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Abstract

We present a parameter estimation method for nonlinear mixed effect models
based on ordinary differential equations (NLME-ODEs). The method presented
here aims at regularizing the estimation problem in presence of model misspec-
ifications, practical identifiability issues and unknown initial conditions. For
doing so, we define our estimator as the minimizer of a cost function which
incorporates a possible gap between the assumed model at the population level
and the specific individual dynamic. The cost function computation leads to

formulate and solve optimal control problems at the subject level. This control
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theory approach allows to bypass the need to know or estimate initial condi-
tions for each subject and it regularizes the estimation problem in presence of
poorly identifiable parameters. Comparing to maximum likelihood, we show on
simulation examples that our method improves estimation accuracy in possibly
partially observed systems with unknown initial conditions or poorly identifi-
able parameters with or without model error. We conclude this work with a
real application on antibody concentration data after vaccination against Ebola
virus coming from phase 1 trials. We use the estimated model discrepancy at
the subject level to analyze the presence of model misspecification.

Keywords: Dynamic population models, Ordinary differential equations,

Optimal control theory, Clinical trial analysis

1. Introduction

ODE models are standard in population dynamics, epidemiology, virology,
pharmacokinetics, or genetic regulation networks analysis due to their ability to
describe the main mechanisms of interaction between different biological com-
ponents of complex systems, their evolution in time and to provide reasonable
approximations of stochastic dynamics [I}, 2, [3]. In cases of experimental designs
involving a large number of subjects and limited number of individual measure-
ments, non-linear mixed-effect models may be more relevant than subject-by-
subject model to gather information from the whole population while allowing
between-individual variability. For example, clinical trials and pharmacokinet-
ics/pharmacodynamics studies often fall into this category [, [5]. Formally, we
are interested in a population where the dynamics of the compartments of each

subject 7 € [1, n] is modeled by the d-dimensional ODE:

54(0) = fout,:(1) "
.’1?1(0) = .%‘i’o
where f is a d—dimensional vector field, 6 is a p—dimensional parameter, b; ~

N(0, ¥) is a g—dimensional random effect where ¥ is a variance-covariance

matrix, z;0 ~ I} is the initial condition for subject i belonging to R? where I
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is a possibly subject dependent distribution. We denote X p, o, , the solution of
for a given set (6,b;,x;0). In , we can also incorporate covariate functions
z; which are omitted here for the purpose of clarity.

Our goal is to estimate the true population parameters (6%, U*) as well as the

true subject specific realizations {b} } from partial and noisy observations

i€[1,n]

coming from n subjects and described by the following observational model:
Yij = CXo= bz a1, (tig) + €5

where t;; is the j-th measurement time-point for the i—th subject on the obser-
vation interval [0, T']. Here C is a d° X d sized observation matrix emphasizing
the potentially partially observed nature of the process and €;; ~ o* x N(0, Ig0)
is the measurement error. We also assume only a subset of the true initial
condition 7, ~ I}, denoted xi—"”a, is known, the other ones, denoted z}'g,
being unknown. For the sake of clarity, we order the state variables as fol-
lows: z;0 = ((xZO)T, (xﬁO)T>T. We denote n; the number of observations
for the i-th subject, y; = {yij}je[[l,m]] its corresponding set of observations
and y = {Yi}ie[[l,n]] the set of all observations in the population. We consider
a Bayesian framework where a priori knowkedge about population parameters
can be available under the form of a prior P[4, ¥].

Our problem belongs to the class parameter estimation problem in nonlinear
mixed effect models. In this context, frequentist methods based on likelihood
maximization (via different numerical procedures: Laplace approximation [6],
Gaussian quadrature [5] or SAEM [7, [8]) and Bayesian ones aiming to recon-
struct the a posteriori distribution or to derive the maximum a posteriori esti-
mator (via MCMC algorithms [9, [10], importance sampling [I1], approximation
of the asymptotic posterior distribution [12]) have been proposed. In particular,
dedicated methods/softwares using the structure of ODE models have been im-
plemented to increase numerical stability and speed up convergence rate [13], to
reduce the computational time [14] or to avoid the repeated model integration
and estimation of initial conditions [I5]. However, all the preceding methods

face similar pitfalls due to specific features of population models based on ODEs
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(with the exception of [15]):

1. They do not account for model misspecification presence, a common fea-

ture in ODE models used in biology. Indeed, the ODE modeling process
suffers from model inadequacy, understood as the discrepancy between
the mean model response and real world process, and residual variability
issues, that is subject specific stochastic perturbations or missed elements
which disappear by averaging over the whole population [16]. As exam-
ples of model inadequacy causes, one can think of ODE models used in
epidemiology and virology which are derived by approximations where for
instance, interactions are modeled by pairwise products while higher order
terms and/or the influence of unknown/unmeasured external factors are
neglected. Regarding residual variability, let us remind that biological pro-
cesses are often stochastic and the justification of deterministic modeling
comes from the approximation of stochastic processes [I7} [I§]. Moreover,
in the context of population models, new sources of model uncertainties
emerge. Firstly, error measurement in covariates z; can leads to use a
proxy function Z; instead of z; [I0]. Secondly, the sequential nature of
most inference methods leads to estimate {0} };c[; ,,; based on an approx-
imation @ instead of 0*. Thus, the structure of mixed-effect models spread
measurement uncertainty into the mechanistic model structure during the
estimation. It turns classical statistical uncertainties into model error
causes. Estimation of 6*, ¥* and {b} }ie[[l,n]] has to be done in presence
of model error presence although it is known to dramatically impair the

accuracy of methods which do not take it into account [19].

. They have to estimate or make assumptions on (:U"*(}, Ff) In ODE models,

i,
the initial conditions are generally nuisance parameters in the sense that
knowing their values does not bring answers to the scientific questions
which motivate the model construction but the estimation of the relevant
parameters requires z; , inference as well. For example, partially observed

compartmental models used in pharmacokinetics/pharmacodynamics of-
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ten involve unknown initial conditions which needs to be inferred to es-
timate the transmission rates between compartments which are the true
parameters of interest. Unknown initial conditions imply either: assump-
tions on (x}fa Fj‘) values [4], another potential cause of model misspecifi-
cations, or the need to estimate them [20] which increases the optimization
problem dimension and degrades estimation accuracy due to covariance

effect between (6*,¥*) and (z},T';) estimate.

3. They can face accuracy degradation when the inverse problem of param-
eter estimation is ill-posed [2] due to practical identifiability issues. Ill-
posedness in ODE models is often due to the geometry induced by the
mapping (6, b;, i 0) — CXgp, 2, ,, Where there can be a small number of
relevant directions of variation skewed from the original parameter axes
[21]. This problem, called sloppiness, often appears in ODE models used in
biology [211 22] and leads to an ill-conditioned Fisher Information Matrix.
For maximum likelihood estimators this is a cause for high variance due
to the Cramér-Rao bound. For Bayesian inference, it leads to a nearly sin-
gular asymptotic a posteriori distribution because of Bernstein—von Mises
theorem (see [23] for the computational induced problems). Despite this
problem is in part mitigated by the population approach which merges
different subjects for estimating (6*, ¥*) and uses distribution of b; | ¥ as
prior at the subject level [24], estimation accuracy can benefit from the

use of regularization techniques.

These specific features of ODE-based population models limit the amount of
information classic approaches can extract for estimation purposes from obser-
vations no matter their qualities or abundances. This advocates for the develop-
ment of new estimation procedures. Approximate methods [25] [26] have already
proven to be useful for ODE models facing these issues with observations coming
from one subject. These approaches rely on an approximation of the solution
of the original ODE (1) which is expected to have a smoother dependence with

respect to the parameters and to relax the constraint imposed by the model
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during the estimation process. The interest of such approximations is twofold.
Firstly, they produce estimators with a better conditioned variance matrix com-
paring to classic likelihood based approaches. Secondly, they reduce the effect of
model error on estimator accuracy. Also, some of these approximations bypass
the need to estimate initial conditions [26} 27]. In this work, we develop a new
estimation method specific to NLME-ODEs integrating such approximations to
mitigate the effect of model misspecification and poorly identifiable parameters
on estimation accuracy, while avoiding the need to estimate z}';. We propose
here a nested estimation procedure where population parameters (0*,¥* o*)
are estimated through the maximization of an outer criterion. This requires in

turn an estimator for the {b}} I obtained through the repeated optimiza-

i€[l,n
tion of inner criteria. We consider that the actual dynamic for each subject is
described by a perturbed version of the ODE where the added perturbation
captures different sources of errors at the subject level [19] 28]. We control the
magnitude of the acceptable perturbations by defining the inner criteria through
a cost function balancing the two contrary objectives of fidelity to the observa-
tions and to the original model: to this end, we introduce a model discrepancy
penalization term. The practical computation of the {b;*}ie[l,n]] estimators re-
quire to solve optimal control problems [29] known as tracking problems. This is
done using a method inspired by [30]. In addition, our method does not need to
know /infer zj; but can provide an estimator of it if needed with no additional
computational costs.

In section [2, we present the estimation method and derive the inner and
outer criteria. In section 3] we introduce the numerical method used for solving
the control problems appearing in the inner criteria. In section[d we analyse the
asymptotic behavior of (6*, U*) estimator and derive an approximation of its
asymptotic Variance-Covariance matrix from it. In section [5| we compare our
approach with classic maximum likelihood in simulations. We then proceed to
the real data analysis coming from clinical studies and a model of the antibody
concentration dynamics following immunization with an Ebola vaccine in East

African participants [31]. Section [7] concludes and discuss future extensions of
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the method.

2. Construction of the estimator: definition of the inner and outer

criteria

From now on, we use the following Choleski decomposition o2¥~! = ATA
and the parametrization (6,A, o) instead of (0, ¥,0). This parametrization
will allows us to enforce positiveness and symmetry of ¥ and to derive an ex-
plicit estimator of ¢ given a value for (6, A). The norm ||.||, will denote the
classic Euclidean one defined by |||, = vbTb. Similarly as in the Expectation-
Maximization (EM) algorithm, we estimate the population and individual pa-

rameters via a nested procedure:

e Estimation of b; := bAi(G,A) for each subject ¢ by minimization of an
inner criterion g; based on an approximation of max;y InP(y;, b; |
zg .0, A, o), the log joint-distribution of the data and the random effects

profiled on unknown initial conditions.

e Estimation of (6, A) by maximization of an outer criterion G(6,A, o)
based on an approximation of max, max, InP [0, A, 0,b | y|, the log joint-

distribution of (6, A, o, b) sequentially profiled on o and b.

2.1. Inner criteria

In this section, we describe the procedure used to estimate the random effects
{07 }iepr, ny for a given (6,A,0) value. A straightforward approach would be
to look for the minimum of the log joint-likelihood function of the data and

{b;, 2y} . However, we want to:
;
1. avoid estimation of unknown initial conditions,

2. allow for each subject an acceptable departure from the assumed model at

the population level to take into account possible model misspecifications.



To solve the first point, we define our estimator as the maximizer of the joint
conditional likelihood P(ys, b; | f ;, 0, A, o) profiled on the unknown initial con-
dition. Since

P(yi,bi | 8 ;,0,A8,0) = P(yi|bi,xg,,0,A,0)P(b; | 0,A,0)

(27) @ mFD/2 =@ nita) | A 6—0-5(2,- 1CX0,04.0,; (b33) =5 2407 (AT 2)b:) /o

: —d° —ag° —0.5||CXen. w0 (ti))—yis||° /02
by using P(yi | bi,0,A,0) = [1; P(yi; [ 05,0, A, 0) =], (2m) 4°/2 =d? =05 CXo.0s 00, (1) —wis |15/
P(b; | 0,A,0) = (27) V2 |[@| /2056797 and 024 |§] 71 = | A%, a straight-

. . =~ . . 2 2
forward mixed-effect estimator would be b; = arg miny, mingy {Zj HCXg’bi)g;O,i(tij) — Yij H2 + HAbng}
that is, the classic maximum likelihood criteria profiled on zf ;. Concerning the
second point, we allow perturbations comparing to the original model, by as-
suming that the dynamic of each subject i follows a perturbed version of ODE
(IE

&i(t) = fop, (t,2i(t)) + Bui(t)

xX; (0) = l‘l"()

(2)

with the addition of the forcing term ¢ — Bu;(t) with B a d x d,, matrix and u; a
function in L? ([0, T],R%). We denote Xy, 5, o,u; the solution of this new ODE
(2). However, to ensure the possible perturbations remain small, we replace
the data fitting criterion Zj ||CX97b,i,x0’i(tij) - yinz by min,, C;(b;, zi0,u; |
8,U) where Ci(bi, i,0,ui | ,U) = 3, ||CXo,01.00..0: (ti5) — i[5+ |7, 2 and
||ul||2UL2 = fOT u;(t)TUu;(t)dt is the weighted Euclidean norm. Therefore the
magnitude of the allowed perturbations is controlled by a positive definite and

symmetric weighting matrix U. Finally, we obtain:

~

b (0,A) := argminy, g;(b; | 0,A,U) (3)

where g;(b; | 0,A,U) = mingy {minui Ci(bi,xi0,u; | 0,U) + ||Abl||§} .This re-
quires to solve the infinite dimensional optimization problem min,,, C;(b;, z;,0, u; |
0,U) in L? ([O,T} ,Rd“). This problem belongs to the field of optimal con-
trol theory for which dedicated approaches have been developed to solve them
[32,[33,29]. Here we use the same method as in [27] which is detailed in section 3]

The perturbation u; corresponding to the solution of min,u . {min,, C;(bi, zi0,u; | 6,U)}
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is named optimal control and denoted ;g ,. The corresponding solution of
for u; := ; 9,p, is denoted Y@bi and named optimal trajectory. In particular,
Xopp, and U9, are respectively the subject specific state variable and pertur-

bation such that:

gi(bi | 0,A,U) = > ||CX g, (ti) — yini + i om, 17 g2 + 1AB]5 . (4)
7

To incorporate possible model errors in the estimation process, e.g. due to
subject specific exogenous perturbations, Xy, is now assumed to be the sub-
ject specific regression function, defined as the state-variable which needs the

smallest perturbation in order to get close to the observations.

Remark 2.1. The definition of the optimal control u; ¢ 5, has an interpretation
in terms of Bayesian inference in an infinite dimensional space. According
to [34] (theorem 3.5 and Corollary 3.10), i ep, is a marimum a posteriori
estimator where the chosen prior measure is a centered Gaussian random field

with the covariance operator determined by U .

2.2. Outer criteria definition

We focus in this section on population parameter estimation. Classic ap-
proaches rely on maximum a posteriori distribution or the likelihood of the ob-
servations in which they get rid of the unknown subject specific parameters by
taking the mean value of P[0, A o,b|y] or Ply | 0,A,0,b], E, [P[0,A,0,b | y]]
or By [Ply | 0, A, 0,b]] respectively, as outer criteria. This generally requires
the numerical approximation of integrals of possibly high dimensions (the same
as b), a source of approximation and computational issues [6]. To avoid this,
we consider the random effects as nuisance parameters and rely on a classic
profiling approach for (8*, A*) estimation [35]. Instead of taking the mean,
we rely on the maximal value of the joint distribution with respect to b, or
equivalently max, InP [0, A, o,b | y]. Bayes formula gives us P[0, A,0,b | y]
Ply |0,A,0,b|P[0,A,0,b]. Since P[0,A,0,b] = P[b]|0,A,0]P[0,A], we get
PO,A0,b|y]l o< (I[;Plyi | 0,4,0,b]P[b; | 6,A,0]) P[0, A] by conditional in-

dependence of subject by subject observations and subject specific parameters.



It follows that

méixln]P’[H,A,o,b | y] Zn})ax (InPly; | 0,A,0,b;] + InP[b; | 6,A,0])+InP [0, A]

and now we construct a suitable approximation of this last expression to estimate
population parameters. As said in the previous section, we define the optimal
trajectory Xgp, as the regression function for each subject. Therefore, we ap-

proximate P [y; | 6, A, o,b;| by Ply; | 0, A, 0, b;] ~ I, (27r)_d0/2 o= =05 CX 0.0, (ti5)—vis

s

and we derive from this:
argrrtax (lnﬁ[yi | 0,A,0,b;] +InP[b; | 9,A,a]> = arg max Z ||CYg7bi (tij) — yUH; + ||Abi||§

We regularize this estimation problem by approximating it via the addition of

the Tikhonov penalization term on perturbation magnitude |[@; g, ?] 12, thus

arg maxsp, <lnﬁ[yi | 0,A,0,b;] +InP[b; | G,A,a]) ~ arg maxy, g;(b; | ,A,U) =

bi (6, A) by using definition . From this, we derive

G001yl = (WP [yi]6.8,0,5:(0,4)] + WP [5;(6,2) | 6,A,0])+IP [0, 4]

1
as suitable approximation. Moreover, for each (6, A), the maximizer in 02 of G

has a closed form expression:

1 JR—
UQ(Q,A):O— CX ’,\i 7 (tz)_yz
(d Z,nl—kqn)z ZJ:H 0,5:(0,0)\Lij j

i

- Jaios)

(5)

By using this expression for o2 (9, A), we get that arg max g, o) Maxq2 G(0,A, 0 |

2
2

y) = argmax ) {G [0, A | y]} where:
G[9,A]ly]=-05 (dOZni + qn) In (¢ (0,A)) + nln|A|+1InP [0, A].

Thus we can profile G on sigma o2 and define our estimator as:

(5, 3) = argmaxa) {G[0,A | y]} (6)

to reduce the optimization problem dimension and focus on the structural pa-

rameters. An estimator of ¢* is obtained from there by computing o2 (5, ﬁ)

10
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given by equation . The details of the outer criteria derivation are left in
appendix A.

3. Numerical procedure for u; g p,, Yg,bi and g; computation

In this section we explain how to get numerical approximations for min,u . {min,, C;(bi, zio,wi | 6,U)}

and U; g, linked to the perturbed ODE (2) which are then used to evaluate
X, and g;. Firstly, we approximate g; with a special type of optimal control
problem, known as 'tracking problem’, in a discrete time setting. Secondly, we
adapt the method proposed by [30} [36] to obtain min,,, C;(b;, z;0,u; | ,U). This
presents the advantage of formulating min,, C;(b;, z;0,u; | 6,U) as a quadratic
form (or a sequence of quadratic forms) with respect to zf ;. Thus, the com-
putation of mingy . {min,, C;(b;, zi,0,u; | 0,U)} does not add any computational
complexity comparing to min,, C;(b;, 2 0,u; | 6,U).

All it requires for the user is to specify a pseudo-linear representation of ODE
, i.e a possibly state-dependent matrix Agp, (¢, x;(t)) and state-independent

vector rgp, (t) such that:
oo, (t,2i(8)) = Agp; (8, i(8)) wi(t) + 7,5, (8)- (7)

This formulation is crucial for solving the optimal control problem in a com-
putationally efficient way. Linear models already fit in this formalism with
App, (t) == Agp, (t,z;(t)). For nonlinear models, the pseudo-linear representa-
tion is not unique but always exists [36] (in order to exploit this non-uniqueness

as an additional degree of freedom, see [37] section 6).

3.1. g; expression as an optimal control problem

We now rely on the pseudo-linear version of model :

i (t) = Agp, (t, 2 (1)) 2:(t) + 705, () + Buy(t)

x;(0) = x; 0

11
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and it discretized version:

zi(td 1) = (Ig+ DpAgp, (18, 2 (t1))) zi(t) + Agrop, (68) + BARu; ()
-ri(o) = T4,0
(9)
where the discretization is made at K; + 1 time points {ti}o<k<m with ¢4 =0
and t% = t;,,. This set contains the observations time points_i.e_. {tij}ocj<n, C
{tz} 0<h<K,’ but can be bigger and patient specific, allowing to accurately ap-

proximate Xy p, o, , €ven when the observations are sparse on [0, T]. We define:
o A=t —ti the mesh size between two discretization time-points,

. uf the set of discrete values taken by the control at each time step i.e

d_ d d
ul = (u(td),. .., u(tKrl))7
o wy = 1{3tij |tij:tz}/(tg+1 —t) ie. wy is equal to 1/(tf,, — t{) if to
corresponds to an observation time t,;, otherwise wy, = 0,
. yg:yij if tg = t;;, 0 otherwise,

d
0,bi,x;,0,u

. the solution of (|9)).

The weights wy and the set of extended data {y,‘j} are introduced to have a
vector of observations with the same length as {tﬁ} o<k<k,- Wenow introduce

the discretized version of the cost C; to be minimized:

2
Clbi, io,uf |0,U) = 302 HCXZJ,WO,M@ (tij) — yij ’2 + ZkK;El A (te) Ui (tr)
2
= HCXg,bmxi‘o,uf (t”“) ~ Yin, 9
2
b 0 ([ s 0 — [+ st V().
(10)

such that our inner criteria g; can be approximated by:

gi(bi | 6,A,U) = minmin C{ (b, w0, uf | 6,U) + | Ab]|3 .
Lo, ug
The solution of this discrete control problem will be denoted ﬂf’e’bi, and the

. . <-4 . . . .
related optimal trajectory Xy ;.: they will be used as numerical approximations

of Ui g, and Xgp, respectively.

12
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8.2. Numerical methods for solving the tracking problem
We present how to numerically obtain mingu min,a C (b, i, uf | 6,U) as
well as the corresponding minimizer ﬂf’e’bi. We start with linear ODE models,

then we consider nonlinear models following the steps detailed in [36].

3.2.1. Linear models

Here, we suppose Agp,(t) = Agp,(t,x) in the pseudo-linear model formu-
lation. For a given set (6, b;, x; ), Linear-Quadratic theory ensures the existence
and uniqueness of the optimal control @, , and that mingy . min,s C{ (b, zi0,uf |
0,U) can be computed by solving a discrete final value problem, called the Ric-

cati equation (e.g. [32, [33]).

Proposition 3.1. Let us introduce (Rg b, i, hop; k) for 1 < k < K, the solution

of the discrete Riccati equation:

Ropire = Ropiprr + LkwpCTC+ Ay (R, k1406, (t) + Agp, (1) T Ro b, k41)

+ AR Agp (1) Ry by k1 4a b, (1)

— Op(Ia+ DrAop, (1)) Ro b, k1 BG(Ro b, k1) BT Ry b, k41 (Ta + DrAgp, (1))
hop, e = hopkr1 — DpweCTyl + ApAgp, (1) ho b, k1

+ A (T + DA (D) Ropgraron, (6)

= Ap(Tg+ Ao, )T Rop, k1 BG(Rob, k1) BT (ho,b, o1 + DkRop, kr170,0, (61))
(11)

with final condition (Ryp, i,y hop; k) = (CTC, —CTyn,) and G(Ryp, k1) =
U+ AkBTRg,bi,kHB]_l. Hence we get:

2
9i(bi | 0,A,U) = |Abi |15 + vl yin,
T -1 T
- (R%i,oxg,i + hg,bi,o) (Rg,bi,o) (Réi’%,;,ow’é,i + hg,m,o) + (xg,i)T Ry, 076, +2 (hg,b,;,o) i
_ T
+ 3 Ak (U’k (i) wi + (2 (hop. k1) + Auroy, (tﬁ)TRe,bi,kH) r0,b; (tﬁ))

_ T
- ZkK;"’O YA (Rob; k1 + DkRob, k1700, (E8)) " BG (R, k1) BT (ho,by k1 + AiRo b, k170, (EL))
(12)

U uk k U k ; ;
where Ry, o, Ry, 05 Bg b, 00 P b0 and hg . o are given by the following decom-

u uk
Re,biﬂ Reybi»o

T
uk k
<R9,bi,0) Re,bi,o

13

. L — u k
position Rgp, 0 := and hgp, 0 = ( M b0 Posio ) .



Moreover, the control ud, b, Which minimizes the cost @) s unique and equal

to:

_ —d
gy, (th) = —G(Rop, k41)B" (Re,bhkﬂ ((Id + DkAgy, (1) Xy, (1) + Arrop, (ti)) + he,bi,k+1)

(13)
where Yz’bi is the optimal trajectory, i.e. the solution of the initial value prob-
lem:
Xou(th) = (Lot Drdon, (1) g, (1) + Ao, (1)
— ARBG(Rgp, k+1)BT Rop, k41 ((Id + ApAgp, (1)) Yz,bi (tr) + Agrop, (tZ))
— ARBG(Rgp, k41)B  ho b, ki1
(14)
with estimator ;i’f\o = - (Réﬂbi’o)_l (R};zhox}g + hg7bi70) for xiy.

3.2.2. Non-linear models

We adapt the method proposed by [36] to solve tracking problem for discrete
time models. The outline of the method is the following: we replace the original
problem by a recursive sequence of problems, where the [-th one is defined

by:
. dl d d,l 2
mmug Cz (b,, Zi,0, U; | 67 U) = HCXH,mei‘o,uf-i (tzm) — Yin;
Vi
—d,l—1
2t ) = (T + Ao, (8, X, (1)) @ilt) + Aaro, (1) + BAwus(te)

2
2
Cx bl L) — ng2 wi + ui(tk)TUui(tk)>

0,bi,xi0,uf

such that

(15)
—d,l-1 . . . .
where Xy, is the solution of problem at iteration { — 1. Thus, for each

s 1, the matrix Agy, (tg,fg:éi—l(tﬁ)) does not depend on x; and the problem

is solved using proposition We then construct the following algorithm:
—u,d
1. Initialization phase: X;L:bi’o(tg) = x; for all k € [0, n;] where z'j is an

. . . o . ~-k,d,0
arbitrary starting point for the unknown initial condition and Xy, (td) =

k
xi -

. . i . _ !
210 2. At iteration I: use proposmonto obtain (Rl(,_’bj7 hl&,bi)’ u% b, X g, and
gf(bi | 0, A, U)

14



2
3. 1000 || X o) — XD < v and [gl (b 16,8,0) = ! s 16,4,0)] <
€2, then step 4; otherwise get back to step 2.

_ _ —d,l
4. Set (Rgp,, hop,) = (Rle,bﬂ hle,b,-) ) U?,e,bi = gelzw Xab = X@,bi and
215 gz(bz |9,A,U) :gf(bl |9,A,U)

4. Asymptotic Variance-Covariance matrix estimator for (5, 3)

In this section, we derive an estimator of the asymptotic variance of (5, ﬁ) .

We highlight that in practice the matrix A is parametrized by a vector § of
dimension ¢/, i.e A := A(J). We give here a variance estimator of (é\, g) . The

20 variance of A can be obtained using classic delta-methods (see [38] chapter 3).
We introduce the function h(b;, 0, A,y;) = ||Ab1||§ +22; |CX o, (ti) — ij HZ in
order to present sufficient conditions ensuring our estimator is asymptotically

normal:

1. the function G [0, A(6)] = —0.5 (d°E [n1] + ¢) In

lim,, 1 57 E[h(b(6,A(5)),0,A(5),y:)] n
d°E[n1]+q

225 In|A(8)| has a well separated minimum (6, d) belonging to the interior of

a compact © x €,

2. the true initial condition distributions {I7"} I have finite variance and

i€[1,n

either

(a) they are identicals I = I'* or

(b) are such that for » =0 and v = 1:

no, y (0 2
LN (v<u>)2]E ; (0~ B[] 1{”(”)”[’““)]”%}1
where 5 (1) = 72 (5,8, A(5)). 8, AG), 1) and V) = /3, Var(i® ()2,

3. the subject specific number of observations {ni}ie[[l n) are ii.d and uni-

formly bounded,

15
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240

245

250

4. for all possibles values (6,b;), the solution Xg belongs to a compact

*
Lo 4

x of RY, and for all (¢,6, ), the mapping b; — fa s, (t,2) has a compact
support Oy,

5. (0,b;,t,2) — foup,(t, ) belongs to CH(O x O x [0, T] x x, R?),

6. the matrices 882—;91( (6,A(5)) | 6,A(5),U) and 8622;3)1;1( (6,A(9)) ,

0,U) are of full rank almost surely for every sequence y;,

7. there is a neighborhood ©g of  such that (6,b;,t,z) — fou,(t,z) €
C?(07 x Oy x [0, T] x x,R9).

Condition 2b is here to ensure asymptotic normality for non identically dis-
tributed random variables via Lindeberg-Feller theorem. Conditions 1-4 are
used to derive the consistency of our estimator toward (?, 5) by following classic
steps for M-estimator by proving 1/the uniform convergence of our stochastic
cost function to a deterministic one, 2/the existence of a well-separated mini-
mum for this deterministic function [38]. Conditions 6-7 ensures that our cost
function is asymptotically smooth enough in the vicinity of (57 5) to proceed
to a Taylor expansion and transfer the regularity of the cost function to the
asymptotic behavior of \/ﬁ(é -0, 5 — 68). Less restrictive conditions can be es-
tablished under which our estimator is still asymptotically normal, in particular

regarding fp s, regularity with respect to t.

Theorem 4.1. Under conditions 1-7, there is a model dependent lower bound

A such that if |U|ly > X then the estimator (é\, g) is asymptotically normal and:

V(0 —8,5—8) ~ (o AB,5)7'B@

|
Nt}
—
s
Py
u%‘
|
N~—
I
_
SN—
'ﬂ
N———

where A(6,8) = lim, = > {%‘Sg‘)} , B(6,6) =lim, + {Zl J(0,6,y:)J (0,0, yi)T}

T J 0765 1
and the vector valued function J(0,0,y;) = j( y) is given by
J6(0a57 Y1)
To(0,6,31) = f5h(b(6. A(6)),0,A(6), y,)
Js5(0,6,yi) = %h( i(0,A(0)),0,A(8),y;) — mﬂ" (A(a)*l 8(%(1:5)) h(b;i(0,A(6)),0,A(d),y;)-

16
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260

The proof is left in appendix C. The practical interest of this theorem is to
e e T
give an estimator of Variance-Covariance V' (0, 6) ~ A(6,8)~*B(0,) (A(Q, (5)_1> /n
with the matrices j(@, A) = —% v %ﬁgi) and B = % > J(g, ;5\, yi)J(g, 3\, yi)Twhere
the (p + ¢) components of the vector valued function J for 1 < k < p are given

by

d  ~
Tu(0,6,30) = 22-h(b(0, A)), 6, A().31)
and forp+1<k<p+qby
- i A‘ 2n 1 8&(5) A.
Ie00.39) = 5= (B0, 500, 6. 800) 30)~ ot (500) 25 ) 16, A0, 6.5, 30

Now that we have proven the existence of the variance matrix V(6*,6*) such
that & — 6* ~» N (0,V(6*,6*)), we can use the Delta method to derive the
asymptotic normality of the original matrix ¥ (g) = o? (A(S)TA(E))_l as
well as an estimator of its asymptotic variance. In the case of a diagonal matrix
¥, composed of the elements (V3. .. \1'3) and of the parametrization A(J) =
e 0 0

0o . 0 used in section [5) we derive:

0 0 e

U, (0) U, (5%) e 0 0 e 0 0
v, (9) U, (6%) 0 0 e 0 0 e

Remark 4.1. The previous theorem states that we retrieve a parametric
convergence rate despite a number of nuisance parameter increasing with the
number of subjects. We avoid the pitfall described in [39] for profiled methods,
thanks to the i.i.d structure of the nuisance parameters. This allows us to pre-
vent bias accumulation for score functions among subjects by using the central

limit theorem.

5. Results on simulated data

We compare the accuracy of our approach with maximum likelihood (ML) in

different models and experimental designs reflecting the problems exposed in in-
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troduction, that is estimation in 1/presence of model error, 2/partially observed
framework with unknown initial conditions and 3/presence of poorly identi-
fiable parameters. For the fairness of comparison with ML, we choose a non-
informative one i.e. InlP[f, A] = 0 for our method throughout this section. If the
ODE has an analytical solution, the ML estimator is computed via SAEM
algorithm (SAEMIX package [7]). Otherwise, it is done via a restricted likeli-
hood method dedicated to ODE models implemented in the nlmeODE package
[13]. We proceed to Monte-Carlo simulations based on Npc = 100 runs. At
each run, we generate n; observations coming from n subjects on an observa-
tion interval [0, T'] with Gaussian measurement noise of standard deviation o*.
From these data, we estimate 6%, U* and b} with both estimation methods. We
quantify the accuracy of each entry 1@) of the population parameters estimate

12 = (é\, \T/) via Monte-Carlo computation of the bias Bias(z/b\p) =K [ip} — ¥

P

—~ —~ 2
the empirical variance V°¢(¢,) = E {(E {wp] — w;) }, the mean square error

MSE(in) = Bias(zzp)2 + Vemp(zzp), the estimated variance V (1@,) as well as
the coverage rate of the 95%-confidence interval derived from it. This coverage
rate, denoted CR in the following results, corresponds to the frequency at which
the interval {{b\p + 20.975 v (121\,,)} contains ¢, with zp.975 the 0.975—quantile
of the centered Gaussian law. We compute the previous quantities for the nor-

malized values ¢, "™ := % to make relevant comparisons among parameters
P

N

7

with different order of magnitude. For b

MSE(b;) =E [ b — by

we estimate the mean square error

j . For each subsequent examples, we give the results
for n = 50 and present in appendix B the case n = 20 to analyze the evolution
of each estimator accuracy with respect to data sparsity.

For our method, we need to select U balancing model and data fidelity
in the inner criteria . We use the method presented in [40] to compute
EP;(U), the prediction error for the subject ¢ corresponding to the estima-
tors é;, {E\U}ze . obtained for a given matrix U. From this, we compute

EP(U) = ), EP;(U) the global prediction error for the whole population. We

retain the matrix U minimizing EP among a trial of tested values and we de-

18
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note 5, \/I\l7 {b/; } . the corresponding estimator. In the following, we use the
superscript M in[[o ’(fjnote the ML estimator.

For solving the optimization problems required for computing our inner and
outer criteria, we use the Nelder-Mead algorithm implemented in the optimr
package [41]. All optimization algorithms used here require a starting guess
value. We start from the true parameter value for each of them. By doing
so, we aim to do not mix two distinct problems: 1)the numerical stability of
the estimation procedures, 2)the intrinsic accuracy of the different estimators.
These two problems are correlated, but we aim to adress only the latter which
corresponds to the issues raised in introduction. Still, we check on preliminary
analysis that local minima presence was not an issue in the vicinity of (6*, A*)
by testing different starting points for all methods. No problem appears for
our method and SAEMIX. A negligible number of non convergence cases ap-

pear for nlmODE which have been discarded thanks to the convergence criteria

embedded in the package.

5.1. Partially observed linear model

We consider the population model where each subject ¢ follows the ODE:

Xii= X0 — $1:X14

Xoi = —¢2,i X2, (16)

(X1,i(0), X2,4(0)) = (21,0, T2,0,:)
with the following parametrization: log(¢;,;) = 61 +b; and log(¢2 ;) = 02 where
b; ~ N(0,%). The true population parameter values are 6* = (67,03) =
(log (0.5), log (2)) and ¥* = 0.5% and we are in a partially observed frame-
work where only X ; is accessible. The true initial conditions are distributed
with 27 o, ~ N(2, 0.5) and 255, ~ N(3, 1). ODE has an analytic solution
given by Xi;(t) = e ®1it (21 + %(e(mi_@ﬂ)t — 1)) for its first compo-
nent which will be used for estimation with the SAEMIX package. We generate
n; = 11 observations per subject on [0, 7] = [0, 10] with measurement noise of

standard deviation o = 0.05. An example of observations and corresponding

solution is plotted in figure [I]
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Figure 1: Left: Examples of (16) solutions and corresponding observations. Right: Solution
of (16) and a realization of (17)) for the same parameter values.

We want to investigate the impact of initial condition, especially the unob-
served one 3 ;, on the ML estimator accuracy. Indeed, our method does not
need to estimate z3,, and thus no additional difficulties appear in this par-
tially observed framework. For the ML, however, it is nuisance subject-specific
parameter that should be estimated and for which no observations are avail-
able. For this, we compute 5% L 5% L and 9ML the ML estimator respectively
when: 1) both initial conditions are perfectly known, 2) 1 o, is replaced by the

measured value, 3)in addition @3 , ; has to be estimated.

5.1.1. Correct model case

We present the estimation results in table [I} For ML, the results are goods
in terms of accuracy and consistent in terms of asymptotic confidence inter-
val coverage rate when both initial conditions are known: 95% for 6; and 6o
in accordance with theoretical results. However, there is a significant drop in
accuracy when x5, ; has to be estimated, especially for ¢>. In particular, the
coverage rate drops to 86% and 80% for 6; and 6, respectively. Interestingly,
ML inaccuracy is driven by bias and under-estimated variance when initial con-
ditions are not known. In this case our method provides a relevant alternative:

it gives accurate estimations with a good coverage rate for all parameters while
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Well-specified Misspecified
MSE  Bias ve v CR  MSEb; || MSE  Bias ve v CR  MSE b;
@\%L 0.01 0.01 0.01 0.01 0.95 0.01 4e-4 0.01 0.01 0.91
é\%é 0.01 0.01 0.01 0.01 094 0.01 -3e4 0.01 1le4 0.89
” 6ML  0.04 -0.04 0.04 0.01 0.86 0.05 0.02 0.05 0.01 0.81
0 5e-3 8e-3 8e-3 1le-2 0.97 0.01 -8e-3 T7e-3 0.05 0.97
5;‘? 4e-5 le-3 4e-5  4e-5  0.95 le-4  -le-3 le-4 le-4 0.83
A;VO’LZ 6e-5 le-3 6e-5 8e-5  0.94 le-4 -le-3 2e-4 0.01 0.82
7 6ML  4e-3  -0.01 3e-3 le-4 0.80 4e-3  -2e-3  4e-3 24 0.63
6 5e-5 2e-3 4e-5 4e-5 0.93 le-4 2e-5 1le-4 1le-4 0.92
@gL 0.01 -0.03 0.01 7e-3 1 5e-3 0.01 -0.003 0.01 0.01 1 0.01
é\,ﬂgé 0.02 -0.03 0.01 7e-3 1 He-3 0.01 -0.005 0.01 0.01 1 0.01
! ML 0.05 0.17  0.02 0.02 1 0.10 0.09 0.21 0.04 0.03 1 0.12
0 0.01 -0.01 0.01 0.01 0.92 o0.01 0.02 -0.02 0.02 0.01 0.90 o0.01

Table 1: Results of estimation for model (16]). The different subscripts stand for the following
estimation scenarios: 1)zg when both initial conditions are set to <a:8 1Ty 2), 2)xo,2 when
xo,; is set to y;,0 and wo,2 to x5, 3/absence of subscript when zg ; is set to y; 0 and wg,2 is

estimated. Results from our method are in bold.

avoiding the estimation of z3 ;. Estimation of individual random effects is also
more accurate with our method, with a decrease of more than 90% of MSE for

b; comparing to ML.

5.1.2. Estimation in presence of model error at the subject level
To mimic misspecification presence, we now generate the observations from

the hypoelliptic stochastic model:

dX1 ;= ¢ Xodt — @1, X7 ;dt
dXs; = —¢2,; X5 ;dt + adB; (17)
(X1,:(0), X2,4(0)) = (21,0,72,0,i)

with B; a Wiener process and o = 0.1 the diffusion coefficient. For the sake

of comparison, a solution of (16) and a realization of its perturbed counterpart
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given by are plotted in figure (Il This framework where stochasticity only
affects the unmeasured compartment is known to be problematic for parameter
estimation and inference procedures are yet to be developed for sparse sampling
case. From figure [I] it is easy to see the diffusion « will be hard to estimate
when we only have observations for X; ;. Thus, we still estimate the parame-
ters from the model which is now seen as a deterministic approximation of
the true stochastic process. Still, it is expected that our method will mitigate
the effect of stochasticity on the estimation accuracy by taking into account
model error presence. Results are presented in table[I}] The differences between
the two methods are similar to the previous well-specified case with an addi-
tional loss of accuracy coming from model error for both estimators. However,
the misspecification effect for SAEM is more pronounced than for our method
which manages to limit the damages done. This confirms the benefits of taking
into account model uncertainty for the regularization of the inverse problem, in
particular when model error occurs in the unobserved compartment, a situation
in which classic statistical criteria for model assessment based on a data fitting

criterion are difficult to use.

5.2. Partially observed nonlinear model

We consider a simplified version of the model used in [I3] for the analysis of

glucose and insulin regulation:

G; = Sg(GB — Gi) - X;G;
ji = ’}/t(Gi — h) — ni(Ii — IB) (18)
X; = —po(X; + Si(I; — Ip)).

We are in a partially observed case where only the glucose (G;) and insulin (I;)
concentration are measured. The values of parameters (ps, v, h, G, Ip) are set
to (—4.93,—6.85,4.14, 100, 100) and we aim to estimate § = (s, 0s,, 0, ), linked
to the original model via the parametrization: log(Sg) = 0s., log(Sr) = 0s,
and log(n;) = 6, + b; where b; ~ N(0, V). The true population parameter val-
ues are 0* = (—3.89, —7.09, —1.81) and ¥* = 0.262. The true subject-specific
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initial conditions z}, = (G}, 15, X;5,;) are distributed according In(z] o) ~
N(lws,\lllms) with l,; = (5.52,4.88,—7) and v, = (0.17%,0.12,107*) . We
generate n; = 5 observations on [0, T'] = [0, 180] with Gaussian measurement
noise of standard deviation o* = 3. As in the previous example, we investi-
gate the impact of unknown initial conditions on estimators accuracy. We are
particularly interested by the joint estimation of fg,, which appears only in
the equation ruling the unobserved state variable X;, and g ; required for each
subject by the maximum likelihood based method. For this, we distinguish two
cases, 1)when g, is known, 2)when g, has to be estimated and we respectively
denote 0/3\1 and 0 the corresponding estimators. Finally, since the model is non-

linear we have to specify a pseudo-linear representation of the vector field as in

(7):

—Sa 0 -G, ScGp
Aoy, (t,Gi, 1;, X;) = ~t —n; 0 s rop, ()= | —~th+n;lp
0 —p2Sr —po —p2S1ip

5.2.1. Correct model case

We present the estimation results in table Our method obtains smaller
MSE than ML and escapes the drop in coverage rate of the confidence interval in
the case of 0, estimation. The difference between the two estimators behavior
is explained by the fact that they are defined through the construction of two
different optimization problems. At the population level, our approach leads
to minimize a cost function depending on a 4-dimensional parameter whereas
ML, due to its need to estimate x7, considers a 10-dimensional one. Thus,
the topology of the parameter spaces explored by each method to look for the

minimum are very different.
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Well-specified Misspecified
MSE  Bias ve v CR  MSEb; || MSE  Bias ve v CR  MSEb;
515”? 5e-5  2e-3 4e-5 9e-6  0.95 6e-5 3e-3  6e-5 25 0.85
oML 2e-3  0.03 1le-3 85 0.85 2e-3  3e-3  le-3 24 0.54
s §Si le-5 4e-4 1le-5 8e-6 0.95 2e-5 -2e-5 2e-5 2e-5 0.93
0 2e-4 -6e-4 2e-4 2e-4 0.96 de-4 -1le-3 3e-4 4e-4 0.93
ML known known
oML 2¢-3  0.03 1le-3 6e-5 0.90 0.01 004 0.01 1e3 0.55
s s, known known
) le-4 -Te-4 1le-4 1le-4 0.96 3e-4 -le-3 3e-4 3e-4 0.92
5%”{ L Ted4 3e-3 6e4 Dbed 094 8e-4 -3e-3 8e4 bHe4 0.89
ML 9e-4  8e-3  8e-4 bHe-d 0.86 5e-3  -H5e-3  5e-3  be-4 0.88
o Os, 5e-4 6e-3 5e-4 5e-4 0.95 4-4 Te-4 4de-4 5e-4 0.95
0 6e-4 6e-3 bHe-4 5e-4 0.95 4e-4 6e-4 4e-4 5He-4 0.96
é\gfL 0.02 Te-4 0.02 0.02 0.95 0.02 0.03 -3e-3 0.03 0.02 0.93 0.03
oML 0.04 -0.09 0.03 002 0.88 0.02 0.03 -8-3 0.02 0.02 0.87 0.03
v gsi 0.01 -2e-3 0.01 0.01 0.95 0.01 0.01 -4e-3 0.01 0.02 0.94 0.01
0 0.01 3e-3 0.01 0.01 0.94 0.01 0.02 -7e-3 0.02 0.02 0.94 0.02

Table 2: Results of estimation for model . The different subscripts stand for the following

estimation scenarios: 1)S; when S; is set to S}, 2)absence of subscript when S; is estimated.

Results from our method are in bold.
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5.2.2. Estimation in presence of model error at the subject level
To mimic misspecification presence, we generate the observations from the
stochastic model:
dG; = (S¢(Gp — Gi) — X;G;) dt + andBy ¢
dl; = (vt(G; — h) —ni(I; — Ig))dt + cedBs (19)
dX; = (=pa(X; + Si(I; — I))) dt + azdBs,;

where the B;; are Wiener processes and (o, a2, a3) = (27272 X 10_4) their
diffusion coefficients. We present the estimation results in table 2l For ML, the
drop in coverage rate for 05 and 035, is even more striking when 6%, needs to
be estimated. This is explained by the effect of model misspecification which
increases bias and the fact that ML does not take into account this new source
of uncertainty which leads to under-estimation of variance and too narrow con-

fidence intervals.

5.8. Antibody concentration evolution model
We consider the model presented in [31] to analyze the antibody concentra-
tion, denoted A;, generated by two populations of antibody secreting cells: the

short lived, denoted .S;, and the long-lived, denoted L;:

Si = —6sS;

Ly =—drL;

A; =958 + 91, Li — SapiA;

(5:(0), L;(0), Ai(0)) = (So,s» Lo,i» Ao,i) -

(20)

This model is used to quantify the humoral response on different populations
after an Ebola vaccine injection with a 2 doses regimen seven days after the
second injection when the antibody secreting cells enter in a decreasing phase.
These cells being unobserved, the preceding equation can be simplified to focus

on antibody concentration evolution:
A; = ¢gie7" + dp e — S, A, (21)

with ¢g; := 95,5, and ¢r; 1= ¥ ;Lg;. This equation has an analytic solu-

tion which will be used for maximum likelihood estimation with SAEMIX. We
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Parameters  Biological interpretation Values

51, long-lived B-cells declining rate log(2)/(364 x 6)
93‘S Mean log-value for §g, the short-lived cells declining rate 10g(10g(2)/1.2) ~ —0.54
0* 05 Mean log-value for ¢g, the antibodies influx from short-lived cells 10g(2755) ~ 7.92
0:;L Mean log-value for ¢y, the antibodies influx from long-lived cells 10g(16) ~ 2.78
HgAb Mean log-value for ¢ 43, the antibodies declining rate log(log(?)/24) ~ —3.54
L Inter individual variance for log(¢s ;) 0.922
LASN IR o Inter individual variance for log(¢r, ;) 0.852
\IlgAb Inter individual variance for log(d 4 ;) 0.32

Table 3: Biological interpretation and parameter values

%0 consider the following parametrization: log(ds) = s, log(¢s,i) = Ops + bes,is
log(¢r.,:) = 0, + by, and log(das,:) = 05,4, + bs,,,i- The true parameter val-
ues are presented in table According to [31], the parameter §;, was non-
identifiable and only a lower bound has been derived for it via profiled likelihood.
So, to make fair comparisons between our approach and maximum likelihood,

s we do not estimate it. Regarding population parameters, we are particularly
interested in the behavior of estimation methods for 65, and 64,. Indeed, a
parameter sensitivity analysis shows the symmetric role of 05, and 04, on the
ODE solution (see [42]). Thus, they are likely to face practical identifiability
problems. To investigate this effect, we estimate the parameters when 1) 05, is

30 known (the corresponding estimators will be denoted with the subscript dg), 2)

it has to be estimated as well.

5.8.1. Correct model case
We generate n; = 11 observations on the interval [0, T] = [0, 364] with mea-
surement noise of standard deviation ¢* = 100. For each subject ¢, the initial
s condition has been generated according to A, ~ N (4o, 012470) with Ag = 500
and o> = 260 to reflect the dispersion observed in data presented in [31]. We
present the estimation results in table [4] Our method gives an improved

estimation with reduced variance of 65  comparing to the ML. Our approach
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Well-specified Misspecified
MSE  Bias ve \% CR MSE b; || MSE  Bias Ve v CR MSE b;
6ML  known known
vz 213 0.78 1.51  70.64 0.92 3.88 1.48 1.68 4.10 0.80
s 05  known known
0 0.62 -0.34 0.50 0.66 0.92 0.93 -0.40 0.77 0.62 0.90
5%’4 4e-4  0.01 3e-4  3e4 0.94 le-3  0.02 le-3  b5e-4 091
Oy 001 -0.05 7e-3 0.40 0.92 0.02 -0.10 0.01 0.02 0.88
%05 555 2e-3 -0.05 2e-4 1le-3 094 Te-4 -0.02 3e-4 1le-3 0.92
) 2e-3 1le-3 2e-3 2e-3 0.93 4e-3 -6e-3 3e-3 0.01 0.90
é\fs”éL 3e-3  0.02 3e-3  2e-3 0.95 5e-3  0.03 4e-3  3e-3  0.93
Ovmr  4e-3  0.03 4e-3  3e-3 0.90 9e-3  0.05 7e-3  4e-3  0.90
%o /9:;5 7e-4 -0.01 5e-4 3e-3 0.95 2e-3 -0.02 3e-3 2e-3 0.97
0 3e-3 -3e-3 3e-3 2e-3 091 6e-3 -8e-3 6e-3 Te-3 0.90
§§éL Te-4  -0.02 5e-4 3e4 0.93 2e-3  -0.03 1le-3 1le-3 0.92
Opr  2e-3  -0.02 le-3 4de-4 0.88 4e-3  -0.04 3e-3 Te-4 0.88
Yo 5. 2e-4 0.01 1le-4 3e4 0.95 3e-4 2e-3 3e-4 3e-4 0.96
) 4e-4 0.01 3e-4 2e-4 0.90 3e-4 8e-3 3e-4 2e-3 0.89
é\é‘éL 0.04 -le-3 0.04 0.07 1 0.15 0.05 0.03 0.0 0.08 1 0.17
Oy 011  0.01 0.11 0.05 1 0.17 0.13 0.01 0.13 0.25 1 0.21
Yos @;S 0.02 8e-3 0.02 0.01 0.94 0.06 0.02 2e-3 0.02 0.02 0.949 o0.11
0 0.02 -0.03 0.02 0.02 094 0.07 0.02 -0.05 0.02 0.03 0.92 0.08
53;? 0.03 0.04 0.02 0.04 1 0.30 0.05 0.03 0.06 0.06 1 0.73
Oz 0.03  0.05 0.02 0.04 1 0.60 0.03 0.0 0.02 0.07 1 0.74
You A(;S 0.02 -0.1 5e-3 8e-3 0.93 0.07 0.02 -0.10 0.01 0.02 0.91 0.10
0 0.03 -0.06 0.02 0.01 0.92 0.08 0.03 -0.06 0.02 0.03 0.87 0.12
@? 0.11  0.18 0.08 0.02 1 0.10 0.33 0.41 0.17 0.056 1 0.56
oz 020 0.29 0.11  0.02 1 0.50 0.30 0.34 0.19 0.05 1 0.69
Foas @;S 0.10 -0.30 0.01 0.01 0.95 0.03 0.10 -0.16 0.08 0.06 0.91 0.04
0 0.11 -0.27 0.04 0.04 0.95 0.04 0.15 -0.29 0.06 0.10 0.88 0.06
Table 4: Results of estimation for model (Z1). The different subscripts stand for the following

estimation scenarios: 1)ds when 05 isset to 0

Results from our method are in bold.

*

o 2)absence of subscript when 054 is estimated.
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provides an improved estimate for the {bf}ie[l’ n]’ We assume that is due to the
committed estimation error for §*, as it causes model error for {b}}, e[1,n] ©sti-
mation, which is not taken into account by exact methods. This in turn explains
why their variance ¥* is better estimated with our approach. In this mixed-
effect context, this cause of model error is systematically present and claims for
the use of estimation methods taking into account modeling uncertainties when

subject specific parameters are critical for the practitioner.

5.8.2. Estimation in presence of model error at the subject level
The data are now generated with a stochastic perturbed version of the orig-

inal model:
dA; = (¢S,i6755t + ¢L,i675Lt - 5Ab,iAi) dt + ad By (22)

where B; is a Wiener process and « = 10 its diffusion coefficient. The value
for o has been chosen big enough to produce significantly perturbed trajecto-
ries but small enough to ensure that ODE is still a relevant approximation
for estimation purpose. The results are presented in table [d Our method still

outperforms the maximum likelihood for 65  as well as the {b;} | estima-

i€(l,n
tion and their variances. In addition, we mitigate the effect of model error on

estimation accuracy.

6. Real data analysis

We now proceed to the estimation starting from real data presented in
[31] from which the parameter values given in table [3| come from. In [31],
the estimation is made from cohorts coming from three phase I trials per-
formed in African and European countries. Each subject was vaccinated with
two doses, Ad26.ZEBOV (Janssen Vaccines and Prevention) and MVA-BN-
Filo (Bavarian Nordic). In these cohorts, both the effect of injection order,
either Ad26.ZEBOV first and MVA-BN-Filo second, or MVA-BN-Filo first and
Ad26.ZEBOV second, and the delay between, 28 or 56 days, were evaluated. In
this study, we focus on an east African subpopulation where Ad26.ZEBOV
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was injected first and then MVA-BN-Filo with a delay of 28 days between
the two doses. As in [3I] to stay in the temporal domain of validity of the
model, we use the 5 measurements per subject made seven days after the sec-
ond dose injection. The estimation in the original work has been done using
the NIMROD software [I2] and log-transformed antibody concentration mea-
surement. We now estimate the parameters with our method with the aim to

compare our results with the existing one. We used the same prior distribution

-1 25 0 0 0
0 0 100 0 O
w(0) ~ N , for 0 = (6ss,0ps,05.,05.,)
0 0 0 100 O
—4.1 0 O 0 1

as them. We set our mesh-size to get 200 discretization points for each subject
on the observation interval and we use U = 10 i.e. a value lower than in the
simulated data case because of the model error presence. We also proceed to
the log-transformation of the data to stabilize the measurement noise variance.
This drives us to use the nonlinear model:

—~ 1

_ dAb,i
Ailt) = In(10)

In(10)

($s.:67%5" + ¢ je021) 1040 — (23)

describing the dynamic of A; (t) :=log, A;(t) for parameter estimation purpose.
We use Ag p, (L, 2, 2(t)) = ﬁ (05,6705 + dpie0t) 2" and rg, (¢, zi(t)) =
_ SAbi

In(10)

for the pseudo-linear formulation of the model. Our estimation and the
one from the original paper [31] are presented in Table [5| In the following, we
denote ((?P , bAiP> (respectively (5,5;)) the estimation obtained by [31] (respec-
tively our approach). Both methods produce estimations with overlapping con-
fidence intervals for 0. Still, significant differences appear for (¥4, ¥y, , Vs,,)
estimation which quantifies the dispersion of random effects. We only consider
a subset of the subjects used in [31] for estimation. This has an effect on the
observed diversity within the cohort of patients and thus on (U4, ¥y, , ¥s,,)
estimation. Regarding the predictions, we present in figure [2] examples of esti-

mated trajectories.

The confidence intervals are computed via Monte-Carlo sampling from the
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Figure 2: Examples of fitted trajectories for both methods for different subjects. Here

Time=0 is the 7th day post-second dose. Dashed lines: fitted ODE solutions . with
(é‘P’ I;;P). Solid line: optimal trajectories Yé‘l;‘_. Shaded area are the 95% confidence inter-

vals.
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Pasin et al. | -0.57 [-1.02, -0.02] | 7.92 [7.52, 8.30] | 2.78 [2.62, 3.01] | -3.54 [-3.62, -3.45]

OCA -0.18 [-0.58, 0.22] | 7.45 [6.85, 7.96] | 2.58 [2.15, 3.01] | -3.48 [-3.95, -3.01]
Yo Yo, Vs,
Pasin et al. 0.92 [0.83, 1.01] | 0.85 [0.78, 0.92] | 0.3 [0.24, 0.36]
OCA 0.64 [0.60, 0.70] | 0.70 [0.55, 0.90] | 0.25 [0.19, 0.31]

Table 5: Estimation presented in [3I]and via our approach.

approximated normal laws A (8, V(8)) and N'(6F,V(6F)) to quantify the effect
of estimation uncertainy on 6 on the prediction. For NIMROD estimation, for
a given sampled value 6 ~ N (§P , V(@P )) and subject i, the sampled regres-
sion function X I is obtained by solving ODE for parameter values
(0,b;,20,) = <§P,b:-P7y0’i) . Regarding our approach, for 6 ~ J\/(g7 V(é\)) the
sampled regression function for subject 7 is the optimal trajectory Yg’ 5 obtained
via the minimization of the cost function Ci(l;;,xi,o, u; | 5, U). This imposes a
common goal of data fidelity to each sampled Y{?,bﬁ, which limits their inter-
variability. This explain the differences between the two confidence intervals in
terms of shape and width and why our method gives narrower intervals. Still,
despite these differences in shapes, both prediction intervals cover the same
points. Morever, on the long-term our intervals are nearly always contained in
the ones given by NIMROD.

Our estimation of 6 supports the parameter inference obtained in [31] via
another method and the subsequent analysis made on the antibody concentra-
tion dynamics. In addition to this parametric comparison, we want to assess
the model adequacy via the temporal evolution analysis of the optimal controls
W, 5 b:(5) estimated as byproducts of our method. Indeed, they quantify the ex-
ogenous perturbations u; we need to add to model so that the solution of

its perturbed counterpart,

e 1
Aia(t) = In(10)

0 Ab,i
In(10)

(¢s,067%5" + pp e 081) 107 A + u; (24)
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reproduce the observations. This approach is similar to the one developed in

[43] where control theory replaces non-parametric procedures to estimate w;.
~ ~P

For comparison, we also quantify the committed model error for <0P ,b; ) To

do so, we compute !, the solution of the optimal control problem: u! =

i
arg min,, {Zj HAiﬁP,b:P

2
‘ + ||uZH2UL2 . In the last expression
5 :

(tij) — Yij

Yi0,U;
0P BT o is the solution of the perturbed ODE 1) for (0,b;) = (é\P, bAiP)
and y;o is the measured concentration at t = 0 used a surrogate value for the
initial condition (as they did in [3I]). We still use U = 10 for this optimal
control problem to allow for the same level of perturbation magnitude for both
methods. In figure 1) we plot ﬂiﬁ,bi(@) and ﬂf as well as their mean values
and confidence intervals.

Our method leads to residual perturbations of smaller magnitudes and nar-
rower confidence intervals. This means our approach produces an estimation
which minimizes the committed model error for each subject comparing to a
method based only on a data fitting criteria. This is particularly clear at the
beginning of the observation interval. In this case, our narrower confidence in-
terval clearly excludes a null perturbation and advocates for an over-estimation
of the predicted antibody concentration by the model. This makes sense because
model assumes that both populations of antibody secreting cells decrease
with time, and that is probably not true at the beginning of the dynamic. Thus,
despite similar results regarding parameter values between our estimation and
[31], the insight given by our method at the dynamic scale leads us to the ad-
ditional conclusion of model misspecification presence at the beginning of the

observation interval.

7. Conclusion

In this work, we propose an estimation method addressing issues encountered
by classic approaches for the problem of parameter estimation in NLME-ODEs.
We identify three potential sources of problems for exact methods such as like-

lihood based inference: their difficulties in presence of model error, their need
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0.04- 0.04-
0.02- 0.02-
g g
Q Q
= =
£ S
Xl @
£ 000- E 0.00-
=3 >
< /’= = <
1%} %)
pu} s}
m m
-0.02- % -0.02-
-0.04- -0.04-
\ \ . . . .
0 100 200 300 0 100 2
Time: 7 days after second dose injection (Days) Time: 7 days after second dose injection (Days)
Perturbations: Means and 95% CI for NIMROD estimation Perturbations: Means and 95% CI for OCA estimation
0.04- 0.04-
0.02- 0.02-
g g
Q )
3 3
£ £
j2} j2}
Z 000~ Z 000-
=} =}
< <
%) %)
s} pu}
m m
-0.02- -0.02-
-0.04- -0.04-
. . . . . . .
0 100 200 300 0 100 200
Time: 7 days after second dose injection (Days) Time: 7 days after second dose injection (Days)
= Mean optimal control = Mean optimal control

Figure 3: 1) Up: Estimated residual controls for each subject, 2) bottom: mean optimal control
and 95% confidence interval for the optimal controls a) left: HZP obtained from parameter

estimation in [31], b) right: W, 5.b;(8) obtained3rom our estimation.
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to estimate initial conditions and their dramatic performance degradation when
facing poorly identifiable parameters. We propose here a method based on con-
trol theory accounting for the presence of potential model uncertainty at the
subject level and which can be easily profiled on the initial conditions. Simula-
tions with both presence and absence of model errors illustrate the benefits of
regularization techniques for estimating poorly identifiable parameters, subject
specific parameters as well as their variances in NLME-ODEs. In addition, by-
passing estimation of initial conditions represents a clear advantage for partially
observed systems comparing to likelihood based approaches, as emphasized in
simulations.

Still, this benefit in term of estimation accuracy comes with a computational
price. On a server with the parallelization package Snow in R language, it takes
approximately 10-15 minutes to obtain an estimation for the two-dimensional
linear model, 30 minutes for the insulin model and 3-4 hour for the antibody
concentration evolution one, whereas it was a matter of minutes for the other
approaches. Nevertheless, the use of compiled languages and proper paralleliza-
tion could reduce the computation time. Moreover, we have willingly separated
the formal definition of the optimal control problem required by our method
and the numerical procedure used to solve it, in case it may exists better suited
approaches for this specific control problem. Right now, our current strategy
allows us to profile on initial conditions, so looking for another numerical pro-
cedure is beyond the scope of this paper.

An under-exploited feature of the method so far is the obtained optimal
controls. The qualitative based analysis exposed in section [f] can be made more
rigorous. For example, to stay in a Bayesian setting, we can specify a prior
distribution for the controls and then compare it with the obtained posterior
once the inference is made. This would lead to a semi-parametric inference
problem for which an optimal control based approach has already been proven

useful (see [27]). This is a subject for further work.
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Software

Our estimation method is implemented in R and a code reproducing the

examples of Section [5]is available on a GitHub repository located here.
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