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COMPUTING THE ASSOCIATED CYCLES
OF CERTAIN HARISH-CHANDRA MODULES

SALAH MEHDI, PAVLE PANDZIC, DAVID VOGAN, AND ROGER ZIERAU

ABSTRACT. Let Gr be a simple real linear Lie group with maximal compact
subgroup Kg and assume that rank(Ggr) = rank(Kgr). In [MPVZ] we proved
that for any representation X of Gelfand-Kirillov dimension %dim(G’R/K]R)7
the polynomial on the dual of a compact Cartan subalgebra given by the
dimension of the Dirac index of members of the coherent family containing X
is a linear combination, with integer coefficients, of the multiplicities of the
irreducible components occurring in the associated cycle. In this paper we
compute these coefficients explicitly.

1. INTRODUCTION

Let Gr be a simple real linear Lie group with a Cartan involution # and maximal
compact subgroup Kg = G%. Let g = €@ p be the Cartan decomposition of the
complexified Lie algebra g of Gg; this decomposition is orthogonal with respect to
the Killing form B. Let K be the complexification of Kg and G a complex Lie
group (with Lie algebra g) containing K as the set of fixed points of the complex
extension of #. We assume throughout the paper that g and ¢ have equal rank, i.e.,
there is a Cartan subalgebra § of g contained in €. We fix such h and write W for
the Weyl group of (g, b).

In this paper we are concerned with comparing two important invariants of
(g, Kr)-modules. One is the Dirac index studied in [MPV]. It is defined using the
Dirac operator D € U(g) ® C(p), where U(g) is the universal enveloping algebra of
g and C(p) is the Clifford algebra of p with respect to B. If M is a (g, Kr)-module,
then D acts on M ® S where S is a spin module for C(p). The Dirac cohomology
of M is defined as

Hp(M) = Ker(D)/(Im(D) N Ker(D);

it is a module for the spin double cover K of Kg (finite-dimensional if M is admis-
sible). This invariant was introduced in [V2], it turned out to be very interesting
and also quite computable; see for example [HP1], [HP2], [HKP], [HPR]|, [HPP],
[HPZ], [BP1], [BP2], [BPT], [MP], [MZ], [DH].
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Decomposing the K-module S as S = ST @& S~ induces a decomposition of Dirac
cohomology
HD(M) = I‘ID(]\f)jL &) HD(M)i.
The Dirac index of M is then defined as the virtual K-module
DI, (M)=Hp(M)* — Hp(M)~.

It is proved in [MPV] that Dirac index varies nicely over coherent families of (g, Kr)-
modules. In particular, if { My} is such a coherent family, attached to a module M,
then the function

A — dim DI, (M))

extends to a polynomial on h*, which we denote by DI,(M).

Another very useful invariant of a Harish-Chandra module M is its associated
cycle AC(M), defined in [V1]. See [MPVZ] for a short review of the definition.

In concrete terms, for irreducible M, AC(M) can be written as the formal sum

AC(M) = " mi(M)O,

where O; C p are the real forms of a complex nilpotent G-orbit O C g, and the
multiplicities m;(M) are nonnegative integers. The orbit OC is specified by the
requirement that OC is the associated variety of the annihilator of M.

If M is put into a coherent family {M)}, then the corresponding multiplicities
extend to polynomials m;(M) on h*. It was conjectured in [MPV], and proved in
[MPVZ], that in certain special circumstances these multiplicity polynomials are
related to the Dirac index polynomial by

DI,(M) = Z cams (M)

for some integers ¢;. Such a relationship is true when the associated variety of the
annihilator of M is contained in OC, with OF corresponding via Springer corre-
spondence to the W-representation generated by the Weyl dimension polynomial
Py for K (P is defined by (3.1)).

The purpose of this paper is to complement [MPVZ] by explicitly computing the
constants ¢; in the classical cases other than SU(p,q). The case Ggr = SU(p, q) as
well as the case of exceptional groups are done in [MPVZ]

We start by reviewing some facts about real forms of nilpotent orbits in Section
2, and assembling a few useful general facts about the computations in Section 3.
Then we do the case-by-case computations in Sections 4 — 8.

2. NILPOTENT ORBITS AND THEIR REAL FORMS

We recall that the list of the classical real groups for which the conjecture from
[MPV] applies is given in [MPVZ], Section 6, Table 1, along with the relevant
explanations. The groups on the list are the connected classical equal rank groups
such that the W-representation o generated by the Weyl dimension polynomial
Py for K is Springer. The list consists of

SU(p,q), q=p=>1
SO0:(2p,2¢+1), g>p—1>0;
Sp(2n,R), n>1;

SO*(2n), n>1;
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e SO.(2p,2q), q=>p=>1.

The table in [MPVZ] also includes the nilpotent orbits O corresponding to o
in each of the cases, as well as the number of real forms of these orbits. Here
we explain how to get these real forms, and in particular how to write down the
semisimple elements h of the corresponding slo-triples, which we need to begin our

computations.
We start by recalling that complex nilpotent orbits in classical Lie algebras are
in one-to-one correspondence with the set of partitions [dy, - - ,dy] with dy > do >

o+ >dg > 1 (if d; occurs m times, we will simply write dj*) such that (see [CM],
Chapter 5):

e dy +ds+ -+ di =n, when g ~ sl(n,C);

o dy+dy+---+dr =2n+1 and the even d; occur with even multiplicity,
when g ~ s0(2n + 1,C);

e dy +dz +---+dr = 2n and the odd d; occur with even multiplicity, when
8.~ sp(2n, C);

o dy +dy+ -+ di = 2n and the even d; occur with even multiplicity,
when g ~ s0(2n,C); except that the partitions having all the d; even and
occurring with even multiplicity are each associated to two orbits.

We now recall the procedure which attaches sly-triples to complex nilpotent
orbits (see Chapter 3 in [CM]). For a positive integer ¢, define the Jordan block J;
to be the ¢ x 7 matrix

010 O 0
00 1 o0 0
Ji = .
0 00 0 1
000 O 0
For a postive integer n, write [dy,ds, - - - ,dy] for a partition of n. Define the n x n
matrix
Ja, 0 oo --- 0
0 Jd2 o o0 --- 0
Xldy,do, e ] = . . e .
0 0 0 0 - Jg

Then Xig, 4,,...4,) is @ nilpotent element in the complex Lie algebra sl,. Write
Old, ds,-- ,a4,) for the complex nilpotent orbit under the adjoint group PSL,, of sl,.
It is convenient to attach to Og, 4,,... 4,) @ Young tableau, i.e a left-justified ar-
rangement of empty boxes of rows with size in the non-increasing order dy, do, ...,
dy;.

Let H = é _01 , X =Jy = 8 (1) and Y = Ji = ((1) 8) Then [H, X] =
2X, [H,Y] = —2Y and [X,Y] = H, so that H, X,Y span, over C, the simple Lie
algebra sly of 2 x 2 complex matrices with zero trace. For a non-negative integer
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r, define the linear map p, : slo — sl 1 by

r 0 0 0 0

0 r—2 0 0
o (H) = ) . .

0 —-r4+2 0

0 0 —r
pr(X) = Jrpa

0 0 00 0

w0 0 0 0

0 0 0 0
pe(Y) = o

0 J

with p; =i(r+1—d) for 1 <i<r

pr defines an irreducible representation of sly of dimension r + 1, and any finite
dimensional irreducible representation of sly is equivalent to p, for some r. The
map p, induces the homomorphism ®¢ : slo — sl,, defined by:

bp = @ Pd;—1

1<j<k

so that ®o(X) = X4, d,,... 4,]- The standard sly-triple associated with the com-
plex nilpotent orbit O, a,.... ] 18 {H{d, dy,- dp]s X[dy,do ,de]} Y[dioda,--- ,dy] ) WheTe
Hig, dg,e 4] = Po(H), X(d, g, ) = Po(X) and Y4, 4,.... 4] = Po(Y). Choose
the Cartan subalgebra consisting of n X n diagonal matrices diag(ai,as, - ,ay)
with zero trace, and fix the positive system of roots {¢; —¢; | 1 < i < j < n}
whose corresponding Borel subalgebra consists of the upper tringular matrices of
zero trace. Here ¢; is the complex linear form defined on the Cartan subalgebra
such that ¢;(diag(ay,as, -+ ,a,)) = a;. Then up to a Weyl group element of sl,,,
the element Hig, 4,.... q,] is conjugate to a dominant element

(hla hQa e 7hn) = diag(hly h27 Tty hn)
with hy > hg > --- > h, and hy + ho + -+ + h, = 0. Associated with the orbit
Old, d,-- ] 18 the weighted Dynkin diagram

hlfhg h27h3 hn—l*hn
o— 00— . J——S)

Suppose now that Gg = SU(p,q), Kr = S(U(p) x U(q)) and g = sl,,, with
q>p>1and p+ g =n. The dominant h associated with the complex nilpotent
orbit O€ = Olzr;1a-»] 18 given by

h = (1a17 ,1,0,0,"' 507_1a_17"' ?_1)
—_—
P q—p p
along with the weighted Dynkin diagram
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0 1 0 1 0 0
(@ MM Y N o S — ; G VI o)
€1—€2 €p—€p+1l €Ept1—Ept2 €q—€q+1 €g+1—€q+2 €p+q—€ptqg—1

Moreover, by Kostant-Sekiguchi, it is known that the nilpotent orbit OF has
p+ 1 real forms which are in one to one correspondence with nilpotent K-orbits in
p. More precisely, for k =0,1,2,--- ,p, let Iy =0 and

For each k, the element ej belongs to OF. On the other hand, the K-orbit of ey
consists of matrices of the form

<g é) with rank(A4) = k and rank(B) =p — k
In particular, if & # k' then the K-orbits of e; and ey are disjoint. Choosing the
positive system {¢; —¢; |1 <i<j<porp+1<i<j<p+q}, the (dominant)
neutral element of the sly-triple corresponding to the real form K - ey is

hk:(]-a]-v 717_13_17”' a_]-v]-vla"' 7130a0,”'307_17_]—7"' a_]-)
S—_— ————— Y—— V—— V———
k p—k p—k q—p k

The description in terms of Young tableaux of the complex orbit O and of its real
forms is as follows:

_l’_
oc [T rp real forms for O [ . ]k € {0,...,p}

p—k

|..
-+

q—p

Consider Gg = Sp(2n,R) and Kg = U(n). The complexification g = spa,, of Gg
is realized as the following set of matrices

{ (g; _ZZ2§> | Z1 n x n complex matrices, Zs, Z3 symmetric complex matrices}
A Cartan subalgebra in g consists of diagonal complex matrices of the form
diag(ay,as, - ,an, —ay, —as, -+ ,—ay). Fix the standard system of positive roots
{eite |1 <i<j<n}U{2 |1<k<n} AsintypeA, thereis an explicit
recipe which attaches an slp-triple to a complex nilpotent orbit (see 5.2.2 in [CM]).
We apply this recipe to the nilpotent orbit O¢ = O|2n), using n chunks coninciding
with {2}. We obtain (viewing sps, as a subalgebra of sly,)
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h:=diag(1,1,---,1,—1,—1,--- , 1)
—_—

which we will simply write

along with the weighted Dynkin diagram

0 0 0
O O e
€1—€2 €2—e€3 €n—1—€n 2€n

[eR ™

The same argument as in type A shows that OC possesses n + 1 real forms with

hk:(Lla 717713717"’ 7717717717"' 77131a17"'31)
—— ———

k n—k k n—k

The description in terms of Young tableaux of the complex orbit O and of its real
forms is as follows:

ke{0,...,n}

ot [T 1%n real forms + -

n—=k

—|+

Consider Gg = SO.(2p,2q + 1) and Kr = S(0O(2p) x O(2¢ +1)). The complexi-
fication g = 509,41 of Gg, withn = p+q and ¢ > p > 1, is realized as the following
set of matrices

0 U v
{ vt Zy Zy | |u,v€C" Zy n xn complex, Zy, Z3 skew-symmetric}
ot _ ot
u Zg Zl

A Cartan subalgebra in g consists of diagonal complex matrices of the form
diag(0,a1,as, - ,an,—a1, —as, -+, —ay) (first row and column of zeros). Fix the
standard system of positive roots {e; £ ¢; | 2 < i < j < n+1}U{e | 2 <
kE < n+ 1}. There is an explicit recipe which attaches an sly-triple to a complex
nilpotent orbit (see 5.2.4 in [CM]). We apply this recipe to the nilpotent orbit
o° = O|3,220-2 12a-p+1)), Using the following chunks : {3}, p—1 {2;2}’s and ¢—p+1
{1;1}’s. We obtain (viewing s05,+1 as a subalgebra of sly, 1)

:= diag(0,2,1,1,---,1,0,0,--- ,0,—1,-1,--- , —1,—2)
—_— —— ——

2p—2 2(qg—p+1) 2p—2
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which we will simply write (dropping the first zero coordinate and shifting indices
of ¢;’s)

h:(2a1717"' 7150707"' 7O>
—_— ——
2p—2 q—p+1

along with the weighted Dynkin diagram

1 0 1 0 0 0
[(@ [ ¢ W ) VA ) W oﬁ:@
€1—¢€2 €2—€3 €2p—€2pt1 €2p+1—€2p+42 €ptq—1—€ptq €ptq

The nilpotent orbit OF possesses 2 or 3 real forms depending wether ¢ > p — 1
or not. The description in terms of Young tableaux of the complex orbit OF and
of its real forms is given below. The recipe to produce the real h’s from the signed
tableau can be stated as follows: the first row of length 3 gives a 2 in the first p
coordinates if the row starts with a ”+” and a 2 in the p + 1 coordinate if it starts
with a ”-”. For the rows of length two, a ”+” (resp. ”-”) sign in the leftmost box
provides +1 in the first p coordinates (resp. in the second group of coordinates
p+1,---); a”+” (resp. ”-”) sign in the rightmost box provides —1 in the first p
coordinates (resp. in the second group of coordinates p + 1,---). In particular, we
get

h{ (2,1,1,---,1,1,1,--- ,1,0,0,--- ,0)
———— ——— ——

p—1 p—1 g—p+1

hi! (2,1,1,--+,-1,1,1,--- ,1,0,0,--- ,0)
e e i

p—1 p—1 q—p+1
hy = (1’17"'71a07271717"'7170a07"'30)0n1yifq>p_1
— —_— ——
p—1 p—1 q—p

hiT is obtained from h{ by the outer automorphism €,_1 + €, <— €,—1 — €

€p—1te€p
O ..
€1 —€2 €2—€3
€p—1—€
P P

The description of the orbit O and its real forms in terms of Young tableaux is
as follows:
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[ ] +|=|+]
+_
o% [1:]r2p—2 real forms for O¢ [ [:]32p—2 1 1I
+i
lp20@-p+1) lp20@-p+1)
T
_|__
i p2p—2 onlyifg>p—1
+_

2(q—p)+1

Consider Gg = SO.(2p,2q) and Kr = SO(2p) x SO(2q). The complexification
g = 509, of Gr, with n = p+ q and ¢ > p > 1, is realized as the following set of
matrices

7z, Z . .
{ ! 2,5 | Z; n x n complex matrices, Za, Z3 skew—symmetrlc}
Zs —Z

A Cartan subalgebra in g consists of diagonal complex matrices of the form
diag(ay, a9, - ,an, —ai, —asg, -+ ,—ay,). Fix the standard system of positive roots
{e6: L€ | 1 <i<j<n}. Thereis an explicit recipe which attaches an sly-triple to
a complex nilpotent orbit (see 5.2.6 in [CM]). We apply this recipe to the nilpotent
orbit O¢ = O)3,220-2 12a-p)+1), Using the following chunks : {3;1}, p—1 {2;2}’s and
q—p {1;1}’s. We obtain (viewing s03,, as a subalgebra of sl,)

h=diag(2,1,1,--,1,0,0,-+,0,~1,~1,--- ,—1,-2)
—_———— —— —————
2p—2 2(qg—p+1) 2p—2

which we will simply write

h:(2a1717"' a150707"‘ 70)
—_— —
2p—2 q—p+1

along with the weighted Dynkin diagram

0 eptg—1—€ptq

€1—€2 €2p—1—€2p €2p—€2pt1

2 0 1 0 0 0

The nilpotent orbit OF possesses 3 or 4 real forms depending whether ¢ > p or
not. Using a recipe analogous to the one used for type B, we get



COMPUTING THE ASSOCIATED CYCLES 9

h’{ = (271717"'7171a17"'a1a0507"'70)
—_—
p—1 p—1 q—p+1
h{I = (27171a"'7_171517"'a170707"'70)
—_— — Y—
p—1 p—1 q—p+1
hy = (1,1,---,1,0,2,1,1,---,1,0,0,--- ,0)
——— —_— —
p—1 p—1 q-p
h’él = (1717'“717072a1717"'a717070a"'70)on1yifq:p
—— —_—
p—1 p—1 q=p

As before, h!! is obtained from h! by the outer automorphism:

€p—1t€p
O e
€1 —€ €2 —€
1—€2 2—€3 ep_1—€p

The description of the complex orbit O and its real forms in terms of Young
tableaux is as follows:

] +[=[+]
+_
ot [T:]r2p—2 real forms for O¢ [ [:]32p—2 I, 1I
+_
le2(@—p) +1 20 —p)+1
+[-|
2p—2 (I,ITifg=0p)

LT+
‘..

Consider Gg = SO*(2n) = SO(2n,C) Ngl(n,H), Kgr = U(n) and g = so3,,.
For so0s,, a Cartan subalgebra in g consists of diagonal complex matrices of the
form diag(aq,as,- - ,an, —a1, —az, -+, —a,). Fix the standard system of positive
roots {€; ¢ | 1 <i < j <n}. Using an recipe analogous to that of type D, one
can attache an sly-triple to a complex nilpotent orbit. We apply this recipe to the
nilpotent orbit OF = Ojzn) to obtain (viewing so3, as a subalgebra of sly,)

h = dlag(1a17 a17_17_17"' 7_1)

n n
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which we will simply write

along with the weighted Dynkin diagram

€1 —€2
O o .. o
0 0 0 2
The nilpotent orbit OF possesses 5 + 1 real forms if n is even, and "TH real

forms otherwise. Using a recipe analogous to the one used for type D, we get

hy = (1,1,~-~,1,—1,—1,~--,—1)forneven,andk=0,--~,E
—_— 2
2k n—2k
n—1
h, = (1,1,---,1,0,—1,—-1,--- ,—1) for n odd, and £ =0, -,
—_— 2
2k n—2k—1

Finally, the description of the complex orbit O€ and its real forms in terms of
Young tableaux is as follows:

n_even:
+_
i kE{O,...7%}
O [[:]pn real forms F=
—|+
e g—k
—|+
n odd:
+_
o¢ [LT:]pn—1 real forms T ke{()?”.’ngl}
_|__
—|+
12 n—1
} M 7—k
—|+
+

3. SOME GENERAL FACTS

Let O; be a real form of the orbit OF, and denote the corresponding semisimple
element of the (normal) s[(2)-triple by h € h. As in [MPVZ], we attach to h the
f-stable parabolic subalgebra q = [@u such that [ is the centralizer of h in g, and u
is the sum of negative eigenspaces for ad h on g. We fix a choice of AT = A (g, h);
in examples, this will always be the standard positive root system. This defines a
choice Af = AT (&,h) = A(€,h)NAT of positive compact roots. Let A} := AT\AF
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be the set of positive noncompact roots. Denote by p. (resp. p,) half the sum of
positive compact (resp. noncompact) roots. The Weyl dimension polynomial

(31) Pe = I 2

wens (pe)

will always be defined with respect to this fixed positive root system AY. If A is a
subset of A(g, h), write p(A) for half the sum of the roots in A.

We choose AT ([) compatibly with A, i.e., AT() = A() N AT. This also gives
a choice for positive roots of [N ¢, and fixes the Weyl dimension polynomial P .
Denote by A} (I) the set of noncompact roots in At (I), and by A(p;) the set of
noncompact roots that are 1 on h.

The constant ¢ = ¢; we are going to compute is attached to O; as in [MPVZ].
It is defined by equation (6.4) of [MPVZ]; this is up to sign the same equation as
(5.9) of [MPVZ], but the sign is made precise using [MPVZ], Remark 3.8, equation
(6.1) and the discussion around (6.1). The equation is

(32)  (-DV Y (—1)FHFCP(N = pa(0) +2p(A) — 2p(C)) = cPrax(N),

acato
CCA(p1)

where
(3.3) N=#{ac AT }a(h) > 0}.
The computations we are going to make will be easier if equation (3.2) is turned
into an analogue of equation (6.5) of [MPVZ]:
Proposition 3.4. Assume that p,(l) is orthogonal to all roots of IN¥t. Then

(35)  (—)NTEAO ST (C)FAHEC P (A = 20(4) — 20(C)) = cPrak (A).

acat
CCA(py)

Proof. This follows by passing from summation over A to summation over the
complement of A in A (). For any A C AF(I),

—pn (D) +2p(A) = pu(1) = 2p(AF () \ A4)
and
(—1)#A = (—1)#Ar O () #AT N\,
50 (3.2) can be rewritten as

(—D)NFEALD N () FATEC P (A + (1) — 2p(A) — 20(C)) = cPrax (V).

Acat
CCA(py1)

We now replace A by A — p,([); since p,(l) is orthogonal to the roots of [N &,
Prag(A = pn(l)) = Prak (M), and the statement follows. O

In each of the examples we will consider, one can check directly that indeed p,,([)
is orthogonal to all roots of [N ¢, and hence we can compute the constant ¢ using
(3.5). A little more systematic way of checking this assumption, which will be easy
to apply in all cases we consider, is given by the following lemma.

Lemma 3.6. Suppose that all simple factors of ly are either compact or noncompact
Hermitian. Assume also that AY (1) (induced by A ) is Borel - de Siebenthal for
each noncompact factor of 1. Then p,(l) is orthogonal to all roots of [N E.
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Proof. Since p,, of any compact factor is 0, it is enough to prove the statement for
each of the noncompact factors. Denote by ? one of these factors, and let 0 =cP s
be its Cartan decomposition (so ¢ =0 N ¢ and s =N p). Since 0 is Hermitian,

s=s5" @5
as a c-module. If A*(9) is a Borel-de Siebenthal positive root system with respect to
a compact Cartan subalgebra of 9, then A} (9) must be equal to A(st) or A(s™),
and we can assume A} (d) = A(s'). It follows that p,(?) is the weight of the

one-dimensional c-module A" s, and so it must be orthogonal to the roots of
c U

Remark 3.7. If [ has a simple noncompact factor that is not Hermitian, and if
AT(I) is any positive root system for [, then p,(I) is not orthogonal to all roots of
[N¢. Indeed, if 9 = ¢ @ s is the Cartan decomposition of one such factor, then ¢ is
semisimple and hence has no nontrivial one-dimensional modules. So if p,,(0) were
orthogonal to all roots of ¢, it would have to be 0, but that is not possible since 0
is noncompact.

The following proposition will enable us to get our constants for some of the real
forms of O without having to do computations.

Proposition 3.8. Let hy and hy correspond to two real forms of OC. Assume that
there is an automorphism o of g such that

(1) o preserves the compact Cartan subalgebra b of g;
(2) o commutes with the Cartan involution, so it preserves £ and p;
(3) o(AL) = AL;
(4) O’(hl) = hg.
Then the constants ¢y, co corresponding to hy, hs are related by

cy = (_1)n+N1+N2 e

9

where
n = #[A7 (1) N (=o(A7 ()))] = #{a € Af (1) [oa € (-AT)},
and N1, Na are defined as in (3.3), i.e.,
N; = #{a € A" | a(h;) > 0}, i=1,2.

Proof. If I; denotes the centralizer of h; in g, then it is clear that o(ly) = Ilo.
Moreover, the conditions we put on o ensure that Pxoo = Py, and also Pr,nxo0 =
Prnk.

We let o act on roots by

ola) =aoo™h.

Then it is clear that o takes A(p1); (the set of noncompact roots that are 1 on hy)
to A(py)2 (the set of noncompact roots that are 1 on hsz). Furthermore, o takes

AF(11) to A (L), where Aff(Io) is a positive root system for [y, possibly different
from A} (l) which is defined using A™. Tt follows that o(p,(l1)) = pn(l2), where

pn(lo) is the half sum of roots in A (Iy).
Also, for any A C Af(1;), C C A(p1)1, we clearly have

20(0(4)) = 0(20(A4)),  20(c(C)) = 0 (2p(C)).
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Writing the equation (3.2) for ¢1, we get

(DN > (D)FATFCP (A = pa(l) + 2p(A) = 2p(C)) = c1Pr, ik (N).

Acaty
CCA(p1)1

We now replace A by o~1()\) and use the equalities Pr,nx 00~ ! = Pr,nk, Pk 0
o1 = Pg. We also replace summing over A and C' by summing over o(A) and
o(C). We obtain

DM Y (m)FDTFAO P (N = (1) + 2p(a(A)) — 2p(0(C)))

(3.9) (A)CAT (1)
o(c)CAlp1)2

= ClpLGK(/\).
We now want to pass from summing over o(A) C E([g) to summing over A’ C
A (I3). To do this, we define
A =AY () NAT (L) A =AF () \ A = AF(I) N (=A% (I));
0
A:([Q) :AluAQ; Ai([g) :Alu(—AQ).

It follows that for the half sums of roots p,(l2), pn(l2) we have
(3.10) pn(l2) = pn(l2) = 2p(A2).
For any A’ C Af(ly), let

Al =A"NAqg; Ay = AN Ag;
so A" = A U A, To each such A’ we attach

A= A1U(=(A2)\ 4)) C A ().

Then the correspondence A’ <> A defines a bijection between the subsets of A (ly)
and the subsets of A} (I3). Using (3.10), we see that

(811)  2p(A) = fullz) = 20(A}) — (20(As) — 2p(A})) — (pu(lz) — 2p(A2)) =
2p(A7) +2p(A3) — pu(l2) = 2p(A") — pu(l2).

It follows that we can rewrite (3.9) into a sum over A’ instead of a sum over
A = o(A), taking into account that

(~D)#A = ()" (-1#
with n as in the statement of the proposition. If we also rename A’ by A and o(C)

by C, we get

(=DMF Y (FDFAFCP (A — pu(l2) + 2p(4) — 2p(C)) = e1Prar (A).

Acatag)
ccalpr)e

If we compare this with the equation (3.2) written for c¢o, we immediately get the
statement of the proposition. ([
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4. THE CASE Gg = SU(p,q), p < q

This case was treated in [MPVZ] and we just record the results here. The real
forms of O correspond to

(4.1) hp=@1,...,1,-1,...,=-1|1,...,1,0,...,0, =1,...,—1),
—_—— ———— —(— —— Y— — —
k p—k p—k q—p k
with & = 0,1,...,p. The corresponding constants ¢ = ¢;’? can be computed from

the formula (3.5).

The set AF(I) is

At()={ei—¢j|1<i<k p+1<j<2p—k}U

Ufei—¢g|k+1<i<ppt+q—k+1<j<p+q}

The set A(py) is empty if ¢ = p, and if ¢ > p, then

A(pl):{gi—€j|1§igk, w—k+1<j<p+q—Fk}U

Ufei—¢j|2p—k+1<i<p+q—Fk k+1<j<p}
We evaluate (3.5) at A = \g, where
X =(q,9—1,....,qg—k+1,p,p—1,... . k+1|p—Fk,...,1L,q—k,....,p—k+1,k,...,1).
For each choice of A C Af(l) and C C A(py), we set
A = Ao — 20(A) - 20(C).
For ¢ > p, we show that there is exactly one C' C A(p;) for which Px(A) can be
Nnonzero:
C={ei—¢cj|1<i<k2p—k+1<j<p+q—k},

with #C = k(q — p).

Then we show that all A as above, with Px(A) # 0, are of the form

A= (ila"'aik;jlv"'ajp—k|j17"'ajp—k;q7"'7p+1;i17"'7ik7)a
with 41, ...,%;51,...,Jp—k a shuffle of p,... 1, ie,
B> >k 1> > gk (v ki ek} = B0 1),
For each such A there is a unique corresponding A, consisting of roots agp, 1 <
a<k, 1<b<p-—k, where
€a — Eptb, if i < Jp;
Qg p = P .
’ Ek+a — Eptq—k+bs if ta > Jb-

In particular, for each A involved, #A = k(p — k).

This leads to

Theorem 4.2. Let Gg = SU(p,q), and let k € {0,1,...,p} correspond to the real
form of OF given by (4.1). Then 7 = (—1)ke+ta=k) (D),

5. THE CASE Ggr = SO.(2p,2g+ 1), ¢>p—1>0

There are three real forms of OF if ¢ > p > 1, and two real forms if ¢ = p — 1.
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5.1. The first real form. This real form exists for all ¢ > p—1 > 0. The
corresponding h is

h1:(2,1,...,1|1,...,1, 0,...,0).
——— N N —
p—1 p—1 g—p+1

Since [ = [; is built from roots that vanish on hq, we see that
At ={ei—¢g|2<i<pp+1<j<2p—1}
It follows that for any A C Al (I),

(51) 2p(A):(0;a1,...,ap_1| 7b1,...,7bp_1;0,...,0),
with
(5.2) 0<a;bj<p-1 >3 ai =225 b;.

Furthermore, recall that A(py) consists of noncompact roots that are 1 on hy. So
Apy)={e1—¢j|p+1<j<2p-1}U
U{eite|2<i<p2p<j<p+qtu{e|2<i<p}
It follows that for any C' C A(py),

(5.3) 20(C) = (c;da, .. ydp1| —C1yevvy —Cpo15 €1,y €q—pt1),s
with
(5.4) 0<¢g <1y 0<c<p-1L  c=3¢;

0<di <2(q—p+1)+1; —(p—1)<e;<p-—-1

Note that for ¢ = p — 1, there are no coordinates after 2p — 1, so there are no zeros
at the end of 2p(A), and there are no e;. Otherwise, all of the above holds in this
special case.

By (5.1),

pn([) = (03p7177p71| 7p+1377p+170370)
This is clearly orthogonal to all roots of [N ¢, which are equal to
(5.5) A(INE) ={e;—¢;|2<i,j<pluU{e—¢j|p+1<i,j<2p—1}U
Ufei e |2p<i,j <p+q}.

By Proposition 3.4, this means that we can determine the constant ¢ = "7 from
the equation (3.5). To do this, we take A = Ao, where

(5.6)
1 1

Mo=(550+5.¢

1 5
L g—p+ | —=1,-2.... —(p=1)ig—p+l,g—p,....1
5 5 54 p+2| =2,...,—(p—=1)iq—-p+1lqg—p,...,1)

if ¢>p=>2;
1 .
)‘0:(§|qaq_1a"'71) 1fp:1,fIZ1»

1 1 3 3
=(zp—zp—=..,= | —1,-2,...,—(p— if p> =p—1
)\O (2»]9 2»]9 D) 72| ]-7 23 ’ (p 1)) if p,2,q p ]-a
1 .
/\0:(§|) it p=1,¢=0.
Proposition 5.7. Let A = Ao — 2p(A) — 2p(C), with Ao given by (5.6), and with
AC A1) and C C A(p1). If Px(A) # 0, then:
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(1) Ifp=1,then A=C =0 and A = Xo.
Ifp>2andq=p—1, then A=C =0 and A = \g.
If q>p=>2, then

A= 0;
C={ei—¢j|2<i<p,2p<j<p+q}
1 1 3 3
A_(§7p_§7p_§7”~>§| —1,—2,...,—(]?—1),q7q—17...,p)~
Proof. We first note that if p = 1, then
h1 =(210,...,0) or hy=(2),

—~~
W N =
= =

so A () = A(p1) = 0 and both A and C are automatically empty. It follows
that the only possible A is A = )y, and this proves the proposition for p = 1. We
continue by induction on p. Let us assume that p > 2, that ¢ > p — 1 is arbitrary,
and that the statement of the proposition is true for Gg = SO.(2p —2,2p — 3), i.e.,
when p, ¢ are replaced by p’ =p—1, and ¢ = p — 2.

By (5.6), (5.1) and (5.3), we have

(58) A=(5-cqt+s—ar—di,q—5—ay—da...,q=p+3—ap1—dp 1]
‘ 71+b1+Cl,72+b2+62,...,7(p71)+bp_1+6p_1;
qg—p+l—e,qg—p—ez...;,1—eqpy1).

(The third row of the above equation is not there if ¢ = p — 1.)
Using (5.2) and (5.4), we see that the coordinates Apy1,...,Ap4, are in the
following intervals:

A: (...|71+b1+cl,72+b2+02,...,7(p71)+bp_1+cp_1;
[-1,p-1] [—2,p-2] [—(p—1),1]
g—ptl—e, g—p—ex,....1 —egpi1).
l[g—2p+2,q9] l[g—2p+1,9—1] [—(p—2),p]

(The second row of the above equation is not there if ¢ =p — 1.)

So Apt1,...,Aptq are ¢ integers between —(p — 1) and ¢g. Moreover, Px(A) # 0
implies that these integers are nonzero, different from each other, and no two of
them are opposite integers. If g > p, it follows that ¢,q — 1,...,p must each be
equal to some A;, and the only possibility for that is

AQpZQ7 A2p+1:q717 ceey Ap+q:p-
So e1,...,e4—pt1 are all equal to —(p — 1), and hence
ei—g; €0 ei+e; 0, 2<i<p 2p<j<p+q

(If g = p — 1, the above says nothing and should be skipped.)
This implies

(5.9) g—p+1<d;<qg—p+2, 1<i<p-1,

withd; =q—p+1ife;1 ¢ Coandd; =qg—p+2ife; € C. (If g=p— 1, this
gives no new information about the d;. The following arguments all work also in
case ¢ = p — 1 if we delete the last group of coordinates, ¢,q¢ — 1,...,p.)
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Using (5.9) together with the inequalities (5.2), (5.4) for a; and ¢, we go back to

(5.8) and conclude that Ai,..., A, are in the following intervals:
A=(3-ciq+s—a—di,q—5—as—da,...,q—p+3—ap1—dp1]...)
[-p+3.3 [-3.p—3] [-3.p—3] [-p+3%.3]

So A1,..., A, are p half-integers between —p + % and p — % Moreover, Pk (A) #0
implies that these half-integers are different from each other, and no two of them
are opposite. It follows that one of them must be equal to p — %, and the only
possibility is
1
AQ =D B .
Soa; =0and d; =¢q—p+ 1. It follows that

e2—e; A ptl<j<2p-1
e2 ¢ C,
and hence
0<b;<p-2 1<j<p-L
These improved inequalities for the b; together with inequalities (5.4) for the ¢;
imply

A=(.|-1+bi+c,—2+by+co,...,—(p—1)+bp—1+cp-15¢,9—1,...,p).
[~1,p—2] [~2,p-3] [—(p—1),0]
Since Apt1,...,Agp—1 are p — 1 nonzero integers between —(p — 1) and p — 2, with

no two of them equal or opposite to each other, we conclude that
Asp1 = —(p—1).

This implies
bpfl = Cp—1= 0,

and hence
g —€egp1 ¢ A, 2<i<p;
61*€2p—1¢cv

and
0<ag;<p—2, 2<i:<p-—1;
0<c<p—-2

We see that

A=(3-cp—35.9—5—ay—da,...,q—p+5—ap 1 —dp 1]
| =1+bi+eci,..,—(p—2)+bp2+cp2,—(p—1);
q7q_17"'ap)'

(The third row is not there if g = p — 1.)
We now consider the subalgebra g’ 2 s0(2p — 2, 2p — 3) of g built on coordinates

€1,€35 -+ +5Ep; Ept1y -+ -5 E2p—2)
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so the coordinates 2 and 2p — 1, 2p, ..., p+ q are deleted. We also consider the real
form of Ok~ given by

with centralizer I' = [N g’. Then

AF() = AL\ {e e [i=20r j =2p— 1}

Ap)) ={e1 —€pt1,---,61 —E2p_2; €3, ., Ep )
We set
A= ANAH) = A;
C'=CnAp)=C\{ei—¢;|2<i<p 2p<j<p+q}
Then
2p(A") = (0;a2,...,ap—1] —bl,...,—bp,g):(O;a’l,...,a;FQ\ — b, = ;72);
20(C") = (c;dz = (q=p+1),..dp1 = (@ =p+1)| —c1,...,—cpa) =

(cl; dllv s 7d/p—1 ‘ - Cll? Tt _C;)—Q)?
where we define
a;=ait1; Vi=by c=c; d=¢ d,=diy1—(q—p+1).
The numbers a}, b, ¢;, ¢, d; satisfy analogues of (5.2) and (5.4). We define A by
(5.6), but for Gg = SO.(2p — 2,2p — 3), i.e.,
1 3 3
M=((=zp—=,....,=| —=1,-2,...,—(p—2)).
0 (2 ap 23 9 2 ‘ 9 ) b (p ))
Then A’, C’ and
A =Xy —2p(A") —2p(C")
satisfy all conditions of the proposition, but p,q are reduced to p’ = p—1, ¢ =
p — 2. Moreover, Pk (A) # 0 is equivalent to Pg/(A") # 0. Therefore the inductive
assumption implies that A’ = ¢’ = 0, and that A’ = A{,. This implies the statement
of the proposition for A, C' and A. (]

To compute the constant ¢}’?, we have to compute Prnx(Ag) where Ag is given
by (5.6), and Pk (A) for A determined in Proposition 5.7. The main ingredients for
this computation are given in the following lemma.

Lemma 5.10. (i) Let P} be the Weyl dimension formula polynomial for so(2p),
p>1, and let Ny, = (p—%,p—%,...,%). Then

Pr(Ap) =271
(i) Let qu be the Weyl dimension formula polynomial for so(2q+ 1), ¢ > 1, and
let Pg be the constant polynomial 1. Furthermore, let e =(g,q—1,...,1) if¢g > 1,
and o = 0. Then

P, q2 (hgq) =27
Proof. (i) Let n}) be the numerator of Ppl; the denominator is then

dzly = nzl)(pso(Qp)) = n}l}(p -1p-2,...,1,0).
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The factors of ny(Ap) that correspond to the roots €; — &; clearly cancel with the
corresponding factors of d. Denoting by m}(),) respectively e, the product of
factors of nzl,()\p) respectively dzl) corresponding to the roots ¢; + €;, we have

my(Ap) = (20 —2)2p—3) ... (p+ Dpm,_1(A\p-1);
ey =(2p=3)(2p—4)..p(p—1)ep_.
It follows that
my,(Ap) o (2p — 2)m;1;— (Ap-1)

P1(>‘p) =F

= =2P)
el (p—1)e

p—l(Ap—l)'

Since P} is the constant polynomial 1, this proves (i).

(ii) There is nothing to prove for ¢ = 0, and it is obvious that
1
Pin) = —= =2

For ¢ > 2, let n?l be the numerator of Pq2 ; the denominator is then

1 3 31
2 _ 2 _ .2
dq - nq(p50(2q+1)) - nq(q - §a q— 57 RN 57 5)
The factors of nz(uq) that correspond to the roots €; — €; clearly cancel with the
corresponding factors of df]. Denoting by mf](uq) respectively 63 the product of

factors of ng(uq) respectively dg corresponding to the roots €; + ¢; and ¢;, we have
mg(ug) = (24— 1)(2¢ = 2) ... (¢ +2)(q + g mg_y (ug-1);
e =1(2¢-2)(2¢-3)...(¢+1)alq - %) €q_1-

It follows that

ma(pq)  (2q — 1)my_,(ug-1)
Pi(ug) = —157 = T = 2P 1 (jg-1).
q q eg (p_ %)63_1 q—1\Mq
The statement now follows by induction. (I

To compute Prng(Ag), we recall (5.5), which shows that [N ¢ is up to center
typically a product of three factors: the u(p — 1) on coordinates 2, ..., p, the u(p —
1) on coordinates p + 1,...,2p — 1, and the s0(2(¢ — p + 1) + 1) on coordinates
2p,...,p+q. (If p=1, then the first two factors are missing, if ¢ = p — 1 then the
third factor is missing, and if p =1 and ¢ = 0, then [N £ is one-dimensional. What
we say below applies also to these cases with obvious modifications.)

It is clear from the definition (5.6) of A¢ that for each of the first two factors,
the corresponding coordinates of Ay differ from the p of the factor by a weight
orthogonal to the roots of the factor, so in the notation of Lemma 5.10,

(5.11) Prak (o) = qu—p—i-l(:u‘q—P"rl) =207PFL,
To compute Pk (A), we first write A = (AL | Ar) and note that
Prc(A) = B () P2(Ar).

To use Lemma 5.10, we have to rearrange coordinates of Ay and Ag, and use the
fact that Pz} is skew for the Weyl group of so(2p), while qu is skew for the Weyl
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group of s0(2¢ + 1). To rearrange Ay, to A,, we only need to bring the % from the
first coordinate to the p-th coordinate, and hence

(5.12) Py(Ap) = (=1)P~t2r 1,

To bring Ag to g = (g,...,1), we need to change p — 1 signs, and then bring
coordinates p — 1,p — 2,...,1, in that order, all the way to the right. The sign
produced in this way is

(_1)(p—1)+(q—p+1)+(q—P+2)+---+(q—1) (_1)(p—1)(q—p+1)+w .

Since
-1
(5.13) = Lp = []—9] mod 2,
2 2
Lemma 5.10 implies that
(5.14) PZ(AR) = (=1)P=Da—p+1)+[5]99,

Now we substitute (5.11), (5.12) and (5.14) into (3.5). Since
#A+#C=#C=(p-1(g-p+1),

and since N from (3.3) is easily checked to satisfy

(5.15) N =p mod 2,

we see that the total sign is (—1)[21*!, and we conclude

Theorem 5.16. Let Gg = SO.(2p,2¢ + 1), ¢ > p—1 > 0, and let '? be the
constant corresponding to the first real form of OF. Then

i = (—1)lBI+1920-2,
O

5.2. The second real form. This real form exists for all ¢ > p—1 > 0. The
corresponding h is

he =(2,1,...,1,—-1|1,...,1,0,...,0).

—— —— ——
p—2 p—1 q—p+1
This real form is conjugate to the first real form by the automorphism o = s, the
reflection with respect to the short noncompact root €,. The automorphism o of
g clearly satisfies the conditions of Proposition 3.8. Moreover, the number n from
Proposition 3.8 is p — 1; the roots from Al (l;) that o sends to —A™ are
Ep — €, p+1<j5<2p—-1

Moreover, by (5.15), Ny = p mod 2, and another short computation shows that
Ny is always even. The total sign in Proposition 3.8 is thus

(_1)n+N1+N2 =1,

SO

(5.17) X — D)
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5.3. The third real form. This real form exists for ¢ > p > 1, so we assume this
condition in the following. The corresponding h is

hs =(1,...,1,0]2,1,...,1,0,...,0).
—— ———— ——
p—1 p—1 q—p
Since [ = I3 is built from roots that vanish on hs, we see that
AF() ={ei—e; |1 <i<p—1,p+2 < j <2p}U{epte; |2p+1 < j < p+qtU{e,}
It follows that for any A C At (I),

(518) 2p(A) = (ala"'7ap—1;x|0; _bla"'a_bp—l;y17"'7yq—p)7

with

(5.19) 0<a;bj<p-1 > i =205 by
0<z<2(¢-p+1; -1<y; <L

Furthermore, recall that A(p;) consists of noncompact roots that are 1 on hz. So
Alpr) ={eite;[1<i<p-1,2p+1<j<p+qtU{e|l<i<p-1}U
UfejEep p+2<<2p} U{ep —&[1<i<p—1}
It follows that for any C' C A(py),

(5.20) 20(C) = (e1,...,cpryulvydy, ..., dp_1;€1,...,€9—p),
with
(5.21) -1<¢<2(¢-p)+1; —-(p-1)<u<p-1
0<v<p—-1; 0<d; <2; —(p-1)<e;<p-1.
If we write (5.18) for A = A} (1), we get
pm=pE-1,....p—1,2(¢q—p)+1|0;—p+1,...,—p+1;0,...,0).

This is clearly orthogonal to all roots of [N ¢, which are equal to
(522)  A(INE) ={e;—¢;|1<i,j<p—-1}U{ei—¢;|p+2<i,j<2ptU
U{eite;|2p+1 <45 <p+qtU{epits-- -, Eptql)-

By Proposition 3.4, this means that the constant ¢ = c4'? satisfies (3.5) for any
A, and we will compute ¢5'? by using this for A = X\g, where
(5.23)
3 1 1
M= (45075 amptgiaptg =10, -1 =(p=2);¢=p g=p—1,. . 1)

(Out of the 5 groups of coordinates separated by semicolons and the bar, the first
and the fourth group are missing if p = 1, and the fifth group is missing if ¢ = p.)

Proposition 5.24. Let A = Ao —2p(A) —2p(C), with Ao given by (5.23), and with
AC AL and C C A(p1). Then Apyq = 0. In particular, Pk (A) = 0.

Proof. By (5.23), (5.18) and (5.20), we have
A=(g—5—-a1—ci,o.,q=p+5—ap 1 —C 130 =D+ 35— —ul
|lp—1—wv;by —di,—1+by—do,...,—(p—2) + bp_1 — dp_1;
q—p—y1i—e,g—p—1l—y2—ea....,1—ygp—e€qp)
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If p = 1, then the situation is much simpler; in particular, since the coordinates of
hs are 0 or 2, A(py) is empty, so C' = @ and 2p(C) = 0. It follows that Ay, =
Ay =p—1=0, and so Px(A) =0 as claimed.

So the proposition is true for p = 1. We continue by induction on p. Let
us assume that p > 2, that ¢ > p is arbitrary, and that the statement of the
proposition is true for Gg = SO.(2p — 2,2p — 1), i.e., when p, ¢ are replaced by
pP=p-14¢=p-1

By (5.23), (5.19) and (5.21), the coordinates Ap41,...,Aptq are in the following
intervals:

(525) A= (...|p—1—’U;b1 —dl,—1+b2—dg,...,—(p—?)—Fbp_l —dp_1;
—_— —
[0,p—1] [-2,p-1] [-3,p—2] [—p,1]
g—p—y1—e,q—p—1l—ys—e€z,....1—ysp —eqp).
l[a—2p,q] l[¢—2p—1,q—1] [—(p—1),p+1]
So Apti1, ..., Apjq are g integers between —p and gq. Moreover, Py (A) # 0 implies

that these integers are nonzero, and no two of them are equal or opposite to each
other. It follows that ¢,¢g — 1,...,p + 1 must each be equal to some A;, and the
only possibility for that is

A2p+1 =4q, A2p+QZQ717 PN Ap+q:p+1.

It follows that ¥1,...,y,—p are all equal to —1, and that e;,...,e;—, are all equal
to —(p—1). So

ep—€; €A eptej ¢ A, +1<j<p+gq;
Ei—EjGC,Ei+Ej¢C, 1<i<p—-1,2p+1<5<p+q.
This implies

(5.26) g—-p<z<q—-p+1
qg—-p—1<¢<q-—p+1, 1<i<p-1

Note that t = ¢—pife, ¢ Aandx =qg—p+1ife, € A. Similarly, ¢; =g—p—1if
Ep+l — & eC, ¢ ¢O, C; :q—pifsp_,_l—ei eC, ¢ ECOr€p+1—8i %O, £; ¢C,
and e, =q¢g—p+1lifepp1—,¢C e, €C.

Using the same arguments as above, we can also conclude from (5.25) that

Agp = —p.
This implies that b,_1 = 0 and d,—1 = 2. It follows that

gi—ep ¢ A 1<i<p-—1;
goptep €C,

SO

(5.27) 0<a;<p—2, 1<i<p-—-1;
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Using the improved inequalities (5.26) and (5.27), we see that Aq,..., A, are in the
following intervals:

_ 3 5 1 .
A_(q_ﬁ_al_cl>q_§_a2_02a--~7q_p+§_ap71_Cpfl,

—3.p—3] -5p-3% -(r—%).%

qu+%f:c—u|

[-(r—%)p—3%

So Aq,..., A, are p half-integers between —(p — %) and p — %, such that no two of
them are equal or opposite to each other. It follows that

1
Al:p_ia

and consequently a; =0, ¢; = ¢ — p+ 1. Therefore,
e1—¢g A, p+2<j<2p
epr1—€1 €C, €1 ¢C,

and we conclude that
0<bj<p—-2 1<j<p-—-1
1<v<p-—1

We see that

A=(p-3.9-5—as—co.,q=p+g—ap1—C1;¢—p+ 35— —ul

lp—1—vibi—di,....—(p—3) + bp—2 — dp—2, —p;
Q7q_177p+1)
(If ¢ = p, the coordinates g, ..., p+1 are not there; if p = 2 there are no coordinates

involving a;, ¢;, b; or d;.)
We now consider the subalgebra g’ 2 s0(2p — 2,2p — 1) of g built on coordinates
€2,€3, .+, EpsEptls---5E2p—1;

so the coordinates 1 and 2p,2p+1,...,p+ q are deleted. We also consider the real
form of O/ given by

M= (L1021,
p—2 p—2
with centralizer ' = [N g’. Then
Af()={ei—g|2<i<p-1p+2<j<2Wp-1}U{ek
A(p'l):{52,...,sp_1}u{aj:I:ep‘p+2§j§2p—1}u
U{eps1 —&i|2<i<p—1}.
We set
A =AnAF)=A\{e, —¢;|2p+1<j<p+q};
C'=CnAp)) =
C\{ezp Tepsept1 —er56—¢;|1<i<p—1,2p+1<j<p+gq}
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Then
2p(A") = (az,...,ap—1;2 — (¢ —p)|0;=b1, ..., —bp_2) =
(@), ap o5 |05 =bY, ..., =b), 5);
2p(C") = (ca—(q—p)y---scp1— (g—p)iulv—1;5dy,...,dp_2) =
(Chyeos s [V5dy, o d ),

where we define

The numbers a}, 2', b, ¢;, v/, v, d} satisfy analogues of (5.19) and (5.21).
We define A by (5.23), but for Ggr = SO.(2p — 2,2p — 1), i.e.,
5 7 11
M=pP—=,p—=,...,=;=; —2:0,—1,...,—(p—3)).
0 (p 2ap 27 72727|p ] 9 9 (p ))
Then A’, C’ and
A =X = 2p(A") = 2p(C")
satisfy all conditions of the proposition, but p, ¢ are reduced to p’ = p—1, ¢ = p—1.
Therefore the inductive assumption implies that A, = 0. So v’ = p—2, and therefore
v=p—1and Apy; = 0. It follows that Px(A) = 0, since A is orthogonal to the
compact root €p41. O

Proposition 5.24 implies that the left hand side of (3.5) is 0 in this case. On the
other hand,
Prak(Mo) #0
by (5.23) and (5.22). We conclude
Theorem 5.28. For Gg = SO.(2p,2q+ 1), ¢ > p > 1, the constant corresponding
to the third real form is
cB1=0
4 .

6. THE CASE Gg = Sp(2n,R), n <1

The real forms of OF correspond to integers p such that 0 < p < n. We denote
n — p by q. The h corresponding to p is

hp=(@1,...,1, —1,...,—-1), p=0,1,...,n.
—_—— ——
P q
Since I = [, is built from roots that vanish on h,, we see that

AY()={eitep|1<i<p 1<j<aq}
It follows that for any A C At (I),

(6.1) 2p(A) = (a1,...,ap|b1,...,by),
with
(6.2) Ogaigq, Ogbj Sp, Eiaizzjbj.

In particular,
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and this is clearly orthogonal to the roots of [N ¢, which are given by
A+([ﬁE):{Ei—aj’1§i<j§p}U{ap+i—€p+j|1§i<jgq}.

So the constants ¢ = ¢ can be calculated from (3.5). Since it is clear that in our
present case

Ap1) =0,
(3.5) becomes
(6.3) > (—1)#APK (A = 2p(A)) = cPrak (V).
ACAT(D
We take A = \g, where
(6.4) =Mmn—-1,....g+1|n,n—1,....,p+ 1),

(If p is 0 or n, then there is only one group of coordinates in the above expression,
and Ao = (n,n—1,...,1).)
Since A differs from pyne by a weight orthogonal to all roots of [N g,

PLI’TK(AO) - 1

So to compute cj; we have to compute the left side of (6.3). The following propo-
sition describes the relevant A and the corresponding A.

Proposition 6.5. Let A = \g—2p(A), with Ao given by (6.4), and with A C A} (I).

(i) If p and q are both odd, then Px(A) =0 for all A as above.

(ii) Suppose that at least one of p,q is even, and suppose that for some A the
corresponding A satisfies Px(A) # 0. Then:

(1) If p=0o0rq=0,then A=0 and A=Xg=(n,n—1,...,1).

(2) Ifo<p<mn,letr=I[5] and s = [§]. Then there is a shuffle

1§i1<"’<ir§T+5; 1§j1<"'<js§7‘+5
of 1,2,...,7+ s such that

A:{au,vyﬂu,v’:[SUSn1§U§S}UB7

where
Eptlnu T+ € by < Jos
— . _ p+l—u p+v u << Ju
Ay, = Ep+l—u —|—5n+1,v, 5u,v - { o 4 » ’ ; >j 3
u n —V u v
and

0, p,q even;
B=<{ert1+eptjls+1<j<q}, p odd;
{ei +eptrsi1r+1<i<p}, q odd.

The corresponding A has coordinates
A1 :n—l—l—il,...,AT:n—l—l—iT; Ap—r+1 :’L'“...,Ap:il;
Ap+1 :n+1_j17"‘7Ap+8 :n+1_JSa An75+1 :j57'~'7An:j17
and possibly in addition

Ap—r=n—r—s, ifpisodd, A s=n—r—s, ifqisodd.
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Proof. The statement is obviously true for any n if p = 0 or ¢ = 0. Hence it is true
forn=1. If n =2 and p = ¢ = 1, there are two cases:

AZ@, or A={€1 —|—52}.

If A=0, then A = Ay = (n|n), so Px(A) = 0. If A = {1 + €2}, then A =
(n—1|n—1), and again Px(A) = 0. So the proposition is true for n = 2.

We proceed by induction on n. Assume that n > 2 and p,q > 1, and assume
that the proposition is true for n — 2.

Using the definitions and the inequalities (6.2), we see that

A=n-a,n—1—ag,...,.q+1—ap|n—>01,n—1—bg,...,
—— —— ————

[p,n] [p—1,n—1] [1,q+1] lgn]  [g—1,n—1]
p+1—10bg).
~—_——

[1,p+1]

So the coordinates of A are n integers between 1 and n, and assuming that Pr (A) #
0, they have to be different from each other, i.e., A has to be a permutation of
(n,...,1). In particular, some A; must be equal to n and there are two possibilities:

(6.6) A =n or Apt1 =n.
Assume first that A; = n. Then
ap =0,
and it follows that
€1+ ¢eptj & A, I<j<gq
This implies that

Oébjgp_]w 1§JSQa
and so

A=mnn—-1—-ag,....,.q+1—ap|n—bi,n—1—"0s,...,

—— ———

[p—1,n—1] [1,q+1] l[¢+1,n]  [gn—1]

p+1—10g).
—_———

[2,p+1]

If p = 1, then there is only Ay = n in the left group of coordinates, and we see
there is no place to put the coordinate 1. Therefore, if p = 1 then A; can not be n,
hence A,11 = n, so we are in the second case which we treat below. If p > 1, then
there is exactly one place where 1 can be, i.e.,

A, =1.
This implies
ap = ¢,
and therefore
€p + Epyj € A, 1<5<q

It follows that



COMPUTING THE ASSOCIATED CYCLES 27

and so
A=nn—-1-as,....,.¢q+2—ap_1,1| n—0y ,n—1—"bo,...,
—— —— N——
[p—1,n—1] [2,q+2] lg+1,n—1]  [g,n—2]
p+1—"bg).
———
(2,p]

Let now g’ 2 sp(2(n — 2),R) be the subalgebra of g built on coordinates 2,...,p —
1,p+1,...,n,and let ' =[Ng. Then
A:([/) = Ar—;—([) \{e1+eptjrep +Eptj ’ 1<j<gq},
and we set
A/:A\{Ep"'gzﬂrj‘l <j<gq}

We define )\ as in (6.4), but with n replaced by n — 2 and p replaced by p — 2.
Then A’ corresponding to A’ can be obtained from A by deleting coordinates A
and A,, and decreasing all the other coordinates by 1. We now see that A is a
permutation of (n,...,1) if and only if A’ is a permutation of (n —2,...,1). By
inductive assumption, this is equivalent to A’ and A’ being defined by a shuffle as
in the statement of the proposition, and this clearly implies the same statement for

A and A.
The other possibility in (6.6) is handled analogously: A,4+1 = n implies

bl = 07
and it follows that
git+ept1 € A4, 1<i<p.
This implies that
Oﬁaifq_la 1§Z§pa
and so
A=n—-a,n—1—ag,...,q+1—a,|n,n—1—"0y,...,
—— ——— ——— —_———
[p+1,n]  [pn—2] [2,q] l[g—1,n—1]
p+1—10g).
———
[1,p+1]

If ¢ = 1, then there is only Ap41 = n in the right group of coordinates, and we see
there is no place to put the coordinate 1. Therefore, if ¢ = 1, A1 can not be n
and we are back to the first case that we already handled. If ¢ > 1, then there is
exactly one place where 1 can be, i.e.,

A, =1.
This implies
bq =D,
and therefore
€ +en €A, 1<i<p.

It follows that
1§£M§Q*1a ].S’LSP,
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and so
A=(n—ain—1—ag,....¢+1—ap|n,n—1—by,n—2—bs,...,
—— —— ———— —_——— ————
[p+1,n—1] [p,n—2] 12,4 l[g—1,n—1] l[g—2,n—2]
p+ 2— bq—17 1)
————
(2,p+1]
We now reason in the same way as in the first case, and conclude that the propo-

sition follows from the inductive assumption for n — 2 with p staying the same and
q being replaced by q — 2. O

To finish the computation of the constant ¢y, we first note that for every A
described in Proposition 6.5(ii)
(6.7) #A = %.
Namely, the o, , and 3, , make for 2rs elements of A. In addition, the set B has
0 elements if p and ¢ are even, s elements if p is odd, and r elements if ¢ is odd. So
the total number of elements is

opg — P4 .
rs =5 P, q even;

2rs+s=(2r+1)s= pg, p odd;

2rs+r=r(2s+1) = gq, q odd.
On the other hand, since A is a permutation of (n,...,1), Px(A) is equal to +1.
To compute the sign, we need to find the parity of the permutation bringing A to
(n,...,1). This parity can be found by counting the number of inversions in A when
compared with (n,...,1), i.e., counting the number of pairs (,j), 1 <i < j < n,
such that A; < A;. We know from Proposition 6.5 that

(68) A:(n—|—1—z’1,...,n—|—1—i7.,i7.,...,i1|n—|—1—j1,...,n—|—1—js,js,...,j1)

if p and ¢ are both even. It is clear that i,,...,4; are in inversion with n + 1 —
J1,.--,n + 1 — js; that is rs inversions. The further inversions are possible only
between groups

(6.9) n+1—iy,....,n+1—4, and n+1—7j1,...,n+1—j,

and

(6.10) Ty eenyil and JsyenesJ1-

If 4, is in inversion with j,, i.e., iy, < j,, then n+1—i, > n+1—7j,, i.e., n+1—1,
is not in inversion with n 4+ 1 — j,. The converse also holds, and it follows that
the total number of inversions in groups (6.9) and (6.10) is again rs. So the total
number of inversions in case p and ¢ are even is
2rs = —.
2

If p is odd, then A is again given by (6.8), except that there is in addition 7+ s+ 1
between n — ¢, and 4,.. This coordinate is in inversion with the coordinates n +1 —
j1,...,n+1—7js, and with no others, so the total number of inversions in this case
is

Pq

2 =,
rs—+s 5
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Similarly, if ¢ is odd, then A is given by (6.8), with the addition of r + s+ 1 between

n + 1 — js and js. This coordinate is in inversion with the coordinates i,,..., 11,
and with no others, so the total number of inversions in this case is
pq
2rs4+r=—.
2
So we have proved that for each A from Proposition 6.5,
Pi(A) = (-1)%.

Combined with (6.7), and with the fact that N from (3.3) is in this case
+1
N = (‘Z) +pg+p= [pT] mod 2,
this tells us that the nonzero contributions to the sum in (6.3) are all equal to

(—1)[177“]. Since the number of nonzero summands is by Proposition 6.5 equal to

the number of (r, s)-shuffles of r + s, i.e., to (rfs)7 we have proved:

Theorem 6.11. Let Gg = Sp(2n,R), n > 1, and let p, 0 < p < n, be an integer.

Let r = [§] and let s = ["52]. Then the constant ¢ for the real form of OF
corresponding to p is

n 0, if n is even and p is odd;

= s

P (—1)[1)7“] (7':5), if n is odd, or if n is even and p is even.

7. THE CASE Gg = SO.(2p,2q), ¢ >p>1

There are three real forms of OC if ¢ > p > 1, four if ¢ = p > 1, and two if p=1.

7.1. The first real form. This real form is defined in all cases; it corresponds to
hi=(2,1,...,1]1,...,1,0,...,0).
——— —— N —
p—1 p—1 g—p+1
Since [ = [; is built from roots that vanish on h;, we see that
Af()={ei—g|2<i<pp+1<j<2p—1}
It follows that for any A C AJ(1),

(71) 2p(A):(0;a17"'7ap—1| 7bla"'77bp—1;03"'30)7
with
(7.2) 0<a;bj<p-1 23 @i =225 b;.

Furthermore, recall that A(p;) consists of noncompact roots that are 1 on h;. So
Alpr)={e1—¢j|p+1<j<2p-1} U{e;£e;|2<i<p 2p<j<p+aql
It follows that for any C C A(py),

(7.3) 2p(C) = (c;dy, .. ydp1| —cC1yenoy—Cpt1;€1,5- €0 pi1),
with
(7.4) 0<¢; <1, 0<c<p—1; c:zjcj;

0<d; <2(q—p+1); —(p—1)<e;<p-—1.
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(If p =1, then
h1:(2|07"'70)7

() =0,p—1,....p=1| —p+1,...,—p+1,0,...,0).
This is clearly orthogonal to all roots of [N &, which are equal to
(7.5) A(INE) ={e;—¢;|2<i,j<plU{ei—¢|p+1<i,j<2p—1}U
U{aiiajppg i,j <p-+q}

By Proposition 3.4, this means that we can determine the constant ¢ = "7 from
the equation (3.5). We apply (3.5) for A = A\, where

1 1 3 3
7.6 M=(=1g—=,g——...,q— —
(7.6) Xo (2,q 50 5l p+2|
3 5 1 1 31
L (p=2)q—pt=,.... 2= it p>2
| 5 T (p 2),(1 Pt ,272) if p>2;
1 1 1
S P it p=1.
Ao (2|q 54 5 ,2) if p

Proposition 7.7. Let A = \g — 2p(A) — 2p(C), with Ay given by (7.6), and with
AC A1) and C C A(p1). If Px(A) # 0, then:

(1) Ifp=1, then A=C =0 and A = \g.

(2) If p > 2, then

A=0;
C={ei—¢cj|2<i<p2p<j<p+q—1}
1 1 3 3 3 5 1 1 3 11
A=(Gip—cp—2 2 = 2 = 2)ig— g =2 pt =, 2).
(2,10 5P 5 72| 5 "5 ,—(p 2),q 54~ 5 ,p+272)

Proof. The proposition is clear if p = 1, since in that case A} ([) = A(py) = 0. We
continue by induction on p. Let p > 2 and let ¢ > p be arbitrary. We assume that
the proposition is true for p’ = p — 1 and ¢’ = p — 1, and we show it is then also
true for p and gq.

By (7.6), (7.1) and (7.3), we have

A=( g —a—dig— 3 —an—daq—p+ 3y —dy |
_%+b1+cl7_%+b2+62a"'7_(p_%)"’bp—l_‘_cp—l;
q7p+%7617q7p7%7627"'7%76q—p7%76q—p+1)-

Using (7.2) and (7.4), we see that the coordinates Apy1,...,Ap4q are in the
following intervals:

A= (|7%+b1 +Cl7fg+b2+62,...,f(p7%)+bp_1+6p_1;
[-3.p—3] [-5.p—3] [~(r—3).3]
q_p+%_elaq_p_%_625"'7 %_elZ*P %_eQ*ZFFI)-
—_——
la—2p+35.9-3]  la—2p+35,9—3] [—(—5)p+3l[-(p—3)p—3%
So Apyt1,...,Apyy are ¢ half-integers between —(p — %) and ¢ — % Moreover,

P (A) # 0 implies that no two of these half-integers are equal or opposite to each
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other. If ¢ > p, it follows that ¢ — ,¢ — 2,...,p+ 1 must each be equal to some
A;, and the only possibility for that is
1 3 1
AszQ*ia Aopi1 =q— R Apig—1 :p+§.
So eq,...,eq—p are all equal to —(p — 1), and hence

Ei—EjEC, Ei+8j¢0, 2<i<p, 2p<j<pt+gqg-—-1

(If ¢ = p, the above says nothing and should be skipped.)
This implies

(7.8) ¢g—p<di<q—p+2, 1<i<p-1,

with d; being ¢ —p if €41 £ epyg € C, di = q—p+2if 6,41 £ epyq € C, and
di = ¢ — p + 1 if one of the roots €;41 £ €p44 is in C' while the other is not in C.
(If ¢ = p, this gives no new information about the d;. The following arguments all
work also in case ¢ = p if we delete the group of coordinates from place 2p to place
p+q-1)

Looking at the bounds for coordinates Apy1,...,A2p—1 and A,i4, we see that
they are p half-integers between —(p — %) and p — %, such that no two of them are
equal or opposite to each other. It follows that some of these A; must be equal to
+(p — 1). There are two possibilities:

1 1
Agp1=—(p— 5) or Aprg=p— 9
Let us first examine the possibility that A, = p — 3. If this is true, then e, =

—(p—1), so

€it1 —Eptqg €O, €it1+Eptq ¢ C, 1<i<p-—-1,
and it follows that
di=q—-p+1, 1<i<p-1
Using this together with the inequalities (7.2), (7.4) for a; and ¢, we see
A= %—c ;p—%—al,p—%—ag,...,%—az,_l |...).
—— ———
[~(—%).3] [-3.p-3] [-§p-3] [—(p—2).3]

So A1, ..., A, are p half-integers between —(p— %) and p— % Moreover, P (A) #0
implies that no two of these half-integers are equal or opposite to each other. This
is impossible, and so A,44 can not be p — L

5.
It follows that )

A2p—1 = —(p - 5)5

and hence

This implies that

and therefore

(7.9) 0<a;<p—2, 1<i<p-—1;
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Using (7.9) and (7.8), we see that Ay,..., A, are in the following intervals:

A=( t—c jq-t-a—di,g—3—ar—do,....q—p+3—ap_1—dp1]...).
—— ~—
[—(p-3)1]  [~ip—1] [~ 3, p—8] [—(—2),8]

So Ai,...,A, are p half-integers between —(p — %) and p — % As before, these

half-integers must be different from each other, and no two of them are opposite,
so one of them must be equal to p — %, and the only possibility is

A2 :p_i.

So
a; = 0; di =q—p.
It follows that
g2 —¢; ¢ A, p+1<j<2p—1;
ezt epiq € C,
and hence
0<b;<p-—-2, 1<j<p-1L
—(P—2)<eqpt1<p—2.
So we see that
A:(%*CW*%»(J*%*az*dz,n-,Q*pJF%*ap—l*dp—ﬂ
| =5 +bitcr,,=(p—3) + b2+ cpa,—(p—3);
—%,q—%,...,p—l—%,%—eq_p_,_l).

(The coordinates ¢ — £,q — 3,...,p+ 3 are not there if ¢ = p.)

We now consider the subalgebra g’ = s0(2p — 2, 2p — 3) of g built on coordinates
E15€3, -1 Ep3 Eptly - -+ E2p—25Eptq,

so the coordinates 2 and 2p — 1,2p,...,p+ g — 1 are deleted. We also consider the
real form of Ok given by

M= (21 1L L),
p—2 p—2

with centralizer I' =[N g'. Then

Af()={ei—e;[3<i<pp+1l<j<2p-2)

A = {1 — & [p+1<5 <22 Ufesteppg[3<i <p).
We set

A= ANAHT) = A4

C'=CnAp)=C\{ei—¢j|2<i<p, 2p<j<p+q—1}.
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Then
2p(A") = (0;a2,...,ap—1| —b1,...,—bp_2;0) =
(O;a'l,...,a;,72| — b, = ;72;0);
2p(C") = (c;d2 = (@ = D), dp—1 = (@—D) | — 1,0, —Cp2i€qopi1) =
(csdy,ooydy | =€y = 0i€0 pin),

where we define

/ . U /A — o
a; = Q413 bi - bia C; =Ci; € =G

d; =diy1— (¢ —p); e;—p+1 = €g—p+1-

The numbers a}, b, ¢;, ¢, d; satisfy analogues of (7.2) and (7.4). We define A by
(7.6), but for Gg = SO.(2p — 2,2p — 1), i.e.,
Ao = (%;pf;mél *;*;--f(p*g);%l
Then A’, C’, and
A= Xy —2p(A") —2p(C")

satisfy all conditions of the proposition, but p,q are reduced to p’ = p—1, ¢ =
p — 1. Moreover, Pk (A) # 0 is equivalent to Pg(A’) # 0. Therefore the inductive
assumption implies that A’ = ¢’ = (), and that A’ = A. This implies the statement
of the proposition for A, C' and A. O

In view of (3.5), to compute the constant ¢ = ¢}’? we need to compute Prnx (o)

and Px(A), where \g is given by (7.6), and A is given by Proposition 7.7.

To compute Prnx (Ao), we note that we described [N¢ in (7.5); it has up to three
factors, two of which are u(p — 1), and the third is so(2(¢ —p+1)). From the shape
of A\ it now follows that, in the notation of Lemma 5.10,

Prak (M) = Py_pi1(Ag—pt1),
and we see that Lemma 5.10(i) implies that
PLQK()\()) = 217P,

To compute P (A), with A as in Proposition 7.7, we first write A = (Ar | Ag) and
note that
Pi(A) = Py(AL)P;(AR).

To use Lemma 5.10, we have to rearrange coordinates of Ay and Ag, using the
fact that P, is skew for the Weyl group of s0(2p), while P, is skew for the Weyl
group of s0(2g). Moreover, both polynomials are invariant under sign changes of
the variables; this follows since the sign change of the j-th coordinate switches roots
g; —¢; and g; + ¢;.

To rearrange Ay, to A,, we only need to bring the % from the first coordinate to
the p-th coordinate, and hence

Py(Ap) = (—1)P~ 12—t

To bring Ag to g = (g, ..., 1), after removing the signs which does not change the

expression, we need to bring coordinates p — %,p - %, ceey %, in that order, to the

right of p + %, leaving % at the end. The sign produced in this way is
(,1)(qu)+(q7p+1)+-~+(qf2) - (,1)(1’*1)(q*p*1)+w - (f1)<p71>(q7p71)+[%1

)
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and it follows from Lemma 5.10 that

qu(AR) = (—1)P=Dla—p=D+[5]99—1,
Putting this together with the fact that

#A+#C =#C=(p—-1)(¢—p),
that N of (3.3) satisfies
(7.10) N=p—-1 mod 2,
and that
-1
“l+p—-1= [7] mod 2,
we see that (3.5) implies
Theorem 7.11. For Gg = SO.(2p,2q), ¢ > p > 1, the constant "% is
Bt = (—1)l g2,
U

7.2. The second real form. This real form exists for ¢ > p > 2. It corresponds
to

h2:(271,...71,—1‘1,...,1,07...,0).
N—_—— N— N —
p—2 p—1 g—p+1

This real form is conjugate to the first real form by the automorphism o which acts
on h by changing the sign of the p-th coordinate, and leaving all other coordinates
the same. On the level of g, this is an outer automorphism, which become the
standard one if we compose it with the isomorphism so0(2p,2q) = so(2q, 2p). The
automorphism o satisfies the conditions of Lemma 3.8, and we just have to compute
the sign. The number n from Proposition 3.8 is, as in Subsection 5.1, equal to p—1.
The number N; is by (7.10) congruent to p — 1 modulo 2. Finally, N5 is easily seen
to be always even. The conclusion is that there is no sign in Proposition 3.8, so

(7.12) A== (_1)[’%1}22;:—2.

7.3. The third real form. This real form exists for all ¢ > p > 1. It corresponds
to

hs=(1,...,1,0]2,1,...,1,0,...,0).
— —— ——
p—1 p—1 q—p
Since [ = I3 is built from roots that vanish on hs, we see that

At ={ei—g|1<i<p-1Lp+2<j<2}Ufe e |2 +1<j<p+a}
It follows that for any A C A (1),

(7.13) 2p(A) = (a1, ..., ap—1;2|0;=b1, ..., —=bp_15Y1, -, Yg—p)s
with
(7.14) 0<apbj<p—1;  >a;=3 by

0<z<2(q—p); -1<y; <L
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Furthermore, recall that A(p;) consists of noncompact roots that are 1 on hz. So
Alpr) ={eite|1<i<p-1,2p+1<j<p+qU
Ufejtep|p+2<i<2p} U{epy1—&|1<i<p—1}.
It follows that for any C' C A(py),

(7.15) 20(C) =(e1,...,cpryulvydy, ..., dp_1;€1,...,€9—p),
with
(7.16) —1<a<2¢-p; —(p-D<u<p-1
0<v<p-—1; 0<d; <2 —(p-1)<e;<p-—-1
If we write (7.13) for A = A} (), we get
m()=@p@-1,....,p—-1;2(¢g—p)|0;—p+1,...,—p+1;0,...,0).

This is clearly orthogonal to all roots of [N &, which are equal to
(717)  A(NE) ={e;—¢;|1<i,j<p—-1}U{ei—¢;|p+2<i,j < 2ptU
U{es e |2p+1<4,5<p+q}.

By Proposition 3.4, this means that we can determine the constant ¢ = ¢§'? from
the equation (3.5). We will use this for A = Ag, where

3 5 1 1 31 1 5

1 —(g—2.g—2. . g=—pHg—p+=|p—ci= -2, ... —p+2
(7.18) Ao =(q 50— 5 d= Pt gid p+2|p 55 g P
1 3 1)

g=P=5:4=P= 5 5):

(Out of the 5 groups of coordinates separated by semicolons and the bar, the first
and the fourth group are missing if p = 1, and the fifth group is missing if ¢ = p.)

Proposition 7.19. Let A = Ao —2p(A) —2p(C), with Ao given by (7.18), and with
AC A1) and C C A(p1). If Px(A) #0, then
(1) If ¢>p > 2, then
A={e,—¢j|2n+1<j<p+qh
C={ei—¢j|1<i<p-1,2p+1<j<p+qlU
UfejEep p+2<)<2p} U{epn —&[1<i<p—1}

1 3 31 1 3 5 1
Ae(posp—S 31 L. 3 2 -1
(p 2’p 2’ 7272‘ 27 27 27 ) (p 2)7
U
q 27(1 27--~7p 9/
(2) Ifg>p=1, then A is asin (1), C =0, and
1 1 1 3 3
A=(G|—tig—t g3 2
Gl-5a=54=535)
(3) If g=p > 2, then
A=
C={ejtep|p+2<j<2p} Ufeppr—ei|1<i<p—1}
1 3 31 1 3 5 1
A=(posp—o 21 L3 2 Ly
(P=5P—5gigl —5img g = (P 3))
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(4) Ifg=p=1,then A=C=0and A=Xo= (3| - 1).
Proof. By (7.18), (7.13) and (7.15), we have
A=(qg—5—a1—ci,..,q=p+35—ap 1 —C 130 =D+ 35— —ul
lp—2—vid+b—di,—3+bs—do,...,—p+3+by_1—dp1;
q—p—%—yl—ehq—p—%—yg—eg,...,%—yqu—equ).

There are five groups of coordinates separated by semicolons and the bar. If p =1,
then the first and the fourth group of coordinates are missing, and if ¢ = p, then
the fifth group of coordinates is missing.

Using (7.14) and (7.16), we see

(720) A= (...|p—%—U;%-‘rbl—dl,—%—‘rbg—dg,...,—p—l—%-ﬁ-bp_l—dp_l;
——
[-3p-3]  [-5p-13] [-5.p—%] [-(r—3),3]
q—P—%—ZA—61,61—29—%—y2—€2,~~,%—yq—p—€q—p)~
lg—2p—%.,9— 3] la—2p—%.9—-3] [~(p—3)p+3]

S0 Apt1, ..., Apiq are ¢ half-integers between —(p—3) and ¢— 1. Since Py (A) # 0,
no two of them are equal or opposite to each other. If ¢ > p, it follows that

— %, q— %, oo p+ % must each be equal to some A;, and the only possibility for
that is
1 3 1
(7.21) A2p+1:q_§7 A2p+2:q_§7 vy Mprg=p+ ok
It follows that ¥1,...,y,—p are all equal to —1, and that e;,...,e;—, are all equal
to —(p—1).

In case ¢ > p = 1, this implies that A is as stated in the proposition, and it is
also clear that C' = (). Moreover, it follows that x = ¢ — p, and so A is as stated
in the proposition. Since the case ¢ = p = 1 is obvious, this proves the proposition
for p =1 and any q > p.

We proceed by induction on p. Let p > 2 and let ¢ > p be arbitrary. Assuming
that the proposition is true for p’ = ¢’ = p — 1, we will prove it for p and q.

If ¢ > p, we get back to (7.21) and see that it implies

ep—€; €A, eptej ¢ A, +1<j<p+g;
ei—eg;€C, gi+¢e;¢C, 1<i<p—-1,2p+1<j<p+q.

This implies

(7.22) T=q-p;
g—p—1<c¢;<qg—p, 1<i<p—-1

Note that ¢; =q—p—1ifepp1 —g,€ C,and ¢ =qg—pifepy1 —e; ¢ C.

If ¢ = p, then the above discussion does not apply; in this case (7.22) is true,
but this information is already contained in (7.14) and (7.16). The following dis-
cussion applies equally to ¢ > p and ¢ = p, but in the latter case the last group of
coordinates should be deleted.
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Using (7.22) together with the inequalities (7.14) for a; and (7.16) for u, we see
A:(Q*%*a1*01,CI*5

S—ay—ca..q—pH+ 5 —ap1— o
[—3.p—3] [(-3.p-3 [—(r—%),3]
-u
v
[—(r—3).p—3]
So A1,...,A, are p half-integers between —(p — 2) and p — 5, such that no two of
them are equal or opposite to each other. There are two possibilities
1 1
A =p— -, or A, =p—
1=Dp D) p =P 2
Let us first assume that A, = % Then
u =

-(p—-1)

and it follows that

gj—ep€C, g5+ ¢C,

P+2<j<2p.
This implies

and we see that (7.20) becomes

A=(..p=3—-vi—-L+b,-3+0by,....,—p+3+by1;0—2,g—3,....p+ 3).
—3.p—3] [=3.p—3] [-3.p—3 [~(r—3)3]

So Ap+1,..

)3
, Aoy, are p half-integers between —(p — 3) and p — 2, such that no two
of them are equal or opposite to each other, and this is 1mp0551ble
We conclude that

A =p-— 9
and consequently

ay = 0;

cg=q—p-—1
It follows that

51—€j¢A, p+2§j§2p;

Ept+1 —€1 € C,
and therefore

0<b;<p—-2, 1<j<p-—1;
1<v<p-—1.
This implies
A= (...|p—%—v;%+b1 —dl,—%—‘rbg—d27...,—p-‘r%-‘rbp,1 —dp_1;
—
[-3.p-3 (-5.r-3 (-5.p-3 [—(p—3%).3]
7%5117 %a7p+%)
So Ap+1,...

A,y are p half-integers between —(p — 1) and p — 2, such that no two
of them are equal or opposite to each other. It follows that

1
Agp = —

(p— 5)7
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and consequently

It follows that
gi—ep¢A 1<i<p-1;
coptep €C,

and therefore

We see that
A=(p-3.9-5—as—co.,q=p+tg—ap 1 —C1;¢—p+ 35— —ul
lp—3—vig+bi—di,—3+by—da,...,—(p—5)+by2—dp2,—(p—3);

4= 5.q4—3,...,p+3)

(If ¢ = p, the coordinates ¢ — %, e pt % are not there; if p = 2 there are no

coordinates involving a;, ¢;, b; or d;.)

We now consider the subalgebra g’ 2 s0(2p — 2,2p — 1) of g built on coordinates
€2,E3,- -3, EpyEpt1y---5E2p—1,

so the coordinates 1 and 2p,2p+1,...,p+ q are deleted. We also consider the real
form of Ok~ given by

Wy=(1,...,1,0]2,1,...,1),
—— ——
p—2 p—2
with centralizer I' = [N g’. Then

ATy ={e;—gj|2<i<p—-1,p+2<j<2p—1}
A(p)) ={ejtep|p+2<j<2p—1}U{ep1 —&i|2<i<p—1}.
We set
A= AnAT() = A\{ep— &5 |2+ 1< <p+ah;
C'=CnNA(p)) =
C\{E2pisp;sp+1—51;si—5j|1§z‘§p_1, W+1<j<p+q}
(If g =p, then A’ = A and C" = C'\ {e2p £ €p; €p+1 —€1}.) Then

2p(A") = (ag,...,ap—1;0]0; =by,...,—by_2) =
(), ... ap 050005 =0, ..., =b) »);
20(C")=(ca—(q—p)y--scp1— (g—p)iulv—1;d1,...,dp_2) =
(Ahseeoi s [05dy, . dy ),

where we define
i / /
a; = aip1; by =0bi; ¢ =ciy1 — (@ —D);
W=u vV=v-1; d,=d,.

The numbers a}, b}, ¢}, v, v, d} satisfy analogues of (7.14) and (7.16).

2 1) T
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We define A, by (7.18), but for Gg = SO.(2p — 2,2p — 1), i.e.,
5 7 11 51 1 7

N=(p—op——e == lp—2i=,—=,...,—(p— =)).
0 (p 2»]9 2) 72727|p 2a27 27 9 (p 2))
Then A’, C’ and

AN =Xy —2p(A") = 2p(C")
satisfy all conditions of the proposition, but p, ¢ are reduced to p’ = p—1, ¢ = p—1.
Therefore the inductive assumption implies that A’ = (3, that

C'={ej+e,|p+2<j<2p—1} U{epp1 —&|2<i<p-1},

and that 5 51 L3 s 5
N=p-=,.. ., =i=] —=;—=,—=,...,—(p— 2)).
(p 2’ 7272| 27 2, 27 ) (p 2))

This implies the statement of the proposition for A, C' and A. (]

In view of (3.5), to compute the constant ¢ = ¢§'? we need to compute Pk (o)
and Px (A), where \g is given by (7.18), and A is given by Proposition 7.19.

To compute Prax(Ao), we note that we described I'N ¢ in (7.17); it has up to
three factors, two of which are u(p — 1), and the third is s0(2(¢ — p)). From the
shape of \g it now follows that, in the notation of Lemma 5.10,

Prak (M) = Py py(Ag—p),
and in case g > p, we see that Lemma 5.10(i) implies that
PLﬁK()\O) = 207p~1,

If ¢ = p, then Prax(M\o) = 1, which is not covered by the above formula. (In
Lemma 5.10, we could have defined Py = 1 and \g = 0, but the formula in Lemma
5.10(i) would not work for p = 0.)

To compute Pk (A) for A as in Proposition 7.19, we first write A = (AL |AR)
and note that

(7.23) Pg(A) = Py(AL) P, (AR).
By Lemma 5.10(i),
(7.24) PI(AL)=Py(\y) =271

To apply Lemma 5.10 also for Ag, we must first rearrange coordinates of Ag, using
the fact that qu is skew for the Weyl group of s0(2¢), and invariant under sign
changes of the variables.

To bring Ag to pg = (g, ...,1), after removing the signs which does not change
the expression, we need to bring coordinates

1 3 31
p 2)p 27"'72’2’
in that order, to the right of p + % The sign produced in this way is
(—1)la=P)Hla—ptDttla—1) — (_q)pla—p)+5]
and it follows from Lemma 5.10 that
qu (AR) = (_1)p(q7p)+[%]2q71.
Putting this together with (7.23), (7.24), the fact that

#A=q—p; #C=3(p—1)+(p—1)(qg—p),
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and the fact that N of (3.3) satisfies
(7.25) N=p mod 2
we get

Theorem 7.26. For Ggr = SO.(2p,2q), the constant ¢§'? corresponding to the third

real form of OF is
wa _ [(FDEFI22P7L g s
o lEnERe g =y,

O

7.4. The fourth real form. This real form exists if ¢ = p > 2. It corresponds to
hy=1(1,...,1,0]2,1,...,1,-1).
——— ——
p—1 p—2

This real form is conjugate to the third real form by the automorphism o which acts
on h by changing the sign of the last coordinate, and leaving all other coordinates
the same. On the level of g, this is the standard outer automorphism. It satisfies the
conditions of Proposition 3.8, and we just have to compute the sign. The number
n from Proposition 3.8 is equal to 0, since o preserves AT. The number N; is by

(7.25) congruent to p modulo 2. Finally, Ny is the same as N1 because o preserves
AT (or one can do a computation). So there is no sign in Proposition 3.8, and

(7.27) A1 = (_1>[g]+122p_2

8. THE CASE Ggr = SO*(2n), n > 1

8.1. The case of even n. If n is even, the real forms of OF correspond to even
integers p such that 0 < p < n. We denote n — p by g. The h corresponding to p is

hpy=(@1,...,1]—-1,...,-1).
—_——— ——
P q
Since | = [, is built from roots that vanish on h,, we see that

AT() ={eitepy|l<i<p 1<j<q}
It follows that for any A C A (1),

(81) 210(A> = (a17"'aap|b17"'7bq)a
with
(82) OSCMSQ; Ogb] Sp, Zzalzzjb]

In particular,
pn([) = (q?""q|p7"'7p)’
and this is clearly orthogonal to the roots of [N ¢, which are given by
(83)  AT(INE) ={e;—¢;|1<i<j<ptU{epri—eprs|1<i<j<q}

So the constants ¢ = ¢ can be calculated from (3.5). Since it is clear that in the
present case

A(pl) = wv
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(3.5) becomes

(8.4) > (=1)FAPK (A = 2p(A)) = cPrak (V).
ACAT (1)

We take A = Ay, where

(8.5) =mn—-1,....g+1|n,n—1,....,p+1),

(If p is 0 or n, then there is only one group of coordinates in the above expression,
and Ao = (n,n—1,...,1).)
Since A differs from pyn¢ by a weight orthogonal to all roots of [N g,

Prarx(Xo) =1

So to compute c; we have to compute the left side of (8.4). The following propo-
sition describes the relevant A and the corresponding A.

Proposition 8.6. Let A = \g—2p(A), with Ao given by (8.5), and with A C A} (I).
Suppose that for some A the corresponding A satisfies Px(A) # 0. Then:
(1) Ifp=00rq=0,then A=0 and A=Xg= (n,n—1,...,1).

(2) If p,g>0, let =5 and s = 4. Then there is a shuffle

1<ii < <ip <r+s; 1<j1<--<js<r+s
of 1,2,...,7+ s such that
A:{au,vvﬁu,v’]-SUST,].SUSS}’
where

Ep+l—u + Eptus Zu < jv;

Qy,v = Ep+l—u + En+l1—vs ﬁu,v = . .
P ’ €yt Entl—v, Ly > Ju-

The corresponding A is
A=n+1—d,...,n+1—dpip,...;0 | n+1—741,....on+1—Js,Js,- .-, J1)-

Proof. The situation is combinatorially exactly the same as for Gg = Sp(2n,R),
with n, p and ¢ even. Therefore the proof of Proposition 6.5 applies verbatim; the
only difference is that the present proof is simpler because p and ¢ are even. ([

The complete parallel with the case of Gg = Sp(2n,R), with n, p and ¢ even
extends also to the computation of Pk (A) for any A from Proposition 8.6, and the
constant c;. The only difference is that in the present case, N of (3.3) is

N = <§)+pq§ mod 2,

ya
2. We conclude

so the sign is now (—1)
Theorem 8.7. Let Gg = SO*(2n), with n > 2 even. Let p, 0 < p <mn, be an even

integer. Let r = 5 and let s = *52. Then the constant c; for the real form of o¢

corresponding to p is
p [T+ S
cp = (=1)2 ( - )
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8.2. The case of odd n. For odd n the real forms of O correspond to even
integers p such that 0 <p <n — 1. We denote n — 1 — p by ¢, so ¢ is another even
integer. The h corresponding to p is

hy=(1,...,1]0;—1,...,—1).
—— —_—
p q

Since | = [, is built from roots that vanish on h,, we see that
AY() ={ei+epriy[1<i<p 1<j<q}
It follows that for any A C AF(I),

(8.8) 2p(A) = (a1,...,ap|0;b1,...,by),
with
(8.9) 0<a; <gq, 0<b; <p, doiai=;bj

In particular,
and this is clearly orthogonal to the roots of [N ¢, which are given by
(8.10) AYT(INE) ={g;—¢; |1 <i<j<plU{ept14i —Epr14j|1<i<j< g}

So the constants ¢ = ¢ can be calculated from (3.5).

The set A(p1) consisting of noncompact roots that are 1 on h,, is

A(p1) = {ei +ept1 ‘ 1 <i<ptU{—€ps1 —Ept1+y ‘ l<j=<gqj
So for any C' C A(py),

(8.11) 20(C) = (e1,...,¢pld;—eq,...,—¢€q),
with
(8.12) 0<¢ <1; —q < d <pj; 0<e; <1 d:Zici—zjej.

To compute the constant ¢, using (3.5), we take A = \g, where
(8.13) /\0—(n,n—1 ..,q+2|p—|—1;n—1,n—2,...,p+1), p,q > 0;
(|1,n —2,...,1), p=20,q>0;
)\0—( L2 p+1), p>0,q=0;
)\0:(|1)7 PZQZO-

Using (8.10), we see that Ag differs from pjne by a weight orthogonal to all roots of
[N ¢, and hence

(8.14) Prox(ho) = 1.

So to compute c; we have to compute the left side of (3.5). The following propo-
sition describes the relevant A and C, and the corresponding A.

Proposition 8.15. Let A = Ao —2p(A) —2p(C), with Ao given by (8.13), and with
AC AL, C C A(p1) as above.

Suppose that for some A and C the corresponding A satisfies Px(A) # 0. Let
and s = L. Then there is an (r,s) shuffle

q9
2°
1< < <4, <1+ I1<i<---<js<r+s

NS
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of 1,2,...,7+ s such that
A:{au,vaﬂu,v|1 <u<nr1 SUSS},
where

5p+1—u + 5p+1+v; Zu < jv;

Ay, = Ep+l—u + En+l1—vs ﬁu,v = . .
P ’ Eu F Entil—v, Ly > Ju,

and
C={eiteppr|r+1<i<ptU{—cpp1 —eps1y; |1 <j < s}

The corresponding A is
A=n+1—idy,...,n+1—ip,dp, ... 0 |[r+s+n+1—J1,....,n+1—Js, s, - -5 J1)-
Ifp = 0, then the shuffle is necessarily trivial, i.e., there are no i, and (j1,...,7s) =
(1,...,s). This means that
A=0;

C={—ept1 —pt145 | 1 < j < s}

A=(]s+Lin,....n+1—3s,8,...,1)=(]|s+1;2s+1,...,84+2,s,...,1).
Similarly, if ¢ =0 than (i1,...,i.) = (1,...,r), there are no j,, and

A=10;

C={ei+epp|r+1<i<p}

A=n,....n+1—rr. .. llr+1)=2r+1,...;7+2,r,...,1|r+1).

Finally, if p=q =0, i.e., n = 1, then the shuffle contains no i, or j,, A=C =10,
and A =Xxo = (|1).

Proof. The statement is obviously true if n = 1, i.e., if p = ¢ = 0. We proceed by
induction on n.

So let us assume that n > 3 is odd, and let 0 < p < n — 1 be an even integer.
We assume that the statement is true for n — 2 and for any even integer p’ between
0 and n — 3.

Using the definitions and the inequalities (8.9), we see that

A=n—a1—ca,n—1—a—ca...,q+2—a,—cp|p+1—4d;
[p,n] [p—1,n—1] [1,q42] [1,n]
n—1—-bi+e,n—2—by+ea...,p+1—b,+¢e,).
—_———

[g,n] [g—1,n—1] [1,p+2]

So the coordinates of A are n integers between 1 and n, and assuming that Pg (A) #
0, they have to be different from each other, i.e., A has to be a permutation of

(n,...,1). In particular, some A; must be equal to n and there are three possibili-
ties:
(8.16) A =n or Apri=n or Apro =n.

Assume first that A; = n; this is only possible if p > 0, i.e., p > 2. Then

(11:0, 01:07
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and it follows that
e1tepny ¢4, 1<j<g
€1+ epy1 ¢ C.
This implies that
0<b;<p-—-1, l<j=<gq
—g¢g<d<p-1,
and so
A=mnn—-1—-ar—co...,q+2—ap,—cp|p+1—din—1—b1 +e,
- - = —_— P e
[p—1,n—1] [1,q+2] (2,n] lg+1,n]
n—2—bytea,...,p+1—0by+eq).
la,n—1] [2,p+2]

We see that there is exactly one place where 1 can be, i.e.,

A, =1
This implies
ap =(q, cp =1,
and therefore
epteptir; €4, 1<j<g

ep +ept1 € C.
It follows that

—q+1<d<p-1
and so
A=mnn—-1—-ar—co,...,q+3—ap-1—cp_1,1|p+1—d;
—_— ——
[p—1,n—1] [2,g+3] [2,n—1]

n—1—b1+61,n—2—b2+€2,...7p—|—1—bq+€q).

lg+1,n—1] lg,n—2] [2,p+1]
Let now g’ = s0*(2(n — 2)) be the subalgebra of g built on coordinates 2,...,p —
1,p+1,...,n,and let ' = [N g’. We consider the real form of the corresponding
OC€ given by h = hp—o.
Then
AF() = AT\ {e1 + epritsep + Epr1ts |1 <G < g}
A(pi) = Alp1) \ {e1 + Ep+1,6p + Epar ),
and we set
A=A\ {ep +eprirg [ 17 < qls
C'=C\{ep +ept1}-
We define \g as in (8.13), but with n replaced by n—2 and p replaced by p—2. Then
A’ corresponding to A’ and C’ can be obtained from A by deleting coordinates A;
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and A,, and decreasing all the other coordinates by 1. More precisely, deleting the
first and the p-th coordinate, we have

20(A") = (az,...,ap1]0;b1 = 1,...,by = 1) = (a},...,a5,_o]0;b7,...,b;);
20(C") = (cas. . yepr|d—=T1;—e1 ..., —eq) = (c],...,cp o |ds =€) ..., —ep);
AN=m-2-a)—d,....q+2—a, o —c, o|p—1-4d};
n—3-b+e,....p—1-b,+e)=
(Aa—1,.. ;A1 —1]Ap1 — 1,0 A, —1).
We now see that A is a permutation of (n,...,1) if and only if A’ is a permutation
of (n—2,...,1). By inductive assumption, this is equivalent to A’ and A’ being
defined by a shuffle as in the statement of the proposition, and this clearly implies
the same statement for A and A.
The second possibility in (8.16) is Ap41 = n, which implies d = —¢ and hence
—Ep+1 — Ep+1+j € C, 1<j<gq
€i+€p+1¢c7 1§’L§p
This implies

and so
A=mn—-a,n—1—as,...,q+2—ap|nsn—>bi,n—1—by,...,p+2—by).
W_/ %,_/ \ / H/_/ H,—/ N /
[p+1,m]  [pn—1] [2,q+2] l[g+1,n]  [gn—1] [2,p+2]
We see that there is no place where 1 could be, so this case is impossible if Pg(A) #
0.
The third possibility in (8.16) is Ap+2 = n; this is possible only if ¢ > 0, i.e.,
q > 2. It follows that
b1 = 0, €1 = 17
and so
€ +éepra ¢ A, 1<i<p;
—Ep+l —Ept+2 € C.
This implies
0<a;<q-—-1, 1<i<p;
and hence

A=n—-a1—c,n—1—-ar—c...,q+2—0a,—cp|p+1—4;
—_———

[p+1,n] [p,n—1] [2,q+2] [2,n]
nn—2—by+eq...,p+1—b,+¢e,).

l[g—1,n—1] [1,p+2]
We see that there is exactly one place where 1 can be, i.e.,

A, =1
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This implies
by = p, eq =0
and therefore
€ +en €A, 1 <1 < p;
—ept1 —En ¢ C.
It follows that

1<a; <q-1, 1<i<p;
_q+1 Sdgp_]-v
and so
A=n—ai—can—1—ay—co....,.q+2—ap—cp|p+1—din,n—2—by+ ey,
—_—
[p+1,n—1] [p,n—2] 12,q+1] [2,n—1] [g—1,n—1]

n—3—b3—|—83,...,p+2—bq_1+6q_1,1).

l[g—2,n—2] (2,p+3]

We now reason in the same way as in the first case, and conclude that the propo-
sition follows from the inductive assumption for n — 2 with p staying the same and
q being replaced by q — 2. (Il

To finish the computation of the constant ¢y, we first note that for every A and
C described in Proposition 8.15
(8.17) #A = 2rs; #C =7r+s.

On the other hand, since A is a permutation of (n,...,1), Px(A) is equal to +1.
To compute the sign, we need to find the parity of the permutation bringing A to
(n,...,1). As in type C, we find this parity by counting the number of inversions
in A when compared with (n,...,1). We know from Proposition 8.15 that
A=(n+1—d1,...,n+1—ip,ip, ... 01 |r+s+n+1—J1,...;n+1—Js, js, o -, J1)-
Clearly 4., ...,4; are in inversion with n4+1—j1,...,n+1— jg; that is rs inversions.
Arguing as in type C, we get further rs inversions from the groups
n+1—i4,....,n+1—14, and n+1l—yj1,....,n+1—js,

and

ir,...,il and js,...,jl.
Finally, the coordinate Ap4q1 =7+ s + 1 is in inversion with

Ty e eyt and n+1—71,...,n+1—js.
So the total number of inversions is 2rs + r + s, and combined with (8.17) this
implies that the nonzero contributions to the sum in (6.3), which we know come
from A, C' and A as in Proposition 8.15, are all equal to
(—1)#FATHOPre(A) = 1.

Furthermore, the number N of (3.3) satisfies

Eg mod 2.

Since the number of nonzero summands is by Proposition 8.15 equal to the number
of (r, s)-shuffles of r + s, i.e., to (ri‘s), we have proved:
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Theorem 8.18. Let Gg = SO*(2n), for an odd n > 1, and let p, 0 < p <n —1,
be an even integer. Let r = £ and let s = %. Then the constant cj for the real

form of OF corresponding to p is
pfr+s
cp = (—1)2 ( - )

For the convenience of the reader, below is a table that gives the value of the
constant for each real form in every case.
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Gr o° Real forms Constants
Kr
(L1, =1, 1,
—— ———
SU(p,q) g>p>1 [27,1977] k p—k (,1)1<(P+t17k) (i)
S(U(p) x U(q)) L--,1,0,--+,0,=1,---, 1)
——— —— ——
p—k q9-p k
k=0,1,---,p
(2,1,---,1,
———
SOe(2p,2q +1) Sp>1 [3,22P72, 120 P+ o1 (—1)[0/DI+192p-2
SO(2p) x SO(2q+1) " =7 = ’ ' 1,---,1,0,---,0)
—— ——
p—1 q—p+1
21,1,
p—1 _1)l/2)]92p—-2
1,10, ,0) =
—— ——
p—1 q—p+1
1,---,1,0,
3rd real form p—1 0
only if g >p—1 2’1 ,71’0" ,0)
p—1 q—p
SP[(}’(”’M n>1 2" (1o 1, =1, e, —1) (D)2 (rey
n) " ek (n odd) or (n and k even)
k=0,1, ,n 0
n even and k odd
r=[§) and s = [254]
(2,1,---,1,
——
SO.(2p, 29) g>p>1 [3.2‘21)72 12(471»)+1] p—1 (,1)[(17—1)/‘2]221172
SO(2p) x SO(2q) =r= ’ ’ 1,---,1,0,---,0)
—— —
p—1 q—p+1
(2,1, 1,
p—1 _1)lr—1)/2]92p—2
1,---,1,0,---,0) =
p—1 q—p+1
1,---,1,0,
p—1 (_1)[P/2]+122P*1
2,1,---,1,0,---,0)
ifg>p
p—1 q-p
(_1)[?/2]+122p*2
ifg=p
1,---,1,0,
N——
fourth real form p—1 (_1>[p/2]+122p72
only it = 2,1,+,1,0,--,0)
p—1 q-p
SO*(2n) N n p/2 (n)2
n>1 2 1, ,1,-1,---,—1 -1
i n> 2" ( ) (172(2)
P n—p
n even 0 < p < n with p even
(271,17 1,--,1,0,—1,---,~1) (=12 (1))
P n—1-p
n odd 0<p<n-—1with p even
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[HP1]
[HP2]
[HPP]
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