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Abstract

We develop a new method, based on the Tomas-Stein inequality, to establish non-homogeneous
Gagliardo-Nirenberg-type inequalities in R". Then we use these inequalities to study standing
waves minimizing the energy when the L?—norm (the mass) is kept fixed for a fourth-order
Schrodinger equation with mixed dispersion. We prove optimal results on the existence of
minimizers in the mass-subcritical and mass-critical cases. In the mass-supercritical case
global minimizers do not exist. However, if the Laplacian and the bi-Laplacian in the equation
have the same sign, we are able to show the existence of local minimizers. The existence of
those local minimizers is significantly more difficult than the study of global minimizers in
the mass-subcritical and mass-critical cases. They are global in time solutions with small
H?—norm that do not scatter. Such special solutions do not exist if the Laplacian and the
bi-Laplacian have opposite sign. If the mass does not exceed some threshold py € (0, +00),
our results on "best” local minimizers are optimal.
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1 Introduction
We consider the biharmonic non-linear Schrodinger equation with mixed dispersion
(BNLS) 10 + aA%) + LAY + [p|*7h =0 in R xRV,

where a,0 > 0 and 5,7 € R, v # 0. This equation has been introduced by Karpman and
Shagalov in [12] and [13] to take into account the role of small fourth-order dispersion terms
in the propagation of intense laser beams in a bulk medium with Kerr non-linearity; see also
[10]. Tt has also been used to describe the motion of a vortex filament in an incompressible
fluid ([11]). The equation received considerable attention since then.

By simple scaling it is possible to get rid of the parameters «, 3,~. Indeed, if 5 # 0, taking
U(t,x) = arp (£,%) where a = a*i\6/2|5|’y|’2~%, b=az|3/2]"2, and ¢ = 4a|B]72, we see
that 1 solves the above equation if and only if ¥ solves (after dropping ” ~”)

(1.1) ihy + A%p + 2eAqp + O)ap|*Tep = 0 in R x RY,

where € = sgn(f) € {—1,0,1} and ¥ = sgn(y) € {—1,1}. By analogy to the usual non-linear
Schrodinger equation, the case v > 0 (or ¥ = 1) is called defocusing, and the case v < 0 (or
¥ = —1) is called focusing.

Equations (BNLS) and (1.1) are Hamiltonian. Two important quantities are conserved by
the flow associated to (1.1): the "mass” [|1(¢,-)||32, and the ”energy”
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The natural ”energy space” associated to (1.1) is H?(RY). Equation (1.1) is mass-critical for

o= %, and energy-critical when N > 5 and 0 = ﬁ (this corresponds to 2042 = 2**, where
2" = 2 is the Sobolev exponent satisfying ||ul| 2+ < C||Aul|z for any u € H*(RY)).

Equation (1.1) admits an important class of special solutions, the standing waves. These
are solutions of the form ¥ (t,r) = e~ *!u(x), where w € R and u is a complex-valued function.
They appear as a balance between non-linearity and dispersion and are supposed to play an
important role in the dynamics. The standing wave profile u satisfies the equation

(1.2) A2u A 2eAu 4 wu + Iu|* u =0 in RV,

Solutions of (1.2) are critical points of the action
v
13) A= / |Auf? — 26| Vul* + wlul® + ——=[$[*7** do = E(u) + wl|ul|Z..
RN ag + 1

Taking into account the Hamiltonian structure of (1.1), it is natural to search for standing
waves as minimizers (or local minimizers) of the energy when the L?—norm is kept fixed. By
a standard application of the approach laid down by T. Cazenave and P.-L. Lions [9], the
set of solutions obtained in this way is orbitally stable (see Proposition 4.12). Studying the
behaviour of the energy with respect to the mass and to the scaling gives an insight into
possible blow-up scenarios. We refer to [6] and [3] for blow-up results.

In the case ¢ = —1, the existence of standing waves has been investigated in several papers
(see [2], [3], [4], [5]) by using various methods, including minimisation of the energy at fixed
mass (see Theorem 1.1 p. 3050 in [4]). Some qualitative properties of these solutions as well
as the orbital stability of the set of minimizers have also been established.

In the case e = —1, it has been observed in [5], Theorem 1.1 and in [4], Theorem 1.2 that it
is possible to minimize [y [Au|? —2|Vu|? +wlu|? dz under the constraint [p v [u|*? T2 dz = 1
provided that w > 1. Although this approach gives the existence of standing waves, it is not
completely satisfactory because the considered quantities are not conserved by the flow of
(1.1), and consequently it does not give much information about the dynamics of (1.1).

The case € = 1 (corresponding to 5 > 0 in (BNLS)) is more difficult and, as far as we
know, there are no satisfactory results in the literature concerning the minimisation of the
energy at fixed L?—norm. Our aim is to clarify this situation in the focusing case (¥ = —1 in
(1.1) or v < 0 in (BNLS)). In the sequel we will always assume that € = 1, although most of
our results are still valid if e = 0 or if ¢ = —1. Rewriting our proofs with e = —1 would give
alternate proofs of some results in [2], [3], [4], [5]-

To be more precise, we focus our attention on the minimisation problem

1
minimize F(u) := / |Aul|? do — 2/ |Vu)? da — |u|2 2 dz
RN RN N
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(Prm)
in the set S(m) := {uEHQ(RN) ‘ / |u|2dxm}.
RN
We denote
(1.4) Epin(m) = inf{E(u) | u € S(m)}.

The basic properties of the function E,,;, are given in Proposition 3.1. In particular, we
show that F,;,(m) is finite for any m > 0 if No < 4, and Fyi,(m) = —oo for any m > 0 if
No > 4 (of course, this is related to the fact that (1.1) is mass-critical for 0 = +). If No = 4,

there exists some k. > 0 such that F,,;,(m) is finite for m € (0, k) and E,;,(m) = —o0
if £k > k.. A simple scaling argument shows that we have always E,,;,(m) < —m. If
Epnin(m) = —m, the minimisation problem (P,,) does not have solutions, and all minimizing

sequences converge weakly to zero. If E,;,(m) < —m, it is shown in Theorem 3.4 that
there exist minimizers for (P,,) and that all minimizing sequences are pre-compact (after



translation), which gives the orbital stability of the set of minimizers by the flow associated
o (1.1). If 0 < 0 < ., there exists mg > 0 such that Ey,;,(m) = —m for m € (0,mo] and
Ein(m) < —m for m > mg. It is an important question whether mg = 0 or mg > 0. Notice
that the presence of standing waves prevents scattering for (1.1). Therefore, if mg = 0 we
cannot expect a scattering theory for solutions of (1.1) having small L?—norm.
It is easily seen that for any v € H?(RY) with [Ju[?. = m we have

llull 3553
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(1.5)
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[|wl| 20+
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Let M = sup{Q(u) | u € H*(RN),u # 0}. If M is finite, it follows from (1.5) that E(u) +
|ul[2, > 0 for any u satisfying ||ul|2, = m provided that m is small enough, so that 1 —
Um—flM 2042 > 0. This shows that E,,;,(m) = —m for sufficiently small m, and consequently
(Pm) does not admit minimizers for small m. If M = oo, then for any m > 0 we may find

u € H*(RMN), u # 0 such that 1 — ;”—_;Q(u)%*z < 0. Then taking v = %u we see that

[vllzz = m, Q(v) = Q(u), and (1.5) gives E(v) + |[v||2, < 0, which implies E;,,(m) < —m.
Notice that M is finite if and only if the Gagliardo-Nirenberg-type inequality

o 1
[ullL2o+2 < Cllull 72" [[Au + ul| 72"

holds true for all uw € H?(RY). Obviously, M is the best possible constant in this inequality.
We will study slightly more general inequalities, namely we will investigate whether there
exists C' > 0 such that

lullr < Cllullfa |l |DFu = ullpz™  for all u € H*(RY),

where p € (2,00), k € (0,1) and |D|® is the Fourier integral operator given by |D|*u =
F~1(]-|*F(u)). This leads us to study the boundedness of the quotient

[l e
Qr(u) = - —.
lull= 1l (1D]* = 1) ull 72

when u € H*(R™) \ {0}. We obtain the following result.

Theorem 1.1 Let N € N*, p € (2,00), & € (0,1), and s > 0. Then Q, is bounded on
H*(RN)\ {0} if and only if

1 N/1 1 N+1/1 1
1.6 > and ~(s--)<1-n<E2—(Z2-2).
(16) mZgo o s<2 p> ST (2 p>

To prove Theorem 1.1 we are led to develop an original approach, based on the Hausdorff-
Young inequality in space dimension N = 1, and on the Tomas-Stein inequality in higher
dimensions. This method is not limited to the study of Q. here above. It is much more
general and can be used to prove non-homogeneous Gagliardo-Nirenberg inequalities of the
form

lulle < ClIPL(D)ullZ: | Po(D)ull 12",

where P (D) and P,(D) are Fourier integral operators defined by P;(D)(u) = F ! (P;(-)F (u)) .
See Remark 2.8. Some quantitative variants are also available: see Remark 2.9.

Using Theorem 1.1 with s = 2, p = 20 + 2, and £ = 57 we infer that the quotient Q

in (1.5) is bounded on H?(RN)\ {0} if and only if max (1, Niﬂ) < 0 < + (see Proposition
3.3).



As a matter of fact, our method works in the simpler case when e = —1in (1.2). Proceeding
as in (1.5) we write

el 22 o
E(u) = ([|Au]Z2 + 2| Vu?2) (1 — o T QW)

where
[|u|| 20+

o _ _1
lull 73" (1Au]Z2 + 2 Vull72) 7

Qu) =

and we need to study the boundedness of the quotient Q to decide whether E,,;,(m) < 0 for
all m > 0 or Epn(m) = 0 for small m. In this way it is possible to give an alternate (and
shorter) proof of Theorem 1.1 p. 5030 in [4].

Having at hand Theorem 1.1, we establish the existence of solutions to the problem (P,,)
under optimal assumptions. We use some ideas in [18], [19] and [20], but all our proofs are
self-contained. The next Theorem summarizes our main results on the existence of minimizers
for (Py,). It covers all possible situations.

Theorem 1.2 Let N € N*. Let Epipn be as in (1.4). The following assertions hold true.

(i) If 0 < 0 < max (1, ﬁ) and o0 < % we have —00 < Epin(m) < —m for all m > 0.

(#) If max (17 ﬁ) <0 < +, there exists mg > 0 (given by (3.16)) such that Ep;,(m) =

—m for all m € (0,mp] and —o0 < Epin(m) < —m for any m > mg.

(iti) If 0 = &, let mg = 0 if 0 < 1 and let my be as in (3.16) if o > 1. Let k, be as
in Proposition 8.1 (vi). Then we have my < k. and En(m) = —m for all m € (0,mq],
—00 < Enmin(m) < —m for m € (mg, ki) and Epin(m) = —oo for m > k.

(iv) If ¢ > 4 we have Epn(m) = —oo for all m > 0.

Problem (Py,) admits solutions whenever —oo < Epn(m) < —m; moreover, any minimiz-
ing sequence for (Pyn,) has a subsequence that converges strongly in H*(RY) modulo transla-
tions. Minimizers of (Py,) solve (1.2) for some w > 1.

Problem (Py,) does not admit minimizers if mg > 0 and m € (0,mq).

If e =1 and ¢ = —1, as we assume throughout this paper, writing w = 1 4 ¢ equation
(1.2) becomes

(1.7) Au 4 2Au + (1 +c)u — [u**u=0 in RV,

As already mentioned, solutions of (1.7) are critical points of the action functional

1
Se(u) = /RN |Au? = 2|Vul? 4+ (1 4 ¢)|u|® — m|w|20+2 da

(1.8)
1
= B(u) + (U e)lulfs = Tow) — g [ e,

where Te.(u) := / |Aul? — 2|Vul? + (1 + ¢)|u|*dz. A classical approach to find solutions
RN

for (1.7) is to show that t(c) := inf{T,(u) | w € H*(RY), [gv [u[**T?dz = 1} is achieved.
In Theorem 3.6 we prove that minimizers for ¢(c¢) exist for any ¢ > 0 and any o € (0, 00)
if N < 4, respectively any o € (0, ﬁ) if N > 5. Moreover, if w is a minimizer for ¢(c)
then v := #(c)2vu solves (1.7) and for any other solution w € H2(RY) of (1.7) we have
Sc(v) < Se(w) (see Proposition 3.8); we say that v is a minimum action solution of (1.7).
Therefore equation (1.7) admits minimum action solutions for any energy-subcritical o and
for any ¢ > 0. The next result shows that minimizers given by Theorem 1.2 are minimum
action solutions for (1.7):



Theorem 1.3 Assume that 0 < o < %. Let u be a minimizer for problem (P,,), as given by
Theorem 1.2. The following properties hold true:

(i) There exists some ¢ = c(u) > 0 such that u is a minimum action solution for (1.7).
Furthermore, any minimum action solution of (1.7) with ¢ = c(u) is also a minimizer for

(Prm)-
(i) If m1 < ma, the function uy solves (Pm,) and uz solves (Pm,), then c(u1) < c(uz).

(iii) If 0 < 0 < 4, we have c(u) — 00 as m — cc.

(v) If 0 < 0 < max (1,%“) and 0 < 7 we have c(u) — 0 as m — 0. If uyy, is any

solution of the minimisation problem (Pp,), denote v, = “ﬁ = [af—>, 50 that ||vm|| L2 = 1.
mil

Then we have
|Avmllzz — 1, [Vomlz — 1, A+ Domlle — 0 asm—s0,
and ||vm|lr — 0 for any p € (2,00) if N > 4, respectively for any p € (2,2**) if N > 5.

It is proven in Proposition 3.7 that ¢(¢) < C/c as ¢ — 0 and Corollary 3.15 below shows

No .
that for any energy-subcritical o > 0, we have t(c) ~ ¢! 7@+ as ¢ —» 0o. The behaviour

of minimum energy solutions of (1.7) (and, in particular, the behaviour of minimizers for the
problem (P,,) as m —> oo in the case 0 < 0 < +) is described in Proposition 3.14 and
Corollary 3.15: after rescaling and translation, they converge to minimizers of the functional

K(u) := g~ |Aul? + |u|? dz under the constraint [g [u[***?de = 1.

Throughout this article, H*(R") = H*(R",C) denotes the standard Sobolev space of
complex-valued functions and all minimization problems that we consider are for complex-
valued functions. Theorem 1.1 is valid for complex-valued functions, too. Exactly the same
statement holds if we restrict ourselves to real-valued functions. It turns out that all mini-
mizers of the problem (P,,) above are of the form e*®i(z), where @ is a real-valued function.

Let us stress that we state and prove Theorems 1.2 and 1.3 for pure power nonlinearities
only for simplicity. One can replace the term %_H Jr~ [ul?t?dx in the expression of E(u)
by fRN F(u)dxz. Under appropriate assumptions on F, similar results can be obtained with
minor changes in the proofs. In order to avoid technicalities and to keep this paper reasonably
long, we have chosen not to pursue in this direction.

In the case o > % we have E,,;,(m) = —oo for any m > 0 and the minimization problem
(Pr) does not make sense. In this case we investigate the existence of local minimizers of
E when the L?—norm is kept fixed. By local minimizer we mean a function u € H?(RY)
such that there exists an open set # C H?(R"Y) having the property that u € U and E(u) =
inf{E(v) | v el and ||v| 2 = ||ul|r2}-

We find an open set O C H?(RY) (described in (4.4)) such that any possible local min-
imizer of E at fixed L?—norm must belong to O. The set O U {0} is star-shaped and is an
open neighbourhood of the origin in H2(R”), and O is unbounded in H2(R"). We denote

Epin(m) = inf{E(u) | u € O and ||Ju||%: = m}.

The problem of finding minimizers for E,,;,(m) (which are "best possible” local minimizers
of E when the L?—norm is fixed) in the mass-supercritical case o > % is much harder than
finding global minimizers for E,,;, in the subcritical and critical cases. To the best of our
knowledge this problem has not been addressed in the literature. Understanding the behaviour
of E with respect to the L2—norm is also an important step in understanding the dynamics

associated to (1.1). Our main results in the case o > + are given below.

Theorem 1.4 Suppose that o > % and o < oo if N < 4, respectively o < ﬁ if N > 5.
The following assertions are true.

(i) Assume that N > 5 and 5 < 0 < 1. Then we have Epin(m) < —m for any m > 0.



(ii) If + < o and o > 1, there exists mg > 0 such that Erin(m) = —m for any m € (0, mg)
and the infimum Emm(m) is not achieved for any m € (0,myg).
(i) Assume that 0 < m < po, where g is given by (4.6), and Emm(m) < —m. Then

E,in(m) is achieved and any minimizing sequence for Ep;,(m) has a subsequence that con-
verges strongly in H*>(R™) modulo translations.

(i) Any minimizer for Epi,(m) solves (1.8) for some ¢ = c(u) satisfying

(No —2)2 8(No —2)
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Moreover, if N > 5 and + < 0 < 1 we have c(u) — 0 as m — 0.

Any solution u of (1.7) provided by Theorem 1.4 must satisfy (4.9), and consequently
there is some explicit constant C' > 0 such that ||u|g2 < C|lu||L2. Therefore if N > 5 and
% < 0 < 1 equation (1.1) admits standing waves with small H%2—norm and this rules out a
scattering theory for small solutions of (1.1). It is an open question whether small solutions
of (1.1) scatter or not in the remaining cases.

In the case o > %, the least energy solutions of (1.7) given by Proposition 3.8 have small
L?—norm as ¢ — oo, but they have large H2—norm and do not belong to the set O (see
Remark 4.11 and Corollary 3.15). Thus we have two types of interesting standing waves
with small L?—norm: the minimum action solutions for ¢ — oo, and the local minimizers
provided by Theorem 1.4.

Let us compare our results to similar results in the cases ¢ = —1 and € = 0. Let us consider
the problem (P,,) with E replaced by

1
(1.9) E(u) = / |Au|? dz — 26/ \Vu|? de — —— |27 +2 da.
RY RN oc+1 RN

We define F,,;,, as in (1.4). Then Theorem 1.1 p. 5030 in [4] and Theorem 1.2 p. 2170 in [2]
give the following result:
Theorem. ([4, 2]) Assume that e = —1. Then:

(i) If 0 < 0 < %, we have —00 < Epin(m) < 0 for any m > 0.

(i) If % <o< %, there exists me. > 0, depending on o and N, such that E,;,(m) =0
for any m < me, and —oco0 < Ein(m) <0 for any m > me,.

(iti) If o = %, there exists me, > 0 such that En(m) = 0 for any m < me,. and
Ein(m) = —o0 for m > mep, and Enin(m) is never achieved.

(iv) If o > % we have E i (m) = —oco for all m > 0.

The problem (Py,) admits solutions whenever —oo < En(m) < 0. Moreover, all mini-
mizing sequences have subsequences that converge strongly in H*>(R™) (modulo translations).

Quite remarkably, Proposition 2.8 (ii) p. 5038 in [4] shows that for o € (%, %) and for m =
Mer, problem (P, ) admits solutions despite the fact that there exist minimizing sequences
that do not have any convergent subsequence (modulo translations). In fact, proceeding as
in (1.5) it is easily seen that in this case one has

oc+1 HU”%;% 2/ N
L o= | ue H*RY)\ {0}
me, { 73 (1AullZ: +2[Vul7.)

and that u is a minimizer for (P,,,,) if and only if |lu[|2, = m., and u is an optimal function

cr

for the non-homogeneous Gagliardo-Nirenberg inequality

_o _1
[Vl p2ave < Clloll7E" (1A0[72 + 2 VolZ) 72 .



We stress that local minimizers of the energy at fixed mass are specific to the case € = 1.
Such solutions do not exist if € < 0, see Remark 4.2. If e = —1 it is shown in [2], Theorem 1.3
p. 2171 that one can minimize E in the set {u € H*(R") | |[u[?. = m and P;(u) = 0} for
some values of m > 0, where P; is a Pohozaev-type functional given in (3.38). The minimizers
found in [2] are minimum action solutions of (1.2), but are not minimizers of E at fixed L?—
norm. They correspond to solutions given by Theorem 3.6 and Proposition 3.8 below. The
instability by blow-up of such minimum action solutions has been proven in [3], Theorem 1.1
provided that they are radial and % <o<4(and o < ﬁ if n > 5), and that instability
result is an indication that those solutions cannot be local minimizers of the energy at fixed
L?—norm.

The case € = 0 is much simpler. Proceeding as in (1.5) we find

o 2042 o
110)  E(w) = faufs (1= DBl Ny e () T g e
o+ 1 Tl | Auls Py

for any u € H*(R"Y) such that [|ul|?2. = m, where Qy(u) = lullpzorz A gimple

llull 2 ULHHAUHLZ o1
scaling argument shows that the quotient Qq is unbounded on H*(RN)\ {0} if o # 4. With
the above notation we get:

(i) —00 < Epin(m) <0 for any m > 0if 0 <o < +.

(ii) Ifo = %, there exists me, > 0 such that F,,;,(m) = 0 for any m < me, and Epn(m) =
—oo for m > me,. Epin(me.) is achieved by some optimal function for the Sobolev-
Gagliardo-Nirenberg inequality (3.3), and E,,;,(m) is never achieved if m # me,..

(ili) Emin(m) = —c0if o > +.

Assertions (i) and (iii) are proven exactly as statements (v) and (i), respectively, in Proposition
3.1 below, and (ii) follows from (1.10). The existence of minimizers for any m > 0 in case (i)
is standard (one may use a simplified version of the proof of Theorem 3.4).

If ¢ < 0, equation (1.2) has infinitely many solutions that can be obtained by using
topological methods (see, e.g., Theorem 1.4 p. 2172 in [2]). This is presumably true for e = 1,

too. In this paper we focus on standing waves that minimize the energy at fixed mass, which
are the most important for the dynamical study of (1.1).

Let us mention that the Cauchy problem for (1.1) has been considered in several articles;
see [22] and references therein. In the energy-subcritical case (that is, N < 4 and o € (0, 00),
or N >5and 0 < 0 < ), B. Pausader proved local existence in H*(R") as well as the
conservation of mass and energy in all cases (see Proposition 4.1 p. 204 in [22]).

In the defocusing case (¢ = 1) B. Pausader also proved global existence for any € €
{-=1,0,1} and all initial data (Corollary 4.1 (a) p. 205 in [22]), and scattering provided that
e € {-1,0}, N > 5 and % <o < ﬁ. In low dimensions 1 < N < 4, scattering has been
proved in [23] (see Theorem 1.1 p. 2177 in [23]) provided that ¢ € {—1,0} and o > +. The

latter condition can be weakened to o > % if € = —1; this is due to the fact that Strichartz
estimates are better for e = —1.
In the focusing case (9 = —1), global existence holds provided that ¢ is energy-subcritical

and the initial data is sufficiently small in H*(R"), or o < % and the initial data is arbitrary,
or 0 = + and the initial data is sufficiently small in L?*(R") (Corollary 4.1 (b)-(d) p. 205
in [22]). Global existence in the energy-critical case N > 5 and o = " in also shown for
any radial initial data (Theorem 1.1 p. 198 in [22]) and for non-radial but small initial data,
as well as scattering for radial data if € € {—1,0}. Notice that in the case e =1, N > 5 and
% < 0 < 1, Theorem 1.4 above and the estimate (4.9) below imply the existence of standing

waves with small H2—norm, and these solutions do not scatter.

This paper is organized as follows. In the next section we develop a method to deal
with non-homogeneous Gagliardo-Nirenberg inequalities and we prove Theorem 1.1. We sep-
arate the cases N = 1 (when a simple argument based on the Hausdorff-Young inequality
is sufficient, see Theorem 2.3) and N > 2 (when a more involved argument relying on the
Tomas-Stein inequality is needed, see Theorem 2.6). Examples 2.4 and 2.7 show that the



results we obtain are optimal for the operator |D|* — 1. Extensions to more general operators
are indicated in Remarks 2.8 and 2.9.

In Section 3 we consider the problem (P,,) and we prove Theorems 1.2 and 1.3. Statements
(i)-(iv) in Theorem 1.2 follow from Propositions 3.1 and 3.3. The existence of minimizers and
the pre-compactness of minimizing sequences are given by Theorem 3.4. Theorem 1.3 (i)-(iii)
follows from Propositions 3.5 and 3.9 (see also Remark 3.2 and Proposition 3.3), and Theorem
1.3 (iv) is Corollary 3.12. Some asymptotic properties of minimum action solutions as ¢ — 0
and as ¢ — oo are given in Propositions 3.11 and 3.14, respectively, and in Corollary 3.15.

In Section 4 we consider the more delicate problem of minimizing the energy at fixed
L?—norm in the set O when o > 4+ and we prove Theorem 1.4. Statement (i) and the first
part of (ii) in Theorem 1.4 follow from Lemma 4.4, and the second assertion in (ii) follows
from Remark 4.9. Part (iii) is Theorem 4.8. For (iv), see Remark 4.10.

2 A class of non-homogeneous Gagliardo-Nirenberg in-
equalities

Let (X, A, ) be an arbitrary measure space and let f be a complex-valued measurable function
on X. We say that f 2 0 if the set {x € X | f(z) # 0} has positive measure. Obviously, if
[ #0 then [ |f|*du > 0 for any a > 0. If fi, f» are measurable and f1 fo # 0, then f; # 0
and fo #Z 0. We use the convention ﬁgig =0if fi(z) = fa(z) = 0.

The following elementary lemma will be very useful in the sequel.

Lemma 2.1 Let (X, A, n) be an arbitrary measure space, let q € [1,2) and k € (0,1). Con-
sider three measurable functions w,wy, we : X — C such that wwy Z 0, wwy Z0 and w =0
on the set {x € X | wi(x) =0 and wy(zx) = 0}. Let

PWI L
M; = sup |l s e
lpw |52 - [lpw2|| 12

¢ is measurable, pw; € L*(X), d
pw; Z0 fori=1,2 > an

2q .
L2-a

Then My < (1 — n)%lkf%Mg. Moreover, if (X, A, n) is o—finite or if there exists t, > 0
_1 q - .
such that w (wi + t.|ws|?) * € L%q(X), then My = (1 — H)TIH*§M2,

w

S L
(wf + tlwa|?)*

My = sup t%
t>0

%
(u1%+t|u12|2) 2

. We infer that if My < oo,

>

Remark 2.2
2q
L2-4(X)
w >t 3

(i) Let A4; = {z € X | wi(z) = 0} for i = 1,2. We have ]
‘ 2¢  ,and Hi; 2 2 2q
L2=4d (As) (w3+tw]2)2 1L2=4 (X) L2=a(Ay)

then necessarily w = 0 a.e. on A; U Az (here we use the assumption that w = 0 on 4; N As
and the convention 3 = 0).

w
[wi]

[we]

(ii) For any fixed a,b > 0, the function g(t) = Z:t'; = m achieves its maxi-
_ (1—kK)a

mum on (0,00) at ez = 2 and g(tmaz) = (1 — £)'""a""b""'. Hence for any

x € X such that wy(z)ws(x) # 0 we have max [tl_Tm(|w1(x)|2 +t|w2(x)|2)_§] = k2(1 —

K) = |wy ()] " |wa(x)|" . We have thus a sufficient condition for the finiteness of Mo, namely
2
M, < oo if w=0 a.e. on the set A; U Ay and w|w;|~"%|we|"~1 € quq(X).
_1
(iii) Assume that there is t, > 0 such that w (Jwi]? + t.|ws]?) 2 € L’fqu(X). We have

t 2+ twel? t
(2.1) min (1, t*> < W < max <1, t*) whenever (wy,ws) # (0,0).



29q

Since w = 0 if (wy,w2) = (0,0), we infer that w (|w; [? —|—t|w2|2)_% € L2-4(X) for any t > 0.
Now let

1-r 2g 29
t7z w

e
(wi + thwe*)?

F(t) =

“o w(a) =
29 = q

Lema o Ixe (v Hws (0) 2 + 5 wa(x)[2) 279

Clearly, M, is finite if and only if F' is bounded from above. For any z € X, the mapping

jw(z)| =7

(= wy (2)[2 + 7wz (2)|2) 777

is continuous on (0,00). Then the estimates (2.1) and the dominated convergence theorem
imply that F' is continuous on (a,b) for any 0 < a < t, < b, hence F' is continuous on (0, co).
In order to show that M is finite, we only have to prove that F' is bounded in a neighbourhood
of zero and in a neighbourhood of infinity.

(iv) If (X, A, u) is o—finite and M; < oo, the second part of Lemma 2.1 implies that we

must have w(|w;|? 4 tjw,|?)~2 € L%(X) for all ¢ > 0.

Proof of Lemma 2.1. First notice that for any given A, B > 0, the function f(t) = At*~!1+
Bt"* achieves its minimum on (0, 00) at i, = (1;]';)‘4 and f(tmin) = (1 — k)" FARBI=F,
Let ¢ be a measurable function such that pw; € L?(X) and pw; # 0 for i = 1, 2. Using

. . . 1—k)||pw1 2
the previous observation with A = |[pw: |32, B = |ws||3. and tpm = #
L2

we get

2(1— _ _
lpwn]|25 - pwa 38~ = (1 — &) k" (trtlowi |22 + i lows32)

(2:2) = (L= r) = wm s [ 1o (Jwi? + tminlwe]?) dp

= (1= k)R85 |0 (Jwn 2 + tamin wa]?) ? ||

Holder’s inequality implies that for any two measurable functions f, g defined on X there holds

(2.3) Ifglle < I fllz2llgll 2o .
L2-q
1 _1
Using (2.3) with f = ¢ (Jw1]? + tmin|w2|?)? and g = w (|w1]?* 4 tmin|w2|?) ? we obtain
1 _1
@4)  lwle < g (1 + i) - o (n P+ oiahionf?) 7H
From (2.2) and (2.4) we get
lowllzs L 2 o\ —1
PR e G D P
L L

<(1- H)NT?IKZi%MQ.

Since the above chain of inequalities holds for any measurable function ¢ such that pw; €
L?(X) and gw; # 0 for i = 1, 2, taking the supremum we get M; < (1 — m)%/ﬁ_gMg.

/

N

Next, assume that there is t, > 0 such that w (Jw;|? + t.|ws|?) 2 € L>% (X). By Remark
2.2 (iii) we have w (Jwi|? + t{w2|?) 2 € L%(X) for any ¢ > 0.

If a measurable function ¢ satisfies pw; € L*(X) and pw; # 0 for i = 1, 2, it is obvious
that (2.2) holds if we replace t,,;, by any ¢ > 0 and the first =" by ”<.” In other words, we

have
1-r Kk k—1 1
lpwillze - lpwall 2" < (1= k)= 6577 [l (Jwi|* + tlwaf*)* 2 for any £ >0
and consequently

] lpwlle for all £ > 0.

w5 - lowa 2 o (w1 |2 + tlwa[2)? || .

(2.5)



For any z € C we denote sgn(z) = 0 if z = 0 and sgn(z) = mif 2z # 0. Let ¢ =
- q 1
sgn(w)|w|77 (Jwy|* 4 tjwz|*) *7 . Then Yw; # 0 because ww; # 0, and
2q_ — 4 1, 2q .

[wi * < w277 (Jwr” + thwol?) 57, [waf® < Slw|? (jwn]? + #un[?)

hence Yw; € L?(X) for i = 1,2. Tt is easily seen that
2 2\~3 (|75%
Il =[lw (o + thoal®) ™ |75,

and . 19
e e P A (P T D el e

Using (2.5) with ¢ = 1, we discover

waHLq k=1l _n 1l-k 2 o\ —1
. > > — pl )
(2.6) M > TR >(1—k)7 w72t 2 ||w(Jwi] + t|ws]?) HLQz‘_qq

Since (2.6) holds for any ¢ > 0 we infer that M; > (1 — m)%ln_%Mg.

Finally assume that (X, A, ) is c—finite. Consider a collection of sets (X,,)n>1 C A such
that u(X,) < oo, X, C Xp4q for all n and Up>1 X, = X. Fix ¢ > 0 and denote A, =

{x € X | [w(@)(wi (z)]? + thos(2)2)~%] < n} AX,. Then A, C Api, p(An) < p(Xn) < 00
_ q __1
for any n and U,>14, = X. Let ¢, = sgn(w)lw|77 (Jwi|* + tjws|?) *71,4,. For all n

sufficiently large we have ww;14, # 0, and consequently i, w; # 0.
As above we see that

9
nwn|? < [w] =7 (Ju | + thws|?) TF7 1a, <n¥ela,  and

n

—_

1 2q e "
nwal” < g|w|2_“q (lwr? + thwa|?) 777 14, < {n?—qq]lAn,

hence ¢, w; € L?(X). Proceeding as in the proof of (2.6) with 1, instead of ¢ we get

K— A —K _1
M; > (1- H)Tlm_ftlT |w (Jwi]® + tlwa]?) 2 || for all n sufficiently large.

2q
L= (Ay)
Then letting n — oo and using the monotone convergence theorem we find

_1
[
2q .
L2-a

My > (1- ﬁ)%m_%t%uwl (1 + t|w2|2)

Since this is true for any ¢ > 0, we have M; > (1 — n)%ﬁ*%Mg and Lemma 2.1 is proven.
O

We consider the Fourier transform defined by F(u)(£) = u(§) = [gv e " fu(x)dx if
u € LY(RY), and extended as usually to tempered distributions. We consider the Fourier
integral operator |D|* — 1 defined by

(DI = Du=F1((-]* = 7).

L2RM)).

The space H*(RY) is defined by H*(RY) = {u € S/(RN) | (1 + |- |*)3u €
€ L*(RY) and

Given a tempered distribution u, we have v € H*(RY) if and only if u
(|-1* —1)u € L*(RY). Moreover, by Plancherel’s identity we have
1 . 1
w [l 2@y and [[(|D]° —Lul| 2wy =
2 (2m)

(27)
Let p € (2,00) and let x € (0, 1). Define

2.7) lullz2my) = ~ (17 = Dull e ).

(2.8) Qulu) = el

= — for all uw € H*(RN)\ {0},
ull521(1D}* = 1)ull

10



and

(2.9) M = sup Qu(u).
u€Hs(RN)\{0}

We will investigate whether M is finite. In the one-dimensional case we have the following:

M in (2.9) is finite if and only if 5= < (1p—j2)p <

Theorem 2.3 Assume that N =1, s € (0,00), p € (2,00), and € (0,1). The supremum
1
5.

If N =1, the condition in Theorem 2.3 is equivalent to condition (1.6) in Theorem 1.1.

Proof. Let N € N*. Since p > 2, by the Hausdorff-Young Theorem (see, e.g., Theorem
1.2.1 p. 6 in [1]) we have
N _ N~ p
(2.10) ull Lo vy < (2m) 7 N[l Lo mov) where p’ = P
Taking into account Plancherel’s identity and the fact that v € H*(RY) if and only if u €
L2(RM) and (|- |* — 1)@ € L2(RY), we infer that M < (27)7 ~2 Mj , where

loll L
(2.11) M; = sup{ —
el (- 15 = D el

Hence M is finite if M3 is finite. To prove the finiteness of M3 we may use Lemma 2.1 in
R” endowed with the Lebesgue measure, with w = w; = 1 and wo(¢) = |£]* — 1. By Lemma

e, (|- =D e e LX®RY)\ {0} }

1
(1411 15=1)%) 2
= %”2. Given any p > 2 and any ¢ > 0, the function & —

2.1, it suffices to show that M, := sup (tl;c
t>0

2p/ > is finite. Notice that

L2-7

1 belongs t
(e nz)s e

250 > N (which is equivalent to p(N — 2s) < 2N). Let

2p
L»—2(RY) if and only if >

2p

P 1
e e

e (gl - 1%) "

11—k

t=2

(1+t(|-\5—1)2)2

=

(2.12) F(t) = ‘

In view of Remark 2.2 (iii), F' is continuous on (0, co0) provided that 5‘%’; > N.

Assume now that N = 1 and 2—18 < (11)_%)” < % Then jf’; > ﬁ > 1, hence F is
continuous on (0,00) and we need only to check that F' is bounded in a neighbourhood of

zero and of infinity. We have

o0
1
F(t) = 2/ f(r,t)dr, where f(r,t) = —.
0 (t“71 + tﬁ (7"5 - 1)2) p—2
For any fixed A > 0 we have
A A (A—r)p (A—r)p
/ [f(r,t)]dr < / t2 dr=At 2 —0 ast—0.
0 0
Choose A > 2-%, so that 7 >rS —1 > %TS for r > A. We have then
1 1
— < f(r,t) < —— for any r > A.
(tm—l + tﬂrQS)p—Z (tmfl =+ itnr%) p—2

Using the change of variable r = t’iy we get

e e 1 a-rmp_1 [ 1
0< [ frtydr< A [ ———y)
A A (tn—l 4 %L‘KTZS) p—2 1354 (1 4 %y?S) p—2

11



We conclude that F' is bounded in a neighbourhood of zero if (11)—%);) > %
Let us study the behaviour of F' as t — co. We have

=2 rs—1)r—2

t (s — 1)2) e

There exist two positive constants ca, ¢z such that cily] < |1+ y|* — 1| < czly| for all
€ [-1,1]. Using the change of variable r = 1 4 y, the above estimate and then the change
of variable y = =22 we get

2 1 1 1 1
/ f(Tat)dT:/ Ldyg/ 5 ——dy
’ - (tﬁ—l + e[ 14yl — 1|2) o — (T A trepy?)

oo (o) 1 wp o0 1
O</ f(r,t)dr</ 5 dr:t_m/ ﬁdr—>0ast—>oo.
2 2 ( 2

[N

t
14 (A=r)p 1
= t7§+ p—2 / B — dZ

—t3 (14 0%22)ﬁ

(1-r)p <

and we infer that F' is bounded in a neighbourhood of infinity if % <

1
5-
So far we have proved that Mj is finite (and consequently M is finite) if 5~ < (11:%2)’9 <1

The fact that M = oo if one of these two inequalities is not satisfied follows from the next
example. O

2
Example 2.4 Given 7 > 0, we define u,(z) := e"“"2-2. It is clear that u € S(R) and direct
computations give

~ _r%e-1n? 9 » 2w
(213) @ =V2mre T furlfie = VAT and  urll, =[5

Using Plancherel’s formula we get

s 1 s .
I(DI* = Dur||72 = o 17 = 1), 7
) s 1\2,—72(6-1)?
=7 | (|§I° —1)% d¢
(2.14) /R
—1
1—9s s 2 T as 7 — 00,
T T+x|° — 7)€" dx ~
/R(| | ) {71_23 as 7 — 0.
Thus we obtain
B 11
(2.15) QR(UT)N%:T%-‘F%_H—)OO asT—oo if—+-—-—k>0,
T T T p 2
while in the limit 7 — 0 we have
v 1k (=29)(=r) .1k (1-28)(1—-k)
(2.16) QK(UT)NW:TP 2 2 — 0 1f5—§—f<0_

Notice that for p > 2 and k € (0, 1), the inequality % + % — k > 0 is equivalent to (1;%)” > %

K (1-2s)

and the inequality % -5 = 2(1_”) < 0 is equivalent to (1;%2)17 < i

Remark 2.5 Let F be as in (2.12). Using polar coordinates in R" and proceeding as in the

proof of Theorem 2.3, one can prove that F' is bounded near zero if and only if (11)_%)’7 > 2—1\2

and F' is bounded near infinity if and only if (11)_%)” < % By Lemma 2.1, Mj is finite if and
only if F'is bounded, and a necessary condition for the boundedness of ' would be % < %,
or equivalently N < s. Thus any attempt to show that M < oco by proving that M3 < oo
will fall short from providing the optimal range of parameters (k, s) for which the supremum
in (2.9) is finite, given by Theorem 2.6. The Hausdorfl-Young inequality (that we have used
successfully in dimension one) is not sufficiently accurate in higher dimensions and a more

subtle argument is needed. See also the second part of Remark 2.8.

12



The next theorem gives optimal conditions for the finiteness of M in any space dimension

N > 2. Its proof is based on the Tomas-Stein Theorem, which asserts that for p > 2]<,Vf12,

there exists a positive constant Crg depending only on p and on N such that for any ¢ €
L?(SN~1, do) there holds

(2.17) |1 F do |l oy < Crsllfllr2ev-1)

(see, e.g., Theorem 7.1 p. 45 in [24]). Here S¥~! = {w € R | |w| = 1} is the unit sphere in
RY, o is the usual surface measure on the unit sphere, L2(S™V 1, do) is the space of measurable
functions deﬁngd\ on the unit sphere which are square integrable with respect to the surface
measure, and f do is the Fourier transform of the measure f do, given by

—

fdo(€) = /SN_1 f(w)e ™ do(w) for any ¢ € RY and any f € L' (SN 7!, do).

Theorem 2.6 Let N e N, N > 2, p € (2,00), k € (0,1), and s > 0. Then Q. is bounded
on H5(RN)\ {0} (that is, M in (2.9) is finite) if and only if

1 N /1 1 N+1/1 1
(2.18) k>c oand (o) <lon<oos (-2,
2 s \2 p 2 2
Observe that the last condition in (2.18) implies that s > —]\Q,fl and it is equivalent to
;ﬂti)g <p< % if 2(1 — k)s < N, respectively to 1\2/(41_\:1293 <pif2(1 —k)s = N.

2(N+1)

N-1 >
that we may apply the Tomas-Stein Theorem. Let u € S(RY). Using the Fourier inversion
formula and passing to polar coordinates in RY we get

Proof.  Assume that (2.18) hold and assume also in a first stage that p >

u(z) = 7(2;)N /0 N /S rw)el T “do(w) dr = 7(2;)N /0 NG do(—rz) dr.

Using Minkowski’s inequality in integral form (see, e.g., Theorem 2.4 p. 47 in [16]), then the
Tomas-Stein inequality we get

1

) < gy [ o) g

1 NN
= W/o PN ||u(r~)da||Lp(RN)dr

CTS o N-1—X 1~
< G /O PN ) | o

N—1

Denoting z,(r) = r 2z ([on_: [U(rw)|? do(w))
depending only on p and on N such that

1
2

, we have proved that there exists C' > 0

2N +2
N-1"

N-1_ N

(2.19) fJullLr@myy < C/ r 2 " z,(r)dr for all u € S(RY) and for all p >
0

On the other hand, using Fourier’s inversion formula and polar coordinates in R we have

(2.20) ul|2, = ﬁ /OOC /SN—l [u(rw)|? do(w) dr = (2;)1\, /000 22(r)dr

and

1

I(IDI = DyullZ = WH(\

: |S - 1)aHiz
(2.21)
1

= —— OOTNflrs— 2 U(rw)|? do(w) dr = 1 oors_ 2.2 dr
_(27T)N/0 (r*=1) /SMI( )7 do(w) d (27)N/0( 1)222(r) dr.

13



From (2.19) - (2.21) it follows that there is C' > 0 such that for all u € S(RY) we have

1 N

fooo — TP 2z (r) dr

(2.22) Qx(u) <C

Vel (70 = 12220 dr) =
Notice that z, € L?(0,00) and (] - |* — 1) 2, € L?(0,00) by (2.20) and (2

2.1in (0, 00) endowed with the usual Lebesgue measure and we take w(r)
1 and wa(r) =r° — 1. We get

21). We use Lemma
=r

N-1_N
pLowp(r) =

2

(2.23) sup [wel| L1 (0,00) < Coup [15° w
. < l |
PELA 0o} HQPH%(O’“)wanlﬂ(o’oo) >0 (1 + twg?)? 1L2(0,00)
Let
7w 2 oo TN,l,% -
(224) G(t)= Hi = / — dr =: / g(r,t) dr.
(1 + thwo|2)? 1220000 o t5185(rs —1)2 ;

Since N —2s— % < 0 (because & (% - % <1-k < 1), we have g(-,t) € L'(0,00) and then
Remark 2.2 (iii) implies that G is continuous on (0, c0).

For any fixed A > 0 we have

A A
0< / g(r,t)dr < tl_”/ PN E g = tl_”im
0 0 N — =5

N—2N
A P
—0 ast — 0.

We have r* — 1 > %rs if > 2%, Taking A > 2+ and using the change of variable r = t‘iy
we find

00 00 TNflf% . . LS nylf%
0< / g(r, t) dr < / o1 1 1iro2s dr = tl_ﬂ_g(N_T) /1 T 1.2 dy
A A tTh A gt 254 1+ 7Y%

We infer that G is bounded as ¢t — 0if 1 — k > % (% — %)
It is clear that

2N

e’} co , N—1—
0</ g(r,t)dr<t*”/ %dr—ﬂ) as t —» oo.
2 2 (r°—1)
There is C' > 0 such that 7V "'"% < C for r € [0,2] because N — 1 — % > 0 (recall that
p > 2N42) There is ¢; > 0 such that (|1 +y|® — 1) > ¢y for all y € [~1,1]. Using the
change of variable r = 1 + y, the previous observations, then the change of variable z = t%y
we get

9 1 1 Vi -
C C Ctz—F
0 < rt)dr < y<| — = _aqy=| =24
/0 g(r,t) /_1 tr 1 4 n (|1 + yJ* — 1)2 Y /_1 =1 4 trc2y? Y /_\/gl—&-csz

We conclude that G is bounded as t — oo if K > 1.

We have thus proved that if (2.18) and the additional assumption p > % hold, the
function G is bounded on (0, 00) and therefore the supremum on the right hand side of (2.23)
is finite. Then (2.22) and (2.23) imply that there exists C'(x) > 0 such that Q(u) < C(k) for
any u € S(RM) \ {0}. Since u — Q,(u) is continuous on H*(RY)\ {0} and S(RM) \ {0} is
dense in H*(R"), we infer that Q,(u) < C(k) for any u € H*(R™)\ {0}.

It remains to consider the case J\zf(ﬁlng <p < % We proceed by interpolation.

Denote ¢ := 2%\77:1) We see that % (l — l) = % Since 2 < p < g, there is some 0 € (0, 1)

2 q
such that % = g + %9. We have

=) (G-) —om (g s (S ) -
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Since k < 1, the above inequality gives < k. By Holder’s inequality we have
lull e < Jlullge - lullz.?

and then for any u € H*(RY)\ {0} we find

0y, (|1=0 ) 1—0
. outwy € T I
[ull =MD = Dull 2
where £ = %, so that 1 — & = 1=%, and Qx(u) = lullps =. Notice that the

lullF 2 (D1 =D)ull ;5"
inequality § < 2k — 1 implies that & > % and then we get 1 — & < % = % (% — %) Using

(2.18) and the fact that 3 — % =(1-9) (% — %), we get

1,;{:1*”2(1*9)71§ 1 1 :E 1 1 )
1-6 s \2 »p s \2 ¢

Thus we see that (2.18) is satisfied with ¢ and & instead of p and &, respectively. From the
first part of the proof we infer that Qz is bounded from above on H*(R™)\ {0}, and then
(2.25) implies that @, is also bounded.

So far we have proved that Q, is bounded on H*(RY)\ {0} if (2.18) hold. Now let us
show that (2.18) is necessary for the boundedness of Q. Let u € S(RN), u # 0. For 7 > 0

let ur(z) =u(%). A simple computation gives [|u-||p. = T%HUHLq for any ¢ € [1,00) and

S TNizS S S S S “
D1 =l = Tosp [ (1P =216l + ) )l ds.
Thus we find
A=0N N _sN_(1_g)(X —s) [[ul| e

Qulur)=(2m) 2 777 2

11—k °
2

ullfa (fr (€17 = 2r2|&]= + 72%) [@(&)]? d€)

If Qx(u;) remains bounded as 7 — 0 we must have % — 5N — (1= k)(¥ —5) > 0 and this

is equivalent to 1 — k > % (% — %)

The next example shows that @, is not bounded if Kk < % or if % (% — %) <1l—k. 0O

Example 2.7 We consider a variant of Knapp’s example related to the Tomas-Stein inequal-
ity (see, e.g., [24] p. 46). For small § > 0, let S5 = {w = (w1,...,wy) € SV |wy > 1- 62}
Tt is easily seen that there exist positive constants Cy, Cy such that for all 6 € (0, 1—10), say, we
have

C1oN 71 < 0(S5) < O™,

where o is the surface measure on SN ~!. For small € > 0, § > 0 we define Ves t RY — R by

1 if175<\§|<1+€and%€5’5,
0 otherwise.

ve,5(§) = {

Let

1 1+4¢ )
(2.26)  wes=F ‘(v.5), that is ue 5(z) = = / rN—l/ (%) do(w) dr.
(27T) 1l—e S,§

Since . 5 = ve s is bounded and compactly supported, we have u. s € H*(R"Y) for all s. By
Plancherel’s identity we get

1 1 14¢ 3 _
2= W/RN ve,s (&) d€ = W/l rNlo(Ss) dr ~ eV !

—€

(2.27) [lue,s]
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and

1
I (IDI° = 1) ue 5|72 = L /RN(|§|S — 1)?[v 5()* d¢
(2.28) .
_ (2;>N/ PN (5 1)20 () dr ~ 36N
1—¢

Let ey = (0,...,0,1) € RM. Tt is clear that

) 1 l+e .
Ue s(x)] = e Nue 5(x)| = 7‘/ TNfl/ e rw=en) do(w) dr/|.
s = e @) = | [t [ (@)

Let Acs = {# € RN | |z.(rw —en)| < F forallr € (1 —¢,1+¢) and all w € S5}. For any
r€A. 5, 7€ (l—¢,14¢), and w € S5 we have Re(ef®-(ro—en)) > %, hence

1 14-¢ N1 )
|us,6($)| = W/l _ ro /5 Re (ela:.(waeN)) da(w) dr
- s
1+e
=>C rN=1o(Ss) dr > CeoN 1
1—e

for some C' > 0 independent of € and §. We infer that

Lr(A. ) = CedN AL 4]7.

. Ues||Lp(RN) Z ||[Ue,s
(2:29) [uesllLe@ay = ||

We will find a lower bound for |A. 5|. Denote x = (2/,2y), w = (w',wy) where 2/,w’ € RN,
and assume that € < 1. We have

|z.(rw — en)| = |z.(ro’, rwn — 1)| < rl2’ W' + |y (roy — 1)].

For w = (W' ,wx) € S5 and r € [1 —¢,1+¢] we have |w'| < v/26 and |rwy — 1| < 262 +¢, hence
rlr’ W' < §if 2] < %6*1 and |zy(rwy — 1) < £ if [zn] < 5(26% +¢)~'. We conclude

6
that
ﬂﬁ

/7 ERN_l R / <
(@' en) € RV R o <

(5_1, |1‘N‘ < %(252 —l—E)_l} C Ag,g.

Hence there exists C' > 0 independent of ¢ and ¢ such that |A. 5| > W and (2.29)
gives

(2.30) [t 6| Lo gy = Ces VD7) (82 4 6) 75,
From (2.27), (2.28), and (2.30) we obtain
(2:31) Qnlteg) > CON-DG-D nd (52 1 o).
Fix d¢ € (0, 11—0) and let e — 0. If @, (ue5,) remains bounded, (2.31) implies that x > %

Putting £ = 62 in (2.31) we get Qy(ug2 5) > C6N VG425 1=3 1f Q_(us ) remains
bounded as § — 0 we must have (N —1)(1 — %) +2k—1-— % > 0, and this is equivalent to

N+1 (1 1 _
T<§ p)>1 K.

Obviously, if @, is bounded on H*(RY, C)\{0} then it is also bounded on H*(R",R)\{0}.
The converse is also true. Indeed, it is easily seen that |D|*u is a real-valued function whenever
u € H*(RN) is real-valued. If u € H*(R") is such that R(u) # 0 and (u) # 0, where R(u)
and $(u) are its real and imaginary parts, respectively, we have

IR + 132
P <
Q) S Gl 1 (D =D ul 57

< Qr(R(w)) + Qn(S(u)).
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Remark 2.8 The method used in the proof of Theorem 2.6 is very flexible and can be used
to prove non-homogeneous Gagliardo-Nirenberg inequalities of the form

(2.32) lullze < ClIPL(DYullf: | Po(D)ull 12",

where N > 2, p > QNfo and P; (D), Py(D) are Fourier integral operators defined by

PAD)(u) = FH(P()a), i=1,2.

Assuming that there exist non-negative functions py,ps : [0,00) — R4 such that |P;(&)| >
pi(|€]) for all ¢ € RV, i = 1, 2 and proceeding as in (2.20) and (2.21) we get for all u € S(RY)

1 [ o
(2.33)  ||P(D)ul?. > N/ p2(r)22(r)dr,  where z,(r) = "% [[@(r)|| L2@n-1)-
0

(27)

In order to prove the inequality (2.32) in some function space 2~ (typically 2" = H*(RM),
but other spaces might be considered), one needs to show the continuity of the L” —norm and
of the operators Py (D) and P»(D) on 27, as well as the density of S(RY) in 2". Then, taking

into account (2.19) and (2.33) and denoting w(r) = 7‘¥_%, it suffices to show that

w
sp lellz: .00 | i € L2(0,00) \ {0}, i = 1,2
||p190||[,2 0 oo)Hp250||L2 0,00)

is finite. To do this, by Lemma 2.1 and Remark 2.2 (iii) it suffices to prove that the function
1—k
t7zw

(230 Ao = | W%+ fpal?)?

9 o) N—-1-2N
= d
L2(0,00) jg 12 (r) + topR(r)

is bounded on (0, 00).

If N =1 or if the Tomas-Stein inequality is not available (for instance, if 2 < p <
one may try to use the Hausdorff-Young Theorem to prove the inequality (2.32), as in the
proof of Theorem 2.3. Indeed, to establish (2.32) it suffices to show that the supremum

2N+2)

sup HZDHLP, Pip e LX(RM)\ {0}, i=1,2
1 Prpll5. || Pl 2

is finite, and by Lemma 2.1 this amounts to proving that the function

1—k p—2

5=
(P2 +tP2)? ||,

! e

(2.35) K(t) = 2 - /RN (=L Py (E)]2 + tF| Py (€)]2) 72

is bounded on (0,00). However, we expect the approach based on the Hausdorff-Young in-
equality to give weaker results than the approach based on the Tomas-Stein inequality. For
instance, if P; and P, are radial and non-negative (that is, if P;(£) = p;(|¢]) = 0), it is easily
seen that the boundedness of the function K implies the boundedness of the function H, but
the converse might not be true. See Remark 2.5.

As a matter of fact, the Gagliardo-Nirenberg-Sobolev inequality

Np=2) N(p—2)
lulle < Cllulla ™ 1I(=2)%ull .2

(with 2 < p <
inequality; in thls case P =1 and P(€) = |€]?%, and the integral in K (t) is easily evaluated

using polar coordinates and the change of variables r = t‘ﬁy. For s =1 and p = 20 4 2, this
gives (3.3).

T if s < ) can be proven by using our method and the Hausdorff-Young
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Remark 2.9 More quantitative variants of (2.32) can be proved, too. For instance, in some
applications it is useful to dispose of inequalities of the form (2.32) under the additional
constraint ||Pa(D)ul|r2 < R||Pi(D)ul/r2, where R > 0 is given. To obtain such inequalities
we may use a slight modification of Lemma 2.1.

With the notation and the assumptions in Lemma 2.1, let

)

lpw]za
MlR = sup " T
||<Pw1||L2 : H‘Pw2”L2

¢ is measurable, pw; € L?(X) for i = 1, 2,
and 0 < |[ows]||r2 < Rljpw:] L2
(-r)

L?-a
Then we have ME < (1 — k)% k=5 M, "% |
To prove the above statement we use again the observation that for any A, B > 0, the
function f(t) = At*~! + Bt"* achieves its minimum on (0, 00) at t,,in = (1;% and f(tmin) =
(1 —r)"~ 15~ FAF B~ If p is a measurable function satisfying pw; € L?(X) for i = 1, 2 and
(1=r)llpwi |72
Alowsl?,

w

(wf + tlwa|?)?

t>a

M3 = sup <t12ﬁ

0 < ||ows||rz < R||pw1| rz, taking A = ||<pw1||%2, B= ||90w2||2L2 and t,in = we

see that (2.2) holds and, moreover, i, = (i;';). Then we use (2.2) and (2.4) and we proceed
exactly as in the proof of Lemma 2.1.

Assume that P; and Py are radial, that is P;(§) = p;(|€]) for i = 1,2. Then we have equality
in (2.33) and the condition || Py(D)ulz> < R||Pi(D)ul|> is equivalent to |p2(] - [)ul| L2myy <
Rllp1(]- Null 2y and to [|p2zullz2(0,00) < RlIP12ull22(0,00)- We infer that

[ 2o
(2.36) sup —
1Py (D)ullg | Pa(D)ul

u € S(RM),0 < ||Pay(D)ul|g < R||P2(D)uLz}

is finite if one of the functions H or K defined in (2.34) and in (2.35) is bounded on [(Z{;) ,00).

If H(t) (respectively K(t)) is finite for some ¢ > 0, it suffices to verify the boundedness of H

(respectively of K) in a neighbourhood of infinity. Of course, having explicit bounds on H or

on K on the interval [%, o0) would provide explicit bounds on the supremum in (2.36).

Remark 2.9 enables us to state the following quantitative variant of Theorems 2.3 and 2.6.
Corollary 2.10 Let Q, be as in (2.8). The supremum
(2.37) sup {Qu(u) | u € H*(RN)\ {0} and (1D — D2 < Rljullz2}

s finite for any fired R > 0 if

N+1/1 1
(2.38) and 1n<+<>.

1
> -
2 2 \2 p

Proof. We have already seen in the proofs of Theorems 2.3 and 2.6 that the functions F
given by (2.12) and G given by (2.24) are well-defined and continuous on (0, co) if % >1-=
In the proof of Theorem 2.3 it is shown that F' is bounded in a neighbourhood of infinity

ifl—k< % - %, and Remark 2.9 above implies Corollary 2.10 in dimension N = 1.

Assume that N > 2. In the case p > 2%\/:1)7

that the function G is bounded near infinity if x > % and this proves Corollary 2.10. In the

it is shown in the proof of Theorem 2.6

case ]\2,&]\51293 <p< %, the conclusion follows from the case p = % by interpolation,
using (2.25). O
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3 Global minimisation of the energy at fixed L?—norm

In this section we study the minimisation problem (P,,). Recall that E,,;, has been introduced
n (1.4). Scaling properties of various terms appearing in F will be important. It is easily
seen that for any function u € H*(R™) and for any a,b > 0, letting uq(2) = au () we have

/ |Atg | do = a2bN_4/ |Aul|? d, / (Vg p|? do = aQbN_z/ |Vu|? dz,
RV RN RN RV

/ [t p|? 2 do = a2‘7+2bN/ lu|? da, / [t p|? dz = a®bV / lu|? da.
RN RN RV RV

Using the Plancherel Theorem we have for all u € H2(R")

1 1 2

2 _ L e b 4612
I8l = Pl = oy [ lefaer e and 52|

T (2m)N H@gka”%”

L2

< ||Au||2. We have also the interpolation inequality

It is then obvious that H m]amk ||L2 <

1 2 1 B

62) IVl = Gyl < Gyl

ullzlfull e = [|Aull L2 {|ul L2

Notice that we have strict inequality in (3.2), except for u = 0.

We denote 2** = oo if N < 4 and 2** = 28 if N > 5. It is well-known (see, e.g., [8]
section 9.3) that H2(RY) ¢ L=(RY) if N < 3, H3(R") c LP(RY) for any p € [2,00) if
N =4and H*RN) Cc L* " (RN) if N > 5. Moreover, in the latter case we have the Sobolev
inequality ||ul/ 2+ < Cs||Aul|zz for any v € H2(RY).

For any o € [0, 27 — 1) we have the Gagliardo-Nirenberg-Sobolev inequality

2+2U——

(3-3) lul23572 < BllAul 2 ul3: for all u € H*(R™),

where B is independent of u (see e.g. [21] or the end of Remark 2.8). We denote by B(N, o)
the best possible value of the constant B in (3.3), namely

|| 7542
(3.4) B(N,o) = sup P Ty
et @), 00 | Al 2

It is also well known that there exist optimal functions for (3.4); that is, the supremum in
(3.4) is, in fact, a maximum (see, e.g., Lemma 3.13 (ii) below).

Let E,:, be as in (1.4). The properties of the function F,,;, will be crucial in the sequel.
They are summarized in the next Proposition and in the remark following it.

Proposition 3.1 The function m — Ep;n(m) has the following properties:
(i) If N > 4 we have Epn(m) = —oo for all m > 0.

For the following statements we assume that 0 < oN < 4. We have:
(ii) The function E,.y, is concave on (0,00).

(#1i) For any m > 0 there holds Ein(m) < —m.

B .
(iv) lilf(l) Epin(m) =0 and lim Ermin(m) = 1.

mJl0 m
(v) If 0 < o N < 4 we have Epn(m) > —oo for all m > 0 and there exist A€ R, B >0

Emin
such that Epin(m) < Am — Bm°*t (thus, in particular, Emin(m)

m
Moreover, for any ki, ks > 0 the set {u € H>(R™) | ||lullz> < k1 and E(u) < ka} is bounded
in H*(RY).

— —00 as m — o0).
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(vi) Assume that oN = 4. Let B(N,0) be as in (3.4) and let k, = (0 +1)7 B(N,0)" 7.

Then Ein(m) is finite for any m € (0, k) and Epin(m) = —oo if m > k..

In addition, for any ki < k. and any ky > 0, the set {u € H*RYN) | |ul?. <
ki and E(u) < ko} is bounded in H*(RY).

Remark 3.2 The function E,,;, is finite and concave on (0,00) if o N < 4, respectively
n (0,k.) if oN = 4, hence it is continuous and admits left and right derivatives at any
point of these intervals. We denote by E, ;, ,(m) and Ej,;, .(m), respectively, the left and
right derivatives of Epp, at m. The functions B, in.e and Emm , are nonincreasing, we have
Erine(m) = EL ., . (m) for all m and equality must occur at all but countably many m’s.

Proposition 3.1 (iv) implies that

lim B i () )—bupEmme( m) =l By, o (m) = sup By, (m) = —1.

’mln T mzn T

m>0
Let
(3.5) mg :=sup{m > 0 | By (m) = —m}.
It is clear that E,(m) = —m on (0,mg) and Epin(m) < —m on (mg,00). If m > mg
and Eyin(m) > —oo we must have E] ;. ,(m) < —1. If oN < 4 we have mg < oo and
hm Emmé( ) = hm B, in.(m) = —00 because lim Em#(m) = —oo by Proposition 3.1

m—r oo

.

Proof of Proposition 3.1. (i) Let m > 0. Choose u € H?(RY) satisfying |lu[|2, = m.
We use (3.1) with uay = au(;) and a = t7, b = t~3. It is obvious that [[u;/s 4-1/2[|2. =
|ul|2, = m for any t > 0, and consequently E,,;,(m) < E(uyn/a 4-1/2) for all t. From (3.1)
we have

(3.6) E(UtN/47t—1/2) = t2/

\Au|2dx72t/ |Vu|2dx—t%/ |ul 22 da.
RN RN RN

If No > 4, letting t — oo we discover Ein(m) < tlim E(uynsa g-1/2) = —o0.
—00 ’

(ii) Tt is obvious that u € S(m) if and only if there exists v € S(1) such that u = /muv.
Hence for any m > 0 we have

Epmin(m) = inf{E(y/mv) | v e S(1)}

o+1
= inf {m (/ |Av|? dz — 2/ |V112da:> o / lv|>7 2 dx ’ v e S(l)} .
RN RN oc+1 Jgr~

+1

For any A € R and any B > 0 the function m — Am — Bm°T! is concave on (0,00). The
infimum of a family of concave functions is also a concave function and statement (ii) follows.

(iii) Let m > 0 and € > 0. Choose a function n € C2°(R") such that [|n[|2, = (2m)V
and the support of 7 is contained in the annulus B(0,1) \ B(0,1 —¢). Let u = F~!(n).
Then v € S(RV) and ||u|2, = WHU”% = m. Using the basic properties of the Fourier

transform, Plancherel’s formula and the fact that 0 < (|f|2 — 1)2 < 4£? on the support of 1
we get

2 2 2, 1 4 olel2 L 1) 15762
|aipar—2 [ utdes [ e = e [ (et 206 + 1) o) P e

1 212 9 4e? 5 ,
- - d¢ < ¢ = 42m.
(%WLWMWQU|HHM”§<%WLHM”§ e2m

We infer that

BEmin(m) +m < E(u) + |lul]2: < / |Au|? dx — 2/ |Vul|? de —|—/ lu? de < 4e*m,
RN RN
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that is Epin(m) < —m + 4e?m. Since € > 0 is arbitrary, (iii) follows.

(iv) Counsider first the case 0 < o N < 4. Let 0 < ¢ < 1. Using the Gagliardo-Nirenberg-
Sobolev inequality (3.3) and Young’s inequality (Jab] < % + % if % —l—% = 1) with exponents
pz%andq 4‘fﬂv,wege‘cforanvaHQ(RN)

8(c+1)—20N

2420 XN LIGESOE
T e AvllFs + Cu(@)lvll . T,

1
— vl < IIAvlle iy

where C4 (e) is independent of v. It follows that

8(c+1)—20N

(3.7) E(v) > (1 - o) Av|[f2 = 2| VolT. = Ci(e)llvll .

Using Plancherel’s formula we get

1 1—¢ 1 2
A 2 \V4 2 2 2 = 2 l
. - 2 2 - 2 = - T 2
(3 8) (1 E)H le, 2” U”l, 1 &_”le, (2 )N /N <|§| 1 E) |’U(£)‘ 5 0

Notice that the inequality in (3.8) is strict if w # 0. From (3.7) and (3.8) we get

1 8(c+1)—20N

(3.9) () > —y—Iollis = Ci@)lloll= for all v € H2(RV).

Taking the infimum in (3.9) over all v € H?(RY) satisfying |[v||2, = m we discover

m 4(c+1)—oN

(3.10) Epin(m) > ~1—%— Ci(e)m™ a=o¥N for any m > 0.

From (iii) and (3.10) it follows that E,;,(m) — 0asm — 0 and — 1 < lim inf Emin(m) <

— & mJ.0 m
Emin
lim sup &
mJl.0 m
Next consider the case o N = 4. The Gagliardo-Nirenberg-Sobolev inequality (3.3) be-
comes

(3.11) [l 7535 < Bllav|Zallvl72

< —1. Since € is arbitrary, (iv) is proven.

Let 0 < ¢ < 1. Using (3.11), for any v € H?(R") satisfying < € we get

srrllvlizs
E(v) > (1 - ¢)[|Av[l7 — 2[|Vv]Zs

and then using (3.8) we obtain E(v) > —12—||v[|2.. This gives Epin(m) > — 72 for all m > 0
satisfying %m% < e. Taking into account (iii), statement (iv) is now obvious.

(v) Using (3.10) with e = 1, say, it is clear that E,,,(m) > —oo for any m > 0.

Fix v € H?*(RY) such that [juljzz = 1. Let A = / |Au|? dz — 2/ |Au|? dz and

RN RN
1

B = p—l /RN [u|29+2 dz. For all m > 0 we have ||m>ul|2, = m, hence Epin(m) < E(u) =

Am — Bm°*t.
If ||ul| 2 < k1 and E(u) < kg, using (3.2) and (3.3) we get

B 24252
1 > [ Aullf = 2kl Aule — =K A

Since ZX < 2 the above inequality implies that ||Aul||z2 is bounded. Then (3.2) and the

T || . S |Aul|z2 imply that ||u|g2gw~) is bounded.

inequality ‘

(vi) Assume 0N = 4. By (3.2) and (3.3) we have for all u € H?(R")

B(N,
Ew) > |Aul2. —2lullze | Aulge — ZE2 A2, |lul2

(3.12)

B(N,o
- (1 o+1 )H“” ) [Au|7> — 2[|u| 2 | Aul| L2

21



Let k1 < k. = (0 +1)s B(N,0)~=. Let 7(k1) = 1 — 282 kg > 0. For any u € H*(RV)
such that [|ul|3, < ki, by (3.12 ) we get
ki
(3.13) E(u) = 7(k1)||Aull2z — 2k ||Aul| g2 > mln( (k1)s? — 2ky1s) = .
s€ER (k1)

We infer that E,,;,(m) > —% > —oo for all m € (0, k;]. Since k1 < k. was arbitrary, we
see that E,,;, is finite on (0, k). Moreover, if ||u||2, < k1 < ky and E(u) < ko then (3.13)
implies that || Aul/z2 is bounded and arguing as in part (v) we see that |[u|| g2(g~) is bounded.

Let @ be an optimal function for the Gagliardo-Nirenberg-Sobolev inequality (3.3) with

1
o = + such that |Q[ ;2 = k2 = (0 + 1)2¢ B(N, o)~ 2=. Such a function Q exists because

whenever u is an optimal function for (3.3), the rescaled functions uq(-) = au (;)are optimal
functions, too. We have

1 i 1
m”Q”izjfz = 18w o)IAQII7=1Q1Z2 = AQ| 2.
For t > 0 let uy(z) = t3 Q(t2z). From (3.1) and (3.6) it follows that uell32 = |Q32 = ki«
and E(uy) = —2t|VQ||3.. Letting ¢ — co we discover Enin(ky) = —oo. If m > k., using
_1
the test function m2 ks u; and letting t — oo we find Eypp(m) = —o0. O

As we will see later, problem (Py,,) admits solutions if and only if —co < Epin(m) < —m.
We have already seen that E,,;,(m) = —oo for all m if o > %. Proposition 3.3 gives necessary
and sufficient conditions to have F,,;,(m) < —m whenever o € (0, %] Its proof relies on the
functional inequalities proved in Section 2 and on the test functions constructed there.

Proposition 3.3 Let N € N*. We have:

(1) If0 <o < max( ,ﬁ) , then Ein(m) < —m for all m > 0.

(ii) If max (1, ﬁ) <o < %, there exists mog > 0 such that E,,(m) = —m for any
m € (0,mg] and Epin(m) < —m for any m > mg. Moreover, mg is given by (3.16) below.

(iti) Assume that o = + and let k. be as in Proposition 3.1 (vi). Let mo be as in (3.16).
Then mgy < k. and we have Enin(m) = —m if m € (0,mq], respectively —oo < Epin(m) <

—m if m € (mo, k).
Proof. (i) Assume that N = 1 and 0 < ¢ < 2. Fix m > 0 and let u, be as in
Example 2.4. Denote v; = 717 2m2u,. By (2.13) we have lo-l|2: = m, ||117||i‘72jf2 =

(0 +1)"27 3m 1777 and (2.14) gives |[(A + 1)v, |22 ~ Cm7~2 as 7 — oo. For 7

sufficiently large we have E(v;) + [lv;[3. = (A + v, |32 — U%HHUTH%ZL% < 0, and this
implies F,p,in(m) < —m.
If N > 2, for small €, > 0 let u. 5 be as in (2.26). Denote w, s = ﬁus s, So that

|we,s]|%2 = m. By (2.27) and (2.28) we have [|(A + 1)w. g% ~ me?, while (2.27) and (2.30)
give |lwe 5]|3%52, = CmeFleo159(N=1(52 4 )~ for some C > 0.
If 0 € (0,1), fix a small dg > 0 and observe that

1
(3.14) B(wes,) + [wesoll72 = 1A + Dwe s, 17> — m”wfﬁonigjf’z <0

if ¢ is sufficiently small, hence E,,;n(m) +m < 0.

Ifoe (0, e
mé* and ||wg2 5[255 % = Cmo167(VHD for some C' > 0 and any small § > 0. Asin (3.14), this
implies E(ws2 ) + ||w52’5||2L2 < 0 for sufficiently small ¢, and consequently E,,;,(m)+m < 0.

, taking e = 67 it follows from the above estimates that ||(A+1)ws2 5|32 ~

(ii) It is easy to see that for any u € H*(R") we have

2 2 1 20+2 2 ||U| iy ||U||2szfz
E(u)+|lullz. = II(A+1)ulle—07HIIUHL2o+z = [[(A+Dullzz | 1 - :

o+ 1 [[ulZZ (A + DullZ.
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||UHL2°‘+2 . .
Let k= -%7 and Q,(u) = —- (see (2.8)). The above equality can be written as
i ull 21| (A+1)ul

(3.15) E(u) + ||lull2s = [[(A + 1)ul|2. (1 i Q,{(u)%“) for all u € H*(RN)\ {0}.

oc+1
We use the results in Section 2 with s =2, p =20+ 2 and k = ULH
If N = 1, condition 2—18 < u;_'?” < % in Theorem 2.3 is equivalent to 4 > ¢ > 2. Hence

Q@ is bounded from above if o € [2,4].
If N > 2, the condition x > % in (2.18) is equivalent to o > 1, % (% - %) <1—-kis

equivalent to o < %7 and 1 — k < % (% — %) is equivalent to o > Niﬂ. By Theorem 2.6,

Q) is bounded from above if and only if max (1, ﬁ) <o < %.

Whenever @, is bounded from above, let M = sup Q. (u), as in (2.9), and let
u€H*(RN)\{0}

2042

(3.16) mo=(c+1)"M = .

If m € (0,my), using (3.15) we infer that E(u) + ||ul|2, > 0 for any u € H*(R") satisfying
|ul|22 = m, hence Ey,in(m) 4+ m > 0. Then Proposition 3.1 (iii) implies Ep;,(m) = —m.

If m > myg, we have (o + 1)ﬁm_ﬁ < M. Choose u € H*(RN), u # 0, such that

Qr(u) > (o + 1)%+2m_%0ﬁ. Let v = %u, so that [|v[|3. = m and Q. (v) = Q(u). From
L
(3.15) we get E(v) + [|[v||32 < 0, hence Eppin(m) < —m.

(iii) Taking into account (3.16) and the expression of k. in Proposition 3.1 (vi), the in-
equality mq < k, is equivalent to B(N, o) < M?°t2 where B(N, o) is given by (3.4). Denote
by O(u) the quotient appearing in (3.4). Let u, be an optimal function for (3.4). Then
Ur = Us (\7) is also an optimal function for (3.4), that is Q(u,) = B(N, o) for all T > 0.
The conclusion follows if we find 7 > 0 such that Q(u,) < Q. (u,)?***2, and this is equivalent

to [[(A + 1)u, |2, < ||Au,||2., or using Plancherel’s theorem, / (1€1* - 7')2 [U.|?(€) d¢ <

RN

/RN €] [T, |2 (€) d€. The last inequality can be written as

_ 215 12 2 ~ |2
ar [ PP de+r [P d <0

2|| |13 2

from part (ii) and Proposition 3.1 (vi). O

and holds true if 0 < 7 < . We have thus shown that mqg < k.. The rest follows

The next Theorem establishes the existence of minimizers for the problem (P,,) as well as
the pre-compactness modulo translations of all minimizing sequences.

Theorem 3.4 Assume that No < 4 and m > 0 is such that Ep,(m) < —m.

Then for any sequence (un)n>1 C H2RYN) satisfying M(u,) — m and E(u,) —
Epmin(m) there exist a subsequence, still denoted (up)n>1, a sequence of points (x,)n>1 C RY
and a function u € H*(RY) such that u,(- + x,) — u strongly in H*(RY).

In particular, there exists a solution u € H*(RY) to the minimization problem (Py,).

The same conclusion holds if No = 4, 0 < m < k. (where k. is as in Proposition 3.1
(vi)), and Epin(m) < —m.

Proof. Let (un)n>1 be a minimizing sequence. It follows from Proposition 3.1 (v) or (vi)
that (up)n>1 is bounded in H2(RY).
Using (3.8) with ¢ = 0 we infer that for any v € H?(R) there holds

/ lu|?>* T2 dx = (o + 1)/ |Au? = 2|Vul? + [u* dz — (0 + 1) (E(u) + ||Jul|3:)
(3.17) RN RN

> (o + 1)(E(w) + |ullZ2)-
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Choose ¢’ > o such that 20’ +2 < 2**. We denote by £V the Lebesgue measure in RY.
Using Hélder’s inequality and the Sobolev embedding we get for any u € H?(RY) and for
any t > 0,

Jeo P72 de = [ gy P72 de ot [y s Tuf?72 de

1
o+ 11

(3.18) <7 fyugeny [ do ([ P02 o) ™7 £V ({ul 2 '

o _otl
< Nullfs + (Csllull=) LN ({Jul = )" =71
Choose ¢ > 0 such that 2§ < —(o+1)(Emin(m)+m) (this is possible because Eyp,(m) < —m).
Since |lun||2: — m and E(u,) — Epin(m), (3.17) implies that / [, |72 dx > 20 for
RN

all n sufficiently large. Choose tq > 0 such that 3% (m + 1) = §. Using (3.18) for u,, and the
boundedness of (uy,),>1 in H2(RY), we infer that there exists a constant a > 0, independent
of n, such that £V ({|u,| = to}) > a for all sufficiently large n. Using Lieb’s Lemma (see
Lemma 6 p. 447 in [15] or Appendix 2 in [19]) we infer that there exists a constant b > 0,
independent of n, and for each n large there exists z, € RY such that

t
N ({x € B(xp,1) | [t | > ;}) >b.

From now on we replace wu,, by u,(- + x,), which is still a minimizing sequence and satis-
fies LN ({x € B(0,1) | |un| = %}) > b. Since (un)n>1 is bounded in H*(RY) there exists a
subsequence, still denoted (uy),>1, and there is u € H2(RY) such that

Up — U weakly in H?(RY),

(3.19) Uy —> U in LI (RM) for 1 < p < 2** and a.e.

It is clear that fB(O 1 |un|Pdx = b (%O)p for all n sufficiently large. Take any p € [1,2**)
and pass to the limit to get fB(O  ul? de > b (%), In particular, we infer that u # 0.
Let my = ||ul|3.. It is clear that 0 < my < liminf,_ o [Jun||3. = m. We will show that

my1 = m. We argue by contradiction and we assume that m; < m. The weak convergence in
a Hilbert space gives as n — 00

lunlZz = lullZz + llun — ull72 + o),
(3.20) IVunlz. = VulZ: + 1V (un — w)ll72 + o(1),
1Aun (72 = [[AulZ2 + [A(un = u)l|72 + o(1).

Using the Brezis-Lieb Lemma (see e.g. Lemma 4.6 p. 10 in [14]) we get

(3.21) / [t |22 dx = / |27 2 dz+/ |ty — ul* T2 dz + o(1).
RN RN RN
From (3.20) and (3.21) we get
(3.22) E(up) = E(u) + E(uyn, — u) + o(1) as n — o00.

It is obvious that E(u) > Epin(mi) and E(u, — u) > Epin(Jun — ul?2). By (3.20) we
have ||u, — u||2L2 — m — my. The function E,;, is continuous on (0,00) if 0 < oN < 4,
respectively on (0, k,) if o N = 4, and passing to the limit in (3.22) we get

(323) Emin(m) 2 Enin (ml) + Emin(m - m1)~

Since Epin is concave and Ep,in(n) — 0 as n — 0 we have Ejin(mi) = “LEpin(m)
and Epin(m —my) = " B (m). Moreover, equality may occur in one of these in-
equalities if and only if E,,;, is linear on (0, m]. Summing up and comparing to (3.23) we
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infer that necessarily we have E,,i,(m1) = "L Eyin(m) and Eyi, must be linear on (0, m].
Then Proposition 3.1 (iv) implies that E,,;n(n) = —n for any n € (0,m], and in particular
Epin(m) = —m, contradicting the fact that F,,;,(m) < —m. This contradiction shows that
necessarily m; = m.

Since u, — u weakly in L2(RY) and |ju,||2. — m = |lul|2, we infer that u, — u
strongly in L2(R"). Using (3.2) and (3.3) for u,, — u we infer that Vu,, — Vu strongly in
L?>(RY) and u,, — u strongly in L?°*2(RY). The weak convergence u, — u in H?(RY)

gives ||Aul|2, < liminf ||Au,||72, and consequently we get E(u) < lminf E(u,) = Epin(m).
n—oQ n— o0
On the other hand we have E(u) > Ey,n(m) because ||u||2. = m. Therefore E(u) = Epin(m)

and u solves the problem (P,,). Moreover, we have ||Au,|2, — ||Aul|2,. Since Au, —
Au weakly in L2(RY), we infer that Au, — Au strongly in L2(R"). The inequality

‘ 832g$j Lo < ||Av||z2 for any v € H?(RY) implies that u,, — u strongly in H?(RY) and
Theorem 3.4 is proven. O

Proposition 3.5 Assume that cN < 4, m > 0 and u € H*(RY) is a solution of the mini-
mization problem (Py,). Then there exists ¢ = c(u) > 0 such that u satisfies the equation

(3.24) Au+2Au+ (14 c)u — [u*u =0 in H2(RN).
Moreover, we have:

(i)1+ce[-F

min,l

(i) If mg = 0 (where mg is given by (4.6)), then c¢(u) — 0 as m — 0.

(M), =Epin,-(m)].

min,r

(1i) If oN < 4 we have c(u) — 00 as m — oo.

() If m > mg and E},;, ,(m) > E,,;,, .(m), there exist at least two solutions w1 and uz

for the problem (Py,) such that 1+ c(u1) = —E] ;.. ,(m) and 1 + c(uz) = —E,,;,, .(m).
(v) If m1 < ma, the function uy solves (Pm,) and ug solves (Pp,), then c(ui) < c(usg).

(vi) If mg > 0, problem (Py,) does not admit solutions for any m € (0,myg).

Proof. Since E and M (u) := |Ju|?, are C' functionals on H%(R"), the existence of a Lagrange
multiplier A, € R such that E'(u) = A, M'(u) in H=2(R") is standard. Then we have

(3.25) APy +2Au — Nu — [u*u =0 in H2(RN).

We claim that A € [E},;, .(m), B/, ,(m)]. We have [|(1+t)ull7, = (1+t)*m, hence E(u +
tu) > Epin ((1£¢)?m) and therefore

= DlfulZe = MM (). = B (ur).u = i 2010 = (W)

tl0 t
Emin 1+t 2m - Emin m
t10 t ’
We conclude that A\, > £}, ,.(m). Proceeding similarly with 1 —¢ instead of 1+t we get
—Au = —E, ., (m) and the claim is proven. Denoting c(u) = —A, — 1, statement (i) follows.
Taking the H~2 — H? duality product of (3.25) and of u we get
(3.26) / |Aul? dz — 2/ V2 dz — )\u/ luf? do —/ (2742 dp = 0.
RN RN RN RN
Using (3.26) and the identities ||u[|2. = m, E(u) = Epin(m) we get
(3.27)
- oc+1 oc+1 A
”uHi2j—f2 = o (Emm(m)_/\um) and /RN|AU|2 — 2\Vu|2da: = Emm(m)—?um

Since E,in(m) < —m for all m > 0, the first part in (3.27) implies that for any m > 0 and for
any solution u of (P,,) we must have A\, < —1, that is ¢(u) > 0. If mg > 0, m € (0,mq) and
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w is a solution to the problem (P,,) by (i) we should have A\, = —1, a contradiction. Thus
(vi) is proven.

Consider m > myg such that E,,;,(m) is finite. Take an increasing sequence (my)n>2
in (mg, m) such that m, — m. For each n, let u, be a solution of the minimization
problem (P,,,) (the existence of u, is guaranteed by Theorem 3.4). Then (uy),>2 satisfies
|unll22 — m and Epip(un) — Emin(m), and using Theorem 3.4 again we see that there
exists a subsequence, still denoted (uy)n>2, and there exists a solution wu; of the problem
(Pp) such that u, — u; strongly in H2(RY). Identity (3.26) and the strong convergence
in H2(RY) imply that \,, = lim ),, . On the other hand, (i) and the basic properties of

n—roo
concave functions imply that A,, — Ej ;, ,(m). Thus we have \,, = E ;,, ,(m). Taking a

min,l
decreasing sequence m, — m and proceeding similarly we see that there exists a solution

ug of (Py,) such that \,, = E/ (m). This proves (iv).

min,r

To prove (v) we argue by contradiction and we assume that there are m; < ms and there
are solutions w; and ug of (P, ) and of (P, ), respectively, such that c(u;) = c(uz). Since
-1- c(ul) > E;nin,?"(ml) > E;nin,E(mQ) > —-1- C(’LLQ), we see that E;nin,r(ml) = E;nin,é(mz)’
and this implies that E,,;, is affine on [my, ms]. Hence there exist A < —1 and B € R such
that Ein(m) = Am+ B for any m € [my, mg]. For any m € (mq,mg), Theorem 3.4 gives the
existence of a solution u to the problem (P,,) and statement (i) above implies that A, = A,
or equivalently c(u) = c(uy) = c(uz). Fix ms € (m1, ma) and let u be a minimizer for (Py,,).
The first part of (3.27) gives ||[u[|234% = “EL B, hence B > 0. Using v/fu as test function and
taking (3.27) into account we get for ¢ sufficiently close to 1,

o41

Atmz + B = Epin(tms) < E(Viu) =t fox|Aul? = 2|Vul?de — L5 [qu [u]*T2 da
(3.28)

1 to’+1
—Mms+ B+ 2B (- -7 ).
o co+1 o+1

Since B > 0 and ¢ — fii — 5%7 <O0fort#1, (3.28) gives a contradiction. This proves (v).
All other statements in Proposition 3.5 are obvious. O

So far we have solved the global minimization problem (P,,) in H2(R") in the case o N < 4
and we have shown that any solution satisfies (3.24) for some ¢ > 0. Obviously, u € H*(RY)
solves (3.24) if and only if w is a critical point of the following functional, called action:

S(u) = / Aul? da — 2/ IVl de + (1 + c)/ ude— —— [ P2 da.
RN RN RN oc+1 /g~

At this stage it is not clear that given any ¢ > 0, there exists m > 0 and a solution u of (Py,)
such that ¢(u) = ¢. We will show that for any ¢ > 0 and for any o > 0 satisfying 20 +2 < 2**,
equation (3.24) has solutions and, moreover, it has solutions minimizing the action S. among
all solutions (these are called minimum action solutions or ground states). Moreover, we will
show that all minimizers of a problem (P,,) are ground states. To this end we introduce
another family of minimization problems.

Let ¢ > 0. We consider the minimization problem

minimize T,(u) := / \Au\de—Q/ |Vul|? dm+(1+c)/ lu|? da
RN RN RN
()
in the set U := {uEHQ(RN) ‘ / u|2‘7+2dx:1}.
RN

We denote t(c) = inf{T.(u) | u € U}. It is clear that

(320)  Su(u) = To(u) — — / |u|2”+2dx:E(u)+(1+c)/ luf? da.

oc+1 RN RN
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Theorem 3.6 Assume that 0 <o < o0 if N <4 and 0 <o < ﬁ if N > 5. Then for any
¢ > 0 we have t(c) > 0 and the minimization problem (T.) admits solutions. Moreover, for
any sequence (un)n>1 C H2(RN) satisfying [gn [un|** T2 dz — 1 and T,(u,) — t(c) there
exist a subsequence (un, )k>1, a sequence (zx)k>1 C RN and a minimizer u for (T.) such that
Un,, (- + k) — u strongly in H2(RY).

Proof. The proof is standard, so we only sketch it. Fix ¢ > 0. Then fix € > 0 such that
L +e < 1+c Using (3.8) we get T.(v) > ¢||Av||2, +¢l|v]|2. for any v € H*(RY), and then

1—¢

1
it is clear that 72 is a norm on H2(R") and that it is equivalent to the usual norm. By the
1
Sobolev embedding there exists K. > 0 such that ||v|| ;2042 < K T2 (v), thus t(c) > K72 > 0.
For any v € H2(R"), v # 0 we have € U, hence T, (*) > t(c) and this gives

v
vl L2042 vl L20+2

(3.30) T.(v) = t(e)||v]|F 2042 for any v € H*(RN).

Let (un)n>1 be a sequence as in Theorem 3.6. It is obvious that (u,)n>1 is bounded in
H?(RY). We choose 0’ > o such that 20’ +2 < 2** and we use (3.18) for u,, to infer that there
exists constants tg, a > 0, independent of n, such that LV ({|u,| > to}) > a for all sufficiently
large n. Then Lieb’s Lemma implies that there exists a constant b > 0, independent of n,
and for each n large there exists x,, € RY such that £V ({J: € B(xp,1) | [tn| = %’ ) >b. We
replace u, by u,(- + ), which is still a minimizing sequence and satisfies fB(O,l) |tn P do >
b (%’)p for all n. Since (uy)n>1 is bounded in H?(RY) there is a subsequence, still denoted
(un)n>1, and there is u € H*(RY) such that (3.19) holds. The convergence u,, — u in
LY  for 1 < p < 2 gives fB(O,l) |ulP dz > b(%’)p, and therefore u # 0. Denote n =
Jan~ [u?***?dz > 0. By Fatou’s Lemma we get 7 < 1. It is obvious that (3.20) and (3.21)
hold. By (3.21) we have [gn [ty — u[*?T?dz — 1 — 1 and then using (3.20) and (3.30) we
find

Te(un) = Te(un — ) + Te(u) + 0(1) = t(e)[un — ullf20+2 + t(c) [ullF20+2 + 0(1).

Letting n — oo in the above inequality we obtain 1 > (1 — n)ﬂ%rl + 770%1 and this implies
that n = 1, that is w € U. Then we must have T.(u) > t(c). On the other hand, Ti.(u) <
liminf T (u,) = t(c) by weak convergence, and therefore T.(u) = #(c) = lim T.(u,). Since
n—oo n—oo

T, is a norm on H?(R"Y) we infer that u,, — u strongly in H?(RY), as desired. O

Proposition 3.7 The mapping c — t(c) is strictly increasing on (0,00) and there is C > 0
such that t(c) < Cy/c for all sufficiently small c. In particular we have t(c) — 0 as ¢ — 0.

Proof. Let 0 < ¢; < ¢o. Let u be a minimizer for the problem (7;,). We have u € U and
t(ca) = Te,(u) > Tp, (u) = t(c1). Hence the mapping ¢ — t(c) is strictly increasing.

Let uc,s be as in (2.26). Fix 6 = 55 and let v, = U /zs,- By (2.27), (2.28) and (2.30) we
have

3
2

Jvll2: < Crez,  [|Ave]|2e — 2| Vel 2 + [[vel|2e < Cac?  and  ||ve||peore > Cac?

for some Cy,Cy, Cs > 0, so that T.(v.) < Cyc?. Using (3.30) we see that ¢(c) < HUTH#
clly 2042

(VL

Proposition 3.8 Let u be any minimizer for the problem (7.). Then v = t(c)2s

U
solution of (3.24). Moreover, for any solution w € H?*(RYN) of (3.24) we have S, (w)
Sc(v) = UL_‘_lt(c)”T+1 In other words, v is a least action solution of (3.24).

(/AN

S

V o

Conversely, if  is any least action solution of (3.24) then @ := t(c)~ 20 is a solution of (T,).
Furthermore, if u solves (T.) there exist a € R and a real-valued function @ such that u = €**4.

Proof.  Assume that u solves (7.). The functionals T, and u — ||u||%‘72jf2 are C! on

H?(RY), and consequently there exists a Lagrange multiplier x € R such that

(3.31) A?u+2Au + (1 + ¢)u = klu|* u in H2(R").
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Taking the H 2 — H? duality product of (3.31) with u we get To(u) = £ [g~ |ul*’ T2 dz, which
1
201,

implies that t(¢) = k. Denoting v = ¢(c) = k2w, it is clear that v solves (3.24). We have

(3.32) Se(v) = t(c) " Te(u) —

t(c)”T“/ 2742 dp = —74(c)
RN

oc+1 oc+1

Let w # 0 be an arbitrary solution of (3.24). The duality product of (3.24) with w gives

(3.33) T.(w) = / |w|?7 2 da.

RN
From (3.33) and (3.30) we obtain T,(w) < t(¢) ="~ T.(w)’+! and this implies T, (w) > t(c) = .
(By (3.33) we have also the lower bound [y [w[* 2 de = T.(w) > t(c)%=.) Using again
(3.33) we find

1 2042 o o o+1
= —_ = > o = .
Se(w) = Tofw) = —— /RN w2 de = = To(w) > ——t() Se(v)

Conversely, let © be a least action solution of (3.24). Then we have S.(0) = S.(v) =

%Ht(c)%l. On the other hand, by (3.33) we get Sc(0) = 55T.(0) = %5 [0]32%. We
conclude that T.(9) = ||0]|73:7% = t(c)UT+1 and then one immediately checks that @ = t(c)~ 2

is a minimizer for the problem (7¢).

Let u be a solution of (7.) and let u; and uge be the real and imaginary parts of w,
respectively. If ||u;||p20+2 = 0 for ¢ € {1,2}, the last statement in Proposition 3.8 is obvious.
Otherwise let o; = ||u;||p20+2. Clearly, we have a; € (0,1) because ||ul|p20+2 = 1 and Te.(u;) >
a?t(c) by (3.30). Then we get

t(c) = Te(u) = Te(ur) + To(uz) > (of + a3)t(c),
hence a? + o2 < 1. This gives
gl + U3l Lo = of + a3 <1 =lullforss = [|uf + u3]| o

Then Minkowski’s inequality implies that o + a3 = 1 and u? and u3 are proportional. Since
those functions do not vanish a.e., there exists b € (0, 00) such that us = +buy a.e. on RV. If
us = buy a.e. we have u = (1 + ib)uy, where u; is a real-valued function, and the conclusion
follows. Similarly, if us = —bu; a.e. we have u = (1 — ib)u;. We argue by contradiction to
show that u; and uy are always proportional a.e. on RY. Assuming that this is false, the sets
Ap ={x € RY |uy(z) # 0 and ua(z) = buy(z)} and A; = {x € RV | u1(z) # 0 and uy(z) =
—buy (z)} have both positive Lebesgue measure. Let w = %u. Then w is also a solution
of the minimization problem (7). Denoting by w; and ws its real and imaginary parts,
respectively, we see as above that w? and w3 must be proportional on RY. However, we have
w=+v1+0b%u; on A; and w =1+ b%u; —i- %ul on As, a contradiction. O

We do not know whether minimum action solutions of (3.24) are radially symmetric (after
a translation in R”), nor whether real-valued minimum action solutions have constant sign.
Theorem 4 p. 33 in [5] asserts that in some cases (more precisely, if N < 3 and o = 1), if
real-valued minimum action solutions are radial then they must change sign.

Proposition 3.9 Assume that u € H2(RY) is a solution of the minimization problem (P,,)
for some m >0 and that u solves (3.24). Then:

(i) w is a minimum action solution of (3.24).

(ii) If v is any minimum action solution of (3.24) we have ||[v||2, = m and v is a minimizer
for (Pm).

Proof. Since u solves (P,,) and (3.24), using Proposition 3.8 we get

g o41

(3.34) Ermin(m) + (1 + c)m = B(u) + (1 +¢)|[ull72 = Se(u) > o AR
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Let v be an arbitrary minimum action solution for (3.24) (the existence of such solutions
follows from Theorem 3.6 and Proposition 3.8). From the proof of Proposition 3.8 we know

that To(v) = [gu [0*7 T2 do = t(c)UTH. Denote m’ = ||v||2,. For any a > 0 we have ||a%v||2L2 =
am’ and taking azv as test function we discover

Epin(am’) + (1 + c)am’ < E(a?v) + (1 + ¢)|lazv]2.

1 ]_ 1 U+1 ed
=T.(aZv) — +1/ lazv* 2 dz = (a— a+1>t(c)jl.
g RN g

(3.35)

The mapping a — ¢(a) :=a — ‘f:—:ll reaches its maximum value on (0, c0) only at @ = 1 and
the maximum is ¢(1) = ;%5. Comparing (3.34) and (3.35) we get

- i H0) T < Buin(m) + (14 m < o (22 ) ()7 < Uilt(c)‘%“.
We infer that we must have equality throughout in the above sequence of inequalities. There-
fore S.(u) = J%rlt(c)%l and u is a minimum action solution for (3.24). Moreover, we must
have m = m/, that is any minimum action solution v of (3.24) satisfies ||v||2, = m. Then we
find E(v) = Sc(v) — (1+0)|[v]|32 = Se(u) — (1+¢)||ul|3: = E(u) = Epmin(m), and consequently
v solves (Py,). O

Remark 3.10 (Some integral identities) Taking the H~2 — H? duality product of (3.24) with
u we see that any solution u € H2(RY) of (3.24) satisfies the identity N.(u) = 0, where

630 Now= [ (MuPdo-2 [ ([VuPderao) [ uPde- [ jupettas
RN RN RN RN

Any solution u € H?(RY) of (3.24) satisfies the identity P.(u) = 0, where
N -4 N -2
P.(u) = —— |Aul? dac—27/ \Vu|2dx+(1+c)/ lu|? da
N RN N RN RN

(3.37)
1

- / lu|?7 2 dz.
g + 1 RN

The functionals N, and P, are the Nehari and Pohozaev functionals, respectively, and N.(u) =
0 and P.(u) = 0 are the Nehari and Pohozaev (or Derrick-Pohozaev) identities. The Pohozaev
identity expresses the behaviour of the action functional S, with respect to dilations: for any
u € H*(RYN) we have P.(u) = %‘FISC (u(3)), and consequently one expects P.(u) = 0
for any critical point of S.. To give a formal proof of this fact, one first uses a bootstrap
argument to prove some regularity of solutions of (3.24) (u € H3(RY) is enough). Then
consider a cut-off function x € C>°(R”) such that x = 1 on B(0,1) and supp(x) C B(0,2),
take the H~2 — H? duality product of (3.24) with x (;) Z;\;l xja‘% and integrate by parts,
then let n — co. See Lemma 2.1 in [3] for details.
Two other functionals are of interest:

_ N W) — Po(u) — wl? do— ul? x—L ul|?7 2 da
(3.38) Pi(u) = - (Ne(u) = Pe(u)) /RN|A "d /RNW d Ao+ 1) /RN‘ rd
and
Pafu) = ~Nefu) = T P)

_ (W”) /RN |Au|2dx—2(2(jv—;1)—1) /RN \W\?M-(H@/RN fu? da.

Obviously, any solution u € H?(RY) of (3.24) satisfies P;(u) = Pa(u) = 0. If u € H?(R")
satisfies N.(u) = 0 and P;(u) = 0 for some ¢ € {1,2}, then P.(u) = P,(u) = P2(u) = 0.
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Given u € H?(RY) and t > 0, we denote
(3.39) ug(x) = t%u(t%x) and ul(z) = t%ﬂu(m).

By (31) we have ||ut||L2 = ||UHL2 and ||ut||L2c,+2 = H’U,HLza+2 for all ¢ > 0.
One has & (S (u)) = 4 (E(uy)) = 2P (ug). If the mapping t — E(u¢) (or, equiva-
lently, t — S.(ut)) achieves a local minimum or a local maximum at ¢ = 1 we must have

%IleE (uz) = 0 and this gives P;(u) = 0.
If t — T.(ut) (or, equivalently, t — S.(u')) achieves a local minimum at ¢ = 1 we must

have %‘tich (u') = 0 and this gives Py(u) = 0.

It follows from Proposition 3.7 that ¢(0) = 0 and that the minimization problem (75) has
no solution (any function u € H2(RY) satisfying Tp(u) = 0 must be zero a.e.). Therefore one
would expect that after renormalization, minimum action solutions of (3.24) do not have a
meaningful limit as ¢ — 0. This is proven in the next Proposition.

Proposition 3.11 Assume that 0 > 0 and (N — 4)o < 4. Let u. be any minimum action
solution of (3.24) and let v, so that ||ve||r2 = 1. We have

= Tl
(3.40) [Avellze — 1, |[Voellze — 1, [[(A+ Doveljgz — 0 as ¢ — 0,
and ||ve||Lr — 0 for any p € (2,00) if N < 4, respectively for any p € (2,2**) if N > 5.

Proof. We claim that for any ¢ > 0 there exists C'(N,a,¢q) > 0 such that for any solution
u € H?(RM)\ {0} of (3.24) with 0 < ¢ < ¢ we have ||Aul|p2 < C(N,0,co)||ullz.

To prove the claim we use the identity Pp(u) = 0 (which is satisfied by all solutions of
(3.24) in H?(RY), see Remark 3.10). If (N —2)o > 2 we have 2% 1 < 0 and the identity

Py(u) = 0 implies that (% - 1) Jan 1Au?de < (1+¢) [ [ul® de.
If (N —2)o > 2, denote t = We divide P>(u) = 0 by |lul[?, and we use (3.2) to

lullpz ~
get (% - 1) 2 -2 (% — 1) t — (14 ¢) < 0. This inequality implies that ¢ remains
bounded (the bound can be explicitly computed in terms of IV, o and c), and the claim follows.
If u is a solution of (3.24) as above, using (3.3) we see that there exists C'(N,,¢c) > 0
such that ||ul|p20+2 < C(N,0,¢)||ulr2, and C(N,0o,c) is bounded if ¢ is bounded.
Now let u. be any minimum action solution of (3.24). We have seen in the proof of

Proposition 3.8 that Tp.(uc) = [Juc|3%4% = t(c)%= . Let v, = Tact- Using Proposition 3.7
clln
we get
Tc Ue Huc||2aj2 = o =
(3.41) T.(ve) = ||u(||2) = T ﬁ; 2 < C(N,0,¢)?||ue||?%0s2 = C(N,0,¢)*t(c) — 0
cllr2 cllr2

as ¢ —» 0. Dividing (3.37) by |luc||?. and proceeding as above we get

N —4 N -2

From (3.41), (3.42) and the fact that ||v.||z = 1 we infer that (3.40) holds.

We claim that for any sequence ¢, — 0 and for any sequence (,)n>1 C RY, the only
possible weak limit in H2(R™N) of v, (- + x,,) is zero. Indeed, assume that v, (- + z,) = w
weakly in H2(RY). Then by weak convergence we have

IVvellZz + (1 + ¢)l|vel|Z: — 0 as ¢ — 0.

A + Dwl| 2 < liminf |[(A 4+ 1)ve, (- + 2,)| L2 = liminf ||(A + 1)v,,
n—oo n—oo

L2:Oa

and then Plancherel’s identity implies (|- |> — 1)@ = 0 a.e. in RY, thus w = 0. The claim

is thus proven. It implies that s(c) := sup |ve|? dz — 0 as ¢ —> 0. For otherwise,
yERN JB(y,1)

there would exist a sequence of (¢, )n>1, a sequence (7,),>1 C RY and § > 0 such that
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|ven lL2(B(2n,1)) = 0 for all n. But (ve, (+ + @n))n>1 is bounded in H*(RY), hence it has a
subsequence (v, (- + &p,))k>1 that converges weakly in H*(RY) and we have seen that its
weak limit must be zero. Since H2(B(0,1)) is compactly embedded into L?(B(0,1)), we get
[ven, lIL2(B(2n, 1)) — 0, & contradiction.

Fixro € (2,00) if N € {1,2} and ro € (2, 225] if N > 3. Let go —4—— € (2,79) and
a=1-—2€(0,1), so that go = 2a+ ro(1 — ) and ro(1 — @) = 2. Let w € Hl(RN) Let B
be any ball of radius 1 in RY. Using Holder’s inequality and the Sobolev embedding we get

1—a)rg
[l de < ol ol 85 < ClluliEs [ o + 9o .

Let (By)n>1 be a collection of balls in RY such that U,>;B,, = R" and each point of RY
belongs to at most ¢ of the B,,’s, where ¢ is fixed. Writing the above inequality for each B,,
and summing up we obtain

(3.43) [w||Te < C ( sup / IwIde> lwllF gy
B(y,1)

yeRN

From (3.43) we get |[vc]|%% < Cs(c)®||ve|lmr — 0 as ¢ — 0. Let p be as in Proposition
3.11, p # qo. Let r € (p,00) if N < 4, respectively r € (2,2**) if N > 5, so that v, is
bounded in L"(RY) by the Sobolev embedding. By Hélder’s inequality we have |v.||r» <

||vc|\%§||vc||1L;0a1 if p < qo, respectively [|ve]lrr < |Jvel/T2 chHqufz if p > qo for some ai,as €
(0,1), hence ||v¢||r» —> 0 as ¢ — 0. O

From Proposition 3.3 (i), Theorem 3.4, Proposition 3.5 (ii), Proposition 3.9 and Propo-
sition 3.11 we get the following result on the behaviour of solutions of the problem (P,,) as
m — 0.

Corollary 3.12 Assume that 0 < o < max(1, ﬁ) and o < %. For any m > 0 let up,
be any solution of the minimisation problem (Py,), as given by Theorem 3.4 and Proposition
3.8, and let ¢, = c(uy,) be the Lagrange multiplier given by Proposition 8.5, so that (wm, Cm)
solve (3.24). Denote vy, = \'}—% = Hu:Jn,imHLz’ so that ||vy, ||z = 1. Then we have

(3.44) Avplle — 1, ||Vomllze — 1, |[[(A+ Dogllzz — 0 as m — 0,
and ||vm|lr — 0 for any p € (2,00) if N > 4, respectively for any p € (2,2**) if N > 5.

We will study the behaviour of minimum action solutions of (3.24) as ¢ — oo. To do this
we use once again the scaling properties of functionals. Given ¢ > 0 and v € H?(RY), we
denote

2
3.45 K. (v) = Avl*d Vol* d / d
(3.45) )= [ a2 [ vePdes [ s

and K (v) = [gn [Av]*dz + [gn |v|* dz. We consider the minimisation problems

(Ac) minimize K.(v) in H*(R") under the constraint / o[ T2 de = 1,
RN

(A) minimize K (v) in H2(RY) under the constraint / [v[*9 2 dz = 1.
RN

Let ¢ > 0. Take b= (1+ ¢)~7. Using (3.1) we see that for any v € H2(RY) we have
To(uay) = a*(1+¢)' " Ko(u)  and ||ua,b||iz:fz = a® (1 +¢) 77 ul 3312

Now choose a such that a2t2(1 4 ¢)~% = t(c)% , that is a = (1 + C)W%t(c)i. With
choice of a and b and using Proposition 3.8 we see that Uqp IS @ minimum action solution
for (3.24) if and only if w is a minimizer for (A.). Theorem 3.6 and Proposition 3.8 give the
existence of minimizers for (A.) for any ¢ > 0.
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Lemma 3.13 (i) Let
(3.46) I =inf{K(u)|ue H*RY) and |lu|| 201> = 1}.

Then I > 0. Moreover, given any sequence (un)n>1 C H2(RY) such that ||uy||L20+2 — 1 and
K(u,) — I, there exist a subsequence (un, )k>1, a sequence (rx)r>1 C RY and a solution u
of the minimization problem (A) such that u,, — u strongly in H?(R™N).

(ii) Any solution u of the problem (A) is an optimal function for the inequality (3.3).

Proof. 1t is clear that K 2 is a norm on H2 (RY) equivalent to the usual norm. By the
Sobolev inequality there is Cs > 0 such that ||v]| 2042 < CsK 2 (v) for any v € H2(RY), and
this implies that I > 0. The proof of part (i) is very similar to the proof of Theorem 3.6 and
we omit it.

(ii) Let v € H*(RY). Let vt(z) = tﬁv(t:ﬂ), as in (3.39). Then we have

Ko =3 [

\Av|2dx+t_%/ |v|? d.
RN RN

A straightforward computation shows that

No __1
No _ _No 4 1 4 1 (ot D)
min K (u) = C(N, o)||Aa| 7T )37, where C(N, o) = 20+ )< (o + )—1> .

t>0 No No
Jau T g T
For v € H(RM)\ {0}, let R(v) = e . If @ is a minimizer for the problem
L2042

(A), then for any v € H2(R"™), v # 0 we have K(Q) < K (m) and this gives

C(N,o)R(Q) = min K(Q") = K(Q) < min K (”) = C(N,o)R(v).

t>0 t>0 H’U||L2<7+2

We infer that R(Q) < R(v) for any v € H?(RY), thus (Q) is an optimal function for (3.3).
We have also I = C(N,0)B(N, 0)7#1, where B(N, o) is as in (3.4). O

Proposition 3.14 Let (¢,)n>1 be any sequence of positive numbers such that ¢, — oo.
Assume that for each n, vy, is a minimizer for the problem (A, ). There exists a subsequence
(Cny)k>1, a sequence of points (zx)k>1 C RN and a minimizer v for the problem (A) such
that v,, —> v strongly in H*(RYN).

Proof. It suffices to show that (v,,)n>1 is a minimizing sequence for the problem (A).
Then the conclusion of Proposition 3.14 is a consequence of Lemma 3.13 (i).

Since ||vp || L2042 = 1 for any n, all we have to do is to show that K(v,) — I as n — oo.

From (3.8) we have

K.(u) < (1— )K(u) for any v € H*(RN), u # 0.

1
v1i+c
Let @ be a minimizer for the problem (A) and let v, be a minimizer for (A.). Taking @ as

a
test function in (A.) we get K.(v.) < K.(Q) and taking v, as test function in (A) we obtain
K(Q) < K(v), hence

1 1
s (1o ) K@ < (1- S ) K < Kole) < K@) < K(Q)

Using (3.47) we infer that K (v,,) is bounded, thus (v,),>1 is bounded in H2(R"). Moreover,
the above inequality implies that lim K(v,) = K(Q) = I and the conclusion of Proposition
n—oo

3.14 follows. O

32



Corollary 3.15 Let I be as in (3.46). For any ¢ > 0 we have

(3.48) <1 - ) (1+¢) T < t(c) < (1+¢) " Tin I,

1
v1i+e

Moreover, if u. is any minimum action solution of (3.24) we have

N_1 4(c04+1) = No ox1
3.49 1 170 C2d — 7~ T,
(3.49) et [ e — X
N 1 Na- o+1
. 1 Tl Au|*d —1 d
(3.50) (1+c¢) /RN| Ue| x—>4(0+1> an
(3.51) (1—}—0)%_%_1/ \uc|2‘7+2d36—>]gT+1 as ¢ — oo.
RN

Proof. 1f Q is a minimizer for (A) and Q'(z) = tﬁQ(tx) is as in (3.39), the mapping
t — K(Q") achieves its minimum on (0,00) at ¢t = 1, hence éu:lK(Qt) = 0 and this gives

N N
427 / IAQ2dz — —2 / Q| dz = 0.
O'+1 RN 0'+1 RN

From this identity and the fact that K(Q) = I we get

No 4(c +1)— No
AQPdr = ———1 d =2 T
/RN| QP dr =125 an /RN|Q‘ * A(o+1)

Notice that the above identities hold for any minimizer of (A). For ¢ > 0, let v. be any
minimizer for the problem (A.). Then Proposition 3.14 and the previous identities imply
that

N 4 1)—N
(3.52) / |Ave|* do — — % 1 and / |ve|? dx = MI as ¢ —» 00.
RN 4(c+1) RN 4(c+1)

Given ¢ > 0, let u. be a minimum action solution of (3.24). Let a = (1 + ¢) 8<ﬁ1>t(c)i,
b= (1+¢)"%, and let v, = (Uc)a—1p—1 = *uc(-). We have already seen that v, is a minimizer
for problem (A.). We have u, = (v)q,5 and

)T =To(u.) = a*(1+ ) ¥ Ku(v,) = (1 + 0)1*7«511) t(c)7 Keo(ve).

From the above equality and (3.47) we get (3.48). We have also

/ lue|? dz = aQbN/ [ve? dz = (1 + c)f4(1;’i1>t(c)% / |ve|? d and
RN RN RN

/ |Auc|2dx:a2bN’4/ |Av,|* dx = (1+C)1*74<5+”1>t(c)%/ |Av,|? dzx.
RN RN RN

Then taking into account (3.52) we obtain (3.49) and (3.50). Recall that [gy |uc[*7 2 dz =
o+1

t(c)%, and consequently (3.51) follows from (3.48). O

Remark 3.16 We have 1 + % — % > 0 because 2 + 20 < 2**, and (3.50) implies that
we have always ||Auc|lz — oo as ¢ —> oco. On the contrary, from (3.49) we see that
llucllpz — o0 if No < 4 and |luc|lpz — 0 if No > 4. In the case No = 4, (3.49) implies

that ||ue||,2 — (0 + 1) B(N,0)" = = k,, where k, is as in Proposition 3.1 (vi).
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Remark 3.17 For any o > 0 such that 20 + 2 < 2**, the functional S, has a mountain-pass
geometry. Indeed, we have

. Tc " o+1
S = Tu) = g > T - ()
o+1 ot1 o+1
The mapping ¢(t) ( )> is increasing on [0, t(c) = |, decreasing on [t(c) = ,00),
and cp( 0+1> t(c) % > 0. Denoting B, := {u € H2(RY) | Tu(u) < t(c) }, we
have:
o Sc(u) = ¢ (Te(u)) =0 for any u € B, and 161155() S.(0) =0.
oi1

o inf{S.(u) |ue H>(RN) and T.(u) = ()"}_aT-l()
o lim S (tu) = —oo for any u # 0.

t—o0
Let T' := {vy : [0,1] — H?*RY) | v is continuous, 7(0) = 0 and S.(y(1)) < 0}. It is
obvious that for any v € I there exists s € (0, 1) such that T.(v(s)) = t(c)C’T+1 and therefore

o+1 ag o+1
i := inf S, > t(c) = | = t(c) = > 0.
ioi= inf ( sup 5.0(5) 2 0 (607" = 755400

On the other hand, let u, be a minimum action solution of (3.24), as given by Theorem 3.6
and Proposition 3.8. We have

Se(t2u,) = 7t(c) = —

o o
and we see that max SC(T%UC) = Sc(uc) = Tt(c) = . We conclude that necessarily i, =
T> (o

JLHt(c)UTH, that for a > 0 sufficiently large the mapping 7 — T2au, is an optimal path in
I', and that u. is a "mountain-pass solution” of (3.24).

Conversely, if u is any critical point of S, at the mountain-pass level i, (that is, S.(u) = i.),
by Proposition 3.8 we know that v is a minimum action solution of (3.24).

4 Local minimization in the case No > 4

Throughout this section we assume that o > % and 2042 < 2** that is 0 < o0 if N < 4 and
o< N— if N > 5. By Proposition 3.1 (i) we have E,,;,(m) = —oo for any m > 0. We will
investigate the existence of local minimizers of E when the L?—norm is kept fixed. By local
minimizer we mean a function u € H?(R") such that there exists an open set Y C H*(RY)
such that v € Y and E(u) = inf{E(v) |v € U and ||v||r2 = ||u|r2}.
For any u € H2(RN) let u(z) = t7u(t2z) be as in (3.39). We denote
oult) = E(ur) = t2/ Auf? dr — Qt/ VuPdr - L1 [ s,
RN RN o+1

and

No No
4.1 D(u) = AulPde — —— (—— -1 272 dg.
(1) = [ auP o= X (BT ) [ ueas

The behaviour of the function ¢, inspired the local minimization approach developed below.
For later use we state here the following elementary lemma.

Lemma 4.1 Leta, b, ¢ > 0 and define f : [0,00) — R by f(t) = at? —2bt —ct'F . We have:

(i) The second derivative f" is decreasing. There exists a unique ting > 0 such that

. . . No—4
" (ting1) =0, and it is given by tinp = (W) )
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(it) The derivative f' is increasing on [0,tinpi] and decreasing on [ti,f1,00), and we have

[ (ting1) > 0 if and only if al= b

No _o

NU—4) 2

2 ;
No(No—2) \ No—2

“2c<

For the neat statements we assume that f'(tins1) > 0.

(tii) There exist a unique t1 € (0,tinz1) and a unique ty € (tinf1,00) such that f'(t1) =0
and f'(t2) = 0. The map f is decreasing on [0,t1], increasing on [t1,ta], decreasing on [ta, 00)
and reaches its minimum value on [0,t2] at t1.

(iv) Forty <t' <t we have f(t") — f(t') < 2(t" —t')2 " (t2).

(v) We have f(tinsi) — f(t1) =h (t‘"”> tfgo ¢, where

hs)=5 (B +1) (5 =2) ™ = B2 (B - 1) s T+ B2 (B 1) s 2+ (s - ) + 1.
The function h satisfies h(1) = k(1) = (1) = 0

()= (52 = 1) (8 = 2) s T (s — D) [(B2 +1) s — (37 - 3)],
thus h is positive, increasing and convex on (1,00).

Proof. This is simple Calculus. We have

N - N N
() = 2at — 2b — 700151va1 and f(t) =2a— 29 ( g )

Statements (i), (ii), (iii) are obvious. For (iv) we use the fact that f” is decreasing on [0, c0)
and f' < 0 on (t2,00). We have:

s =)= [ (rere [roar)as< [ paras= g0 - o).

(vi) Let s = tl;;lfl Recall that s > 1 because t; < tjns. From the identity f"”(tinp) =
No _g

["(t1s) =0 we get a = &2 (82 — 1) et

57272, Replacing this into the identity f’(t1) =
No . , .
0 we obtain b = Necp® {(% —1)sF 2~ 1} . Replacing these values of a and b into

f(t1s) — f(t1) we get the announced identity. The properties of the function h are obtained
by direct computation. O

Recall that the functional P has been introduced in (3.38). We have
(4.2)

Not'2" =1 2P,
OL() = 2t fon | AU da — 2 [y [Vuf? dar — — 1 (ut)

2042 d —_ d
200+ 1) /RN ful v ¢
Not'5—2 (NO’

2
-1 2002 do = = D(uy).
200 +1) \ 2 )/RNul v = gDl

For any u # 0 there exists a unique ¢, in s > 0 such that goZ(tu,mﬂ) = 0. It is given by

2 2
_(_8a+1) 2\ / 2042\
(4.3) tuinfl = (NO’(NO' —5 /RN |Aul d;v) ( o | dx .

We have ¢, > 0 on (0,tyinp) and @), < 0 on (ty,infi, 00), hence ¢!, is increasing on (0, ty i f1]
and decreasing on [ty i f1,00), therefore reaches its maximum value at ty infi. If @), (ty ing1) <
0, the mapping ¢,, is (strictly) decreasing on (0,00) and consequently none of the functions
(ut)t=0 can be a local minimizer of E when the L?—mnorm is kept fixed. If ¢ (tyins) > 0,
it is easily seen that there exist a unique t,1 € (0,%y,ins) and a unique ty, 2 € (ty inyf1, 00)
such that ¢} (t,1) = ¢l (ty2) = 0. We have ¢!, < 0 on (0,%,,1) U (ty2,00) and ¢}, > 0 on
(tu1,tu,2), therefore ¢, is decreasing on (0,%, 1], increasing on [ty 1,%, 2] and decreasing on

Pu(t) =2 [pn [Aul? do
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[tu,2,00). It is now clear that among the functions (u;)¢>0, the only one that could eventually
be a local minimizer of £ when the L?—norm is fixed is u, ,. If u is a local minimizer of E at
constant L?—norm, we must have ty1 =1and 1 < tynp < ty2, thus necessarily D(u) > 0.
The above discussion indicates that it is natural to look for local minimizers of F at fixed
L?—norm in the set

O = {ue H*)RM)|u#0, tu,ingt > 1 and @) (tying1) > 0}
(4.4)
= {ue H)RN)|u#0, D(u) >0 and ¢, (tyins1) > 0}.

It is clear that u — tynp and u — Pi(uy, ,,,,) are continuous on H2(RM)\ {0} (see
(4.3)), hence O is open. Given any u € H2(R™) \ {0}, using Lemma 4.1 (ii) we see that
@, (tu,ingr) > 0 if and only if

1

- No _
(45) H(u) := (fRN ‘Au‘Q da:) 2 - No (]Vo’ B 1) (NU - 2) 2 2.
Fow [u27 2 da - (fon [Vuf2dz)® 2 Ao+ 1) 2 No —4

Using (3.2) (with strict inequality because u # 0) and (3.3) we have

Ne_2
b ([ vapar) T < BOv.o) a2l
RN RN

Therefore H(u) > Denote

1
B(N,0)lull3%

o e [l (0] (=

We infer that (4.5) holds for any u € H?(RY) \ {0} satisfying [|u||2,

Using (3.3) we see that D(u) > ||A“H2L2 _ 4(5;) (Ncr )B(N U)HAUH Hu||20'+2
for any w, hence D(u) > 0if u # 0 and 1 > ("j:l) (No 1) B(N, U)”A“H;_QH “20-&-2—7
Let

2042— o
0, = {u c H)RN) |u#0, HAUHLZ ” 22 % and ||u||%2 < NO} .

Obviously, O; U {0} is an open neighbourhood of 0 in H2(RY) and O; C O. It follows
immediately from the definition of D and from (4.5) that O U {0} is ”star-shaped”: for all
u € O and for all a € (0,1) we have au € O.

For any m > 0 we denote

(4.7) Epin(m) = inf{E(u) | u € O and |[u||%: = m}.
It is obvious that (u;)s = uss. If w € O and t > 0 we have u;, € O if and only if t < ty in i,
and ty, inf1 = t”%”, tu,i = t“tT for i = 1,2. If u € O satisfies ||ul?. = m, the previous

discussion shows that min{E(us) | 0 < t < ty s} = E(uy, ) and wu;, , is the only function
among (ut)o<t<t, ;,; Where P; vanishes. We have thus proved that

(4.8) Epin(m) =inf{E(u) | u € O and ||ul|?2. =m and P;(u) = 0}.
Remark 4.2 If 0 > % and F is as in (1.9) with ¢ < 0, there do not exist non-trivial

minimizers of E at fixed L2—norm. Indeed, let u € H2(RN)\ {0}, let u, = t7u(t="),
as in (3.39), and let ¢, (t) = E(u;) as above. There exists a unique t, s > 0 such that
O (tuing) = 0 and it is given by (4.3). We have ¢!, > 0 on (0,%ynys) and ¢, < 0 on
(tu,infi,00). There exists a unique ¢, > 0 such that ¢, (t,) = 0 and we have t, > ty inf,
!, > 0on (0,t,) and ¢!, < 0 on (t,,00). Therefore ¢, is increasing on (0,%,), decreasing
on (t,,00), it achieves its global maximum at ¢ = ¢,, and it has no local minimum on (0, c0).
The previous discussion shows that no function v € H?(RY) \ {0} can be a local minimizer
of the energy at fixed mass.
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Lemma 4.3 The following assertions hold true:
(i) For any m > 0, the set {u € O | ||ul|7. = m and Pi(u) = 0} is not empty (thus

Epin(m) < 00), and Epip,(m) > —71\5(]:[&_027)1)7%.

(i1) For all m > 0 and all d,e € R, the set
{ue H*RN) | D(u) > d, |lul|7: <m and E(u) < e}
is bounded in H?(R™N).
(iii) Eyin is sub-additive: Emm(ml +ma2) < Emm(ml) + Emm(mg) for any my, mo > 0.
(1) Epmin(m) < —m for any m > 0.
(v) Epnin is decreasing and continuous on (0,00) and Emm(m) — 0 as m — 0.

(vi) Let m > 0. Assume that (up)p>1 i a bounded sequence in H*(RN) such that
unll2s — m and E(u,) — e asn —s oo, where e < —m. Then we have lim inf || Au,||3. >
n— oo

0. In addition, if e < —m then we have liminf |[u, ||2352, > 0.
n— oo

(vii) If u € H?(RYN) satisfies D(u) > 0 and Py(u) = 0, we have

No —2
No —4

No —4 9 No No 2042

Proof. (i) If m < po (where pg is as in (4.6)), we have seen that any u € H?(RY)
with [ul[3, = m satisfies (4.5), and then u, , € O, |jug, ,||3: = m and Pi(u,,) = 0. If
m > g, choose an integer n such that 2 <y, and take v € C°(RY) such that ||v]|2, = 2.
Let w = v, ,, so that w € C®*(RY), |lw||?. = 2, Py(w) = 0 and D(w) > 0. Choose
R > 0 such that supp(w) C B(0,R), then choose o € R such that |zo| > 2R. Let
u=w+w(-+zo) +w(- +2x0) + -+ w(-+ (n— 1)z0). Then we have |[ul|?. = n|jw|2, =m,
Pi(u) =nPi(w) =0 and D(u) = nD(w) > 0. From (4.2) we see that ¢! (t) > 0if ¢t > 1 and ¢
is close to 1, hence ¢/, (ty,inf1) > 0 and therefore u € O.

We use (4.8) to obtain a lower bound for E,,in(m). Let u € H*(RN) such that ||u]|2, =m

and Pj(u) = 0. From the identity P;(u) = 0 we obtain

(4.9) lullZ> > | Vullzs >

1 2042 4 / 2 4 / 2
T dr = — Aul*dr — — dx.
0+1 /RN IU| v NO’ RN‘ U‘ * NU RN |VU| *

Replacing this into F(u) and using (3.2) we get

E(u) = (1 — %) Jr~ |Au|? do — (2 — %) Ja~ |Vu|? dz

> (1 ) 18ule — (2~ ) Al allull e > inf {(1 - ) 8 — (2~ ) ms )

_ (No—2p?
= T NoWNo—4™

The above estimate is true for any u satisfying [|u[?. = m and Py(u) = 0, and (i) follows
from (4.8).

(i) From D(u) > d we get %HIRN lul?**2dz < mﬁ%” |Au|? dx — Wdafz)'
Using this inequality, the bound E(u) < e, then (3.2) and the fact that ||u[?. < m we find

e> E(u) = (1 — 7]\,0(]\?072)) fRN |Au|? dz — ZfRN V|2 de + 4Na(§;dg,2)

1
= (1 - m) [Au|72 —2m? || Aull L2 + §zRe—ay-

Notice that 1 — Wo—% > 0 because No > 4, and the above inequality implies that ||Au| 2

is bounded. Since [Ju||?, < m, we infer that ||u| g2 is bounded.
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(iii) Fix m,mg > 0 and € > 0. Using the density of C°(RY) in H2(RY), it is easily
seen that for i € {1,2} there exist u; € C2°(RY) N O such that ||u;||2. = m; and E(u;) <
Emm(ml) + 5. We may assume that Py(u;) = 0 for i = 1,2 (otherwise we replace u; by
(ui)e, ,)- Choose R > 0 so large that supp(u;) C B(0, R) for i = 1,2. Choose zg € RY such
that |z0| > 2R and define u = uy + us(- + o). It is obvious that |ul|7. = |Ju1 |32 + [|uz||3. =
my + mg, D(u) = D(uy) + D(uz) > 0 and Pj(u) = Pi(uy) + Pi(uz) = 0. This implies that
Pi(ug) > 0 for t > 1 and t close to 1, and we infer that ¢/ (ty,insi) > 0 and consequently
u € O. Then we have

Emin(ml +mo) < E(u) = E(u1) + E(u2) < Epin(mi) + Enin(ma) + €.

Since ¢ is arbitrary, the conclusion follows.

(iv) Let m > 0 and € > 0. Let u be the function constructed in the proof of Proposition 3.1
(iii). Since supp(u) C B(0,1)\ B(0,1—¢), we have ||Au||L2 ||uHL2 Then using (3.3) and the

- 2420—Ne
fact that No > 4 we get ||u||%2jf2 < B(N, U)HAUHL2 |||y 2 7 < B(N,0)||Aul2,||ul?3,
and consequently

D) > a3 (1 XA DD ).

1
Denote m; = min (,uo, (%) 2”). If m < my we have D(u) > 0 by the above

inequality. It is obvious that u satisfies (4.5) because ||u||3. < po, hence u € O. In the proof
of Proposition 3.1 (iii) we have shown that E(u) < —|jul|2; 4 4€?m, thus E,(m) < E(u) <
—m + 4e*m. Since £ > 0 is arbitrary, assertion (iv) is proven in the case m < m;.

If m > myq, choose n € N* such that ™ < m;. Using the sub-additivity of Eoin we get

(v) Form (i) and (iv) we get Emm( ) —0asm — 0. If 0 < my < mg, by (iii) and (iv)
we have Emm( < Emi n(my) + Emm(mg —my) < Emm(m1) (mg — mq), thus Epin is
decreasing.

Fix M > 0. By (ii), the set {u € O | ||u[|2. < M and E(u) < 0} is bounded in H?(RY).
Using the Sobolev embedding we see that there exists K = K (M, N, o) > 0 such that for any

u in the above set we have —||u||i‘£j+22 < K. It is easily seen that for any v € O and any

1
a € (0,1) we have au € O. Let 0 < m; < mg < M and denote a = (%) * Let u € O such
that ||u||2, = ms and E(u) < 0. We have au € O, |laul|?, = m; and consequently
a* —a*
oc+1

Byin(m) < Blan) = aB() + " [u]2512, < *B(u) + (a® — ™)K,

Taking the infimum in the above inequality we find

o+1
~ ~ m m
Emin(m) < - T B in (ma) + (m; }7+1)K.
2

Thus 0 < Emm(ml) —Emm(mQ) < (m — 1) Emm(mg) + (m — a+1> K. Using (i) we infer

ma m2

that E, is continuous on (0, M). Since M is arbitrary, (v) is proven.

(vi) Let ¢ = liminf|lu,|335%. If ¢ = 0, there is a subsequence (uy,)r>1 such that
n—oo
[un 2542, — 0 and using (3.8) with ¢ = 0 we get limsup E(uy,,) > —m. Since E(uy,) —
k—o0
e < m we infer that necessarily e = —m. Moreover, using again (3.8) we have

2~ 1 o
/ (&P = 1) [@n, (&)1 dg = (2m)™ (E(unk) + lun, II72 + ||unk|2Lz?fz> —0
RN oc+1
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as k — oo. Using Plancherel’s formula, the Cauchy-Schwarz inequality, the above conver-
gence and the boundedness of (u,,),>1 in H2(RY) we get

’”AUnkHLZ ||unkH (27r)N fRN ’|£|4 1’|unk |2 d§

N

< oy (Jan (6P =1 [, ©P €)” (Sun (€72 +1)* [y ()2 d€) " — 0

as k — oo and we conclude that lim [|Au,, ||2: = lim |up,, ||2: = m.
k—o0 k— o0

If £ > 0, from (3.3) and the fact that ||u,|/z2 is bounded it follows that there exist 7 > 0
and ng € N such that ||Auy, ||z = 7 for all n > ng, thus liminf ||Au, |7, > n*.
n—oQ

Obviously, our arguments hold for any subsequence of (uy,)n>1. We infer that there cannot
be a subsequence (un,);>1 satisfying |[Aup,|z2 — 0 as j — oo, and this implies that
lim inf | Au,|/22 > 0.

n—oo

It follows from the above arguments that in the case e < —m we must have £ > 0 and the

second assertion in (vi) is now clear.

(vii) Assume that u € H?(RY) satisfies D(u) > 0 and P;(u) = 0. From D(u) > 0
we get [pn |[Aul?dz > 4({'\2‘:1) (82 —1) [gn [u[***2 dz, which is the last inequality in (4.9).
Replacing this into P;(u) = 0 we obtain the second inequality in (4.9). Then the second
inequality in (4.9) and (3.2) give |lullr2 > §2=5|Au| ;2. Combining this with (3.2) we get

the first inequality in (4.9). O

Lemma 4.4 (i) If N > 5 and % < o <1, we have E~mm(m) < —m for any m > 0.

o (u{ If % < o and o > 1, there exists mog > 0 such that E’min(m) = —m for any m €
,Mo|-

Proof. (i) Let m > 0. We use the same test functions as in the proof of Proposition
3.3, constructed in Example 2.7. For small ¢, > 0 let u. s be as in (2.26) and let w. 5 =

Wug 5, so that [|wes[|2. = m. Fix & € (0,75). We have already seen in the proof of

Proposition 3.3 that E(w. s,) + |[we,s, |22 < 0 for all sufficiently small & (cf. (3.14)).

The conclusion of Lemma 4.4 (i) follows if we show that w5, € O for all sufficiently small
e. Since supp(we 5,) = supp(tc5,) C B(0,1+¢)\ B(0,1 — ¢), we have (1 — €)?|Jwe s, (|2 <
|Awe 5|22 < (1+€)*[|we g llz2 and (1 —&)lJwe s, [l L2 < |Vwes Iz < (1+ €)llwe sl z2-

By the Hausdorff-Young inequality (2.10) and Holder’s inequality we have

1

~ ~ 2041 1 1\ 325
e goll2ove < Cllie,s, || szz2 < Cllie,s, |2 - [supp(@e,5,)| 7777 72 < OV (e6g 1) 772 .
Since dy is fixed, we have [lw.;||32/2 < Cm?*1e” and therefore D(w.s,) > (1 —€)’*m —
Cm°*1e? > 0 if ¢ is small enough. Moreover, if H is given by (4.5) we have H(w.s,) >
Cm™%¢77 — 00 as € — 0 and we conclude that w. 5, € O for all sufficiently small .

(ii) Recall that by (3.15) we have

(4.10) B(w) + [[ul22 = (A + Dyul%2 (1 W g, >2"+2) for any u € H2(RM)\ {0},

where k = %5 and @, is given in (2.8).

Lemma 4 3 (vii) implies that there exists Ry > 0 such that ||(A + 1)u||z2 < Rollu|| 2 for
any u € H?(RV) satisfying D(u) > 0 and P;(u) = 0. Since 4 < ¢ and o > 1, condition
(2.38) is satisfied with s =2, p =204+ 2 and k = -%7- Then Corollary 2.10 1mphes that there
exists M > 0 such that Q,(u) < M for any u as above. Using (4.8) and (4.10) we infer that
Emin(m)+m >0if0<m < (0 +1)7 . The conclusion follows from this inequality

and Lemma 4.3 (iv). O
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Lemma 4.5 Let (up)n>1 C O be a sequence satisfying
(a) Py (un) — 0,
(b) [un||3s — m as n — 0o and m < po, where g is given by (4.6), and
(c) there exists k > 0 such that ||Auy| L2 = k for all n.

Thenliminf D(u,) > 0. Moreover, if || Auy| 2 is bounded then we have liminf ¢, nf > 1.
n—oo o0

n—

Proof. We have D(uy) > 0 for all n because u,, € O. We argue by contradiction and we
assume that there is a subsequence, still denoted (uy,)n>1, such that D(u,) — 0. We have

No 2042 5 _ _ 2 / 2
(4.11) o+1) /RN [, | dx = No—3 ( - |Auy,|* dx — D(uy,) | .

Using this identity in the expression of P;(u,) we get

No —4 2
Auy, | dz — W2 de + —=—D(uy,).
NJ*2/RN| U| * /RN|VU‘ $+N072 (U)

From the equality above and (3.2) we obtain

(4.12) Pi(up) =

No —4 2

7An22 T D n - P nj.
At 22 + 5 D(un) — Pi(un)

1A | L2 [[unll 2 > Va7 =

The last inequality, assumptions (a) and (b) and the fact that D(u,) — 0 imply that
|Awy | 2 is bounded. We rewrite the last inequality in the form

No —2 2 D(up) Py (un) )

4.13 Aupllze < ——= (lunl|z2 —
(4.13) 18wl <Ng4(”“ Iz No — 2 Aunlzz  [[Dun| e

Using the definition of D (see (4.1)) and (3.3) we get

No(No —2) No(No —2)B(N, o) 20+2- N
2 . 2042 )
[Aun|zz = D(un) = WH Un || 72052 < ST 1) ||Aun||Lz l[tn | 72 :
Dividing by ||Auy, |7, and using (4.13) we discover
D(uy) No(No—2)B(N,o) 20+2— e
1- TAunl?, < 8(o+1) ||Aun||L2 || nllp2
No
No(No—2)B(N,0) | No—2 2 D(u,) Py (un) 2 2a+27—
< TR [No—4 (”“"”LQ ~ No2TAunlgz T ||A1un|\mﬂ a2

Letting n — oo in the above inequality and using assumptions (b), (c) and (4.6) we obtain
1< I contradicting the fact that m < pg. We have thus proved that hm mf D(u,) > 0.

Slnce u, € O we have ty, ins1 > 1 for each n. We argue again by contradlctlon for the
second part of Lemma 4.5 and we assume that there is a subsequence, still denoted (un)n>1,
2
W ) | A, |2, and

such that t,, ins1 — 1 as n — oco. By (4.3) we have D(u,) = (1 ~tu infl
the boundedness of ||Awy,||r2 implies that D(u,) — 0, contradicting assumption (c). d

Lemma 4.6 Assume that m < pg, where pg is given by (4.6). Suppose that the sequence
(Un)n>1 C H2(RN) satisfies |lun||2: — m and D(u,) — 0 as n — o0.

Then we have liminf E(uy,) = Enin(m).

n—oo
Moreover, if Epin(m) < —m we have liminf E(u,) > Epin(m).
n—oo
Notice that in Lemma 4.6 we do not assume that (u,)n>1 C O.
Proof. The sequence (uy)n>1 is bounded in H?(R”Y) by Lemma 4.3 (ii). By Lemma 4.3

(iv) we have E,, (m) < —m, so the conclusion of Lemma 4.6 is obvious if lim inf E(u,) > —m.
n—oo
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Form now on we only consider the case when lim inf F(u,) < —m. Passing to a subsequence
n—o0
we may assume that E(u,) — e < —m as n — oo and that [u,||2, < po for all n > 1, so
that o), (tu,inf1) >0 and ty, 1, ty, 2 do exist.
It follows from Lemma 4.3 (vi) that there exist 7 > 0 and ng € N such that ||Au,|/z2 > n
for all n > ng. Using (4.11) and (3.3) we get for n > nyg,

No
4(c+1)

No_g 204+2—Ne 2 1
BV, o)l 2 52 (1= )

Then using (4.12), (3.2) and the above inequality we obtain for n > ny

Pi(un) > | Aunllze (N2 8unllz2 — lunllzz ) + 525 D(un)

4—No

=2 404
o— 8(o+1 No—4 T T No—4 2D (un
>||AU7L||L2 (%0_;1 (NU(NU(_;F)];(NJ) (1 - #D(un))) HunHLz No=4 ||un||L2) + N¢£—2)'

) |

Since 0 < m < pg, where o is given by (4.6), the right-hand side of (4.14) is equal to

Letting n — oo and using the fact that D(u,) — 0 we discover

2a+27¥

[MES

n— oo

Na—4< 8(o +1)

2

No—4
4.14 liminf Py (uy,) > - -
(414)  liminf Pr (un) ”(NU_Q NU<NU—2)B<N,U)> A

20
nm% ((%0) No—4 1) and this quantity is positive. We conclude that there exists n; € N
such that P (u,) > 0 for all n > n;. This means that t,, 1 <1 <t,, 2 forall n > n,.

We denote v, = (un)¢,, ., s0 that v, € O, ||vn|z2 = ||unllz2, Pi(v,) = 0 and E(v,) <
E(uy,) for each n > ny (recall that ¢ — E(u,) is increasing on [ty 1,%y,2]). By Lemma 4.3
(ii), the sequence (vp)n>1 is bounded in Hz(RAI). Since Epin(|vnl|22) < E(vn) < E(un),
passing to the limit and using the continuity of E,,;, (see Lemma 4.3 (v)) we get
(4.15) Epin(m) < liminf E(v,) < limsup E(v,) < lim E(uy,) = e.

n—oo n—o00 n—oo

We show that if ., (m) < —m, then at least one inequality in (4.15) is strict. This
clearly implies the conclusion of Lemma 4.6. We assume that equality occurs in the first
two inequalities in (4.15), which means precisely that E(v,) — Enin(m) < —m. We show

that in this case the last inequality in (4.15) must be strict. Denote ¢ := lim inf ||vn|\%‘§j+22
n—oo

Using Lemma 4.3 (vi) we see that ¢ > 0 and there exist 7, > 0 such that ||Av,| 2 > m
for all sufficiently large n. Now we may apply Lemma 4.5 to (v,),>1 and we infer that
liminf D(v,) > 0 and liminf ¢, ¢ > 1.

n—oo n—oo

Denote s, = (ty, 1) ", so that u, = (v,)s,. Recall that t,, 1 < 1, hence s, > 1 for all
n > ni. We have

D(un) = D((vn)s.) = 2 (/ | Avn|? do — s,%*W/ o P72 dw) .
RN RN

8(c+1)

Since D(u,) — 0, the second factor in the expression of D((vy,)s, ) here above must tend to
0, and from (4.3) and the fact that £ > 0 we infer that r, := S’;nfl — 1 as k — oco. Using
the boundedness of (uy,),>1 in H2(RY) we obtain then
(4.16) E(un) — E((0n)ty, inp) = E(un) — E((un),-1) — 0 as n — o0o.
From Lemma 4.1 (v) we have

h(tv,.ins1) 20+2
(417) B0t o) = Blo) = ezttt [ ot ag,

Fix ¢, such that 1 < ¢, < liminf¢,, ;,p. From (4.16) and (4.17) we see that E(u,)—E(v,) >
n—oo

ﬁh(t*) for all sufficiently large n. Therefore the last inequality in (4.15) is strict and the
conclusion of Lemma 4.6 follows. O
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Lemma 4.7 Let o be as in (4.6). Denote mg = inf{m € (0, o] | Emin(m) < —m}. Then:

Emin(m)
m

(i) The mapping m — is non-increasing on (0, po], and it is decreasing on

(m07 ,uo] . -
(i) If m € (0, po] satisfies Epmin(m) < —m, then for any m’ € (0,m) we have

Proof. Tt is easy to see that for any v € O and any a € (0,1) we have au € O.
Assume that u € H*(R") satisfies D(u) > 0, P;(u) = 0 and |Ju[|?. < po. We show that

for any a € {1, HUMHOQ] we have azu € O. Since ||a%u||%2 = allu||2, < o, the function azu
L2

automatically satisfies (4.5) and we only have to prove that D(a2u) > 0. Using (3.3) and the
fact that [|ul|2 > F2=3[|Aul|2 (see (4.9)) we have

1
D(azu) = a||AuH%2 — % (% — 1) a"+1||u\|iag,,+32

20+2— N2
2

el g o He 2
> all Al (1- 725 (3 = 1) BV, 0) | Aull F a7

No

- T_2 o a
> allaul (1= i (8 =) B0 (3622) T el )

The last expression is non-negative if al|ul|3, < po by (4.6), hence azu € O. Thus we have
(4.18)

2 2 1N a—a”t! 20+2 Ho

Enin(allul|72) < E(a?u) = aE(u) + ———— | dx for any a € { 0, — | .
o+1 Jpw [[ull7»

Let m € (0,p0). Take a minimising sequence (un)p>1 C O such that ||uy|2 = m,

Py(u,) =0 and E(u,) — Emm(m) By (3.8) we have %_HHUT,HzL‘;;"i > —(E(up) + ||un||%2)
for each n. Using this in (4.18) and letting n — oo we obtain

Epin(am) < aEpin(m) + (a”™ = a)(Emin(m) +m) for any a € [1, @}
m

or equivalently

(4.19) Eninlam)  Bnin(m) 0 _ ) (Emn(m) + 1) for any a € [1, @] :
am m m m

Since Epin(m) < —m (see Lemma 4.3 (iv)), conclusion (i) of Lemma 4.7 follows easily from
(4.19). ) )
(ii) It follows from the continuity of E,,;y, that E,n(m’) < —m/ for m’ in a neighbourhood

of m, and using part (i) we infer that E"”;L(m) < E’”’Zr‘;m,) for all m’ € (0,m). In particular,
for m’ € (0,m) we have Emi’;(m) < Emi;;Sm/) and Emi;‘l(m) < Emj’:l(jnn;"ﬂ). Combining the last

two inequalities we get (ii). O

Theorem 4.8 Assume that 0 < m < pg and Emm(m) < —m. Then Emm(m) 1s achieved.

Moreover, for any sequence (un)n>1 C O satisfying ||uy||3. — m and E(u,) —
Epmin(m) there exist a subsequence (un, )k>1, a sequence of points (zx) C RN and u € O
such that up, (- + x1) — u strongly in H*(R™N). (Then, obviously, |ul|?, = m and E(u) =
Ein(m).)

Proof. Let (un)n>1 be a sequence as in Theorem 4.8. It follows from Lemma 4.3 (ii) that
(tn)n>1 is bounded in H2(RY). Lemma 4.3 (vi) implies that there exist § > 0 and £ > 0
such that ||Auy||L2 > ¢ and ||un||%‘§j’f2 > { for all sufficiently large n.

Proceeding exactly as in the proof of Theorem 3.4 we see that there exists a subsequence,
still denoted (uy)n>1, there exist points z, € RN and there is v € H*(RY), u # 0 such
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that after replacing u,, by w,(- + x,), (3.19) holds. Then the weak convergence u,, — u gives
(3.20), while Brezis-Lieb Lemma and the fact that u, — u a.e. give (3.21).

We denote v, = (un)t,, ,- Then we have v, € O for all n, ||[v,| 2 = ||unllz2, Pi(ve) =0,
and E’mm(||vn|\%2) < E(vy,) < E(uy,) for all n, thus

(4.20) E(v,) — Epmin(m) < —m as n —» 00.

Lemma 4.3 (ii) implies that (v,)n>1 is bounded in H2(RY), and by Lemma 4.3 (vi) there
exist & > 0 and £ > 0 such that ||Av,||z> > § and un 2542, > { for all sufficiently large n.
We have ||Avy,||p2 = ty, 1||Auy|| L2, and ||Av,||L2 as well as ||Auy,|/z2 are bounded and stay
away from zero, thus the sequence (t,, . 1)n>1 is bounded and stays away from zero. We infer
that there exist ¢; € (0,00) such that after passing to a subsequence of (uy,)n>1, still denoted
the same, we have t,,1 — t; as n — oo. It is easy to see that (uy)s, , — uy # 0 as
n — oo. Let v = uz,. Then v # 0 and v, — v weakly in H?(R”). Passing eventually to
further subsequences of (uy)n>1 and of (vy,)n>1, still denoted the same, we may assume in
addition that v, — v in LY (RY) for any 1 < p < 2**, and almost everywhere. It is then
clear that (3.20) and (3.21) hold with v,, and v instead of u,, and wu, respectively.

Our strategy is as follows. We will show firstly that |[v||2, = m. Then we prove that
v, — v strongly in H2(RY) and that v € O. Finally we show that necessarily ¢; = 1 (thus
u = v) and that u, — u strongly in H2(RY).

To carry out the first step of our plan we argue by contradiction and we assume that
|v]|2. < m. Then (3.20) implies that |[v, — v[|2. — m — ||[v||2, € (0,m) as n — co. By
(3.20) and (3.21) we have

(4.21) E(v,) = E(v) + E(v, —v) 4+ o(1),
(4.22) D(v,) = D(v) + D(v, —v) +0(1), and
(4.23) 0= Pi(vn) = Pi(v) + Pi(v, —v) +0(1) as n — o0o.

Passing to a further subsequence if necessary, we may assume that

dr — ¢

/ |Av, — Av|*dz — a, ||Vv, —Vol|f. — b and n — ]2 T2
RN

0'+1 RN|U

as n —» 0o, where a, b, ¢ = 0. Notice that liminf D(v,) > 0 by Lemma 4.5, and using (4.22)
n—oo

and passing to the limit we infer that D(v) 4+a — &2 (% — 1) ¢ > 0. Thus at least one of the

1
quantities D(v) and a — &2 (22 — 1) ¢ must be positive. There are several possibilities and

we analyse all of them, showing that in each case we get a contradiction.

Case 1.  D(v) > 0 and a — % (% —1)c > 0. In this case we have v € O and
D(v, —v) > 0 (thus v, — v € O) for all sufficiently large n, hence E(v) = Epin(||v]22) and

E(v —vy) = Epin(lv — va]/22). Using (4.21), (4.20) and the continuity of E,,, we get
(4.24) Emm(m) = Emzn(llv||2L2) + Emm(m - HU||2L2)

and this contradicts Lemma 4.7 (ii).

Case 2. D(v) >0 and a — &2 (82 — 1) ¢ = 0. We have v € O and D(v, —v) — 0, and

Lemma 4.6 implies liminf E(v, — v) > Epin(m — ||[v]|22). Proceeding as in the first case we
n—oo

get (4.24), and this is in contradiction with Lemma 4.7 (ii).

Case 8. D(v) =0and a— % (% — ) ¢ > 0. Asin Case 1, for all sufficiently large n we
have D(v,, —v) > 0, hence v,, —v € O and we find lirginfE(vn —0) = Epin(m — |[v]|22). We

have t, i1 = 1, hence E(v) > E(vy, ,) = Emin(||v]/22) and using (4.21) we get (4.24) (with
strict inequality), contradicting again Lemma 4.7 (ii).
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Case 4. a— % (% - ) ¢ < 0. In this case we have necessarily D(v) > 0, hence v € O
and E(v) 2= Epin(||v]|22). We distinguish two subcases:

Subcase A. There is a subsequence (v, )i>1 such that Py (v, —v) > 0, that is t(,, —u)1 <
1 < t(,, —v)2- For all k sufficiently large we have [lv,, — v||3, < po and then (vy, —

U)twnk—vm € O, hence

B(vn, =) > B ((Wn = )i, ) = Bmnin (l0n, = vl2).

(m — [|v]|72) . Then using (4.20) and

mn
(4.21) for the subsequence (v, )k>1 we infer that (4.24) holds and we reach a contradiction
as in the previous cases.

Subcase B. Pj(v,—v) < 0 for all sufficiently large n. To simplify notation, let w,, = v, —wv.
Since v,, satisfies (3.19), we have w,, — 0 weakly in H?(R") and w,, — 0 strongly in LP(R")
for all p € [1,2**) and almost everywhere, and it is clear that for any fixed ¢ > 0, the sequence
((wn)t)n>1 has the same properties. We fix ¢ > 1 (and ¢ sufficiently close to 1) such that

N N o
D(v) + at* — TU (20 - 1) o’ > 0.

Letting k — oo we discover likrn inf E(v,, —v) 2 E
—00

Such t exists because D(v)+a—22 (82 — 1) ¢ > 0. Let §,, = v+ (wy);. The weak convergence

(wy)¢ — 0 weakly in H?(RY) gives
19nll72 = [vl1Z2 + [(wn)ell72 + 0(1) = [Vl + llwallZ2 + 0(1) = [vallZ2 + o(1) = m + o(1),

IVonllZz = [VollZ: + [V (wn):l|72 + o(1),
1AT[[72 = [Av]|Zs + [Awn)el 72 + o(1).

Since (wy); — 0 a.e. and ||(ww)t||2L‘§j'f2 is bounded, using Brezis-Lieb Lemma we have
- No
150155222 = 01135422 + 1 (wn)e 13542 + 0(1) = [vl|354 2 + 7 wal|2572 + o(1).

In particular, we infer that
(4.25) E(v,) = E(v) + E((wy)t) + o(1) as n —» 00.

It follows from the above that D(#,) — D(v) +at? — 8 (N& _ 1) ¢t > 0 as n — o0,

hence D(%,) > 0 and consequently 9,, € O for all sufficiently large n. This implies E(%,) >
Epmin(||0]|22), and letting n — 0o and using the continuity of E,,;, we get

(4.26) lim inf E(3y,) > Epin(m).

n—oo

On the other hand, from (4.21) and (4.25) we get
E(n) — E(va) = E((wn):) — E(wn) + o(1).
For all sufficiently large n (so that P;(w,) < 0), using (4.2) and Lemma 4.1 (iv) we obtain
E((wy):) — E(wy) < 2(t — 1)Py(wy) — (t — 1)2D(wy,) < (t — 1)2D(wy).
We infer that
limsup E(9,) < lim E(v,) + (t — 1)* lim D(w,)

n—oo n—oo n—oo

(4.27)
= Epin(m) + (t —1)2 (a— 22 (82 —1)¢) < Epin(m)
and this is in contradiction with (4.26).

Case 5. D(v) < 0. This case is very similar to Case 4, and a bit simpler. We have
No (No

necessarily a — <> (T — ) ¢ > 0, thus D(v, —v) > 0 and consequently v, —v € O for all
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sufficiently large n, and we find E(v,—v) > Emm(an—vH%Z), which implies lim inf F (v, —v) >
n—oo

Emin(m_ H’U”%ﬁ) -

If Pi(v) > 0 we have 1, <1 < ta,, hence E(v) > E(vy, ) > Emm(||v||2L2) and we find
that (4.24) holds.

If Pi(v) < 0 we may choose t > 1 such that D(v;) +a — &2 (£2 — 1) ¢ > 0. Denoting
vh = v + v, — v we see that |[v}|2. — m and D(v}) > 0 if n is sufficiently large. Thus
vf € O for all large n and then it is easy to see that liminf E(vf) > E,nin(m). On the other

n—oo

hand,

nh_>ngo E(w) = E(v) + nh_)ngo E(v, —v) < E(v) + nh_)rrgo E(v, —v) = nh—>Holo E(vy,) = Emin(m),
which is a contradiction.

Cases 1-5 here above cover all possible situations and all of them lead to a contradiction.
We have thus proved that |[v]|2, = m. Now let us prove that v, — v in H*(R") and
v € O. The weak convergence v, — v in L?(R") and the convergence of norms |[v, %, —
m = ||v||2, imply that v, — v strongly in L?(R"). Then (3.2), (3.3) and the boundedness
of v, in H*(RY) imply that v, — v in L2T2(RY) and Vv, — Vv in L2(RY). Since
Av, = Av in L*(R") we have ||Av, |2, = ||Av||2, + | Av,, — Av||2; +0(1), therefore E(v,,) =
E(v) +||Av, — Av||2, + o(1). We have E(v,) — Eynin(m) and we infer that [|Av, — Av||2,
converges in R. It is clear that D(v,) = D(v) + |[|Av, — Av[|3, 4 o(1). Recall that by
Lemma 4.5 we have linrging(vn) > 0, hence D(v) + nan;O|\A(vn —v)||3: > 0. We may
thus choose ¢ € (0,1) such that D(v) + *||A(v, — v)[|3. > 0 for all n sufficiently large and
we denote ¥, = v + t(v, — v). Since v, — v in L?* N L**2(RY) we have ¢, — v in
L? N L2 T2(RY). Similarly we get V3, — Vo in L2(RY). Since Av, — Av — 0 we get
85022 = [|1A0]2. +21A (0~ 0) 3. +0(1) and then D(5,) = D(0)+ 2 A(v, — 0)][2: +o(D).
Therefore Hﬁn”QL? < po and D(0,) > 0 for all sufficiently large n, which implies that v,, € O
and consequently E () = Emin(]|0,]/22) for all large n. Letting n — 0o we get

lim inf E(3y,) > Epin(m).

n—oo

On the other hand we have
E(n) = E(v) + *| A(vn — v)|12 + 0(1) = E(va) + (£ = 1)[|A(vn — v)[|72 + o(1)

and letting n — oo we find

Epin(m) < liminf E(0,) = Epin(m) + (2 = 1) lim [|A(v, — v)]|2..
n— oo n—oo
We conclude that necessarily ||Av, — Av|pz — 0. Since |jv, — v||p2 — 0, this implies
that v, — v in H?(R"), as desired. Then D(v) = lim D(v,) and Lemma 4.5 implies
n— oo
that D(v) > 0, hence v € O. Moreover, we have E(v) = lim E(v,) = Enin(m), hence v
n—oo
minimizes E in the set {w € O | |[w[|?, =m}, and Pi(v) = lim P;(v,) =0.
n—oo
Recall that v, = (un)t,, , and t,,1 —> t1 € (0,00) as n — oo. Then we have u, =
(vn),-1 . Since v, — v in H?(RYN), it is easy to show that u, — v;," in H>(R"). This
implies that E(u,) — E(v;,"), that is E(v;,') = Erpin(m). We have D(u,) > 0 for all n
and we infer that D(v;ll) > 0; in other words, ¢! < ty,infi. Therefore 0 < 7! < Ly ingl
and E(v;,') = E(v) = Epin(m). Since t — E(v;) reaches its minimum on [0, t, i, 7] only at
t = 1, we infer that necessarily ¢; = 1, thus u = v and u,, — u strongly in H?(R"~). This
completes the proof of Theorem 4.8. O

Remark 4.9 If there exists mqg > 0 such that Emm(m) = —m on (0,mg], it is easily seen
that E,ni,(m) is not achieved for m € (0,mg). Indeed, if u € O is a minimizer for E,,;,(m)
then v/au € O for a > 1 and a close to 1 and we get Epi,(am) < E(vau) < aE(u) = —am,
contradicting the fact that Emm(am) = —am.
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Remark 4.10 Let u be a minimizer for Eyp, (m), as given by Theorem 4.8. It is obvious
that P;(u) = 0 and u satisfies (4.9). In particular, we have ||ul|%. < Cm = C|jul|?., where C
depends only on N and on o.

Since v minimizes E at constant L?—norm in the open set O ¢ H2(R"), it is standard to
see that there exists a Lagrange multiplier )\, such that (3.25) holds. Taking the H =2 — H?
duality product of (3.25) with u we see that u satisfies (3.26) and this integral identity can
be written as

g o
B(w) = — T [l = Aallule.
Since 0 < ULHHuHiUsz < %Hu”% (see (4.9), we infer that
—1> " s, > - )
m m N(No —4)?
Denoting A\, = —1 — ¢(u) and using the above estimate and Lemma 4.3 (i) we see that u

. . (No—2)2 8(No—2) A
satisfies (3.24) with 0 < c(u) < =1+ {7 F7 -5 T F(vo—zz- Fhus we have an explicit bound

on Lagrange multipliers associated to local minimizers provided by Theorem 4.8.

Using (3.8) with e = 0 and (3.26) we get c(u)||u[|2, < [|u[|33/Z. Then using (3.3) and
(4.9) we see that there is C' > 0, depending only on N and o, such that |Jul|33./2, < C|u|?3"2.
These estimates give c¢(u) < C||ul[33 = Cm° and we conclude that necessarily c(u) — 0 as
m — 0.

Remark 4.11 Let u. be a minimum action solution of (3.24) as provided by Theorem 3.6
and Proposition 3.8. We have already seen (cf. (3.49) and Remark 3.16) that in the case
No > 4 we have [Juc||3. — 0 as ¢ — oo. Using (3.50) and (3.51) we see that as ¢ — oo,

N 1 NO’ Ncr o+1
1 177D — (2—-—)I= <o
(L+¢)= (“C)—>4(a+1)< 2) <

Therefore for sufficiently large ¢ we have [luc||7, < po and D(u.) < 0, hence u. ¢ O. We
conclude that if ¢ is large enough, u. cannot be a local minimizer of E when the L?—norm is
kept fixed. (See Remark 3.17 for another interesting variational characterization of u..)

We have thus proved that there are at least two types of small L?— norm solutions for
equation (3.24):

(a) the minimizers in O of the energy E at fixed L?— norm. They exist for any L?—norm
smaller than go. Their Lagrange multipliers are bounded, and their H%—norm is controlled
by their L2—norm because they satisfy (4.9).

(b) the minimum action solutions u,. for large values of the Lagrange multiplier ¢. These
solutions have large H?—norm: although ||u.|/z2 — 0, we have ||Au.||z2 — oo (see Remark
3.16). We were no able to show that the set {||uc|[3. | ¢ > 0} contains an interval of the form
(0,a) with a > 0.

If N,o and m satisfy the assumptions of Theorem 3.4, we denote
S (m) = {u c H*(RN) | [Jul|72 = m and E(u) = Epin(m)}.

If N, o and m satisfy the assumptions of Theorem 4.8 (thus, in particular, No > 4), we denote

F(m) ={u€ O |||ulf: =m and E(u) = Epin(m)}.

The sets .%(m) and .%(m) possess some invariances:

e For any u € .%(m) and any y € R, we have u(- +y) € .(m).

e For any u € .(m) and any orthogonal matrix A € O(N), we have u(A-) € .7 (m).

e For any u € (m) and any a € R, we have e"*u € ./(m) and u € ./ (m).
Obviously, the same is true with .(m) instead of .#(m). Theorems 3.4 and 4.8, respectively,
show that the sets . (m) and .#(m) are compact modulo translations. Using the arguments
of T. Cazenave and P.-L. Lions in [9], we get the following (weak) orbital stability result:
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Proposition 4.12 Suppose that the assumptions of Theorem 8.4 hold. For any e > 0 there
exists 6 > 0 such that for any ug € H*(RY) satisfying dist(ug, % (m)) < 6, the solution
t — u(t) of the equation (1.1) with initial data w(0) = ug exists globally in time and satisfies
dist(u(t),.#(m)) < € for any t € R. Here dist(v,.#(m)) = inf{||v — w|| g2 | w € #(m)}.

_ The same conclusion holds under the assumptions of Theorem 4.8 if - (m) is replaced by

Proof. We only prove the statement for .#(m). The proof for .#(m) is similar.

It follows from Proposition 4.1 p. 204 in [22] that the Cauchy problem for equation
(1.1) is locally well-posed: for any ug € H*(RY) there exists T > 0 and a unique solution
u € C([0,T], H*(RY)) such that u(0) = ug. If [0,7*) is the maximal interval of existence of
the solution u then we have either T* = oo or tl/lr;l lu(t)|| gz = oo, and the L?—norm as well

as the energy are conserved: ||u(t)||rz = |Juollr2 and E(u(t)) = E(u(0)) for any ¢ € [0,T™).

The L?—norm as well as the functionals £ and D are invariant by translations in R"V. The
set .7 (m) is compact in H2(RY) modulo translations, D(u) > 0 and [|u|2, = m < pg for any
u € . (m). Tt is then easy to see that there exists €, > 0 such that D(v) > 0 and [vll32 < po
for any v € H?(RY) satisfying dist (v, #(m)) < .. In particular, any v € H?>(RY) such that
dist(v,.#(m)) < e, belongs to O.

We argue by contradiction to prove Proposition 4.12. If the statement is not true, there
exist g9 € (0,e,) and a sequence (u8),>1 C H2(RY) such that §,, := dist(uy, s (m)) — 0
and the solution u,(-) of (1.1) with initial data u,(0) = uf either blows up in finite time, or
there is some ¢ > 0 such that dist(uy(t),.%(m)) > eo. In either case, we denote

tn = inf{t > 0| dist(un(t), 7 (m)) > eo.

We may assume that 8, < eo for all n, and then we have t,, € (0, 00) and dist(un (ty),.% (m)) =
go for any n. In particular, this implies that u, (t,) € O for all n. Since 6,, — 0, it is standard

to prove that [[uf[|2. — m and E(u}) — Ejnin(m) as n — co. By the conservation of
mass and of energy we have

lun(ta)lZe = lugllfs —>m  and  E(un(tn)) = E(ug) — Emin(m).

Since up,(t,) € O, using Theorem 4.8 we infer that there exist a subsequence (un, (tn,))k>1, &
sequence (zx)r>1 C RY and w € .%(m) such that |[uy, (tn,)(-+2%) —w|[ gz — 0 as k — oo,
contradicting the fact that dist(uy(ty,),.7(m)) = e for all n. O

Remark 4.13 Some related results have been obtained in [17]. The authors have worked
in the space of radial functions H2, , = {u € H*(RY) | u is radially symmetric} and for m
sufficiently small they proved the existence of two solutions of (3.24) with L?—norm equal to
m. The first one is a local minimizer, and the second one is a mountain-pass type solution.
The associated Lagrange multipliers are not explicit (they are part of the problem).

It is an open question whether the minimizers provided by Theorems 3.4, 3.6 and 4.8
are or not radially symmetric (some partial results if o is an integer can be found in [7]).
We could have worked in Hfad, too. All our arguments are valid when working in this
space, and most proofs become much simpler. In this way we get the analogues of Theorems
3.4, 3.6 and 4.8 in H? ;, which give the existence of radial solutions to (3.24). We do not
know whether the energies of solutions in H? ; are higher or not than the energies of the
corresponding solutions in H2(R"). Our main motivation is to understand the existence and
the properties of standing waves to a fourth-order non-linear Schrédinger equation. Since F
and the L2 —norm are conserved quantities by that equation, the set of travelling waves that
we obtain is orbitally stable. When working in H2 ; one can get stability only with respect
to radial perturbations.
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