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A stochastic thermalization of the Discrete Nonlinear
Schrodinger Equation

Amirali Hannani' and Stefano Ollab?3 *

September 3, 2021

Abstract

We introduce a mass conserving stochastic perturbation of the discrete nonlinear Schrédinger
equation that models the action of a heat bath at a given temperature. We prove that the
corresponding canonical Gibbs distribution is the unique invariant measure. In the one-
dimensional cubic focusing case on the torus, we prove that in the limit for large time,
continuous approximation, and low temperature, the solution converges to the steady wave
of the continuous equation that minimizes the energy for a given mass.

1 Introduction
Consider the Nonlinear Schrodinger Equation in d space dimension:

iOpp(w,t) = —AP(x,t) + sl (), p>1,

. (1.1)
G X Ry S G (x,0) = (),

where Q =R, or ) = ’]I‘IL, the circle of length L, for the periodic boundary conditions case,
k = —1 corresponds to the focusing case, and x = 1 to the defocusing . This equation has
many conserved quantities, in particular the most important are the energy and the mass:

1
Hw) =5 [loPde+ 2 [loptian. Mw)= [P 02

In some particular cases (like for d = 1 and p = 3), the dynamics is completely integrable.
We are particularly interested in the focusing case kK = —1, where the non-linearity con-
trast the dispersive effect of the Laplacian. Notice that, thanks to the Gagliardo-Nirenberg
inequality (cf. (C.1)), H(¢) is still bounded below if M(¢)) is fixed, and p < 1+ 3, also
known as mass sub-critical case. In the one-dimensional mass sub-critical NLS with periodic
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boundary conditions (d = 1, p < 5, and Q = ']I'lL), it has been proven that the canonical
Gibbs measure at temperature 37!, formally defined as

27 exp{—BH()}6 (M(¥) = m) [ [ dis(=) (1.3)

is invariant for the dynamics defined by (1.1). Rigorous definition of (1.3) can be found in
[25], while its invariance for the dynamics is proven in [3], see also [4], [27], [29], [30], [28]. For
p=3,d=1, (1.1) is completely integrable; hence it is obvious that (1.3) cannot be ergodic,
not even conditioned to a value of the energy H (i.e., the microcanonical Gibbs measure) as
there are other conserved quantities beyond energy and mass. A natural question is then how
to define a stochastic perturbation of (1.1) such that acts as a heat bath at temperature 371,
and such that the resulting stochastic dynamics has (1.3) as the unique stationary measure.
This implies that the only conserved quantity of the dynamics should be the mass M.

Formally, one way to define such stochastic dynamics is to consider the stochastic partial
differential equation

i0pp(w,t) = —Aw(:c,t)+n|¢|p_1w(:c,t)—7¢(;c,t) <z’ﬁ_1 _ 57’2((19/;;)

D) /B, )W (01,

(1.4)
where 0(z) is the phase of ¥ (x) (¥(z) = |[¢(2)|e?®), W (x,t) is the standard space-time
white noise, and v > 0 is a parameter that regulates the intensity of the contact with the
heat bath. Notice that 67%(3) = Im[y(x)*Ay(x)], and that (1.4) should be intended in
the Ito’s sense. Consequently, the mass M (1)) is still formally conserved by this dynamics.
The heat bath acts with random but continuous rotations of the phase of ¥ (z) at each
point . Because of the singularity in space of the multiplicative white noise W and the
non-linearities present in (1.4), it is very hard to give sense to the solution of this equation.
There is an extensive literature on the NLSE with space correlated multiplicative noise (cf.
[10], [11]), but it does not include non linearities like 1 (x)Ay*(z). Additive noises have also
been studied (cf. [24], [5], [6]) but usually do not conserve the mass, and the corresponding
dynamics have the Grand Canonical Gibbs measure as stationary.

We introduce instead a space discretization of (1.4), see (2.8), whose solution can be
defined globally. The infinite temperature version of this stochastic evolution was introduced
in (cf. [26]). Thisis a n? (complex) dimensional stochastic evolution that conserves the mass,
and for any given initial mass, the Gibbs measure on the corresponding complex sphere
defined by (2.10), discrete analogous of (1.3), is well defined and invariant. We prove in
Section 2 that this Gibbs measure is the unique invariant measure, and that the distribution
of the process starting from an arbirtary initial condition converges exponentially in total
variation to this stationary measure (cf. Theorem 2 and Proposition 2.3). These results on
the ergodicity of the stochastic dynamics contained in Section 2 are general and are valid
for any d,p > 1,k = £1,n and more general non-linearity. Let us emphasize that, to the
best of our knowledge, the novelty of this dynamics is that it is the first mass conserving
perturbation of the DNLS (Discrete Non-Linear Schrodinger), such that the canonical Gibbs
measure is the unique invariant measure, determining the dynamics long-time behavior. We
should mention that in Section 6 of [5], a mass conserving noise is proposed such that the
Canonical Gibbs measure remains invariant by the dynamics. However, this dynamics is not
studied, and [5] mainly concerns another dynamics, which does not conserve the mass and
converges to the Grand Canonical measure. Moreover, the above-mentioned mass conserving
dynamics is different from ours; in fact, a straightforward analysis suggests that our dynamics
is more degenerate.




From Section 3 and after, we concentrate on the one-dimensional focusing cubic case
with periodic boundary conditions (d = 1,p = 3,k = —1). For the continuous model, the
minimizers of the energy H() under the mass constrain M(¢)) = m are known explicitely
[15]. These minimizers, that we denote by @, r(x), are unique up to translations and
multiplication by a constant phase. To these minimizers correspond a class of standing waves
Y(z,t) = Q.1 (x), which are solutions of (1.1), where the frequency w is determined by
m and L. We call solitons these ground state standing waves, in analogy to the traveling
solitary waves of the dynamics in R. If m < %2 these solitons are constant in space, while for

m > %2 are given by the dnoidal elliptic Jacobi functions (cf. Appendix D for the definition,
and Chapter 2,3 of [23] for properties of these functions) properly rescaled. These non-trivial
solitons catch the O-temperature behavior of the dynamics. The purpose of our work is to
show that the solution 1, (z,t) of the stochastic discrete dynamics, for large time ¢, large n,
and small temperature 571, is close, in an opportune norm, to the continuous soliton. The
result is contained in Theorem 3.2, where it is first taken the limit ¢ — oo then n — oo,
rescaling the temperature with n, i.e. 3, ~ oo faster than n. This is a way to interpret
the soliton resolution conjecture (SRC) in the periodic case, where there is no possibility for
the energy to escape to infinity. Intuitively, in the periodic case, our dynamics in the zero
temperature limit dissipate the excess of the energy without losing any mass, forcing the
system to approach the ground state as ¢ — oo. This mechanism is somehow mimicking the
dynamics of DNLS in [8], where energy disperse to infinity via a "radiating" part of the field
carrying arbitrarily small mass. In fact, our dynamics is partially motivated by [8|, where
Chatterjee proves a "probabilistic" version of the SRC. In particular, in Theorem 3.1 in [§]
it is proven that almost every ergodic invariant measure satisflythe SRC in the time average
sense. Our stochastic dynamics provides the uniqueness of the invariant ergodic measure
and the time mixing property.

In Theorem 3.2 the limit for t — oo follows from the ergodic and time mixing properties
of the dynamics proven in Section 2. Then we have to prove that the discrete Gibbs measure
(finite n) concentrate fast enough in a small neighborhood of the corresponding lowest energy
configurations, that we call discrete solitons, who converge to the continuous one as n — oo.
This relies on large deviation properties of the discrete Gibbs measure, proven in Section 5.
These large deviations estimates are based on some precise large deviations of the uniform
probability measure pv, on the complex 2n-dimensional sphere S, that we prove in Appendix
A, and the discrete version of the Gagliardo-Nirenberg inequality, proven in Appendix C. The
Gibbs measure has a density exp(—f,H,,) with respect to the uniform measure p},. Splitting
the energy H, = G, — V,,, where G,, is the kinetic part, and V,, the potential part (3.8),
one can observe that a "typical" configuration w.r.t u? has kinetic energy G, ~ n?. The
large deviations estimates in Section A, in particular Lemma A.1, combined with Gagliardo-
Nirenberg inequality (C.8) yields: for 0 < a < 2, the "entropy factor" behaves as u, (G, ~
n®) ~ p (Hy ~ n®) ~ e~ G=annn - Therefore, taking into account the Boltzmann factor
exp(—BnHn), we have for 0 < a < 2: pif  (Hp ~n?) ~ e P e=(2=a)nlnn  Optimizing this
estimate on a € [0,2), if 5, ~ O(1), then a = 1 is the optimal value and the Gibbs measure
concentrates on rather rough configurations with [¢(j) — ¥(j — 1)| ~ %, so that G,, ~ n.
This corresponds to the fact that Wiener measure is concentrated on configurations of Holder
regularity less than % Instead, if 3, ~ O(n) we have that a = 0 is the optimal value and this
suggests that pjj . to concentrates on smooth configurations (i.e., with [¢(j) —v(j — 1)| ~
%) with #H,, ~ O(1). Notice that minimal energy configurations (the discrete solitons),
have energy of order one as well. However, this scaling is not enough for this measure to



concentrate on a small neighborhood of discrete solitons, and we need to go further. Finally,
thanks to large deviation estimate (A.10), we deduce in Theorem 5.1 that scaling 3, >> n
is sufficient.

In the last step of the proof, we show in Proposition 4.1 that if 1, is a configuration with
energy close to E9(m), then its linear interpolation 1, (see (3.17)) is close to the continuous
soliton Qy,, 1, in H! norm (up to a translation and multiplication by a phase, see (3.18)), for
n sufficiently large. In that regard, first we observe that having energy close to Ef(m) means
the configuration is smooth G,, ~ O(1), thanks to the discrete Gagliardo-Nirenberg inequal-
ity. Subsequently, since for smooth configurations ., (1) is close to H(¢,) (See Corollary
(4.3.1)), one can conclude by compactness of the minimizing sequence corresponding to the
continuous minimization problem characterizing solitons (3.6).

Appendix B contains the proof of the hypoellipticity of the discrete stochastic dynamics,
necessary for the proof of the ergodicity of Section 2. Since the real and complex part of our
field are somehow symmetric in the noise, this makes the proof of the hypoellipticity more
complicated than usual, and computing three nested commutators is necessary (see (B.4)).

The Gibbs measure of DNLS have been studied both in Mathematics (cf. [9], [8]) and
Physics community (cf. |21] and references therein: in particular: [33], [34], [20]; See also
[14] ). In the physics community, one usually takes the Kinetic energy with a negative sign
and study the measure corresponding to Hamiltonian (2.2), by taking h = 1. Although this
regime is substantially different from ours, and does not correspond to discretization of a
continuous profile anymore, interesting phenomena such as discrete breathers is observed (cf.
121, [36)).

In mathematics community, we can mention most notably [9], and [8] (cf. [22], for a review).
In [9], the Hamiltonian (2.2) is considered such that Nh? — 0, as h — 0, and N — oo, where
N denotes the number of particles, and h is the interparticle distance. These assumptions
only seems natural in d > 3. In this regime, certain phase transition happens: When
Bm? < . the Gibbs measure concentrates on configurations such that 1, (j) ~ o(n), whereas
for Bm? > 6, breather-like structures appears, where a single site has macroscopic mass.

In [8], the model is defined on the box [0,nh]?, such that h — 0, n — oo, with nh — oco. In
this regime, the microcanonical measure corresponding to energy E concentrates on soliton-
like configurations in R%.

Comparing our result with [9], and [8], we highlight the fact that different scaling among
the parameters h, n leads to substantially different phenomena: In [9], Nh? — 0 makes
the Gradient term negligible and phase transition is a consequence of competition among
potential energy and mass constraint. In [8], nh — oo, kinetic and potential energy becomes
comparable; however, the mass per particle goes to zero in the limit, demonstrating the
macroscopic infinite volume, facilitating escape of the energy to infinity and resulting in
soliton like behavior. In contrast, in our case we take n — oo, and nh = 1, representing
the finite macroscopic volume, and positive mass per particle in the macroscopic limit. This
scaling yields a dominant kinetic energy for typical configurations on the sphere of constant
mass, and rescaling 3, makes the kinetic and potential energy comparable.

In particular, these different scaling change our large deviation estimates (A.1), and (A.10)
comparing to estimates in [8] (See Section 10 of [8]).



2 Stochastic Dynamics

Fix n € N, let x = C" be the configuration space, and denote a typical element of x by
{¥(2)},c5q, where T, = {1,2,...,n} is the discrete Torus of size n. Equivalently, one can

see a function on 'ﬁ'g, P 'ﬁ‘g — C, as the discretization of a function u on the d-dimensional
torus of length size nh, u : Tgh — C, with mesh size h > 0, i.e., 1(x) = u(hx), for x € T¢,
Then the discrete nonlinear Schrédinger equation (DNLS) is the following system of ODEs:

(e 1)
Tt

= —Agp(,t) + (@, O (1),  weTy (2.1)
where Ay is the d-dimensional discrete Laplacian:

Agp(z) =h=2 > (dly) — ¢(x)).

ly—z|=1

These equations conserve the energy, given by the Hamiltonian

P, (2:2)

Ho() =5 > —W)

x,yeTd, mETd
lz—yl=1

and the mass, given by the £2 norm:
V) =5y [b(@) (2.3)
xeTd

Here s > 0 is a scaling parameter that we will choose opportunely later.
Denote 9 (x) = () + i) (z) = |[(x)]e?®), the deterministic evolution equation (2.1)
can be regarded as a Hamiltonian dynamics with the following generator:

A=5"13" (Opu)Hn) Oy, () = Oy () Hn) Dy, () (2.4)

xeTe

Moreover, define the operator Jy(,) acting on a suitable function F': xy — C as

Op() F (V) = (r(2) Oy, () — ©i(X) Oy, (2)) ' (¥)- (2.5)
Corresponding to a positive temperature 37! > 0, define:
S= 571 Z 65”"69(33)6’5%"89(1). (2.6)
xeﬁ%

Fix 8 > 0,7 > 0, and consider the Markov process with values in x, generated by
L=A+1S, (2.7)

where S and A are defined in (2.6) and (2.4). Since Jp(,)¥(7) = ip(z), we have

Sp(x) = —(x) (B +i0p(py Hn(¥)) = —b(x) (B~ + is Im[v* (2) Age(x)])

(@4



gives us the explicit form of system of stochastic differential equations generated by (2.7):

dp(z, 1) =i[Ag(z, t) — ﬁ‘w(m,t)‘p_llb(%t)]dt — yw(x,t)(ﬁ_l + i@g(x)Hn(l/}))dt
T, e t), w e T,

where {w(z,t),x € T,} are real independent Wiener processes.

We observed that AM,, (1)) = 0, one can check that SM,,(¢) = 0. Therefore, mass
is a conserved quantity for the dynamics (2.7). Hence, if we assume the initial condition
P(0,t) = o € (C”d, such that M,, (1) = m, then our dynamics is confined in the compact
manifold with M,,(¥)) = m, which is a (2n¢ — 1)-sphere. We denote this sphere by S

(2.8)

d
Sm,s = {1 € C" My () = m}. (2.9)
Proposition 2.1. The generator L is hypoelliptic.

The proof follows from Hérmander characterization, i.e., that the Lie algebra generated
by {A, O(z), ™ € T%) generates the tangent space of S™ .. This is proven in Appendix B.

Let duy,  be the uniform probability measure on S,Tf1 s» one can define this measure as
the projection of the Lebesgue measure on 57, s, properly normalized. Define the canonical

Gibbs measure with inverse temperature 8 on Sy, ¢ as
1
du . = e Pl gyn 2.10
H,m,s Zn(B,m, ) € Hom,s ( )
Here Z, (3, m,s) is the partition function:
Zn(B,m, s) = / e PHnWiqyn . (2.11)

Note that, since H, is a smooth function on a compact set and therefore, bounded from
below, Z,(8,m,s) is finite, and consequently, the existence of dME,m, s is evident.

The observation that Vf € Cy(S, ftcn Lfdu? 5.m,s = 0, implies that duj,,  is an invari-
ant measure for the dynamics (2. 7)(( .8)). In fact, if we fix m,7,3 > 0 this measure is the
unique invariant probability measure:

Theorem 2.1. Fix the parameters h, s,y > 0, the mass of the field m, and inverse tempera-
ture B > 0, the measure d,ug m.s 18 the unique invariant measure for the dynamics generated

by (2.7).

Proof. Without losing generality we can fix h = s = 1. Since the generator L is hypoelliptic,
the stationary measure must have density w.r.t du,, , and then also w.r.t d,ug m.s- Denoting
f(%) the density w.r.t dp 6 it must satisfy the equation

0=L"f = (—A+~S)f, (2.12)

where L* denotes the adjoint of L in LQ(d,ugm ). Since L is hypoelliptic, f is smooth and
(2.12) is valid pointwise. Multiplying by f and integrating w.r.t Ap 1 5> We have

0=7 < f(=8S)f >=7 > < (Opw) )’ (2.13)

xeTd



where < - > denotes integration w.r.t d,ug m.s+ This means that 9g(,)f =0 d,ug m.s~a-€., and
Af = 0. We want to conclude that f =1, d,ugms—a.e.. Since gz f = 0 for any z, then

f = f(l(2))?, & € T?). The operator A can be written as A° 4+ AP, with

A= 37 {(Aathi(@)) Dy, (@) — (Aathr(2)) Do) } (2.14)

xeTd
and

AP =5 > @) {9 (2)0y, ) — Ur(@) g, ) = K D (@) P Dy (2.15)

z€Td xeTd

It is immediate that APf = 0, hence, A"f = 0, pointwise. Let us denote a(x) := |1(x)|?,

and the canonical basis of R? by {e]} then we have:

Jj=D

0=AF =2 3 {(Aqwi(w)) 0 (@) — (Aqr(2)) 6i(2)} [Oun 7] (00) P,y € TE)

xeﬁd

2 Y Y Vit ) - Uil (x — ) [Ou | (0 ()P y € T)

J:E']Td 7j=1

=23 Z Ur (@) = €5) = Yi(@)n(@ = €)] [ (Buge) — Oute—ep))F| (W) y € T)

zeTd =1

d
=2 3" > sin(0re, = ) V(@) Y@ = )| [Gute) = Outo—en) | (WY € T,
wetd J=1
(2.16)

where Vj denotes the discrete gradient in the e; direction (Vig) (x) = g(x+e;)—g(z). Since

this relatlon is true pointwise for any Y e St

m,s» Dy choosing a proper (for example one

can take 6, equal to zero, for y € T4, except 6(z), and take |1(y)| = 0, for all |y — z|g = 1,
except « — e;), we have that

(aa(:v) - aa(:vfej))f(a(y)a Yy e ’]ng) = 07 (217)

pointwise for every x € ﬁfg, and any 1 <j <d. B B
From (2.17), we conclude that (0,(z) — 9u(z))f(aly),y € TE) = 0 for any x, 2z € TZ. This
implies

flaly),y e TH) =F [ DY aly) | = F(m).
yeTd
which yields the result. O

Remark 2.2. Notice that the proof of Theorem 2, works for any other non-linearity of the
form F(|yp|) with smooth F (at least C?).

By classical theorems in control theory, given the Hérmander condition, and the existence
of a unique invariant measure with full support on S7, ;, it follows the strict positivity of the

probability transition (cf. [16], proof of Theorem 2.1) and the following proposition:

7



Proposition 2.3. Consider the dynamics which is generated by (2.7), denote the law of this
process by wy """ with initial condition ug’"’m = Oy, where Yy is an arbitrary element of

Sm.s- There exist C(n,m,vo) and o, such that

™™ = dply Sl < Cem ™ (2.18)

In particular, we have the weak convergence:

T (2.19)
Proof. Since pj ,, ¢ 1s the unique invariant measure (ergodicity), with full support (for any
openset A C S, o, puj3,,(A) > 0), given the Hormander condition we can use the result of [16],
(proof of Theorem 2.1 in [16]) and deduce the strict positivity of the probability transition.
Furthermore, having the strict positivity of the probability transition, compactness of the
phase space, as well as the hypoellipticity of the generator, we can conclude by Theorem 8.9

of [2]. O

The novelty of the stochastic perturbation (2.6) can be described as follows: it’s a mass-
conserving white noise, such that the Gibbs measure is the unique invariant measure for the
dynamics, and it provides good ergodic properties as in Theorem 2.19. This perturbation is
quite "powerful" in the sense that its ergodic properties do not depend on the non-linearity,
and we can consider either focusing or defocusing non-linearity. In either of these cases the
long time behavior is given by the corresponding Gibbs measure. However, depending on
the choice of parameters d, s, h, x many interesting phenomena can be observed in the large
scale limit. In the rest of this note, we focus on one particular case: one-dimensional focusing
nonlinear Schrédinger Equation on the torus.

3 Large Scale Limit and Main Result

3.1 Preliminaries about periodic cubic nonlinear Schrodinger
equation
In this section, we recall rather basic results about the focusing nonlinear Schrédinger

equation (NLS) with periodic boundary conditions. Consider the following nonlinear cubic
Schrédinger equation:

Zaﬂ/)(%t) = - m?/)(%t) - |¢(9E,t)|27/)($at)a (tax) € RJr X R’

1 (3.1)
¥(x,0) = tho(x), o € H (TL),

where we assume the periodic boundary conditions by the definition of H'(Ty) as:

HYTy) ={ue€ H. (R,C)|Vz € R, wu(z+ L) =u(z)}, with the following norms and inner

product (v indicates the complex conjugate):

HuHLp:</ \uypdx>”7 (u,v):/ wdz, Hmm:(/ (]8$u‘2+\u’2)dx>2. (3.2)
Ty, Ty Ty,



Global wellposedness of this problem is established in [4], |7]; in particular, V¢t > 0, ¥(z,t) €
H'(T.). Note that this equation has two important conserved quantities ': the energy or
Hamiltonian #, and L? norm or mass M, defined by

1 2, 1 4 _ 2
H(p) = 2/m 10,0|2dz 4/m | da, M(zp)—/TL o 2dz. (3.3)

One of the main features of this equation is the existence of a special class of solutions
called the "standing waves" or "periodic waves”. These are time periodic solutions having
the following form:

U(x,t) = e“tu(z). (3.4)

If Y(z,t) = e™tu(z) be a solution of (3.1), then u(z) should satisfy the following ODE, with
periodic boundary condition:

u (z) — wu(z) + |u(z)|?u(z) = 0. (3.5)

Notice that the solution of (3.5) characterizes the minimum of the energy H(u), under the
constrain M(u) = m, where the frequency w plays the role of Lagrange multiplier.

In general, we should consider complex valued solutions of (3.4). On the other hand,
writing this solution as u(x) = p(x)eie(x), the corresponding energy is given by

Hwy =2 [ (F@P +p@?0@)P) de -~ [ |p(a)dr.
2 Jr 4 Jr

This shows that the minimum of the energy H(u), under the constrain M(u) = m is attained
for 0(z) = constant. Consequently, this minimum are defined up to a constant phase and
we can choose positive real solutions. Also notice that translations u,(r) = u(x +y) do not
change energy and mass.

Here, if we fix the L, and assume u to be real-valued, and positive, and fix the mass of
u to be M(u) = m, then under these assumptions, (3.5) has a unique (up to a translation)
smooth solution, this solution can be written in terms of Jacobi elliptic functions as u(z) =
adn(Azx, k), where k € (0,1),, and A > 0, w > 0 are uniquely determined by m, and L (cf.
[15], [31], [13], cf. Appendix D for the definition of dn). We recall the following crucial result
from [15], Proposition 3.2, which characterizes this solution as the minimizer of H(¢) under
the constraint that M(y) = m.

Theorem 3.1. Fiz m,L € Ry, and consider the following minimization problem:
Eo(m, L) := inf{H(u)|M(u) = m, v € H(Ty)}, (3.6)
then we have: —oo < Eg(m, L) <0, and

1. If0<m < %2, then the constant function Qum, () = (%)% is the unique minimizer of
(3.6). This uniqueness is up to a multiplication by a constant phase.

2. If ”—L2 < m, then Qmr(x) := adn(Az, k) is the unique minimizer of (3.6), up to a
translation and multiplication by a constant phase. Moreover, a, A > 0,k € (0,1) are
determined uniquely by m, L.

In fact, since this equation is completely integrable, we have infinite conserved quantities. However, most of
the results in this note can be generalized to the sub-critical non-linearities that are not integrable, i.e., we can
change the nonlinearity term in (3.1) into |¢|P~1¢ with 1 < p < 5. Notice that if p # 3, w do not have the explicit
characterization of the Solitions



Furthermore, we have compactness of the minimizing sequence up to a phase shift and trans-
lation in HY(Ty), i.e., for any sequence u, in H'(Ty), such that H(u,) — Eo(m, L), as
n — oo, there is a subsequence u,,, and sequences vy, € [0,2m), and xy € Tp, where
ey, (. + T8) = Qm.r, in HY(TL).

Since each solution of (3.5) (and consequently a solution to (3.1)) corresponds to the
minimization problem (3.6), by abusing the terminology, we use the term "standing wave"
or Soliton for Q..

Notice that multiplying (3.5) by @ and integrating, we obtain the following relation

1
E L)=- do — —
om 1) = [ wtwyde %
that implies w > 5 L fT dx+2L2.

3.2 Stochastic perturbation of discrete focusing NLS

In this section, we are going to perturb the NLS (3.1), with the stochastic heat bath,
which we defined in Section 2, namely (2.6). Without loosing generality, in order to simplify
notation, we fix the macroscopic length L = 1. This means that we fix the following param-
eters h = %, 5§ = %, d=1,p=3,k = —1. Here, we briefly recall the dynamics of Section 2 in
this particular setup, in order to set the notations.

Fix n € N, the configuration space is x = C™ and denote a typical element of x by
{v(2)}, 5, with T, = {1,2,...,n} is the discrete torus of size n. Equivalently, a func-

tion ¢ on T, can be seen as discretization of a function u on a unit torus, v : T — C,
with mesh size %, ie., Y(r) =u(%), for x € T,. Then the discrete cubic focusing nonlinear
Schrodinger equation (DNLS) is the following system of ODEs:

d¢(az t)
dt

= _Aw(x’t) - |7/)(5'3a75)|2¢(33,t), (37)

where Av(z,t) = n?(P(z + 1) — 2¢(z) + (2 — 1)), and we imposed periodic boundary
condition ¥ (0) = v(n). Notice that we define A such that formally in the limit n — oo, this
definition coincides with the continuous Laplacian on a unit torus.

Similar to the continuous case, we have the energy or Hamiltonian H, : C* — R as a
conserved quantity, that is defined by:

1
Hal) =~ D 5 " o) - (o — 1) = 3 B = Ga) - alw),  (38)
mG’]I‘n :BE']~Tn
where we have denoted the kinetic energy G, (1)) and the potential energy V,,(¢) as:
1 1
Gu(¥) = Z WJ( )=l =D, Valy) = ™ > @) (3.9)
z€T, 2€Ty
The other conserved quantity is given by the mass M,, : C"* — R, defined by:

V=7 3 WP, (3.10)

{L’GTn
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Notice that we scaled (3.8) and (3.10), such that in the limit as n — oo, we recover H,
and M formally.

The stochastic perturbation we consider will only conserve the mass. Recall ¥(z) =
Up(x) + ii(x) = |ih(x)|e?®), the generators of the Hamiltonian and stochastic noise at
temperature B! read

A, =n Z (O 2y M) O () — (Do () Hon) Do () (3.11)
xeﬁn
Sn=08"Y M dpye by, (3.12)
xefn

Fix 8 > 0,7 > 0, then the generator of the dynamics and corresponding system of
stochastic partial differential equations with values in x, are as follows:

Ly = Ap + 7Sn, (3.13)

dip(x,t) =i[A(a,t) + | (2, t) PP (x, )] dt — 32, 1) (B + iBp(a) Hn(1))dt
— i/ 2yB7 1Y (z, t)dw(z, t),

where {w(z,t),x € T,} are real independent Wiener processes.

Due to the mass conservation, having an initial condition 1 (0,t) = ¢y € C™ such that
M () = m, our dynamic will be confined in the sphere S = {¢) € C"|M,,(¢) = m}.
Denote the uniform probability measure on S;, by du;,, and define the canonical Gibbs
measure with inverse temperature 5 on S5}, as

n 1
Wsm = 7 Bom)

(3.14)

e A ) gy | (3.15)

Here Z,,(8,m) = fsn e*m{"(w)du%. As we observed, Z, (3, m) is finite, and consequently, the
existence of d,ugm is evident, since H,, (1) is bounded from below in S}'. However, one can
find a lower bound for H,,(¢), which is uniform in n, using a version of Gagliardo-Nirenberg
inequality in the discrete periodic setup. This will be discussed broadly in the Section 4 and
Appendix C.

Applying the result of Section 2, we have the following results: By Theorem 2 we know
that duj , is the unique invariant measure for the dynamics (3.13)((3.14)). Moreover, Propo-
sition (2.3) states that if y; denotes the law of the process at time ¢ > 0, generated by (3.13),
with initial condition pg = dy,, where 1)y is an arbitrary element of S}, then there exist
C'(n,m,1) and 7y such that

e — g llrv < Ce (3.16)

If we run our dynamics for a long time, then take the limit of large n and small tempera-
ture B! properly, we end-up near Solitons or standing waves (Q1,m from Theorem 3.1), with
probability one. Notice that here we can take the limit in 8 and n simultaneously, where we
scale 8 by a factor of ¥(n). In order to make these words rigorous, and connect the discrete
setup to the continuous one, we need to introduce some notations. For any 1, € C", we
define its linear interpolation ¢™ : T — C, on a unit torus by

Un(y) =tn ([ny]) ([ny] + 1 — ny) + ¢n([ny] + 1) (ny — [ny]), Vy €T, (3.17)

11



where [ny] denotes the greatest integer less than ny. Denote H'(T) by H;e,,([(), 1) = H}

per*
For x € T, let 7, denotes the translation operator on H;er, ie. (.f)(y) = f(z+vy), then, in
order to deal with the phase multiplication and translation, define the following seminorm
as in [8]:

1 —alls = i iy —
Vf,g€ Hper7 Hf g”H}%er = 76[0,1225}.,:1:6']1’ ”6 T f gHH;ET' (318)

In the following we set Q1,, =: @y,. Now we can state the main theorem of this section:

Theorem 3.2. Fixm >0, v >0, and 8 > 0, let B, = ¥(n)B, where ¥(n) > 0 is a scaling
parameter, such that
9

lim vn) — 00. (3.19)

n—oo n
Let ,uf"’n’m be the law of the process given by its generator (3.13), with the initial condition
po "= Jypm, where o™ is a sequence of proper initial conditions, i.e., for alln, " € S
Then Ve > 0, we have:

lim lim ufﬂv"”(ﬂ% — Qullgy, < e) 1 (3.20)

n—oo t—oo

n7n7m

We briefly sketch the proof: we have already proved that uﬁ?m is the limit in ¢ of g
Consequently, all we have to prove is that

Jim g (e = Qmllgy, <€) = L. (3:21)
We can prove that the measure p,", concentrates all its mass on the (discrete) configurations
having close to the minimal energy, when we send temperature to zero with a proper speed.
It turns out that the proper speed here is to scale 8 by ¥(n), satisfying (3.19). Finally, we
show that if a configuration has energy close to the minimal, it will be close to (), in the

sense of (3.20). This can be done by adapting certain form of concentration compactness
argument to the discrete setup.

Remark 3.1. About the exchange of limits in (3.20): In the evolution equation (3.14)
the drift term Og(p)Hn(¢¥) = LZm[y(z) Ap* (z)] would became very singular when n — oo
keeping the temperature positive. But with 5, — oo fast enough the solution should became
enough regular in space so that the corresponding limit as n — oo should be given by the
continuous deterministic NLS. This will be investigated in a future work [18]. The later
suggests that one could study the joint limit n,t — oo, with t, = n“t. We address the case
tn < By in [18]. However, the case t, > B, seems more challenging.

4 Discrete "Soliton"

As we already observed in Theorem 3.1, the function @, (Solitons) can be characterized
as the minimizer of a certain variational problem, where we have the compactness of the
minimizing sequence. Therefore, one can observe that for a function u € H},.([0,1]), with
M(u) = m, having "close to minimal" energies, means the function itself is close to @, in

the following sense:

Lemma 4.1. Assume u € H},,. and M(u) = m, then, Ve >0, 3§ > 0, such that if H(u) <
Eo(m) + 3, then there exists v € [0,27], = € [0,1], such that |[eu(. + x) — Qullmy,, <€

equivalently ||u(z) — Qm”ﬁéer <e

12



Proof. This is straightforward by the compactness of the minimizing sequence in Theorem
3.1. O

Similar to (3.6), fix n > 1,m > 0 and define Ef(m) as follows:

Ey(m) = inf{H, (¢n)|vn € S} }- (4.1)

Since Hy, (1) is a continuous function from the compact set S to R, the image of this
function is compact, hence, —oo < Ej(m), and this infimum is achieved in a compact set,
which will be called the set of "discrete Solitons" and denoted by @) # QI C S . By the
same argument as in the continuous case, discrete solitons are real-valued and positive up to
a constant phase.

For 4, € SI, we define HT/JnH?p(ﬁ ) = %Z] |tn(j)|P. Then we can write H,(¢,) =

Gn(n) — %H?/)n”;(ﬁ y and by using the discrete Gagliardo-Nirenberg inequality (C.11), we
have:

—0(m) < Ej(m) <0, (4.2)
where §(m) = g—jm?’—i—%mQ. First inequality is a direct consequence of (C.11), and the second

one can be deduced by considering the constant function ¢, (z) = /m, for all z € T,,.
From (4.2) we establish a simple but useful lemma:

Lemma 4.2. For every € > 0, there exists C(m,¢€), such that for alln € N and i, € S,
with Hp (V) < Eff(m) + €, we have Gy, (¢y,) < C(m,e€).

Proof. Consider the inequality (4.2), and (C.11); denote x = Gn(wn)% sox > 0. fH, () <
EY + € then, thanks to (C.11) we have

Ef(m) +e>x* - dm2 —dm? = < C%(m, €). (4.3)

/'m3+\/c/m3+4(c'm2+ Ef (m)-+e)
2

where C%(m, €) is given by C%(m, €) = , where the expression
under the square root is clearly positive, thanks to the expression of 6(m). ]

Lemma 4.2 states that if the energy is "small" (O(1)), then the configuration should be
"smooth" i.e., Gy, ~ O(1).

In the rest of this section, we prove that v, the linear interpolation of a configuration
Py, 18 arbitrarily close to @, in ﬁ;er, if we take n sufficiently large, and the energy of 1,
Hn(1n), sufficiently close to Eff(m). The proof relies on the fact that the configurations
with close to minimal energies are smooth in the sense that their linear interpolation’s norm
(LP, H' or even the energy) is close to the corresponding discrete norms. This result heavily

depends on the inequality of Appendix C. We begin by stating this result:

Proposition 4.1. Fiz m > 0, for any € > 0, there exists n(€) and No(e), such that for
n > No(€), if Hn(¥n) < Ef(m) +n, then we have: ||¢, — anﬁéer < €.

We divide the proof of (4.1), into a couple of simple lemmas. The advantage of the linear
interpolation (3.17) is that it conserves the kinetic energy, i.e., G, (¢y,) = %fol |00 |2, But
unfortunately, in general, we have |[¢,|| o) 2 |tn|le for p > 1, thanks to the Jensen

inequality. Consequently, in general we have H, (1) < H(t,) and My, (¥,) > M(iy).

However, the following lemma helps to establish the fact that these quantities are "close",
for configurations with near minimal energies.

13



Lemma 4.3. For alln € N, if ¢, € S}, we have:

_ p(2G,, (Vn, 1/2 1/2+Gn N 1/2\P~1

n

Proof. We have ¢, € Sj", and define ¢, = min{|y(z)| |z € T,}, clearly ¢, < /m. Moreover,
for any x € T,,, we have:

1/2

|£n - T;Z)n | < Z |¢n T;Z)n J— 1 | < \/_ Z |¢n T;Z)n(] - 1)|2 = 2Gn(¢n)a

where we used a Cauchy Schwartz inequality. Therefore, we can deduce that

IOI»—‘

sup [Y(x)| <1 = m? + (2Gn(¥n))=.

Moreover, thanks to the definition of 1, (y), we have |, (y)| < c1, for all y € T. Then we
can simply compute:

n—1 z+1
[nlry = Wl | €3 [ [Wonl)P = 1P|y
z=0""n

<pct”! Z / [ @)| = [ 0]y (44)

—thp(z—1)| < P (260 (¥n))"

n

where the first inequality comes from the definition, in the second inequality we used the
fact that 1, (x) and ¢, (y) are bounded uniformly in z and y, and in the third inequality we
used the definition of ), (y):

Notice that the last inequality in (4.4) is obtained as above. O
As a straightforward consequence of Lemma 4.3, we can deduce the following corollaries:

Corollary 4.3.1. For any ¢ > 0, there exist Cy(c,m), such that for every n € N, and
Py, € ST, such that Gy, (V) < ¢, then |[H () — Hn(vn)| < Cl(C,m)'

Proof. Thanks to the definition of 1, (3.17), the weak derivative of 1y, is given as follows:
for any y € [0,1], if £ < y < ZEH with o € Ty, then 9yt (y) = n(thn(z + 1) — Pu(x)).
Therefore, we have: 5 fo |0yt =250 [¥(x) — ¢(z — 1)|* = Gy (¥n). Hence, we have:

M) = H )| = 7| Inllacry = Wl 5.

and we can conclude thanks to Lemma 4.3. O

Corollary 4.3.2. For any § > 0, there exist n > 0 and No(0), such that for n > No(9) if
Hn(n) < Eg(m) +n then H(n) < Ef(m) + 6.
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Proof. It follows immediately from Corollary 4.3.1 and Lemma 4.2. U

Proposition 4.2.

lim Egj(m) — Eo(m). (4.5)
n—oo
Proof. Before proceeding, we emphasize the fact that all the constant c,cl,c2,c,... are

independent of n in this proof.

Recall the definition of @, as the minimizer of (3.6). Moreover, recall the definition of the
set of discrete Solitions Q) , as the set of mininizer of (4.1). Take g, € QJ,, notice that
thanks to the inequality |[¢,(x) — ¥ (z — 1)| > ||n ()| — |¥n(z — 1)||, we can take g, to be
real-values and positive. Then we have: H(Q,) = Eo(m), and for all n, H,(¢,) = Ef(m).
thanks to Lemma 4.2 there exists ¢ > 0 uniform in n, such that G,,(¢,) < ¢. Therefore, we
can use the result of Corollary 4.3.1, and deduce that there exists C; independent of n, such

that: o
[H(dn) — Hn(gn)] < - (4.6)

For any ¢ € H},.(0,1]), define A, (1)) as follows:

An(i) = (%) . (@)

In particular, let A\, = A(g,) and observe that for n sufficiently large, |A\2 — 1] < %, with
co independent of n, thanks to Lemma 4.3. More precisely, we can take ¢y = %, for n
sufficiently large, where ¢ is given by Lemma 4.3. Now, if we use the definition of H, for n
sufficiently large we obtain:

1 — 2 4 1
<) [ 2ty Pe 2t g )ty
0 0

C
<2
n

(4.8)

where c; is independent of n, and we used the estimate [A\2 — 1| < 0 moreover, in order to

- 2
treat the first term, we take advantage of the fact that G,,(¢,) = 01 Mdy < c. Lastly,
the second term is bounded as follows: we used the bound ||g,||,4 Ty < ¢ (thanks to Lemma

4.2 and (4.2)), then we conclude by using the fact |||qn\|g4(ﬁ )y~ Gnllpaem| < € which is a

— n
direct consequence of Lemma 4.3.
Notice that M(A,Gn) = m; therefore, Ep(m) < H(AnGn). Combining this fact with (4.6)
and (4.8), for n large enough we have:

Eo(m) < Eg(m) + %”, (4.9)

where ¢” is a constant independent of n, and we used the fact that H,(¢,) = Ef(m).

On the other hand, recall that @, is smooth, real-valued and non-negative thanks to
Theorem 3.1. Define Q}, : T,, = C as Q,(x) = Qm(%), for x € T,,. Let

n



Thank to the properties of @, (in particular the fact that @Q,, is smooth with bounded H'!
and L* norm), for n large enough we have:

A —1] < %2 (4.10)

4 ! o .
where one can take co = ”Q’””LC’;”Q*””LW (@' denotes the derivative of Q). Moreover, since

! 4
Q@ is smooth, G, (QF) and V,(Q7,) are bounded uniformly in n by ”Qm2”L°°, and ”Qm4”L°°,
respectively. Hence, thanks to (4.10) for n sufficiently large we have:

- c3
Hn(An@m) = Hn(@)| = = (4.11)
Again, since Q,, is at least C2, by a simple computation we get for n sufficiently large:

r—1

@) - @l <53 [ [~ 10,0n )|yt

1< [
>
r=1 n

C
<2
n

7@ () = @

mle=Qnllz= 1@l Qmlli~  (4.12)
n n

(D)1~ Q) iy < |

Therefore, combining the estimates (4.11) and (4.12), and recalling the fact that H(Q,,) =
Ey(m), we have for n large enough:

[Ha(AQp) = H(Qu)| < = = Ef(m) < Eo(m) + ~, (4.13)

&
n

where we used the fact that M(\, Q™) = m, hence Eff(m) < Hn(A\,Q7,). Finally, taking the
limit of n — oo in (4.13) and (4.9), properly (limsup and liminf, respectively), we deduce
the result (4.5). O

We finish this section by proving the Proposition 4.1:

Proof of Proposition 4.1. In consequence of corollary 4.3.2 and Proposition 4.5 we have that
for any 0 > 0, there exist > 0 and No(), such that for n > No(6) if H(¢n) < Eg(m) +n
then H(¢,) < Eo(m) + 24. Define

ST

so that M(A ¥y,) = m. Furthermore by Lemma 4.3 Ay, — 1. We also have that

)2 > 1,

A, =

H (g, n) = HWn) + (X, = DGn(¥n) — (A, = 1)V (¥n)

, (4.14)
< Eo(m) +20 + (A2, —1)C,

where we bounded G, thanks to Lemma 4.2. By lemma 4.1, we have ||\ Un — Qmlj <
n per
€/2, and since

N ton = Gallizy, <12 =1l < /2

for n large enough, we conclude the proof. O
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5 Large Deviation Estimates

In Proposition 4.1, we proved that if the energy H,(¢,,) is sufficiently close to the minimal
energy E°(m) for n sufficiently large, then the linear interpolation of a configuration v, is
close to @, in H'-norm. In this section, we prove that the measure 5, m (3.15) concentrate
on configurations with minimal energy as n — oo, if we set /3, = ¥(n) 3, where ¥(n) satisfies
(3.19). As m is fixed in this section, we will drop it from the notations.

Theorem 5.1. For any € > 0, we have:

lim Mgn(Hn(wn) < Ej+e) =1, (5'1)

n—o0

The proof of Theorem (5.1) depends on two large deviation estimates for the uniform
probability measure dyu;, that are proven in appendix A:

1. For any n and any 0 < g we have:

n—1
pr (Gr(Yn) < g) < exp(—2nlnn) <2_g> 2", (5.2)

m

This bound is proven in Lemma A.1, following the same spirit as in [8], Section 10.
However, because of our special scaling in G,,, one should follow the dependence of the
rate function on n carefully, in contrast to the estimate in [8]. This lemma provides the
aforementioned upper bounds. Combining (5.2) with Gagliardo-Nirenberg inequality,
we can deduce a suitable upper bound for H,,.

2. For any € > 0, there exists d = d(e) and N(e), such that for n > N(e):
1 (Hon () < EY +€) > de2ninm, (5.3)

This is proven in Lemma A.2.

We will proceed as follows: first, we state a proof of (5.1), when §,, = fnlnn. This proof
is quite simple and illustrates how does the above estimates are involved. Finally, we prove
the general case 8, = ¥(n)p.

Proof of Theorem 5.1 with , = fnlnn. Assume 0 < € < 1, in order to prove (5.1), it is
sufficient to prove that:

- —
Jon Lt (n)—Bo< 5y PP Wnddpn, - n—oo

Pn : 0. (54)

Thanks to the lower bound (5.3), there exists d > 0 and Ny, such that for n > N; we have:

—1 1
e~ BrHn(n) g, 0 < PuEE+5) [0 _pd< €
</S" I{Hn(¢n)_E2<§}e d’um> = o [,U,m </Hn(7;z)n) En - 2)] (55)

m

<l lnn(ﬁ(E{f—i—%)—i—Z) —nlnd
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Let c > e+ %; recall Lemma 4.2 and let ¢ = C(m,¢) > 0, which is given by this lemma. By
using (5.2) there exists Na, such that for n > No:

/S 1{Hn—E9L(m)ZE}eiﬁandMnm =
/S% 1{c>Hn—E9L(m)Ze}eiﬁnH”d:u'?n + /9% 1{Hn—E9L(m)2c}eiﬁand:u'?n (56)
< e—ﬁnlnn(E{{(m)-‘,—E)uzm(Gn < C/) _i_e—ﬁnlnn(E{)L(m)—l—c)
< e—nlnn(ﬁ(Eg(m)—l—s)—f—Z) +nin(dc /m) | ~Brinn(Ey (m)+c)

where in the second line we used the fact that {¢ > H,, — Ef(m) > €} C {G,, < '}, thanks

to the choice of ¢/, see Lemma 4.2. Finally, taking N > {N7, N2}, and combining (5.5) and
(5.6), gives us the following:

0<p, < e—n(lnn%—In(4c /dm)) | —n(nn(cf—5~2)~Ind) __, 0, (5.7)

n—oo

thanks to the choice of c. O
Now we prove Theorem 5.1 in the general situation with (3, = f1¢(n) satisfying (3.19):

Proof of Theorem 5.1 with B, = ¥(n)B. Fix 0 < e < 1, (the other cases will be straightfor-
ward). In order to prove (5.1), it is sufficient to prove (5.4). As for (5.5), there exist d > 0
and Ny such that for any n > Ny:

—1
(/5 L, - mo<sye ” "”"c%) < PG (g)mnePninm, (5.8)

m

Let us decompose the numerator of (5.4) into two parts and denote them by ¢, and ¢,:

/S 1{Hn—Egze}€7B"H"dMnm = /S Lin n>Hn—Egzs}€76"H"dﬂnm +

qn

/S I{Hn—EQLZlnn} eiﬁnﬂnd/‘nm .

m

(5.9)

a,

(EQ+Inn)

We simply bound ¢}, < e Pn and observe that:

-1
</n I{HnEQL(m)<§}6_ﬁand/‘Zz> q;L < e—lnn(ﬁﬂ(n)—Qn)eﬁﬂ(n)%—nlnd njo 0, (510)

as n — oo, where we used the fact that d is a constant independent of n, as well as the
condition lim,,_,so % =00

Now we treat the term corresponding to g, thanks to (5.2). First, observe that for any
E%(m) < a < n, thanks to the inequality (C.11), if we have H,(1,) < a, we can deduce

Gn(¢n) < c1(m) + 2a, where ci1(m) is a constant independent of n. (in fact, ¢1(m) =

(@m3 + 2ém?), with ¢ = % and C is the constant in (C.11)); consequently, we have for any
ES%(m) <a<n:
o (Hp, < a) < //,;L(Gn < 2a + cl(m)). (5.11)
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Recall (5.2): for any 0 < a < 2n denote o, = 22, then
i (Gn < ) < Pl lemninn (5.12)
holds. Therefore, for large n thanks to (5.11), (5.12), we have for any E%(m) < a < n:

4a + 2¢1(m) ) n—1

—2n1n
i (o < a) < 272 (2=

(5.13)

Take h > 0 independent of n, let N = T" Then we have for n sufficiently large:

p— - TLH’VL
= Z/S LU Bp + et jh<Hn<Ej+e+(j+1)h € Ot iy, <

N

[y

e PnES i (4 e+ jh < Mo < B§ + €+ (j+ Dh) <
j=0
Nl 4 \n—1 n ; c1(m) 14
on o —2n Inn Z efﬁn(Eg‘f’é‘f’jh) (_) e(n—l) ln<E0 +E+(]+1)h+T> _ (5 )
j=0 m
on (i) n_lef2n1nneﬁn(h+—cl(2m) ) %

c1(m)

Zexp( Bn(E} 5 )+(n—1)1n<Eg

)

where we take advantage of the estimate (5.13) in the second line. Notice that the term
E"+Cl(m) > 0 thanks to the lower bound (4.2). Recall that 8, = J(n)B, with lim,,_,~ @ —
0. Therefore for n sufficiently large —f3, + == < 0, for any x € [h,2Inn]. However, the
later expression is the derivative of —fg,x + (n — 1)In(x), hence, this function is decreasing
on the interval [h+ Ej + e+ cl(m) ,2Inn] for any n sufficiently large, and —3,z+ (n—1) In(z)

c1 (m)

achieves its minimum at z = h +Ef +e+
this fact with (5.14) we get:

in the aforementioned interval. Combining

71 c m
qn < 2" (i)" em2nnn gfn(ht A5 )
m

Nexp(~pn(Eg + e+ S0y (B 4 ens 200 (5.15)

4 \n—1

_on (_)" eI N o <_ﬁn(Eg te+(n—1)n (Eg tet+h+ #))
m

Notice that 0 < (E} +e+h+ (Qm)) < (e+h+= (m)) =: ¢, and ¢ is a constant independent

of n. Combining the later estimate (5.15), with (5.8) we get for n sufficiently large:

-1
— n —Bn s —non 4 n— n— Inn
( [ 100-mmene 5n”ndum) m<e %(d 2 (Lyie) I)Teo, (5.16)

as n — oo. Notice that (5.16) is evident, since the first term e ##" is super-exponentially
small thanks to the assumption (3, = f¥(n) with lim,,_, @ = oo and the second term is
bounded by e€™¢, where ¢ is a constant independent of n. Finally, recalling the decomposition

(5.9) and combining (5.16) with (5.10) gives us (5.4) and finishes the proof. O
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Finally, the proof of Theorem 3.2 is a direct consequence of Proposition 4.1, and Theorem
5.1:

Proof of Theorem 3.2. Fix € > 0, thanks to the Proposition (2.3), in particular (2.19), we
have:

timTim " (n = Quilly,, <€) = Tim o (190 = Quilly, < ).

n—o00 t—oo

On the other hand let us take 6 = d(e), which is given by Proposition 4.1, then for all
n > Ny(e) thank to this proposition we have:

12 i (190 = Quallgy,. <€) = i, (1Ha(n) = Bg(m)| < 8). (5.17)

However, notice that limy, oo p1f5 m(]?-Ln(wn) — Ef(m)| < 5) = 1, thanks to Theorem 5.1,
in particular (5.1), and this finishes the proof of Theorem 3.2, i.e.,(3.20). O

Appendix A Some large deviations for the uniform
probability on the sphere

We collect here some large deviation estimates concerning u,, the uniform probability
on the complex n-dimensional sphere SJ’, and in particular the estimates (5.2) and (5.3).
Note that in this appendix we slightly change our notations and denote the elements of C"

by z or z instead of .

Lemma A.1. Foranyn € N, let 0 < g. For any 0 < < 1 we have:

n—1
(G () < g) < W (2_g> exp(—2nlnn). (A1)

m

Proof. Let {Zj}}?’;l, be a sequence of i.i.d standard complex normal random variables on
(Q, F,P), i.e, for any n > 0, the probability density function of (Z1,...,Z,) is given by:

n 7\z~|2
FO =TT,  2:=(x,....20) €C". (A.2)
=1 "
JmnZ;

Consequently, the random vector {¥,(j) = j=1,...,n} is distributed uni-

B (ZUZZP)E/Q’
formly on S]'. For k € T, let the random variable Z;, be defined as the Fourier transform
of Z1,...,Z,:

5 1 . —orjk

Notice that (21, ..., Zn), has the same distribution as (Z1,..., Z,). Moreover, we have the
following identities thanks to the properties of discrete Fourier transform:

D17 = )17 (A4)
j=1 k=1
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n n
DNz =z P =D Wil Zl (A.5)
k=1

j=1
where wy, = 2|51n(71'n)| Denote

29
0= ——, A.
Go = o (A.6)
and take 0 < X such that, 0 < 1 — g,\. By using Chebyshev’s inequality, as well as (A.4)
and (A.5), we have:

2112y = Zja|?
1 (Gn(¥n) < g =P<n2m = §29>
(Gnl¥n) < 8) > 12417

(Zwk\ZkP <Z\Zk\ go) = (eXp< ZA — 80) | Zk] ) )
( < Z)\ (W} — 90) | Zk] )) :;ﬁlE(exp (—A(w1§—90)|21|2>>

(A7)

Notice that in the first line, we used the fact that ¥,, is uniformly distributed on S, and
in the last line we used the fact that Z; are independent complex Gaussian variable with
the same distribution as Z;, as well as the choice of A\, which permits us to compute the last
expectation. We emphasize the fact that the last bound holds for any 0 < A < g; ! = ";—gm,
which can depend on n. In fact, our choice of A depends on n.

Before proceeding, let us recall the following trigonometric identity:

n—1

H sm<7Tk> = %, ! = % (A.8)
2 Miciw? n

For any 0 < § < 1, let us take A = (=9 " Notice that we have 1 — Ago = 0. Thanks to the

do
choice of A\, by using (A.7) and (A.8), we obtain

n n—1
1 1 1 1 ) 1
n) < <= <1 ZL 1
( 7/} g I:cl;[l — go) +1 1) Pl )‘wl% 5 (1 — 5)n_1g ) \
- (A.9)
1 g
51 =81 exp(—2nlnn) <E>

O

Notice that the bound (5.2) corresponds to the choice § = 1/2.
We obtain now the lower bound (5.3), indicating that set of configurations with close to
minimal energy is "large enough".

Lemma A.2. For any € > 0, there exist N(e), and a constant ¢ = c(¢€), independent of n,
such that for n > N(€) we have:

p (Hy < B +€) > cle2ninn, (A.10)
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Proof. Denote by @ a discrete Soliton, we have that E} = H,(Q) = Gn(Q) — Vo (Q). we
know from the results of section 4 that @ is uniformly bounded in n as well as G, (Q) and

V,.(Q). Observe that

{pesy  Hy(Y) < Ey +€} D

{¢ € ng : |Gn(7,z)) - Gn(Q)| < 6/2, |Vn(¢) _ Vn(Q)| < 6/2} . (A.ll)

Consequently, we need to construct a neighborhood A C Sy of @ that is contained in the
set on the RHS of (A.11), and such that ,u’,f](.[l) > c"e~2"In" for some constant depending
on €.

Let us identify C* ~ R?", and denote the corresponding real components of @ by
(q1,-..,q2n), and the components of a generic ¢ € S ~ S% as (z1,...,22,). We can
choose the discrete Soliton @, such that go, > ¢; > 0.

For any small § > 0, define the set A5 € R2"~! as follows:

A o ami NS don A2
s={ee [~ 5ol (Z@J(—M} (A12)
The volume of this set can be easily estimated by
vol(Ag) > 3 <—> . (A.13)
We postpone the proof of (A.13) later.
We now define our neighborhood of @) as
,AL;:{gesf;l%:xj:qj+§j,j:1...,2n—1;§eA5}. (A.14)

Notice that if z € As, we have automatically that za, = (nm — Z?i{l(qj + @)2)% Further-

more, we have that
26
|T2n — qon| < NG (A.15)
It is easy to check that if z € As then |V, (z) — V,(Q)| < 2¢d/n, where ¢ is a constant
independent of n. About the gradients term, denoting &2, = X2, — g2, We have

n—1
Gnl©) = 5 D _(Ein — &) + 5 (60 — &)
- (A.16)
n 2 I 2 1 2 2
+5 D Envitr — nyi)® + 5 (E2n = E2n-1)" + 5 (E2n — &ns1)” < 607,
=1
and
|Gn(z) — Gr(Q)] = ”Z(Qj = qj-1)(&§ — &-1) + Gn(§)
’ (A.17)

< (2G(Q)Y? (2G,(€)"? + Gu(€)
< O (2Ga(9))"* + Gu(e) < C'6.
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It follows that, choosing § < €/2C", the set Aj is contained in the set defined in (A.11).
In order to compute p(As) we use the following change of variable formula for any
measurable f : S2" — R: (cf. Appendix A of [1])

L r2 Flysy/r? = lly?1) + f(y, =y /72 = Hfll)d .

[ D) = i o B e
(A.18)

where |.|| denotes the Euclidean norm in R?"~!, and V(B3") = Z; denotes the volume of

the unit ball. Applying the above formula and noticing that nm > | /nm — ||y||?, we have

oo mn! 1z, (g /rm = [lyl?) + 14, (y, —/nm — [[y]l*)
o (As) = W /%_1 5 dyi ... dyon—1
B fm v = lyll
n!
N T () — — |2
z%mwﬂkwbﬂynmumwuﬂ,nmnwﬂmm@%l
i
n! 176\
= §)d cdéop 1 > —————— | —
(nm)nmn /6 /6 Jdey - dean-1 2 n(nm)na™ 3 <n>
(A.19)
and by Stirling approximation we have the desired lower bound.
O
Proof of (A.13). Let {fj} , be a sequence of i.i.d random variables uniformly distributed
on [—%, %] Thanks to Chebyshev s inequality we get:
2n—1
q2n _ 2 q2n5 2
(\Zsu <3) —1-r(| S el > (322))
2n—1 2n—1 2 2n—1 2
4dn q; 1 q; 2
— TR(£2 ) -1 = ) o >1Z
<‘ Z 5]‘1]‘ ) 52 (&) ]Z:; <Q2n> 3n ]Z_; <Q2n> =z 3
(A.20)
where we used our choice of the discrete Soliton 0 < g; < gop,. U

We conclude this section mentioning some more precise limits on the large deviations
for the uniform measure on the sphere, with a matching lower bound for Large deviation
estimate (A.1). These results are not used for proving theorem 5.1 and theorem 3.2, so their
proof would be published in a future work [18]. For 0 < a < 2 we have:

2c
(2—a)nlnn  n ay) < =
11211_)801(1)[) - ln( p (G, < cn )> < ln<m>. (A.21)
lim inf 1 1n<e(2_“)"1n",u" (G, < cn“)) > In 2 (A.22)
n—oo n m - m
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Appendix B Hypoellipticity

In this section, we prove that the generator (2.7), is hypoelliptic, and therefore the in-
variant measure has a smooth density. Notice that we add the subscript n, to emphasize the
dependence on n.

Lemma B.1. Recall the operator L, = A, + Sn, where A, = A and S, = S are given by
(2.4), (2.6), respectively. Then Ly, is hypoelliptic. Consequently, the invariant measure has
smooth density with respect to du;".

Proof. Let us the fix the parameters h = s = v = 1, the proof for other cases is similar. In
order to prove this lemma, it is sufficient to show that L,, satisfies the so-called Hérmander’s
condition. Then the hypoellipticity, and smoothness of the invariant measure follow by
the Hormander’s Theorem (hypoellipticity follows from Thorem 22.2.1 of [19], for a general
review one can also see [2], and [17]). We prove this condition in the case d = 1 in details,
the generalization to higher dimensions is a matter of messier algebra (We comment on this
at the end of the proof). Let us denote Yo = A, and Y, = Oy(,) for x € T,,. Ly, satisfies the
Hormander’s condition if the Lie algebra generated by the family

Yoboor, Ve, Vilhoy—o Ve, Yyl Yo}y om0

has full rank (here 2n — 1) at every point i € S;".
Let us define the following notation: for z,y € T, and symbols i, r, we define R ,r, Ryi yi,
Rar yry and Ryr i as the following rotations:

Raryr = Ur(2)0y, (y) = Vr(¥)0y, 2)s  Raryi = ¥r(€) 0y, () = YY)y, (o)

(B.1)
g = Ui(2)0y, (y) ¢r(’y)3¢1(x Raiyi = 0i(®) 0y, () — Vi(¥) 0y ()
We can rewrite Jg,), and the Hamiltonian operator A, in terms of these rotations:
8«9(1) = Rm’",mia
Ap = Z R(:BJrl)’",:vi + 7:‘J’:J:T,(:I:Jrl)i - 2Rm’",mi + K’w(x)‘p_lRm’",xi' (B.2)

meﬁn

Observe that for any o1, ag, as, ay € {2tz € Ty, p € {r,i}}, (these indices are of the form
2% 2"), we have (recall [a,b] = ab — ba):

[Ral,azaROts,az;] :601,047?'0427043 + 5a2,asRal,a4 - 50&170437?’0!2,0!4 - 50&270447?’0!1,0!3 =

4
" (B.3)
Z 6{i+j—5}RaiO‘j5ak7al(_1) +j+1’
ij=1

where {k, 1} :={1,2,3,4} \ {4,}.

We rewrite the following commutators in terms of these rotations for every x € T,
a0(96) = er,xi,
Ay = [Ana a&(m)] = Rmﬁ(aﬂrl)r + 7?'mi,(;z:Jrl)i - R(mfl)ﬁmr - R(:vfl)i,mi’ (B 4)
Aa:,a:—l—l = [[Aru a@(x)]a 8«9(m+1)] = Rmr,(erl)i - Rmi,(erl)“
AJ:,J:—I—LJ: = [[[Aru 36(90)]7 66(90—1—1)]7 80($)] = er,(az—l—l)r + Ra:i,(x—i—l)i'
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We can compute the following commutators: Am 1 = [Az 241, Azt1,242.2+1] and
[A;;H,Bg(ﬁg)] thanks to (B.3), and observe that R, ;49 — Ryi (gq2)r and Ryr (zyo)r +
Ryi (z+2): belong to our Lie algebra. Repeating this process, following an induction, we

observe that for x,y € T,, the following terms are in the Lie algebra generated by {Y;}7_,,
{[Yz, Yy]}g,y:m {[[Yz, Yy, YZ]}Z,y,zzor e

gg = {Rmr,xi77€mr,yi - Rmi7yr,Rl‘T7yr + R:L'i,yi n} (B5)

Notice that in the linear case (absence of non-linearity i.e., p = 2), the terms appeared in
(B.5) represent a basis for the Lie algebra. (All the elements are linear combination of these
terms).

In the following, we observe that G2 (B.5), has rank 2n — 1 for any ¢ € S" = {¢ €
C™| >0, [(x)]* = 1}, notice that we consider S™ as a 2n — 1 real sphere S**~1 (the case
where we replace S™ by S’ can be treated similarly). Let us proof by an induction. The
case n = 1 is trivial, since g, = 1hr(1)0y, (1) — ¥i(1)8y, (1) has rank one for any (1) € S!
(e (DI + (1) = 1),

Assume G2 has rank 2n — 1 at every point of S?"~1, we prove that G° 41 has rank 2n + 1 at
every point of S?"*1. We split the proof into two cases:

Case 1.

Take ¢ € S™*!1 and assume that there exists at least one point z, such that |¢p(z)| = 0, we
can take x = n + 1, since we are in the periodic setup. We have ¢,.(n 4+ 1) = ¢;(n +1) = 0;
therefore, 1[1 (1/11, -ooyPn) € 8™, and Gy has rank 2n — 1 by induction hypothesis. On the
other hand, since ¢ € S”, there exists y € T, such that [¢)(y)| # 0. First, observe that

B i={¢r(y)3wi(n+1) - wz( )8wr(n+1 1/}7"( )awr n+1) +1/}z( )8wi(n+1)} -

(B.6)
{Ryr7(n+1)i - Ryi,(n—f—l)raRyT,(n—l—l)r - Ryi,(n-f—l)i} C gn+1,

has rank two (this is straightforward, since (¢r(y),%i(y)) # 0, and one can see a linear

combination of elements of B is zero iff |¢(y)] = 0). Then the result follows from the
induction hypothesis, as well as the fact that B is orthogonal to GJ.
Case2.

Take ¢ € S™*! and assume |¢p(z)| # 0 for all 2 € T,,41. In this case, we claim the set

T € I']Tn} C Gy, (B.7)

Goi1 = ARty (4 1) Rt 1yr wi = Rint1)i o Rin1yr ar + R 1yi

has rank 2n+ 1. In fact, this set has 2n+ 1 elements, where we observe that they are linearly
independent. Take real ? coefficients {a,, b,,c}"_; such that

CR(n—l—l)T,(n—l—l)i + Z Qg <R(n+1)r7$i - R(n—i—l)i,aﬂ) + b:v (R(n—l—l)r,xr + R(n—l—l)i,zi) =0.
=1

Computing the coefficients of 9y, () and 9y, (), for any x € T, we get:

(Botr (4 1) = agtbi(n + 1)) By, 0 = 0,

(B.8)
(a4 1)+ bt + 1)) Dy ) =

2Notice that we are considering the Field R here, by decomposing 9 into real and imaginary parts.
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Notice that if (ay,b;) # 0, then det (Zm —bax

later cannot happen, since (¢-(n + 1),1;(n + 1)) # 0; therefore a, = b, = 0 for all x € T,,
and we can deduce ¢ = 0, which yields the result in the case d = 1.

In order to prove the result for d > 1, for any z,y € T¢ ¢, and any u,v € {r,i}, we define
Raw yv, similar to (B.1). Recall {e; }3:1 as the canonical basis of R, then (B.2) will be
modified as:

> > 0. However, in order to (B.8) holds, the

a@(a}) = er,xi )

d
Au= 30 3 (Rt + Rar eyt = 2Rar o) + D £l0@) R

z€T,, 7=1 z€Ty,

(B.9)

The identity (B.3) remains true by taking a1, ag, a3, oy € {2#|x € T, i € {r,i}}. This leads
to the following modification of (B.4), for any z € T¢, and 1 < k < d:

d
Ay = Ana 89 Z Rm J(z+ej) v+ Ry S(ztej)t — R(mfej)ﬁmr - R(mfej)i,mia
7j=1

(B.10)
AJ: Jxtey [[Ana 89 ] 0(z+e) ] - :1:* J(zter)t T Rmi,(erek)’"?

A$,$+€k,$ = [[[Anyaﬁ(x)] 80 J:—i—ek)] 80( )] = ,R'J:T,(x-‘,—ek)r + in,(ar—i—ek)i'

Following the exact same strategy as in the previous case, by an induction we observe that
all the terms of the form Ry r (p11, ey — Rt (atiper) 3 Rar (e tiyen)r T Rai (atipey)is fOr any

T € ']I‘d, any 1 < k < d, and any l; € T,, belong to our Lie algebra. Notice that thanks to
(B.3), we have:

[R:BT,(:erlkek)i - R:vi,(m+lkek)’"’ R(:erlkek)’",(m+lkek+lk/ek/)i - R(:erlkek)i,(x+lkek+lk/ek/)] =
- <R:1:T,(:v+lkek+lk/ek/)’" + R:vi,(:erlkekJrlk/ek/)i)

[er,(a:-l—lkek-l—lk/ek/)r + Ra:i,(m—i—lkek-l—lk/ek/)i’ Rmr,azi] = Rmi,(a:—l—lkek—f—lk/ek/)r - in,(a:-l—lkek-l—lk/ek/)r'
(B.ll)

Repeating the above procedure for d — 1 times, we can deduce the following set is included
in our Lie algebra:

gf;d = {er7$i,er7yi — Ryigyr, Rar yr + R$i7yi‘x,y € Tz} (B.12)

Recall that we observed that the rank of G2 is 2n — 1. However, due to symmetry one can
observe that de and Qﬁ’d has the same rank and this finishes the proof. O

Remark B.1. Notice that the proof of Lemma B.1 can be adapted to any other non-linearity
of the form f(|1(x)|), where f is smooth.

Appendix C Discrete Gagliardo-Nirenberg Inequal-
ity

We present different versions of the Gagliardo-Nirenberg inequality. This inequality is
crucial in the study of the sub-critical nonlinear focusing Schrédinger equation, for proving
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the well-posedness and characterization of the Solitons (cf. [7],[32],[35],[15]). In particular,
this inequality has been used in the the proof of Theorem 3.1 in [15]. We take advantage of
the discrete version of this inequality, so we can establish properties of configurations with
minimal or close to minimal energy.

Gagliardo-Nirenberg inequality states that for every v € H'(R?), and 1 < p < 1 —|— = there

exists a constant C'(p,d), such that (cf. [7],[32],[35]):
D) p+1_ dlp—1)
(/\uP) T 1)

izt = [ 1+ < can( [ 1va?)

While we are focusing on the case where d = 1, and p =3 < 1+ % = 5 and the domain
is periodic, we state the following version from [[15] Section3.2, [25] Lemma 4.1]. For all
u € H, = HY(T), there exists a constant C' > 0:

per

1
lullzs = /0 [ul* < C(l10zull 2 ul72 + HUII‘iz)

o ([ r) ([ o) ([ ).

We need counterparts of these inequalities in the discrete setting, in order to obtain these
inequalities, we generalize results from [[8] section 17]. First, we define: Fix n > 0, and

(C.2)

consider a function f : T, — C, define the discrete ¢ ('fn) norm of f, for p > 1, as:

17z, = (5 3 17@P)". (€3)

{L’GTn

Notice that our definition differs from the conventional one by a factor n— P This difference
is motivated by the fact that in the limit as n — 0o, we can recover the continuous LP norm,
formally. Define the H. per(']I'n) norm of f as follows:

17y = (5 30 w215 = fe— DR+ 3 17@)R)" (C4)

{L’GTn JBETn

N

We can also define the space (P(Z), with the following norm: For f : Z — C and p > 1

define: A
1llezy = (3 1F@)P)" (C:5)

TEZL

As usual we have: P(Z) = {f : Z — C|||fllp(z) < co}. We denote the discrete gradient of
f:7Z — Cby G(f), and define it as:

Z |[f(@) = flz =D (C.6)

:BEZ

Note the difference between G(f) and G, (f) in (3.9), where we scale the second definition
by n? in order to get the continuous counterpart, formally.

The first version of the discrete Gagliardo-Nirenberg inequality can be recalled from Propo-
sition 17.6 of [8] with a small modification: For every 1 < p < oo, let = 5 — m, obviously
6 € (0,1), we have: Vf € ¢P(Z) N (*(Z), there exists a constant C(p) such that:
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1-6 9
[f 1z < Co) (Ifle2zy) — (G(Sf))2 . (C.7)
In particular, for p = 3, we have Vf € ¢4(Z) N ¢%(Z), there exists a constant C such that:

£t zy < CUflle2z) (G ()2 (C.8)

We can deduce the following lemma from the later, which is crucial for our purposes.

Lemma C.1. Recall the definition of Gy, (3.9), and ”'”zz’(frn) (C.3), for every f : T, — C,
there exist a constant C' independent of n such that:

1Al < O,y Gl + 171, ) (C.9)

we write this inequality in this open form:

-y \f(x)\‘*sc*((% > Y@ -se-0r) (S rer) (RS \f(w)\z)z)-

z€Ty xeTn xe'IFn z€Ty
(C.10)
Usually we have X > 2T, |f(z)|? = m, hence, we have:
1
S @ 0 (miGa(E +m?). (C.11)

{L’Gﬁ‘n

Proof. We prove this lemma by constructing a function f € ¢4(Z) N ¢2(Z), from f as follows:
Translate f such that |f(x)|? achieves its minimum at = n. By this construction, we have

If(n)|? < %Zmefn |f(2)|? = m. Define f on Z as:

f(x), Yo e{l,...,n},
i f(n)2—-1%), Vaze{n+1,...,2n},
f@)=qf(n)1+2), Voe{-n,... 6 —1}, (C.12)
f(n), if =0,
0 otherwise.
By the definition of f, for every p > 1 we have:
n—1
1F 15z = D2 I @F + £GP Y27 + | ()P (C.13)
2€Th =0

By estimating 1 >, (£)? with its integral value, we have c;(p) > 0, c2(p) > 0 independent
of n, such that

11, T e@If )P < %Hf”? <l g, +e®@If ()P (C.14)
Moreover, we can compute G(f):
G =Y 5If@) — fla 1P = 5 3017 @) ~ f - NP+
L Lo 1“1 1 (C.15)
rf<n>\2<m;n2—nz ;njﬂ 53) = ~Gal(f) + ~|f(n)]?



Since we fix n, by (C.14) f € (*(Z) N (*(Z); therefore, we can apply the inequality (C.8). B
using the fact that |f(n)> < 1 > wet, |f(2 )2 = HfH , and estimates (C.15) and (C.14),
we get:
3 <\ 1
1 s,y < Hsz4(2) < C(—HfHe2 )2 (nG(f))?

3
2

< C(If 125, + @) (Galh) + 1F )
<C (115, (Gnlh) + 1F P2
< (I 5,,) 2 GalD)F + C (112, ) I,

NI

(C.16)

This inequality proves the lemma, since C' = C(1 + 02(2))% is a constant independent of n.
In the last line, we used the inequality va + b < \/a + Vb for a,b > 0. O

Appendix D Jacobi Elliptic Functions

Given k € (0,1), the incomplete elliptic integral of the first kind, for any ¢ € R is defined

as: 5
de
x=F(¢; k) := /
;) 01— kZsin?(f)

Consequently, one can define n(-),sn(-),on(-) via the inverse of F (-, k):

sn(z, k) :=sin(¢), cn(x, k) :=cos(¢), on(z, k):=1/1— k2sin?(¢). (D.1)
From (D.1), it is straightforward to see for all
n?(z, k) + on?(z, k) = k2sn?(x, k) + on’(z, k) = 1. (D.2)

Moreover, the derivative (w.r.t x) of these functions can be obtained directly from the defi-
nition:

Opsn(z, k) = en(x, k)on(z, k), Oyen(z, k) = —sn(z, k)on(z, k),

opon(x, k) = —k*en(x, k)sn(z, k). (B-3)

Moreover, the period of these functions is given via the following complete elliptic integral:

K(k) = F(g; k), (D.4)
where 0n is 2K periodic and even, sn and cn are 4K periodic, where sn is 2K anti periodic
and odd, and ¢n is 2K anti periodic and even.

Notice the limiting cases: K (k) — § as k — 0, and K (k) — oo as k — 1. Moreover, as for
k =0, sn(z,0) = sin(z), m(z,0) = cos(x), on(z,0) = 1. Furthermore, sn(x,1) = tanh(z),
en(z,1) = on(z, 1) = sech(z).

Finally, notice that from (D.3) one can deduce that ébu(%, k), écn(%,
solutions to (3.5), where a, §, k are determined by w, L in each case, respectively.

k), and Len(2

5. k) are

29



References

(1]
2l
13l

4]

5]

[6]

17l

8]

19]

[10]

[11]
[12]
[13]

[14]

[15]

[16]

S. Axler, P. Bourdon, and R. Wade. Harmonic Function Theory. Graduate Texts in
Mathematics. Springer New York, 2013.

Luc Rey Bellet. Ergodic Properties of Markov Processes, pages 1-39. Springer Berlin
Heidelberg, Berlin, Heidelberg, 2006.

J. Bourgain. Periodic nonlinear schrodinger equation and invariant measures. Commu-
nications in Mathematical Physics, 166(1):1-26, Dec 1994.

J. Bourgain. Global Solutions of Nonlinear Schrodinger Equations. Number v. 46 in
American Mathematical Society colloquium publications, Providence, RI. American
Mathematical Society Providence RI, 1999.

Eric A Carlen, Jiirg Frohlich, and Joel Lebowitz. Exponential relaxation to equilibrium
for a one-dimensional focusing non-linear schrédinger equation with noise. Communi-
cations in mathematical physics, 342(1):303-332, 2016.

Eric A Carlen, Jiirg Frohlich, Joel Lebowitz, and Wei-Min Wang. Quantitative bounds
on the rate of approach to equilibrium for some one-dimensional stochastic nonlinear
schrodinger equations. Nonlinearity, 32(4):1352-1374, mar 2019.

T. Cazenave, American Mathematical Society, and Courant Institute of Mathemati-
cal Sciences. Semilinear Schrodinger Equations. Courant lecture notes in mathematics.
American Mathematical Society, Providence, RI, 2003.

Sourav Chatterjee. Invariant measures and the soliton resolution conjecture. Commu-
nications on Pure and Applied Mathematics, 67(11):1737-1842, 2014.

Sourav Chatterjee and Kay Kirkpatrick. Probabilistic methods for discrete nonlinear
schrodinger equations. Communications on Pure and Applied Mathematics, 65(5):727—
757, 2012.

A. de Bouard and A. Debussche. A stochastic nonlinear Schrodinger equation with
multiplicative noise. Communications in Mathematical Physics, 205(1):161-181, Aug
1999.

A. de Bouard and A. Debussche. The stochastic nonlinear Schrédinger equation in H'!.
Stochastic Analysis and Applications, 21(1):97-126, 2003.

S. Flach, K. Kladko, and R. S. MacKay. Energy thresholds for discrete breathers in
one-, two-, and three-dimensional lattices. Phys. Rev. Lett., 78:1207-1210, Feb 1997.

Thierry Gallay and Mariana Hardgus. Stability of small periodic waves for the nonlinear
Schrodinger equation. Journal of Differential Equations, 234(2):544-581, 2007.

Giacomo Gradenigo, Stefano Iubini, Roberto Livi, and Satya N Majumdar. Localiza-
tion transition in the discrete nonlinear Schrédinger equation: ensembles inequivalence
and negative temperatures. Journal of Statistical Mechanics: Theory and FExperiment,
2021(2):023201, feb 2021.

Stephen Gustafson, Stefan Le Coz, and Tai-Peng Tsai. Stability of Periodic Waves of
1D Cubic Nonlinear Schrédinger Equations. Applied Mathematics Research eXpress,
2017(2):431-487, 06 2017.

Martin Hairer. A probabilistic argument for the controllability of conservative systems.
arXiv preprint math-ph/0506064, 2005.

30



[17]

[18]
[19]

[20]

[21]

[22]
23]
[24]
[25]
[26]
[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

Martin Hairer. On Malliavin’s proof of Hérmander’s theorem. Bulletin des Sciences
Mathématiques, 135(6):650-666, 2011. Special issue in memory of Paul Malliavin.

A. Hannani and S. Olla. In preparation.

L. Hérmander. The Analysis of Linear Partial Differential Operators III: Pseudo-
Differential Operators. Classics in Mathematics. Springer Berlin Heidelberg, 2007.

Magnus Johansson and Kim (). Rasmussen. Statistical mechanics of general discrete
nonlinear Schrédinger models: Localization transition and its relevance for Klein-
Gordon lattices. Phys. Rev. E, 70:066610, Dec 2004.

Panayotis G Kevrekidis. The discrete nonlinear Schridinger equation: mathematical
analysis, numerical computations and physical perspectives, volume 232. Springer Sci-
ence & Business Media, 2009.

K. Kirkpatrick. Solitons and gibbs measures for nonlinear schréodinger equations. Math-
ematical Modelling of Natural Phenomena, 7(2):95-112, 2 2012.

Derek F Lawden. Elliptic functions and applications, volume 80. Springer Science &
Business Media, 2013.

J. L. Lebowitz, Ph. Mounaix, and W.-M. Wang. Approach to equilibrium for the stochas-
tic nls. Communications in Mathematical Physics, 321(1):69-84, Jul 2013.

Joel L. Lebowitz, Harvey A. Rose, and Eugene R. Speer. Statistical mechanics of the
nonlinear schrodinger equation. Journal of Statistical Physics, 50(3):657-687, Feb 1988.

Viviana Letizia. Microscopic models for Fourier’s law. PhD thesis, Université Paris-
Dauphine — PSL Research University, 2017.

H. P. McKean. Statistical mechanics of nonlinear wave equations (4): Cubic Schrodinger.
Communications in Mathematical Physics, 168(3):479-491, Apr 1995.

H. P. McKean and K. L. Vaninsky. Brownian motion with restoring drift: The petit and
micro-canonical ensembles. Communications in Mathematical Physics, 160(3):615-630,
Mar 1994.

H. P. McKean and K. L. Vaninsky. Action-angle variables for the cubic Schrodinger
equation. Communications on Pure and Applied Mathematics, 50(6):489-562, 1997.

H. P. McKean and K. L. Vaninsky. Cubic Schrédinger: The petit canonical ensemble in
action-angle variables. Communications on Pure and Applied Mathematics, 50(7):593—
622, 1997.

J.A. Pava. Nonlinear Dispersive Equations: Ezistence and Stability of Solitary and
Periodic Travelling Wave Solutions. Mathematical surveys and monographs. American
Mathematical Society, Providence, RI, 2009.

P. Raphaél. Stability and blow up for the non linear Schrédinger equation. Lecture notes
from the Clay Math 2008 Summer School on Evolution FEquations.Clay Mathematics
Proceedings, 17. American Mathematical Society, Providence, R.1.; Clay Mathematics
Institute, Cambridge, Mass., pages 269-323, 2014.

K. @. Rasmussen, T. Cretegny, P. G. Kevrekidis, and Niels Grgnbech-Jensen. Statistical
mechanics of a discrete nonlinear system. Phys. Rev. Lett., 84:3740-3743, Apr 2000.

Benno Rumpf. Simple statistical explanation for the localization of energy in nonlinear
lattices with two conserved quantities. Phys. Rev. E, 69:016618, Jan 2004.

31



[35] T. Tao, Conference Board of the Mathematical Sciences, National Science Foundation
(U.S.)., and American Mathematical Society. Nonlinear Dispersive Equations: Local and
Global Analysis. Conference Board of the Mathematical Sciences. Regional conference
series in mathematics. American Mathematical Society, 2006.

[36] M I Weinstein. Excitation thresholds for nonlinear localized modes on lattices. Nonlin-
earity, 12(3):673-691, jan 1999.

32



	Introduction
	Stochastic Dynamics
	Large Scale Limit and Main Result
	Preliminaries about periodic cubic nonlinear Schrödinger equation
	Stochastic perturbation of discrete focusing NLS

	Discrete "Soliton"
	Large Deviation Estimates
	Appendix Some large deviations for the uniform probability on the sphere
	Appendix Hypoellipticity
	Appendix Discrete Gagliardo-Nirenberg Inequality
	Appendix Jacobi Elliptic Functions

