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APPROXIMATION OF NILPOTENT ORBITS FOR SIMPLE LIE GROUPS

LUCAS FRESSE AND SALAH MEHDI

ABSTRACT. We propose a systematic and topological study of limits lim,,_,g+ Gr-(vz) of continuous families
of adjoint orbits for a non-compact simple real Lie group Gg. This limit is always a finite union of nilpotent
orbits. We describe explicitly these nilpotent orbits in terms of Richardson orbits in the case of hyperbolic
semisimple elements. We also show that one can approximate minimal nilpotent orbits or even nilpotent
orbits by elliptic semisimple orbits. The special cases of SLy (R) and SU(p, q) are computed in detail.

1. INTRODUCTION

1.1. Continuous families of adjoint orbits and their limits. The structure of a connected real Lie
group Gy is closely related with the topology and the geometry of its adjoint orbits on its Lie algebra gg.
For instance, when Gg is Abelian, its adjoint orbits are singletons, whereas, when Gpg is simple, adjoint
orbits are symplectic manifolds. If Gg is compact, its adjoint orbits are compact symplectic manifolds. For

example, each adjoint orbit of the 3-dimensional special unitary group Ggr = SU(2) takes the form G- (rz),

g
where x = (

0 _OZ) € gr =su(2) and r > 0, and it is diffeomorphic with the sphere of radius r > 0.

FIGURE 1. Adjoint orbits for SU(2).

The picture in Figure 1 suggests that the continuous family {Gg - (r2)},»0 converges to the trivial orbit

in the following sense:

(1.1) lim G- (re) = U Gr-(rz) = {0}
r—=0* >0 1¢(0,¢)
(here and throughout the paper, unless otherwise specified, we consider real analytic topology). It turns out
that this is true for any z, whenever Gy is compact and simple (see Remark 5.2).
The non-compact case is more subtle. For instance, the nontrivial adjoint orbits of the 3-dimensional
special linear group Gg = SL2(R) split into three families (see Example 3.3):
Key words and phrases. Lie groups; semisimple and nilpotent orbits; approximation; asymptotic cones.
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0
-1 0)
f* (resp., the lower sheet z <0, in the case of f7) of the two-sheeted hyperboloid 2% — 2% — y2 = A?;

o Gg-(Af*), A>0, where f* = :t( which identifies with the upper sheet z > 0, in the case of

o Gr(sp), s >0, where ¢ = ((1) _01), which identifies with the one-sheeted hyperboloid z2-2%-y? = —s?;

o ii1 e .
o Gg - 9%, where ¢* = ( 1.1 2 0 2), which identifies with the connected component z > 0 (resp.,
2

2
2 <0) of the cone 22 — 22 -2 = 0.

gr = R?

FIGURE 2. Adjoint orbits for SL2(R).

By the definition, these orbits are homogeneous spaces for Gg = SLo(R). More precisely, if Pg = Mg Ar Nr
is the Langlands decomposition of a minimal parabolic subgroup of Gg, Kg a maximal compact subgroup
of Ggr and Ny the opposite of Ng (i.e., defined by the opposite of the positive system of restricted roots),

then one has the following diffeomorphisms:
Ggr- f*~Gr/Kgr, Gr-p=~Gr/MpAgr, Gr-¢"~Gr/MgNg and Gg-9~ ~Gg/MgNg.

In particular, besides of being symplectic homogeneous manifolds, the orbits Gg - f* and G - ¢ are respec-
tively Hermitian Riemannian and pseudo-Riemannian symmetric spaces, while the orbits Gg-1* are neither

symmetric nor reductive. Moreover, using the limit defined as in (1.1), one checks that (see Example 3.3):
lim G- (A\f*) = Ge-9* = lim Gz (v®),
11%1 GR . (S(p) = GR . ¢+ @] G]R -1/)_.
s—>0F

In other words, the continuous family {Ggr - (Af*)}rs0 (resp., {Gr - (Af7)}as0) of Riemannian manifolds
converges towards the singular variety defined as the closure Gg - ¥+ (resp., m) of the nilpotent orbit
Gr - 9" (resp., Gg-¥7).

Nilpotent orbits of non-compact simple Lie groups Gr play an important role in Mathematical Physics in
the following sense. A general space time with symmetry group Gg is a homogeneous space Gr/Hg, where
Hpy is a closed subgroup of Gg. The cotangent bundle T*(Ggr/Hg) is naturally equipped with a structure
of a symplectic manifold on which the group Ggr acts in such a way that there is a Gg-equivariant moment
map

J:T"(Gr/Hr) ~ 9g = gr.



APPROXIMATION OF NILPOTENT ORBITS FOR SIMPLE LIE GROUPS 3

In particular, the image of J is a union of (co)adjoint orbits for Gg. Let m: T*(Gr/Hgr) — Gr/Hgr be the
natural projection. Then, following Souriau [21, §14-15], an orbit O = Gg -z in the image of J is said to
be the classical phase space of a free particle moving on Ggr/Hp if the projection 7(J '(x)) of J~(z) is
a timelike or a lightlike geodesic on Ggr/Hg (assuming that geodesics exist on Gg/Hg). In this picture, a
semisimple orbit describes the classical dynamics of a massive particle, while a nilpotent orbit describes the
classical dynamics of a massless particle. However, unlike massive particles, it is not known how to quantize
canonically classical dynamics of massless particles. In this respect, a systematic approximation of nilpotent
orbits by semisimple orbits could help to understand better the quantization of massless particles.

On the other hand, limits of semisimple (most often elliptic) orbits are used in Representation Theory to
bridge objects of different nature such as associated varieties, wave front sets, and characters, see [2, 3, 5, 8,
9, 10, 12, 13, 17, 18, 20, 22, 23] and references therein. However, these limits are used as a tool and, to our
best knowledge, there is no systematic study of the limit ,}i_%h Gg - (vz) for an arbitrary non-compact simple

Lie group Gr and any x € gr, which is based on topological arguments only.

1.2. Outline of the paper. This paper aims to provide a self-contained and systematic topological study
of the limit of adjoint semisimple orbits for connected non-compact simple linear real Lie groups. We also
address the reverse problem of realizing (the closure of) a prescribed nilpotent orbit as the limit of a specific
family of semisimple orbits. In this respect, our main results appear in Sections 6-8 (Theorems 6.1, 7.4, 7.7,
8.2, 8.3, 8.6).

Let us describe in more detail the content of the paper. For the convenience of the reader, in Section 2,
we collect basic definitions and properties about Jordan decompositions, elliptic and hyperbolic elements,
slo-triples and the classification of complex nilpotent orbits.

The definition and first properties of limits of orbits are given in Section 3. We first observe that
Vli_}rga Ggr - (vx) is a finite union of nilpotent orbits which contains the limit ,,11_1,8+ Gr - (vxs) (resp., the or-
bit closure Gg - x,) associated to the semisimple (resp., nilpotent) part of x in its Jordan decomposition
(Proposition 3.2). In fact, every nilpotent orbit appears in the limit set ggrol+ Gr - (vz) of a semisimple (el-
liptic or hyperbolic) element x € gg (Proposition 3.7). This supports the idea that limits of orbits can be
used to approximate nilpotent orbits by semisimple orbits. Our main concern will be then to study to what
extent a nilpotent orbit O can be approached by a continuous family of semisimple orbits {Gg - (vx)},s0
through its limit; the most desirable case is when Vli_%1+ Gr - (vr) coincides with the closure of O.

In Section 4, we relate the limit set Vli_)rg)f Gr - (vz) with various asymptotic cones in gg or in its complex-

ification g. Namely, consider the sphere

S(gr) = (gr ~ {0})/R]
and the embedding
igr>S(gr@R), v [v@1].
We define the real asymptotic cone ACr(Gr - z) of Gr -« as follows (Definition 4.2):
ACg(Gr-x) = {0} u (x*) " (S(gr) N * (G - 7)),

where 7 : gr \ {0} — (gr ~ {0})/R] is the natural surjection. We observe in Proposition 4.4 that our

asymptotic cone coincides with the cone introduced by Harris-He—Olafsson in [9]. Then we show that this
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cone coincides with the limit set lin[f)1+ Gr - (vz) (Theorem 4.7):

lim GR . (I/LE) = ACR(GR . x)

v—0*
In Section 5, we deduce that the limit liIBI Gr - (vz) is always nontrivial whenever x # 0 (Theorem 5.1).
v—0*
Recall that Gg is assumed to be simple and non-compact.
From the formulation in terms of the asymptotic cone, we also deduce that, when =z is semisimple,

lirg+ Gr - (vz) is contained in the Zariski closure of the Richardson orbit of  (Theorem 4.7):

hI‘Ef)l+ G]R . (Z/.I) C ORich(x) N OR-

Recall that Ogien () is the unique dense orbit in G -u(z), where G is the complexification of Gg with Lie
algebra g and u(z) is the nilradical of any parabolic subalgebra of g which contains the centralizer of x as
a Levi factor. If, moreover, x is hyperbolic, i.e., ad(x) has real eigenvalues on gg, and thus on g, the above
inclusion becomes an equality in the case of SL,,(R) (Corollary 6.3). Writing ug(x) for the nilradical of the
real parabolic subalgebra of gr defined by the positive eigenspaces of ad(z) we obtain that (Theorem 6.1):

1ir{)1+GR-(ux) =Gr-up(z) =0, u... U0y,

where Oq, ...,y are nilpotent orbits which are all of the same dimension, for an arbitrary non-compact
connected simple linear real Lie group Ggr and a hyperbolic semisimple element x € gg.

Hyperbolic semisimple elements naturally arise in the study of sly-triples. More precisely, by Jacobson—
Morozov theorem, every nonzero nilpotent element e € gg lies in an sly-triple {h,e, f} for some semisimple
element h and a nilpotent element f in gg which are unique up to conjugation under Gg. We show that if

the Richardson orbit Ogjen (k) has real forms which all intersect ug(h), then (Proposition 7.6):
lir61+ G]R : (I/h) = ORich(h) NEgR = O_1U - U(’)_T7

where Oy, ...,0, are the real forms of Ogin(h). (By “real forms” of a complex nilpotent orbit O c g,
we mean Gg-orbits (equivalently, connected components) of O n gg; see, e.g., [24, §6].) In particular, this
equality holds for any e when Gg = SL,(R) (see Theorem 7.7, which includes an explicit description of the
limit set), and for an arbitrary non-compact connected simple linear real Lie group Gg when e is even, i.e.,
when the eigenvalues of ad(h) are all even integers (Theorem 7.4).

Finally, we consider the complementary case where z € gg is semisimple elliptic, i.e., the eigenvalues of
ad(z) are all pure imaginary. Suppose that Gg contains a compact Cartan subgroup Tg. Let Kg be a
maximal compact subgroup of Gr with complexified Lie algebra £ and let g = € @ p be the corresponding
Cartan decomposition of g. Let u =u(iz) c g be the nilradical of the parabolic subalgebra associated to the
semisimple element iz € g. There is a unique K-orbit O* in p which intersects the subspace unp along a

dense open subset. As a consequence of deep results in Representation Theory, it turns out that (see (8.4)):
lim G- (va) = KS™H(0"),
v—0*
where KS is the Kostant—Sekiguchi bijection between nilpotent adjoint orbits of Gr and nilpotent K-orbits
of p. To our best knowledge, there is no direct proof of this equality. Based on this equality, we prove that
every even nilpotent orbit of gg can be approximated by a continuous family of elliptic semisimple orbits.

Specifically, if {h,e, f} is an even sly-triple, then we have (Theorem 8.2):

l,h_,%l+ Gr-(v(e-f))=Gr-e.
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In the case where Gg is classical, we provide continuous families of elliptic semisimple orbits whose limits
attempt to approximate minimal nilpotent orbits (Theorem 8.3). Finally, for Ggr = SU(p,q), we show that
(the closure of) every nilpotent orbit can be realized as the limit of a family of elliptic semisimple orbits
(Theorem 8.6).

We thank the referees for their careful reading and their suggestions which helped to improve the paper.

2. PRELIMINARIES

Let Ggr be a connected simple linear real Lie group with Lie algebra ggr and let G be the complexification
of Gr whose Lie algebra g is the complexification of gg. Fix a maximal compact subgroup Ky of Gg with
Lie algebra g fixed pointwise by a Cartan involution 6. The Lie algebra £ of the complexification K of K

is the complexification of tg. Write
(2.1) gr=tr®pgr and g=t@p

for the corresponding Cartan decompositions of gr and g, respectively.

An element x of gg (resp., g) is said to be semisimple if the endomorphism ad(x) : gg = gr (resp.,
ad(x) : g — g) is semisimple. A semisimple element x of ggr is said to be elliptic (resp., hyperbolic) if the
eigenvalues of ad(z) are all pure imaginary (resp., real). An element z of gg (resp., g) is said to be nilpotent
if the endomorphism ad(z) : gr - gr (resp., ad(x) : g — g) is nilpotent. By Jordan decomposition, any

element x of gr (resp., g) can be written in a unique way as
T=Ts+ Ty,

where x5 (resp., z,,) is semisimple (resp., nilpotent) in ggr (resp., g) and [zs,z,] = 0. Moreover, any element
in g commuting with x commutes with zs and x,, as well.

If x belongs to ggr, then its semisimple part xs can be written in a unique way as
Ts=Te+xp, thatis, x=x.+xp+Ts,

where z. is elliptic, zj, is hyperbolic, and z., xp,x, commute with each other. Moreover, any Gr-orbit in gg
contains an element x such that x. belongs to €g and z;, belongs to pr (see [25, Proposition 2.10]).
If e is a nonzero nilpotent element of gg (resp., g), by Jacobson—Morozov theorem there exist a semisimple

element h and a nilpotent element f in gg (resp., g) such that ([6, Theorem 9.2.1]):
[h,e] =2e, [h,f]=-2f, and [e, f]=h.

The triple {h,e, f} is said to be a standard triple (or sla-triple), while h and e are respectively the neutral
element and the nilpositive element of the triple. It is known that any standard triple {h,e, f} c gr is Gg-
conjugate to a Cayley triple {h',€’, '}, i.e., such that 6(e") = —f, 0(f') = —€’, and (k") = —h'. Furthermore,
we associate with a Cayley triple {h,e, f} c gr the standard triple {I',¢’, f'} c g given by

h, = i(e_f)a
e = %(e+f+ih),

fo= %(e+f—ih).
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The triple {h', ¢, f'} is the Cayley transform of {h,e, f}. Note that h’ lies in €, while ¢’ and f’ lie in p. Such

a standard triple is called normal. The Kostant—Sekiguchi correspondence is the bijection such that
(2.2) KS:Gr-e~ K -¢

between nilpotent Gg-orbits of gr and nilpotent K-orbits of p ([6, Chapter 9]). We will use the following

result due to Mal’cev about conjugation of standard triples.

Theorem 2.1 (Mal’cev, [6, §3.4.12]). Any two standard triples of g with the same neutral element h are

conjugate by an element of the connected component of the centralizer Zg(h) of h in G.

Fix a standard triple {h, e, f} in g. The eigenvalues of ad(h) are integers, therefore one gets the following
grading of g:
9=D gm, gm={Xeg|[h,X]=mX}.

mez

Set [=gp and u= @ g,,.- The Lie subalgebra

m>0

(2.3) g=Iou

is a parabolic subalgebra associated with the nilpotent element e. The corresponding parabolic subgroup @
in G has Levi decomposition @) = LU, where L (resp., U) has Lie algebra [ (resp., u). In the case where
g2;+1 = {0} for all j € Z, the nilpotent element e (or the standard triple {h,e, f}) is said to be even. In
other words, g decomposes as a direct sum of irreducible representations of the subalgebra spanned by the
slo-triple {h,e, f} and all of the summands have even highest weight. In the special case where [ is a maximal
torus t in g, the nilpotent radical u coincides with the subspace n generated by positive t-roots in g, and the
parabolic subgroup @ is a Borel subgroup B = LN with Lie algebra b=t®n and N = exp(n).

By assumption, G is a closed subgroup of GL,,(C) for some integer n > 1. The nilpotent cone N (gl,,(C))
is defined as the set of nilpotent elements in End(C"™). Similarly, the nilpotent cones M (g) and N (gr) in g

and gr are defined, respectively, as the sets of nilpotent elements in g and in gg. We have
N(g) =gnN(gl,(C)).

Since N (gl,,(C)) is Zariski closed in gl,(C), then the nilpotent cone N'(g) is Zariski closed in g. On the
other hand, the algebra S(g*)“ of G-invariant polynomial functions on g is graded by the degree:
S(g") =@ 5" ("),
r>0

where S"(g*) is the space of homogeneous polynomial functions of degree r on g. If S*(g*)¢ := @ S"(g*)%,
>0

then

N(g)={zeg|f(z)=0forall feS*(g")}=G"n.
In particular, the variety A(g) is irreducible and
dim A (g) = 2dimn = dim g — rank g.

Here rank g denotes the rank of g, i.e., the dimension of a Cartan subalgebra in g. The nilpotent cone N (g)
is a finite union of nilpotent G-orbits. There are several nilpotent orbits of particular interest in A (g) [6,
Chapters 4 and 7]. First, the nilpotent cone coincides with the Zariski closure of a unique nilpotent G-orbit
Oheg Which is open and dense in N (g):

N(8) = Oreg.
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It is known as the regular or principal nilpotent orbit, and it is the largest nilpotent G-orbit in A/(g). Elements
in Oeg will be called regular nilpotent. Second, since g is simple, there exists a unique nilpotent G-orbit
Ogubreg Of dimension dim Oyeg — 2 = dimg — rank g — 2 in A/ (g). The orbit Ogybreg, known as the subregular
nilpotent orbit, is open and dense in N'(g)\Oyeg. Third, there exists a nonzero nilpotent G-orbit O, in
N (g) which is contained in the Zariski closure of any nonzero nilpotent orbit. The orbit Oyi, has minimal
dimension and is known as the minimal nilpotent orbit.

Yet there is another particular type of nilpotent orbits in g, induced from any parabolic subalgebra g in
g. Namely, the Richardson orbit Oricn(q) associated to ¢ is the unique dense orbit in G -u, where u denotes
the nilradical of q. Note that any semisimple element z € g also gives rise to a Richardson orbit. Indeed, if x
is semisimple, then its centralizer g” := {z € g | [x,2] = 0} is a Levi subalgebra of g, which means that there

is a parabolic subalgebra ¢ such that g* is a Levi subalgebra of q. The Richardson orbit
(2.4) Orich (@) = ORicn(9)

is independent of the choice of q (see, e.g., [6, Theorem 7.1.3]). Note also that

(2.5) dim Ogjen (7) = 2dimu = dimg - dimg* = dim G -

(see [6, §7] for the first equality). In the case where x has real eigenvalues on g (which occurs for instance
when z is a hyperbolic semisimple element in gg), then g has an eigenspace decomposition indexed by real
numbers
(2.6) o=@oau ou={zeg|[r2]=pz},

peR

and q:= @ g, is a parabolic subalgebra which contains gy = g* as a Levi factor; we have
120

(2.7) Oricn (1) = G(EBO 8-

If = = h belongs to an sly-triple {h,e, f}, then the nilpotent orbit G-e is contained in the closure of Ogjen(h).
The equality Orich(h) = G-e holds if and only if e is even. Any even nilpotent orbit is therefore a Richardson
orbit, but the converse is not true. Since g is simple, the subregular orbit Ogupreg is @ Richardson orbit.
Note that every nilpotent orbit of sl,,(C) is a Richardson orbit.

Recall that nilpotent G-orbits in the classical Lie algebras are parametrized by partitions (d1,...,dy) with
dy >dy > ... 2dj > 1 such that ([6, Chapter 5]):

e dy+dy+...+dy =n, when g~ sl,(C);
e dy+do+...+d;=2n+1 and the even d;’s occur with even multiplicity, when g ~ §02,,+1(C);
e dy +dy +...+di =2n and the odd d;’s occur with even multiplicity, when g = sp,, (C);

o dy +dy+...+d, =2n and the even d;’s occur with even multiplicity, when g ~ s05,(C).
In each case the parametrization is one-to-one, except in the case of s0s, (C) where the partitions having all
the d;’s even (and occurring with even multiplicity) are each associated to two orbits.
Finally, the Zariski closure of nilpotent orbits can be described as follows. Given two partitions d =
(dy,...,dg) and £ =(f1,..., fr), d is said to dominate £, i.e., £ <d, if we have k < ¢ and
Yodi> ) fi for1<j<k.

1<i<j 1<i<y
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If © and O’ are nilpotent orbits associated with distinct partitions d and d’, then O is contained in the
Zariski closure of O’ if and only if d < d’.

3. LIMIT OF ADJOINT ORBITS: DEFINITION AND BASIC PROPERTIES

In this section we introduce a topological limit of adjoint orbits (Definition 3.1) and establish its basic
properties (Propositions 3.2, 3.5, and 3.7). Recall that G is a connected simple linear real Lie group with

Lie algebra gr, G is the complexification of Gg, and its Lie algebra g is the complexification of gg.

Definition 3.1. Given an element x € gg, consider the family {Gg - (vx)},s0 of Gr-orbits (indexed by v).

The limit of this family of orbits is defined as the topological set

Vli_)rg)r Gr-(vz)=() U Gr-(vz).

>0 ve(0,¢)
In other words, an element z belongs to the limit if and only if there are sequences {v }x>1 ¢ R} converging
to 0 and {gx }x>1 € Gr such that
z= klim v Ad(gr)(z).
—+00

Proposition 3.2. Let x € gr with Jordan decomposition x = xs + xy,.
(a) The limit of orbits lir{)l+ Gr - (vx) is nonempty, closed, Gg-stable and contained in the nilpotent cone
Of ORrR-
lir(r)l+ Gr - (vz) c N(gr).
In particular, the limit of orbits 1iI£l+ Gr - (vx) is a finite union of nilpotent orbits.
(b) The nilpotent part x,, belongs to the limit of orbits 11%1+ Gg-(vz). In particular, 11%1+ Gr-(vz) always
contains the closure of Gg - T, :
Gr -y C 1i1r€+ Gr - (vx).
(¢) The limit of orbits of the semisimple part x4 is contained in the limit of orbits of x:
lir{)l+ Gr - (vzs) 1i%l+ Gr - (vz).
(d) If x = x, is a nilpotent element then the limit of orbits lirg+ Gr - (vx) coincides with the closure of
the Gr-orbit of x:
1ir(1)1+ Gr-(vz) =GR - z.
Proof. (a) By definition 11151+ Gr - (vz) is closed and Gg-stable, and nonempty (since it contains 0). Let
z€ th& Gr - (vx) and let us show that z is nilpotent in gg. There are sequences {vj }r>1 ¢ R} converging to
0 and {gx }x>1 € Ggr such that
z= klim veAd(gr)(z),
—+00
hence
ad(z) = klim v Ad(gr) o ad(z) o Ad(gr) ™t
—+00
This yields the following relation between characteristic polynomials:
det(ad(z) - Xid) = klim det(vpad(z) - Xid),
—+00

from which we conclude that the endomorphism ad(z) is nilpotent, hence z is a nilpotent element. This

shows (a).
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To show (b), (c), and (d), it is useful to note that
(3.1) Gr-(zs+txy,)=Gr- (x5 +x,) forall teR].

Indeed, the Jacobson—Morozov theorem implies that we can find an element z’ in the semisimple part [[,[]
of the Levi subalgebra [ = 34, (x5) := {z € gr | [@s,2] = 0} such that [z',z,] = 2z,,. Then, for every ¢t > 0 we
get
Ts +tx, = Ad(eXp(lr‘Ttx'))(xs +x,) € Gr- (25 +Ty).
(b) By (3.1), we have x,, + vas € Gg - (vz) for all v > 0, hence z,, € Vli_)IIO1+ Gr- (vx), and the desired inclusion
follows from the properties of the limit given in (a).

(¢) By (3.1), for every v >0, we have
1 -
VT + T € Gr-(vz) cGr-(vz) forall k>1,

hence

GR . (yzs) [« GR . (Z/SC),

so that the claimed inclusion follows from the definition of the limit.
(d) By (3.1), we have Gr -z = Gg - (vz) for all v > 0, and the claimed equality immediately follows from
the definition of the limit. O

Ezample 3.3. The elements of the Lie algebra gg = sl3(R) can be written in the form

T To + XT3
Jj =
T2 — X3 —I1

) with z1, 29,23 € R.
The nilpotent cone is
N(sla(R)) = {z e sly(R) | detz = 0} = {z € sly(R) | 2% + 22 = 22}

and it comprises two nontrivial nilpotent orbits,

0" = {zesh(R) |22 +a2=a?, x3>o}ZSL2(R).(8 (1))
- 2.2 _ 2 0 0
07 = {zesh(R)|z]+a3 = a3, x3<0}:SL2(R).(1 O)'

We consider the elliptic semisimple element
({0 1
T o)
In fact, every elliptic semisimple element of sl (R) is conjugate to vn for some v € R. For v € R*, we have
SLy(R) - (vn) = {z € sly(R) | 22 = 22 + 22 + %, sign(z3) = sign(v)}.

This yields

M U SLa(R)-(vn)

e>0 0<v<e

= Mz esk(R)|0<a; 2% —a5 <€, x3>0}
>0

= {resl(R)|23=a]+23, 23>0}

= {0}uD* =9,

li%g SL2(R) - (vn)
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A similar calculation shows that
lin(r)l+ SLy(R) - (v(-n)) = {0} uO =9O-.
We now consider the hyperbolic semisimple element

(o 4)

and let us note that every hyperbolic semisimple element of sl3(R) is conjugate to vh for some v > 0; in

particular h and —h are conjugate under SLy(R). For v > 0, we have

SLa(R) - (vh) = {z € sly(R) | 23 = 23 + 23 — 12},
so that

li%1+ SLa(R) - (vh) = {0} uDT UO™ = N(slx(R)).

This example is illustrated in Figure 3.

FI1GURE 3. The nilpotent cone N (sl2(R)) and the orbits SLo(R) - (vn) and SLa(R) - (vh)
for v = /3.

Remark 3.4. Given z, z € g, it is readily seen that we have

z€ lirg+ Ggr-(vx) < -z¢€ lir(r)l+ Gr - (v(-x)).
0 -1

For instance, in Example 3.3 above, we have O~ = SLy(R) - ), hence the formula for lirg+ SLy(R) -

0 O
(v(-n)) can also be deduced from the formula giving lin(r)l+ SLa(R) - (vn).

The following is a characterization of the limit of orbits in terms of the Slodowy slice of a nilpotent element.
This characterization appears in [8, Corollary 2.2] (see also the remark below), where it is attributed to

Barbasch and Vogan. For the sake of completeness, we give a proof.

Proposition 3.5. Let z € gg. Let e € gg ~ {0} be a nilpotent element and let {h,e, f} c gr be a standard
triple. Let 34, (f) ={z € gr | [z, f] =0}. The affine space e + 34, (f) is called a Slodowy slice. The following
conditions are equivalent:

(i) e belongs to the limit of orbits Vl'irgl+ Gr- (vz);

(ii) Gg-x intersects the Slodowy slice e + 3g,(f).
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Proof. (ii)=(i): We may assume that = = e + z with z € 34.(f). It follows from sly-theory that z can be

written as
z=Y z; with [h,z;]=-jz.
=0
Then
t* K @)r A (D) S ,
Ad(exp(th))(z) =), Ead(h) (e+2)=), et > Y= exp(2t)e + > exp(—jt)z;
k=0 7 k20 A~ j=0kz0 K- j=0

_In(v)

hence, letting ¢ = -—;

, we get
Ad(exp(th))(vz) =e+ Y V1+%Zj =0
=0
Therefore, e € lirg+ Gr - (vz).
(i)=(ii): Assume that e € lirgl+ Gr-(vz). This implies that ee U Gr- (vz). Note that Gr-(e+34.(f))

ve(0,1)
is an open neighborhood of e in gr, hence there are g € Gg, v € (0,1), and z € 34, (f) such that

x = Ad(g)(%e+ z)

Letting t = 1“7”, we have

k k
Ad(exp(th))(%e) = %/;) %ad(h)k(e) = %kZO (2%!)6 =e

while 2" := Ad(exp(th))(z) € 34, ([f), since 34, (f) is stable by ad(h). Therefore,
e+2 = (Ad(exp(th)) o Ad(g™"))(z) € (Gr - x) N (e +3g, (f))-
This shows (ii). O

Remark 3.6. In [8, Corollary 2.2], the set
Na =N (gr) " Gr - (tz)

t>0
(or, in fact, its analogue in the dual Lie algebra gg) is considered. Note that this set coincides with the limit

of orbits:
(3.2) N, = lirgl+ Gr - (vz).

Indeed, the inclusion

Vli%rgl+ Gr-(vz)=() U Gr-(vz)c | Gr-(vz)

e>0 ue(07e) v>0
is clear, and since we know that 11%1 Gr - (vz) c N(gr) (see Proposition 3.2 (a)), we get the inclusion > in
v—0*
(3.2). For the other inclusion, first note that this inclusion holds in the case where x is nilpotent, because

we then have Gg - (tx) = Gr -« for all t > 0, hence
Ny =Gr-x= lirg+ Gr - (vz)
(see Proposition 3.2(d)). We now assume that x is not nilpotent. Let z € M,. Then z is nilpotent and
there are sequences {tj }x»1 c (0,+00) and {gy }x>1 € Ggr such that z = klim txAd(gr)(z). We claim that the
—+00

sequence {tx }x»1 converges to 0; in which case we are able to conclude that z belongs to the limit of orbits

as explained below Definition 3.1. Arguing by contradiction, assume that along a relabeled subsequence

1
to

{tx }k>1, we have t;, - to > 0 or t;, - +oo, then this yields -~z € Gg -z or 0 € Gg -z, and in both cases we get

that = must be nilpotent since %z and 0 are nilpotent, a contradiction.
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We conclude this section with the observation that every nilpotent orbit fits into a limit of semisimple

orbits. The statement is actually more precise.

Proposition 3.7. Let e € gg be a nilpotent element. Then there is xp, € gr semisimple, hyperbolic and there

1S T € gr semasimple, elliptic such that
Gr-ec lim Gg-(vap) and Ggr-ec lim Gg- (vz.).
v—0+ v—0*

Proof. We can assume that e # 0 (if e = 0, we can take x, = x5, =0). Let {h,e, f} c gr be an sly-triple which

contains e. Since ad(h) has integer eigenvalues in gg, the element xj, := h is hyperbolic. We have
Ad(exp(-5€))(vay) =vap+e —e asv -0,

hence e belongs to the limit lirgl+ Gr - (vz), whence Gg - e c lirg Gr - (vz) (see Proposition 3.2 (a)).
v— v—0+
Up to Ggr-conjugation, we may assume that {h,e, f} is a Cayley triple. Then, the element z, := ¢ - f
belongs to fg, so it is semisimple and elliptic, and we have

Ad(exp(th))(vz.) = v(exp(2t)e —exp(-2t)f) for all t e R,

—lnv

hence if we take ¢ = =5

we conclude that e € lirél+ Gr - (vzx.), and therefore Gg - e c li%1+ Gr - (vxe). O

4. ASYMPTOTIC CONES

In this section, we define and relate various (complex or real) asymptotic cones that can be attached to a
subset X of a (complex or real) vector space V' (Section 4.1). In the case where X is the adjoint orbit of a
semisimple element in the complex Lie algebra g, we recall a result due to Borho and Kraft, which describes
the asymptotic cone as the closure of the Richardson orbit (Theorem 4.6). In the case where X is an adjoint
orbit in the real Lie algebra gr, the limit of orbits of Definition 3.1 can be described as an asymptotic cone,

and useful information can be deduced from the result of Borho and Kraft (Section 4.2).

4.1. General definitions of asymptotic cones. In this section, V' denotes a finite-dimensional complex
vector space and Vg is a real vector space realized as a real form of V.
We consider the extension V @ C of V. Both projective spaces P(V') and P(V @ C) are equipped with the
Zariski topology. Consider the maps
1:V->PVeC), v—[vel],
k:P(V)->P(VeaC), [v]~[ve0],
7:V {0} > P(V), v [v].

Definition 4.1. For every subset X c V', the projective asymptotic cone for X is defined as
AC(X) = u(X) nr(B(V))
and the (affine) asymptotic cone is then the following closed cone in V:
AC(X) = {0} un! (k71 (ACP(X))).
We adapt this construction to the real setting in the following way. We consider the sphere

S(Vr) = (Ve ~ {0}) /R,
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the standard embedding
Vg o> S(R®R), v [vel],
and the surjection

7 VR~ {0} = S(VR).
Definition 4.2. For a subset X c Vg, we define the real asymptotic cone to be
ACr(X) = {0} u (") (S(Va) n v+ (X))
Here we consider the analytic topology on Vg @ R and the quotient topology on S(Vi @ R).

Remark 4.3. The construction of the cone ACg(X) can also be described in the following explicit way.

e Consider Vg and Vg @ R endowed with Euclidean norms, so that S(Vg) and S(Vk @ R) coincide with
the usual spheres.

e Note that Vg and Vg @1:= {v@® 1| v e Vg} are two parallel hyperplanes in Vg @ R. Project the subset
X @®1c Vg1 onto the sphere S(Vg ® R) and consider the closure of this projection.

e Intersect this closure with the hyperplane Vg, and take the (nonnegative) cone of Vg determined by

this intersection.

Figure 4 illustrates the construction in the case where X is a conic.

FIGURE 4. The asymptotic cone of a hyperbola and of a parabola.

We point out a relation between the real and complex asymptotic cones, as well as additional characteri-
zations of the real cone. In particular, we shall see that ACr(X) coincides with the asymptotic cone AC(X)

introduced by Harris-HeOlafsson in [9, Introduction]:

AC(X):={z€ Vg |T an open cone containing z = I'n X is unbounded} u {0}.

Proposition 4.4. (a) For every subset X c Vg, we have
ACg(X) c AC(X).

(b) Let X c Vg. For every z € Vg \ {0}, the following conditions are equivalent:
(i) z€ ACr(X);
(i) there are sequences {vy}ns1 € RY converging to 0 and {x,}ns1 € X such that z = lim v,x,;

n—>+oo

(i) for every open (positive) cone I' ¢ Vg which contains z, the intersection I'n X is unbounded.



14 LUCAS FRESSE AND SALAH MEHDI
In particular, ACr(X) and AC(X) coincide:
AC(X) = ACr(X).
We also point out the following simple criterion for the asymptotic cone to be nontrivial:

Proposition 4.5. For every subset X c Vg, the cone ACr(X) is nontrivial (i.e., # {0}) if and only if the

set X 1s unbounded.

Proof of Proposition 4.4. (a) The inclusion Vg c V yields a continuous mapping ¢ : S(Vg ® R) > P(V & C)
with ¢(S(Vkr)) c P(V). Moreover, we have a commutative diagram
Vi s {0} > S(Vi)— S(Vk @ R) <— T

L)

VA {0} == P(V)C P(VeC)<—V

For a subset X c Vg, we get
(7)) H(S(Ve) ner (X)) € (7)) (6T (V) né (1(X))) = (Ve N {0}) na  (B(V) no(X)).

This yields the desired inclusion.

(b) Let 7* also denote the canonical map
(VR D R) N\ {0} - S(VR (7] R)

By virtue of the continuity of 7%, for every neighborhood W of n*(z) in S(Vg @ R), there are € > 0 and a
neighborhood V of z in Vi such that 77 (V & (—¢,¢)) ¢ W. Conversely, if ¢ >0 and V is a neighborhood of z
in Vg, then 7+ (V @ (¢, €)) is a neighborhood of 7*(z) in S(Vk & R).

Condition (ii) is equivalent to
(4.1) Ve >0, VV c Vg neighborhood of z, Jv € (0,¢), 3z € X, such that vz e V.
By definition of the cone ACg(X), we have
D ACR(X) = 77(2) € (X)
< Ve>0, VV c Vg neighborhood of z, 77 (V & (-¢,¢)) n " (X) # @.

The intersection 7+ (V @ (-¢,¢)) n¢*(X) is nonempty if and only if there is x € X such that ¢*(x) = [z & 1]
belongs to 7+ (V & (-¢,€)), that is, if and only if there are x € X and v € R} such that

viz®1l) eV @ (—¢¢).

This is equivalent to saying that there are xz € X and v € (0,¢) such that vz € V. This establishes the
equivalence between (i) and (ii).

(il)=(iil): Let {vp}tns1 ¢ R} and {z, }n>1 € X be as in (ii). Note that, since the sequence {v,x, }ns1 € Vi
has a nonzero limit while {v, },»1 converges to 0, the sequence {z, },>1 is necessarily unbounded. Now, let
I" ¢ Vg be an open cone which contains z. Since I is open, there is ng > 1 such that, for all n > ng, we have
UnZy € I'. Since I is a cone, we get x, € ['n X for all n > ng. Therefore, the intersection I' n X is unbounded.
Therefore, (ii) implies (iii).

(iii)=(ii): Let € > 0 and let V c Vg be an open, bounded neighborhood of z. Let us consider the open

cone I':= {tv | t e R}, v e V}. Since z belongs to that cone, condition (iii) implies that there is an unbounded
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sequence {x, }n>1 contained in I'n X. The definition of I yields a sequence {v, }n»1 ¢ R} such that vz, €V
for all n > 1. Since V is bounded while {z,},>1 is unbounded, the sequence {v,},>1 has to converge to 0,
hence we can find n > 1 such that v, € (0,€¢). We have shown the condition stated in (4.1), and this implies

that (ii) holds whenever (iii) is satisfied. The proof of the proposition is complete. O

Proof of Proposition 4.5. Let | -|| be any norm on the finite-dimensional space Vk.
Assume first that there exists z € ACr(X), z # 0. By Proposition 4.4 (b), there is a sequence {v,, }n>1 ¢ R}

converging to 0 and a sequence {x, }n»1 ¢ X such that

lim v,x, =2, hence lim wv,|z,|=|z|+#0.
n—+oo n—+oo

This implies that ||x, | - +o0 as n — +oco. Therefore, X contains an unbounded sequence.
Next assume that X contains a sequence {z,},>1 such that ||z, | - +c0 as n - +oo. Up to considering
a subsequence, we may assume that the bounded sequence {ﬁ}nzl converges to some y € Vg such that

|ly| = 1. This yields
mn

lznl [l
hence S(Vg) n¢*(X) is nonempty as it contains [y @ 0]. This implies that the cone ACr(X) is nontrivial as
it contains the half line {ty |t > 0}. O

Hag) = [z @1] =]

] —[ye0] asn-—+o,

4.2. Asymptotic cones of adjoint orbits. In this section, we take V =g and Vg = gr. The asymptotic

cone of the orbit of a semisimple element x € g can be described in the following way.

Theorem 4.6 (Borho-Kraft [4]). The asymptotic cone AC(G-z) of the semisimple orbit G-x coincides with
the Zariski closure of the Richardson orbit Ogricn(x) defined in (2.4):

AC(G . $) = ORich(fﬂ)-

In the real setting, Proposition 4.4 yields the following result which relates the asymptotic cone with the

limit of orbits.
Theorem 4.7. (a) For every x € gr, we have
l,h_)%ﬂ Gr - (vz) = ACr(Ggr-x) c AC(GRr-x) c AC(G - ).
(b) In particular, for every x € gr semisimple, we have
lim G- (vz) © ORien () N gr.
Proof. The equality in (a) is implied by Proposition 4.4 (b) (i)<>(ii). The first inclusion is implied by Propo-
sition 4.4 (a). The second inclusion is obvious. (b) follows from (a) and Theorem 4.6. O
5. NONTRIVIALITY OF THE LIMIT OF ORBITS

Relying on the identification of the limit of orbits with an asymptotic cone (Theorem 4.7) and on the
criterion stated in Proposition 4.5 to guarantee the nontriviality of an asymptotic cone, we are in position

to state the following result regarding the nontriviality of the limit of orbits.

Theorem 5.1. Recall that the group Gr is connected simple linear and non-compact. Then, for every

nonzero € gr, we have lirgl+ Gr - (vx) # {0}.
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Proof. Since ad(x) # 0, knowing that €g = [pr, pr] (because gg is simple and non-compact; see [11, VI.12.24]),
we can find z € pg such that [x,2] # 0. Then z is semisimple and hyperbolic (see, e.g., [11, Theorem 6.51]),

so that the Lie algebra gr decomposes as a sum of eigenspaces

¢
gr =D (gr)r where (gr)r:={yegr|[2,y]=my}
k=1
for a sequence {u1,..., e} of real numbers. In particular we can write
x=x1+...+xy with xg € (gr)s.

Moreover, since [z, 2] # 0, there must be kg € {1,...,¢} such that zy, # 0 and ug, # 0. Then

‘
Ad(exp(tz))(z) = 1; exp(tug)z, (for teR)

determines an unbounded curve contained in the orbit Gg-z. The claim now follows from Proposition 4.5
and Theorem 4.7. 0

Remark 5.2. (a) In the case where the Lie algebra gg is compact, its nilpotent cone is reduced to {0}, hence
every limit of orbits is trivial.
(b) Theorem 5.1 extends to the case where gg is semisimple, with decomposition as a sum of simple ideals

1

gR = g]ﬁ ®...0 g]%, not all of them being compact, and = = z' + ...+ ¢ has at least one nonzero summand z°

in a non-compact simple factor g§ of gg.

Note that one can bound from above the dimension of the limit of orbits as
(5.1) dim lir%r]l+ Gr- (vz) <dimGg - z.

Moreover, the equality holds if and only if the Richardson orbit Ogjcn(x) intersects the limit Vli_)r& Gr- (vr).
This follows from (2.5), Theorem 4.7, and the fact that dim¢ G -z = dimg Gg - .

It is however more difficult to bound from below the dimension of the limit. Take for example Gr =
SU(n - 1,1) with n > 4. On one hand, if = € su(n - 1,1) is regular, then dimGg -2 = n? —n. On the
other hand, every nilpotent element of su(n—1,1) is of nilpotency order < 3 (see [6, Theorem 9.3.3]) and its
nilpotent orbit has dimension < 4n —6 (see [6, Corollary 6.1.4]). Thus, in this case, the inequality in (5.1) is
strict.

Even in cases in which every nilpotent orbit of the complexified Lie algebra g admits real forms, equality

does not necessarily hold in (5.1). Take for instance Gg = SU(2,1) and

-2 0 0
z=[ 0 —i 0]esu(21).
0 0 3

The element z is regular, semisimple (and elliptic), but the limit hn(}+ Gr - (vx) does not contain the sole
principal nilpotent orbit of su(2,1) as it only consists of elements of nilpotency order < 2; this follows from

Section 8.3 below.

6. LIMIT OF HYPERBOLIC ORBITS

In this section, we consider the limit of orbits associated with a nonzero hyperbolic semisimple element

x € gr. This means that ad(z) has real eigenvalues on gg, thus also on g, and it determines a grading of the
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Lie algebra g as in (2.6). Note that the eigenspace g, of the grading is given by g,, = (gr), + ¢(gr),, Where

(gr), stands for the eigenspace corresponding to the same eigenvalue in gg. Let

u(z) = @ gy and ug(z) = P (gr)4

©>0 ©>0
denote the nilradical of the parabolic subalgebra defined by 2z and the corresponding real form. By (2.7),

the Richardson nilpotent orbit Ogicn(x) corresponding to x is such that

ORich(l') = G . u(a:)

The following result provides a characterization of the limit of the orbits Gg - (vx). The proof relies on a

standard argument in Lie theory involving polarization of nilpotent orbits (see, e.g., [4], [18]).

Theorem 6.1. Let x € gr be a hyperbolic semisimple element.

(a) The subset Gg -ug(x) c gr is closed and equidimensional. It is of the form
Gr-up(z)=01U...U0}

where O1, ..., c gr are nilpotent Gg-orbits which are all of the same dimension.
(b) We have

,}LI(I)I+GR ~(vz) = Gr-up(z) = O1 U... 0O} c Opien(2) N gr.

Proof. (a) The fact that Gg - ug(z) is closed follows from Lemma 6.2 below. Let
d=max{dimGgr -z | z e ug(z)}.

We claim:
(6.1) the subset Z;:= {z e ug(x) | dim G - z = d} is open and dense in ug(x).
Indeed, we first note that

dim Gy -z = dim gg — dim{y € gr | [2,y] = 0} = rank(ad(z))
hence we have rank(ad(z)) < d for all z € ug(z) and

Zq={zcur(x) | rank(ad(z)) > d}.

Fix a basis B of gg and consider the matrix Matg(ad(z)). The last formula shows that Z; is the subset of
elements z € ug(x) such that at least one of the dx d-minors of Matg(ad(z)) is nonzero. This implies that Z4
is open in ug(x). Moreover, let us fix zg € Z4 (by assumption, Z, is nonempty) and take any z € ug(x). There
is a submatrix M (2¢) of Matg(ad(zg)) of size d x d which is invertible, and let M (2) be the corresponding
submatrix of Matg(ad(z)). Then M (z) + eM(zg) is a submatrix of Matp(ad(z + €zg)) of size d x d which is
invertible, ensuring that z + €zg € Z4, whenever € > 0 is small enough. This shows that Z; is dense in ug(z).
The claim made in (6.1) is justified.

We infer that Gg - Z; is dense in Gg - ug(x). By definition, G - Z; is Gg-stable, nilpotent, hence it is a

union of finitely many nilpotent orbits:
GR-Zd:(QlU...UOk, whence GR~L[]R((E) :GR-Zd:(Q_lu...UO_k.

Moreover, since O; ¢ Gr - Z4, we have dimO; =d for all j € {1,...,k}. The proof of part (a) is complete.

(b) The last inclusion is clear. First we show that

(62) 11r61+ G]R . (V{E) c GR . uR(m).
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Let Qr ¢ Gr be the parabolic subgroup of Lie algebra qr = @ (gr),. Hence ug(x) is the nilradical of qg.
n=0

First we note that

lim Gr-(vz)=() U Gr-(vz)c |J Gr-(vz)=Gr-{rz|0<v<1}.
v=07 >0 ve(0,¢) ve(0,1)

Since the subset Qg -{vx|0<v <1} c gr is closed and Qgr-stable, its image by G is closed (see Lemma
6.2). This yields

11%1+GR'(V33) cGr-Qr-{vr|0<v<1}.
Moreover, we have Qr = UrZg, (), where Ug = exp(ur(x)) and Zg, (x) is the stabilizer of x in Gg. This
implies that

Qr-{re|0<v<1}=Ur-{vz|0<v<1}.

Every u € Ug can be written as u = exp(z) with z € ug(z), and we have

Ad(u)(z) = ). %ad(z)k(x) =z +2 with 2 eug(z)

k>0

since ug(z) is both ad(z)-stable and ad(ug(x))-stable. Whence
Qr-{vr|0<v<l}c{ve+2|0<v<l, 2 eug(x)}.
Altogether, we get the inclusion
1,11%5 Gr-(vz)cGr-{vr+2'|0<v <, 2 eug(x)}.

We have also that lir(r)l+ Gr - (vz) is contained in the nilpotent cone A (gr) (see Proposition 3.2), and an
element of the form vz + 2’ can be nilpotent only if v = 0. Therefore, (6.2) is established.

It remains to show the inclusion

(6.3) ug(x) c JLIBI+ Gr - (vz).
We claim that

(6.4) {z+z|zeur(z)} cGr- .

Once we have shown (6.4), we can deduce that, for all z € ug(x), all v > 0, the element = + %z belongs to
GR -z, so that va + z belongs to Gg - (vz). This yields z € Jirg+ Gr - (vz). Since z € ug(x) is arbitrary, this
establishes (6.3). Therefore, it remains to show (6.4).

For proving (6.4), let z € ug(z). Let (0 <)ug <...< pn be the list of all positive eigenvalues of ad(z). We
write 2z = z1+2o+. .. +2n With z; € (gr),,. We construct an element g € Gg such that Ad(g)(z) = z+z. Arguing
by induction, we show that, for all k=0, ..., N, there is g*) € Gg such that Ad(¢*)(z) = x+z§k) ... +ZJ(§)
with z](.k) € (gr),, for all j and zj(-k) = z; whenever j <k. If £ =0, then ¢ =id fulfills the required property.
Assume the construction done until rank & < N. Let y = 241 — szr)l € (8R)pp,,- Thus [z,y] = pg+1y and

[y,z(-k)] € @ (gr),, forall je{l,...,N}. Letting ¢t = —, this implies that
J 0>k+1 e

Ad(exp(ty)g™)(z)

e ) (k)
%Ead(y) (x+2"7 +.+2y)

= x+z£k)+...+z§\f)—t[x,y]+z’

= XAz .. A2t o+ 2
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for some 2’',2" € @ (gr),,. This establishes the property at the rank &+ 1, and the proof of the theorem
0>k+1

is complete. O

The above proof uses the following well-known fact. We give a proof for the sake of completeness.

Lemma 6.2. Let Qr ¢ Gr be a parabolic subgroup. If M c gr is a closed and Qr-stable subset, then Gr - M

is closed.

Proof. Let {Ad(gx)(mg)}rs1 be a sequence of elements of Gg- M, converging to some limit mg. Since Gr/Qr
is compact, the sequence {grQr}r>1 has a convergent subsequence {gi,Qr}e>1 with limit go@Qr € Gr/Qr.

Hence there is a sequence {qs}¢>1 € Qr such that go = Zlim gk, qe- Let m), = Ad(g;')(mx,) € M. Then
—+00

/ - -1 - £—+00 _
my = Ad(g; ") (my,) = Ad(gz " g} ) (Ad(gr, ) (my,)) == Ad(g") (mo)-
Since M is closed, we deduce that mgy € Ad(go)(M), hence my e Gg - M. O

In the case of SL, (R), we obtain the following refined description of the limit. Note that the inclusion in

Theorem 6.1 becomes an equality in this case.
Corollary 6.3. Assume that Gg = SL,(R). Then, for all hyperbolic semisimple element x € gr, we have
11111101+ Gr - (vx) = (G-u(z)) Nngr = Oricn () N gr.

Proof. Up to conjugation, we may assume that z € sl,,(R) is a diagonal matrix.
Recall that for every nilpotent G-orbit O of g = sl,(C), the intersection O n sl,(R) is nonempty and
consists of exactly one GL,, (R)-orbit, which splits into at most two SL,, (R)-orbits. In particular, letting

oo
w1 0|
0« 0 -1

we get that Ad(c) induces an involution on the set of nilpotent SL,, (R)-orbits of s, (R), which switches the
two real forms of @ whenever O has two real forms, and which stabilizes every orbit which is the sole real
form of a complex nilpotent orbit.

It is well known that the Richardson orbit Ogien(«) has a representative in ug(x); see, for instance, the
explicit construction made in [6, §7.2]. Since ug(x) is stable by Ad(c), we deduce that each real form of
Ogricn(2) has a representative in ug(z). Moreover, if O is a nilpotent orbit of sl,,(C) contained in the closure
of ORrich (), then each real form of O is contained in the closure of a real form of ORgjch(2); this follows from

[7, Theorem 3]. The claimed equality ensues. O

7. A MAPPING ON THE SET OF NILPOTENT ORBITS

Recall that, by Jacobson—-Morozov theorem, every nonzero nilpotent element e € gg is part of an sly-triple
{h,e, f} c gr. Moreover, two such triples {h,e, f} and {Rh',e, f'} that contain e are conjugate under Gg.
This justifies the following definition.

Definition 7.1. Let e € gg be a nonzero nilpotent element and let O = G - e be its nilpotent orbit. Given

an slo-triple {h,e, f} which contains e, we let

L(e) = lirg+ Gr - (vh).
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The set L(e) is a closed subset of the nilpotent cone A (gr), which is independent of the choice of h. Since

L(e) is in fact independent of the choice of e € O, we set
L(0):=L(e).
We also define £({0}) = £(0) = {0}.

Note that £(0) always contains O (see the proof of Proposition 3.7). Hence the definition of the mapping
L is motivated by the fact that it provides us with a limit of semisimple orbits which contains a specified
nilpotent orbit . Note however that this mapping does not separate the orbit O = Gg - e from the other

real forms of the complex orbit G - e:
Proposition 7.2. For every nilpotent element e € gr, we have (G-e)ngr c L(e).

Proof. We can assume that e # 0, otherwise the inclusion is clear. Let ¢’ € (G -e) ngg, and let {h,e, f} and
{h',€', f'} be sly-triples in gr containing e and e’. Since G-e = G-¢’, these sly-triples are G-conjugate, hence
so are in particular the elements h and A’. These elements being semisimple and hyperbolic, they are in fact
Gr-conjugate; see, e.g., [11, §6] or [19, Theorem 2.1]. This yields the equality Gg - (vh) = Gr - (vh') for all
v >0, hence L(e) = L(e'), and therefore ¢’ € L(e). O

FEzample 7.3. In Example 3.3 we have seen that the nilpotent cone N (sla(R)) consists of three nilpotent
orbits: {0}, O = SLy(R) - e, and O~ = SLo(R) - f, where

0 1 0 0
e:(o 0) and f:(1 0).

L(e) = L(f) = N(sl2(R)).

In this case, we have

In Definition 7.1, the semisimple element h is in particular hyperbolic. Hence Theorem 6.1 gives informa-
tion on the nilpotent set £(e). As we show in the next subsection, this information is more precise in the

case where the nilpotent element e is even.

7.1. The mapping £ on even nilpotent orbits. Recall from Section 2 that an sly-triple {h, e, f} is said
to be even if the eigenvalues of ad(h) are all even integers; in this case, we also say that e is an even nilpotent

element and that Gg - e is an even nilpotent orbit.

Theorem 7.4. Let e € gr be an even nilpotent element. Then, we have
£(e) = (G-0) N gx.

In other words, if O1,...,0, are the real forms of G -e, then
L(e)=0,u...u0,.

Proof. The inclusion > follows from Proposition 7.2. For the second inclusion, let {h,e, f} c gr be an even
slo-triple containing e. We have
9=@D9(2j) >gr=Dor(2j) where g(2j)={zeg|[h,z]=2jz}>0r(2j) ={z€gr|[h 2] =2jz}.
JEZ JE€Z
As in Section 6, we consider

ug(h) =@ or(2j) and u(h)=EPa(2)).

7>0 7>0
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The fact that e is even implies that G -u(h) = G -e. The semisimple element h is in particular hyperbolic,

and Theorem 6.1, applied with x = h, yields the equalities

L(e) =Ggr-ur(h) :(’)_iu...uO_,’c,
where Of,..., O}, c gr are nilpotent Gr-orbits of the same dimension. We thus obtain:
(7.1) (G-e)ngrcL(e)=GCr -up(h)c(G-u(h))ngr =G engg.

We claim that Of,...,0; are the real forms of G -e. Indeed, if G- O; denotes the complex nilpotent
orbit that contains O}, then (7.1) implies that we have G-O’ c G-e for all j € {1,...,k} on one hand
and e € G-Oj so G-e c G-O) for some jo € {1,...,k} on the other hand. Since Of,..., 0} are of
the same dimension, we deduce that dim G - O; = dimG - O} = dimG - e and therefore G - O} = G - e for

all j € {1,...,k}. This implies that every O} is a real form of G -e. Conversely, (7.1) now implies that
(G-e)ngrc (Oju...u0) N (G e)=01u...u0;, and so every real form of G - e is of the form O; for
some j. This shows the claim. The stated equality £(e) = (G -€) N gr ensues. O

Remark 7.5. (a) In general L(e) = (G-e)nggr can be strictly contained in G-e ngg. Take for instance
Ggr = SU(2,2). The nilpotent SL4(C)-orbit Og parametrized by the partition d = (3,1) has two real forms,
parametrized by the signed Young diagrams (see [6, Theorem 9.3.3] or Section 8.3 below):

+|-[+] and — +‘_‘.
- +

Moreover, Oq is an even orbit. The nilpotent SU(2,2)-orbits parametrized by the signed Young diagrams

+ |- — |+
and
+ |- -+

are both contained in SL4(C) - e nsu(2,2), but not in (SLy(C) - €) nsu(2,2); see, e.g., [7].
In the case of Gg = SL,,(R), however, the equality (G-¢e) ngr = G-engg is true for all nilpotent element

e, in view of the parametrization of real forms and the description of their closures given in [7]; see also
Theorem 7.7 below.

(b) Let us consider a symmetric subgroup K c G compatible with the real form Gg, and the corresponding
decomposition g = €@ p. Nishiyama describes the (complex) asymptotic cone AC(K - (i(e/ - f'))) where
{h',€¢, f'} is a normal triple with €, f even nilpotent [14]. Thus Theorem 7.4 above appears to be a real
counterpart of [14, Theorem 0.2]. Specifically, in [14], it is shown that the above asymptotic cone coincides
with the closure of (G-¢e) Ny, and is in general strictly contained in G -enyp. The equidimensionality of the
complex cone (which is the counterpart of Theorem 6.1 (a)) is used as a key ingredient in the proof of [14,
Theorem 0.2].

7.2. The mapping £ on arbitrary nilpotent orbits. Theorem 6.1 also gives information on £(e) in the
case where e is not even. The key fact in the proof of Theorem 7.4 is that all the real forms of G -e have a
representative in the space ug(h) and, when e is even, G - e = Ogjcn(h) is in addition the largest nilpotent
orbit that intersects ug(h).

If e € gr is an arbitrary nonzero nilpotent element, then Theorem 6.1 and Proposition 7.2 imply that

(7.2) (G-e)ngrc L(e) =Gr-ur(h) c Oricn(h) NgR,
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where L(e) is equidimensional. Here the difficulty is that, if e is not even, then G- e does not coincide with
the Richardson orbit Ogien(h), and we cannot guarantee that Ogien(h) has real forms or that these real

forms have representatives in ug(h). We can however formulate the following statement.

Proposition 7.6. Let e € gr be an arbitrary nonzero nilpotent element. Assume that the nilpotent G-orbit

Orich(h) has real forms which all intersect ug(h). Then,
£(e) = Orien(h) N gz
Proof. The assumption made in the proposition combined with (7.2) implies that
m cL(e)=Ggr-ur(h) c MHQR.

Then, by arguing as in the proof of Theorem 7.4, we can deduce the claimed equality by invoking the
equidimensionality of Gg - ug(h) (Theorem 6.1). O

The condition in the proposition is fulfilled if e is even (by Proposition 7.2), in which case we simply
retrieve the conclusion of Theorem 7.4. The condition in the proposition is fulfilled for all e in the case

where Gg = SL, (R), as illustrated in the next subsection.

7.3. Complete description of the mapping £ in the case of SL,(R). In the case where Gg = SL, (R),
we can describe explicitly the mapping £. Recall from Section 2 that the nilpotent orbits Op of g = sl,,(C)
are parametrized by partitions A = (Aq,...,A,,). Let A° (resp., A!) be the subsequence of even (resp., odd)
parts of A. The nilpotent orbit O, is even if and only if A° = @ or A’ = @. We also recall that a (complex)
nilpotent orbit @4 such that A' # @ has only one real form O}lf.

Theorem 7.7. Let e, h, f € sl,(R) form a standard triple. Let Op = SL,,(C) -e.

(a) Assume that e is even. Then L(e) = Op nsl,(R) = Oy nsl, (R).
(b) Assume that e is not even, i.e., A® # @ and A' # @. Let A® + A' := (2 + put)é_, be the partition
of n obtained by summing the sequences A° = (ug)ﬁzl and A' = (u,lc)f;zl term by term (adding 0’s if

necessary, we may assume that both sequences have the same length £). Then one has:
L(Oﬁ) = o%oﬂ\l-

Proof. Part (a) follows from Corollary 6.3 and Theorem 7.4. Let us show part (b). We construct a semisimple
element h € sl,,(R) which belongs to an sl-triple together with an element of O%. For an integer d > 1, let
D(d) denote the diagonal matrix of size d whose coefficients are d—1,d-3,...,-(d-1), and let J(d) denote
the Jordan matrix of size d whose coefficients are 1 just above the diagonal and 0 elsewhere. We define h,e
as the blockwise diagonal matrices
D(A1) J (A1)
h= and e-= .
D(Ar) J(Am)

Then e is an element in Of and we have [h,e] = 2e.

We claim that ORgjen(h) = Opoypr. Once we have shown this equality, we deduce in particular that
ORien(h) has only one real form (because the first part u{ +ui of the partition A°+ A is odd), and the result
claimed in Theorem 7.7 (b) finally follows from Corollary 6.3.
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Recall that the Richardson nilpotent orbit Og;cn(h) can be computed as follows. For d € Z, let Ny be
the number of diagonal coefficients of h which are equal to d. We obtain a partition p = (u1,p2,...) - n by
letting

pj={deZ|Ng>j}| forallj>1.
Then, by [6, Theorem 7.2.3], we have Ogich(h) = O,,. Hence, we have to check that p =A% + Al

For d even, we have Ng = |[{j | |d| < pj —1}|. For d odd, we have Nq = |{j | |d| < u9-1}|. Hence, for d
even we have Ny > j if and only if |d| < u; -1, whereas for d odd we have Ny > j if and only if |d| < u? -1
This yields

wi=|{d even | |d| < u} -1} +|{d odd | |d| < ,u? -1} = ,u} +u? for all j,
whence g = A% + AL |

Ezample 7.8. (a) If A = (8,7,6,4,4,3,2,1), then we get A? = (8,6,4,4,2), A' = (7,3,1) and A + A =
(15,9,5,4,2). Hence, in sl35(R), Theorem 7.7 yields 5(058’776’474737271)) = 015157975,4)2).
(b) It is worth noting that the map £ is not monotone nor injective. Indeed, in the Lie algebra gg = sl5(R),

we have the following inclusions of orbit closures:

OI(RQ,l,l,l)

OR

cO (5)

O

R R
2,21 Y@L ©

while we have

5(02{2,1,171)) = £(0$3,1,1)) = O]Fg,m) c 5(032,2,1)) = O]Fg)g) c 5((9]55)) = O%{})-

8. APPROXIMATION OF NILPOTENT ORBITS BY ELLIPTIC ORBITS

In this section, we consider the limit of orbits associated to a nonzero elliptic semisimple element x € gg.

Throughout this section, we assume that we are in the equal-rank situation (a priori needed for (8.4) below):
(8.1) rank(gg) = rank(¢g).

Since z is elliptic, iz has real eigenvalues on g. Then we can consider the decomposition g = @ g,
peR

associated to iz as in (2.6), and this gives rise to the parabolic subalgebra q:= @ g,, corresponding to a
n=0

parabolic subgroup @ c G, and to the nilpotent radical

(8.2) u:=u(iz) = Pg,.

u>0

Recall the Cartan decomposition g =€ p of (2.1). Up to conjugation, we may assume that x € tg. Then
K - (unp) is a closed, irreducible, K-stable subvariety of p

(it is closed since unp is K n@-stable, and K n @ is a parabolic subgroup of K it is irreducible since K is
connected). It follows that

(8.3) there is a unique nilpotent K-orbit O(iz) c p such that K - (unp) = O(ix).
The limit of orbits of # can now be characterized as the closure of the nilpotent Gg-orbit of gr corresponding

to O(ix) through the Kostant—Sekiguchi bijection (see (2.2)):

(8.4) lim Gg - (vz) = KS™(O(ix)).

v—0*
This result can be obtained by combining several results from Representation Theory, that relate the limit of

orbits to the asymptotic support and the associated variety of (g, K')-modules defined by parabolic induction:
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[2, Proposition 3.7], [3, Proposition 3.4], and [22, Proposition 5.4] (which relies mainly on [20, Theorem 1.4]).
Other relevant references on this topic are [10] and [23]. To our knowledge, there is no direct proof of the
result stated in (8.4), that relies on purely topological arguments. Also we do not know whether the equal-
rank condition (8.1) (which is assumed in some of the aforementioned referenced results) is indeed necessary
for guaranteeing (8.4).

In this section, we use the formula stated in (8.4) for studying approximations of certain nilpotent orbits
by elliptic semisimple orbits. In Section 8.1, we consider even nilpotent orbits. In Section 8.2, we study

approximation of minimal nilpotent orbits. In Section 8.3, we focus on the case where Gg = SU(p, q).

8.1. Approximation of even nilpotent orbits. We give an “elliptic analogue” of the mapping e — L(e)

constructed in Section 7.

Definition 8.1. Let e € gr be a nonzero nilpotent element and let O = Gy - e be its nilpotent orbit. Given

an slo-triple {h,e, f} which contains e, we let
L'(e) = Vlir(r)lJr Gr-(v(e-f)).
The set L'(e) is a closed subset of the nilpotent cone N (gr). It is independent of the choice of the triple
{h,e, f}, and in fact it is independent of e up to its nilpotent orbit. We can therefore set
L'(0):=L'(e).
We also define £'({0}) = £'(0) = {0}.

As for £(O) in Section 7, the set £'(O) always contains O (see the proof of Proposition 3.7). Hence
the mapping £’ also provides us with a limit of orbits which contains the specified orbit @. Unlike £(O)
in general, the set £'(0O) is irreducible: this follows from (8.4), taking into account that the element e — f
is elliptic. In the case of even nilpotent elements, the following result (which is the “elliptic analogue” of

Theorem 7.4) implies that any even nilpotent orbit closure can be obtained as a limit of elliptic orbits.

Theorem 8.2. Assume that condition (8.1) holds and that the nilpotent element e € g is even. Then,
L'(e)=GCGr-e.

Proof. Let {h,e, f} c gr be an sly-triple containing e. Up to dealing with Ggr-conjugates, we may assume
that {h,e, f} is a Cayley triple, and we denote by {h',¢’, f'} c g its Cayley transform. In particular, we have
R =i(e-f), and K - € is the image of Gg - e by the Kostant—Sekiguchi correspondence (see (2.2)).
Let g = _EBZgj be the decomposition of g into eigenspaces for ad(h') and let u = Gaogj. Since the triple
je 3>

{h,e, f} is even, then so is {h’,¢’, f'}, and we have

Orin(h)=G-¢'=G-e and G-u=Ogrin(W)=G-¢'=G-e.
Let O c p be the unique nilpotent K-orbit which is dense in K - (unp) (see (8.3)). By (8.4), we have
£'(e) =KS H(0).
We claim that O = K -¢’. Once we show this, we deduce that £'(e) = m = Gg - e, which will

complete the proof of the theorem. For this, we have

O=K-(unp)cG-u=G-¢.
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On the other hand, since e € £L'(e), and since the Kostant—Sekiguchi correspondence preserves the closure
relations [1], we must have e’ € O, hence

K-¢cOcG-¢.
This implies that O is contained in G-€’, and in fact @ = K-¢’. The proof of the theorem is now complete. [

8.2. Approximation of minimal nilpotent orbits. We still assume equal-rank situation (8.1), so that
the result stated in (8.4) applies. The assumption also implies that we can take a Cartan subalgebra of g of

the form b = hr @ ihr c £, where hr c g. Then the root system ® = ®(g,h) decomposes as
=0, uD,
so that we have the root space decompositions

t=he P g and p= P ga.

aed, b
Moreover, since each root has pure imaginary values on hgr, we have g, = g_,, for all root a. We consider a
set of positive roots ®* and the corresponding set of simple roots A, which decomposes as A = A, U Ay in
the same way as ®.

We focus on the case where g is classical. Moreover, we assume that the minimal nilpotent orbit Oy, c g
has real forms, or equivalently (by virtue of the Kostant—Sekiguchi correspondence) that the intersection
Onin NP is nonempty. Every root vector e € g, associated to a long root « is an element of O;,, and
Ohmin NP is nonempty if and only if @, contains a long root. In this case, O, NP is the union of one or two
K-orbits (equivalently, Op,;n, has one or two real forms) depending on whether the symmetric pair (G, K)
is non-Hermitian or Hermitian; see [16]. The following table lists the cases that we are left to consider. In

each case, we indicate the number of real forms in Opi,. See [11, §VIL.9] and [16] for more details.

type g gr 4 |Omin N gr/Gr|
AIIT | s1,(C), n>2 su(p,q), 1<p<q s[,(C) xsl,(C)e C 2
BI | 502,41(C), n>2 | s0(2p,2¢+1), p,g>1 | 502,(C) x5094:1(C) | 2ifp=1,1ifp>2
DI | 509,(C),n>4 | s0(2p,2q), 1<p<q | $09,(C) x809,(C) |2ifp=1,1ifp>2
DIII | $05,(C), n>4 503, ., (C) 2

In each case, we point out that the set Ay, consists of a single element aq, which is always a long root. This

is shown in the following table.

type o DT Nd,, o

Al {ei - €5 hcicjon {ei —ej}ispe Ep = Ep1
BI | {gi£¢j} 1cicjen U{Eiticicn | {€i £ icpej U{Eiticp | €p — Eps1
CI | {ei € 1cicien YU {265 f1<icn {ei+ej}icj 2en
DI {ei e hcicjen {ei £ &5 icpes €p ~ Ep+l

DIII {ei £ €5 Hcicjen {ei +¢€}icj En-1+En

We then focus on the real form

roo= KS_l(K €0) C Omin  Where eg € go, N {0}.

In each case, we consider the usual numbering of the simple roots, so that the first root is a; = &1 — €.
Let hy := @) € b be the first fundamental coweight, characterized by
ai(wy) =1 and  «a(wy)=0 forall we AN {ay}.

Since a(wy) is a real number for all root «, we must have wy € ihg, and therefore x; = —iwy (= —ihy)

belongs to hr and is elliptic.
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The following statement describes the limit of orbits linol Gr - (vx1) and shows in particular that it is
v—0*

close to the real nilpotent orbit OF. . In the special case of type DI, we retrieve a result stated in [12,
Theorem 4.3]. The statement uses the parametrization of complex nilpotent orbits of classical simple Lie
algebras by admissible partitions d = (dy,...,dx), which is recalled in Section 2. Note also that, in types A
and C, the minimal nilpotent orbit is parametrized by the partition (2,1,...,1), while in types B and D, it

is parametrized by (2,2,1,...,1).

Theorem 8.3. With the above notation, the limit of orbits lirgl+ Gr-(vz1) always contains the real nilpotent
v—
orbit OF ;..

(a) In types AIII and DIII, the limit liI(I)l+ Gr - (vz1) is the closure of OF ;..
(b) In types BI, CI, and DI, we have

Moreover:

lirél Gr - (vz1) ={0}u O}, U0y,
v—0*
where Qg is a real form of the complex nilpotent orbit Og c g corresponding to the partition

d- (3,1,...,1) in types BI and DI,
| (2,2,1,...,1) in type CI.

) ) )

Proof. From (8.4), we know that the limit Vli_}r{)l+ Gg - (vz1) has a dense nilpotent Gg-orbit Opy; moreover, Og
is characterized by the fact that the corresponding K-orbit KS(Qp) intersects the space unp along a dense
open subset, where u = u(wy) is given by (8.2).

We have

unp=EP gs

Be¥,
where Uy := {8 ®*nd,. | B(w)) > 0}. In the different cases, the set ¥; can be described as follows.

type ATIT BI CI DI DIIT
Uy [ {ei—giliop [ {erzgitipu{ar) [ {e1+eibion [ {e1£65)op | {61 +65)m

Let
€1 —€p+1  in types AlllL BI, and DI,
af =14 2 in type CI,
E1+En in type DIIL.

In each case, o] is a long root which belongs to ¥;.
e In types AIIL, BI, and DI, for p = 1, we have o} = ag.
e In type CI, the product of transpositions w = (1,n)(n + 1,2n) is a Weyl group element which has a
representant g,, in K, and such that w(ap) = aj. Whence Ad(gw)(8ao) = oy cUNP.
e In the other situations, o’ := o] — ap is a compact positive root such that o} + ko', a9 — ka' ¢ u {0}
for all k > 1. Denoting by {uya(t)}tec ©¢ K the one-parameter subgroup attached to +a', for every

€0 € ga, > {0}, we can find ¢, s € C such that Ad(u-a/(t)uar(s))(€0) € gay cuNp.

In all the cases, this implies that
(8.5) tin C 11%1+ Gr - (va1).

In each type, the description of the set ¥, allows us to determine the Jordan normal form of the elements

of the space unyp, viewed as matrices. For each root (3, let Eg be a nonzero element of the root space gg.

e In type AIIlL, any element of unp is a matrix of rank < 1. The element zy := E., ., is of rank 1.
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e In types CI and DIII, any element of unyp is a matrix of rank < 2 and nilpotency order < 2. The
element zg := E. ¢, is of rank 2 and nilpotency order 2.
e In types BI and DI, any element of unyp is a matrix of rank < 2 and nilpotency order < 3. The

element zp := Fe, ¢,

+ B, tc,,, is a matrix of rank 2 and nilpotency order 3.
In each case, we obtain that the G-orbit, and so the K-orbit, of the considered element z; intersects the

space un p along a dense open subset. In view of (8.4), this yields
1ir61+ Gr-(vry) = KSfl(K - 20).

In types AIIT and DIII, the element zy actually belongs to Opin, hence we must have OF, = KS™ (K - z).
In types BI, CI, and DI, the Jordan normal form of z; (viewed as a matrix) coincides with the partition d
indicated in the theorem. Moreover, it follows from [7, 15] that the closure of O := KS™ (K - zg) is the union

of Oy, {0}, and only one real form of Oy,, which is precisely OF

min

(see (8.5)). The proof is complete. [

8.3. Limit of elliptic orbits in the case of Gg = SU(p,q). In this section, we assume that Gg = SU(p, q)
and gr = su(p,q), with p,¢ > 1, p+ ¢ = n. In this case, the complexification g = sl,(C) has Cartan
decomposition sl,,(C) = ¢ @ p with

£= {(8 2) |aegl,(C), begl,(C), Tr(a)+Tr(b) = 0} and p = {(2 8) |ceM,4(C), de Mq,p((C)}.

Each elliptic orbit has a representative = in g = £ N gg, which is diagonalizable with pure imaginary eigen-
values. The spectra of the diagonal blocks ia,ib of ix can be written as a pair of nonincreasing sequences of
real numbers

P q
(8.6) A= (()\1 2> 2 N,), (p1 2 pe > ...2uq))eRp><Rq such that Z)\;@+Z,ug:0.

k=1 =1

Conversely, if A is a pair of sequences as in (8.6), then the diagonal matrix
(8.7) x = diag(—iA1, ..., —tAp, =01, .., —ifg)

is an elliptic element of gr corresponding to A.

Let us recall from [15, §1.4] that the nilpotent K-orbits of p can be parametrized by the set of signed
Young diagrams with signature (p,q):

A signed Young diagram o is obtained by filling in the boxes of a Young diagram with signs + and - in
such a way that the signs + and — alternate in each row (but not necessarily in each column). Moreover, two
signed Young diagrams are considered equal if they coincide up to permutation of the rows. The signature
of o is the pair (n4,n_), where n, indicates the number of +’s in o. For example, the set of signed Young

diagrams of signature (3,2) consists of the following list:

[+ [=]+]-]

+
HH i—[+[—l7 ;+[—[+l, +—+’ +_+]’i ,

[+ [+ ][+

|

|

+
O]+ [+ ]+
DI+

[+][+]
[+] [+
T

Let V* = CP x {0} and V™ = {0} x C%, so that p can be viewed as the space of endomorphisms z of
V = C" such that z(V*) c V™ and 2(V™) c V*. Given a signed Young diagram o with signature (p, q), let
O, denote the set of nilpotent endomorphisms z € p which have a Jordan basis (e.) parametrized by the

boxes ¢ of o, in such a way that
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(C1) the vector €. belongs to V* if the box ¢ contains a sign + and to V™ if ¢ contains a —;
(C2) if ¢ lies in the first column of o, then z(e.) = 0; otherwise, z(e.) = e~ where ¢’ is the box on the left

of c.

The so-obtained subset O, is a K-orbit of p, and every orbit is of this form for a unique signed Young
diagram of signature (p, q).

Next, we define a procedure to associate a signed Young diagram of signature (p,q) to each A as in (8.6):

Notation 8.4. (a) If ¢ is a signed Young diagram of signature (p,q), then let L, s * o denote the signed
Young diagram of signature (p +r,q + s) obtained by adding a new box with sign + on the left of each one
of the first r rows of o which start with a —, and a new box with sign — on the left of each one of the first s
rows of o which start with a + (understanding that these new boxes can be inserted in empty rows if ¢ has

less than 7 rows starting with a — or less than s rows starting with a +). For example,

+[-]+]
-+

]

Loy *

[+][+]r ]+
[+[+[+ [+ [

(b) Whenever A = (()\1 220, (2.2 uq)) is a pair of sequences of real numbers, we define a
signed Young diagram op of signature (p,¢) by induction:
e If p=¢g=0 (A is an empty sequence), then let o5 be the empty signed Young diagram;
e If p>0or ¢g>0, then set o5 = L, 5 * oo where (r,s) is such that Ay =... =\, =3 =... =y are the
coefficients of A equal to max A (the maximal value in A) and A’ := ((Ars1, -3 Ap)s (Hss1s- -+, 1g)) 18

the pair of subsequences formed by the coefficients < max A.

FEzxzample 8.5. For
A = ((67 3) 27 27 _]-a _37 _4)7 (37 27 _37 _37 _4))

we get

+
OA = L1,0 * L1,1 * L2,1 * Ll,o * L1,2 * L1,1 *J = L1,0 * L1,1 * L2,1 * L1,0 * L1,2 *

—I+ +]=[+]
= Lig*Lyy*Loy*Lig*|+|-| = Lig*Li1*Log *[+]-
—[+[=]+] = [+]-]+] +[=[+]-]+]
— L *L *+— —L *—+— — +|—|+]|—
1,0 % L1 * == 10 * -
L] [l L+

Theorem 8.6. Assume that Gg = SU(p,q) with p,q>1.

(a) Let x € gr be the elliptic semisimple element corresponding to a pair of sequences A = ((Ay > ... 2>
Ap)s (1 2 .02 pg)) e RP xRY as in (8.6)-(8.7). Let u = u(iz) be as in (8.2). Then, the unique
nilpotent K -orbit which intersects the space unp along a dense open subset is the orbit O, associated

to the signed Young diagram op. Thus

lim Gg - (vz) = KS™H(O,,)

v—0*

(see (8.4)).

(b) For every nilpotent Gr-orbit O c N'(gr), there is an elliptic orbit Gr -z such that li1101+ Gg-(vz)=0.
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Proof. (a) Let (u1,...,up), resp. (v1,...,94), be the standard basis of V*, resp. V™. Hence each vector uy,
resp. vyp, is an eigenvector of xq := ix corresponding to the eigenvalue Ay, resp. uy. Viewing p as above as the
space of endomorphisms z: V — V such that z(V*) c V™ and 2(V™) c V*, the intersection unp coincides

with the subspace of such endomorphisms such that
z(ug) € (v | ptj > Ag), z(ve) € (uj | Aj > fur) for all k,¢.
In particular, for r,s as in Notation 8.4 (b), we have that wus,...,u,,v1,...,vs € kerz. Hence z has the

following matrix form:

0] v

ol ¢ e { ¢ €My gs(C), d € My_ypr(C),
v €My g-5s(C), 0 € My, (C).

0| ¢

0

0 d

Arguing by induction, we obtain that whenever z is generic in unp, the submatrix

P
=\ o

belongs to the nilpotent orbit parametrized by the signed Young diagram oy, for A’ as in Notation 8.4 (b).
This means that 2’ has a Jordan basis parametrized by the boxes of o/, which satisfies the above conditions
(C1)—(C2). The fact that z generically belongs to the orbit O,, now follows straightforward from the
definition of oy, in view of the form of the matrix z given above.

(b) In view of part (a), the claim made in part (b) becomes equivalent to the claim that, for every signed
Young diagram o of signature (p,q), we can find A as in (8.6) such that o = ox.

Let ¢ be the number of columns in ¢ and, for k € {1,...,¢}, let 7k, resp. s, denote the number of signs
¢ ¢

+, resp. —, contained in the k-th column of ¢. Thus p = k:zl r and q = kzl sg. Define the pair of sequences

A=((N =17, (N =07, (N = 1), (N = 0)),

where the exponents r; and s indicate the multiplicity of the coefficient N — k in each sequence, and N is

a number chosen so that the total sum of the coefficients in A is equal to 0, namely,

Z k(T’k + Sk)

p +q
It is easy to check (by induction) that, for every k € {0, ...,¢}, the signed diagram Ly, , | s, x.1 * %Ly, s, * @
coincides with the subdiagram formed by the last k& columns of . Whence
op=Lp o % %Ly, 5, xD=0.
The proof of the theorem is complete. O

Remark 8.7. The calculation of K - (unp) made in the above proof was done previously by Trapa [22],
though our combinatorial algorithm is somewhat different. We also mention that a representation theoretic

analogue of Theorem 8.6 is given in [3, Theorem 4.2].

Ezample 8.8. (a) The proof of Theorem 8.6 also indicates an explicit way to determine an elliptic element

x whose associated limit lirg+ Gy - (va) coincides the closure of a specified nilpotent orbit. For instance the
v—
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signed Young diagram

+ - +[-]

g =

has ¢ = 4 columns, and with the notation used in the proof we have (ri,ro,73,74) = (3,1,1,0) and

(s1,82,83,84) = (1,2,0,1). In this case, we get o = o for the pair of sequences A given by
A=((8,8,8,-1,-10),(8,-1,-1,-19)).

(In fact, every coefficient of the double sequence A obtained through the algorithm presented in the proof of
Theorem 8.6 (b) should be multiplied by %, but we can avoid this factor.)
(b) The elliptic element —iwy € su(p, q) induced by the first fundamental coweight wy corresponds to the

double sequence

-1 -1
A= ((aaﬁp_l), (ﬁq)) where a= n_’ B=—.
n n
Then we have
o)
+

OAN = | ’

and KS™'(0,, ) is in fact the real form O} considered in Theorem 8.3. Thus we retrieve the result stated
in Theorem 8.3 (in type AIII).
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