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A NUMERICAL STUDY OF THE MAGNETIC SKIN

EFFECT: EFFICIENT PARAMETRIZATION OF 2D

SURFACE-IMPEDANCE SOLUTION FOR LINEAR
FERROMAGNETIC MATERIALS

DIMA ABOU EL NASSER EL YAFI, VICTOR PERON, RONAN PERRUSSEL,
LAURENT KRAHENBUHL

ABSTRACT. This work presents an efficient method based on asymp-
totic models in order to solve numerically eddy current problems in a
bi-dimensional setting with a high contrast of linear relative magnetic
permeability p, > 1 between a conductor and a dielectric subdomain.
We describe a magnetic skin effect by deriving a multiscale expansion
for the magnetic potential in power series of a small parameter § which
represents the skin depth. We make explicit the first asymptotics up
to the order three. Some numerical results based on the finite element
method will be presented to illustrate the magnetic skin effect and to
validate the performance of the proposed asymptotic models in the di-
electric medium. We confirm that the proposed asymptotics provide
reduced computational costs for a wide range of the physical parame-
ters introduced in our problem.

Keywords. Asymptotic expansions; Impedance boundary conditions; Eddy
current problems; Finite element method; Magnetic potential; Ferro-
magnetic materials.

1. INTRODUCTION

For several decades, the eddy current problem has been the interest of an
intensive research [12] (13| 14} 10} [©, (4] B} 2, 19l 20, 17, [, 16]. Indeed, eddy
currents are crucial for the design of industrial systems such as the induc-
tion heating or the breaking of heavy vehicles. In contrast, eddy currents
may induce "undesirable" losses that affect negatively the performance of
some devices for example motors and generators. As a result, studying eddy
currents is significant in the engineering applications.

In this context, our interest lies in the numerical solution of the eddy cur-
rent problem for ferromagnetic materials using an asymptotic approach, in
a bi-dimensional setting. In fact, we consider laminated cores in the trans-
formers that are made of magnetic thin sheets coated with an insulating
layer and oriented parallel to the magnetic flux, in order to reduce energy
losses resulting from the eddy currents. However, eddy currents tend to ac-
cumulate near the surface of these materials, this is the so-called skin effect.
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More precisely, this effect reflects the rapid decay of the magnetic field in-
side these ferromagnetic materials. In this paper, we intend to perform a
numerical simulation of the magnetic skin effect by applying a finite element
method to our problem, on a mesh that combines thin cells inside the skin
depth and much larger cells outside this zone. Furthermore, we derive as-
ymptotic models that provide reduced computational costs for a wide range
of frequencies, conductivities as well as relative permeabilities.

The problem under consideration lies in two different materials with a
common interface Y: we are interested to study the magnetic potential in a
magnetic conducting body with high relative permeability u, > 1 embedded
in a dielectric medium that we consider it for the sake of simplicity the free
space. The conductivity o and the angular frequency w are given parameters.

The aim of this work is to propose asymptotic models that are validated
using a finite element approach with a fine mesh on the interface of the
conductor. This numerical approach enables the simulation of the skin effect.
Moreover, in order to evaluate the accuracy of the proposed asymptotic
solutions, we establish a numerical comparison with the impedance boundary
conditions (IBCs) solutions [9, [, 5 [7] that are among the most crucial
methods for solving time-harmonic eddy current problems with a small skin
depth denoted by §. To shed a light on our approach, we emphasize that
the IBCs method is not more efficient since the computational costs of the
proposed method is less than the IBCs solutions regardless the number of
the given physical parameters to be considered.

1.1. Related works. In this paper, we employ an asymptotic approach
that was previously involved in the context of the eddy current problems
for highly conductive non-magnetic materials |13, @, [I5] [IT]. More precisely,
the solution of the eddy current problems is established previously [I3] us-
ing a multiscale expansion in a bi-dimensional setting where the domain
is considered unbounded and the solution grows logarithmically to infin-
ity. Moreover, authors developed & — parametrization in high frequency
or high conductivity [9, 15 [IT] that derives real asymptotics and family of
Dirichlet problems for the Laplace operator set in the dielectric medium.
Furthermore, in [9, 11], we observe that the asymptotic models have reduced
computational costs since it does not depend on the physical parameters
embedded in the eddy current problems. In contrast, our work is motivated
by a recent article [I7] with its primary focus directed toward theoretical
studies of the eddy current problems for magnetically soft materials deduced
from asymptotic analysis. We provide numerical experiments in order to
validate the performance of the proposed asymptotic models introduced in

the e — parametrization of the magnetic potential (¢ = < 1), as well

1
. . N
as to illustrate a boundary layer inside the magnetic conductor in a vicinity
of its surface i.e. the magnetic skin effect.
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Finally, our numerical simulations illustrate that the magnetic field lines
penetrate orthogonally to the conductor, contrary to the high conductivity
case for which the direction of the magnetic field lines is tangential to the
conductor.

1.2. Organisation of the paper. The outline of the paper proceeds as
follows. Section [2] will present the framework as well as the boundary value
problem. In section [3] we exhibit the asymptotic expansion and convergence
results. Section [3.2]is devoted to the identification of the asymptotic models
up to the order two. In section [ we present numerical results in order to
evaluate the performance of the proposed models. Concluding remarks and
perspectives are given in section [pl In appendix [A] we provide elements of
proof of the multiscale expansion introduced in section [3.1

2. PROBLEM SETTING

Let us consider the case of a two dimensional medium €2 with a boundary
I". Our problem can be formulated as a conducting material Q_ CC € and a
dielectric medium g considered for the sake of simplicity as the free space,
with a common interface X, see Fig. [I We note that, unless specified, all
the considered domains are smooth and bounded in R2.

FIGURE 1. The domain 2 and its subdomains 2_, Qg

The time harmonic eddy current problem can be written as follows [17]
1
(1) —V.(=VA) +iwclg A=J in Q,
/J,

where A is the magnetic vector potential reduced to a single scalar component
in this two dimensional situation, w is the angular frequency and J represents
the current source.

The magnetic permeability and the conductivity are given by the following
piecewise-constant functions pu and ¢ respectively:

_ Ho in . 0 in
(2) ”_{ rtg  in - and 0_{ o in Q_,

where g = 47 x 1077 [H/m|(Henry per meter) and the relative permeability
wr is assumed to be a large parameter. For the sake of simplicity, we shall
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consider that the current source J is a smooth function and the support of
J does not meet 2_.

2.1. Notations and parameters. In order to apply the asymptotic ap-
proach, we define a "small" parameter as follows:
1
ST o
where § is the skin depth and given by the following formula

2
5=/ ———
Wao Lo oy

Note that both parameters € and J tend to zero when the relative perme-
ability u, tends to infinity.
Hereafter, we consider the following notations.

Notation 1. We denote by h™ (resp. h™) the restriction of any function h
in Qo (resp.2_).

2.2. Boundary value problem. The magnetic vector potential A = (A1, A7)

satisfies the following boundary problem

(3)

where the differential operator A is the Laplace operator in cartesian coor-
dinates x = (z,y) € R%. As a convention, the unit normal vector n on the
interface X is inwardly oriented to €2_.

3. MULTISCALE EXPANSION

In order to derive a multiscale expansion for the solution 4 = (A", A7)
of the model problem, we assume that > is a smooth curve. Then we
construct an asymptotic expansion for the solution A as follows:

) A+(x):Ag(x)+§A1+(x)+(E)QA;(XH--- in Qo

h h h .
<5) A—(X) :Z/{O(fvg) +5U1(§,g) +52u2(€7g) +-- in Q.
where U; — O as Y = % — 400,Vj € N. We note here x = (z,y) € R?

1—14
are the cartesian coordinates and a = — In we applied a multiscale

—AAt = pgJ, in Qo, ([ —AAY = oy

—AA” +iwopgu AT =0 in Q_, —~AAT 4207247 =0
At = A~ on X, — At = A"

oAt = 10, A on %, OpAt = €60, A~

At =0 on T, AT =0

mn Qo,
in Q_,
on X,
on X,

on I,
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expansion based on a "curvilinear coordinate system" denoted by (&, h).
More precisely, £ is a curvilinear abscissa on the interface > and h is the
distance to this latter curve, see for instance Fig.

FIGURE 2. A tubular neighborhood of the surface X.

3.1. Convergence result. Now we validate the asymptotic expansions —
by proving estimates for the following reminder r,, defined at any order
m € N* as

rh o= AT Y (5)”/13 in Qo
(6) ’ R0l
Tms =47 — > " Un(E, g) in Q_.

n=0

We introduce the small parameter v = in the theorem below. The

i
proof of the following convergence result is worked out previously [17] (cf
theorems (2.3)-(2.4)) in a slightly different configuration.

Theorem 1. There exists vy > 0 such that for all m € N there exists a
constant Cy, > 0 independent of v such that for all v € (0,vy) the remainder
Tm satisfies the optimal estimate

(7) el + VIV sloa + I slloa. < Cop™ .

m;é‘ m

We denote by |.|1,0, the norm in the Sobolev space H'(Q4) and ||.||o.o_ the
norm in L2(Q_).

We note that this convergence result is a priori valid for non smooth
domain, as we will see in section [£.3] using numerical illustrations.

3.2. First terms of the asymptotic expansion. In this section, we iden-
tify the first asymptotics for the multiscale expansion — where j=0,1,2.
Elements of formal derivations are given in the appendix [A]

We apply the following notations in the expressions of the asymptotics.

Notation 2. We denote by L the length of the interface 3. Then we define
a smooth function X from T, := R/LZ into R?. We note that X(£) € ¥ is
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an arc length parametrization of ¥.. The scalar curvature k(§) at the point
X (&) is well-defined by [17]

dn dX

M ko=

dg dg
We remind that n(§) denotes the unit normal at X(§) € ¥ which is inwardly
oriented to Q_.

Now we construct the first asymptotics (Ag,Uo), (AT ,U1) and (A3, Us)
recursively. First, AE{ solves the problem:
*AAJ = qu, mn Qo,
(8) AL =0 on X,
Ag =0 on .

We remark that Aar satisfies the perfect magnetic conductor condition. Then
the first profile Uy is defined as follows

_Y
(9) Up(&,Y) = Ag (X())e =
The next asymptotic A solves the problem below
—AAf =0, in Qo,
(10) oA =-AF  onz,
AT =0 on T
The second profile U satisfies the following equality
1 k(& _Y
1) () = (At (X©) + Ay x(©)r) e
adg 2

[ 2
where &y = .
wao o

The third asymptotic A;r solves the following problem

—AA$ =0 in Qo,
(12) O, AT = Mo At _ AgAl on %,
A;r =0 on T.

Finally, the third profile Us satisfies the following equality
(13)

(V) = ((1)2A;+<"“<5)50A1++§{8§+WH}AJ)Y+3"’@2A3Y2) (X(©)e .

ad} 2 « 4 8

The first asymptotics reveal some interesting properties. We note that the
first two asymptotics A(J{ and A are real and independent of the physical
parameters. Consequently, we can calculate the second approximation AaL +
iAf with reduced computational costs, since in order to identify Aar and
Af, we apply the finite element approach only once regardless the number
of the physical parameters to be considered. In contrast, we remark that the
asymptotic A;r depends on the angular frequency w and the conductivity o.
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Therefore we need to compute the finite element approach at each time we

change the physical parameters in order to identify A;r in the third order
2

. . 3 3 . . .
approximation AS‘ + —Af + [ — Ag‘ . For this reason, in the next section,
o o

our interest lies in the validation of the accuracy of the asymptotic models

— using the finite element approach.

4. NUMERICAL RESULTS

We now present some numerical results in order to demonstrate the accu-
racy of our asymptotic models up to the order two in the dielectric medium.

We will first introduce geometrical and physical assumptions. Then we
will exhibit the post-processing of the skin effect and the direction of the
magnetic field lines. Furthermore, we perform a comparison between the
reference solution and the asymptotic solution of order one as well as the
corresponding error and its correction. In order to evaluate the precision of

Neumann condition

=0
2
=foy

L

Aref

Neumann condition

(B) Problem with a fine mesh on
the interface X.

(A) Geometry and boundary con-

ditions.
Parameters Value
Relative permeability (j-) 4000
Conductivity (o) 2E+06 S/m
Frequency (f) 10 Hz
Conductor height (h) 0.1 m
Skin depth (§) 1.779E-03 m
Epsilon (¢) 1.41E-01

(¢) Physical and numerical parame-
ters.

FIGURE 3. Framework of the problem.
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the second order approach solution, we illustrate the isovalues of its corre-
sponding error. Finally, a numerical convergence analysis of our asymptotics
and the impedance solution with the Leontovitch condition will be achieved.
Some comments will be discussed, especially for the convergence results.

4.1. Framework. First, our numerical simulation is based on the finite el-
ement approach with a fine mesh on the interface ¥, see for instance Fig.
(B). The asymptotic models — are classical and require no special
finite element spaces. Therefore, we choose the classical P? Lagrange finite
elements. We note that the numerical computation is done on the Python
interface thanks to the flexible library GetFEM [I8]. The physical and nu-
merical parameters used, the geometry and the boundary conditions are
depicted in Fig. Here we note that the skin depth is about 17 % of the
height h of the domain €_.

4.2. Numerical experiments. It is well-known that whenever a conductor
is placed in a time-varying magnetic field we get an induced current that
concentrates near the surface of the conductor. In addition, at a distance
called the skin depth § the amplitude of the current density vector decreases

1
to — of its surface value. Actually, this phenomenon is called the skin effect

e
and it is depicted in Fig. [f]that illustrates the imaginary part of the reference
solution A. Indeed, Fig. [4 shows that the current is restricted to a thin layer
near the conductor surface and decreases exponentially with depth.

03 0.1 0.01

FIGURE 4. Numerical simulation of the skin effect.

Moreover, Fig. [5 (A) reflects the perfect magnetic conductor condition
since the magnetic field lines penetrate in an orthogonal way to the conductor
Q_.

Now we perform post-treatments of our numerical computations in order
to investigate the precision of the proposed asymptotic solutions up to the
order two in the free space ). First, we recall that the first asymptotic Aar is
a real valued function and presented by its isovalues in Fig. |5| (B). We remark
that Fig. |5 (A) corresponding to the real part of the reference solution is
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coherent with the Fig. |5| (B). However, this result is not sufficient to prove
the good accuracy of the first asymptotic A7, since we are considering only
the real part of the reference solution A and the asymptotic Ag as well. For
this reason, we exhibit another way to validate our estimation: we make
a comparison between the error of the first order AT — A(J)r in Q and its

corresponding correction EA+, which are illustrated in Fig. |§| (A)-(B) for

the imaginary part. We remark that the two latter figures are approximately
the same. Moreover, we note that we have the same results for the real part.
As a consequence, we conclude that we have a good correction as well as a
good precision of the first asymptotic AaL .

€
Next, the accuracy of the second order approximation A(J)“ + —Af is eval-
Q

€
uated by establishing the corresponding error A* — Aar - —Ai". The second

order error for the real and imaginary parts is less than 2E-04, see Fig. [7]
(A)-(B) . We note that the second order error is small enough since it satisfies
the optimal estimate defined in Theorem (1} Thus, this result illustrates

the good accuracy of the second order parametrization A(J)“ + —Af.
e

0 0.5 1

rrrrrrrrrnnnd rrrrrrnnned 0
0.5 1

trrrrrrrrnnnd rrrrrrrnen

(B) Real part of the first asymp-

A) Real part of the reference so-
(&) totic Af.

lution in Q.

F1GURE 5. Direction of the magnetic field lines
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-0.01 0
[ERRRERRR RN [N EENER R

-0.005

-0.01 0
RN ERN NN [NERREERERN

(A) Tmaginary part of the error (B) Imaginary part of the correc-

&
+ tion — AT
AF A fon —Aj

FIGURE 6. Error and correction of order one.

. 0.0002 0 0.0001 0.0002
OIIIIIIIIIHHII! 00001 [ERRRRRRRRNN NN [ I O rrrr e

(A) Real part of the error of order (B) Imaginary part of the error of
2: AT — A - EAT order 2: A* — AT — EAT
o o

FIGURE 7. Error of order 2.

4.3. Convergence results. We recall that the impedance solution with the
Leontovitch condition denoted by Af satisfies the following boundary value
problem

CAAS = pods in Qg
(14) B A5 + gAi =0 on %
A7 =0 on TI.

Indeed, it is well known that the Leontovitch solution has a high accuracy
with respect to our reference solution AT [17]. Therefore we intend to com-
pare the performance of the asymptotics up to the order two with the latter
impedance solution. In this context, we plot the convergence graphs with
the log scale using the following error estimate:
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VIoo IV Arer = V Ay |Pda

\/fQO IV Arey||?dz

where A,y denotes the reference solution, and Ay, is the first order as-

Error =

€
ymptotic model Aar, the second order asymptotic model Aar + — AT, or the

impedance solution Aj. Moreover, we assume that the relative permeability
is restricted between 250 and 16000.
First, Fig. [8 (A) ensures that, when the parameter e decreases, the error of

107t

— Aum=A¢ -
— Aum=A}+EA}
10—2_

] 2 s
& i

10*3_

1074

1071 2x1071 3x107'4x107! 6x107! 10-1 2x1071 3x107'4x107' 6x107!
Epsilon Epsilon

(A) Convergence graphs of the (B) Convergence graphs of the
asymptotic solutions of order 1 impedance solution Aj and the
and 2. asymptotic solution of order 2.

FIGURE 8. Convergence results.

order 2 decays more rapidly than the error of order one. Thus the asymptotic
solution of order 2 is more accurate than the asymptotic solution of order 1.

On the contrary the red and green curves, exhibited in Fig. [§ (B) and
corresponding to the error of order two and the impedance error, behave in
a similar manner with the variation of €. Therefore the asymptotic solution
of order two is coherent with the Leontovitch impedance solution.

However we must note that the impedance boundary value problem
depend on the parameter €. As a result, the Leontovitch solution is not more
efficient, since at each step we change the frequency, the conductivity as well
as the relative permeability, we must compute the finite element method. On
the contrary, the asymptotic models need to be computed only once since it
does not depend on any physical parameter, see problems —.

Finally, the convergence results exhibited in Fig. |8 (A), for the considered
non smooth domain (see Fig. |3| (A)), coincides with the theoretical studies
introduced in the section B.1}



12 D. ABOU EL NASSER EL YAFI, V. PERON, R. PERRUSSEL, L. KRAHENBUHLL

5. CONCLUSION AND PERSPECTIVES

We evaluated the performance of the asymptotic models up to the order
two using a finite element approach with a fine mesh on the interface of the
conductor. We have been able to establish the modeling and the numerical
simulation of the magnetic skin effect. We obtained also that the computa-
tional costs of the asymptotic solution of order two is less than the impedance
solution with the Leontovitch condition regardless the number of the phys-
ical parameters to be considered. Finally, our numerical experiments are in
accordance with the theoretical studies concerning the convergence results.

Future works will investigate higher order asymptotic models as well as
3D structures of the eddy current problems for ferromagnetic materials.

APPENDIX A. ELEMENTS OF DERIVATION FOR THE MULTISCALE
EXPANSION

We assume that ¥ is a smooth curve of length L. We remind that the
magnetic vector potential decays rapidly with depth inside the conductor.
Therefore it is beneficial to derive a multiscale expansion for the solution
inside the conductor. In order to perform this approach, we define a tubular
neighborhood v(X) of ¥ of a small parameter hg > 0 in the inner domain
Q_ as follows

v(E) = {x(&,h) = X(&) + hn(§), (€, h) € 3 x (0, ho) }

1
see for instance Notation. For hy < W, we introduce the change of
oo

Uix=(2,y) — (§N)
from v() into the cylinder Ty, x (0, ko) (see Notation(2)).

The following sections are dedicated to identify the profiles U,, as well
as the asymptotic models in the free space at any order n € N. Let us
first expand the Laplace operator A and the normal partial derivative 9, in
power series of the skin depth d by applying the change of variables ¥ and

coordinates

the scaling Y = —. Then we insert the resulting expression in the equations

of the problem 1) Finally, by identifying with the same power in €,§ and
e, we get the coefficients of the asymptotic expansion satisfying a family of
boundary value problems at any order n € N. For the sake of simplicity, we
will explicit the first asymptotics U,, and A;} for n = 0, 1,2 by induction.

A.1. Expansion of the operators in power series of §. Performing the
change of variables ¥, the Laplace operator writes in coordinates (£, h) as

(15) A =Q ' [0n(Q0n) + 0c(Q"5¢)]
where @ = (1 — hk(§)). We then apply the scaling
h
y =

o
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in order to make appear the small parameter § in . Therefore this oper-
ator expands in power series of § as follows

FPA=07+> A,
n>1
Observe that

Al = 71{(5)63/’

(16) Ay = 02 — k(£)*Y Dy

Similarly, we write

0u(:0) = 50y

on the interface X.

A.2. Equations of the coefficients of the magnetic potential. In this

h
section we define v5(£,Y) = A7 (x) in v(X). After the scaling h — Y = 5
in v(X), the problem(3)) writes
—AAT = poJ in  Qo,
(17) O AT = edy s on %,
AT =0 on T,
and
8) (=0 + (2)?)vs — > 6" Apus =0 in T x (0,400),
18 n>1
vy = At on T x {0},
Now we insert the ansatz
(19)
AT~ S (AR ) in Qo and s~ S SULEY) in v(E)

n>0 & n>0

with U, (.,Y) — 0 as Y —— o0, in equations and (18). Then by
identification of terms with the same powers of ¢, and pu,, the profiles U,
and A} satisfy the following family of problems coupled by their conditions
on the interface X

—AA:'{ = ,U()J(s,?l mn Qo,
(20) On A = a"(03)" L0y U1 on X,
Al =0 on T,

and

—0iUn + (2)Uy = > Aplhn—y in X x (0,4+00),
p=1

U, = (L))" At on %,

2
adg

(21)
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[ 2
where §g = y/——. In 1' 89 denotes the Kronecker symbol and we use
wa o

the convention U_; = 0. In the next section we make explicit the first asymp-
totics Uy, and A for n = 0,1,2 by induction.

A.3. First terms of the asymptotics for the magnetic potential. For
n=0, we obtain from that Ag solves the problem below

—AAS' = pod in  Qo,
(22) omAL =0 on X,

A(‘)" =0 on T.

Then according to Up solves the ODE below

—8}2/2/{0 + (l)QUO =0 in X x(0,400),
(23) + ¢
Uy = Ay on X.
The unique solution of such that with Uy — 0 as ¥ — o0, is
_Y
(29) Up(&,Y) = AF(X())e =
Next, for n = 1, we determine Af according to that solves
—AAT =0, in o,
(25) oA =-AF  onz,
AT =0 on I

Then, according to , U solves the following ODE
26) { —03Uy + (12 = LE(6) AT in % x (0, 400),

T

L1 48
U = 0753‘41 (X(8)) on .
The unique solution of such that iy — 0 as Y — oo is

1 k(& _Y
en ey - (5 Sl ag xRy )e
adg 2
Next, We determine the third term A;. According to forn = 2 and
AJ solves the following problem

Af(X(6)) +

~AAT =0 in  Qo,
k(€) 1
+ _ + +
(28) OnAy = 5 Ay — o232 A on X,
Ay = on T.

Finally, according to , Us solves the following ODE

(29) —O% Uy + (1)U = —k()Oy Uy + Aslho in ¥ x (0,+00),
th = ()45 (X(©)) on .
According to , we can explicit the right-hand side of this ODE

Ovth = (kr(f)AJ - ;(‘Z?AT - ]“(2§)AO+Y>> (X(€))e
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and according to 2 and we infer successively
Astho(€,Y) = {07~ K(EY Oy RAo(E, V) = (02 A + K€Y AD)(X(©)e s
Then, the unique solution of the ODE such that Uy — 0 as Y — o0
()
Up(€,Y) = ((1)2A§+(k(§)(Z)AHO‘{6§+k(§)2H}A3>Y+3k§)2A(TY2> (X(€))e .

0458 2

Remark 1. The asymptotic models presented above can be deduced directly
from [I7]. Indeed, in [17], we developed €—parametrization for the magnetic

potential A where £ = We recall the asymptotic expansions of the
Hr

magnetic potential in [17] (cf (2.10)-(2.11)-(2.12))

(31) At (z) = Af (z) + AT (2) + E2AF (2) + - - in Qo,

(32) A (x) =Up(&,Y) + Uy (&, Y) + 82U (&,Y) +---  in Q_,

~ -~ h
where U;(.,Y) — 0 when Y = = — 00,Vj € N, and (§, h) is a curvilinear

coordinate system (see for instance Fig. @) Now the asymptotic expansions

—(@ of the present work can be written as follows

1 1 \2
B he he e h ,
(34) A (m) = u0(§7 5) + 8602/{1(57 5) +e 502/{2(67 g) +- m Q*?

d

Observe that from the above asymptotic expansions, we deduce the following
relations

2 h
where §g = /——, and U;(.,Y) — 0 when ¥ = — — o0,Vj € N,
\ wopo

e In g, we get

1
(35) AT T) = 5070/41’_(1')7
1
A (@) = AT
o In ), we get
UO(gu g) = uO(f? Y)a
(36) U1(&,Y) = ool (§,Y),

Ua(€,Y) = 63Ua(£,Y).

Finally, we conclude directly from the asymptotic expressions in [17] (section

6.3), our asymptotic models (@----@-@).
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