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Lo Z.4-Additive Quasi-Cyclic codes

Minjia Shi, Shitao Li, Patrick Solé

Abstract—We study the codes of the title by the
CRT method, that decomposes such codes into con-
stituent codes, which are shorter codes over larger
alphabets. Criteria on these constituent codes for
self-duality and linear complementary duality of the
decomposed codes are derived. The special class of
the one-generator codes is given a polynomial repre-
sentation and exactly enumerated. In particular, we
present some illustrative examples of binary linear
codes derived from the Z.Zs-additive quasi-cyclic
codes that meet the Griesmer bound with equality.

Index Terms—7Z.74-additive quasi-cyclic codes,
Chinese Remainder Theorem, self-dual codes, ACD
codes.

I. INTRODUCTION

N this article, we consider the mixed alphabet

codes with two alphabets: the first is the finite
field Z, and the second is the local ring Zg4.
These mixed alphabets were introduced in [7] in
the additive case, and studied in the cyclic case
in [1], [8]. The latter class was shown recently
to be asymptotically good [12], [27]. Many other
pairs of alphabets are possible [3], [4], [5], [9],
[15], [24], but in the present paper, for simplicity’s
sake, we will focus on Z, and Z,. A natural
generalization of cyclic codes is the class of quasi-
cyclic codes, which has been studied in particular
by using a decomposition of the alphabet into local
rings and of the codes into constituent codes [16],
[17], [25], by the Chinese Remainder Theorem
(CRT). These constituents codes are shorter, of
length the co-index, over larger alphabets (exten-
sions of the original alphabet of degree the index
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of the code). Self-dual quasi-cyclic codes and
self-dual generalized quasi-cyclic codes over finite
fields were proved to be asymptotically good [18],
[23]. So are linear complementary dual (LCD)
quasi-cyclic codes over finite fields [14].

In the present paper, we combine both trends by
studying Z,Z4-additive quasi-cyclic codes. Here,
it generalizes the notion of LCD codes to additive
complementary dual (ACD) codes in Z§ X fo [6].
The CRT decomposition allows us to give criteria
bearing on the constituent codes for the quasi-
cyclic codes to be self-dual, or to be ACD. Note
that the family of LCD codes has known a surge
of interest in recent years, due to applications
in Boolean masking in embarked cryptographic
computations [10]. The family of self-dual codes
has been studied since the 1960’s over fields [19],
and since the 1990’s over rings [21], and enjoys
many connections with combinatorial designs and
modular forms [22]. The subclass of quasi-cyclic
codes called one-generator is traditionally treated
by a polynomial representation akin to that of
cyclic codes [11], [20]. We use this formulation
over ZoZ4 to derive exact enumeration results.

The material is arranged as follows. The next
section recalls notation and definitions needed
in the other sections. Section 3 establishes the
polynomial representation of Zy7Z4-additive quasi-
cyclic codes. Section 4 develops the CRT ap-
proach, and derives the two criterion mentioned.
Section 5 studies the one-generator class. Section
6 gives some good examples of Z,Z4-additive
quasi-cyclic codes. Section 7 concludes the article.

II. PRELIMINARIES

In this section, we introduce some basic
concepts, and present some auxiliary lemmas. For
every vector ¢ € ZE™2 x 7Y™, we write ¢ =
(027 Cil), where Cy = (Coo, €01y - --5,C0,l—15C10,
ey Cllo—Ts+ > Cmy—1,01- - -3 Crmg—1,15—1) S
ZR™2 and ¢ = (chy,Chy,- - - s C014—11Clos -+ s



l
c’l)l4_1, e C;n4—1,07 e ,0%4_1714_1) € Z;pm.
We denote by T, (resp. Ty) the standard shlft
operator acting on Z2™2 (resp. Z4™4),

Definition II.1. A Z,Z,-additive code C of type
(lama,lymy) is called a ZoZ4-additive quasi-
cyclic code if for every codeword ¢ € C, its shift,
defined as

T(e) = (Ty*(e2), Ty*(¢})) =

(Cma—1,05-- -5

Cmy—1,l15—15€C005C01y - -+ COla—15-++yCmy—2,0,

/

/ /
yCma—2,00—15Cmy—1,00 -+ 1 Cmy—1,1,—15 C00>

/ /

/ /
Co1s- -1 C014—15 3 Cmy—2,05 > Cm4—2,l4—1)

is also a codeword of C. Such a code C is said to
be ZsZs-additive quasi-cyclic of index (la,l4)
or (l2,l4)-quasi-cyclic over ZoZy.

For any pair of vectors

u= (llg,llil) = (uoo,u01, cey U0 —1,UL0y - - - s
UL ly—1y- s Umg—1,0y -+ -y Umo—1,10—15
Uggs gy s - - - ,u'07l4717u'10, e
ull,l4—17'"7’U’;n4—1,0""’u;n4—1,l4—1)

and
V= (VQ’VZ) = (’L}O(),U()l, e ,1}0712_1,1)10, N
Vi,la—1y+++3Umy—1,05-++,Umg—1,l5—1,
Vs Vps - - - 71)671471,1)’107 .. ,viylrh o
Vrna 100+ > Uy —1.1a—1) € Z2™ x T

the standard inner product [7] is defined as

u-v=2uz vo+u,-v,

lo—1mg—1 l4—1myg—1
= 2§ : § : U’LJUU—"_ § : E :urkvrk
=0 r=0

(mod 4).

Definition I1.2. Let C be any ZoZ4-additive quasi-
cyclic code. The additive dual code of C is defined
as Ct = {v € Z™2 x7lami|uy = 0, for allu €
C}.

A natural generalization of LCD codes from
linear to additive codes is as follows.

Definition IL.3. [6] A Z37Z4-additive quasi-cyclic
code C is ACD if CNCt = {0}.

Using Definition 1.2 of the dual, we have the
following lemma.

Lemma IL4. If C is any ZoZ4-additive quasi-
cyclic code, then C* is also additive quasi-cyclic.

Proof: Let C be any ZoZy-additive
quasi-cyclic code of index (l2,l4), and type
(l2m27l4m4). Let

_ A

V= (v27v4) - (00070017 ... 7”0,[27171]107 ceey
Vl,lo—1y-++3Umo—1,05---3Umg—1,l5—1;
/ ! / / /
V005 V015« -+ » V0,410 V105 -+ > V1 1y—1s -+
! / 1
Umna—1.00 > Uma—1.1,-1) €C,

It suffices to show that T'(v) € C*. Since v € C*,
for any codeword

/
u= (llg,ll4) = (uoo,um, sy U0 —1,UL0y - - - s
UL ly—15-+ -y Umg—1,0y -+ s Umo—1,lo—15
/ / / / li
u007u01""’u’0,l4717u107""ul,l471""7
!/ li
Uy —1,00 3 Uy —1,15—1) € Cy
we have
l2—1ma—1 lg—1my—1
2 E E UijV5 + E , E Uy Vr
k=0 7=0
=0 mod 4).

Now we just need to prove that u - T(v) = 0.
Let m = lem(mag, my). Then 77 (u) = u for any
u € ZE™ x Z{™. Since C is a Z;Z4-additive
quasi- cychc code, T 1(u) € C. Hence

0=T"""u)-v=u-T(v).

Therefore, T'(v) € CL, and hence Ct is also
additive quasi-cyclic. ]



III. ADDITIVE QUASI-CYCLIC CODES

In this section, we introduce a polynomial rep-
resentation of a ZsZ4-additive quasi-cyclic codes.
Let Zo[X] (resp. Z4[X]) denote the polynomials in
the indeterminate X with coefficients in Zy (resp.
Z4). Consider now the quotient rings

Ro(Z2,m2) = Zo[X]/(X™* — 1),
Ra(Za,ma) = Za[X]/(X™ — 1).

RQ =
Ry =

Let C be a ZyZ4-additive quasi-cyclic code of type
(lama, lymy). Write an arbitrary codeword of C as

c= (000,0017-~~700,z2717010,-~~,
Clly—15+++3Cma—1,05+++5Cmy—1,l5—1,
Co0s Cots - - s 06,14_1, Aoy ,c’17l4_1, e
C;n,4—1,0a ceey C;n4—1,l4—1) ecC.

Define a map ¢ : Z2™2 x 2™ — Rz x Rl
by

(Z)(C) :(CO(X)7CI(X)7' .- 7clz*1(X),
co(X), 1 (X),....¢,_1(X)) € R2 x Rl

where
mo—1

Cj(X) = Z CinZGRQ,OSjSZQ_].,
=0
myg—1

G(X) = Y X €RL0<k<I—L
r=0

Let ¢(C) denote the image of C under ¢. For any
element ¢(X) = (co(X),c1(X),...,¢c,—1(X),
¢)(X), i (X),...,¢), (X)) € R¥ x R, and
any a(X) € Z4[X], we have
a(X)e(X) = (a(X)eo(X),a(X)es
a(X)es,1(X),a
a(X)cll(X)a e ,a(X)c 4—1(X))7

where a(X) = a(X) (mod 2). We

following lemma.

have the

Lemma IIl.1. The map ¢ induces a one-
to-one correspondence between ZoZ4-additive
quasi-cyclic codes of index (la,l4) and Z4]X]-
submodules of Ré2 X Rff.

Proof: The result follows from [16, Lemma
3.1] and [17, Lemma 3.1], so we omit it here. W

We define a “conjugation” map ~ on Ry (re-
sp. R4) as one that acts as the identity on the
elements of Z, (resp. Z4) and that sends X
to X! = X"l (resp. X! = Xmal,
The reciprocal polynomial of a polynomi-
al f(X) is X49U(X))f(X~1) and is denot-
ed by f*(X). Let 6,(X) = Y7, ' X% Let
X = (0, P15y Ty 1,20, T 5T, _1),Y =
(y07y1a cee 7yl2—17y(l)v yi? s 7yl/471) € Rl22 X Rff’
m = lem(mg, my). We define an extension map
of [8, Definition 8]

l271
o(X,y) = Y 2mif)p (X72) X1 ey
=0
l4—1
+ x;gﬁ (Xm4)Xm—1—deg(yj)y;_*
7=0

mod (X™ —1),

where the computations are made taking the bina-
ry zeros and ones in x; and y; as quaternary zeros
and ones. We call it o-inner product and denote
o(x,y) by xoy.

Proposition IIL2. Letu, v € Z2™? x Zi™ m =
lem(mg, my). Then u - (T™(v)) = 0 for all 0 <
n <m —1 if and only if ¢p(u) o ¢(v) = 0.

Proof: Let
_ A
u= (027114) = (U007U01, <oy U011, U0y - - -
ul,lzfla R 7um271,07 e 7um271,12717
/ ! ! !
U, UoLy - -+ s Up 1, —15 U105 -+ + »
! li /
UL gg—1s s Umy—1,00 > um,4—1,l4—1)7
_ AN
V= (V2,V4) = (0007001,~--,U0,12—17U10, B
V1,lp—15+++5Uma—1,09+ -+ Umy—1,l5—1)
/ A ! / /
V00s V015 -+ V0,14—15 V105 -+ -3 VL 1y—1s+ - -5
’ / lama lamy
Vpa—1,00+» Uma—1,4a—1) € Lg% X Lg™,

Then

dp(u) = (uo(X),u1(X),...,u,_1(X),
ug (X), uy (X)), ..., (X)),
o(v) = (vo(X),vi(X),...,vi,—1(X),
V6(X),V/1(X),...,V;471(X)).



The condition ¢(u)
Io—1
Z 2u; (X

141

+Z

o ¢(v) = 0 is equivalent to

em Xm2)Xm 1—deg(v; (X)) Z('X)

X)Q m Xm4)Xm 1— deq((v (X)) /*(X)

mlr)

mg—1lg4—1my—1
1-t
+077T4 (X™4) Z Z Z “SJ s+tJXm

t=0 j=0 s=0
—1
2

mg—1

Z u;jv;+n,j) Xm=I=7 mod (X™ — 1),

mo—1 lpg—1mg—1
:9m ){Vm2 (Z Z Z ukzvk+rl

i=0 k=0

3

lg—1mog—1

Z Z Uk Vk4n,it

=0 k=0

\d

3
Il
o

s

4—

[=}

s=0

O .

5

where the subscripts k+n (resp. s+ n) are taken

modulo my (resp. my). Comparing the coefficient
of X™~1=" on both sides, the above equation is
equivalent to

la—1mo—1 la—1myg—1

2 Z Z UkiVk+n,i + Z Z usj s+n,] =0,

=0 k=0 7=0 s=0

for all 0 < n < m — 1. The equation means
precisely that

v (T2 (v2)) - (177 (v)))
=u- (T*”(V))
=0.

Since T~™ = T™ ™, ¢(u) o ¢(v) = 0, is equiv-

alent tou- (T"(v)) =0forall 0 <n < m-—1.

|

By applying Proposition III.2, we can obtain the
following.

Corollary IIL3. Let C be an additive quasi-cyclic
code and C C Z3™* x Z™, let ¢(C) be its image
in R? x RY under ¢. Then ¢(C)*> = ¢(CL),
where the dual in Z2™2 x 7Y™ is taken with
respect to the standard inner product, while the
dual in R? x RY is taken with respect to the
o-inner product. In particular, a ZoZ4-additive
quasi-cyclic code is self-dual with respect to the
standard inner product if and only if ¢(C) is self-
dual with respect to the o-inner product.

Example IIL.4. Let C be a ZyZ4-additive quasi-
cyclic code with generator matrix

10 01 00|00 00 20
00 10 01|20 00 00
01 00 10|00 20 00
10 01 01]10 01 02
01 10 01|02 10 O1
01 01 10|01 02 10

Thus Iy = 2,l4 = 2. It can be checked that C
is self-orthogonal, and that |C| = 234°. Hence
|ICt| = 2646/2343 = 2343 = |C|. Therefore
C = Ct and C is self-dual with respect to the
standard inner product. Under the mapping of ¢,

Zo[X] \? Za[X] \?

2 2 _ 2 4

m= (3 55) ()
#(C) is Z4]|X]-submodule of R3 x R% with genera-
tor vectors a1(X) = (1, X,2X2,0) and az(X) =
(1, X + X2,1,X + 2X?). It is easy to verify
that ¢(C) is self-dual with respect to the o-inner

product. And a;(X) and a(X) are generator
polynomials of C.

IV. THE RINGS Ry(Zs, m) AND Ry(Zy, m)

When m is an odd integer > 1, upon using the
CRT for polynomials, we see that the ring Ry =
Ro(Zo,m) = Zo[X]/(X™ — 1) is never a finite
field, and that Ry is a direct product of finite fields.
The ring Ry = R4(Zyg,m) = Zy[X]/(X™ —1) is
not a local ring, and R4 is a direct product of local
rings. The following background material can be
found in [26].

Under the latter assumption, the polynomial
X™ —1 factors completely into distinct irreducible
factors in Z4[X], so by Hensel’s lifting, we may
write X™ — 1 € Z4[X] as

X" —1=fifo... fr,

where f; are distinct basic irreducible polynomi-
als. This product is unique in the sense that, if
X™—1= fif}...fl, is another decomposition
into basic irreducible polynomials, then r = 7’
and, after suitable renumbering of the fJ'-’s, we
have that f; is an associate of fj’- for each 1 <
j < r. The two sides of the above equation are
reciprocal.

X" 1= —fif5.. .



If f is a basic irreducible polynomial, so is f*.
By the uniqueness of the decomposition of a
polynomial into basic irreducible factors, we can
now write

Xm—lzgl--~gshlh>{"'hth:’ (1

where ¢g1,...,gs are those f]’-s that are associates
to their own reciprocals, and hq, b7, ..., he, by are
the remaining fs grouped in pairs. Therefore, let
fi = fi (mod 2), then the polynomial X™ —1 can
be decomposed into the following form in Zs[X]

X" —1=Ff fo...fr.
By (1), we have

X™ —1=gr...gsh1 hi...h B,

where g1,...,gs are associates to their own re-
ciprocals, h; and h} are reciprocal. Consequently,

we may now write

O ZuX] [ AN ZaX]
R“(Xm—l)‘(ﬂ? (9) )69
N Za[X]  Za[X]
j_1< ) <h;>> ’
2)
LX) N Z2[X]
e ( @ )°
N ZaX] Zo[X]
EP( ) <h;f>>
3)

The direct sum on the right-hand side is endowed
with the coordinate-wise addition and multiplica-
tion.
For simplicity of notation, whenever m is
fixed, we denote Z4[X]/(g;) by Gi, Z4[X]/(h;)
y HY, Z4[X]/(h%) by HY\ Z,[X]/(@) by G,
Zo[X]/(hy) by H), and Z5[X]/(%) by HT. It
follows from the above equations that

- (@et) o (o)

i=1

s t
(@) o (@ o)
i=1 j=1

la
R2

Then
R xRy = (é (@12 X Gil4)> D
i=1
@ (" x 1) o (57" 1))

“)

In particular, every Rs R4-additive code C' can be
decomposed as the direct sum

t
(@C) Bcecy)|,  ©
7j=1

where, for each 1 <3 < s,C; is a G;G;-additive
code, for each 1 < j < t7Cj’- isa F;H}-additive
code and C7 is a Hij’/H /-additive code.

Every element of R4 (resp. Rs) may be writ-
ten as u(X) (resp. v(X)) for some polynomial
u(X) € Z4[X] (resp. v(X) € Z3[X]). The
decomposition of Ry (resp. Ry) shows that u(X)

(resp. v(X)) may also be written as an (s + 2t)-
tuple
u(X) = (ur(X), ..., us(X),
uy (X), uf ( s+ up(X), uf (X)),
V(X) = (0 (X), ..., vs(X),
vy (X),v ( ), v (X), v (X)),
where u;(X) € Gy, vi(X) € G; (1 < i < s),

ui(X) € Hj, vj(X) € H] and uj(X) €
HY, ’-’(X) € HY (1 < j < t). Of course, the
uz,u], j " (resp. vz,v], f 7y may also be considered
as polynomials in Z4[X] (resp. Za[X]).

For any element r € R, (resp. Rs), we have
earlier defined its “conjugate” T, induced by the
map X — X ! in R4 (resp. Ry). Suppose that r,
expressed in terms of the decomposition (2) (resp.

(3)), is given by

A 1 / 1
I T U S SN (N GO R

where 7; € G; (resp. Gy) (1 < i < s), 7} € Hj
(resp. ﬁ;) and 77 € H (resp. Hij’-’) (1<j<w).
We now describe decomposition of T.

We note that, for a polynomial f € Z4[X], f |
X™ — 1 (resp. f € Zo[X], f | X™ =1,
the quotients Z4[X]/(f) (resp. Zo[X]/(f)) and



Z4X]/(f*) (resp. Z2[X]/(f*)) are isomorphic as
rings. The isomorphism is given by

Z4]X] Z41X] . .
OEREGOE w(X)+(f) = w(X ) +(f),
Ly X] | Zo[X] — Pt
) 7 v(X)+(f) = (X )+ (f*).

Here, the symbol X ~! makes sense. In fact, it can
be considered as X™ !, since f, f*, f, f* divide
X™ — 1. Therefore, the element r can now be
expressed as

T=(r1,...,75,7 1, 1)),
When f and f* are associates, for vec-
tors u = (U, Up—1,Up, .-, Up, ), V =
(UO"'wvlz*l’v(l)P'"Ul/4—1) € (ZQ[X]/(f))IQ X

(Za[X]/(f))4, we define the Hermitian inner
product on (Zo[X]/(f))" x (Z4[X]/(f))" to be

lo—1 l4i—1

Z 2u;0; + Zu

Proposition IV.1. Let C' be a RsR4-additive

(mod f).

code and a,b € C C RY x RY and write
a:(ao,al,...,012,1,00701,...,()14,1) and b =
(bo,b1,...,b1,—1,do,dy,...,di,—1). Decompos-
ing each a;,b;,c;,d;, we write
/ " li "
a;, = (ail,...,ais,aﬂ,aﬂ,...,ait,ait),
_ ) B rooon
¢;i = (Cj1y-++,Cis,Ci1,Char -+ Cits Cit),
/ // / //
b, = (bin,...,bis,b31,b71, ..., b, b,
_ U /! U /!
di = (dj1,...,djs,djy,djy, ..., djy, dfy),

where ai,, biy, € G, aly,, by, € Hp, alh, b, €
Hk,,,c]r,d e G.c...d._,eG,cd.,d., e

Ty Zgrls Yy ’7 JT’H gr
Gl Let bi(X) = bi(X~1),d;(X) = d;(X ).
Then a ob = 0 if and only if
lo—1 /\/ I4—1 N
Z 2a7bir + Z cirdjr =0 (1 <r <)
i=0 §=0
and
1271 l471
> 2a bl + > ddl), =0,
i=0 §j=0
lo—1 la—1

Zza;bk+zc Wiy =0 (1< k<t).
=0

Proof:

aob
la—1 lg—1

— Z 2aiXm—1—deg(bi)b;< + Z chm—l—deg(dj)d;
i=0 j=0

lgy—1
b,L') +Xm71 (Z dej)
j=0

la—1

lo—1
DD 2a0bia + Y cudja, o,
i=0 3=0

Ip—1
S
1=0

Ip—1 ly—1 lo—1 Iy—1

Z 2a;5bis + Z stdj.5‘7 Z 2a;1b” + Z C; 1d317
i=0 =0 i=0
la—1 lg—1
Z 2a;/1b;1 + Z cjld]17 R
lo—1 lg—1 la—1 ly—1
Xl 4 3 e 32 20+ 3l ).
i=0 =0

The result follows. | |

Theorem IV.2. A RsR4-additive code C with
Cc le X Rff the CRT decomposition of which
is as in (4), it is self-dual with respect to the
o-inner product, or equivalently, a ZoZ.4-additive
quasi-cyclic code of index (l2,1y) is self-dual with
respect to the standard inner product, if and only

if

s t
(&) (1),
i=1 j=1
where, for 1 < i < s, C; is a self-dual G;G,-
additive code (with respect to the Hermitian inner
product), for 1 < j < t, C’;» is a ?]’.Hj(-additive
code and (C})* is its dual with respect to the
standard inner product.

Proof: By Proposition IV.1, we have that C
is self-dual with respect to the o-inner product,
if and only if, C; is self-dual with respect to the
Hermitian inner product and C' is dual of C} with
respect to the standard inner product. ]

Example IV3. Let m = 3,1, =, =2, X3 -1 =
(X —1)(X2%+ X +1) in Z4[X], according to the
CRT decomposition,

2 2
mxrt = (on) *(oon)
= (Gilz X Gf) ® (@2 X G%) ,




where G = (Z;[_Xl]) = 7y, Gy = (Z)ﬁ[_Xl]) =
o Ia[X] _ __ Z4[X]
24,Gy = iz G2 = = x

The generator vectors of ¢(C') in Example IIL.4
are a1 (X) = (1,X,2X?,0) and a2(X) = (1, X +
X?2,1,X + 2X?) € R x R3. By (4), we have
a(X) = (1,X,2X2,0) = (1,1,2,0,1,X,2 +
2X,0), az(X) = (1, X + X2,1, X + 2X?) =
(1,0,1,3,1,1,1,243X) € (G1- x G2 @ (G- x
G3). By (5), let C; be Z4[X]-submodule of
G712 x G? with generator vectors (1,1,2,0) and
(1,0,1,3), then C; is a self-dual ZZ,-additive
code with respect to the standard inner product
or the Hermitian inner product. Let Co be Z4[X]-
submodule of Go~ x G2 with generator vectors
(1, X,2 + 2X,0) and (1,1,1,2 + 3X), then C
is a self-dual G5G9-additive code with respect to
the Hermitian inner product.

A similar characterization for ACD-ness is as
follows.

Theorem IV4. A RsR4-additive code C with
C C R% x Rl the CRT decomposition of which
is as in (4). Then C is o-ACD if C N C+e = {0},
or equivalently, a Z2Z.4-additive quasi-cyclic code
of index (la,14) is standard ACD, if and only if C;
is Hermitian ACD, C}; and C? are standard ACD,
that is, C; N C;-" = {0}, C' N C™ = {0}, and
C]’-’OC]’-’J‘ = {0}, where 1 <i<s,1<j<t

Proof: Through the previous description, the
code Cte is of the form

S t
cte = (@ cﬁ) o | P (C;-l o c]'.’L)
j=1

i=1

@

B«

J=1

Then
cCnNCte =

(c: nC“f))

nch e n c;.’L))

—

The left hand side of that equality reduces to the
null space, iff each summand on the right hand
side does. The result follows. ]

V. 1-GENERATOR ZyZ.4-ADDITIVE
QUASI-CYCLIC CODES

Let m be a positive odd integer, let
ord,(2) denote the order of 2 modulo m,
and let [lp,l; be positive integers such that
gcd(ly,ordy, (2)) = ged(ly,ord,(2)) = 1.
Let a(X) € R} x Ry a(X) =
(aO(X)’ R alz—l(X)a a:J(X% tee a24—1(X))»
then the module

M = Rya(X) =

is a 1-generator ZyZ4-additive quasi-cyclic code
with the generator a(X), where a(X) =
a(X) (mod 2). Define

M = {a(X Ja(X) = 0},

then annpg, M is an ideal of R4, and called the
annihilator of M.

Let I, = (ao(X), al(X)7 ... 7al271(X))R2
be the ideal generated by
CLQ(X),CLl(X) s ALy — 1(X) in RQ, and
I = (ah(X).ai(X),....af,_, (X)), be the
ideal generated by af)(X) ( )s--rap, 1 (X)
in Ry. Let

) S R4|O¢(X

anng,

={a(X) € Ry | a(X)a;(X) =0,
0<i<ly—1},

) € Ry | @(X)ai(X) =0,
0<i<ly—1},

X) € Ry | a(X)aj(X) =0,
0<i<ly—1},

annp,ls
{a(X

annpg, Iy =

annp, Iy = {af

then there exist monic

f2(X), 92(X), ha(X), fa(X), 94
Z.4[X] such that

polynomials
(X), ha(X) €

™ -1,
™ — 17
and
I
1y
annp, s

annp, s



By Proposition 1 in [11], we have

annp, Iy = (f4(X)g4(X), 2f4(X)ha(X))R, -

Obviously, there are f(X), g(X), h(X) € R4, and
F(X)g(X)h(X) = X™ — 1. such that

anng, M anng, o N anng, Iy

= (f(X)g(X),2f(X)h(X)),

Corollary V.1. The type of the 1-generator ZoZ.4-
additive quasi-cyclic code M = Rya(X) is
4deg(f(X))9deg(g(X))

Proof: Since a(X) — a(X)a(X) (for all

a(X) € Ry) is a surjective R4-module
homomorphism from Ry onto Rga(X)
with  kernel annM. According to the

fundamental theorem of ring homomorphism,

Ry/annM = Rya(X). Since |annM| =
4leghX)gdesa, M| = |Rya(X)| =
|R4/annM| _ 4m—degh(X)—degg(X)Qdegg(X) _
gdeg f(X)9deg g(X) [

Lemma V.2. Let a(X) = (ao(X),...,a,,—1(X),
ap(X),....a;,_1(X)) € RZ x R} and
M = Rya(X) be a l-generator ZsZ4-
additive quasi-cyclic code. Let I, and Iy
be given above. Then for any b(X) =
(bo(X), - -5 b1y 1 (X), 06(X), ..., b, (X)) €
RZ? x Ry Rya(X) = Rub(X) if and only if
b(X) = p(X)a(X), where p(X) is a polynomial
in Z4[X] such that gcd(p(X), f2(X)g2(X)) = 1
and ged(p(X), Fa(X)g(X)) = 1.

Proof: We can prove the results by consider-

ing [11, Proposition 3] and [20, Lemma 2]. [ |

In the following, we enumerate 1-

generator  ZoZg-additive quasi-cyclic codes.

Let f(X),g9(X),h(X) € Z4]X] be given as

above, and let us factorize f(X), g(X) in Z4[X].
Assume that

f(X) = AX)f(X)... f(X),
9(X) = 91(X)g2(x) ... (X)),
where f;(X)’s and ¢;(X)’s are pairwise co-
prime basic irreducible polynomials over Z4, and
deg fi(X) = e;,degg;(X) = dj, respectively.
Then we can factorize f(X),g(X) in Zo[X].
FX) = hX)RX)... f(X),
9(X) = 71(X)%(X)...5(X),

(
(

where f;(X)’s and g;(X)’s are distinct irre-
ducible polynomials over Zo, and deg f;(X) =
ei, deg g;(X) = d;, respectively.

Theorem V.3. The number of all distinct 1-
generator ZoZy4-additive quasi-cyclic codes with
annihilator (f(X)g(X),2f(X)h(X)) equals

L 4l4e¢ _ 2l4€i 2lze,- -1 t 2l4dj71 212dj -1
.H gev —2ei e —1 ddlody 7 od
i=1 Jj=1

Proof: When the annihilator
(f(X)g(X),2f(X)h(X)) is restricted to Ra, it’s
a 1-generator quasi-cyclic code with parity-check
polynomial f(X)g(X), by Theorem 12 in [11],

Li = 267_1(1§Z<S),
2l2di — 1 ,
L; = od; _ 1 (1—j§t)

Hence, there are [[;_, L; H;:1 L’ binary
1-generator quasi-cyclic codes with parity-
check polynomial f(X)g(X). When the
annihilator (f(X)g(X),2f(X)h(X)) is
restricted to R4, it’s a quaternary 1-generator
quasi-cyclic  code  with  the  annihilator
(f(X)g(X),2f(X)h(X)), by Theorem 2 in
201, there are [, “ri=get T, 2ot
quaternary 1-generator quasi-cyclic codes with the
annihilator (f(X)g(X),2f(X)h(X)). Because
the direct sum of two quasi-cyclic codes is also a

quasi-cyclic code, this completes the proof. ]

Example V4. Let m = 7,1 = 2,14 = 4, then

X7 — 1 can be factored into a product of basic

irreducible polynomials as
XT—1=(X-1)(X342X2+ X - 1)

(X? - X?+2X - 1)
inZy[X]. Let f(X) = X—1,9(X) = X34+2X2+
X —1,h(X)=X3-X?2+2X —1. Now we con-
sider 1-generator Z,Z4-additive quasi-cyclic codes

with annihilator (f(X)g(X),2f(X)h(X))r,, so
in the language of Theorem V.3, we have

S:tzl, 61:1, d1:3.
According to Theorem V.3, there are

44_24><22_1><212_1><26_1
4-2 2—-1 28—-1 23-1

= 1895400



1-generator ZoZ4-additive quasi-cyclic codes with
annihilator (f(X)g(X),2f(X)h(X)).

VI. EXAMPLES OF ZyZ4-ADDITIVE
QUASI-CYCLIC CODES

We define a Gray map o : Zj x Z§ — Z5
such that p(u) = p(ulu’) = (u|ps(u')), where
(4 1s the usual quaternary Gray map defined
by ©4(0) = (0,0),4(1) = (0,1),94(2) =
(1,1),04(3) = (1,0). Next, we give some codes
whose Gray images are optimal.

Lemma VL1. [13] The Gray image C' = ¢(C) of
a ZoZ4-additive code C is linear if and only if

for all u = (ulu’),v =(vjv') € C
= (0,2u" xv") € C.

Example VL.2. Let C be a ZsZ,-additive quasi-
cyclic code with the generator matrix

10 01 11|10 O1
11 10 01|11 10
11 10 00 |02 00
00 11 10|20 02
10 00 11]00 20

11
01
20 |,
00
02

By Lemma VL1, ¢(C) is a nonlinear binary code
with parameters (18,27,7). (C) is best-known,
by [28].

Example VL3. Let C be a ZsZ,-additive quasi-
cyclic code with generator matrix

0 01 11(2---2 2---2 0---0
G=1| 11 10 01|0---0 2---2 2---2
N~ ==
l l 1
Thus I, = 2,4 = [, and the genera-

tor vector of C is a(X) = (1 + X2, X +

X?2+2X,---,2+2X). By Lemma VL1, »(C)
l

is a linear binary code with parameters [6] +

6,2,4l + 4], it can be checked that it meets the

Griesmer bound [19, chap.17, section 5].

Example VI4. Let C be a Z2Z4-additive quasi-
cyclic code with generator matrix G is of the form

Table 1: Optimal binary codes derived from Z2Z4-additive

quasi-cyclic codes with length 10.

Generator Parameters | Griesmer Bound
(11]3333) 10,2,6 6
(1 0]33 31) 10,3,5 5
(11]33 22) 10,4,4 4
(00]03 12)

(11133 11) [10,5,4] 4
(0 0]01 32)

(10/33 31) [10,6, 3] 3
(0 0]00 21)

(1 0/33 33) [10,7,2] 2
(00]00 11)

(11133 32) [10,8,2] 2

Table 2: Optimal binary codes derived from ZoZ4-additive

quasi-cyclic codes with length 14.

Generator Parameters | Griesmer Bound
(1 0]222 200) 14,2,9 9
(11332 310) 14,3,8 8
(11]22 20 00) 14,3,8 8
(0 0001 112)

(1 0]313 311) (14,6, 5] 5
(0 0]000 112)
(1 0]210 111) [14,7,4] 4

Thus ls = 2,1, = 1, and the generator vector of C
isa(X) = (14 X,1,3+ X +3X% +3X3 +
X% + X® + X6). By Lemma VL1, ¢(C) is a
linear binary code with parameters [22,5,10], it
can be checked that it is optimal with respect to
the Griesmer bound [19, chap.17, section 5].

Example VLS. In the following Tables 1, 2 and 3,

_ we collect examples of ZyZ4-additive quasi-cyclic

codes with linear Gray images that is optimal
with respect to the Griesmer bound for length-
s n = 10,14,18, where "Parameters" denotes
"parameters of Gray images", "Griesmer Bound"
denotes "upper bound with respect to the Griesmer
bound" [19, chap.17, section 5].

Table 3: Optimal binary codes derived from ZgZ,4-additive
quasi-cyclic codes with length 18.

11 10
00 11
00 00
10 00

00
10
11
00

00
00
10
11

3

1
1
1

1

3
1
1

3

1
3
1

3

3
1
3

— W W

1

1
3
3

1

W = =

Generator Parameters | Griesmer Bound
(00 11 11]00 22 22) 18,2,12 12
(01 01 11]00 02 22) 18,3, 10 10
(11]00 33 22 33) 18,4,8 8
(11]01 23 23 23) 18,5,8 8
(11]01 22 32 33) 18,6,8 8




VII. CONCLUSION

In this article, we have considered quasi-cyclic
codes over a specific mixed alphabet. We have
established a structure theory for these codes, by
using the CRT, and derived from that theory cri-
teria for self-duality and LCDness. A polynomial
formulation has been given for the one-generator
subclass, yielding exact enumeration results.

Many generalizations are possible, by consider-
ing as alphabet pair a ring and one of its extension-
s; for instance Z, and Z4[u] with u? = 0, [15],
or other pairs of rings [3], [4], [5], [9]. In another
direction, the concept of quasi-cyclic codes could
be extended to so-called generalized quasi-cyclic
codes or quasi-abelian codes, or quasi-polycyclic
codes [2].

Define a ZyZ4-code to be nondegenerate if it
is neither a binary code, nor a Z4-code. An inter-
esting open problem is to know if nondegenerate
Zo74-additive quasi-cyclic codes are asymptoti-
cally good.
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