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Abstract

Calculations of the sensitivity to a variation of the electron-to-proton mass ratio p for *C,H,
transitions of the v; + vs3 and v; + v, + v4 + vs bands in the spectral region at 1.5 pm are
presented. They account for the Fermi and I-type rotation and vibration resonances of the
excited states. The frequency splittings between near resonant transitions, arising from a
cancellation of effective rotational intervals with frequency shifts associated to the vibrational
band origin, the anharmonicity and the rotation-vibration interactions, have sensitivity
coefficients to a variation of p of both signs in the range of 10-10°. The measurements of
temporal drifts of frequency splittings against the Cs frequency standard have the potential to
better constrain a variation of p comparing to that of other fundamental constants. The
systematic frequency shifts for frequency splittings are discussed for experimental setups
based on intracavity saturated absorption spectroscopy and the constraint of a measurement of

a fractional variation of p is projected at 10™° level.
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Main body of the article

1. Introduction

The idea that fundamental constants may vary find new developments [1] within the context
of modern theories. A possible variation of the fine structure constant should lead in the grand
unification theories approaches to a variation of the strong interaction strength scale and
masses. A fine tuning of the fundamental constants during cosmological time conducted to
atoms and molecules that we know nowadays. Their energy levels may be investigated by
high resolution spectroscopy to probe this variation. For different values of the fundamental
constants, we would have different spectra, level-sensitive intra-molecular interactions,
ionisation rates or chemical reactions. The electron to proton mass ratio p is a fundamental
constant that provides a scale of masses in quantum electrodynamics (QED) and quantum
chromodynamics (QCD). Nuclear gyromagnetic factors g depend on quark masses and QCD
strength scale [2]. Atomic hyperfine transitions are sensitive conjointly to variations of a, p
and g. Molecular rotational and rovibrational frequencies depend on inertia moments and
nuclear masses that are intrinsically sensitive to a variation of u. Measurements of different
atomic transitions (see [3] for a review) lead to stringent constraints to a possible variation of
o at 4 x 107 yr'. Fractional variation of the electron-to-proton mass ratio p is expected to be
higher [4]. Probing a variation of p with molecules has been performed by comparing
molecular hydrogen electronic-rotation-vibration transitions measured in laboratory with the
corresponding transitions detected in astrophysical objects at high redshift [S] or by
comparing astrophysical spectra of ammonia rotation-inversion transitions with high
sensitivity coefficients K = (Af/f)/(Ap/n) with rotational transitions [6]. Constraints on a
fractional variation of p have been tightened at 1077 yr' level by exploiting methanol
rotation-torsion transitions [7]. Alternative approaches were absolute frequency measurements
in laboratory of molecular clocks based, for example, on ammonia rotation-inversion
transitions detected in a fountain [8], respectively rovibrational transitions of trapped
molecular hydrogen ions [9] or diatomic molecules in optical traps [10] and two-photon
transitions on a molecular beam [11], that put constraints on a fractional variation of p at
5.6 x 10" yr' level.

It has been shown that the splitting between near resonant energy levels has an enhanced
sensitivity coefficient to a variation of p. The measurements of transitions coupling such

levels constrained a variation of the fundamental constants (see [12] for a review). For



example, vibrational energy in the ground electronic state may be cancelled by fine structure
energy [13] or by vibrational energy in an excited electronic state [14-15]. An enhancement
was suggested for the sensitivity coefficient of the frequency splitting between near resonant
transitions of rotation or rotation-vibration from isotopic lithium hydride [16].

Acetylene displays strong combination bands in the spectral region at 1.5 pm. They have been
addressed by Fourier transform spectroscopy [17], by using a multireflection cell [18], at high
resolution [19] or by laser spectroscopy [20] to provide wavelength and frequency references.
Saturated absorption spectroscopy using Fabry-Perot cavities was a step forward in the
development of accurate frequency references [21]. Absolute frequency measurements of
saturated absorption lines at kHz-level uncertainty were performed with frequency comb
techniques. Theoretical developments based on an effective Hamiltonian accounting for sets
of levels [22] allowed determination of accurate molecular parameters. This contribution
addresses rovibrational transitions of 12Csz from the ground vibrational state to the v; + v3
and v; + v, + v4 + vs levels that are coupled by rotation-vibration interactions. The sensitivities
of 12Csz transitions to a variation of pu are calculated here using an effective Hamiltonian for
the interacting levels and a set of accurate molecular parameters. Near resonant transitions
arise from the cancellation between rotational intervals and frequency shifts associated to the
vibrational band origin, the anharmonicity or the rotation-vibration interactions. The
sensitivity coefficient of the frequency splitting is also calculated and displays an increased
value comparing to that of a transition. The absolute measurements of frequency splittings
have the potential to better constrain a variation of u comparing to a variation of other

fundamental constants.

2. Acetylene rovibrational energy levels, transitions and sensitivities to a variation of u

The vibrational energy levels are described in terms of normal modes and labelled as
v1vava(vatvs®) where v, are quantum numbers of the vibrational normal modes, lss are
angular momentum quantum numbers associated to the degenerate vibrational modes v
(I = £ vk, = (Vk-2),..., = 1 or 0). The rotational energy levels are described in the basis of
angular momentum where the angular momentum quantum number is J and the quantum
number of its projection of the molecular axis is k = 4 + Is. The rotational levels are positive
(+), respectively negative (-) when the total eigenfunction remains unchanged, respectively
changes of sign for an inversion. For isotopomers with a center of symmetry, vibrational
energy levels are symmetric (g), respectively antisymmetric (u) with respect to an inversion.

In addition, symmetry labels e, respectively f are used with the vibrational quantum numbers



to discriminate the parity of degenerate vibrational energy levels [23]: e levels have parity +(-

1)' and flevels -(-1)".

Within the Born-Oppenheimer approximation, the diagonal terms of the Hamiltonian are
written as a sum of a vibrational term and a rotational term. The vibrational term for the level

V= [V1V2V3(V414V515)k] is expressed as:

Gv["]: st(vs +gs/2)+ zxss'(vs +gs/2)(vs' +gs'/2)+ ngk'lklk’ (D

s<s' k<k'
in terms of the normal mode frequency ws with degeneracy gs (g1=g=g3=1, g4 = gs = 2),
the first-order anharmonicity xi and the first-order anharmonicity contribution of the
degenerate bending modes gy (k.k> = 4,5). The normal mode at frequency ; is the CH
symmetric stretching, at ®; is the CC symmetric stretching, at s is the CH asymmetric
stretching, at w4 is the trans bending, respectively at s is the cis bending. The harmonic
frequency o is defined in terms of the normal mode frequencies and the first-order

anharmonicities:

('Og =0y + Xss8s + szs' gs'/Z (2)

s#s'
The rotational term is expressed as:
Fo(1.k) = Bl + 1) = k2)- D[ + D)= k2 F + 5p o+ 1)- &) 3)
in terms of the effective rotational constant B[v] and the quartic, respectively the sextic
centrifugal distortion constants D[v] and H[v]. The rotational constants are expressed in terms
of the equilibrium constants B., D., He, respectively the ground-state constants By, Dy, Hy and

the first-order rotation-vibration constants o, s, hs:
B[V]= Be _Zas(vs +gs/2)= BO _Za‘svs
D[v]:De+ZBs(vs+gs/2):D()+Zl33Vs (4)

H[V]:He +Zhs(vs +gs/2):H0 +Zhsvs

The values of as, Bs, hs define the change of the equilibrium values of the rotational constant
and centrifugal distortion constants due to the excitation of the s™ normal mode. They can be
evaluated from the potential function for displacement of the atoms.

The effective Hamiltonian used in these calculations treats the interactions between the
stretch-bend combination state [1101 lz’Oi] of symmetry DI Y Aue’f with the stretch
combination state [10100] of symmetry %,". Transitions discussed are from the ¥," ground

state [00000] to the [11011°7], respectively [10100] =, states. Coupling of the [110(1'1")*]



and [110(1'1")%] levels allows transitions from the ground state to the A, level but they have
not been observed. Information on the Aue’f level can be reached with transitions from excited
states, for example from the bending fundamental [00010] ng’f level. The vibrational 1-type
resonance couples the [110(1°1%%] and [110(1'1""] levels and lifts their degeneracy. The
off-diagonal term depends on the vibrational I-type doubling constant rss expressed in
function of the rotational quantum number as:

Fys = Togs +7ygsJ (T +1) %)
The rotational l-type resonance couples the [110(1'1H°] and [110(1'1")*] levels with off-
diagonal terms depending on the rotational I-type doubling constants qx expressed in function
of the rotational and vibrational quantum numbers as:

Qe =Gk + Quvi + Qv +qud (T +1) (6)
with k,k> = 4,5, v = vio = 1. The rotational I-type resonance adds to the [1 10(1'1h% diagonal
energy level a contribution depending on the A-state rotational I-type doubling constant pas.
The Fermi resonance couples the [101(0°0%)%] and [110(1'1")%] levels with an off-diagonal
term depending on the Fermi constant W expressed in function of the rotational quantum
number as:

W =W, +W,,J(J+1) (7
The first term is expressed as Wy = k3as/4 in function of an anharmonic interaction constant

k2345-

The Hamiltonian is diagonalized in blocks that have e and f symmetry. E-symmetry levels
that can be addressed by rovibrational transitions from the ground state (e symmetry) are

described by the following matrix:

E[110(111’)2,J] + %J(J +I1\J(J+1)-2) %\/L](] +1\J(I+1)-2) 0
@\/J(JHXJ(JH)J) Er110(' 1 77+ rys w
0 w Ef101(0%0°) .y

E[110(1’1’2J] v2+g45) (B, + 7 )I( + 1)= )~ (D, + 6% (7 + 1)- 4) + (e, + 0% (7 +1)- 4
Er110(01 ) 77 = (s — g4 )+ (B, =y V(0 + 1)~ Dy =6 \a( + 1) + (11, =0 o (7 + 1)) (®)
E[101(00 ”) J]=v, +BJ(J+1)-D,(J(+1) +H,(J(+1)f

E[OOO(OO ")“ J] =By J(J+1)-Dy(J(J+ 1)) + H,(J(J +1)f

Bo.12, Do.12, Ho 12 are the effective rotational constants for the [00000], [10100], respectively
[11011] vibrational levels, expressed using Eq. (4):



B, = B[10100]
B, =B[11011] +y* +%
D, =D[10100]
D,=D[11011] +8% +87
H,=H[10100]
H,=H[11011] + h** + >

)

where v, 8, h**" are the rotation-vibration constants associated to the degenerate bending
modes (k,k* = 4,5) that add Il dependence to the corresponding effective rotational
constants. The vibrational terms v, are the contributions of c)SO, Xss’, Skk to the vibrational
energies:

v, =G,[10100]
o (10)
vy =G, [T10I"]" ] + g4y + &55
Each parameter A in the Hamiltonian has its own sensitivity to a variation of pu. The
sensitivity coefficient Ko is defined as an adimensional quantity corresponding to the

fractional variation of A for a given fractional variation of p:

I d4
T Ad(inu) (11)

A
The main contributions to the energy levels arise from normal mode frequencies ws with a
sensitivity coefficient 4. The equilibrium rotational constant has a sensitivity coefficient of 1.
The higher order terms of the Hamiltonian have been expressed on basic molecular
parameters, normal mode frequencies and rotational constants [22,24-27] allowing to derive
their sensitivity coefficients. The anharmonicity adding vgvy and Il dependences to the
vibrational term has a sensitivity coefficient of 1. The quartic and sextic equilibrium
centrifugal distortion constants have a sensitivity coefficient of 2, respectively 3. The
sensitivity coefficients for rotation-vibration constants involved in the expression of the
effective rotational constants are: 3/2 for oy adding v, dependence, 2 for Y adding Il,
dependence. The sensitivity coefficients for rotation-vibration constants involved in the
expression of the effective quartic centrifugal distortion constants are: 5/2 for B adding vs
dependence, 3 for 8 adding lili- dependence. The vibrational I-type resonance constant ross
has a sensitivity coefficient of 1, rjss adding J(J + 1) dependence has a sensitivity coefficient
of 2. The rotational I-type resonance constant qox has a sensitivity coefficient of 3/2. The
sensitivity coefficients for higher-order terms are: 2 for que adding vk dependence, 5/2 for gy
adding J(J + 1) dependence. The term p4s adding [J(J + DI* - 2[0J + 1] dependence has a
sensitivity coefficient of 2. The Fermi interaction term Wy has a sensitivity coefficient of 1

and the term Wy adding J(J + 1) dependence has a sensitivity coefficient of 2.



The parameters used in the calculations are listed in Table 1. Accurate ground state rotational
constants are from [28], the Fermi and I-type interaction constants are those determined in
[29,30] by fitting the similar interaction between [00100] and [01011] levels, the
anharmonicities from [31], the rotation-vibration constants o, are from [32] and ykk’ are from
[29,30] determined by global fits, while band centers, respectively the rotational constants and
quartic distortion constants in the excited states are fixed to the values fitted in [33]. Accurate
rotation-vibration constants [, 8 are from [34] determined by global fits and the sextic
centrifugal distortion constants in the excited states are fixed to the ground state value from
[28]. For most parameters Fourier Transform spectroscopy measurements were used and
wavenumbers are converted in frequency units. The calculations neglect the higher-order
anharmonicities, the rotation-vibration constants adding vgvy dependence or higher-order
dependences for the rotational constants or for the quartic centrifugal distortion constants,
respectively the rotation-vibration constants for the sextic centrifugal distortion constants. Fig.
1 displays a plot of the energy levels calculated using diagonal term values and the transitions

addressing these levels from the ground state.

The sensitivities of v, are calculated with Egs. (1) and (10) as a linear dependence on v ,,
Xss’, Ekk» DY expanding vi > in function of w, with a sensitivity coefficient of % and of Xs¢, g
with a sensitivity coefficient of 1. The uncertainty of the sensitivity of v, is calculated by
quadratically adding the terms of the previous dependence expressed in function of v, X,
gue uncertainties. The uncertainty of the sensitivity is determined mainly by X, gk
uncertainties. The fractional uncertainty of the sensitivity coefficient is estimated at ~10™*, by
quadratically adding the fractional uncertainties of the vibrational term and of its sensitivity.
The sensitivities of By 1 and Dy » are calculated with Egs. (4) and (9) as a linear dependence
on By 12, a, ykk respectively Do 12, Bs, SKk by expanding By 2, Do 12 in function of B, D, with
sensitivity coefficients of 1, respectively 2, of as, Bs with sensitivity coefficients of 1.5,
respectively 2.5 and of ykk, 8 with sensitivity coefficients of 2, respectively 3. The
uncertainty of the sensitivity of By ; 2, Do 12 calculated by quadratically adding the terms of the
previous dependence expressed in function of Bgja, ds, ykk respectively Do, Bs, SKk
uncertainties, is determined mainly by the uncertainties of the rotation-vibration constants.
The fractional uncertainty of the sensitivity coefficient is estimated for By at 4% 107 and B, at
107, respectively for Dy at 2 x 10™, D at ~10™* and D5 at ~2 x 10~ by quadratically adding the

fractional uncertainties of the rotational constant and of its sensitivity.



The sensitivity, respectively the sensitivity coefficient of a rovibrational transition are
expressed as:

df |d(inu)=dE'[V',J')d(inu)—dE" ", J" ) d(in )
K=d(inf)d(inu)=aE',J)d(inp)—dE" ", J")d(in u))/(E' [V, J]- E"[v",J"))

in terms of the higher E’[v’,J’], respectively the lower E”[v”,J”] rovibrational energy. For a

(12)

pair of two transitions at higher fj, respectively lower f, frequency, a similar formula can be
written for the sensitivity, respectively the sensitivity coefficient of the frequency splitting
X = f] - fzI

dX[d(In )= df; /d(inu)~df, [d(in u)
K =d(in X)/d(in )= (df, d(in u)—df, d(in w))/(f, = f5)

The expression suggests an increased sensitivity coefficient for the splitting between near

(13)

resonant transitions with different sensitivities.

3. Experimental approach

Acetylene transitions were used as frequency references at 1.5 um. Doppler-free saturated
absorption spectroscopy benefited from developments of diode lasers or fiber lasers with high
intrinsic spectral purity in this spectral region. Probing the transition in a Fabry-Perot cavity
allowed an enhancement of the molecular signal contrast [21]. The excellent metrological
performances of the setup were recognized by the Comité International des Poids et Mesures
that recommended P(16) transition of the BC,H, vi + v3 band as the reference for absolute
frequency in this spectral region [35]. Absolute frequency measurements of acetylene
reference transitions were performed using frequency combs at National Physical Laboratory
(NPL) [36], National Research Council of Canada (NRC) [37], National Metrology Institute
of Japan (NMI1J) [38]. In addition, measurements of frequency intervals between a reference
line and unknown molecular lines lead to grids of absolute frequencies for the v; + v3 band
lines of 12C2H2 [28,39] and 13C2H2 [40,41] and for the v| + v, + v4 + v4 band lines of 13C2H2
[40].

The experimental setup is based on a laser source that is phase-modulated with an external
electro-optic modulator and stabilized by the Pound-Drever-Hall method on a resonance of a
Fabry-Perot cavity filled with acetylene. The cavity length is modulated with a piezo-electric
ceramic and the transmitted signal is demodulated at the third harmonic to lock the cavity
length on the saturated absorption line. Typical performances are a laser linewidth of tens of

kHz, a fractional stability of a few 107 at 1 s and a frequency reproducibility of ~1 kHz.



Consider two independent systems locked on near resonant transitions. The beatnote between
the lasers can be recorded with a fast detector and counted against the signal of a Cs primary
frequency standard. The fractional time variation of the frequency ratio between the frequency
splitting X and the clock frequency fcs due to the fractional time variation of the fundamental
constants is expressed as:

din(X/ fe)
dt

dinu dino dingg,
~(a, lnX—])T—(2+AHFS(Cs))7—TC (14)

This dependence includes the fractional time variation of Cs reference frequency [42] in terms
of the fractional time variation of o, where Aprs~0.83 [2], u and Cs g-factor gcs. A small
linear time variation of the fundamental constants contributes to a small linear time
dependence the frequency ratio with a slope depending on the sensitivity coefficient d,InX,
respectively on Apps(Cs).

The typical statistic uncertainty of the frequency splitting is estimated at 1 kHz. Frequency
splittings of near resonant transitions of some GHz with sensitivity coefficients by 10? can be
measured at a given time with a fractional frequency uncertainty by 10”. If the measurement
is repeated in time, a frequency drift that may be observed with this method leads to tighter
constraints on the fractional time variation of p than on the fractional time variation of a, gcs
because of the enhanced sensitivity coefficient. The significance of a frequency drift should

be verified by cautiously accounting the systematic effects.

Systematic frequency shifts were measured for a few lines [28,39-41]. It is expected that other
acetylene lines have the same sensitivities to experimental parameters. The systematic effects
for a frequency splitting may be easily derived from those of each line and it is anticipated
that their absolute value is generally smaller.

Power shifts of some reference lines have comparable values. A power shift of -1.5
kHz/(W/mm?) for *C,H, measured at NPL [40] corresponds to a frequency shift of -0.3 kHz,
that is comparable with the result of -11.4 kHz/W at NRC [41] leading to a shift of -1.4 kHz.
Assuming an uncertainty of 5% of the intracavity laser power allows to estimate power shift
uncertainties of 0.015 kHz, respectively 0.068 kHz. For '*C,H,, the result at NPL [28] of -3.2
kHz/(W/mm?) leads to -0.9 kHz systematic shift with an estimated uncertainty of 0.045 kHz.
Pressure shifts measured by linear spectroscopy depend strongly on the line but have the same
sign. The pressure shift for '*C,H, [43] increases linearly with J in the R branch, ranging from
-1.05 kHz/Pa to -5.48 kHz/Pa and maintains a value of -2.18 kHz/Pa for the most of P branch

lines. The systematic shift for a frequency splitting can be estimated by assuming that the



vi + v3 and v; + v, + v4 + vs bands have the same J dependence of the pressure shift. For
example, the systematic effect on the frequency splitting between the Doppler lines R(18) of
vi+v3 band and P(11) of v; + v, + v4+ vs band is estimated at 1.9 kHz/Pa, that is smaller than
the absolute value of the pressure shift of each line. A linear shift with J is measured for
13C2H2 lines [44] with a slope of -0.1 kHz/Pa for the P branch and -0.24 kHz/Pa for the R
branch. Measurements at NRC by saturated absorption spectroscopy lead to a pressure shift
for the 13C2H2 reference transition of -1.73 kHz/Pa [37], compatible with the result obtained
by linear spectroscopy. Dependences of the pressure shift on the rotational quantum number,
P, R branch or vibrational band were not observed with the experimental setup at NPL [40].
Assuming a measurement at 3 Pa with a fractional uncertainty of 3.3%, the pressure shift
estimated for the reference transition is -5.18 kHz with an uncertainty of 0.173 kHz. The
pressure shift measured at NPL by exchanging sealed cells is 0.5 kHz/Pa and leads to an
uncertainty of 0.050 kHz.

The second-order Doppler effect (SODE) induces a frequency shift proportionally with the
square of the mean velocity. The SODE shifts for reference transitions measured in a cell
maintained at 300 K are estimated at -0.208 kHz for 12C2H2, respectively -0.193 kHz for
BCH,. A temperature uncertainty of 0.5 K leads to a SODE shift uncertainty of 0.3 Hz.

On the other hand, the frequency shift associated to the low-frequency modulation depth
depends specifically on the laser system, ranging from -0.3 kHz/MHz [28] to 4.7 kHz/MHz
[37]. Assuming a fractional uncertainty of the modulation depth of 5%, the uncertainty of the
modulation shift is estimated from 0.08 kHz [28] to 0.5 kHz [39]. Moreover, electric offsets in
the detection system lead to frequency shifts with uncertainties estimated at ~0.010 kHz from
results at NPL [28] to 0.5 kHz at NRC [39,41].

All above systematic effects are quadratically added to estimate an uncertainty for the *C,H,
reference transition of 0.096 kHz measured with the experimental setup at NPL, respectively
of 0.731 kHz at NRC. Consider a frequency splitting measured using two similar systems
with the same uncertainty of the experimental parameters. The uncertainty of the frequency
splitting depends on the difference of the sensitivities of acetylene lines of each system to the
experimental parameters. A proper estimation of the uncertainty requires extensive
measurements of the sensitivities of each line to the experimental parameters that have not
been performed yet. Moreover, the uncertainty may be reduced, as the partial contributions of
the power shifts may be cancelled for example by a proper balance of laser power. Typical
systematic frequency uncertainty of the frequency splittings is estimated here as the same as

that of the reference transition for the experimental setup at NPL [36]. For frequency

10



splittings of some GHz with sensitivity coefficients of ~10%, the systematic effects constraint
the fractional uncertainty of a measurement of a variation of p at 10™'° level. The constraint on
the fractional variations of a, gcs is by two orders of magnitude smaller. Measuring the
temporal drift of the difference between two equal frequency splittings with sensitivity
coefficients of opposite signs by 107 is attractive because it allows to discriminate a
fractional variation of p at ~7 x 107! against any variation of a., gcs.

The fractional statistic uncertainty of the frequency splitting is estimated here with the
fractional Allan variance of the '*C,H, reference transition [36]. For a frequency splitting of 1
GHz, the dependence is ~4.4 x 107 ™2 on the measurement time 7 in seconds. The fractional
statistic uncertainty may be reduced by a factor of 3.6 x 107 by increasing the time of the
measurement to reach the Allan variance plateau at t~4000 s. The measurement of a
frequency splitting with a sensitivity coefficient of 10° determines a quantity proportional
with p with a fractional statistic uncertainty of 1.6 x 10™'° for this model of rovibrational

energy levels.

4. Results and discussion

4.1. Sensitivity of rovibrational transitions

The Hamiltonian matrix is calculated for e-symmetry levels for each J value and numerically
diagonalized. The model is used to predict frequencies of the v; + v; respectively
V] + V2 + v4 + vs band transitions for J up to 30. The shift between the calculated frequencies
of the v; + v3 band transitions and the experimental frequencies from [28], measured with an
accuracy of ~1 kHz, is less than 0.9 GHz. For the v; + v, + v4 + vs band transitions measured
in [33] (supplementary material [34]) with an accuracy of ~12 GHz, the shift is less than 5
GHz.

Molecular constants are incremented in proportion with their sensitivity coefficients for a
fractional variation of p of 107. Sets of u-dependent values of rovibrational frequencies are
calculated and the sensitivities are derived as the slope of the dependence on the fractional
variation of Q.

It is interesting to discuss contributions of different terms to the sensitivity of rovibrational
transitions. Diagonal terms are approximated as the sum between J(J + 1) - k* dependence
with the rotational constants B, B2 = B, + y45 and the corresponding vibrational terms v,
Voo = Vo + gas - 4Ba, Voo = Vo - guas + 145. Contributions of the non-diagonal terms, expressed as

W = koas/4 and Q(J) = [(qa + qs)/2] x [J(J + DI + 1) - 2)]"2, are estimated by second-order

11



perturbation theory as W,Q(J) << vji2022 + Bi2022J(J + 1). The contribution of the I-type
rotational resonance is a shift of the [110(1'1")*] and [110(1'1")*"] rotational levels by
Qz(J)/AOZ, respectively —Qz(J)/AOZ, where A” = V22 - Voo = 2845 - T4s - 4B, = 448 GHz. The shift
is comparable with the contribution of the centrifugal distortion to the diagonal rovibrational
energy. The Fermi interaction shifts the [110(1'1")"] and [10100] levels by W?/A,,
respectively —Wz/Alz, where Ajp = vyo - Vi = Vo - s + 145 - vi = 1.96 THz. The shift
corresponds to about a half of the rotational interval. Perturbed energy levels E;pe are
expressed with Vi ,er, Biper at the first order in J(J + 1) as (B - B)J(J + 1) << A” and
(B2o- B1)J(J + 1) << A}y, leading to the following expressions:

Ei,per[J] = Vi per + B, J(‘]+1)"

i,per

2 2
J J
V22, per = V22 +[_QA(02 )] A% B3 per = Ba: _[QA(Oz )] (Bzz E )

2 2 2 2 (15)
V20,per = V20 _[%j A” +(Alj A127 B39 per = Bag _(%] (320 _Bzz)_(Al] (Bzo - B, )

02
A 12 12

2 2

w 114

V1, per :VI_( ] AIZ;BI,per :Bl_( j (BI_BZO)"
A12 AIZ

Rovibrational frequencies in the v; + vsand v; + v, + v4 + vs bands are expressed as:

f13 (m): v],per + (Bl,per + BO)m + (Bl,per _BO )m2
S1245 (m) =Vaoper T (Bzo,per + Bo)”’ + (BZ(),per - B, )”’2

where m(J) is an integer assigned to each transition such that m = J + 1 for R branch and

(16)

m = -J for P branch. When perturbations are neglected, the rovibrational frequencies are
expressed as the sum between a vibrational term with a sensitivity coefficient of ~2, a linear
term in m(J) with a sensitivity coefficient of ~1 and a quadratic term in m(J) with a sensitivity
coefficient of ~1.5. The Fermi interaction shifts rovibrational frequencies of the v; + v; band
by an interval -W*/A;,~-18 GHz. The absolute value of this frequency shift has a sensitivity
coefficient of ~1.7. The contribution to the rotational constant is to add a term
-(W/Alz)z(Bl-B20)~l.2 MHz with a sensitivity coefficient of ~2.8. At low J, the rotational
I-type interaction brings negligible contributions to the v; + v, + v4 + vs rovibrational band
frequencies comparing to those arising from the Fermi interaction. The result is symmetric to
that observed in the v, + v; band, that is a shift of rovibrational frequencies by an interval ~18
GHz with a sensitivity coefficient of ~1.7 and a change of the rotational constant by a term
~-1.2 MHz. Its absolute value has a sensitivity coefficient of ~2.8. The contribution of the
rotational I-type interaction increases quadratically with J to reach the order of magnitude of

that of the Fermi interaction at high J. It consists in a negative shift of the v + vo + v4 + vs
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rovibrational band frequencies with a sensitivity coefficient of ~2 and a negative change of

the rotational constant with a sensitivity coefficient of ~2.5.

4.2 Sensitivity of frequency splittings between rovibrational transitions

Consider an anchor rovibrational transition in the v; + v; band at fj3(m) and the same
transition at fj,45(m) probed in the v; + v, + v4 + vs band. The vibrational shift, defined as the
splitting between these transitions, is expressed using Eq. (15) as:

Si245(m)= f13(m)= (VZ(),per =V} per )+ (B0, per =B per M+ ( B3y per = B} per Jm? (17)
The difference between the perturbed vibrational terms, respectively the perturbed rotational
constants, involves two times the contribution from the Fermi interaction and the J(J + 1)
dependent contribution from the I-type rotational resonance as discussed above. Near resonant
transitions at fjo45(m) and fj3(m’) are found when the vibrational shift equals the frequency
splitting between different rovibrational transitions in the v, + v3 band that is expressed as:

S13 (m’)— S13 (m) = (m’—m)x |.(B],per +By )+ (B per — By )(m + m')J (18)
Comparison of Eqgs. (17) and (18) suggests that near resonant transitions are in R or P
branches of the v; + v; band at low absolute value of m’ and the P branch of the
Vi + v, + v4+ vs band at high absolute value of m, where contributions of interactions cannot
be neglected. Alternatively, near resonant transitions are found in the R branch of the v; + v3
band for intermediate m’ and in the P branch of the v; + v, + v4 + v5 band for intermediate

absolute value of m.

Fig. 2 displays the dependence on the rotational quantum number of the sensitivity coefficient
of the frequency splitting between near resonant transitions: P(J) of the v; + v3 band and
P(25 + J) of the v; + v2 + v4+ vs band, with a minimum of -1265 at J = 4, respectively R(J) of
the v + v3 band and P(25 - J) of the v; + v, + v4 + v5 band and R(J) of the v; + v3 band and
P(29 - J) of the v; + v, + v4 + vs band, with a maximum of 681 at J = 18. If the dependence of
the sensitivity to a variation of p on the calculated frequencies for the vibrational bands
(shown in Fig. 3) is considered, the sensitivity coefficient corresponds to the slope of the line
connecting data points, that have an increased value for near resonant transitions. Although
the frequency splitting is always positive, the sensitivity coefficient may be positive or
negative, that imply an increase, respectively a decrease of the frequency splitting with an
increase of p. The sensitivity coefficient varies rapidly around its extreme values when J

changes by one unit for each transition.
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4.3 Prospective for measurements of a variation of p

Consider the measurement of the frequency drift of the ?C,H, P(16) reference transition of
the v; + v3 band, with a sensitivity coefficient of 0.468, against the Cs frequency standard.
The systematic uncertainties, estimated as above, constraint the measurement of a variation of
nat 9.43 x 10'13, if the variations of a, gcs are neglected. The measurement of the drift of the
frequency splitting between R(18) of the v; + v3 band and P(11) of the v; + v2 + v4 + vs band
with a sensitivity coefficient of 681.16 constraint a variation of p at 1.34 x 107°.
Measurements of transitions at higher frequency may tighten the constraint, despite the fact
that the frequency splittings are greater and their sensitivity coefficients are smaller. For
example, the measurement of the drift of the frequency splitting between R(30) of the v; + v3
band and P(3) of the v; + v, + v4+ vs band with a sensitivity coefficient of -61.16 constraint a
variation of p at 1.13 x 10'°. The measurement of the drift of the frequency splitting between
P(2) of the v; + v, + v4+ vs band and R(30) of the v; + v3 band with a sensitivity coefficient of
15.69 constraint also a variation of p at 1.13 x 10™°. The comparison of the last two

. .. .. -11
measurements may discriminate a variation of pat9 x 107",

5. Conclusion

This article presents calculations of the sensitivity of rovibrational transitions of the '*C,H, of
vi+ vz and v; + v, + v4 + vs bands to a variation of pu. They provide frequency references in
the spectral region at 1.5 um with sub-kHz level accuracy (~107'% of the absolute frequency)
with experimental setups based on intracavity saturated absorption spectroscopy. It is shown
that the frequency splitting between near resonant transitions has an enhanced sensitivity
coefficient. Such degeneracy arise at the lowest approximation order from the cancellation of
effective rotational intervals with frequency shifts associated to the vibrational band origin,
the anharmonicity, the Fermi and I-type rotational and vibrational interactions. The
measurements of temporal drifts of frequency splittings against the Cs standard have the
potential to better constrain a variation of p comparing to that of a, gcs by exploiting high
sensitivity coefficients to a variation of p of both signs. Pairs of near resonant transitions with
sensitivity coefficients in the range 10-10° are identified. The frequency splittings can be
measured with statistic fractional uncertainties better than 107. Systematic effects on
frequency splittings are discussed for experimental setups at NPL [28,40] and NRC [39,41]

and the uncertainty for a measurement of a fractional variation of p is projected at 10™'? level.
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Figure Captions
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Fig. 1 Rovibrational energy levels calculated with diagonal terms of the Hamiltonian for

J =0 -10. Some transitions pertaining to selected pairs of near resonant transitions discussed
below.
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Fig. 2 Dependence of the sensitivity coefficient for the selected pairs of near resonant
transitions on the rotational quantum number of the v; + v3 band transition.
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Fig. 3 Dependence of the sensitivity of the v; + vz and v; + v, + v4 + vs band transitions on the
calculated rovibrational frequency.
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Table Captions

Table 1 Parameters of the rovibrational Hamiltonian and their sensitivity coefficients.

Constant  Value (GHz) Ka Constant Value (GHz)

Bo 35.274974565(42) 0.9974937(4) X14 -416.1(42) 1
Do (x10°) 48.77824(39)  2.01457(5) X5 -315.4(48) 1
Ho (x10'%) 57(18) 3 X22 -223.4(21) 1
oy (x10%) 206.986(33) 15 X23 -184.7(33) 1
oz (x10°) 185.308(39) 15 X24 -381.6(30) 1
az (x10%) 176.332(33) 15 X25 -45.9(22) 1
o (x10%) -40.5780(26) 15 X33 -828.3(36) 1
as (x10°) -66.9159(12) 1.5 X34 -300.4(42) 1
v (x10% -19.720(33) 2 Xas -280.0(48) 1
7> (x10%) -32.954(15) 2 Xaa 103.7(16) 1
v (x10% -67.641(12) 2 Xas -66.9(30) 1
By (x10% -42.45(27) 25 Xs5 -71.2(16) 1
B, (x10%) 5.93(44) 25 a4 23.42939(27) 1
Bs (x10°%) -40.99(40) 25 Oss 198.00315(24) 1
Ba (x10°%) 103.13(23) 25 Jss 104.21008(19) 1
Bs (x10°%) 77.76(18) 25 45 -187.03212(33) 1
§** (x10"°) -517(18) 3 Fis (x10%) 58.565(19) 2
5% (x10"°) -1184(22) 3 pas (x10°) -52.79(90) 2
§%° (x10"°) -446(17) 3 Gos (x10%) -157.3485(36) 15
B, 34.8877668(57) 0.991972(1) dos (x10%) -139.7165(36) 15
Dy (x10°) 47.8852(39) 2.0061(2) Qas (x10°) 53.45(33) 2
B, 35.002840(20) 0.993256(1) Qs (x10°) -237.3(13) 2
D, (x10°) 48.107(60)  2.0277(36) Os4 (x10°) -330.1(14) 2
Vi 196576.8494(18)  0.47159(9) dss (x10°) -113.86(36) 2
Vs 198922.7020(21)  0.48114(7) qus (x10%) 117.82(19) 25
X114 -743.8(66) 1 aus (x10%) 115.351(69) 25
X12 -350.2(39) 1 w 193.87198(96) 1
X13 -3223(16) 1 W, (x10°) -101.93(60) 2
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