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Optics with matter-waves shares many analogies with its counterpart for light. However, matter can interact via electromagnetic forces, a well known fact in electron or ion optics, where the Coulomb repulsion causes particle beams to diverge, deteriorating their quality [1]. Similarly, interactions accelerate the expansion of a repulsive quantum gas in free-fall and, moreover, become dominant at ultra-low temperatures, setting a lower limit to the internal kinetic energy of the gas [2].

So far, evaporative cooling [3] and spin gradient cooling [4] permitted to reach three-dimensional internal kinetic energies below 500 pK and 350 pK, respectively. In terms of effective temperatures, employing matter-wave lenses based on magnetic [5][6][7], electrostatic [8] or optical [9] forces made it possible to reduce the internal kinetic energy of a BEC to about 50 pK [10], albeit only in two dimensions.

We tailor the expansion of a 87 Rb BEC by exploiting a collective-mode excitation in the BEC [11,12] in combination with a magnetic lens. Both act together like a time-domain matter-wave lens-system for all three spatial dimensions. The focus of the lens-system can be tuned by releasing the BEC at an appropriate phase of the collective-mode oscillation and the strength of the lensing potential. When focusing at infinity, we achieve a total internal kinetic energy in three dimensions of as low as 3 /2 k B • 38 +6 -7 pK. Such atomic ensembles allow for placing better experimental constraints on proposed modifications of quantum theory [13][14][15]. Moreover, they fulfill the strict re-quirements concerning the atomic expansion for experiments, where BECs fall freely during tens of seconds in an atom interferometer [16][17][18] as needed e. g. for a stringent quantum test of the equivalence principle [19][20][21], gravitational wave detection [22,23] or the determination of the gravitational constant [24] and the photon recoil [25].

Our matter-wave lens-system is implemented using an atom-chip (Fig. 1a), which permits to excite the BEC to perform collective-mode oscillations (Fig. 1b), to release it at a specific phase and to shape it with a magnetic lens. Fig. 1c -Fig. 1e compares simulated absorption images of a BEC obtained with and without our method. The release of the BEC at a phase ϕ of the oscillation, where it expands in all three directions (red arrows) without and with applying a magnetic lens (green arrows) leading to delta-kick collimation (DKC) in Fig. 1c and Fig. 1d, serves as a reference for our experiments. Without the magnetic lens, we achieve an internal kinetic energy of 3 /2 k B • 2 nK. The atom-chip based magnetic lens, which typically has a cylindrical shape, can lower the expansion rate mainly along the radial direction, resulting in a total energy of 3 /2 k B •167 pK. Exploiting the quadrupole-mode (QM) oscillation, we lower the BEC's expansion along the axial direction, where the magnetic lens lacks refractive power. By tailoring the highly anisotropic expansion to the magnetic lens, our time-domain lens-system resulted in an internal kinetic energy of 3 /2 k B • 38 pK, as shown in Fig. 1e.

The experiments, using the high-flux BEC source detailed in [26], were conducted in the Bremen Drop Tower, The BEC, created on an atom-chip, is released and is then either freely drifting, or is briefly exposed to a magnetic lensing potential. Absorption images from two different directions provide full 3D information of the BEC's position and spatial distribution, as shown in a). Before its release, the BEC is excited to perform a quadrupole-mode oscillation as depicted in b). Depending on its phase ϕ, the size and expansion of the BEC varies. In c), the BEC freely expands in all directions with an internal kinetic energy of 3 /2 kB • 2 nK. In d), the green arrows depict the effect of a cylindrical magnetic lens, reducing U kin to 3 /2 kB • 167 pK. Choosing the release at an oscillatory phase, such that the BEC is only weakly expanding in axial direction, allows in combination with the effect of the cylindrical magnetic lens to reach the lowest energy of 3 /2 kB • 38 pK, shown in e).

providing a free-fall lasting for 4.74 s. During the drops, BECs of about 100 k atoms were created in a cylindrically shaped Ioffe-Pritchard trap [27,28] with final evaporation-trap frequencies of f evap = {24, 457, 462} Hz along the x-, y-and z-direction, respectively. Before the release, we excite a quadrupole-mode oscillation in the BEC [11,12] by swiftly reducing the magnetic bias-field in x-direction within 0.5 ms, increasing only the strong trap frequencies to f QM = {24, 550, 554} Hz. After a delay of 0.4 ms, accounting for a magnetic field settling time, the BEC is transported along the z-direction within 150 ms to its release position 1462 µm away from the atom-chip by reducing the magnetic bias-field in the ydirection. During this transport, the trap frequencies reduce to f release = {9.1, 27.9, 24.6} Hz. A shortcut-toadiabaticity protocol is used to minimize the amplitude of a residual center-of-mass dipole oscillation of the BEC to A release = {1.20(59), 0.30(12), 4.00 (19)} µm [29].

During the free expansion after release, the BEC's internal interaction energy is converted into kinetic energy. After 80 ms, the expansion reaches a ballistic regime and a three-dimensional, predominantly cylindrical magnetic lens is applied.

Close to the center, the lens potential along the x-and y-axis is well described by the harmonic approximation with potential frequencies of ω x = 2π • 2.9 rad/s and ω y = 2π • 10.6 rad/s. However, along the z-axis, the potential deviates from a simple harmonic shape at larger distances to the center and can be approximated by

V z = 1/2mω 2 z z 2 (1 + z/L3 + z 2 /L4 2 )
, with ω z = 2π • 10.6 rad/s, L3 = 1225 µm and L4 = 2933 µm. After a 2.42 ms exposure to the lens, a subsequent RFdriven adiabatic-rapid-passage [30] transfers 87.1(2) % of the atoms from the state |F = 2, m F = 2 into the |F = 2, m F = 0 in order to reduce their susceptibility to residual magnetic fields [31].

Absorption images [32] from one of the two directions available taken at different times (Fig. 1a) provide complete information about motion and expansion of the BEC over time. Without applying our time-domain lenssystem, BECs were imaged up to 160 ms after release. With our lens-system we could stretch this time to 2 s. To record this data, we performed 56 BEC experiments over a time of ten weeks, consuming 34 drops in the Bre-men Drop Tower. Despite this limited number of drops, the data is sufficient to gauge our simulation of the experiment and to optimize our matter-wave lens-system.

Lowering the internal kinetic energy of the released BEC requires a careful adjustment of the lens-system and, hence, an analysis of the quadrupole-mode. For this purpose, we determined the aspect-ratios of the Thomas-Fermi radii(R) by absorption imaging for varying holdtimes of the BEC in the release trap. In Fig. 2, the measured aspect-ratios, defined by R x1 /R y1 (blue) and R x2 /R y2 (orange), are shown together with the results of a 3D collective-mode simulation of the BEC in the magnetic trap (solid lines) based on a variational approach [33,34]. A damping-time of 300 ms was introduced in our simulation, to consider residual thermal atoms in the trap [35,36], as well as the anharmonicities of the lens potential [37]. With these additions, the simulation is in good agreement with the measured data. The Fourier transform of the shape-oscillation shows a large amplitude of the quadrupole-mode with a small admixture of a monopole-mode.

A hold-time of 18.46 ms (dashed line in Fig. 2) turned out to be optimal for our purpose as the BEC has already passed the turning point of the quadrupole-mode oscillation along the x-direction. The collapse along the weak axis counteracts the emerging accelerating expansion due to the interaction energy, improving the collimation along this axis. This hold-time coincides with the turning point of the dipole oscillation in z-direction, reducing the center-of-mass velocity of the BEC in total to v xyz = {56(26), -56(69), 139(17)} µm/s. Fig. 3 summarizes the experimental results (colored diamonds) as well as the numerical simulation (colored lines) of tailoring the expansion of the BEC with our time-domain lens-system by focussing the matter-wave at infinity in 3D. For comparison, the effect of the oscillation without magnetic lens (circles) as well as numerical simulations of employing only a magnetic lens for collimation (dashed colored lines) are shown.

The root of the second moments of the one-dimensional density distribution serves as a measure of the BEC's size. This is motivated by the shapes of the BECs observed after evolution times of several hundreds of milliseconds. Here, a more and more pronounced tail appears in the density distribution, pointing in z-direction, which stems from the anharmonicity of the magnetic lens. Therefore, the shape of the BEC along this direction cannot be characterized by a Thomas-Fermi fit and a simple harmonic scaling-approach [38] is not sufficient to describe its evolution.

In order to obtain numerical pictures, we model the spatial density and corresponding velocity distribution of the BEC after a free expansion of 80 ms. The effect of the lens and the free evolution until detection is calculated based on a three-dimensional interaction-free particle-simulation, where the atoms as classical particles 0.9 are stochastically sampled from a classical probability distribution that gives the correct position and momentum densities. From the spatial densities, absorption images for all directions of observation are computed. To fit the numerical images to the experimental data, the pixelwise difference is computed and minimized at once using a non-linear least-squares algorithm. Free fit-parameters are global corrections to the initial spatial and velocity distribution, the effective duration of the applied lens, accounting for a non-instantaneous switching, as well as a rotation and position offset of the lens potential relative to the BEC. Furthermore, the efficiency of the adiabaticrapid-passage of 87.1(2) % is taken into account. Shotto-shot atom fluctuation and frequency instability of the detection laser, which affect each data-point individually, required additional correction parameters to be added. From the fit, all relevant properties, especially the velocity distribution can be obtained. As a cross-check, a particle number of 101(37) k atoms was fitted, which is in good agreement with the particle number of 98 (38) k atoms extracted from five experiments, where a BEC is simply released from the trap and imaged after 80 ms of free evolution. The spread in particle number arises due to day-to-day fluctuations of the system's performance and has the largest influence on the BEC's expansion and, by this, on the uncertainty of the total internal kinetic energy. The combined uncertainties of the other I "free exp.") and the impact of the time-domain lens-system (diamonds, compare Table I "QM-enh. DKC") is shown next to our 3D particle-simulation (colored lines) fitted to the experimental data. The bar graphs represent their residuals to the 3D particle-simulation. The shaded areas reflect the uncertainty in the particle number. The BECs featured typically 101(37) k atoms and an internal kinetic energy of 3 /2 kB • 38 +6 -7 pK after the application of our time-domain lens-system. Our simulation allows us to compare our method with delta-kick collimation only, which results in a significantly larger expansion rate (dashed lines, compare Table I "DKC"). Additionally, the dotted lines compare the simulated expansion of a BEC with 10 k atoms displaying a lower mean-field energy, corresponding to U kin = 3 /2 kB • 14 pK.

fit parameters contribute on the order of less than one picokelvin and are therefore negligible.

From the numerical images, the expansion of the BEC (colored lines) and the fit-uncertainties (shaded areas) were computed. The time-domain lens-system reduces the total internal kinetic energy of the initial BECs, amounting to 3 

/2 k B • 2 nK, to 3 /2 k B • 38 +6
-7 pK, corresponding to an expansion velocity of as low as σ v = 77 +7 -5 , 47 +4 -3 , 53 +7 -6 µm/s. The combined action of quadrupole-mode oscillation and delta-kick collimation favorably compares to the case, where solely deltakick collimation is applied (dashed lines), leading to U kin = 3 /2 k B • 167 pK. Table I confronts the internal kinetic energies in all three directions obtained with the different methods.

The minimal achievable internal kinetic energy is determined by the residual interaction energy of the BEC after the magnetic lens and amounts to 3 /2 k B • 26 pK. Ideally, further reduction of U kin could be achieved by extending the time of free expansion prior to the magnetic lens, but the anharmonicities of the latter would hinder reaching even lower expansion rates in our current setup.

To mitigate this lens abberation one could form a more complex multi-lens system in analogy to light-optics. Even slower expansion could also be achieved by simply reducing the number of atoms. For reference, the dotted lines in Fig. 3 show the simulated expansion of a BEC with only 10 k atoms, leading to U kin = 3 /2 k B • 14 pK. FIG. 4. Detectability of a BEC using our matter-wave lenssystem in dependence of the time-of-flight without (with) employing our time-domain lens-system depicted as circles (diamonds). The peak-density along the y1 direction of the twice integrated simulated BEC's spatial density distribution is compared with the data and the noise of our imaging system. Our freely evolving BEC with 101(37) k atoms at 3 /2 kB • 2 nK (dashed red line) is visible for approximately 2.25 s, which is greatly extended to 17 s by reducing U kin to 3 /2 kB • 38 +6 -7 pK using our lens-system (solid red line). The shaded area reflects the uncertainty in the atom number. The gray lines show the same simulation, but with a BEC composed of 10 k atoms leading to a much shorter detectability of 3.5 s, although the internal kinetic energy would be at 3 /2 kB • 14 pK.

However, the BEC's detectability over time decreases drastically with the atom number.

Our method allows us to largely extend the free evolution time of the BEC before it becomes too dilute to be detected by absorption imaging. Here, we define this time to be the moment the absorption signal of the BEC's peak-density approaches the single-shot detection-noise, obtained from the background-noise in the absorption images.

The peak-density has been simulated for a BEC shaped by our matter-wave lens-system and for a simple release. While in the latter case, the BEC is visible until approximately 2.25 s, our method extends this time to 17 s, as shown in Fig. 4. The gray line, in comparison, represents the detectability of a BEC with only 10 k atoms at U kin = 3 /2 k B • 14 pK that, even if the internal kinetic energy is lower, is only visible for 3.5 s.

In conclusion, interactions that are often compromising matter-wave optics, were exploited using collectivemode excitations of a BEC for shaping its evolution. In combination with a magnetic lens, we realized a timedomain lens-system with a focus adjustable by the oscillatory phase at the condensate's release and the strength of the lensing potential. Focusing at infinity, we reduced the free expansion of a BEC in all three dimensions, yielding unprecedentedly low internal kinetic energies of 3 /2 k B • 38 +6 -7 pK. In this way, we sampled the time evolution of BECs comprising 101 (37) k atoms for up to two seconds during free-fall in the Bremen Drop Tower.

According to our simulations, these slowly expanding BECs would be detectable by absorption imaging even after 17 s, exceeding by far the microgravity time offered by the Drop Tower. They represent an exceptional input state for atom interferometry lasting for ultra-long timescales. Next to high precision atom interferometric tests, we anticipate that our method will be important for e. g. shaping a BEC to analyse the wave-fronts of light fields and to estimate their possible biases in light-pulse atom interferometers [START_REF] Karcher | Dos Santos[END_REF].

Obviously, our method can also be employed with attractive or tunable interactions [40] and diverging magnetic lenses [41,42]. Interactions are nowadays also exploited to establish non-classical correlations. Our method might be of interest in this context. Delta-kicks start to be explored in squeezing experiments [43,44] and can be an interesting addition to other squeezing schemes [45]. Furthermore, such spin-polarized, dilute and slowly expanding gases are important for metrology [46,47] as well as quantum gas experiments in drop towers [7,26], fountains [10] and space, as envisioned by the ISS space mission BECCAL [48].
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 21 FIG.1. Interaction based time-domain matter-wave lens-system. The BEC, created on an atom-chip, is released and is then either freely drifting, or is briefly exposed to a magnetic lensing potential. Absorption images from two different directions provide full 3D information of the BEC's position and spatial distribution, as shown in a). Before its release, the BEC is excited to perform a quadrupole-mode oscillation as depicted in b). Depending on its phase ϕ, the size and expansion of the BEC varies. In c), the BEC freely expands in all directions with an internal kinetic energy of 3 /2 kB • 2 nK. In d), the green arrows depict the effect of a cylindrical magnetic lens, reducing U kin to 3 /2 kB • 167 pK. Choosing the release at an oscillatory phase, such that the BEC is only weakly expanding in axial direction, allows in combination with the effect of the cylindrical magnetic lens to reach the lowest energy of 3 /2 kB • 38 pK, shown in e).
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 2 FIG.2. Collective-mode oscillation of the BEC in the release trap as observed after 80 ms time-of-flight. The aspect-ratio in dependence of the hold-time in the release trap derived from both detection systems (circles) is shown next to our simulation (lines). The bar graphs show their residuals to the simulation. The dashed lines indicate the instance of release where our time-domain lens-system is optimally collimating the BEC.

FIG. 3 .

 3 FIG.3. Free evolution of a BEC collimated with our time-domain lens-system. As a measure of size, the root of the onedimensional second moments of the absorption images' spatial distribution depicted underneath the respective graphs is shown. The results obtained employing only the quadrupole-mode oscillation (circles, compare TableI"free exp.") and the impact of the time-domain lens-system (diamonds, compare TableI"QM-enh. DKC") is shown next to our 3D particle-simulation (colored lines) fitted to the experimental data. The bar graphs represent their residuals to the 3D particle-simulation. The shaded areas reflect the uncertainty in the particle number. The BECs featured typically 101(37) k atoms and an internal kinetic energy of 3 /2 kB • 38 +6 -7 pK after the application of our time-domain lens-system. Our simulation allows us to compare our method with delta-kick collimation only, which results in a significantly larger expansion rate (dashed lines, compare TableI"DKC"). Additionally, the dotted lines compare the simulated expansion of a BEC with 10 k atoms displaying a lower mean-field energy, corresponding to U kin = 3 /2 kB • 14 pK.

TABLE I .

 I 1D and 3D internal kinetic energy of the BEC during free expansion and after DKC with and without quadrupole-mode enhancement. The residual interaction energy of the BEC constitutes the limit for the lowest achievable kinetic energy in this setup.

	dimension	free exp. DKC	QM-enh. DKC	limit
	U kin,x / ( 1 /2 kB) 659 pK 447 pK 62 +8 -11 pK	45 pK
	U kin,y / ( 1 /2 kB) 3020 pK	36 pK 24 +3 -4 pK	17 pK
	U kin,z / ( 1 /2 kB) 2658 pK	16 pK 29 +6 -7 pK	16 pK
	U kin / ( 3 /2 kB)	2112 pK 167 pK 38 +6 -7 pK	26 pK
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