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MULTIPLE NORMALIZED SOLUTIONS
FOR A SOBOLEV CRITICAL SCHRODINGER-POISSON-SLATER EQUATION

LOUIS JEANJEAN AND THANH TRUNG LE

AssTrAacT. We look for solutions to the Schrédinger-Poisson-Slater equation
(0.1) —Au+ Au =y [uP)u—auP?u=0 in R3,
which satisfy
2 —

||M|IL2(]R3) =c
for some prescribed ¢ > 0. Here u € H! (]R3), vyeR aeRandpe (%,6]. When y >0 and a > 0, both in the Sobolev
subcritical case p € (%,6) and in the Sobolev critical case p = 6, we show that there exists a ¢y > 0 such that, for any
c €(0,c1), (0.1) admits two solutions u} and u; which can be characterized respectively as a local minima and as a
mountain pass critical point of the associated Energy functional restricted to the norm constraint. In the case y > 0

and a < 0, we show that, for any p € (1—30, 6] and any ¢ > 0, (0.1) admits a solution which is a global minimizer. Finally,
in the case ¥ <0, 4> 0 and p = 6 we show that (0.1) does not admit positive solutions.

1. INTRODUCTION
We consider the following Schrédinger-Poisson-Slater equation:
(1.1) idw+Av+y(x[ P +apP v =0 in RxR?
where v: RxR3 — C, y€R aeRandpe (%,6]. We look for standing wave solutions to (1.1), namely to
solutions of the form v(t,x) = e'*u(x), A € R. Then the function u(x) satisfies the equation
(1.2) —Au+ Au—p(x " * [ulP)u —alulP~?u =0 in R>.

Motivated by the fact that the L>~ norm is a preserved quantity of the evolution we focus on the search of
solutions to (1.2) with prescribed L?-norm. It is standard that for some prescribed ¢ > 0, a solution of (1.2)
with |Ju|? 12(R3) = € €an be obtained as a critical point of the Energy functional

2
F(u) := f Vul?dx— L j j Plu(y) dxdy—ﬁj ulPdx
R3 R3 JR3 Ix -yl P Jrs3

S(c) = {u € H'(R?) : [l g = -

restricted to

Then the parameter A € Rin (1.2) appears as a Lagrange multiplier, it is an unknown of the problem.
Let us define
(1.3) m(c)= inf F(u).
ueS(c)
Depending on the range of parameters we shall consider m(c) will be finite or not. If, following the introduc-
tion of the Compactness by Concentration Principle of P. L. Lions [36, 37], the search of normalized solutions
corresponding to a global minimizer of a functional restricted to an L?> norm constraint is now a classical
topic, the search of critical points when the functional is unbounded from below on the constraint remained
for a long time much less studied. In the frame of this paper, namely for a functional corresponding to an
autonomous equation lying on all the space RV, [27] was for a long time the sole contribution. This direction
of research was likely brought to the attention of the community by the papers [3, 9] both published in 2013.
Since then numerous contributions flourished within this topic and we just mention, among many possible
choices, the works, [4, 6-8, 14, 21, 25,30]. We also refer to [5] for non-autonomous problems set on RN and
to [41-43] for contributions when the underlying equation is set on a bounded domain of RN,
1
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In the above-mentioned papers, the involved nonlinearities were Sobolev subcritical. It was only in 2020
that was first treated in [48] a problem involving a Sobolev critical nonlinearity. Since then several works have
explored further this direction [1, 28,29, 38, 52].

The case where y <0 and a > 0 in (1.2) has been the most studied so far. When p € (2, 10) it can been shown
that m(c) € (=o0,0] for any ¢ > 0 and it is also the case when p = X2 and ¢ > 0 is small. It is shown in [11]
that minimizer exists if p € (2,3) and ¢ > 0 is small enough, see also [45] for the special case p = g. The case
pe(3 %) was considered in [10, 31], see also [33] for a closely related problem. In [31] the existence of a
threshold value ¢y > 0 such that m(c) has a minimizer if and only if ¢ € [c(, 00) was established. It was also
proved in [31] that a minimizer does not exist for any ¢ > 0 if p = 3 or p = 1. We also refer to [18] for related
results. When p € (1,6] a scaling argument reveals that m(c) = —co but nevertheless it was proved in [9] that,
when p € (%, 6) there exists, for ¢ > 0 small enough a critical point of F constrained to S(c) at a strictly positive
level. In this work we complement the result of [9] by showing that when p = 6 and for any ¢ > 0 there does
not exist positive solutions, see Theorem 1.9.

Even if some open problems remain when y < 0 and a > 0, we shall mainly concentrate here on the others
cases: (¥ <0,a<0),(y>0,a>0)and (¥ >0, a<0). We define, for short, the following quantities

A(u)::J Vul?dx, B(u j j P, xdy, C(u)::f |l dx.
R3 R3 JR3 |X y| R3

For u € S(c), we set u’(x) := t%u(tx),t >0, then
u' €S(c), Au')=t>A(u), B(u')=tB(u), C(u')=t"C(u),

where
(1.4) 2<0 = 3(”2_2) <6,
duetope (%,6]. For u € S(c), we define the fiber map
€(0,00) k> g, (t) := F(u') = %tzA(u) - %tB(u) - gt“C(u).
Hence, we have
8lt) = tA(w) = B(u) = =471 Clu) = Q).
where
Q) = Alw) -~ )~ = Clw)

Actually the condition Q(u) = 0 corresponds to a Pohozaev identity and the set
Ale)i={u € S(c): Q(u) = 0} = fu € S(c): g4 (1) = 0}

appears as a natural constraint. Indeed, if u € S(c), then t > 0 is a critical point for g, if and only if u’ € A(c).
In particular, u € A(c) if and only if 1 is a critical point of g,,.

First we briefly consider the case ¥ < 0,a < 0. For any u € S(c), we have that g, (¢) > 0 for all ¢ > 0, hence the
fiber map g, (t) is strictly increasing and so we can state the following non-existence result:

Theorem 1.1. Assume that y <0,a <0. Then F(u) has no critical point on S(c).
Next, we consider the case y > 0,a > 0. In this case, let
3p-10 1
4 o-2\13 -3
(1.5) ¢ = ¢ P >0,
yKyo-1 ac(o —1)Kgn

where o is defined by (1.4) and Ky, Kgy are defined in Lemma 2.1. We also introduce the decomposition of
A(c) into the disjoint union A(c) = A*(c) U A%(c) U A=(c), where

AT (c):={u € Alc): g,/(1)> 0} ={u € S(c) : g,(1) =0,8,(1)> 0},
A%c):={u e A(c): g;/(1) =0} = {u € S(c) : g;(1) = 0,/ (1) = 0},
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A(e)i={u € A(): /(1) < 0} = {u € S(c): gi(1) = 0,g/(1) < O}.
By Lemma 3.3 and Lemma 3.4, for any ¢ € (0,¢;) we have that A%(c) =@ and A*(c) # 0, A~(c) # 0. Since F is
bounded from below on A(c) due to Lemma 3.1, we can define
(1.6) y*(c):= inf F(u) and 97 (c):= inf F(u).
ueA+t(c)

ueA=(c)
Our first main result is

Theorem 1.2. Let p € ( 6] Assume that y >0, a > 0 and let ¢y > 0 be defined by (1.5). For any c € (0,cy), there
exist uf € A*(c) such that F( F)=vy*(c) and u; € A=(c) such that F(u;) = y~(c). The functions u},u; are bounded
continuous positive Schwarz symmetric functions. In addition there exist AY > 0and A7 > 0 such that (uf, A}) and
(ug, A7) are solutions to (1.2).

Remark 1.3. In Theorem 1.2, borrowing an approach first introduced in [21], an effort is made to optimize the limit
value ¢y > 0. As a consequence, compared to the works [28, 29, 47, 48] we do not benefit from the property that
Y () 2 0 = sup, e+ F(u). Such property is a help to show the convergence of the Palais-Smale sequences in these
works. Also, the fact that we may have y~(c) < 0 makes somehow more involved to prove that the level y~(c) is
reached by a radially symmetric function, a Schwartz function actually, see Lemma 3.6. It is not clear to us if c; > 0
is optimal. Nevertheless, we conjecture that there exists a ¢y > ¢ > 0 such that one solution exists when ¢ = ¢y and
that, at least positive solutions, do not exist when ¢ > c.

Remark 1.4. As we shall see y*(c) < y~(c) and combined with the property that any critical point lies in A(c) it
implies that the solution u} obtained in Theorem 1.2 is a ground state. Following [8] a ground state is defined as a
solution v € S(c) to (1.2) which has minimal Energy among all the solutions which belong to S(c). Namely, if

F(v) = inf{F(u),u € S(c (P\S ) ) =0},

If the geometrical structure of F restricted to S(c) is identical in the Sobolev subcritical case p € (%, 6) and in
the Sobolev critical case p = 6, the proof that the levels y*(c) and y~(c) are indeed reached requires additional,
more involved, arguments in the case p = 6. In particular, showing that y7(c) is attained requires to check that
the following inequality holds

(17) y(€) < Y(0) + —m

3 \/aKGN '

It is known since the pioneering work of Brezis-Nirenberg [17] that the way to derive such a strict upper bound
is through the use of testing functions. In [29], considering the equation

(1.8) —Au—)\u—ylu|q*2u—|u|2**2u =0 inRY,

withN >3, 4>0,2<g<2+4 § and 2° = N 2 we face the need to establish a similar inequality. We constructed
test functions which could be viewed as the sum of a truncated extremal function of the Sobolev inequality on
RN centered at the origin and of u; translated far away from the origin. This choice of testing functions was
sufficient to prove our strict inequality when N > 4 but we missed it in the case N = 3. Note that the approach
developed in [29] proved nevertheless adequate to deal with the equation

V=Au = Au+ plulul™?u + > 2u, ue H%(IRN)

with N >2, g€ (2,2+ % ) 2% = N 1, that was studied in [38]. Very recently, in [52] the authors introduced
an alternative choice of testing functions which allowed to treat, in a unified way, the case N =3 and N > 4
for (1.8). The strategy in [52], recording of the one introduced by G. Tarantello in [50], is on the contrary, to
located the extremal functions where the solution u/ takes its greater values (the origin thus). The idea behind
the proof is that the interaction decreases the value of the Energy with respect to the case where the supports
would be disjoint. In this paper, where (1.2) is set on IR, we believe in view of our experience on (1.8), more
appropriate to follow the approach of [52] to check the inequality (1.7) for any c € (0,¢y).

The results of Theorem 1.2 are complemented in several directions. First, we show that the solution u™(c)
obtained in Theorem 1.2 can be characterized as a local minima for F restricted to S(c). We treat here the full
range p € (%, 6] with a single proof. More precisely we show,
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Theorem 1.5. Let p € (%,6]. Assume that y >0, a> 0 and let c € (0,¢y). Then we have A*(c) C V(c) and

()= inf F(u)= inf F
Y (C) uel/{l+(c) (M) uél\’l/(c) (u)

where
Vic):={u € S(c)|A(u) < ky}

for some ky > 0 independent of ¢ € (0,c1) (see (3.45) for the definition of ki > 0). In addition, any minimizing
sequence for F on V(c) is, up to translation, strongly convergent in H' (IR3).

Remark 1.6. The proof of Lemma 3.20 which is a key step to established Theorem 1.5, reveals some additional
properties of the set V(c). Indeed, we have that V(c) C S(c)\A™(c) and thus V(c) is separating the sets A*(c) and
A~ (c). Also, for any 0 <c,¢ < ¢q, we have that A(u) < ky < A(v) for all u € A*(c),v € A™(C), see (3.46) and (3.49).

Remark 1.7. To prove that the minimizing sequences for F on V(c) are, up to translation, strongly convergent in
H! (1R3) we follow an approach due to [26] that has already been used several times, see, for example, [24,28,38]. The
first step in this approach is to show that the sequences do not vanish. When p = 6, we rely for this, in an essential
way, on the fact that ¢y > 0 is sufficiently small, see Lemma 3.22. This fact is also used to end the proof. Finally, note
that since we allow the possibility that inf,cyv () F(u) < 0 where dV(c) := {u € S(c)lA(u) = ki} we must check that
the minimizers do ly in V (c).
Let us now denote
M :={ueV(c): Fu)=y*(c)}.

In view of Remark 1.4, M, is the set of all ground states. The property that any minimizing sequence for F
restricted to V(c) is, up to translation, strongly converging is known to be a key ingredient to show that the
set M, is orbitally stable. If p € (%,6) the orbital stability of M, indeed follows directly from Theorem 1.5 by
the classical arguments of [20]. In the case p = 6 the situation is more delicate as the existence of a uniform
H'(R3) bound on the solution of (1.1) during its lifespan is not sufficient to guarantee that blow-up may not
occurs. We refer to [19] for more details. We do not prove anything in that direction but strongly believe that
the set M, is orbitally stable. Actually, such a result has been obtained on the equation (1.8) in [28].

We also discuss the behavior of the associated Lagrange multipliers and show that if the behavior of A} is
essentially the same for the cases p € (%, 6) and p = 6, see Lemma 3.24, there is a distinct behavior for A, see
Lemmas 3.25 and 3.26. In particular, Lemma 3.26 suggests that there may exist two distinct positive solutions
to (1.2) for any fixed A > 0 sufficiently small. Finally, in Lemma 3.27, we establish the property that the map
¢ — y~(c) is strictly decreasing.

Next, we consider the case y > 0, a < 0. Recalling the definition of m(c) given in (1.3) we show in Lemma 4.1,
that —co < m(c) < 0 and then we prove the following result.

Theorem 1.8. Let p € (%,6], ¥ > 0and a < 0. For any ¢ > 0, the infimum m(c) is achieved and any minimizing
sequence for (1.3) is, up to translation, strongly convergent in H' (IR3) to a solution of (1.2). In addition, the associated
Lagrange multiplier is positive.

Even if the proof of Theorem 1.8 follows the lines of the proof of Theorem 1.5, the change of sign in front
of the power term requires some adaptations, see Lemma 4.2 and Lemma 4.4. Here again the orbital stability
of the set of minimizers should follow directly from the classical arguments of [20] if p € (3, 6) and it should
also be the case when p = 6 by adapting the arguments of [28]. Note that we also study the behavior of the
associated Lagrange multipliers in Lemma 4.5.

In the last part of the paper we consider the case ¥ <0,a>0and p = 6.
Theorem 1.9. Let p =6, ¥ <0 and a > 0. For any c > 0, we have that

(i) If u € H'(R®) is a non-trivial solution to (1.2) then the associated Lagrange multiplier ) is negative and
1

3vaKgn

(ii) Equation (1.2) has no positive solution in H'(IR3).

F(u)>
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Remark 1.10. Under the assumptions of Theorem 1.9, it is possible to prove that

inf F(u)= !

ueA(c) 3vaKgy
Remark 1.11. In [48, Theorem 1.2], considering the equation
(1.9) —Au—Au—plulTu—|u)* 2u=0 inRY,

with N >3, 2<q < 2" and <0, it was proved that (1.9) has no positive solution u € H (RN) if N = 3,4 or if N > 5
under the additional assumption u € LP(RN) for some p € (O, %] In Remark 5.2, partly using arguments used in

the proof of Theorem 1.9, we improve [48, Theorem 1.2] showing that (1.9) has no positive solution in H' (RN) for
all N > 3 and no non-trivial radial solution for N > 3 and q > 2 + 5.

Remark 1.12. We propose as an open problem to investigate if there are radial solutions under the assumptions of
Theorem 1.9. See Remark 5.3 in that direction.

The paper is organized as follows. In Section 2 we recall some classical inequalities and present some pre-
liminary results. Section 3 is devoted to the treatment of the case y >0,a>0and p € (%,6]. In Subsection 3.1
we make explicit the geometrical structure of F on S(c) and show the existence of a bounded Palais-Smale
sequence (u;/) C A*(c) at the level y*(c) and of a bounded Palais-Smale sequence (u;) C A™(c) at the level
7 (c). In Subsection 3.2 we give the proof of Theorem 1.2 in the Sobolev subcritical case. Subsection 3.3 is
devoted to the proof of Theorem 1.2 in the critical case. In Subsection 3.4 we prove the convergence of all
minimizing sequences associated to y*(c), namely Theorem 1.5. The behavior of the Lagrange multipliers and
the property of the map c — 97 (c) are studied in Subsection 3.5 and Subsection 3.6, respectively. In Section 4
we treat the case ¥ >0,a<0and p € (%,6] and we prove Theorem 1.8. Finally, in Section 5, we consider the
case y <0,a>0and p = 6, and prove Theorem 1.9.

Notation: For p > 1, the LP-norm of u € H'(IR3) is denoted by l|lullLr(r3)- We denote by H}(IR®) the subspace of
functions in H!(IR®) which are radially symmetric with respect to 0. The notation a ~ b means that Cb <a < C’b
for some C,C’ > 0. The open ball in IR® with center at 0 and radius R > 0 is denoted by Bg.

Addendum : After the completion of this paper, we were informed of the work [53] in which the authors
consider a general class of problems which, when p € (1—30,6), covers (1.2) as a special case. There are thus
some partial overlap, in the Sobolev subcritical case, between [53, Theorem 1.3 (a) (ii)] and Theorem 1.2 and
between [53, Theorem 1.6 (a) (iv)] and Theorem 1.8. However the scope of the two works is widely distinct.

2. PRELIMINARY RESULTS

In this section we present various preliminary results. When it is not specified they are assumed to hold for
yeER acR, pe (%,6] and any ¢ > 0. Firstly, we present the definitions of A(c), A7 (c), AO(C), A~ (c) via A(u),
B(u) and C(u):

Alc) = {u €5(c): Au) = %B(u) + %"C(u)},

A*(c) = {u €S(c): A(u) = %B(u) + %‘TC(u),A(u) > mC(u)},

p
A%(c) = {u €S(c): Au) = %B(u) + %‘TC(u),A(u) - @cw)},

A~(c) = {u €S(c): A(u) = %B(u) + 2% C(u), Au) < MC(u)}.

Lemma 2.1. Let u € S(c), there exists
(i) a constant Ky > 0 such that B(u) < KH\/A(M)C%.
(ii) a constant Kgy > 0 such that C(u) < Kgn[A(u)]Zc
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Proof. We first recall the Hardy—Littlewood—SoboleV inequality (see [35, Chapter 4]):

®)
dxd
JIRN RN|x w i

where f € LP(RY), g€ LY(RN), p,g>1,0< A <N and

LAl

p a N
Let us also recall the Gagliardo-Nirenberg inequality (see [40]) and the Sobolev inequality (see [15, Theorem
9.9]) in the unified form: if N >3 and p € [2, %] then

(2.1) < C(N, A p, ) f e wnllgllLary),

. 1 1
I lepe) < CON DIV A o 1 sy, with = N(5 - ;)-

Applying the Hardy-Littlewood-Sobolev inequality we obtain

()Pl
(2.2) f f WP oy < g,
rRIJR:  1x-Y I L3 (R3)

and thus using the Gagliardo-Nirenberg inequality, we get
3
B(u) < Kl”“”j%(ms) < KlKz||Vu||L2(IR3)”u”iz(R3) = Ky vA(u)c2.

Finally, applying the Sobolev, Gagliardo-Nirenberg inequality, we have

é—p . _p
Lp 1R3) < KGN”VMHLZ “u“LZ 1R3 KGN[A )] 4.

C(u) = [lull?
Lemma 2.2. Let p € (1L,6]. Assume that y € Rand a € R. If u € H'(R%) is a weak solution to
(2.3) —Au+ Au—p (x| * [ul?)u - alulP~u = 0,
then Q(u) = 0. Moreover, if u # 0 then we have

(i) /'\>01fy>0andpe( ,6],
(ii) A<0ify<0andp= 6

Proof. Our proof is inspired by [9, Lemma 4.2]. The following Pohozaev type identity holds for u € H!(R®)
weak solution of (2.3) ( [22], also see [44, Theorem 2.2]),

(2.4) 5A(u) 32/\D( ) — 5TVB(M)—?C(L[) =0, where D(u)= ||u||iz(1R3).

By multiplying (2.3) by u and integrating, we derive a second identity
(2.5) A(u)+ A.D(u)—yB(u)—aC(u) =
Combining (2.4) and (2.5), we get

This means that Q(u) = 0. Using (2.4) and (2.5) again, we obtain
(2.6) 2(6 —p)A(u)+ (5p —12)yB(u) = 2(3p — 6)AD(u).
If7/>0andpe( ,6], we have
206-p)>0, (5p-12)y>0,  2(3p—6)>0.
Hence, A > 0. If y <0 and p = 6, we have
2(6-p)=0, (5p—12)y=18y<0,  2(3p—6)=24>0.
This implies that A < 0. U
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Lemma 2.3. Let p € (,6]. Assume that y € Rand a € R. If u € H'(R%) is a weak solution to
(2.7) —Au+ Au—p (x| * [ul?)u - alulP~?u = 0,
then u € L*(IR3) N C(IR®). Moreover, in case y >0, a > 0 we have that if u 2 0 and u > 0 then u > 0.

Proof. Applying [34, Theorem 2.1], we get that u € le(;Z(IR3) for every r > 1 and hence u € C(IR3). Since
u € H'(IR?), the Sobolev embedding (see [15, Corollary 9.10]) implies that |u|?> € L1(IR3) for every q € [1,3].
Now, setting K := |x|~!, we write K := K; + K, where K; := K on B(0,1), K; := 0 on R*\ B(0,1) and K, := K - K.
Clearly K; € L*(R%) and K, € L*(R3). Applying [35, Lemma 2.20] with K; € L?(R3), |u|? € L>(R®) and with
K, € LY(R3), [u]> € L3 (IR?), we obtain that K, *|u|? and K, *|u|? are continuous. Also

lim (K #|u)*)(x) =0 and lim (K, *|ul?)(x) = 0.

|[x|—c0 |x|—00
Hence, we get that K «|u|? is continuous and

(2.8) lim (K *|u|?)(x) = 0.

|X|—>oo

Therefore, K |u|? is bounded. At this point, we deduce from [48, Proposition B.1] that u € L=(RR3).
Now, if we assume that ¥ >0,a>0, u 20, u >0, setting v := —u <0 we get

—Av+ v = y(x[ L+ o) +alP v < 0.

By Lemma 2.2, we have that A > 0. We assume that there exists x; € R® such that v(xy) = 0. For all R > |xg|,
we have that v € W?"(Bg) for every r > 1, Lv := ~Av + Av < 0 in Bg with A > 0 and M := maXyep, v = 0. At
this point, applying [51, Theorem 3.27], in the particular case where I = @), we obtain that v = 0 in Bg, and
hence u = 0 in Bg. The value R > 0 being arbitrarily large, this contradicts our assumption that u Z 0 and we
conclude that u > 0. O

Following [13], we recall that, for any ¢ > 0, S(c) is a submanifold codimension 1 of H' (R®) and the tangent
space at a point u € S(c) is defined as

T,S(c)={pe€ H' (IR3) : <u'(P>L2(1R3) =0)}.
The restriction Fig() : S(c) » Ris a C' functional on S(c) and for any u € S(c) and any v € T,,S(c), we have
(Fis(ey ®) = (', ).

We use the notation ||dFs()ll. to indicate the norm in the cotangent space T,,S(c)’, i.e the dual norm induced
by the norm of T,,S(c), i.e

(2.9) ldEs ey ()l := sup  |dF(u)[¢]l.
llpll<1,p€eT,S(c)

We recall the following result, see [29, Lemma 3.1],
Lemma 2.4. For u € S(c) and t > 0, the map
T,S(c) > TuS(c), P —>9!
is a linear isomorphism with inverse
TiS(c) = T.S(), ¢ 1.
Next, we recall a result concerning the convergence of the term B, see [44, Lemma 2.1],

Lemma 2.5. Let (u,,) be a sequence satisfying u,, — u weakly in H} (R3). Then we have B(u,,) — B(u).
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3. THEcASE Yy >0,a>0ANDp € (%,6].

3.1. The geometrical structure and the existence of bounded Palais-Smale sequences for p € (%, 6]. In this
subsection, we follow the approach first introduced in [21]. We shall always assume that > 0, a > 0 and

pe(%ﬁ].

Lemma 3.1. For any c € (0,00), F restricted to A(c) is coercive on H'(R3), namely when (u,) C H'(IR3) satisfies
|ltt|| = +o0 then F(u,) — +oco. In particular F restricted to A(c) is bounded from below.

Proof. Let u € A(c). Taking into account that

“ow) = Law - L
EC(”)_GA(”) 15 B,

and using Lemma 2.1(i), we obtain

F() = < A(u) - LBu) - EC(u) =~ Aw) - LBu) - LA@w) + L B(w)

(3.1) 2 4 P 2 4 o 40
) _0-2 y(c—-1) o-2 y(c-1) 3
=5 A(u) 1 B(u) > %o Au) 1 KygvA(u)c
This concludes the proof. O
For any u € S(c), we recall that
— F(ul) = 112 Y By 20
gault) = Flu') = 5 P Aw) = L 1B(u) = 17 Ca),
’ ao  ,_
8lt) = tA(w) = B(u) = =471 Clu) = Q")
g = A - LD yr2cy)

For any u € S(c), we set

P ( pA(u) )“2
" \ao(o-1)C(u) '

This implies that #} is the unique solution of equation g;/(t) = 0. So, we have
(3.2) g/t =0, g/(t)>0if0<t<t), g/(t)<0ift>t].
Lemma 3.2. For any c € (0,c;) and any u € S(c), we have g, (t}) > 0.

Proof. Let u € S(c) be arbitrary. By the definition of t} and by g;/(t}) = 0, we have

1

08 = (54 = Ba) - S(13)7 ! Cla) = (A0~ {Ba) - 7 riA)
- Z—:it;A(u)— 2 () = Z:f (w((fi‘(l"‘))c(u))"_liA(u)— 2 B(u)
- VAW Z_f(acr(f—l(f;)cw»ﬁ Al foﬁ)
| )

Applying Lemma 2.1, we obtain

g (t3) = VA(u)
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o-2 7 3
— JA(n) [ 4 ﬁp] —%KHCT
o-1 a()'(()‘ - 1)I<GNCT
By direct computations, we now have
1
o-2 p oy 3
- —ZKHC7 >0 & c<cy.
o-1 ﬂO’(O’ - ].)I(GNCT
Thus, we obtain that if 0 < ¢ < ¢; then g/, (£5) > 0. O

Lemma 3.3. For any c € (0,cy), it holds that A%(c) = 0.

Proof. We assume that there exists u € A%(c). Since g//(1) = 0 and ¢} is the unique solution of equation g;/(t) = 0,
we have t} = 1. So, we have g, (t}) = g,,(1) = 0. This contradicts with g;,(£§) > 0 in Lemma 3.2. Thus, we obtain
Ac) =0. -
Lemma 3.4. For any c € (0,c1) and any u € S(c), there exists

(i) a unique s} € (0,£%) such that s} is a unique local minimum point for g, and uss € A*(c).

(ii) a unique s, € (t§,00) such that s, is a unique local maximum point for g, and u € A~(c).
Moreover, the maps u € S(c) > s;: € R and u € S(c) > s, € R are of class C'.

Proof. Taking into account that

gu(t) = tA(w) = LB(u) - =247 C(u)
4 p

we have g, (t) — —%B(u) <0ast— 0and g,(t) > —oco as t — +oo due to 0 —1 > 1. By Lemma 3.2, we have

g, (%) > 0. Therefore, the equation g;(¢) = 0 has at least two solutions s} and s; with 0 < s} <t} <s,. By

(3.2), we have g;/(t) > 0 for all 0 < t < t}. Hence, g;(t) is strictly increasing function on (0, ) and consequently

st € (0,1%) is the unique local minimum point for g, and u% € A*(c) due to g;’sz (1) = g/(sf) > 0. By the same

argument, we obtain that s;, € (¥, 00) is a unique local maximum point for g, and u’ € A~(c).

In order to prove that u + s, are of class C!, we follow the argument in [47, Lemma 5.3]. It is a direct
application of the Implicit Function Theorem on C!-function ¢(t,u) = g/ (t). Taking into account that ¢(s;, u) =
g,(55) =0, (s, u) = g//(s;) < 0 and A%(c) = 0, we obtain u > s, is of class C!. The same argument proves
that u > s is of class C'. O

Lemma 3.5. For any c € (0,cy), it holds that
(i) F(u) <0 forall ue A*(c),
(ii) there exists a := a(c) > 0 such that A(u) > « for all u € A= (c).

Proof. Let u € A*(c), taking into account that

Au) = %B(u) + %"qu), Alu) > @cm
we obtain
F(u) = %A(u) - %B(u) - %C(u) = %A(u) - %B(u) - %C(u) + “("p_ Dew)
< %A(u) ~Au) + éA(u) - 22_—00A(u).

Since o > 2, we have F(u) < 0. The point (i) is proved.
Let u € A™(c), taking into account that

and using Lemma 2.1, we obtain that
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Since o > 2, the point (ii) follows. O

We define
S,(c):=S(c)NHNR?),  A.c):=Ac)nHLR?),  A¥(c):=A*(c)nHL(R?).
Here A*(c) denotes either A*(c) or A~(c).
Lemma 3.6. For any c € (0,cy) it holds that

inf F(u)= inf F(u).
ueA¥(c) ueA=(c)

Also, if inf, cp=(c) F(u) is reached, it is reached by a Schwarz symmetric function.
Proof. Since A% (c) Cc A*(c), we directly have
(3.3) inf F(u)> inf F(u).

ueAi(c) ueA*(c)
Therefore, it suffices to prove that

(3.4) inf F(u)< inf F(u).

ueAi(c) ueA=(c)
In this aim we start to note that

(3.5) inf F(u)= inf min F(u') and inf F(u)= inf max F(u').

ueA*(c) ueS(c)0<t<sh ueA=(c) ueS(c)sf<t<s;
Now let u € S(c) and v € S,(c) be the Schwarz rearrangement of |u|. Taking into account that A(v) < A(u),
C(v) = C(u), and by the Riesz’s rearrangement inequality (see [35, Section 3.7]), B(v) > B(u), we have for all
t>0,

t 1 2 )4 a.s 1 2 )4 a.c t

. = — - — — — < — - L - - .
(3.6) F(v*") 2t A(v) 4tB(v) pt C(v) < 2t Au) 4tB(u) pt C(u)=F(u")
Observe that, for any w € S(c),

-1
@, (t) = tA(w) - %B(w) - %t"_1C(w) and  g/(t) = A(w) - 22T =D o204y,
Thus we have
,(0)<g,(0)<0 and g(t)<g(t), Yt>0.
This implies that 0 <5} <s} <5 <s;. Hence, we deduce from (3.6) that
min F(v') < min F(u') and max F(v') < max F(u').

0<t<sy 0<t<st Sy<t<sy sh<t<sy

In view of (3.5), the inequality (3.4) holds. Now if uy € A™(c) is such that F(u) = inf,cp+() F(u) we see that
v, the Schwarz rearrangement of |ug|, belongs to Af(c). Indeed, if either A(v) < A(ug) or B(v) > B(ug) then
F(v') < F(u(’;). Hence, in view of the above arguments, we get
inf F(u)= inf min F(u') < min F(v')< min F(u(t)) = inf F(u)
ueA*(c) ueS(c) 0<t<sy 0<t<sy 0<t<si, ueA+(c)
a contradiction. Thus A(v) = A(ug), B(v) = B(ug) and C(v) = C(ug) from which we deduce that v € Af(c) and

F(v) = F(ug). The case of uy € A™(c) such that F(ug) = inf,cp-(c) F(u) is treated similarly. This ends the proof of
the lemma. O

Recalling that *(c) and y*(c) are defined in (1.6) we have

Lemma 3.7. For any c € (0,cy), there exists a bounded Palais-Smale sequence (u;}) C Af(c) for F restricted to S(c) at
level y*(c) and a bounded Palais-Smale sequence (u;;) C Ay (c) for F restricted to S(c) at level y~(c).



MULTIPLE NORMALIZED SOLUTIONS FOR A SOBOLEV CRITICAL SCHRODINGER-POISSON-SLATER EQUATION 11

In order to prove Lemma 3.7 we define the functions

+

I":S(c) >R, I"(u)=F(u’),
I":S(c) >R, I (u)=F(u).

Note that since the maps u > s} and u + s, are of class C', see Lemma 3.4, the functionals I* and I~ are of
class C!.

Lemma 3.8. For any c € (0,c;), we have that dI*(u)[y] = dF(usi)[% ] and dI~(u)[yp] = dF(us)[yp] for any
ueS(c),peT,S(c).

Proof. We first give the proof for I*. Let 1 € T, S(c), then 1 = h’(0) where h : (—€,€) > S(c) is a C!-cure with
h(0) = u. We consider the incremental quotient

(3.7) I*(h(t))—tﬁ(h(o)) _ F(h(t)sf)—tF(h(O)s"),

where s; := s;;(t), and hence sy = 5. Recalling from Lemma 3.4 that sg is a strict local minimum of s — F(u°)

and u > s is continuous, we get

F(h(£)*) = F(h(0)*®) > F(h(t)*) - F(h(0)**)

2 o
= At~ acmon | - T Bt - non) - = ctunn - cono |
21 W
:s,%fwwz(m) VI (1, t)tdx — ystf fw (r2t)(x) lx”?f’) (th)(y)dxdy—asffw|h(r3t)|P-2h(T3t)h'(z3t)dx,

for some 71, 7,73 € (0,1). Analogously
F(h(t)*) = F(h(0)*) < F(h(t)*) - F(h(0)*)

2 ,
—s%f Vh(tyt)- VK (t4t)tdx — ysof f hlzst)(x 'ﬁft;?y)h (TSt)(y)dxdy—asgf ()P 2h( Tt (g t)d,
R3 R3

for some 74,75, 74 € (0,1). Now, from (3.7) we deduce that

lim1+(h(t))_1+(h(0)) :(S;)ZJ VuVipdx —y(s j f |x | ) ———=———""dxdy —a(s f lulP~2updx
R3 IR3 -

t—0 t
2 51( 51( + + +
:J Vus;vll)sxdx_yv[‘ f |l/l | )’7b ( )dxdy—ﬂf |usu|pf2usu¢5“dx
R3 lx -l R3

=dF(u)[¢*],
for any u € S(c), ¢ € T,,S(c). The proof for I~ is similar. O

Let G be the set of all singletons belonging to S,(c). It is clearly a homotopy stable family of compact subsets
of S,(c) with closed boundary (an empty boundary actually) in the sense of [23, Definition 3.1]. In view of
Lemma 3.6 we have that

et :=infmaxIt(u)= inf It(u)= inf F(u)= inf F(u)= v (c).
g Aeg ueAX ( ) ueS,(c) ( ) ueAy(c) ( ) ueA*(c) ( ) 4 ()

e-:=infmax] (u)= inf I (u)= inf F(u)= inf F(u)=vy (c).
g AeG uez( ( ) ueS,(c) ( ) ueA;y(c) ( ) ueA=(c) ( ) 4 ()

Lemma 3.9. For any c € (0,cy), there exists a Palais-Smale sequence (u;;) C A™(c) for F restricted to S,(c) at level eé
and a Palais-Smale sequence (u,;) C A™(c) for F restricted to S(c) at level eg.

Proof. We first treat the case of eg. Let (D,) C G be such that

1
max " (u) < eé + -,
ueD, n
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and consider the homotopy
7:00,1]x S(c) > S(c),  n(t,u) = u' "+,
From the definition of G, we have
E,:=n({1}xD,) = {u% :ueD,} €G.

Lemma 3.4 implies that E,, C A*(c) foralln € IN. Let v e E,, i.e. v = usi for some u € D,,, and hence I'*(v) =
I (u). So, we have

max [t (v) = maxI*(u).
veE, ueD,

Therefore, E, is another minimizing sequence for e;;. Applying 23, Theorem 3.2], in the particular case where
the boundary B = (), there exists a Palais-Smale sequence (y,,) for I'* on S(c) at level eé such that

(3.8) distg(R3) (Y, En) > 0 asn— oco.
Now writing s, :=s; we set u; := v € A*(c). We claim that there exists a constant C > 0 such that
L _o
(39) E < Su <C
for n € IN large enough. Indeed, notice first that
2 _ A(un)
sy =
A(Yn)
By F(u})=1"(y,) — eg =y*(c) < 0 we deduce from (3.1) that there exists M > 0 such that

1

(3.10) i <A(u) <M.

On the other hand, since E,, € A*(c) is a minimizing sequence for eé and F is H'(IR3) coercive on A*(c), we

obtain that E,, is uniformly bounded in H!(IR%) and thus from (3.8), it implies that sup,, A(y,) < co. Also, since
E, is compact for every n € IN, there exist a v, € E, such that |[v, — v, |51 (r3) — 0 as n — 0 due to (3.8). Using
Lemma 3.1 again, we have, fora 0 >0,

An) 2 A(vy) —A(v, —9,) 2

N o

This proves the claim (3.9). From (2.9), and by Lemma 2.4, Lemma 3.8, we have
1\Sn
oo

This implies that (u;7) € A*(c) is a Palais-Smale sequence for F restricted to S(c) at level eé since (y,) is a

= sup
lpll<1,peT,S(c)

ldFs@o(ui)ll= sup  |dF(ui)p]l=  sup
Ipll<LyeT, S () Ipll<1PeT,S(c)

1
ar v ||
Palais-Smale sequence for I'* at level ¢ and and ||1,b$ “ < Cillgll < C; due to (3.9). For the case of ¢; the proof

is identical except that we use Lemma 3.5(ii) along with (3.1) to conclude that there exists a M > 0 such that
(3.10) holds for A(u;,) replacing A(u;}). O

Proof of Lemma 3.7. Applying Lemma 3.9, we deduce that there exists a Palais-Smale sequence (u;}) C A} (c)
for F restricted to S(c) at level eg = ¥*(c) and a Palais-Smale sequence (u;;) C A;(c) for F restricted to S(c) at
level e; = 7 (c). In both cases the boundedness of these sequences follows from Lemma 3.1. O

3.2. The compactness of our Palais-Smale sequences in the Sobolev subcritical case p € (%, 6).

Lemma 3.10. Let p € (%,6). For any ¢ € (0,c1), if either (u,) C A*(c) is a minimizing sequence for y*(c) or
(uy) € A™(c) is a minimizing sequence for y~(c), it weakly converges, up to translation, to a non-trivial limit.
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Proof. Since F restricted to A(c) is coercive on H!(IR?) (see Lemma 3.1), (1,) is bounded. Hence, up to trans-
lation, u,, — u, weakly in H!(IR®). Let us argue by contradiction assuming that u, = 0, this means that (u,,) is
vanishing. By [37, Lemma I.1], we have, for 2< g <6,

lunllpars) — 0, asn— oo
This implies that
Cluy) =0, and  B(u) <Killusll*, =0,
L5 (R3)

due to (2.2). Since (u,,) C A(c), we have Q(u,,) = 0, and hence

(3.11) A(uy) = LB(u,) + %C(un) )

4
If we assume that (1,,) C A™(c) we recall that by Lemma 3.5, there exists a > 0 such that
A(u,)>a>0, VnelN,

contradicting (3.11). If we assume that (u,,) C A*(c) then since

F(ity) = ~ Afuty) — L B(u) - ) —0

2 "4
we reach a contradiction with the fact that

F(u,) > y*(c)= uei{{lif(c)F(u) <0.

The lemma is proved. O

Lemma 3.11. Let p € (%,6). Assume that a bounded Palais-Smale sequence (u,,) C A,(c) for F restricted to S(c) is
weakly convergent, up to translation, to the nonzero function u.. Then, up to translation, u, — u. € A,(c) strongly
in HY(R3). In particular u, is a radial solution to (1.2) for some A. > 0 and ””‘cHLz ®?) = C

Proof. Since the embedding H!(IR%) c L1(IR?) is compact for g € (2,6), see [49] and, up to translation, u, — u,
weakly in H!(IR®), we have, up to translation, u,, — u. strongly in L9(IR?) for g € (2,6) and a.e in RR.
Since (u,) C H'(IR3) is bounded, following [13, Lemma 3], we know that

’ . — 7 1 ) . —
FlS(c)(”n) —0in HY(R®) & F'(u,)- E<F (1), iy Y11, — 0 in H-L(IR3).
Thus, for any w € H!(R?), we have

0,(1) = <F,(un) - %<F,(un)’ un)“rvw>

:f Vuandx+/\nf u,wdx — yf f it ()t (y)dxdy—af 1, [P~ 0, wdx,
R3 R3 JR3 |X yl R3

where 0,,(1) = 0 as n — co and

(3.12)

4

due to Q(u,) = 0. Since u, € H}(RR3), we have C(u,) — C(u.) and B(u,) — B(u.) (see Lemma 2.5). Hence, we
obtain that

= Al = y B - 0] = | 2 Bl a1 & et

A, — A, = % [%B(uc)+a(1 - %)C(uc)].

Now, using [54, Lemma 2.2], the equation (3.12) leads to

J1ac ()21 (p)w(v) )
. u NVNwdx + u wdx — L dxdy —a u P *uwdx =
(3.13) JVVd )\f d yff dxdy f||P dx=0
R3 R3 R3 JR3 Ix -yl R3

due to the weak convergence in H} (R3) and A,, — A, € R. This implies that (u, \.) satisfies

—Au,+ Au, — )/(|x|_1 * |uc|2)uc - a|uc|p_2uc =0 inH! (IR3).
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By the assumption u, # 0 and by Lemma 2.2, we obtain that Q(u.) =0 and A. > 0.
Now choosing w = u,, in (3.12) and choosing w = u, in (3.13), we obtain that

[ wuParen, [P yson)-actu) - [ WuPdre [ ludx-yB -aClu)

We can deduce from B(u,) — B(u.), C(u,) — C(u.) and A,, — A, that

j |Vun|2dx+/'\f |un|2dx—>j |VuC|2dx+/\j lucl>dx.

Since A, > 0, we conclude that u,, — u, strongly in H} (R®). The lemma is proved. O

Proof of Theorem 1.2 in the subcritical case p € (%,6). We give the proof for y*(c), the treatment for y~(c) is
identically. For any c € (0,¢;), by Lemma 3.7, there exists a bounded Palais-Smale sequence (u;") C A¥(c) for F
restricted to S(c) at level y*(c). From Lemma 3.10 and Lemma 3.11, we deduce that u;; — uf € A,(c) strongly
in H!(IR®) and that there exists A} > 0 such that (], \}) is a solution to (1.2). Since A%(c) = 0 (see Lemma 3.3),
we conclude that u} € Af(c). From Lemma 3.6 we can thus assume that u} is a Schwarz symmetric function.
Hence, u} is non-negative. At this point, we can deduce from Lemma 2.3 that u} is a bounded continuous

positive function. O

3.3. The compactness of our Palais-Smale sequences in the Sobolev critical case p = 6.
Our next lemma is directly inspired from [48, Proposition 3.1].

Lemma 3.12. Let c € (0,¢y) and (u,,) C A¥(c) or (u,) C A7 (c) be a Palais-Smale sequence for F restricted to S(c) at
level m € R which is weakly convergent, up to subsequence, to the function u.. If (u,) C Af(c) we assume that m =0
and if (u,) C Ay (c) we assume that

1

3.14 m< ————.
( ) 3\/(1KGN

Then u. # 0 and we have the following alternative:

(i) either
1
3.15 F <m-—,
(ii) or
(3.16) u, = u, strongly in HNR?).

Proof. Since u,, — u, weakly in H} (IR3), we have, up to subsequence, u, — u. strongly in LI(R®) for g € (2,6)
and a.e in R3.

Let us first show that u. # 0. We argue by contradiction assuming that u. = 0, this means that (u,) is
vanishing. By [37, Lemma I.1], we have, for 2< g <6,

lunllpars)y — 0, asn— oo
This implies from (2.2) that
B(uy) < KilllI*, =0,
L5 (R3)

Since (u,) C A(c), we have
A(uy) = aC(uy) + 0, (1).
Passing to the limit as n — oo, up to subsequence we infer that

lim A(u,) = lim aC(u,):=¢ > 0.
n—-o00

n—o00

Using Lemma 2.1(ii), we have

¢= lim aC(uy) < lim aKGN[A(u,,)] =aKgn 0.

n—o00
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Therefore, either { =0 or £ > (aKGN)_%. If (u,) C A*(c), we have A(u,) > 54C(u,), and then € = 0. This implies
that F(u,) — 0 and this contradicts the assumption that m = 0. Also, if (u,,) C A™(c), Lemma 3.5(ii) ensure that

> (aKGN)*%. Hence, we have

) y(o-1) _1 _1 I
YA(MH)_ Io B(uy) = 2 A(uy) +0,(1) = 3€+0n(1) 2 3vaKon

m+0,(1)=F(u,) = +0,(1),

3

which contradicts our assumption (3.14). Thus, we have that u, # 0.
Now, since (u,,) C H! (1R3) is bounded, following [13, Lemma 3], we know that

’ . —_ 7 1 ) . —
FlS(c)(”n) —0in H 1(IR3) — F'(u,)- z(F (uy), uy)u,, > 0in H 1(IR3).
Thus, for any w € H'(R?), we have

0,(1) = <F,(un) - %<F,(un)’ un)“rvw>

:f Vu,Vwdx + A, f u,wdx — yf f it ()t (y)dxdy—af 1, [P~ 0, wdx,
R3 R3 JR3 |X yl R3

where 0,,(1) —> 0 as n — co and

(3.17)

-1 3
Ay = = [Afuy) = yBluy) = aClu,)] = ZEB(w),
due to Q(u,) = 0. By B(u,,) — B(u.) (see Lemma 2.5), we obtain that
3
(3.18) A, = A, = 4—);B(uc).

Now, using [54, Lemma 2.2], the equation (3.17) leads to

)
(3.19) f Vu Vwdx + A, f uwdx — yf j wdxdy - af lucP~2u wdx =0
R3 R? R3 JR3 lx -l R?

due to the weak convergence in H} (R3) and A,, — A, € R. This implies that (u, \.) satisfies
—Aute+ At — v (x| # JucP)ue — aluP2u, =0 in H(R3).
By Lemma 2.2, we obtain that Q(u.) =0and A, > 0.
Let v, := u, — u. — 0 in H} (R?). By Brezis-Lieb lemma (see [16]), we obtain that
(3.20) A(uy,) = A(u,) + A(v,) + 0,(1), C(u,) = C(u.) + C(vy,) + 0,(1).
By B(u,) — B(u.) (see Lemma 2.5) and by Q(u,,) = 0, we have

2 B(ue) = alClue) = C(v)] = 0,(1)
Taking into account that Q(u.) = 0, we get A(v,) = aC(v,) + 0,(1). Passing to the limit as n — oo, up to subse-

quence we infer that

A(uc) + A(vn) -

lim A(v,) = lim aC(v,) :=k > 0.

n—oo n—-o0

Using Lemma 2.1(ii), we have

k= lim aC(v,) < hm aKGN[A(vn)] = aKgon k2.

n—o00

Therefore, either k =0 or k > (aKGN)*%.
If k > (aKgy) ™2, then by (3.20) and by B(u,,) — B(i,), we have

m = Tim F(u,) = lim [=A(u,) - L B(u,) - 2C(u,)
n—00 n—oo| 2 4 6
. 1 1 a a
= lim | SA(ue) + 5A(v,) = £B(1) = £Cu) - 2C(v,)

Nl—

= F(ue) + 3k F(ue) + 5 (aKon )"
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This implies that alternative (i) holds.
If instead k = 0, then by (3.20), we have A(u,) — A(u.) and C(u,) = C(u.). Choosing w = u,, in (3.17) and
w = u, in (3.19), we obtain that

A( n)+/\ ”“n”Lz R3) VB(MH)—llC(Mn) _>A( )+/\ ”uC”LZ 1R3 VB(MC)—(JC(MC).
This implies that [[u,|;2r3) — llucllL2(r3)- Thus, we conclude that u, — u. strongly in H; (IR). O

Proof of Theorem 1.2 in the critical case p = 6 for y*(c). Since y*(c) <0, the fact that it is reached is a direct con-
sequence of Lemma 3.7, Lemma 3.12 and of the property, which is established in Lemma 3.21(iii) to come,
that the map ¢ — p*(c) is non-increasing. The rest of the proof is identical to the one in the case p € (%,6). O

In the rest of this subsection, we shall prove Theorem 1.2 in the critical case p = 6 for y~(c).

Lemma 3.13. Let c € (0,cy). If
1
3 \/aKGN

then there exists a u. € Ay (c) with F(u.) = y~(c) which is a radial solution to (1.2) for some A, > 0 with llucl|?

(3.21) y (@) <y(c)+

2m3) = ¢

Proof. By Lemma 3.7 there exists a Palais-Smale sequence (u,) C A™(c) for F restricted to S(c) at the level
¥~ (c). If (3.21) holds then necessarily (3.14), with m = y7(c) holds, and (3.15) cannot holds. We deduce from
Lemma 3.12 that u,, — u. strongly in H'(RN) and the conclusions follow. ]

Now we shall show that

Lemma 3.14. For any c € (0,cy), we have that
1
3\/&KGN .

As already indicated our proof is inspired by [52, Lemma 3.1]. Let u, be an extremal function for the
Sobolev inequality in R® defined by

Y (©O<y(o+

N-2

_INN-2)e2)
[€2+x2] "7

Let & € CS"(IRN) be a radial non-increasing cut-off function with & =1 in B, & = 0 in RN\B,. Setting U,(x) =
&(x)u.(x) we recall the following result, see [29, Lemma 7.1].

(3.22) ug(x) £>0, xelR>

Lemma 3.15. Denoting w the area of the unit sphere in R>, we have

(i)
IVU,|I? _ b +0(e) and ||UJ% _ +0(€3)
SR T\ Ky LR Y Koy '

(ii) For some positive constant K > 0,

Ke3 3 +0(e377) ifqe(3,6)
3 .
|U, ”Iﬂ ) = a)£2|loge|+O(57) ifg=3,
( oz‘sr: 5 ) T+4o E%) ifqe[1,3).

In the rest of the subsection we assume that ¢ € (0,cy) is arbitrary but fixed. Let u} be as provided by
Theorem 1.2. We recall that u} € A*(c) satisfies F(u}) = " (c) and is a bounded continuous positive Schwarz
symmetric function.

Lemma 3.16. For any 1 < p,q < oo, it holds that

f |u:(x>|P|Ug<x>|qu~f U, (o) dx.
R3 R3
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Proof. On one hand, since u/ is bounded, we have that
|| P, <l | 101
R3 R3

On the other hand, since 1/ > 0 on R? is continuous and the function U, is compactly supported in B, we
have that

f |u:<x>|P|U€<x>|qu:f (|, (x)l1dx > minfu? (x)P |Ug(x>|qu:min|u:<x>|f’f U, (x)l9dx.
]R3 B2 XEBZ XEB2 1R3

B,
The lemma is proved. O

For any € > 0 and any ¢ > 0, we have

(3.23) Aul +tU,) =|IV(u} + tU€)||22 =A(ul)+2 Vul(x)-V(tU(x))dx + A(tU,)
L2(R3 .

and

(3.24) llul + tUel|§2(R3) =c+ 2L3 ug (x)(tUe (x))dx + ”tUa“zz(le)

Using that, for all 4,6 > 0, (a + b)6 > a® + 6a°b + 6ab® + b®, and that both ut e HI(IRN) and U, are non negative,
we readily derive that

(3.25)  C(uf +tU,) =|lu} + tUgllfﬁ(W) > C(uf)+C(tU,) + 6L3(uj(x))5(tUg(x))dx + 6J;R3 ul (x)(tUg(x))>dx.
Also, still using that u € H'(RY) and U, are non negative, we get by direct calculations that

2
Bt +tU.) JJ i (x) + tU ()P |uf (v) + U (v)] dxdy
R3 JR3 Ix -l

2 +
> B(u?) + B(tU,) +4f f OFue VW) 4 o,
R3 JR3 |x vl

(3.26)

Finally, since u is solution of the following equation
“Au+ A u—y(x 7+ u)u—auf?u=0 inR>

for a A7 >0, we have that

A [ weuowar= [ vadveu s

()Pl )V ) o
J;R3 J;RS lx -] dxd?_“J;RS(”c (x))°(tUg(x))dx.

Now, we define for t > 0, w,; = u} + tU, and w, ,(x \/—wét Ox) with 62 = ”w&f”iz(uﬁ)‘ The proof of

(3.27)

Lemma 3.14 will follow directly from the three lemmas below.

Lemma 3.17. It holds that
Y (c) <sup F(w,,)

t>0

for € > 0 sufficiently small.

Lemma 3.18. There exist a g >0 and 0 <ty < t; < oo such that
1
FWe,) <y (€) + ———
( é,t) 7/ ( ) 6m
for t & [to, 1] and any € € (0, &g].

Lemma 3.19. It holds that )
max F(wét)<y (c)+

te[to,t] 3\/aKGN’

forany € € (0, 9] where g and ty, t; are provided by Lemma 3.18.



18 L. JEANJEAN AND T.T. LE

Proof of Lemma 3.17. By direct calculation we get

(3-28) A(we,t) = A(ws,t)’ C(we,t) = C(we,t)’
and
(3.29) a2 sy = 02w alaoyy B@es) = 0 Blaw, ).

1 -

Since 62 = _“w&t“zz(mi‘)' we have that w, ; € S(c). By Lemma 3.4 there exists s, , > 0 such that (w ;)% € A (c).
c , :

We claim that s, — 0 as t — +co uniformly for ¢ > 0 sufficiently small. Indeed, we have

A((We,)t) = %B((ws,t)s;t) +aC((W,,)%)

or equivalently

Ca— Y p— 5

E, ) -_—— ~’ , ~’ .

(5 t)A(w.st) 4B(we t)+a(sat) C(we t)

This implies that
(3.30) A1) 2 a(sz,) CW@e,p)
In view of (3.23), (3.28), Lemma 3.15(i) and using Ho6lder’s inequality, we have
AW, ) = Alwe,) = Alug ) + 2J Vg (x) - V(tU(x))dx + A(tU)
(3.31) RR?
< A(ul) + 2t[IVud ll2ws) IV Uellp2 (w3 + t2A(Up) = A(ul) + 2] \JA(ud) t +Jt* as e — 0.

In view of (3.25), (3.28) and Lemma 3.15(i), we also have
(3.32) C(W,;) = Clwey) = C(tU,) = t°C(U,) — Lt® as ¢ — 0.
Combining (3.30)-(3.32), we obtain that, for ¢ > 0 sufficiently small

A(ud) +JJAud )+t > a(s; ) Lt°,

which implies the claim. Since w, o = w, o = u and u/ € A™(c) we obtain, see Lemma 3.4, that s_, > 1. Still by
Lemma 3.4, the map f - s, is continuous which implies that there exists ¢, > 0 such that s, = 1. It follows
that w,; € A™(c) and thus

Supp(ws,t) 2 F(we,ts) 2 Vi(c)'
t>0

The lemma is proved. O

Proof of Lemma 3.18. In view of (3.28) and (3.29), we have that

— 1 _ a
F(@es) = 5A(We) = 207 B(we )~ £ Clwe, ).

Hence, by (3.23), (3.25) and (3.26), we get that

F(W,,) < %[A(u:) + 2JIR3 Vit (x) - V(tU, (x)) dx + A(tU,) | - %9*33(@) - % C(u)+C(tU,)

= F(ul)+ %(1 —073)B(ul) + LS Vit (x) - V(tU, (x)) dx + %A(tUg) - gC(tUE)

_ 1 a
< F(uf) + (1= 07)B(u ) + 1V 2w IVUellz sy + 5 12A(U) = 1°C(U) =11,
By Lemma 3.15(i), we see that, uniformly for ¢ > 0 small, I(t) » —oo as t — +co and I(¢t) — F(u/}) as t —» 0 due
to @ — 1. Hence, there exists ¢y > 0 and 0 < t( < t; < oo such that
1

6\/(1KGN

for t ¢ [ty,t;] and € € (0,¢p]. The lemma is proved. O

F(we,) <y*(c)+
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Proof of Lemma 3.19. We assume throughout the proof that t € [tg,¢;]. By using (3.26), we can write,

F(@,) = 5 Awe) - X0 Blwe,) - 5 Clue)

2
(3.33) 1 7y [ leu ()PP us (p)(tUc(p) ] a
$2A(w€,t) 46 (ul)+B(tU,) + 4 e ) eyl dxdy 2 C(we,r)
:Il+127
where
1 )4 (0)IPu (v)(tU: () ] a
I :==A B(tU,) +4 dxdy|-—=C )
= gAY [p) epev s [ MO gy | 2w,
and
2 +
(3.34) L [B )+ B(tU.) +4f f lu “Uf(y))dxdy].
R3 JRR3 |x vl

In view of (3.23), (3.25) and using crucially (3.27), we have

I <

N =

[A( )+2j Vit (x) - V(UL (x ))dx+A(tUg)]

[ () + B(tU,) +4J1R3J1R3 |2|x+ yl(th(y))dxdy]

[C(u;) +C(tU,) + 6[ (u} (x)) (tU,(x))dx + 6[ u;r(x)(tUg(x))de]
IR3

R3

Y

(3.35)

[©)NIRN

:F<u:>+F<tUg>—A:f u?(x)(tU.g(x))dx—af uf (2)(1U, (%)) *dx.
R3 R

3

Now, we shall evaluate I,. By (3.24) and Lemma 3.15(ii), we get that

2 ||w£,t||[%2(m3) 2 + t2 2
0 = — 10 2 | e, (s I

(3.36) ¢

2 2
—14 EJ W ()t (x))dx + = [w(f g(r)dr)g ; O(ez)] —14 EJ Ut (x)(tU, (x))dx + O(e).
[ IR3 [ 0 C 1R3
Note that, by Lemma 3.15(ii) and Lemma 3.16,

(3.37) L U (U () dx ~ IV Ul ey = O(e )

3

=3 around x = 0 is given by (1 +x)*% =1-3x+0(x?), we get, in

Observing that the Taylor expansion of (1 + x)
view of (3.36) and (3.37), that

3
7

Nlm

1-073=1-(0%)" 1+ ZJ u:(x)(tUé.(x))+O(e)]
1R3

“1-fi- f 2+0| =2 [ weuio ot

Concerning the term B(tU,), in view of (2.2) and Lemma 3.15(ii), we have

(3.38)

mlw

10 1

)7 = (ke oe$)) * = 02

12
L5 (R°)

S

12
5

(339 B(U) = £BU) PRI, =K (U
L3 (R3)

Also, using the Hardy—Littlewood—Sobolev inequality (2.1), Lemma 3.16 and Lemma 3.15(ii) we have

u 2 +
(3.40) f f g (O g (9)(U (y”dxdySKzuu:uzn Ul g o < KU g
R3 JR3 L5

|x }U| Ls (R3)
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From (3.39) and (3.40) we deduce that

(3.41) B(u?)+ B(tU,) +4J1RJ1R3 |2|x+ y)l(th(y))d dy = B(u?) + O(e?).

Taking into account, see (3.18), that
cAl = 3—)/B(uc+)
4
we obtain, combining (3.34), (3.37), (3.38) and (3.41), the following evaluation of I,

(3.42) I < —yB(u:)j ul (x)(tUg(x))dx + O(e) = A:j ul (x)(tUg(x))dx + O(e).
C R3 R3

At this point, in view of (3.33), (3.35) and (3.42) we deduce that

F(T,0) < Flud) + FtU) = [ (9(eU, (0 x4 OCc)

(3.43) R?

< F(ul) + F(tU,) - at] f ul (x)(Ug(x))>dx + O(e).
HQ3

In view of Lemma 3.15(i), a direct calculation shows that

max F(tU,)= max [%A(tUg)—ZB(tUg)—%C(tUE)]

i 4
(3.44) te[to, ] te[to,t] | : : . :
< -A(tU,) - =C(tU,)| < -A(tU,)— =C(tU,)| = ———+ O(¢).
-té{}j}i][z (tU.) - £C(tU.)| < max| 54U, - SCeU,)| = 5 =0

In view of (3.43) and (3.44), by Lemma 3.15(ii) and Lemma 3.16, we conclude by observing that
1
-t [ U0~ AU s g =K bole),
O

Proof of Theorem 1.2 in the critical case p = 6 for y~(c). We conclude that ~(c) is reached by combining Lemma 3.7,
Lemma 3.13 and Lemma 3.14. The rest of the proof is identical to the one in the case p € (%, 6). d

3.4. The compactness of any minimizing sequence associated to y*(c) for p € (%, 6]. In this subsection we
give the proof of Theorem 1.5. For short we introduce the following notations,

p 4(0 -2) -2 3
3.45 M=— = kg:=N4, d ky:=kgcy.
(3.43) 20(7 ~ Kon Yok and k=h
Note that
3p-10 1
= N X3 M 203,

Lemma 3.20. Let p e( ,6] and c € (0,cq).
(i) If u € A*(c) then we have

(3.46) Alu) < koc®.
(ii) A*(c)c V(c)and

y*(c)= inf F(u)= inf F(u).
ueA*(c) uev(c)

(iii) If u, is a minimizer for the minimization problem

inf F(u)
ueV(c)

then u, € V(c) and y*(c) is reached.



MULTIPLE NORMALIZED SOLUTIONS FOR A SOBOLEV CRITICAL SCHRODINGER-POISSON-SLATER EQUATION 21

Proof. i) Since u € A*(c),

Using Lemma 2.1(i), we have
922 s () < LB(u) < Lky A,
o-1 4 4

which implies that

y(o - 1)Ky

2
102 ] 3 =N2c3 =kyc? <kocf =ky.

(3.47) Au) < [
Hence, the point (i) holds.
ii) By (3.47), we obtain that A*(c) C V(c) and hence
inf F(u)> inf F(u).

ueA*(c) uem
To prove the point (ii), it is sufficient to show that
(3.48) inf F(u)< inf F(u).

ueA*(c) ueV(c)
Firstly, we claim that A™(c) N V(c) = 0. Indeed, let v € A™(c). Taking into account that
ac(o—1)

A
(v) < P

C(v),

and using Lemma 2.1(ii), we obtain that

ac(o—1)
P

Av) < Kone T[AW)]F = M~ T [A@)]3.

This implies that

4 _ 6p
A(v)>M3>T0¢ 310,

By direct computations, we can check that

Nfch = MTEIOCIW,
which implies that for all 0 < c < ¢y,
PR 4 6-p
(3.49) ki =N723 =M% ¢ P70 < MF 03510 < A(v).

Therefore, the claim holds. Next, let u € S(c). Since the mapping t — A(u') is continuous increasing, there
exists a unique ¢} > 0 such that A(ut}«) =k;. By Lemma 3.4 and (3.47), (3.49), we have
Ay < A(u') < A(us),
which implies that
sh<tl<s,
Since g/, (t) > 0 for all t € (s}, s;,), we get that g/,(t) > 0 for all t € (s}, t1] and hence
(3.50) F(u') =g, (sy) < gu(t) = F(u')  Vte(sy,ti].
Since s} is the unique local minimum point for g, on (0,s;), we have that F(u%) < F(u') for all t € (0,t}].
Therefore, we obtain that
F(u’) = min{F(u")|0 <t < t}} = min{F(u")|t € R, A(u') < ky }.
In particular, if u € Wc) we have

F(usﬁ) =min{F(u')|t e R, A(u') <k} = min{F(u)|u € V(c)} < F(u).
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This implies (3.48) and the point (ii) is proved.
iii) If we assume that u, € dV(c), namely A(u.) = k; and

F(u,) = min{F(u)lu € V(c)} = min{F(u")|t e R, A(u") < k;},
and we have a contradiction with (3.50). Thus, we have u, € V(c). Now, since the minimizer u, lies in the open
(with respect to S(c)) set V(c), we deduce from Lemma 2.2 that u, € A(c). By A~(c)NV(c) =@ and A%(c) = 0, we
conclude that u, € A*(c) and thus y*(c) is reached. O
Lemma 3.21. It holds that
(i) y*(c)<0,VYce(0,cy).
(ii) c€(0,c1) — y*(c) is a continuous mapping.
(iii) Let c € (0,cy), for all & € (0,¢c), we have y*(c) < y*(a)+ y*(c— ) and if y*(a) or y*(c — ) is reached then
the inequality is strict.

Proof. Point (i) follows from Lemma 3.5. To prove (ii), let ¢ € (0,c1) be arbitrary and (c,,) C (0,¢;) be such that
¢, — c¢. From the definition of y*(c,), for any ¢ > 0, there exists u,, € A*(c,) such that

(3.51) Flu,) <y (ca) +&.
By (3.46), we have A(u,,) < koc>. We set p,, := ,ci -u,. Hence, we have y, € S(c) and
n

C C
Aly,) = C—A(un) < C—kocg = kocZc <koc; = k.
n n

This implies that y, € V(c). Taking into account that RN 1, we have
C?’l

(3.52) 77 (c) S F(yn) = F(uy) + 04(1).
Combining (3.51) and (3.52), we get
Y)Yy (en) + e+ 0,(1).
Reversing the argument we obtain similarly that
Y (en) YT (0) +e+0,(1).
Therefore, since ¢ > 0 is arbitrary, we deduce that y*(c,) — ¥*(c). The point (ii) follows.
iii) Note that, fixed a € (0,¢), it is sufficient to prove that the following holds
(3.53) Vo e (12] .+ (0a) < 0y (a)

and that, if y*(a) is reached, the inequality is strict. Indeed, if (3.53) holds then it follows directly that
c- c—a . c

=2+ Syt =y

Cc Cc c—«

-a)+ 2y (Sa) <y -+ 7' (@)
with a strict inequality if y*(a) is reached. To prove that (3.53) holds, note that for any ¢ > 0 sufficiently small,
there exist u € A*(a) such that
(3.54) Fu)<y*(a)+e.
By (3.46), we have A(u) < kga>. Consider now v := VOu, we have

Ivlloms) = Ollullows),  A(w) = 0A(), B(v)=6°B(u), C(v)=6°C(u).
Therefore, we obtain that v € S(6a) and

Av) = 0A(u) < kgba® < ko(0a)® < koc® < k;.

Hence, v € Wa) and we can write

y*(0a) < F(v) = %A(v) - %B(v) - I%C(v) - %QA(u) - %HZB(u) - §G3C(u)

< %QA(u) - %93(@ - gecw) = OF(1) < 0(y* () +¢&).
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Since € > 0 is arbitrary, we have that y*(0a) < 0y " (a). If y*(a) is reached then we can let € = 0 in (3.54) and

thus the strict inequality follows. O
Lemma 3.22. Let (v,) € H'(R3) be such that B(v,) — 0 and A(v,) < ky. Then there exists a b > 0 such that
(3.55) F(vy) 2 bA(v,) + 0,(1).

Proof. Indeed, using B(v,,) — 0 and Lemma 2.1(ii), we have

6-p

1 a 1 a 6-p g
F(Vn) = EA(Vn)_I_)C(Vn)"'On(l) 2 EA(vn)_EKGNC 4 [A(vn)]2 +0n( ) bA(vn)+0n(1)
where
o_ 1 a P g1 1 1
b :__hflnj::p_KGN54 [A(v,)]> 125_EKGNCI4 kl2 5_0_(0__1)
Hence, b > 0 due to ¢ > 2. The lemma is proved. O

Lemma 3.23. For any c € (0,¢y), any minimizing sequence (u,) for F on V(c) is, up to translation, strongly conver-
gent in H'(R®). In addition all minimizers lies in V (c). In particular y™(c) is reached.

Proof. Since (u,) C V(c), it is bounded in H'(IR3). Also, from y*(c) < 0 we deduce from Lemma 3.22 that there
exists a By > 0 and a sequence (y,,) C R? such that

J i |>dx > Bo>0, for some R > 0.
¥nR)

This implies that
uy(x—v,) = u. =0 in H'(R®), forsome u,eH(R?).

Our aim is to prove that w,(x) := u,(x — v,) — tc(x) — 0 in H'(R3). Clearly

||un||iz(1R3) = Jlu(x — yn)”iz(ma) = lluy(x—yn) - uc(x)”iz(ma) + ||uC”i2(1R3) +0,(1) = ”w””iZ(II@) + ||uC”i2(1R3) +0,(1).
Thus, we have
(3.56) ||wn“l%2(1R3) = “”n“zz(ms “”c“Lz ®3) T 0u(1) = ”“c”L2 R+ 0u(1).
By the similar argument,
(3.57) Aw,,) = A(uy,) — A(ue) +0,(1).

More generally, taking into account that any term in F fulfills the splitting properties of Brezis-Lieb (see [16]
for terms A and C; see [54, Lemma 2.2] or [11, Proposition 3.1] for term B), we have

F(u, —u.)+ F(u.) = F(u,)+0,(1),
and by the translational invariance, we obtain
(3.58) F(uy) = F(uy(x = 95)) = F(uty(x = 9) = ic(x)) + F (1) + 0,,(1) = F(wy,) + F(uc) + 0,y (1).
Now, we claim that

(3.59) ||wn||i2 ®3) 0 as n— oo

In order to prove this, let us denote ¢ := ””C”LZ R3) > 0. By (3.56), if we show that ¢ = c then the claim follows.

We assume by contradiction that ¢ < c. In view of (3.56) and (3.57), for n large enough, we have |jw,,||? <c

L2(R3) =
and A(w,,) < A(u,) < k;. Hence, we obtain that w,, € V(||wn||L2 R) ) and F(w,) >y (IlwnIILZ(R3)). Recording that

F(u,) — y*(c), in view of (3.58), we have

Y4 () = Fwy) + Flate) >y (Il )+ Bl
Since the map ¢ — y*(c) is continuous (see Lemma 3.21(ii)
(3.60) yHe)=yT(c-¢

~

and in view of (3.56), we deduce that
+ F(u,).

~
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We also have that u, € V(¢) by the weak limit. This implies that F(u.) > y*(¢). If F(u.) > 7 (¢), then it follows
from (3.60) and Lemma 3.21(iii) that

yHe)>yTc—-e)+y (@) =y (c-¢+d) =y"(c),
which is impossible. Hence, we have F(u.) = y*(¢), namely u, is local minimizer on V(¢). So, we can using
Lemma 3.21(iii) with the strict inequality and we deduce from (3.60) that
yHe) =y (c-0)+F(u) =y (c—&)+yT (@) >y (c—¢c+é) =y (c),

which is impossible. Thus, the claim follows and ||u||? =c.

L2(R3) ~

Let us now show that A(w,,) — 0. This will complete the proof of the lemma. In this aim first observe that
since (w,,) is a bounded sequence in H'(IRY) we have, using Lemma 2.1(i), not only that ||wn||L2 R3) 0 but
also that B(w,;) — 0. Now we remember that

(3.61) F(uy) = F(uc) + F(wy) +0,(1) = 7 (c).

Since u. € V(c) by weak convergence property, we have, by Lemma 3.20(ii), that F(u.) > y*(c). Thus from
(3.61) we deduce, on one hand, that necessarily F(w,) < o(1). On the other hand, since A(w,) < A(u,) < ky,
Lemma 3.22 implies that F(w,,) > bA(w,,) + 0,(1) for some b > 0. Hence, we conclude A(w,) — 0 and thus that
u, — u, € V(c) strongly in H'(IR3). Finally, by Lemma 3.20(iii), we have u, € V(c) and y*(c) is reached. The
lemma is proved. O

3.5. Asymptotic behavior of the Lagrange multipliers.

Lemma 3.24. Let p € ( 6] There exist two constants Ky > 0 and K, > 0 such that for any ¢ € (0,cy), if Af is the
Lagrange parameter assocmted to a solution ul lying at the level y*(c) then we have

ly*(e) < Ky and AF < Kyc?.
Proof. By Lemma 3.20(i), we have

2
A(uf)<N72c3 = [M] 3.

4(0-2)
Hence, we can deduce from Lemma 2.1(i) that

2
3 y(o— 1)KH 3

4(0 -2)
Therefore, we have
o — |92 + _7/(0_1) + o-2 e -1)
(e = Pl = | = A - P52 B < T2 A + BB
o-2[plo 1Ky |* 5 plo-1)yo-1Kf ,
20 4(0 -2) 40 4(0 - 2)
3 2 -1 ZKZ
_ 3o 1)Ky S
320(0 —2)
We deduce from (2.6) that
2(3p = 6)cA; = 2(6 = p)A(u;) + (5p - 12)y B(u)
N PACERST e ~ y(e-1Kf
<2(6 p)[74(0_2) c”+(5p 12))/74(0_2)
This implies that there exists a constant K, > 0 such that A} < K,c?. The lemma is proved. O

Lemma 3.25. Let p € (%,6). There exist two constants Ky > 0 and K, > 0 such that is A_ denotes the Lagrange
parameter associated to a solution u; lying at the level y~(c),

_ 6 _2p-4
[y~ (c)] > Kyc 310 and AZ > Kyc 710,
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Proof. By u; € A=(c), we have

ao(o—1 _
A(ug) ( )C(uc)
p
Using Lemma 2.1(ii), we obtain that
_ ac(o—1 6-p _\19
Aup) < (p JKaneF [Aw)),

which implies that

ne p -2 %
T
(1ec) ao(o —1)Kgy ¢
We have that
-2
_ _ 1., _ alc-1)_, | o-2 ,6 _ _0-2 p 7 _ 6w 6p
= =|-=A —A 3p-10 .= K 3p-10
7@ = IF G ) = |5 Al ) + S )| > T Ale) > 25 [M(O_l)KGN] : ic
We deduce from (2.6) that
1 1
= ——— [2(6-p)A(u; ~12)yB(u;
Ac 62(3p_6)[ (6=p)A(uc)+(5p - 12)yB(u, )]
o=2
1 6-p _._leée-p p TS _pt
P A — 3p-10 .= K¢ 3p-10
“T3p-6 (”“)>c3p—6[ao(o—1)KGN] ¢ 2€
The lemma is proved. O

Lemma 3.26. Let p = 6. There exists a constant Ky > 0 such that if A denote the Lagrange parameter associated to
a solution u; lying at the level y~(c) then we have

1
7/ (C) - 3\/&KGN

Proof. Since F(u) restricted to A(c) is coercive on H!(IR3) (see Lemma 3.1) we have that A(x,) remain bounded.
We deduce from (2.6) and Lemma 2.1(i) that

1
as ¢—0 and A <Kjc2.

=

_ 13 _ 13y — 3
,\C:Z%B(uC)SZTKH Alug)c? :=Kyc

We have that B(u_) — 0 as ¢ — 0 due to B(u;) < KH\/A(u;)c%. Since Q(u;) = 0, we have
Alug) =aC(uc) +oc(1),
where 0.(1) — 0 as ¢ — 0. Passing to the limit as ¢ — 0, up to subsequence we infer that

limA(u;) = lins aC(u;):=€>0.
c—

c—0

Using Lemma 2.1(ii), we have

¢=limaC(u;) < lir% aKon[AuD)]? = aKgn 3.
c—

c—0
Therefore, either { =0 or £ > (aKGN)*%. Using Lemma 3.5(ii), we ensure that £ > (uKGN)*%. Hence, we have

0 gy = 3w +or1) = 30+ a,(1) 2

1
3 - 3WaKgn

YO+ o0ul1) = Flup) = 52

+0.(1),

Alug) =

which implies that

Recording Lemma 3.14, the lemma is proved. O
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3.6. The monotonicity of the map ¢ — y7(c).

Lemma 3.27. When p € (%,6], the function c v y~(c) is strictly decreasing on (0,cy).

Proof. Let 0 < ¢, < c3 < ¢, Since y7(c,) is reached, there exists u € S(c,) such that F(u) = y7(c;). We define
v e S(c3) by v(x) = VOu(6x) where 6 = \/% < 1. By direct calculations we have

p

(3.62) A(w)=A(u), B(w)=07B(u) and C(v)=02"3C(u).

Now observe that, since 6 <1, for all t >0,

(3.63) F') = 224@w) - LiBw) - 207Cw) = 22A(u) - L103B(u) - 21905 3C(u) < F(u')
' 2 4 p 2 4 p '

By (3.46) and (3.49), we have that
Aty <ky < A(v™),
and thus s} <s; due to A(v) = A(u). Hence, we can deduce from (3.63) that
F(v*)< n1a>t<F(ut) =F(u) =y (cy).

Su

This implies that ¥~ (c3) < ¥~ (c2) and hence, the lemma is proved. O
4. THEcASE Y >0,4<0ANDp € (%,6].
Throughout this section, we assume that ¥ >0,a<0and p € (%,6].

Lemma 4.1. F restricted to S(c) is coercive on H'(R®) and bounded from below.

Proof. Let u € S(c). Using Lemma 2.1(i), we obtain

F(u) = %A(u) - %B(u) - %cw) > %A(u) - %KH\/A(M)C% ~2ew)
Since y > 0, a < 0, this concludes the proof. O

In what follows, we collect some basic properties of m(c) defined in (1.3).

Lemma 4.2. It holds that
(i) m(c)<0,VYc>0.
(ii) ¢+ m(c) is a continuous mapping.
(iii) For any ¢y > cq > 0, we have cym(cy) < com(cy). If m(cy) is reached then the inequality is strict.
(iv) For any cp,c1 > 0, we have m(cy + ¢;) < m(cy) + m(cp). If m(cy) or m(c,) is reached then the inequality is
strict.

Proof. i) For any u € S(c), we recall that u' € S(c) and

= = l 2 _Z _E o 4 — _Z _E o-1
gu(t)=F(u") = 2t A(u) 41‘B(u) pt C(u) andalso g,(t)=tA(u) 4B(u) P 97 C(u).

We observe that g, (f) — 0 and g}, (t) — —%B(u) < 0 as t — 0. Therefore, there exists t; > 0 such that F(u0) =
2.(tg) < 0. Thus, we have m(c) < 0.
ii) We assume that ¢, — c¢. From the definition of m(c,), for any € > 0, there exists u,, € S(c,,) such that

(4.1) F(u,) <m(c,)+e.
We set y,, := \/% u,. Taking into account that y, € S(c) and é — 1, we have
(4.2) m(c) < F(y,) = F(u,) +0,(1).
Combining (4.1) and (4.2), we get

m(c) < m(c,)+e+0,(1).
Reversing the argument we obtain similarly that

m(c,) < m(c)+ e+ o0,(1).
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Therefore, since ¢ > 0 is arbitrary, we deduce that m(c,) — m(c). The point (ii) follows.
iii) Let ¢ := ﬁ—f > 1. For any ¢ > 0, there exist u € S(cy) such that

(4.3) F(u) <m(cy)+e.
Let v:=u(t" 3x) Then we have ||v||L2 RY) = t||u||L2 R3) = €2 hence v € S(c,). Moreover, we have

Aw)=t5A(u),  B@)=t3B(u),  C()=tC(u).

Therefore, we have

m(cy) < F(v) = %A(v) _VB)- %C(v) = S5 Au) - %t’i’B(u) - JiCt
< ~tA(u)- LB( )—%tC(u): %A(u)—%B(u)—gC(u)
= tF(u) < t(m(cy) + &) = Zm(c)) + Ze.
€1 1

Since ¢ > 0 is arbitrary, we have cym(c;) < com(cq). If m(cy) is reached then we can let ¢ = 0 in (4.3) and thus
the strict inequality follows.

iv) Assume first that 0 < ¢; < c;,. Then, by (iii), we have that
“+”mwa:mw»+ﬂmw»Smw»+ﬂ%mwn:mwn+wQ>

m(cy +¢p) <
2 2

cc
If m(cy) or m(c;) is reached, then we can use the strict inequality in (iii) and thus the strict inequality follows.
The case 0 < ¢, <¢; can be treated reversing the role of ¢; and c,. O

Lemma 4.3. Let (u,) C S(c) be any minimizing sequence for m(c). Then, there exist a fy > 0 and a sequence (y,,) € R
such that

(4.4) J luy|?dx > By >0, for some R> 0.
(¥nR)
Proof. Since F restricted to S(c) is coercive on H!(IR3) (see Lemma 4.1), the sequence (u,) is bounded. Now,

we assume that (4.4) does not hold. By [37, Lemma I.1], we have, for q € (2,6), ||u,llLs(g3) — 0, as n — co. This
implies that

B(u,) < Killull*, -0,
L5 (R3)

due to (2.2). Hence, we obtain

1 a 1 a
(i) = 5 Alh0) = Btn) = = Clitn) = SAl1) = 2 Clatn) 20,
due to a < 0. This contradicts F(u, ) — m(c) < 0, see Lemma 4.2(i). (]

Lemma 4.4. Any minimizing sequence (u,) C S(c) for m(c) is, up to translation, strongly convergent in H' (IR3).

Proof. Since F restricted to S(c) is coercive on H!(R%) (see Lemma 4.1), the sequence (u,,) is bounded in H' (R3).
We deduce from the weak convergence in H!(IR?), the local compactness in L?(R®) and Lemma 4.3 that

Uy(x—v,) = u. 20 in HY(R?).

Our aim is to prove that w,(x) := u,(x — v,) — u.(x) — 0 in H'(R®). Now, taking into account that F fulfills
the following splitting properties of Brezis-Lieb type (see [16] for terms A and C; see [54, Lemma 2.2] or [11,
Proposition 3.1] for term B),

F(un - uc) + F(uc) = F(un) + On(l)’
and by the translational invariance, we obtain
(4-5) F(un) = F(un(x yn)) F(un(x yn) ( )) +F(uc) + On(l) = F(wn) +F(uc) + On(l)r
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and
||un||iz(1R3) = luy(x - yn)”iz(ma) = lun(x —pu) - uc(x)”iz(ma) + ||uC”i2(1R3) +0,(1) = ”w””iZ(II@) + ||uC”i2(1R3) +0,(1).
Thus, we have
(4.6) ||wn||fz(1R3) = ||Mn||fz(1R3 ||Mc||Lz g3y T on(1) = ||uc||Lz g3+ on(1).
We claim that

(4.7) ||wn||i2 ®3) 0 as n— oo

In order to prove this, let us denote ¢; := ””C“LZ ®) > 0. By (4.6), if we show that ¢; = ¢ then the claim follows.

We assume by contradiction that ¢; <c. Recording that F(u, ) — m(c), in view of (4.5), we have
(€) = F(wy) + Flute) 2 [0 g + Fl).

Since the map ¢ — m(c) is continuous (see Lemma 4.2(ii)) and (4.6), we deduce that
(4.8) m(c) = m(c—cy)+ F(u.).
If F(u.) > m(cy), then it follows from Lemma 4.2(iv) that
m(c)>m(c—cy)+m(cy) = m(c—cy+cy)=m(c),
which is impossible. Hence, we have F(u.) = m(cy), namely u, is global minimizer with respect to c¢;. So, we
can using Lemma 4.2(iv) with the strict inequality and we deduce from (4.8) that
m(c) > m(c—cy)+ F(u,) =m(c—cy)+m(cy)>m(c—cy+cp)=mlc),

which is impossible. Thus, the claim follows and ||uC”12,2(1R3) =c.

At this point, since w,, is a bounded sequence in H!(IR®) and by Lemma 2.1(i), we have

B(w,) <Ky VA(wn)“wn”z2(1R3) — 0.

Thus, we obtain that

> 0.

n—o0 —>00

(4.9) liminf F(w,,) = hmmf[ (wy,) — gC(wn)

On the other hand, since “”f“LZ R3) = € We deduce from (4.5) that

F(un) = F(wn) + F(uc) + On(l) 2 F(wn) + m(c) + On(l)r
and by F(u,) — m(c), we have that
(4.10) limsup F(w,) < 0.

n—o0

Combining (4.9) and (4.10), we obtain that F(w,) — 0. Hence, by (4.9) and by a < 0, we have A(w,,) — 0 and
C(w,) — 0. Thus, we get w,, — 0 in H'(R?). The lemma is completed. O

Proof of Theorem 1.8. The proof follows directly from Lemma 4.4 for the convergence of the minimizing se-
quence and from Lemma 2.2 for the sign of the Lagrange parameter. O

Lemma 4.5. There exist three constants Ky, K, K3 > 0 such that if A, denote the Lagrange parameter associated to a
solution u, lying at the level m(c) then we have

lm(c)| < Kyc®+Kyc?P™3 and A, < Kzc?.

Proof. By the fact that m(c) < 0 and by using Lemma 2.1(i), we get that

1 1
0> m(e) = Flue) = 5 Aluc) - %B(u )—EC(uC) > LA - KH\/ Aug)c? - —c )= SA(u) - ZKH Au,)c?,
due to our assumption y >0 and a < 0. This implies that
K
Aluy) < VRH 3

2
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Therefore, using again Lemma 2.1, we obtain that

m(c)] = [ ()] = | = Alug) - L B(ug) - = Clu

2 4 2
K o 6
< 3 Al + L AGu)e? - SO A5
212
LY K 5 _ aKon )/KH]GCSTGC‘%P = K &3+ Kpc2P3
8 p 2
We deduce from (2.6) that
6-p 1 y(5p—12) 1 6-p 1 y(5p—12)Ky 1 3
= — e ——— < ———— _ Z
=3 )T G5,y (D) S 3T Al T TR E gy ¢ VAl
212
L o-p 1Y Ki 3, v5p—12)Ky 1 YKy 3 5 _ Ksc?.
3p—6¢c 4 23p—-6) ¢ 2
Thus, the lemma is proved. O

5. THE case ¥ <0,a> 0 AND p = 6.

Throughout this section, we assume that ¥ <0, 2> 0 and p = 6. To prove the non-existence of the positive
solution to (1.2), we first recall a Liouville-type result, see [2, Theorem 2.1],

Proposition 5.1. Assume that N > 3 and the nonlinearity f : (0,00) > (0, 00) is continuous and satisfies

1imiéqfs—% f(s)>0.
S5—

Then the differential inequality —Au > f(u) has no positive solution in any exterior domain of RN,

Proof of Theorem 1.9. Let u € H'(IR®) be a non-trivial solution to (1.2). By Lemma 2.2, we have A < 0 and
Q(u) = 0. Hence,

aC(u) = A(u) - %B(u) > A(u)

and using Lemma 2.1(ii), we obtain that

A(u) <aC(u) < aKgn[A(u)].

1
Au) > | Ken’

This implies that

Using again Q(u) = 0 we have that

L YR — Aoty = 2o L 1 1
Flu) = 5 A) = gB() = g Clu) = ZClu) = 3 A() > 3A(0) > gmmss

proving point (i). To prove point (ii), we assume by contradiction that there exists a positive solution u €
H'(R®) to (1.2). Then, by point (i), the associated Lagrange multiplier A is strictly negative. In view of (2.8),
there exists Ry > 0 large enough such that

(x| 71 = |u|2)(x) < —% for |x| > Ry.
Therefore, we get that
_ _ A
~Au(x) = (<A + (Il o ) )+ alu ()l () 2 (<24 p (]« ful?)(x) ) u(x) = =S u(x) - for [x]> Ro.

A
By applying Proposition 5.1 with f(s) = —5 S we obtain a contradiction, and thus point (ii) holds. O
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Remark 5.2. In [48, Theorem 1.2], the author considers the equation
(5.1) —Au—Au—plulTu—|u)* 2u=0 inRY,

with N >3,2<q<2 and p<0. If u € H(RY) is a non-trivial solution to (5.1) then by [48, Theorem 1.2], the
associated Lagrange multiplier A is positive and following the arguments in [48, Proof of Theorem 1.2], one obtains
that

A
—Au > Eu for |x| > Ry,

with Ry > 0 large enough. Hence, by applying Proposition 5.1, we see that (5.1) has no positive solution u € H' (RN)
forall N > 3, improving slightly the conclusions of [48, Theorem 1.2]. Actually, borrowing an observation from [12],
the non-existence results of [48, Theorem 1.2] can be further extended by showing that (5.1) has no non-trivial radial
solutions in H'(RN) when N >3 and g > 2+ % Indeed, if u € HY(RN) is a radial function by [12, Radial Lemma
A.IT], there exist constants C > 0 and R, > 0 such that

lu(x)| < Clx|"T  for x| > Ry.
Setting V (x) = —plu(x)|77% — |u(x)|* =2, we obtain that any radial solution u € H' (RN ) satisfies
(5.2) —Au(x)+ V(x)u(x) = Au(x),

. 2
where, since q > 2 + N

(N-1)(g-2) (N-1)(2*-2)
lim |x||V(x)| sllim —uClx|"—2 e ClxT 2

|x|—c0 X|—00

+1 :O

Then (5.2) has no solution in view of Kato’s result [32, page 404], also see [46 | which states that Schrodinger operator
H = —A + p(x) has no positive eigenvalue with an L*>-eigenfunction if p(x) = o(|x|™1).

Remark 5.3. One may wonder if a non-existence result for radial solutions also holds for (1.2) under the assumptions
of Theorem 1.9. The difficulty one faces is that, for any u € HY(RN), (|x|™! = |u|?)(x) > C|x|™! for |x| > R for some
C,R> 0 (see [9] or [39, Appendix A.4]). Thus, the result of Kato used in Remark 5.2 cannot be directly applied and
the non-existence of radial solutions to (1.2) when y <0, a> 0 and p = 6 is an open problem.

Acknowledgments: The authors thank S. Cingolani for providing to us the statement and proof of Lemma 3.2
and Colette De Coster for pointing to us [51, Theorem 3.27].
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