 0 tu(p(gt)) de

HNK
for a non-zero t,, € Hompng (W, ®C—2f7h|uh , Sg/p@E),) given by the evaluation at the identity.

Here the action of ay on W), ® C_, is given by (p + py1)|q,, While the action by N N H is
trivial (see [MZ14b, Section 1.4.4]).

Let F' = F,, be the irreducible finite-dimensional representation of G with highest weight
v € (a+t)* such that it is AT (h)-dominant and assume that v|, = 0. Then, as before, we get
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maps
C=(GIP,IW,) & Fy 255 OGP, W, & F) P (G P W)

Here of is defined similarly to af and o as in Proposition 2.1. The map pﬁ) ., is the map

induced as before by an M-intertwining map (see Section 3)
g%m()‘u) ® FUlt - Ag%m(A/H—V) .

Theorem 4.1. The following diagram is commutative

Pe, @1
C*(G/PW,) @ F, —— C*(G/H, £, ®S)® F,

p)‘H+V ap p,lI;I-i-V o aH
COO(G/P, W,H_y) T COO(G/H, E,H_y & 8) .
ptv

Indeed, for all g € G, w € F, and f € C*°(G/P,W,), we have :

(Peres 080 o) = [ e[k (o) @ (g0) - w) (@) ar

HNK
= [ AL () e ) (0] de

(20) HNK
—[ pmH ((F(gD)(e)) @ (g0) - w)] de

HNK

by equation (16) .

Recall that Ej; is the irreducible representation of M N H with highest weight pl, with respect
to AT(mnNh), and Vy(u) the H-representation defined in Section 3. The following diagram is

commutative:
‘/O(I’L>®Fl/ — Sm/mﬁh®Eﬁ®Fy — Sg/h®Eu®FV
MNH H
p“+y+pmmhl- 2PmAenp L Putv

V(M+V)4>Sm/mmh®E - —— Sy @ Epgy
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So we get

(Pevru oy, aNF 900 = [ 0 (ol ((Flo0(E) @ (90) )] a
— [ e e o gt wit
HNK

[AST77]
[Kos99)]
[KROO]
[KV95]
[KW76]
[Lan00]
[MZ06]
[MZ14a]
[MZ14b)

[ParT2]
[Prul0]

[Wal92]

by H-equivariance of pﬁl ey

it ([ 1 (el dt g0
HNK
by linearity of integration

=Dy 0 a0 (Pg, @ 1)(f @ w)(g).
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