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Abstract: This contribution proposes a new method for THz-wave detection that exploits the 

sensitivity to external fields of the transitions of accurate molecular ion clocks. A THz electric field, 

off-resonantly coupled to the HD+ energy levels, may be characterized from the comparison between 

the measurements of the lighshifts induced on a two-photon rovibrational transition probed on cold 

trapped molecular ions, and the theoretical predictions of the molecular ion theory. A set of six 

independent lightshift measurements may be converted into the amplitudes and the phases of the 

Cartesian components of the THz electric field in the laboratory frame. 

Keywords: molecular ion clock, THz sensing, electrometry, two-photon spectroscopy, Zeeman 

effect, ac-Stark shift, hydrogen molecular ions, cold and trapped molecular ions 
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1. INTRODUCTION  

Precision measurements with simple quantum systems under strict control of the external 

perturbations play an important role in fundamental physics and enable many technological 

applications. The Rydberg atoms are particularly sensitive to the electric fields. Detection of 

microwave photons was performed at the single-photon level with a superconductiong microwave 

cavity1 and the sensitivity was improved using a quantum enhancement technique2. Rydberg atomic 

spectroscopy in vapour cell allowed accurate and stable detection of microwave electric fields with 

sub-wavelength resolution3. This method allowed weak microwave electric field detection at the 

µV/cm level with a sensitivity limited by the photon shot noise4. 

At higher frequencies in the THz domain, the electromagnetic waves lack of traceable calibration 

methods. This contribution proposes an approach for traceable detection of a THz electric field 

based on measurements of the lighshifts induced by the ac-Stark effect on molecular transitions. The 

hydrogen molecular ions are the simplest molecular systems. Their energy levels5,6 and shifts in 

external fields7,8,9 were calculated accurately by the quantum theory. The spectroscopy of HD+ 

provided accurate results for the infrared transitions using ion beams10 and trapped and 

sympathetically cooled ions11,12,13. Doppler-free spectroscopy techniques with significantly 

improved accuracy and resolution were demonstrated recently for the fundamental rotational 

transition of HD+14 and a two-photon infrared transition of HD+15. Combining precision 

measurements of the frequency shifts of HD+ clocks and ab-initio predictions may be exploited for 

the detection and calibration of the electromagnetic fields. Precisely, a THz-wave off-resonantly 

coupled to the fundamental rotational transition of HD+ at 1.3 THz may be characterized by 

measurements of the lightshifts induced on a Zeeman component of the two-photon rovibrational 

transition at 55.9 THz. A set of scalar phase-less lightshift measurements performed in function of 

the orientation of the quantization axis of the HD+ ions may allow full mapping of the THz-wave 

electric field vector in three dimensions. 
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2. HD+ MOLECULAR ION THEORY 

2.1 Energy levels and shifts in external fields for HD+ 

The energy levels of HD+ are expressed as the sum of the contributions from spin-independent terms 

corresponding to the rovibrational energy and spin-dependent terms due to spin interactions and to 

the interactions with the external fields. In the case of the interaction with a static magnetic field B, 

the energy is expressed as : 

( ) ( ) ( ) ;BzJv,L,F,S,J,spinEv,LrvEzJv,L,F,S,J,E +=                     (1)     

The rovibrational energy Erv is predicted in function of a set of fundamental constants with the 

Schrödinger equation solution and a series expansion of quantum electrodynamics corrections16. The 

spin structure is due to the coupling of the proton pI
r

, deuteron dI
r

, and electron eS
r

 spins with the 

rotational angular momentum L
r

 that yields the total angular momentum J
r

. The eigenvectors 

|vLFSJJz> are described with the vibrational quantum number denoted v, the quantum numbers of 

the squared angular momenta, and of the projection of the total angular momentum on the 

quantization axis Jz. The magnetic energy levels Espin are calculated by diagonalizing an effective 

Hamiltonian for each rovibrational state7,17, that is expressed as: 
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The values of the coefficients E1…E13 are calculated ab-initio in refs.7,17. 

The interaction with the electromagnetic radiation shifts the HD+ energy levels due to the AC-Stark 

effect. This contribution proposes to exploit the lightshift of an energy level due to a THz-wave off-

resonantly coupled to another level, which is expressed as : 

           ( )
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in function of the amplitudes Eq of the standard components of the THz electric field. The standard 

dynamic polarizability αn,q is expressed using the second-order perturbation theory in function of the 
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matrix elements of the electric dipole operator, the values of the energy levels, and the decay rates of 

the energy levels18. The numerical value and its uncertainty are calculated using a set theoretical 

parameters {Uth} from refs.7,16,17,19,20, the value of the magnetic field measured by Zeeman 

spectroscopy with 10-10 T level uncertainty (see Section 4), and the frequency of the THz-wave 

assumed with 10-12 fractional uncertainty. The fractional uncertainty of the rovibrational energies is 

assumed at   10-12. Their radiative lifetimes are at the ms level or better. The hyperfine energies are 

calculated with 0.5 kHz uncertainty. The fractional uncertainty of the Zeeman shift parameters is 

assumed at 10-4 or better. The fractional uncertainty of the electric dipole transition moments is 

assumed at 10-4 or better.  

2.2 Two-photon operator formalism for hyperfine levels of HD+ 

The two-photon transitions between the ground |g>=|v1L1F1S1J1Jz1> level and the excited 

|e>=|v2L2F2S2J2Jz2> level are driven with two counterpropagating waves with standard polarizations 

p1, p2, powers P1, P2, and section S, at the angular frequency ω, slightly detuned to intermediary 

levels |r>=|v3L3F3S3J3Jz3>. The two-photon transitions are described with the two-photon transition 

operator SQ
21εε . The second-order time dependent perturbation theory allows to calculate the two-

photon transition rates, expressed as : 

( ) 4Γ4δ
Γ

ε
Γ 2

eff
2

eff2

2
0

21(2)
ge 21 +ω

= eQg
Sc

PP S
pp

h
       (4) 

in function of the lifetimes of the excited eγ  and ground state gγ , where ( ) 2Γeff ge γ+γ= , the 

detuning of the two-photon transition δω = ω−ωge/2, the level splitting gege EE −=ωh , the reduced 

Planck constant h , the electric constant ε0 and the speed of light c. The two-photon operator is 

expanded with the scalar and quadrupolar spherical tensors : 

( ) ( )0
021

2
2

2
21 0011211

21
QppQpppQ p

p

S
pp += ∑

−=

            (5) 



 
 

 
 

 
 

5

The matrix elements of the two-photon operator between two pure magnetic states are expressed as :                  

( ) ( ) ( )
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using the Wigner-Eckart theorem, in function of the detuning to the intermediary level ω−ωgr, the 

level splitting grgr EE −=ωh , the lifetime of the relay state rγ , and the contributions from the matrix 

elements of the electric dipole operator rotated in the space-fixed system D, that are expressed on the 

last lines in function of the transition dipole moments calculated in ref. 20. 

3. A MOLECULAR ION CLOCK BASED ON TWO-PHOTON TRANSITIONS OF HD+  

This contribution proposes to exploit a molecular ion clock based on the magnetic components of the 

two-photon transitions (v,L)=(0,0)→(2,0) or (v,L)=(0,0)→(2,2) of the HD+ ions. The experimental 

setup (Fig. 1.a), similar to that used in previous approaches14,15, is based on an ion trap that store 

~102 HD+ ions sympathetically cooled with ~103 co-trapped Be+ ions that are laser-cooled at 313 nm. 

The detection of the two-photon transitions is performed by photodissociating with a 175 nm laser 

the HD+ ions transferred to the v=2 level (Fig. 1.b). The number of HD+ ions is determined by 

monitoring the fluorescence of Be+ ions when the secular motion of the HD+ ions is excited in the 

trap. An uniform static magnetic field is generated with three coil pairs in the Helmholtz 

configuration which are driven with three independent current sources and applied to the ion trap.    

The HD+ ion population is distributed initially among the rotational levels of the ground vibrational 

state. The blackbody radiation drives electric dipole allowed transitions between these rotational 

levels. A stationary wave from a laser at 55.909 THz, or 57.701 THz, respectively, which is 

referenced to a frequency standard, drives the two-photon transition. An efficient frequency 

stabilization scheme is required to provide ultrastable laser radiation in order to probe Doppler-free 

infrared lines of HD+ at the limit of their radiative linewith. 

a. b. 
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The feasibility of the detection scheme and the metrological performances from degenerate two-

photon infrared spectroscopy were discussed in ref.21. The lineshape of the signal was calculated by 

solving a coupled system of rate equations for the populations in the relevant rovibrational levels of 

HD+ (the hyperfine structure is neglected), by taking into account the two-photon transition, the 

dissociation, the radiative relaxation, and the transitions driven by the blackbody radiation. The two-

photon peak is power broadened, with a full width at half-maximum of ~20 Hz for a two photon 

transition rate of 10 s-1 and a dissociation rate of 200 s-1. The lightshift is at the Hz level. 

A determinant metrological characteristic is the stability of the molecular ion clock, quantified with 

the Allan variance, that is associated to the uncertainty in absolute frequency measurements of the 

HD+ transitions. This uncertainty is translated directly, through the sensitivity of the molecular ion 

transitions to the external fields, to the uncertainty of the spectroscopic calibration of the external 

fields. In the case of the single ion clocks the uncertainty is dominated by the quantum projection 

noise that scales inversely proportional to the squared root of the interrogation time and to the 

quality factor of the molecular ion transition22. In the case of measurements limited by the radiative 

linewidth of the infrared transitions, the frequency uncertainty for the (v,L)=(0,0)→(2,0) line is 

estimated at 2.49 Hz and for the (v,L)=(0,0)→(2,2) line at 2.57 Hz. 

An important feature is an efficient quantum state preparation of HD+ in the lower energy level. The 

ground rotational state (v,L)=(0,0) of HD+ is interesting because of its simpler hyperfine structure. 

The enhancement of the population in the (v,L)=(0,0) level was demonstrated with the rotational 

cooling scheme23. In addition, hyperfine state preparation may be performed with the approach 

proposed in ref.24, by associating the rotational cooling with the optical pumping of selected 

hyperfine levels with state-selective two-photon transitions. 

The stretched states are the magnetic states with maximum angular momentum J and absolute 

projection Jz. The transitions between the stretched states (v, L, F=1, S=2, J=L+2, Jz=±(L+2))→(v′, 

L′, F′=1, S′=2, J′=L′+2, J′z=±(L′+2)) of HD+ are metrologically interesting because they are affected 

by a linear Zeeman shift, that open the possibility of cancellation by exploiting the mean frequency. 

In addition, the quadrupole shift is equal for the two states and independent on the magnetic field9. 

The quadrupole shift is null for the L=0 states9. For other states the quadrupole shift may be 

cancelled by averaging the transitions measured for three orthogonal directions of the magnetic 
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field25. The two-photon clock transitions addressed here start from the L=0 level with the advantage 

of simple hyperfine structure that open the possibility for hyperfine state preparation : 

- transition (1) between the stretched states (v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(2,0,1,2,2,2) is used 

for probing the lightshifts induced by the THz-wave. The advantages of this transition are 

suppressed quadrupole shift and the very low sensitivity to the magnetic field. 

- transition (2) (v,L,F,S,J,Jz)=(0,0,1,2,2,-2)→(2,2,1,2,4,0) is used to characterize by 

spectroscopy the magnetic field. The advantages of this transition are high two-photon 

transition rate26 and sensitivity to the magnetic field. 

The metrological performances of the two-photon HD+ infrared clock are indicated in Table 1. The 

hypotheses and methods to calculate the systematic shifts and their uncertainties are indicated below 

: 

1) Zeeman shift. It is the dominant systematic shift and therefore a small static magnetic field 

of 2 µT is assumed for clock operation. The energy levels shifts may be expressed with a 

quadratic dependence in function of the magnetic field7, for small to moderate (10-4 T) fields. 

In this case for the transition (1), the theoretical linear Zeeman coefficient is negligible (<104 

Hz/T) and the uncertainty is assumed conservatively as the value of the theoretical error for 

the nominal magnetic field value, that is 0.02 Hz. The frequency of the transition (2) is 

expressed approximately as the sum of a relatively important first order Zeeman shift and a 

small second-order Zeeman shift 2
0 2 BBff BB η+η+= . In this case it is interesting to measure 

also the transition (v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(2,2,1,2,4,0) that depends approximately on 

the magnetic field as 2
0 2 BBff BB η+η−=′ . In this case the mean frequency of these 

transitions is affected by a small shift depending quadratically on the magnetic field. Careful 

measurements of the mean frequency in function of the magnetic field may allow to 

determine the second-order Zeeman shift with an uncertainty of 0.2% of its value, that is 

approximately 0.032 Hz for the 2 µT magnetic field. In addition, careful measurements of the 

splitting between these two transitions in function of the magnetic field may allow to 

determine the linear part in the Zeeman shift with an uncertainty of 14 Hz, that is 0.1% of the 

shift value. 
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2) Trap shift. Several effects, such as micromotion induced Stark shift, phase-offset induced 

Stark shift27, lead to a dependence proportional with the mean square value of the electric 

field in the ion trap. They were measured accurately for components of the transition 

(v,L)=(0,0)→(0,1) of HD+ in ref.14. For this experimental setup, the transition between the 

stretched states, recorded with 4 Hz FWHM linewidth, is shifted by -6 Hz when decreasing 

the trap electric field amplitude by 2.5 V. Rescaling of this result to the case of the two-

photon infrared transitions of HD+ is performed here by using the static scalar polarizabilities 

of the hyperfine levels of HD+ calculated in ref.8 and by assuming that the electric field is 

parallel with the quantization axis. The trap shift for the transition (1) is -45 Hz and for the 

transition (2) is 0.58 Hz. The uncertainty is dominated by the error of the trap shift 

coefficient derived from the rotational spectroscopy measurement with an assumed 

uncertainty of ( ) 102  Hz 4 × , that lead to a fractional uncertainty of 9%. The ac-Zeeman effect 

may also contribute to the trap shift but it was not observed experimentally14. 

3) Second order Doppler shift. It arises from the micromotion of the molecular ion and is 

related to the Stark shift experienced in the ion trap. As indicated in ref.27, the ratio of the 

second order Doppler shift to the Stark shift may be expressed as : 

            
2

2 ⎟
⎠
⎞

⎜
⎝
⎛

ΩαΔ
=

Δ
Δ

cm
ehf

f
f

sS

D        (7) 

in function of the trap frequency Ω/2π, the electric charge e, the HD+ ion mass m, the 

transition energy hf and differential polarizability Δαs. Using the static scalar polarizabilities 

from ref.8 and a trap frequency of Ω/2π=14.16 MHz, the value of the shift is -2.0 Hz for 

transition (1), and -0.073 Hz for transition (2). The uncertainties are assumed fractionally at 

9% as for the trap shift.      

4) Blackbody radiation shift. It was calculated for electric dipole coupling of the blackbody 

radiation field (BBR) at room temperature T=300 K to the rovibrational levels of HD+ in 

ref.8. The shift is assumed the same for the hyperfine states of a given rovibrational level. 

The effect of the BBR magnetic field is neglected. The estimations using the dominant 

contributions from static and dynamic rovibrational polarizabilities give a BBR shift of -
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3.3(3) mHz for transition (1) and -7.8(4) mHz for transition (2). The uncertainties indicated 

in parentheses are calculated by assuming the temperature uncertainty of 5 K. 

5) Quadrupole shift. It was calculated at the first order perturbation theory using an effective 

Hamiltonian in function of the quadrupole coefficients of the HD+ rovibrational energy levels 

in ref.9. The quadrupole shifts for the L=0 states of HD+ are zero, therefore the transition (1) 

has no quadrupole shift. The quadrupole shift for the transition (2) is estimated at -1.7 Hz for 

an electric field gradient Vzz=67 MV/m2. Cancellation of the quadrupole shift may be 

performed by taking the mean of the frequencies of the transition measured for three 

orthogonal directions of the magnetic field by keeping the same value of the magnetic field. 

The uncertainty coming from the averaging procedure for 10 independent sets of 

measurements is 0.47 Hz. Establishing correctly the three orthogonal directions for the 

magnetic field is an another source of uncertainty, that was evaluated fractionally at less than 

5×10-17 for the mercury ion clock28, that rescales in the case of the infrared HD+ clock to a 

fractional value better than 5×10-16, as it is estimated in ref.9. The uncertainty in the 

cancellation of the quadrupole shift is dominated by the averaging procedure. 

6) Lightshift due to the spectroscopy laser. The value is -1.09 Hz for transition (1) at the 

nominal intensity of 38.7 W/cm2, as calculated in ref.21 using the two-photon operator 

formalism. The value of the intensity that ensures the same two-photon transition rate for 

transition (2) is estimated at 7.04 W/cm2 by using effective two-photon transition matrix 

elements from ref.26 and the energy level lifetimes for the HD+ ion19. The value of the 

lightshift for transition (2) is estimated at 0.56 Hz. The uncertainties are assumed at 1% of 

the lightshift values. 

7) Lightshift due to the cooling laser. It is estimated in ref.21 with the extrapolated values of the 

scalar polarizabilities of the HD+ energy levels from ref.8 for a nominal intensity of 0.8 

mW/mm2 of the 313 nm laser. The value of the lighshift is -1.3 mHz for both transitions. The 

uncertainties are assumed at 1% of the lightshift values. 

8) Lightshift due to the dissociating laser. It is estimated in ref.21 with extrapolated values of 

the scalar polarizabilities of the HD+ energy levels calculated in ref.8 for a nominal intensity 
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of 6.1 W/cm2 of the 175 nm laser. The value of the lighshift is -0.1 Hz for both transitions. 

The uncertainties are assumed at 1% of the lightshift values. 

Examination of Table 1 allows to derive the fractional accuracy of 7.3×10-14 for the transition (1) and 

2.4×10-13 for the transition (2), respectively. The precision is limited by the trap shift for transition 

(1), and by the relatively important Zeeman shift that is required for magnetic field sensing in the 

case of the transition (2). The reduction of the Stark and Zeeman effects and the exploitation of 

composite frequencies to cancel effectively the systematic effects29 may open perspectives for 

infrared clocks with cold trapped HD+ ions having fractional accuracies at the 10-15 level. The 

uncertainty of the frequency measurements with these clocks will be limited by the molecular ion 

quantum projection noise as quoted previously. 

4. MEASURING A MAGNETIC FIELD BY ZEEMAN SPECTROSCOPY OF HD+ 

Zeeman spectroscopy of the transition (2) is exploited here to calibrate the strength of the static 

magnetic field in the ion trap up to values by 10-4 T. The Zeeman shift is calculated approximately 

with a quadratic dependence: 

  ( ) ( ) ( ) ( ) ( ) ( ) { }( ) { }( ) 2222
20BBB BVBVfff thBthBz η+η==−=δ                        (8) 

in function of the magnetic field strength B, the linear Bη  and quadratic 2Bη  Zeeman shift 

coefficients that are expressed in function of six parameters { } { }222111 r,q,t,r,q,tVth =  calculated ab-

initio for the  |1>=|0,0,1,2,2,-2> and |2>=|2,2,1,2,4,0> hyperfine states of HD+ in ref.7. Inversing this 

equation yields the magnetic field strength in function of the experimental Zeeman shift and the 

values for the theoretical parameters { }thU . In the case of two possible solutions, the magnetic field 

strength value is chosen to match the result of an independent measurement with an accurate 

magnetometer. The uncertainty of the spectroscopic measurement is derived by propagating the 

errors from the Zeeman shift frequency measurement ( )( ) Hz 25722 ⋅=δ .fu z  and from the Zeeman shift 

parameters ( ) ( ) ( ) kHz/T. 5 ,MHz/T 05 21
2

2121 === ,,, turuqu  The total uncertainty of the magnetic field 

measurement in function of the value of the magnetic field is calculated and plotted in Fig. 2, as well 

as the partial contribution from theory and experiment errors. The accuracy of the calibration of the 

magnetic field by spectroscopy ~5×10-10 T is limited by frequency measurement error in this range 

of magnetic field values. The contribution of the theoretical errors to the total magnetic field 
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uncertainty is significantly smaller. Particularly, the quadratic dependence of the Zeeman shift in 

function of the magnetic field assumed here allows to reach a minimal theoretical uncertainty by 2 

fT for a magnetic field of 4.99×10-5 T. 

5. LIGHSHIFTS OF TWO-PHOTON TRANSITIONS OF HD+ FOR THZ ELECTROMETRY 

5.1 Determination of the amplitude of a THz electric field 

The measurements of the lightshifts induced by a THz-wave on the transition (1) are exploited here 

to calibrate the electric field of a THz-wave. The lightshift may be expressed in function of the THz 

electric field amplitude ETHz  and the difference { }( )THzth fBU ,;αΔ  of the total dynamic polarizabilities 

of the states |1>=|0,0,1,2,2,2> and |2>=|2,0,1,2,2,2>, which is calculated in function of a set of 

theoretical parameters { }thU , the strength of the magnetic field B and the frequency of the THz-wave 

fTHz : 

   ( ) ( ) ( ) ( ) ( ) ( ) { }( ) { }( )( )THzthTHzth
THz

THzTHzTHzLS fBUfBU
E

EfEfEf ,;,;
8

0 12

2
111 α−α−==−=δ          (9) 

The uncertainty of the THz electric field is calculated by propagating the THz-wave frequency 

uncertainty, the frequency uncertainties of the HD+ transitions, that contribute to the uncertainties of 

the lightshift and of the calibrated magnetic field strength, and the uncertainties of the theoretical 

parameters, that contribute to the uncertainties of the calculated dynamic polarizabilities and of the 

magnetic field strength. The dependence is expressed as : 

                              ( )
( )( )

( )( )
( ) 22

1

12

4
2

⎟
⎠
⎞

⎜
⎝
⎛

αΔ
αΔ⋅⋅

+
αΔ⋅δ−

δ
=

uE
f

fu
Eu THz

LS

LS
THz       

(10) 

in function of the uncertainty of the lightshift measurement ( )( )1
LSfu δ , and the uncertainty of the 

difference of dynamic polarizabilities { }( )( )THzth f,B;Uu αΔ . The lowest THz electric field that may be 

detected is associated to the smallest lightshift that can be observed, that is ( )( ) Hz. 24921 ⋅=δ .fu LS  The 

value is estimated numerically as ( ) ( )( ) ( )( ).ffuEu LSLSTHz αΔ⋅δ−δ= 11 2  The fractional uncertainty for high 

THz electric fields scales as the fractional uncertainty of the difference of dynamic polarizabilities. 

Changing the strength of the magnetic field in the ion trap may be used to tune dipole-allowed 
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transitions starting from (v,L,F,S,J,Jz)=(0,0,1,2,2,2) to sublevels of (v,L)=(0,1) near the frequency of 

the THz-wave. Near each resonance, the dynamic polarizability { }( )THzth fBU ,;1α  displays a dispersive 

dependence and its uncertainty increases significantly. Decreasing the detuning may enhance the 

sensitivity but the precision may become smaller. An optimal value of the magnetic field has to be 

chosen to minimize the uncertainty given by eq. (10). 

Let us consider the case of the measurements of the lightshifts of the 

(v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(2,0,1,2,2,2) two-photon transition (experimental uncertainty 

( ) Hz 2492 ⋅=δ .fu LS ) to detect a THz-wave (frequency 1,314,947,502.3 kHz, π polarization) that is 

slightly detuned  to the hyperfine component of the rotational transition 

(v,L,F,S,J)=(0,0,1,2,2)→(0,1,1,2,3). The electric dipole couplings are on the 

(v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(0,1,1,2,3,2) and (v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(0,1,1,2,2,2) transitions. 

The optimization procedure for the magnetic field strength yields the value 6 µV/m for the weakest 

electric field that may be detected with this method. This is a 30 times improvement comparing to 

the limit of microwave electric field detection by Rydberg atom spectroscopy in vapour cell4.  

Then, the value of the magnetic field that minimizes the total uncertainty in eq. (10) is optimized for 

different values of the THz electric field amplitude. That yields the dependence of the accuracy of 

the THz-wave electric field calibration that is plotted in Fig. 3. The accuracy of the THz electric 

field calibration is by tens of µV/m that is limited by the accuracy of the dynamic polarizability 

calculation. The contribution to the uncertainty arising from the frequency measurement errors is by 

an order of magnitude smaller than the total uncertainty.  

5.2 Three-dimensional characterization of a THz electric field 

The THz electric field vector is described in the Cartesian laboratory coordinate frame ( )zyx e,e,eLCF
rrr  

(Fig. 1.a.) with three orthogonal linearly polarized components oscillating along each axis: 

( ) ( )
{ }

.c.c
eE

E
z,y,xj

tijj j +×= ∑
=

ϕ+ω−e
2

t
r

r
    (11) 

The THz electric field vector is characterized with three real positive amplitudes zyx E,E,E  and two 

relative phases yx ,ϕϕ , the other being fixed to zero 0=ϕ z . The set of ( )yxzyx ,,E,E,E ϕϕ  parameters may 
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be related to the squared amplitudes of the THz electric field standard components ( ) 2
101

βα
−

,
,,E  in a 

Cartesian frame rotated in function of the direction of the quantization axis with Euler angles 

(α,β,χ=0)30,31 (Fig. 1.a.). The lightshift of the two-photon transition is expressed in eq. (3) with the 

standard components of the THz electric field. The inversion of this approach may provide the 

amplitudes and the phases of the Cartesian components of the THz electric field from the lightshift 

measurements. 

Six lightshift measurements ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ } 3
20

2
20

1
20

3
00

2
00

1
00 Bf,Bf,Bf,Bf,Bf,BfF ,

LS
,

LS
,

LS
,

LS
,

LS
,

LSLS
πππ δδδδδδ=  may be 

performed for the two-photon transition (v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(2,0,1,2,2,2) using two 

orientations of the magnetic field ( ) ( )00,, =βα , ( ) ( )20 π=βα ,,  and three different magnetic field strengths 

B1=10−6 T, B2=5×10−6 T, B3=10−5 T. The lightshifts are related to the squared amplitudes of the 

standard components of the THz electric field ( ) ( ) ( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧= πππ

−−

220
1

220
0

220
1

200
1

200
0

200
1

2  , , , , , ,,,,,,
STD EEEEEEE  

with a 6×6 matrix { }( )( )THzthq,i f,BUA ;αΔ  formed with two 3×3 diagonal blocks expressed in function 

of differential standard dynamic polarizabilities of the two-photon transitions. If the matrix is 

nonsingular, the squared amplitudes of the standard components may be determined by inversion 

( )[ ] LSqiSTD FAE ⋅= −1
,

2 Δα . Nonsingularity may be satisfied by using three different magnetic field 

strengths. Finally, the parameters of the THz-wave in the LCF may be expressed with analytical 

dependences in function of ( ) ( ) ( ) ( ) ( ) ⎟
⎠
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Let us discuss the application of this method for the characterization of a reference THz-wave at 

frequency fTHz=1,314,947,502.3 kHz that is linearly polarized along an arbitrary direction defined in 

the LCF with Euler angles φ and θ (Fig. 1.a). The amplitudes of the THz electric field may be 

expressed as ( ) ( )cosθ sinsinθ cossinθ,, 000zyx ⋅φ⋅⋅φ⋅⋅= E,E,EEEE  in function of the amplitude of the THz-

wave E0. The phases are assumed as 0.zyx =ϕ=ϕ=ϕ  The performances are evaluated using a Monte 

Carlo calculation approach. For the reference THz-wave with a given frequency, intensity and 

polarization orientation, the experimental lightshift is first estimated by adding to the molecular ion 

theory prediction a random error described with a Gaussian distribution with zero mean and a 

standard deviation of ( ) Hz 2492 ⋅=δ .fu LS . Then, the squared amplitudes of the standard components of 

the THz electric field are derived using the relevant differential standard dynamic polarizabilities. 

Each polarizability is estimated as the theory value plus a random error with a Gaussian distribution 

with zero mean and standard deviation corresponding to the polarizability calculation uncertainty. 

Finally, the parameters of the THz electric field in the laboratory frame are determined with eq. (12).  

The mean values and uncertainties for the amplitudes and phases of the Cartesian components of the 

electric field vector are derived from 10 sets of simulations for a THz-wave with an intensity of 1 

W/m2 (electric field amplitude of E0=27.42 mV/m). The uncertainties are plotted in Fig. 4 in 

function of the spherical angle parameterization for the polarization orientation. The uncertainties for 

yx , EE  are at the mV/m level or better, for zE  are at the 0.1 mV/m level or better, and for yx ,ϕϕ  are 

in general better than 0.1 rad. In the case of very small values of the amplitude of the THz electric 

field, that arise for specific orientations of the polarization vector, the deviation between the mean 

value and the reference value of the amplitude is significantly higher than the uncertainty.  

In addition, for a specific orientation of the polarization vector (θ=π/4, φ=π/4), the parameters of the 

THz-wave are calculated for different amplitudes of the THz electric field (corresponding to 

intensities from 0.1 W/m2 to 10 W/m2). The uncertainties of the parameters, plotted in Fig. 5, reduce 

with the increase of the amplitude of the THz electric field. The deviation between the mean value 

obtained by measurement for each parameter of the THz-wave and the reference value is compatible 

with the uncertainty of the measurement. In the case of a THz-wave with an intensity of 10 W/m2, 

this method may allow to calibrate the amplitudes of the THz electric field with 100 µV/m level 

accuracy or better, and the phases with mrad level accuracy.  
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6. CONCLUSION 

This contribution proposes a new approach to characterize the electromagnetic fields by comparing 

the measurements of the frequency shifts induced on HD+ clock transitions with the predictions of 

the molecular ion theory. The degenerate two-photon spectroscopy of cold trapped HD+ ions may 

provide 10-14 accuracy or better in the infrared region. The frequencies of the HD+ transitions and 

their frequency shifts in external fields may be calculated with precision using the quantum theory. 

This method enables therefore a direct link of the external fields to the SI second and to a set of 

fundamental constants provided by CODATA201832. The uncertainties of the parameters of the 

electromagnetic fields may be derived from the uncertainties of the frequency measurements of HD+ 

transitions and the uncertainties of the theoretical calculations. 

Precisely, the systematic frequency shifts of the molecular ion clocks based on the two-photon 

transitions (v,L,F,S,J,Jz)=(0,0,1,2,2,-2)→(2,2,1,2,4,0) and (v,L,F,S,J,Jz)=(0,0,1,2,2,2)→(2,0,1,2,2,2) 

of HD+ may be exploited for the characterization of the electromagnetic fields. The systematic 

frequency shifts are accurately estimated and the uncertainty of the measurements of the frequency 

shifts is assumed at the limit from the quantum projection noise in single-ion experiments. The 

Zeeman shift of the first clock transition may be exploited to measure the strength of the static 

magnetic field applied to the ion trap with an uncertainty at the 10-10 T level. The ligthtshift of the 

second clock transition may be exploited to characterize the electric field of a THz-wave tuned near 

the hyperfine transition (v,L,F,S,J)=(0,0,1,2,2)→(0,1,1,2,3) of HD+. The lowest electric field that 

may be detected is at the µV/m level and the accuracy of the calibration is at the 10 µV/m level. The 

electric field of the THz-wave may be characterized in three dimensions using six lightshift 

measurements for two orientations of the magnetic field that defines the HD+ quantization axis and 

three values of its strength. A THz-wave with linear polarization and an intensity of 10 W/m2 may be 

calibrated using ten sets of lightshift measurements with an accuracy estimated at 0.1 mV/m level or 

better for the amplitudes of the Cartesian components of the THz electric field, and an accuracy at 

the mrad level for the phases. 
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Figure captions 
 
Figure 1. a. The experimental setup with the coordinate frames. Be+ ions are cooled with the 313 nm 
laser (magenta line). Two-photon spectroscopy of HD+ is performed with a stationary wave from the 
IR laser (red line). The detection is performed by dissociating HD+ ions with the 175 nm laser (green 
line). The static magnetic field in the ion trap (olive line) can be oriented to any direction, defined 
with Euler angles α and β in the Cartesian Laboratory Coordinate Frame (x,y,z) (black lines) (LCF). 
The THz-wave (blue line), off-resonantly coupled to the energy levels of the HD+ ions, is linearly 
polarized and the electric field THzE

r
 is oriented in a direction defined with the Euler angles θ and φ 

in the LCF. The standard components of the THz electric field are referenced in the Cartesian 
Molecular Ion Coordinate Frame (xc,yc,zc) (black lines) (MICF). The MICF is related to the LCF by 
a z-y-z rotation with the Euler angles (α,β,χ=0). b. Rotation-vibration energy levels of HD+ 
addressed in the THz sensing scheme. The two-photon rovibrational transitions are indicated in red, 
the dissociation in green, the THz-wave-driven electric dipole couplings in blue. 
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Figure 2. Dependence of the uncertainty of the magnetic field determined by Zeeman spectroscopy 
of the two-photon transition (v,L,F,S,J,Jz)=(0,0,1,2,2,-2)→(2,2,1,2,4,0) in function of the magnetic 
field strength.  
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Figure 3. Uncertainties of the THz-wave electric field in function of the THz-wave electric field : 
combined experimental and theory errors (continuous red line) and the contribution from the 
experimental errors (dotted blue line). 
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Figure 4. Uncertainties of the amplitudes and phases of the Cartesian components of the electric field 
of a THz-wave derived from lightshift measurements in function of the orientation of the 
polarization vector. (a) Uncertainty of Ex. (b) Uncertainty of Ey. (c) Uncertainty of Ez. (d) 
Uncertainty of ϕx. (e) Uncertainty of ϕy. 
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Figure 5. Uncertainties of the THz-wave parameters determined from lightshift measurements in 
function of the amplitude of the THz electric field. 
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Table captions 
 

Table 1. Systematic frequency shifts and uncertainties for HD+ two-photon transitions. 

 

Transition (1)  (2) 
 (v1,L1,F1,S1,J1,Jz1)→(v2,L2,F2,S2,J2,Jz2)  (0,0,1,2,2,2)→(2,0,1,2,2,2)  (0,0,1,2,2,-2)→(2,2,1,2,4,0) 

Frequency 55.909 THz 57.701 THz 
Systematic shift Shift (Hz) Uncertainty (Hz) Shift (Hz) Uncertainty (Hz) 

Zeeman shift <2×10-2 2×10-2 13992.8 14 
Trap shift -45 4.1 0.58 5.2×10-2 

Second-order Doppler shift -2 18×10-2 -7.3×10-2 6.6×10-3 
Blackbody radiation shift -3.3×10-3 3×10-4 -7.8×10-3 4×10-4 

Quadrupole shift 0 0 -1.7 0.47 
Lightshift from the spectroscopy laser -1.1 1.1×10-2 0.56 5.6×10-3 

Lightshift from the cooling laser -1.3×10-3 1.3×10-5 -1.3×10-3 1.3×10-5 
Lightshift from the dissociation laser -0.1 1×10-3 -0.1 1×10-3 

Total shift/uncertainty -48.2 4.1 13992.1 14.008 


