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DIRAC INDEX AND ASSOCIATED CYCLES OF HARISH-CHANDRA
MODULES

SALAH MEHDI, PAVLE PANDZIC, DAVID A. VOGAN, AND ROGER ZIERAU

ABSTRACT. Let Ggr be a simple real linear Lie group with maximal compact subgroup
Kr and assume that rank(Gg) = rank(Kgr). For any representation X of Gelfand-Kirillov
dimension 1 dim(Gr/Kg), we consider the polynomial on the dual of a compact Cartan
subalgebra given by the dimension of the Dirac index of members of the coherent family
containing X. Under a technical condition involving the Springer correspondence, we
establish an explicit relationship between this polynomial and the multiplicities of the
irreducible components occurring in the associated cycle of X. This relationship was
conjectured in [12].

INTRODUCTION

Suppose Gg is a simple real linear Lie group and Kg is a maximal compact subgroup of
GRr. Much may be learned about an irreducible representation of Gr by understanding its
restriction to Kg. Two invariants that depend only on this Kk structure are the associated
cycle (introduced in [21]) and the Dirac index (defined in [12], when rank(Gr) = rank(KR)).
These invariants give W-harmonic polynomials on the dual of a Cartan subalgebra. They
are both related to the global character theory of representations (for example, [16] and
[12, Thm. 6.2]). The two invariants are typically not the same; for a given representation
the harmonic polynomials associated to the two invariants often have different degrees.
However, there is a family of representations, those having certain annihilators, for which
the degrees do coincide and a relationship between the two invariants is conjectured in [12,
Conjecture 7.2]. The main point of this article is to prove this conjecture, which is stated
as Theorem A below.

In order to state the theorem we need some notation. Let g be the complexification of
Lie(Gr) and K the complexification of Kr. Then there is a complex group G (with Lie
algebra g) containing K as the fixed point group of an involution. The Springer correspon-
dence associates to each nilpotent G-orbit in g* an irreducible representation of the Weyl
group W = W(G, H). Of interest to us is the nilpotent orbit O corresponding to the
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(irreducible) representation of W generated by the ‘Weyl dimension polynomial’

Pey = [T 220 e,

acAd <Pc ’ Oé>

Notation is explained more completely at the end of the introduction. This is the irre-
ducible representation of W associated to the reflection subgroup Wx by Macdonald in
[11]. Macdonald’s construction was extended by Lusztig and Spaltenstein (see [10, Section
3]) to ‘truncated induction’ from (some) representations of a reflection subgroup of W to
W this representation is truncated induction of the sign character of Wy

The Harish-Chandra modules occurring in the conjecture are those having associated
variety of annihilator equal to OC. Such Harish-Chandra modules X have associated cycle
of the form

ACX) = 3 mi(X)0.
=1

where O1,...,0, are all the ‘real forms’ of OF in the sense that each ©; is a nilpotent
K-orbit in (g/€)* C g* so that G - O; = OF ([21]). The associated variety of X is

AV(x)= |J O
1,m; (X)#0

The ‘multiplicities’ m;(X) are nonnegative integers. Placing X in a coherent family
allows us to view m;(X) as a harmonic polynomial on the dual of a Cartan subalgebra.
Now write DI,(X) for the harmonic polynomial associated to the Dirac index. Our main
result is the following theorem ([12, Conjecture 7.2]).

Theorem A. Assume that rank(G) = rank(K). Let OF and Oy, ..., O, be as above, then
there exist integers c; so that
DI(X) =) _emi(X),
for any Harish-Chandra module with AV (ann(X)) = OC,
It may be helpful to recall from [21] that

AV(ann(X)) c OC <= AV(X) C U@i.

The proof of the theorem has several ingredients. One is an extension of the defini-
tion of the associated cycle of Harish-Chandra modules to virtual Harish-Chandra modules.
This is done in terms of the K-equivariant K-theory of Ny := N N (g/&)*, where A is the
nilpotent cone in g*. Recall that the K-group K®(Nj) is the Grothendieck group of the
abelian category of K-equivariant coherent sheaves on Ny. Although not expressed in terms
of the K-equivariant K-theory, a definition of associated cycle of virtual Harish-Chandra
modules is discussed in [22]. Much of the relevant sheaf theory appears in [1]. The map
gr (with respect to a ‘good’ filtration) is a map from Harish-Chandra modules to finitely
generated (S(g), K)-modules supported in Ny. Since, for affine varieties, K-equivariant co-
herent sheaves are in one-to-one correspondence with finitely generated (S(g), K)-modules,



we may consider
gr: {virtual Harish-Chandra modules} — K% ().

The important fact is that we may specify a Z-basis of KX (Np) in terms of homogeneous
bundles on the (finitely many) K-orbits in ANy and use this basis to express the associated
cycle. Write O = K -e = K/K*¢ and let 7 € (K€)™, where (K€)™ is the set of irreducible
algebraic representations of K€¢. Then the sheaf of sections of the homogeneous vector
bundle K x 7 — O extends (although not uniquely) to a K-equivariant coherent sheaf

KE
on O, then extends by zero to a K-equivariant coherent sheaf £o(7) on Ny. We have the
following theorem.

Theorem B. KX(Njp) has Z-basis {[Eo ()]} with O running over all K -orbits in Ny and
T € (K°)". For any virtual Harish-Chandra module X, writing gr(X) = Yo . no,-[Eo(T)],
we have

AC(X)= > (Zno,fdim(7)> 0,

O max’l

An important point is that these “leading coefficients” np , are indepent of the choices of
extensions Epr (7).

A second ingredient of the proof is a formula for extensions £o(7). This is accom-
plished using a resolution of singularities of @. One obtains extensions in terms of virtual
Harish-Chandra modules of discrete series representations (Prop. 4.3). The conjecture is

then proved using a simple formula for the Dirac index of a discrete series representation
(Prop. 3.4).

In Sections 6 and 7 we list (1) the groups Gg for which the hypothesis of Theorem
A holds and (2) the complex G-orbits OF corresponding to Pg()\) under the Springer
correspondence. As an example we include the computation of the constants appearing in
Theorem A in one classical case; the other cases appear in [13]. A table with all constants
is included for the exceptional groups; the computations were done using a computer.

Notation. We are concerned with Harish-Chandra (g, K')-modules. These form an abelian
category that we denote by M(g, K). The corresponding Grothendieck group is denoted by
K(g, K); it is the quotient of the free abelian group on the Harish-Chandra modules by the
subgroup generated by all X —Y + Z when there is an exact sequence 0 - X - Y - 2 =0
in M(g,K). When X € M(g, K) the corresponding element of K(g, K) is often denoted
by [X]. Similarly, M(S(g), K) is the category of finitely generated (S(g), K )-modules, and
K(S(g), K) denotes its Grothendieck group. For an algebraic group H (over C) we denote by
Rep(H) the abelian group of virtual H-representations, i.e., the Grothendieck group of the
category of algebraic representations of H. We refer to elements of K(g, K) (resp., Rep(H))
as virtual Harish-Chandra modules (resp., representations); they are integer combinations
of (classes of) irreducibles.

The nilpotent cone in g* is denoted by N and is often identified with the nilpotent cone
in g. Our group K is the fixed point group of an involution of . This determines a
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(complexified) Cartan decomposition g = €+ p. We write Ny for N’ N (g/€)*, which may be
identified with the cone of nilpotent elements in p.

The conjecture is for the cases where G and K have the same rank; under this assumption
we choose a Cartan subalgebra b of g that is contained in ¢ and consider the set A = A(h, g)
of h-roots in g. The set of h-roots in € (resp., in p) is denoted by A. (resp., A,,). We write

W (resp., Wi) for the Weyl group of A (resp., A.). Half the sum of the roots in some

+
C

set of roots, we write p(A) for half the sum of the roots in A.

positive root system A™ (resp., AT, A}) is denoted by p (resp., pe, pn). When A is some

We thank the referee for a number of corrections and other helpful comments.

1. ASSOCIATED CYCLES AND EQUIVARIANT K-THEORY

Associated varieties and associated cycles of Harish-Chandra modules were defined in
[21]. In this section we recall these definitions and describe how to extend the definitions to
the Grothendieck group of Harish-Chandra modules. Such an extension of the definitions
to K(g, K) is discussed in [22]; details are given in this section and in the appendix.

First recall the definitions for Harish-Chandra modules. Let X be a Harish-Chandra
module. Filter the enveloping algebra U(g) by degree, so gr(U(g)) is isomorphic to the
symmetric algebra S(g) which may be identified with the algebra P(g*) of polynomials
on g*. Then there are ‘good filtrations’ {X,,} ([21, equation (2.1)]) of X and for such a
filtration, gr(X) is a finitely generated S(g)-module. The associated variety of X is the
support of gr(X), which is the variety in g* defined by the ideal annihilating gr(X). Since
a good filtration of X is K-stable, £ acts trivially on gr(X), i.e., £ C ann(gr(X)). It follows
that AV (X) is a K-stable subset of (g/€)*. In fact, AV (X) C Ny, so is a union of (closures
of) some K-orbits in Ny = N N (g/€)*. We write

AV(X)=01U---U Oy, (1.1)

where the orbits in the expression are maximal in the sense that they are not contained in
the closures of others that appear. If X is irreducible, then each Oy appearing in (1.1) is
a ‘real form’ of a single G-orbit in N, that is, G - Oy = OC, for all k = 1,...,¢, for some
O('Cic N. It is a fact that in this situation the associated variety of the annihilator of X
is OC (|21, Thm. 8.4]). (The notation here is now more or less consistent with that in the
introduction, although we have renumbered the real forms Oy so that the first ¢ of them
are the ones with my # 0.)

The associated cycle of a Harish-Chandra module is a formal integer combination
¢
AC(X) =m0y,
k=1

where my,, the multiplicity of O in AC(X), is the rank of gr(X) at a generic point in O.
A thorough treatment of the definition and these facts is contained in [21].
Our proof of Theorem A requires that the definition of the associated cycle be extended

to the Grothendieck group K(g, K). This is not immediate since the associated cycle is not
additive on exact sequences as the following example shows.



Ezample 1.2. Consider Gg = SL(2,R). There is an exact sequence
O—>C—>Inng((C) - X dX_—0

where X4 are the Harish-Chandra modules of the two discrete series representations of
infinitesimal character p and Inng((C) is the (normalized) principal series representation
induced from the trivial representation of the minimal parabolic subgroup P. Then

AC(C) =1-{0} and AC(Ind$*(C)) = AC(X, & X )=1-0,+1-0_,

where O4 are the two one-dimensional K-orbits in Ny. Thus, for example, the associated
cycle of C cannot be recovered from the associated cycles of IndIGDR((C) and X & X_.

The definition of associated variety and associated cycle on K(g, K) will be in terms of
the K-equivariant K-theory of Njy.

Suppose for a moment that K is any algebraic group acting on a variety X. Denote by
KX (X) the Grothendieck group of the (abelian) category of K-equivariant coherent sheaves
on X. See, for example, [4] and [19] for generalities on K-equivariant K-theory.

An important special case occurs when K acts with just one orbit: X = K -z = K/K?®,
K7 the stabilizer of x. Then it is a fact that the K-equivariant coherent sheaves are exactly
the sheaves of algebraic sections of the homogeneous vector bundles (e.g., [1, Lemma 2.1.3]).
Recall that the homogeneous vector bundles are constructed from the representations (7, E)
of K* and are of the form K I?Z E.-, which is the quotient of K x E, by the equivalence

relation given by (kh,v) ~ (k,7(h)v), for k € K,h € K* and v € E;. The space of global
sections is

(K X E.)={¢: K = E.|o(kh) = 7(h"Yo(k),k € K,h € K*} = Ind%. (7).

Since an exact sequence of K®-representations gives an exact sequence of sheaves of local sec-
tions of homogeneous vector bundles, we obtain a homomorphism Rep(K*) — K& (K/K?).
This map in fact gives an isomorphism:

KX (K/K®) ~ Rep(K7).

Returning to an arbitrary action of a group K, we conclude that if O = K - x is an orbit

of K on X and £»(7) denotes the sheaf of sections of K x 7 — O, then
K.’I)
{[Co(r)]: 7€ (K¥) } (1.3)
is a Z-basis of KX(0). One may also see that if K acts on a vector space V, then
KX(V) ~ Rep(K).

This isomorphism is given by associating to (o, E,) € K, the sheaf of sections of the trivial
bundle V X E,, that is, O(V) ® E,.

Now suppose that Z7 C X is K-stable and i: Z — X is a closed embedding. Let
U:=X~\Zand j: U< X. Then there is an important exact sequence

S KEU) = KE(2) 5 KE(X) 5 KE(U) = 0, (1.4)
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involving higher K-groups. The map i, is extension by zero and j* is the restriction from X
to U. The surjectivity of j* is essentially the fact that any equivariant coherent sheaf on an
open set extends to an equivariant coherent sheaf on the closure of the set. The exactness
at K (X) is roughly the statement that two coherent sheaves with the same restrictions to
U have difference supported in Z = X \ U. See [6, Ch. II, ex. 6.10] for the nonequivariant
case and [19, Theorem 2.7] for the equivariant case. The full exact sequence, along with the
definition of the higher K-groups, is in [15].

Now assume that K has a finite number of orbits on X. List these orbits as O1,...,Oy.
We construct a Z-basis of KX(X) as follows. For each O = K - a3, and 73y € (K®*)™, let
€0, (Tk1) be the sheaf of local sections of K Kék 7. This K-equivariant sheaf on Oy has an

extension to a coherent K-equivariant sheaf on Oy,. Extending this sheaf from Oy to X (by
zero), we obtain a coherent K-equivariant sheaf c‘f@k (1x1) on X extending the vector bundle
Eo, (Tk1). This is the surjectivity of j* (more precisely, it is the fact that the sheaf extends
to an actual sheaf). Note that this extension is not necessarily unique.

One easily shows, by induction on the number of orbits, that
{Eou ()] : k=1,...,M, 7y € (K**)"} (1.5)

spans KX (X) as a Z-module.

In fact we have the the following.

Theorem 1.6. {[€o, (Tr1)] : k=1,..., M,y € (K**)"} is a Z-basis of KX (X).

A version of this is stated in [22, Lecture 7] in somewhat different language. We give the
proof in the appendix.

Now return to our pair (G, K) of simple group and fixed points of an involution. Then
the action of K on Ny has a finite number of orbits O = K - 23,k = 1,...,m, and the
theorem gives a Z-basis of KX (Nj).

We may now give a definition of associated variety and associated cycle of a virtual
Harish-Chandra (g, K)-module as follows. Consider

gr: M(Q,K) — M(S(g),K,Ng),

the target being those finitely generated (S(g), K)-modules supported in Ny. This gives
a map M(g, K) — K(S(g), K; Ny) which can be shown to be additive on exact sequences
(and independent of good filtration), and thus defines a homomorphism

In fact this map is surjective and its kernel is the subgroup of virtual modules having each
K-type occurring with multiplicity zero ([22, Lecture 7]). Coherent sheaves on an affine
variety are precisely the finitely generated modules over the coordinate ring ([6, Ch. II, §5]).
Taking into account the K-actions we get K(S(g), K;Np) ~ KX (Np), giving a surjection

Gr: K(g, K) — KE(W\p). (1.7)



7

Now fix a basis {[€o0, (Tr)] : k = 1,...,m and 74y € (K®)"} of KX(Ajp) as in Theorem
1.6. For X € K(g, K), write

Gr(X) =Y nuléo, (ti)]- (1.8)
Wl

Definition 1.9. The associated variety and associated cycle of X € K(g, K) are defined by:
AV(X):= |J O

O max’l

AC(X) = Z anldim(rkl) Oy,
1 J

O, max’

By ‘Oy maximal’ we mean that Oy occurs in (1.8) with coefficient ny; # 0, for some [, and
Oy, is not in the closure of another orbit that occurs in (1.8) (with a nonzero coefficient).

The fact that AV(X) and AC(X) are independent of the extensions used to define each
é:ok (7%1) is contained in Corollary A.9 of the appendix. When X is a Harish-Chandra mod-
ule, this definition coincides with the original definition of [21]. Note that the multiplicity
of gok (1r1) along Oy, coincides with that of Ep, (7x;), which is the dimension of 7.

2. DIRAC INDEX

The definition and numerous properties of the Dirac index of a Harish-Chandra module
are contained in [12]. The Dirac index is related to the Dirac cohomology, but has some
additional nice properties. For example, it is defined on virtual Harish-Chandra modules
(i.e., on the Grothendieck group) and it is well-behaved with respect to tensoring by finite
dimensional /(g)-modules. The Dirac index (as well as the Dirac cohomology) is a virtual
K-module!. Here we review the definition and the most relevant properties.

Assume that rank(G) = rank(K) and fix a Cartan subalgebra b of g contained in ¢. In
this case p is even dimensional, so the spin representation of Spin(p) decomposes into the
direct sum of two subrepresentations S*. Recall that S may be constructed by first choosing
a maximal isotropic subspace V' C p. Then the Clifford algebra C(p) acts on A(V). Under
this action the odd part of C(p) sends A®V* (V) to A°4(V), so the even part preserves both
AR (V) and A°Y(V). Since so(p) C C°¥*2(p), the spin representation of K decomposes
into the sum of S* := A®*" (V) and S~ := A°dd(V).

Typically one makes a choice of maximal isotropic subspace as follows. First choose a
system of positive roots AT C A(h, g) and let A}y = AT N A(p). Then

Ven= 3 o, (2.1)
BeAy

LK is the pullback of the double cover 7: Spin(p) — SO(p) by the adjoint representation of K, that is,
K = {(k,s) € K x Spin(p): Ad(k) ==(s)}.
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the sum of the positive root spaces in p, is a maximal isotropic subspace of p. In this case
the h-weights of ST are

A(ST) = {ZB —pn: I C AF #I is even}
Bel

A(ST)={> B —pn: I CAS#Iis odd}.
pel

(2.2)

For a Harish-Chandra module X, the Dirac operator
D: XRS§5—>X®S5
is defined by
D=>) &&c&),
i

where {;} is any orthonormal basis of p and ¢(¢;) is Clifford multiplication by &;. The Dirac
cohomology is

Hp(X) = Ker(D)/Ker(D) N Im(D),
a finite dimensional K -representation.
_For £ € p, ¢(§) sends S* to ST, so (under our equal rank assumption) we also have the
K-maps
D*¥: X ®5* - X ® SF.

One immediately has

Hp(X) =Ker(D")/Ker(D")NIm(D™) @& Ker(D™)/Ker(D™) NIm(D™).
Definition 2.3. If X is a Harish-Chandra module, then the Dirac index of X is

DI,(X) :=Ker(D")/Ker(DT) NIm(D~) — Ker(D™)/Ker(D™) N Im(D™),

a virtual K -representation.

We now list some key properties of the Dirac index. Let X be a Harish-Chandra (g, K)-
module.

Proposition 2.4. ([7]) If X has infinitesimal character of Harish-Chandra parameter \,
then each irreducible constituent of DI,(X) has infinitesimal character of the form w(\),
for some w € W.

Proposition 2.5. ([12, Prop. 3.2]) DI,(X) = X ® ST — X ® S~. Therefore, the Dirac
index depends only on the K-types of X.

Proposition 2.6. ([12, Cor. 3.3]) The Dirac index is additive on exact sequences, so is
well-defined on virtual modules, giving a homomorphism

DI,: K(g, K) — Rep(K).
Proposition 2.7. ([12, Prop. 5.2]) Let A be the weight lattice in b* and suppose that

{X (M) }aerg+a 18 a coherent family of virtual Harish-Chandra modules, then dim(DI,(X (X))
is a W-harmonic polynomial in X.
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Suppose X has regular infinitesimal character of Harish-Chandra parameter W - Ay with
Ao dominant. Then there is a unique coherent family {X(\)} with X = X(\g) (see, for
example, [20, Ch. 7, §2]).

Definition 2.8. The Dirac index polynomial is the W-harmonic polynomial defined by
DI(X)(\) = dim(DI,(X()))).

By the Weyl dimension formula, the Dirac index polynomial is homogeneous of degree #A/}.

Proposition 2.9. ([12, Prop. 5.6]) If the Gelfand-Kirillov dimension of X is less than
#A+ — #AF, then DI, (X) = 0.

Proposition 2.10. By means of the surjective homomorphism Gr of (1.7), the Dirac index
polynomial descends to a homomorphism

DI,: KX (Ny) = Rep(K).

The reason is that DI,(X) depends only on the K-types of X (Proposition 2.5), and
X|g ~Gr(X)|k.

3. COHOMOLOGICAL INDUCTION

Cohomologically induced representations play an important role in the proof of Theorem
A. In §4 extensions of the sheaves o, (73;) will be given a somewhat explicit form using
cohomological induction. We will also use a formula for the Dirac index of discrete series
representations.

Let q = [+ u be a f-stable parabolic subalgebra of g and Q = LU the corresponding
parabolic subgroup of G. The cohomological induction functors (as defined in [20] and [8])
will be denoted by

Ri: M(LLKNL) = M(g, K).
The following are a few of the most basic properties. Let Z € M(I, K N L).

(a) RS(Z) =0, unless 0 < i < s, where s := dim¢(K/K N Q).

(b) If Z has infinitesimal character Az, then R{(Z) has infinitesimal character Az + p(u).

(c) If Z is irreducible of infinitesimal character Az and (Az + p(u), ) > 0, for all § € A(u),
then Ry(Z) is irreducible and RZ(Z) =0, for i # s.

(d) In the special case when q = b = b + n, a #-stable Borel subalgebra, and rank(G) =
rank(K), Rg(C,) is the Harish-Chandra module of a discrete series representation when
A is dominant (for AT = A(n)) and analytically integral. In this case the irreducible
representation E, of K having highest weight y = X + 2p,, (with respect to AT =
AN A(n)) occurs with multiplicity one as a K-type in Ri(Cy). All other K-types
have highest weights of the form A\ 4+ 2p, + Z ngB, ng > 0. All discrete series

BeAy

representations occur in this way.

(e) Since a short exact sequence in M(I, K N L) gives a long exact sequence of the cohomo-
logically induced representations, the alternating sum Zi(—l)iRE*i(Z ) depends only
on the class of Z in K(I, K N L). We may therefore make the following definition.
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Definition 3.1. Let Rq: K(I, K N L) — K(g, K) be defined by
Rq([2]) = Y ('R (2)].

(f) Let A be the integral lattice in h*. If {Z(\)}rerg+a is a coherent family of virtual
(I, K N L)-modules, then

{Xa(A) = Rq ([Z(A = p(W))]D) Frergtp(u+a -
is a coherent family of virtual (g, K)-modules. See [20, Cor 7.2.10].

Of particular importance to us is the Blattner formula for the K-decomposition of coho-
mologically induced representations. (See, for example, [20, Thm. 6.3.12].) The Blattner
formula may be expressed as follows. Suppose Z is a Harish-Chandra ([, K N L) module.
For each irreducible K N L-representations (m, Fy), dim(Homgn (7w, Z)) = m(m, Z) is the
multiplicity of 7 in Z, and

D=3 Zm (7, 2) Z (—1)9H" (K/K NQ, Fr ® Cypiy @ S4(p N u)) . (3.2)
T d=0

In this formula H*~9 (K /K N Q, F') denotes the sheaf cohomology of the sheaf of sections of
the homogeneous vector bundle on K /K NQ defined by the K NQ-representation F'. This is
computed by the Borel-Weil Theorem. For example, if p is dominant for a positive system
A} containing A.(u) and F), is the irreducible representation of K N L of highest weight p,
then H* (K/KNQ,F,) ~ H(K/KNQ,F, ®C_,, ) is the irreducible representation of
K having highest weight p — 2p.(ut). (Here Q is the parabolic subgroup opposite to Q.) We
also observe that the alternating sum of cohomology is well-defined on the Grothendieck
group Rep(K N Q) = Rep(K NL).

Consider a Borel subalgebra b = h + n (containing our compact Cartan subalgebra b)
and set AT = A(n). Define Xy(A) = Ry(Cy—,), giving the coherent family containing
discrete series representations associated to b. By (3.2) the K-decomposition of discrete
series representations is therefore given by

S

XeWlx = (10> H5 (K/K NB,Cyy, ® S4nn p)> (3.32)

q=0 d=0

- Z( Z Z H*"1(K/K N B,Cxypts) - (3.3b)
q=0

d=0 §eA(S%(nnp))

The Dirac index of discrete series representations may now be computed. Recall that we
have defined the Weyl dimension polynomial by

PN = ]] A,a)

acAt <Pc ) a>

Since {Xp(A)} is a coherent family, DI,(Xy(A)) is a harmonic polynomial (Prop. 2.7). The
following well-known result is implicit in [14] and follows from the main result of [7].
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Proposition 3.4. Assume that ST are defined (as in (2.1)) by the mazximal isotropic sub-
space determined by A* = A(n). Then DI,(Xy()\)) = Pk ()), where the positive system of
compact roots appearing in the definition of Pr()\) is Af = A.NAT.

Proof. Writing B = HN, we have
ST—85" =) (-1 N (nnp)®C_,,
J
as H-representations. Tensoring by S(nNp), gives
SmNp) @ (ST—57)=> (-1))Smnp)@r(nnp)@C_,,. (3.5)
J

Now the Koszul resolution

= APmnp)eShnp) = Almnp)@Shnp) = Shnp) — C — 0, (3.6)

an exact sequence of B N K-representations, says the right-hand side of (3.5) is C_,, and
we get

SmNp)®(ST-57)=C_,,. (3.7)
The Dirac index is
Xe(A\) @S5t = Xe(A\) @5~ = Xp(A\) @ (ST —57)
= Z JIH* % (K/KNB,Cry, ® S(nNp) ® (ST —57))

_Z 1)9H*1(K/K N B,Cxy,,), by (3.7).

When A is Aj—dominant, this is the finite dimensional representation of K with highest
weight A — p., which has dimension Pg(\). Therefore, the two polynomials Px(\) and
DI,(Xy(N)) coincide. O

Remark 3.8. If a different positive system A+ is used to define the maximal isotropic
subspace 1, determining S* as in the discussion surrounding (2.1), then the Dirac index
polynomial of Xp()\) will be P (\). The sign is determined as follows. If S* denotes the
choice determined by A™, then
i {S*, if #(é;l*' N AT is even
S—, if #(AF N AF) is odd,

since the weight —p,, occurs in S+ if and only if # (A} ~A}) is even. Thus the corresponding
Dirac index is DI = (—1)#(A¢\A’t)Dl. Therefore,

DI, (X;(\) = (~D)#A 2D DI (X (V)
— (—1)HAAD B V), Pr()\) defined by AZ,
(—1)HFATAD P,
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The Blattner formula may be ‘inverted’ to give an expression for an irreducible K-
representation as a virtual (g, K)-module. This will allow us (in §4) to give expressions
for extensions of the sheaves Eo (7).

Proposition 3.9. Let b be a Borel subalgebra as above and let v € b* be analytically
integral. Then

SO—DIHTIK/K N B, Criap) = S (—1D*AX4(y + pe — pu + 20(A) k. (3.10)
q ACAS

In particular, if v is AT -dominant then the irreducible representation of K having highest
weight v may be written as

E, = Z (_1)#AXb(’7+pc_pn+2p(A))|K' (3'11)
ACAY

Proof. Using (3.3), the right-hand side of (3.10) is

D (CDFAY (=1)TY  HTUK/K 0B, Cypyapap(a) @ SU(nNp)).
ACAY q=0 d=0

Using the Koszul resolution (3.6), we have (as virtual H-representations)

Z (_1)#A Z Cv+2pc+2p(A) ® Sd(n Np) = Cyt2005
AcCAf d=0

and the statement follows. The formula for E, follows from the Borel-Weil Theorem, when
v is Af-dominant. O

4. AN EXTENSION

In this section we give extensions, from O to Ny, of the coherent sheaves En(7) for all
K-orbits in Ny. These extensions will be constructed as pushforwards of vector bundles
under a resolution of singularities of O.

Let O = K -z be our arbitrary K-orbit in Aj. Identifying Ny with N'Np C g, z fits into
a standard triple {x, h,y} with semisimple element h lying in . The eigenvalues of ad(h)
are integers, therefore give a grading of g:

gm={X €g:[h,X]=mX}, meZ
We set pp, = gmNp, the m-eigenspace in p. The grading gives a #-stable parabolic subalgebra
qg=1I[+u, with [=gp and u= Z Om-
m<—1

Note that A(u) = {a € A : a(h) < 0}. The corresponding parabolic subgroup in G and
Levi decomposition are written as Q = LU.

There are two well-known facts that play an important role for us ([9]):

(i) The stabilizer K* has a Levi decomposition with reductive part (K%),q = K NL* =
(KNL)*and K* C KNQ.
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(i) If we set p[2] := >, 5o Pm, then p[2] is stable under Ad(K N Q) and the morphism

pi K x Pl O,k g) = kg, (4.1)

is a resolution of singularities.

The higher direct images Ry, of the morphism g give a homomorphism of KX groups:

e KK xp[2]) — KX (\)
KNQ
(4.2)

pe([S]) =Y (1) [R' 1 (S)).
If S is a coherent sheaf on K x_p[2], then each higher direct image R’ (S) is a coherent
KnQ
sheaf on O, as p is proper. We view the right-hand side of (4.2) as in K (Aj) by extension
by zero from O to Nj.
Let o be a representation of K N Q. Then there is a K-equivariant vector bundle K X
KNQ
(p[2] x 0) = K x_ p[2]; write S, for its sheaf of algebraic sections.
KNOQ
Proposition 4.3. (1) [1«(S,)] is an extension of Eo(o|k=).
(2) T(p=(So)) k= 225(=1)"Rq(0 @ NPT @ C_gppru) |

Remark 4.4. The terms Rq(0 @A p;RC_gppny) of the sum in (2) requires some explanation.
We view the (finite dimensional representations) o @ A/p] ® C_g,(pny) as virtual ([, K N L)-
modules. This may be accomplished by using equation (3.11) of Proposition 3.9 applied to
(I, K N L)-modules.

Proof. In [1, §2] it is shown that p.(S,) is an extension of [Ep(o|x=)]. The space of sections
(as K-module) is computed in [1, §2]:

D(a(85)) = D (~1) > H (K/K N Q0@ S(p[2]"))

q d=0

By the Koszul resolution, C = Zj(—l)j N pt @ S(p}) as virtual K N L-representations.
Therefore,

[e.e]

D(a(S0)) = D (=17 3D (<1 Y (K/K 01 Q.0 @ Ap} @ $(p NT)"))
q d=0 j
=> (-1 qiz 1) HY (K/KﬂQ,o@/\]pl@Sd(pﬁu))
q d=0 j
=3 3 (-1 (-1)H q(K/KnQ,a@@Np ® S pNu) ® Cyy, (u))
d=0 7 q

By equation (3.2), this is precisely the K-decomposition of

Z(_l)qu(U ® Npi® C_op(pru))s
J
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viewing o @ Ap} ® C_gppry) as the restriction of a (virtual) (I, K N L)-module. O

Part (2) of the proposition may be put into a more useful form for us. First, it suffices
to assume o is irreducible with highest weight A,. Then

o ® Npt @ C_gpprw)

~ > N (-1)YH(KNL/KNLNB,Cy 4r apprw)), by Borel-Weil,
AEA(NIPT) 1

> > (-)'H(KNL/KNLNB,Cy, _s(c)-2p(prw))
T CCApH#C=]

> > (F)'HVHENL/KNLNB,Cy, _ap(0)—2p(pru)+20e(1):
1t CCA(p1),#C=j
where s; =dim(K N L/KNLNB),

S )P X + pell) — pall) + 20(4) — 20(C) — 2p(p 1)),

AcCAL () CCA(p1)
#C=j

by Lemma 3.9 applied to ([, K N L).

12

12

12

(Note: any positive system for A([) that contains A.([)* = At N A(l) may be used here.)
Now substituting into the formula of Part (2) of Proposition 4.3 and using induction in
stages for cohomological induction (Rp = Rq 0 Reny) gives the following corollary.

Corollary 4.5. For S, as above

L(e(So)lx = Y (=D HFOX (A +pe(1) = pu (1) +20(A) —20(C) +p(u) —2p(pNu))

ACAL (D)
CCA(p1)

We have not yet given an extension of Eo(7) for an arbitrary 7 € (K%) . We prove below
that restriction

Rep(K N Q) — Rep(K™),

is a surjection. This is equivalent to saying that each irreducible representation 7 of K®
extends to a virtual representation of K N Q. (It is typically not the case that 7 extends
to an honest representati(il E)f KNQ.) Let 7 € (K*) and write 7 = > 10| k=, with
nj € Z and o; € (KN Q) . Now Corollary 4.5 tells us how to express an extension
[Eo(T)] = doing [Eo(0|k=)] in terms of discrete series representations.

Remark 4.6. This extension is not canonical since there seems to be no canonical way to
extend 7 to a virtual representation of K N Q.

The following proposition gives the fact used above.

Proposition 4.7. The restriction map Rep(K N Q) — Rep(K?) is surjective.

This follows from a more general fact.
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Lemma 4.8. If (H,V) is a prehomogeneous vector space and H - v is the open orbit, then
restriction
Rep(H) — Rep(H")

18 surjective.

Proof. Let j: H-v — V be the open embedding. Then
7 KA (V) = K (H -v)

is surjective by (1.4). Making the identifications K (V) ~ Rep(H) and K¥(H - v) ~
Rep(H"), the map j* (= restriction of sheaves) corresponds to restriction of representations.
This is because (0, E,) € H corresponds to O(V)®E, € K2 (V), so restricts to O(H/H")®
E, ~IndH, (E,|sv). O

Now Proposition 4.7 follows since (K N @, p[2]) is a prehomogeneous vector space with
open orbit K N Q - = having stabilizer K* N Q = K~.

5. PROOF OF THE MAIN THEOREM

Continue with the hypothesis that the complex groups G and K have equal rank. Recall
that we have fixed (i) a Cartan subalgebra b of g that is contained in ¢ and (ii) a positive
system of roots AF in A(h, £). The Weyl dimension polynomial for K is

PN =[] A, a)

aeAt <Pc ’ a> |

Consider the W-representation C[W]- Pg () generated by Px(\). The Weyl group Wi
acts on Px(A) by the sign representation. No copy of the sign representation occurs in
S(h) in degree less that #AT = deg(Pk(N)). The sign representation of Wk occurs with
multiplicity exactly one in this degree, therefore C[W] - Pk () is irreducible (e.g., [3, Prop.
11.2.3)).

The Springer correspondence associates an irreducible representation of W to each nilpo-
tent G-orbit OF = G-z in A. To describe the Springer correspondence, we let B8 be the flag
variety for G, B* = {b € B : x € b} (a ‘Springer fiber’) and A(z) = G*/(G*). (the ‘com-
ponent group’ of the stabilizer of x). Then G* acts on 8%, and so also acts on the singular

(5.1)

cohomology H®(B%). The identity component (G%). acts trivially on the cohomology, so
A(z) acts on cohomology. A linear action of W on H?%(87%),d, := dim(8%), is constructed
in [17]. This action commutes with the action of A(x), giving a representation of W on the
subspace of A(z) invariants. The W-representation on (H?%=(B” ))A(w)
gives an assignment, which is in fact one-to-one, of an irreducible W-representation to each
complex nilpotent orbit:

is irreducible. This

Az)

OC =Gz (0°,1) = (H%c(%m)) .

An irreducible representation of W is said to be Springer if it is equivalent to some 7(OC, 1).
It is an important fact that the symmetric algebra S(h) contains a W-subrepresentation
equivalent to TI'(O(C, 1) in degree d, and contains no such subrepresentation in lower degrees
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(see [10]). The setting for our main theorem, Theorem 5.4 below, is a pair (G, K) for which
C[W]- Pk ()) is Springer. Not all pairs satisfy this requirement. Tables of §6 and §7 together
give a complete list of pairs (G, K) for which the requirement holds. Also listed on the
tables are the (unique) orbits OC with C[W]- Px(\) = m(OC,1). Since a W-representation
equivalent to C[W] - Pg()\) occurs in S% (), d, is at most #A} = deg(Px()\)), and since
the sign representation of Wx (a Wix-subrepresentation of C[WW]- Px(\)) occurs in no degree
less that #A[, we conclude that d, = #A}. On the other hand the general dimension

formula for a Springer fiber [18, Theorem 4.6] tells us that
1
#HAT =d, = #AT — 3 dim(O°).
Therefore,
L dim(0°) = #AT — #AT = #AF, (5:2)

the number of positive noncompact roots. For the remainder of the article we assume that
(G, K) is one of the pairs on the tables and O is the orbit satisfying

7(OF,1) = C[W] - Px(\). (5.3)

List the real forms of OF as 01, ..., O,. These are the K-orbits in N for which G - Ok =
OC. Now suppose X is an irreducible Harish-Chandra module with AV (ann(X)) = OC.
Such Harish-Chandra modules are those for which

AC(X) = 3 my(X) Oy,
k=1

by [21, Thm. 8.4]. If we interpret my(X) to be 0 when AV(X) C OC \ OF (ie., when
AV (ann(X)) € O€ . O°), then our main theorem may be stated as the following.

Theorem 5.4. Let OC be as in (5.3), then there exist integers cy,. .., ¢, so that
T
DI(X) = cxmi(X), (5.5)
k=1

for all X € K(g, K) with AV (ann(X)) c OC.

Remark 5.6. Recall that the definition on DI,(X) depends on an arbitrary choice for la-
belling ST and S~. Replacing ST by ST changes the sign of DI,, and therefore changes
the signs of all the constants ¢;. We will make a choice when we compute the numerical
values of the constants in §6 and §7.

To prove the theorem we may assume that X is irreducible. This is because the Dirac
index is additive and, although the associated cycle is not additive, we have the following
property. If AV(ann(X;)) € OC,j = 1,2,3 and 0 - X; — Xy — X3 — 0 is exact,
then my(X1) + mp(X3) = my(Xz). We may also assume that AV (ann(X)) = OC, since

AV (ann(X)) € O€ \ OF implies both the Dirac index polynomial is zero (by Prop. 2.9)
and mg(X) = 0.
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We therefore assume that X is irreducible and AV (ann(X)) = OC. Write Gr(X) in terms
of the basis (1.5):

Gr(X) =) ) o, (m)l+ D nosl€o(r)l.

k=1 1 OCcOC\0C¢

Then since the Dirac index is defined on KX (Np) (Prop. 2.10) and vanishes on £o(7) when
O c O€ <\ O (Prop. 2.9) we have

DI(X) = Z > nuDI, (éok (m)) :

k=1 1
On the other hand
AC(X) = Z ( Nkl dim(Tkl)> 6k
k=1 \ I
Therefore, Theorem 5.4 is a consequence of the following.

Theorem 5.7. With O1,...,0, as above, there are integers ¢,k =1,...,r so that

DI, (S’Ok (r)> = ¢, dim(r) (5.8)

for all T € (K%) .

To prove this theorem we take an arbitrary O, = O =K -z and 7 € K 2" and extend T
to a virtual representation o of K N L. We may assume that o is irreducible, then use the
explicit extension given in Proposition 4.3. The formula for the Dirac index of the discrete
series will then relate the two sides of (5.8).

Therefore it suffices to prove that for each K-orbit in Ny there is a constant ¢ so that

DI, (11+(Sy)) = cdim(o), for allo € (K NL)".

Letting A, be the highest weight of o, by Corollary 4.5 we need a constant ¢ so that
cdim(o) is
> (—)FATHEODIL (X (Ao + pe(l) — pu(l) + 2p(A) — 2p(C) + p(u) — 2p(p N1))) .
ACAL (1)
CCA(p1)

Since the formula for the Dirac index polynomial of a discrete series representation is
given by DI,(Xp(A\)) = £Pg(A) (by Prop. 3.4) and the sign depends on b (not on A) by
Remark 3.8, this becomes

Y (C)FFECP (Aot pe(1) = pa(D)+20(A)=2p(C)+p(u) ~2p(pN)) = cPrnr (Ao+pe(1))

AcAt (D
CCA(p1)

up to sign. Substituting A\, by A — p.(I) — p(u) — 2p(p N u) this polynomial equation is

> (=D)FAFCP (N = pa() + 2p(A) - 20(C)) = cPrnr(N), (5.9)

AcAL (D)
CCA(p1)
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(since p(u), p(p Nu) L Ac(L)).

The left-hand side of equation (5.9) may be viewed as a sequence of difference operators
applied to Pk (). Define these difference operators by
PO - PO+6),  BeAm)
PA+5)—P(A—5), Be ().
These difference operators each lower degree by at least one. The left-hand side of (5.9) is
exactly

Dp(P(A)) := {

(—1)#An0 I[I  Ds| PV,
peAR(NUA(p1)
which therefore has degree at most deg(Px(\)) — #A,([) — #A(p1). Lemma 5.10 below
tells us that this degree is at most deg(Pxnr(\)) = #AF (I). However, the left-hand side of
(5.9) is alternating with respect to the action of Winr. The least degree of such a (nonzero)
alternating polynomial is deg(Pxnr(A)). Therefore, such a polynomial must be a multiple
of Pxnr(A). Thus there exists some constant ¢ so that (5.9) holds.

The following Lemma now completes the proof that constants ¢ as in the theorem exist.
That the constants are integers will be established by computing the values; see sections 6
and 7 and [13].

Lemma 5.10. #AF — #AF(1) — #A} (1) = #A(p1).

Proof. We have noted in (5.2) that dim(O) = #A* — #AT. The resolution (4.1) gives
dim(0) = dim(K/K N Q) + dim(p[2])
=dim(uN¢e) + dim(uNp) — dim(py) (5.11)
= dim(u) — dim(py).
Therefore, £A() — #A(p1) = #AY — #AF, ie., #A7 — #AF() — #A(p1) = #AF(D). D

6. COMPUTATIONS: THE CLASSICAL CASES

The computations of the constants are somewhat involved and details will appear in [13].
Here we first list (in Table 1) all of the classical real groups for which the conjecture applies.
That is all groups with rank(G) = rank(K) and C[W] - P (\) = 7(O%, 1), as described in
Section 5. We also give the orbit O and the number of real forms (i.e., the number of
constants). Then we give one ‘sample’ computation of the constants.

Recall that complex nilpotent orbits in classical Lie algebras are in one-to-one correspon-
dence with certain partitions [dy,--- ,d,] with dy > dy > --- > d, > 1 (if d; occurs m times,
we will simply write d}" instead of [...dj,...,d;,...]). The partitions satisfy the following

e dy+dy+---+d, =n, when g ~ sl(n,C);

e d +dy+---+d. = 2n+ 1 and the even d; occur with even multiplicity, when
g~s0(2n+1,C);

e di +dy +---+d, = 2n and the odd d; occur with even multiplicity, when g ~
sp(2n, C);
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e dy +dy + -+ d = 2n and the even d; occur with even multiplicity, when g ~
s0(2n,C), except that the partitions having all the d; even are each associated to
two orbits.

See [5, Chapter 5].

It will be convenient to attach to each partition [dy,ds,- - ,d,] a Young tableau, i.e., a
left-justified arrangement of empty boxes in rows having d; boxes in the ith row and d1, do,
..., dy in non-increasing order. The real forms will have + signs in the boxes.

Let ok denote the W-representation generated by the Weyl dimension polynomial Pg ()
for K. To check whether o is a Springer representation for the classical groups, we proceed
as follows (see [3, Chapters 11 and 13]):

(i) we identify ok as a Macdonald representation;

(ii) we compute the symbol of o as in [3, Section 13.3];

(iii) we write down the partition associated with this symbol;

(iv) we check whether the partition corresponds to a complex nilpotent orbit.

For example, when Gr = SU(p, q), with ¢ > p > 1, the Weyl group W is the symmetric
group Sp4q, and Wg can be identified with the subgroup S, x S;. The representation
ok is parametrized, as a Macdonald representation, by the partition [27,197P] (see [11] or
Proposition 11.4.1 in [3]). This partition corresponds to a 2pg-dimensional nilpotent orbit,
so ok is Springer. Note that when g is of type A, there is no symbol to compute, and any
irreducible representation of W is a Springer representation. This gives the first entry on
our table.

When Gr = Sp(p,q), with ¢ > p > 1, the Weyl group Wy is generated by a root
subsystem of type Cp x Cy so that ok is parametrized by the pair of partitions (o], [5]) =
([0],[2P,197P]). The symbol of ok is the array

0,2, 2(q - p)
2 4

2(])’ if ¢ > p and
2(q — p) 2(¢—p)+3 2q+1

o 2 4 .. 20\ i,
3 5 7 - 2¢+1 » Be=P

In both cases, the partition of 2(p + ¢) associated with this symbol does not correspond to
a complex nilpotent orbit for sp(2(p + ¢q),C), i.e., ok is not a Springer representation (see
[10] or [3, Proposition 11.4.3 and Section 13.3 ]).
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Gr dim(Oy) o¢ # real forms
SU(p.q),q=p>1 2pq 2P, 1977] p+1
Jifg>p—1
SOc(2p,2q +1),¢ >p—1>0 | 2p(2q + 1) | [3,2%72,120072)+7]
2ifg=p—1
Sp(2n,R),n > 1 n(n+1) [2"] n+1
[2"],n even S+1
SO*(2n),n >1 n(n —1)
[27=1 12],n odd "TH
difg>p
SO.(2p,29),¢ > p>1 dpg | [3,2%72, 12 P
4ifg=0p

TABLE 1. Groups for which the conjecture applies

Recall that our proof of Theorem 5.4 did not require a choice of S*. However, to deter-
mine numerical values of the constants we do need to make a choice of S*. This is done
using the positive system AT of the Dynkin diagram as in the discussion surrounding (2.2).
This gives a A}, which in turn gives Py (\), which we fix. We may choose A1 (I) = A()NAT
and set b=h+ ZQGA+([) g 4+ u. Then b C q (as required in §4) and

DI(Xo(N) = ()N Pic(A), N = # (A% < A(®1)) (6.1)

(as in Rem. 3.8). Observe that N is the number of positive roots that are positive on h.
Note also that AT (l) give the p,(I) in the formula (5.9).

As an example of the computation of the constants, we assume ¢ > p consider Gg =
SU(p,q) and Kg = S(U(p) x U(q)), that is (G, K) = (SL(n),S(GL(p) x GL(q)), n =p+q.
We let h be the diagonal Cartan subalgebra and write (ai,as,--- ,apt+q) instead of the
diagonal matrix diag(ai, as, - ,ap4q). As usual write the roots of h in g as ; — ¢j, © # J,
where ¢;(a1,...,an) = a;. The set of roots in tis Ac ={g; —¢;: 1 <i#j<porp+1<
i#j<n}. Let At ={g; —¢g;:1<i<j<n}.

The orbit OF corresponding to the partition [2P,1977] has p+ 1 real forms Oy, ..., Opt1-
These may be described by signed tableau having k rows, k = 0,1,...,p, beginning with +
and p — k rows beginning with — :
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4| =
k
+ | =
-+
p—k
— |+
q—p
or by the h’s of the standard triple:
he=(,...,1,—=1,...,—1[1,...,1,0,...,0, =1,...,—1).
—_—— —— —— —— ——
k p—k p—k a—p k

Since [ = [; is built from roots that vanish on hj, we have that
Af()={ei—e;|1<i<k p+1<j<2p—k}
Ufei—gj|k+1<i<p p+q—k+1<j<p+q}.
It follows that for any A C A} (1),
2p(A):(al,...,ak,all,...,aé)fk\—bl,...,—bp,k,O,...,O,—’1,...,—b§€),
with
0<a;<p—Fk 0<b;<k > ai=)» b and (6.2)
: J

0<aj<k, O0<Vi<p—k, Y aj=) U
i j

Furthermore, the set A(p1) of noncompact roots that are 1 on hy is empty if ¢ = p, and for
q>Dp,
Alpr)={ei—¢j|1<i<k,2p—k+1<j<p+q—k}
Ufei—¢j|2p—k+1<i<p+q—Fk k+1<j<p}.
It follows that for any C' C A(py),
2p(C) = (c1,... ¢, —dr, ..., —dp_p|0,...,0,—€1,...,—€q—p,0,...,0),
with
0<¢,dj<qg—p and —(p—k)<e <k (6.3)
Making the choice of S* described above, equation (5.9) becomes

(=N > (FDFMFOPL (A = pu(D) +20(A) = 2p(C)) = cPrn(Y),  (6.4)
ACAY,CCA(pr)
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with N = kq+(p—k)(q—p+k)+(q¢—p)k. It turns out the computations below are somewhat
easier if we make the following manipulation of (6.4). First observe that —p,(I) + 2p(A) =
pn(1) = 2p(AF (1) N A), for any A C A ([). Then since (—1)#4 = (_1)#Ai([)(_1)#(A$([)\A)’
equation (6.4) becomes

(NGNS EFO P (A = 2p(4) — 20(C)) = ePrrn (V). (65)
AcAL,CcA(pr)
where we have replaced A by A — p,([) (noting that p,(I) is orthogonal to roots in A.(l)).

To determine ¢ we evaluate both sides of (6.5) at
M=(qq—1,....q—k+1,pp—1,...0k+1|p—Fk,...,L,qg—k,....p—k+1,k,...,1).
Note that Prxnr(Ao) = 1, because \g differs from p.([) by a weight orthogonal to all roots
in Ac(l). Set A= X o —2p(A) —2p(C).

We see that Apy1,..., A, are ¢ integers lying between 1 and ¢. In particular, note that
(6.2) and (6.3) imply that Agp_pyy < ¢ —1+ 1,1 =1,2,...,9 — p and (6.2) implies that
all Agpyj,j =1,2,...,p—kand Ay, =1,2,...,k , are at most p. If Pg(A) # 0, then
(Apt1,...,Ay) must be a permutation of (1,...,q). If ¢ > p, then the only possible way to
get p+1,...,9—1,q1is

Aopky1=0¢, Nop_pyo=q—1, ..., Aprgr=p+1

It follows that e = --- =e4—p =k, and hence ¢c; = --- = ¢, =q¢—p,and dy = --- =dp_, =
0. We conclude that for ¢ > p there is exactly one C' C A(p;) for which Px(A) can be
nonzero:

C’:{ai—ejllgigkand2p—k+1§j§p+q—k}.
The corresponding 2p(C) is (¢ — p,...,q¢ — p,0,...,0|0,...,0,—k,...,—k,0,...,0), and
#C = k(q — p). This also covers the case ¢ = p; in that case, A(p1) = 0, so C = ) and
2p(C) = 0. It follows that
A:(p—a,l,p—1—GQ,...,p—k+1—CLk,p_a/1,p—1_a/2,...,k'+1_a;,k|
p—k+b,p—k—1+bo,....,1+by g, q...,p+ 1, k+b,k—1+bh...,1+b).

Note that Pg(A) # 0 if and only if {Ay,...,Ap} and {Apr1, .. App, Mgy, -, Ay}
are each a permutation of {1,2,...,p}. To determine when this happens we may assume
that p = ¢q. Therefore we consider

A= o — 2p(A)
:(p_alap_1_a27"'7p_k+1_akap_allap_1_a,2a"'7k‘+1_a;7k’
p—k+bi,p—k—1+bg, ... +byp, K+, k—1+0b,...,1+b,).
By (6.2) and (6.3) the coordinates of A satisfy the following inequalities:
k—i+1< A <p—i+]l, i=1,....k

k—i+1< Agpppi<p—i+1, i=1,.. k
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Claim: Under the assumption that p = ¢ and A = \g — 2p(A) as above, P (A) # 0 if and
only if there is a shuffle 47 > --- > g, j1 > - jp,—x of p,p —1,...2,1 so that

A={ogp:1<a<k1<b<p-—k}
€a — Ep+by if ig < Jp
Qg p = - .
Ek+b — E2p—k+as if iq > Jp.

Observe that for such an A,

A= (ila" . 7ikaj17"'7jp—k |j1a" "jp—k‘)ila" . 7114:) (67)

and P (A) # 0, and #A =k(p — k).

We prove that if P (A) # 0 then there is such a shuffle by induction on p. If k = 0 or
k = p this is immediate, since A,,(I) and A are empty. In particular the claim holds if p = 1.

Assume that p > 1 and 1 < k < p — 1. Since Pg(A) # 0, the inequalities (6.6) require
that A1 =p or A1 = p.
Case 1: Ay = p, ie.,, a1 = 0. This means that 1 —epyp € A, for b=1,2,...,p— k. It
follows that for j =1,2,...,p — k,

bj<k—1 and p—k<A,;<p—j
Therefore Agp—g41 = p (since Ap—1 < p—1). This means that bty =p —k and a} > 1,5 =

1,2,...,p— k. So €p4p — €2p—k41 € A, for b = 1,2,...,p — k. Ignoring the coordinates
Ay =p and Ay, = p we are left with

A:(o,p—1—a2,...,p—k+1—akap—1—alll,...,k—ag_k\

6.8
p—k—+by, .. L +by e k—1+by, ... 1+0) (6:8)

where 0 < a = a; —1 < k — 1 and the first p — 1 coordinates are a permutation of
{1,2,...,p— 1}, as are the last p — 1 coordinates. We are precisely in the p — 1 case with
k replaced by k — 1. Induction says that (6.8) is

A= (p’iQa-“aik:ajla--'ajp—k; |j1a"'ajp—k,p>i2a--wik)
for some shuffle of p —1,...2,1. This gives an A as in the claim (for p — 1), which along
with eg4p —€2p—g41, for b=1,2,...,p—k, corresponds to the shuffie p =iy > --- > 4y, 51 >
o Jp—k of p,.. 2,1
Case 2: A1 = p, ie., af = 0. This case is essentially the same as Case 1. We see that

Apr1 =pand g —gepy1 € A,a=1,2,... k. A reduction to p — 1 and the same k gives
A =X —2p(A), with A defined by a shuffle iy > --- > ip,p=j1 > - jp—i

Thus, A arises from a shuffle when Pg(A) # 0. Note that the two cases result in all
possible shuffles. The claim is proved.

To compute c?, it remains to compute Pg(A) for the A as in (6.7). We have that
Px(A) = £1 for each such A, since Pg(p,...,2,1|q,...,2,1) = 1. To compute the sign, we
first use (p — k)(¢ — p + k) transpositions to bring A to

A= (ila"wikajl?"'7jp7k“Q7"'7p+17i17”'7Z‘k7j17"‘7jp*k)‘
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Now the number of transpositions needed to bring the coordinates to the left of the bar to
descending order is equal to the number of transpositions needed to bring the coordinates
to the right of the bar to descending order. So the total number of transpositions we need
at this step is even and so for each A as in 6.7

Py (A) = (—1)P~R)a—ptk),

As we noted above, each relevant A has k(p — k) elements, and the only relevant set C
has k(q — p) elements. The number of positive roots that are positive on hy is N =
kq+ (p — k)(¢ — p+ k) + (¢ — p)k. Finally, the number of possible A is the number of

(k,p — k)-shuffles, i.e., (7,;) So
Pa _ (_1)yk(n—k) p

Therefore we have computed the constant for the k™ real form.

7. COMPUTATION OF THE CONSTANTS: THE EXCEPTIONAL CASES

The following table lists all of the pairs (G, K), with G an exceptional simple group, for
which the W representation C[W] - Pk () is Springer. The table gives the corresponding
complex orbits OF in notation of [3, §13.3]. Also given are the number of real forms and
the values of the constants in each case.

G K dim(Oy) o¢ # real forms | constants
E6 | A5 x Al 20 3A4 2 4,12
D5 x C 16 24, 3 1,-2,1
E7 | D6 x Al 32 34] 2 4,12,
AT 35 44, 2 64, -64
E6 x C 27 3AY 4 -1,3,-3,1
E8 | E7 x Al* 56 3A; 2 4,12
D8 64 4A4 1 256
F4 | C3x Al 14 | A+ 4 2 4, -4
G2 | Al x Al 4 A 1 4

TABLE 2. Exceptional (G, K) with C[W] - Px()) Springer

The case of (F'4,Spin(9)) is the only pair with G exceptional (and K of equal rank) for
which C[W] - Pk () is not Springer.

The pairs appearing in the table and the complex orbits O may be determined as follows.
The representation C[W] - Pg(\) occurs in homogeneous degree d = #A1 polynomials on
h*. It occurs in no lower degree since it contains the sign representation of Wy, which
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occurs in no lower degree. The tables in [3, §13.3] show that C[W] - Px(A) must be of the
form ¢y, q for some m. In most cases there is just one possibility and the table tells us this
one possibility is Springer. The case of (F'4,Spin(9)) has two possibilities ¢’2716 and ¢’2’716.
Only ¢34 contains the sign representation of Wy (as given in [2]). However, ¢} 14 is not
Springer (by [3]).

The real forms are listed below by giving the associated labelled (extended) Dynkin
diagram as in [5, Ch. 9]. Given a nilpotent orbit there is a normal triple {z, h,y} and a
Dynkin diagram labelled with a(h) for each compact simple root. It may be arranged that
each a(h) > 0. In the diagrams below, « is the highest root and the noncompact roots are
blackened. Recall that the h determines q. The choice of ST is made as described in 6.1.

The constants are computed by evaluating both sides of equation (5.9) at a convenient
point (such as A = p.(I)) by using a computer?. On Table 2 the constants correspond to
the real forms below (and are listed in the same order as the real forms are listed).

(1) E6, eg2), K = A5 x Al. Two real forms.
30—y 10—y

0 0 1 0 0

(2) E6, ¢g_14), K = D5 x C. Three real forms.

HLMHLH%%LH

(3) E7, e7(—5), K = D6 x Al. Two real forms.

0 0
O ..... .—( >—z ))—( —0O—0 O ..... .—< )—i i—( —(O——
3 1 0 0 0 0 1 1 0 0 1 0

2 2 -2

2The computations for E8 are particularly long and were performed at the OSU High Performance
Computing Center at Oklahoma State University, supported in part through the National Science Foundation
grant OCI-1126330. They were also carried out on the computer cluster of the Institut Elie Cartan de
Lorraine (UMR 7502-CNRS).
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2 -2 -2

(6) E8, eg(—24), K = ET x Al. Two real forms.

O @—0==0—70 O @—0O==0—70
1 1

APPENDIX A

Consider a variety X and an algebraic group H acting on X with a finite number of
orbits.

As mentioned in §1, if O = H - z, then
KA (X) ~ Rep(H). (A1)

Ifi: Z — X is a closed embedding of an H-stable subset Z of X and U := X \ Z, with
j: U — X the inclusion map, then there is an exact sequence

S KAWU) — KH(2) 5 KE (X)) D KE(U) — 0. (A.2)

For any homogeneous vector bundle H x E. on O = H -z, Eo(7) is the sheaf of local
H=

sections. Then by surjectivity of j* in the exact the sequence (A.2) applied to X = O, Z =

O\ O, Eo(T) extends to the closure of O. Extending further (by zero) to a coherent sheaf

on all of X gives an H-equivariant coherent sheaf £o(7) on X extending Ex (7).

For the action of H on X, list the orbits as O1,...,0O) in a way that is compatible
with the closure relations, i.e., so that O C O; implies k < j. Choose base points xj, in
each orbit and write O = K - xx. Applying the construction above to each orbit and each
isotropy representation we obtain coherent sheaves gok (Tt)-

Lemma A.3. KX (X) is spanned (over Z) by {Eo, (Tr) : k= 1,..., M, 1y € (H®) }.

Proof. We use induction on the number M of orbits in X. In our listing of orbits Oy; will be
an open orbit. Let U = Oy and Z = X \ U. If the restriction of the equivariant sheaf F to
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U is zero, then [F] is~ in the image of 7,. By induction e~ach element of K# (Z) is an integer
combination of the &, (71),k =1,..., M — 1 (where &, (7)) means the extensions to Z,
instead of X, so Eo, (Tkt) = i(Ep, (Tk1))). Therefore, [F] is an integer combination of the
o, (tk1), k =1,..., M —1. If the restriction of F to U is not zero, then write this restriction
as an integer combination . nar;€o,, (Tars), Now [F] =37 narj[€o,, (Ta;)] is in the image

of i, s0 (as above) is an integer combination of the £o, (Tx),k = 1,..., M — 1. O

Theorem A.4. Suppose the algebraic group H acts on a variety X with M orbits and one
constructs B := {[Eo, (tr)] : k= 1,..., M, 7y € (H*) } C K¥(X) as above. Then
(1) for any closed embedding i: Z — X of an H-stable subset Z of X, i,: KH(Z) —
KH(X) is injective and
(2) B is a Z-basis of KI(X).

We prove this by induction on the number of orbits of H on X. If there is just one orbit,
then X = O = H - x and the coherent sheaves £n(7) are a basis; this is (A.1). (1) holds
trivially.

Now suppose the theorem holds for all H-spaces with fewer than M orbits. List the
orbits as O1, ..., O compatible with the closure relations.

We prove (1) under the inductive hypothesis.
Claim: If O C X is any open H-orbit dense in X and Z = X ~. O, then the map
iv: K1 (2) - KH(X) (*)
is injective.

Given the exact sequence (A.2), it will suffice to show that there is no nonzero homomor-
phism K (0) — K#(Z). We compute KI(O). This is K; of the category of H-equivariant
sheaves on the orbit, that is, the category of (algebraic) representations of H?¥, where
O = H/H*. We will see that

K{'(0) =~ aC*,
one summand for each irreducible representation of H*. Once this is done, the claim will

be proved, since our induction hypothesis says K (Z ) is a free abelian group and there are
no nonzero homomorphisms from a divisible group into a free abelian group.

For the computation of K (0), we will follow the discussion in [23, Ch. V, §4]. K¥(0)
is K; of the category of H?-representations. If we replace this category by its (exact)
subcategory of semisimple H*-representations, then the K-theory remains the same; this
is Quillen’s ‘Dévissage’ ([15, Thm. 4] or [23, Thm. 4.1]). By [23, 4.3], we get KF(0) ~
@K (C), with one summand for each irreducible H”-representation. But it is well-known
that K (C) ~ C* (e.g., [23, Ch. III, §1]). We have now shown that K{' (0) ~ € C*,

TE(H®)"
completing the proof of the claim.

Now for the proof of (1). We may assume that Oy C X ~ Z (by replacing O by an
open orbit in the open set X \ Z, if necessary). Set Y = X ~\ Ops. Then we have closed
embeddings i1: Z — Y and i3: Y — X, the composition being i. Therefore i, = s, i1, is
injective, since 75 is an injection by the claim and 4] is an injection by induction.
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Now we show part (2) by verifying that B is independent.
Suppose

M
> nwfo, (Ti) = 0 in KH(X), (A.5)
k=1 1

Let Z = X \ Oy (recall that Oy is open) and let
i1: Z— X and j: Op — X.
Apply j7* to both sides of (A.5) and get
> nan€oy (tr) =0, in K (Oy).
l
This implies ny;; = 0, all I (by (A.1)). By exactness of (A.2)

M-1 )
SN nwéo, (i)
k=1 1

lies in the image of i,. For the moment, write Sé,)k (T41) for an extension of Eo, (1) to O,
and gbk (11) for its extension (by zero) to Z. So z*(gbk (T)t)) = é@k (Tx1)- By the injectivity

of i, we have
M-1

Z Z"klgok Tkl = O in KH(Z)
k=1 1

By induction, ng; = 0,k =1,...,M — 1, all [. Thus, independence is proved, completing
the induction argument. O

Remark A.6. Part (1) of the theorem can fail without the assumption that there are a finite
number of H-orbits on X. Consider the example of H = {e} with trivial action on X = C;
Z = {0} is the complement of the open set C* C X. There is an exact sequence

0 — Clz] 5 C[z] — C[z]/(x) — 0.

So [C[z]/(z)] = 0 in K{¢}(C), this is the extension by zero of the constant sheaf on {0}.
Note that the map ‘multiplication’ by x is not C*-equivariant, so the same argument does
not apply in C*-equivariant K-theory.

Corollary A.7. Suppose i1: Z1 — X and io: Zs — X are closed embeddings of H-stable
subsets and i12: Z1NZy — X. If € € KH(X) is in the image of both i1, and is,, then £ is
in the image of 1125 : KH(21 N Zy) — KH(X)

Proof. For p = 1,2 write & = i, (F,) with ip: Z, — X and F, € K#(Z,). We know
that extensions of the vector bundles on Oy C Z, form a basis {[g(%k(rkl)]} of KH(Z,).
Expressing F, in terms of this basis gives

Fp= >0 Dkl ()l p=1.2
OrCZp 1
Noting that zp*([éé (me)]) = [€0,. (Tr)], when O, C Z,, gives

Z anl gok Thi)] Z anl Sok Tki)]

OLCZ1 OrLCZo
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By independence, it follows that only orbits Oy contained in both Z; and Zy appear with

nonzero coeflicients. That is,
E= ) anz [Eo, (Th1)]
O CZ1NZ2

We conclude that € is in the image of 19, : K7 (Z1N Zy) — KH(X) O

It follows from this corollary that we may make the following definition.

Definition A.8. The support of £ € K (X) is the smallest Z C X so that £ is in the image
of i: KH(Z) - KH(X).

When we write & = 3 ny[€o, (Tr1)], the support is the union of the closures of the
maximal Of’s that appear in the expression with nonzero coefficient ny; for some [ (and
this is independent of the extensions Sok (7%1)). In fact more is true.

Corollary A.9. Suppose two bases B = {[5(1) (tr)]} and B = {[5<2 (Tr)]} have been
chosen as in Theorem 1.6. Let € € KH(X) and write

(1) (1) (2) (2)
E= anl Eok Tt)] anl Eok Trt)]-
(1)

Then for each mazimal O, we have My

= nql , for all l.

Proof. We proceed by induction on the number of orbits of 4 in X. Suppose O, is maximal
in one (hence the other) expression for £.

Case 1. Oy isopenin X. Let Z = X \ Oy and i: Z — X and j: O; — X. Then since

(€S (a))) = [eoq mm € KH(0,), for p= 1,2, and j*([E8) (r)]) = 0,k # q, we have

anl)j [Eo, (Th)] Zn [Eo,(Tq)] and

an)j gok Tkl ZTL 5(9 qu ]

in K4(0,). By (A.4), <1l> =n l)’ for all [.
Case 2. Oy is not open in X. Then supp(£) € X. By induction (and the injectivity of
iv: KH (supp(€)) — K7 (X)) the statement follows. O
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