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Abstract

The Expectation Maximization (EM) algorithm is the default algorithm for infer-
ence in latent variable models. As in any other field of machine learning, appli-
cations of latent variable models to very large datasets make the use of advanced
parallel and distributed architectures mandatory. This paper introduces FedEM,
which is the first extension of the EM algorithm to the federated learning context.
FedEM is a new communication efficient method, which handles partial participa-
tion of local devices, and is robust to heterogeneous distributions of the datasets.
To alleviate the communication bottleneck, FedEM compresses appropriately de-
fined complete data sufficient statistics. We also develop and analyze an extension
of FedEM to further incorporate a variance reduction scheme. In all cases, we de-
rive finite-time complexity bounds for smooth non-convex problems. Numerical
results are presented to support our theoretical findings, as well as an application
to federated missing values imputation for biodiversity monitoring.

1 Introduction

The Expectation Maximization (EM) algorithm is the most popular approach for inference in latent
variable models. The EM algorithm, a special instance of the Majorize/Minimize algorithm [24],
was formalized by [8] and is without doubt one of the fundamental algorithms in machine learning.
Applications include among many others finite mixture analysis, latent factor models inference, and
missing data imputation; see [37, 28, 25, 13] and the references therein. As in any other field of
machine learning, training latent variable models on very large datasets make the use of advanced
parallel and distributed architectures mandatory. Federated Learning (FL) [22, 38], which exploits
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the computation power of a large number of edge devices to perform distributed machine learning,
is a powerful framework to achieve this goal.

The conventional EM algorithm is not suitable for FL settings. We propose several new distributed
versions of the EM algorithm supporting compressed communication. More precisely, our objective
is to minimize a non-convex finite-sum smooth objective function

Argmingeo F(6),  F(9)% % S Li(0) +R(0), OCR!, 0
i=1

where n is the number of workers/devices which are connected to a central server, and the worker
#i only has access to the local loss function £;; finally R is a penalty term which may be introduced
to promote sparsity, regularity, etc. In latent variable models, £;(8) = —m ™1 Z;nzl log p(y5; 6),
where {y;;}}L, are the m observations available for worker #i, and p(y; 0) is the incomplete like-
lihood. p(y;0) is defined by marginalizing the complete-data likelihood p(y, z; 0) defined as the
joint probability density function of the observation y and a non-observed latent variable z € Z, i.e.
p(y; 0) = fz p(y, z; 0)u(dz) where Z is the latent space and p is a measure on Z. We focus in this
paper on the case where p(y, z; 0) belongs to a curved exponential family, given by

p(y, %0) = p(y, 2) exp { (s(y,2), 6(0)) — ()} ; ©)

where s(y,z) € R? is the complete-data sufficient statistics, ¢ : © — R%and ¢ : © — R,
p:Y x Z — RT are vector/scalar functions.

In absence of communication constraints, the EM algorithm is a popular method to solve (1) in the
curved exponential family setting. It alternates between two steps: in the Expectation (E) step, using
the current value of the iterate 6., it computes a majorizing function 6 — Q(6, 0.y,r) given up to
an additive constant by

def

Q(0, Oourr) % — (5(Beur ), 9(6)) + 1(0) + R(6) where 5(6) % %Zgi(e); 3)

and 5;(0) is the ith device conditional expectation of the complete-data sufficient statistics:

[e9)
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where p(z|yi;; 0) def P(Yij, 2:0)/p(yi;; 0). As for the M step, an updated value of 0., is computed
as a minimizer of 8 — Q(6, curr ). The majorizing function is then updated with the new 6., ; this
process is iterated until convergence. The EM algorithm is most useful when for any 6., € O,
the function 6 — Q(0, 6.u,r) is a convex function of the parameter 6 which is solvable in 6 either
explicitly or with little computational effort. A major advantage of the EM algorithm stems from
its invariance under homeomorphisms, contrary to classical first-order methods: the EM updates are
the same for any continuous invertible re-parametrization [23].

In the FL context, the vanilla EM algorithm is affected by three major problems: (1) the communi-
cation bottleneck, (2) data heterogeneity, and (3) partial participation of the workers.

When the number of workers is large, the cost of communication becomes overwhelming. A classi-
cal technique to alleviate this problem is to use communication compression. Most FL algorithms are
first order methods and compression is typically applied to stochastic gradients. Yet, these methods
are not appropriate to solve (1) since they do not preserve the desirable homeomorphic invariance
property, thus calling for an extension of the EM algorithm to the FL setting.

Since workers are often user personal devices, the issue of data heterogeneity naturally arises. Our
model in Equations (1), (3) and (4) allows the local loss functions to depend on the worker i € [n]*
and the observations y;; to be independent but not necessarily identically distributed. In addition,
our theoretical results deal with specific behaviors for each worker ¢ € [n]*, see e.g., A5, 7 and 9.
In the FL-EM setting, heterogeneity manifests itself by the non-equality of the local conditional
expectations of the complete-data sufficient statistics s;’s; modifications to the algorithms must be
performed to ensure convergence at the central server.



Finally, a subset of users are potentially inactive in each learning round, being unavailable or un-
willing to participate. Thus, taking into account partial participation of the workers and its impact
on the convergence rate of algorithms, is a major issue.

e FedEM. The main contribution of our paper is a new method called FedEM, supporting commu-
nication compression, partial participation and data heterogeneity. In this algorithm, the workers
compute an estimate of the local complete-data sufficient statistics s; using a minibatch of data,
apply an unbiased compression operator to a noise compensated version (using a technique in-
spired by [17, 15]) and send the result to the central server, which performs aggregation and the
M-step (i.e. the parameter update).

e VR-FedEM. We improve FedEM by adding a variance reduction method inspired by the SPIDER
framework [9] which has recently been extended to the EM framework [10]. For both FedEM
and VR-FedEM, the central server updates the iterates through a Stochastic Approximation proce-
dure [3, 4]. When compared to FedEM, VR-FedEM additionally performs variance reduction for
each worker, progressively alleviating the variance brought by the random oracles which provide
approximations of the local complete-data sufficient statistics.

e Theoretical analysis. EM in the curved exponential family setting converges to the roots of a
function h (see e.g. Section 2). We introduce a unified theoretical framework which covers the
convergence of FedEM and VR-FedEM algorithms in the non-convex case and establish conver-
gence guarantees for finding an e-stationary point (see Theorem 1 and Theorem 4). In both cases,
we provide the number K, (€) of optimization steps and the number K¢ (€) of computed condi-
tional expectations §S;;’s required to reach e-stationarity. These results show that in the Stochastic
Approximation steps of VR-FedEM , the step sizes are independent of m, the number of obser-
vations per server. Furthermore, the computational cost in terms of Kcg(¢e) improves on earlier
results. In this respect, VR-FedEM has the same advantages as SPIDER [9] compared to SVRG [18]
and SAGA [6], or as SPIDER-EM [10] compared to sEM-vr [5] and FIEM [20, 11]. Lastly, our
bounds demonstrate the robustness of FedEM and VR-FedEM to data heterogeneity.

o Finally, seen as a root finding algorithm in a quantized FL setting, VR-FedEM can be compared to
VR-DIANA [17]: we show that VR-FedEM does not require the step sizes to decrease with m and
provides state of the art iteration complexity to reach a precision e.

Notations For two vectors a,b € RY, (a,b) is the Euclidean standard scalar product, and || -
|| denotes the associated norm. For r > 1, ||a||, is the ¢,.-norm of a vector a. The Hadamard
product a ® b denotes the entrywise product of the two vectors a,b. By convention, vectors are

column-vectors. For a matrix A, AT denotes its transpose and || A||r is its Frobenius norm; for

two matrices A, B, (A, B) e Trace(BT A). For a positive integer n, set [n]* e {1,---,n} and

[n)] def {0,--- ,n}. The set of non-negative integers (resp. positive) is denoted by N (resp. N*). The

minimum (resp. maximum) of two real numbers a, b is denoted by a A b (resp. a V b). We will use
the Bachmann-Landau notation a(x) = O(b(z)) to characterize an upper bound of the growth rate
of a(z) as being b(x).

2 FedEM: Expectation Maximization algorithms for federated learning

Recall the definition of the negative penalized (normalized) log-likelihood F'(6) from (1). Along the
entire paper, we make the following assumptions Al to A3,which define the model at hand.

Al. The parameter set © C R? is a convex open set. The functionsR : © — R, ¢ : © — RY,
0 =R and p(yij,-) : Z = Ry, s(yij,-) : Z — R for i € [n]* and j € [m]* are measurable
functions. For any 0 € © and i € [n]*, the log-likelihood is bounded as —oo < L;(0) < oc.

A2. Forall 0 € © and i € [n]*, the conditional expectation 5;(0) is well-defined.

A3. Forany s € R, the map s — Argming.g {¥(0) + R(6) — (s, ¢(8))} exists and is unique;
the singleton is denoted by {T(s)}.

The EM algorithm defines a sequence {6,k > 0} that can be computed recursively as 05,1 =
T o 5(0y), where the map T is defined in A3 and s is defined in (3). On the other hand, the EM
algorithm can be defined through a mapping in the complete-data sufficient statistics, referred to

as the expectation space. In this setting, the EM iteration defines a R9-valued sequence {S\k, k>



0} given by §k+1 =50 T(§k) Thus, we observe that the EM algorithm admits two equivalent
representations:

(Parameter space) 011 = T 05(0;); (Expectation space) §k+1 =50 T(§k). 5)

In this paper, we focus on the expectation space representation; see [23] for an interesting discussion
on the connection of EM and mirror descent. It has been shown in [7] that if s, is a fixed point to

the EM algorithm in the expectation space, then 6, def T(s,) is a fixed point of the EM algorithm in
the parameter space, i.e., 6, = T o5(6,); note that the converse is also true. Define the functions h;
and h from RY to R? by

) TS (), () S S0 T(s) s ©
=1

A key property is that the fixed points of EM in the expectation space are the roots of the mean
field s — h(s) (see (3)). Therefore, convergence of EM-based algorithms is evaluated in terms of
e-stationarity (see [14, 10]): for all € > 0, there exists a (possibly random) termination time K such
that

E[Ih(Sk)l?] <. ™

Another key property of EM is that it is a monotonic algorithm: each iteration leads to a decrease
of the negative log-likelihood i.e. F'(0x4+1) < F(0y) or, equivalently in the expectation space
F oT(Skt1) < F o T(Sk) (for sequences {0, k > 0} and {Si, k > 0} given by (5)). A4 assumes
that the roots of the mean field h are the roots of the gradient of F'oT (see [7] for the same assumption
when studying Stochastic EM algorithms). AS assumes global Lipschitz properties of the functions
hi’S.

Ad4. The function W M FPoT:RT = Ris continuously differentiable on RY and its gradient is
globally Lipschitz with constant Ly;,. Furthermore, for any s € RY,

VW(s) = —B(s)h(s)
where B(s) is a q X q positive definite matrix. In addition, there exist 0 < Umin < Umax Such that
Sor any s € R, the spectrum of B(s) is in [Umin, Umax)-
AS. Foranyi € [n]*, there exists L; > 0 such that for any s, s' € RY,

Ihi(s) = hi(s) | = (i 0 T(s) = 5) = (5 0 T(s') = &)

A Federated EM algorithm. Our first contribution, the novel algorithm FedEM is described by
algorithm 1. The algorithm encompasses partial participation of the workers: at iteration #(k + 1),
only a subset A1 of active workers participate to the training, see line 3. The averaged frac-
tion of participating workers is denoted p. Each of the active workers #: computes an unbiased
approximation Sy ; (line 6) of §; o T(§k); conditionally to the past (see Section 7.2 for a rig-
orous definition), these approximations are independent. The workers then transmit to the central
server a compressed information about the new sufficient statistics. A naive solution would be to
compress and transmit Siy1,; — S, but data heterogeneity between servers often prevents these
local differences from vanishing at the optimum, leading to large compression errors and impairing

convergence of the algorithm. Following [27], a memory Vj ; (initialized to hi(go) at k = 0) is

| < Lills = 'l -

introduced; and the differences A1 ; def Sk+1,i — Sp — Vi,i are compressed for ¢ € Agy; (line 7
and line 9). These memories are updated locally: Viy1; = Vi ; + o Quant(Ag41,;), at line 8, with
a > 0 (typically set to 1/(1+w) where w is defined in A6). On its side, the central server releases an

aggregated estimate Sy of the complete-data sufficient statistics by averaging the quantized dif-
ference (np)~* ZiGAkH Quant(Ay11 ;) and by adding Vj, (line 14 and line 15). Then, it updates

Vitr = Vie+an™t 3" Quant(Ay1,), see line 16. The final step consists in solving the M-step
of the EM algorithm, i.e. in computing T(§k+1) (see A3).

We finally state our assumption on the compression process. We consider a large class of unbiased
compression operators Quant satisfying a variance bound:

A6. There exists w > 0 such that for any s € R: E[Quant(s)] = s, and E [||Quant(s)|*] <
(1+w)lls]*



Algorithm 1: FedEM with partial participation

Intuitively, the stronger the com-

pression is, the larger w will be. Data: kmax € N*;fori € [n]*, Vo, € R% Sp € R% a
Remark that if no compression positive sequence {741,k € [kmax — 1]}; > 0;a
is used, or equivalently for all coefficient p = E s~ppp [card(fl)]/ n.

s € RY%, Quant(s) = s, then Result: The FedEM-PP sequence: {Sk, &k € [kmax]}

A6 is satisfied with w = 0. 1 SetVo=n">" Vo,

An example of quantization 2 fork=0,...,kyn.x —1do

Sample Ayy1 ~ Ppp ;

fori € A1 do

(worker #1);

Sample Sj1 4, an approximation of 5; o T(Sy) ;
Set Agi1,i = Sky1,i — Viyi — Sk s

Set Vir1,i = Vi + Quant(Ak_H,i). ;

| Send Quant(Ay11 ;) to the central server ;

operator satisfying A 6 is the
random dithering that can be
described as the random operator
Quant : R? — R, Quant(z) =
(1/squant) |z sign(z) ©
Lsquant(21/1I2]l) + €] where
r > 1 is user-defined, ¢ is a
uniform random variable on
[0,1]7 and Squant € N* is the 10 |for: ¢ Apy1 do

number of levels of roundings; see 11 (worker #1);

[17, 2]. This operator satisfies A6 12 | | Set Vi1, = Vi ; (no update) ;

with w = sh 0@ + ¢*/2); 13 |(the central server) ;

see [17, Example 1].  Another 4 |Set Hy\q =V + (np)~? Siea,., Quant(Agi;);
example, namely the block-p- ~ ~ +
quantization, is provided in the 15 |Set Sk+1 =Sk + Ve+1Hry1 3

supplemental (see Section 6). 16 Set Vi1 = Vi + an™! ZieAHl Quant(Ag41,4) 3
More generally, this assumption 17 | Send S, and T(Sk41) to the n workers

is valid for many compression -
operators, for example resulting in sparsification [see. e.g. 27].

o e N & U B W

The convergence analysis is under the following assumptions on the oracle Sy ;: for any i € [n]*,
the approximations Sy 1,; are unbiased and their conditional variances are uniformly bounded in k.
For each k € N, denote by F}, the o-algebra generated by {S¢ ;, A¢; i € [n]*, ¢ € [k]} and including
the randomness inherited from the quantization operator Quant up to iteration #k.

A7. For all k € N, conditional to Fy, {Skt1,.:}i—, are independent. Moreover, for any
i € [n]*, E[Sk+14|Fr] = Si o T(Sk) and there exists o7 > 0 such that for any k > 0
E ISk -0 T(SWI2| 7] < o2

A7 covers both the finite-sum setting described in the introduction, and the online setting. In the
finite-sum setting, s; is of the form m~1 Z;nzl §;;. In that case, Sy41,; is the sum over a minibatch

Bi+1,; of size b sampled at random in [m]*, with or without replacement and independently of the
history of the algorithm: we have Sy1; = b™! Zj63k+l,i S;j o T(Sk). In the online setting, the
oracles Sj1,; come from an online processing of streaming informations; in that case Sy41,; can

be computed from a minibatch of independent examples so that the conditional variance o2, which
will be inversely proportional to the size of the minibatch, can be made arbitrarily small.

Reduction of communication complexity for FL. Reducing the communication cost between
workers is a crucial aspect of the Federated Learning approach [19]. In gradient based optimization,
four techniques have been used to reduce the amount of communication: (i) increasing the minibatch
size and reducing the number of iterations, (ii) increasing the number of local steps between two
communication rounds, (iii) using compression, (iv) sampling clients at each step. Here, we provide
a tight analysis of strategies (i), (iii) and (iv) (sampling client is part of Partial Participation).

Regarding the interest of performing multiple iterations, as analyzed for example in [21, 26] for the
classical gradient settings, we note that:

e from a theoretical standpoint, tradeoffs between larger minibatch and more local iterations are
unclear [36].

o [mpossibility of performing local iterations in EM. Performing local iterations is not possible in
the EM setting: one iteration of EM is the combination of two steps E and M and the M step,
which corresponds here to the use of the map 7, is only performed by the central server; this



remark is a fundamental specificity of the EM framework (which is not shared by the gradient
framework). In applications, we usually do not want 7" to be available at each local node.

e However, our work allows us to perform multiple local iterations of the E step before commu-
nicating with the central server. In algorithm 1, the local statistics Sy1,; are general enough to
cover this case; see the comment above on Assumption A7.

Finally, as we do not perform local full EM iterations, we do not face the well-identified client-
drift challenge (in the presence of heterogeneity). Yet, we stress that combining compression and
heterogeneity results in other challenges: it is known in the Gradient Descent setting (see e.g. [27,
30]), that heterogeneity strongly hinders convergence in the presence of compression. To alleviate
the impact of heterogeneity, we introduce the V}, ;’s memory-variables.

Convergence analysis, full participation regime. In this paragraph, we focus on the full-
participation regime: for all k € [kpax|*, Ar = [n]* (consequently p = 1). We now present in
Theorem 1 our key result, from which complexity expressions are derived. The proof is postponed
to Section 7.

Theorem 1. Assume Al to A7 and set L? %< n~1 S L2 o? def -1 S o2 Let {8,k €

[kmax|} be given by algorithm 1, withw > 0, « o (1+w)~tand v =7 € (0, Ymax] where

~ déf Umin \/’ﬁ
T 2Ly 2VRL(1 +w)ew

Denote by K the uniform random variable on [kyax —1]. Then, taking Vy ; = hi(§0) Sforalli € [n]*,
we have

Umnin (1 - vULVY ) E [IhSK)I?] <

min

(®)

L o?. (9

_ 1
(W(SO) ~ min W) + Ly, 25“

kmax
When there is no compression (w = 0 so that Quant(s) = s), we prove that the introduction of the

random variables V}, ;’s play no role whatever o > 0 and the choice of the 1 ;’s, and we have for
any v € (0, 20min/Lyy) (see (31) in the supplemental)

L; ~ 1 ~ 2
(1 — g )E [InGI?] < (W(8o) —minW) + 9Ly . (10)

kmax

Optimizing the learning rate v, we derive the following corollary (see the proof in Section 7).

. - 1/2
Corollary 2 (of Theorem 1). Choose ~y def (M> A Ymax. We get

Emax Ly (14+5w) o2
= A (W(§O) ~ min W) Ly, (1+ 5w)o? (W(§0) — min W)
E |||h(Sk)|*| < %
[h(Se)[I"| < —
,Umln nkmax ’Ymaxk‘max

Theorem 1 and Corollary 2 do not require any assumption regarding the distributional heterogeneity
of workers. These results remain thus valid when workers have access to data resulting from different
distributions — a widespread situation in FL frameworks. Crucially, without assumptions on the
heterogeneity of workers, the convergence of a“naive” implementation of compressed distributed
EM (i.e. an implementation without the variables V}, ;’s) would not converge.

Let us comment the complexity to reach an e-stationary point, (see (7)) and more precisely how the
complexity evaluated in terms of the number of optimization steps depend on w, n, 0% and e. Since
Kopt(€) = kmax, from Corollary 2 we have that:

Kopt(e)O(W>v0< L ) (11)

ne 'Ymaxe

Maximal learning rate and compression. The comparison of Theorem 1 with the no compres-
sion case (see (10)) shows that compression impacts max by a factor proportional to /n/w>/? as
w increases (similar constraints were observed in the risk optimization literature, e.g. in [17, 31]).



This highlights two different regimes depending on the ratio /n/w?/?: if the number of workers
n scales at least as w?, the maximal learning rate is not impacted by compression; on the other
hand, for smaller numbers of workers n < w?, compression can degrade the maximal learning
rate. We highlight this conclusion with a small example in the case of scalar quantization for which
w ~ \/6/ Squant: for ¢ = 10% and Squant = 4 (obtaining a compression rate of a factor 16), the
maximal learning rate is almost unchanged if n > 16.

Dependency on e. The complexity Kop(€) is decomposed into two terms scaling respectively as
0%¢72 and ;1 e, the first term being dominant when ¢ — 0. This first observation highlights
two different regimes, i.e. a high noise regime corresponding to Ymax (1 + w)o?/(ne=1) > 1 where
the complexity is of order o%¢~2, and a low noise regime where Yax (1 + w)o?/(ne!) < 1 and
the complexity is of order v, e~!. An extreme example of the low noise regime is the case o2 = 0

which occurs for example in the finite-sum setting when s; = m ™! Z;”:l §;; and the oracle S, 1 ;

isequal to s; o T(§k)

Impact of compression for e-stationarity. As mentioned above, the compression si-
multaneously impact both the maximal learning rate (as in Equation (8)) and the com-
plexity (see the first term in Equation (11)).  Consequently, the impact of the com-
pression depends on the balance between w,n,0? and ¢, and we can distinguish
four different “main” regimes. In the following tabular, for each of the four situa-
tions, we summarize the increase in complexity Kopi(e) resulting from compression.

Complexity regime: (14w)o? 1
2
(Dominating term in (11)) e Tmax€
Vmax Tegime: Example situation High noise o2, Low o2 (e.g., large minibatch)
(Dominating term in (8)) small € larger €
g g
i large ratio n/w® Xw
Vn : 3 3/2
NN low ratio n/w Xw xw3'? [\/n

Depending on the situation, the complexity can be multiplied by a factor ranging from 1 to
wV wd/? /+/n . Remark that the communication cost of each iteration is typically reduced by
compression of a factor at least w. Moreover, the benefit of compression is most significant in the
low noise regime and when the maximal learning rate is vyin/ (QLW) (e.g., when n large enough).
We then improve the communication cost of each iteration without increasing the optimization
complexity, effectively reducing the communication budget “for free”.

FedEM with partial participation and compression. In this paragraph, we extend the previous
results to the Partial Participation (PP) regime, in which only a fraction of the workers participate
to the training at each step of the learning process. This is a key feature in the FL framework, as
individuals may not always be available or willing to participate [26]. To analyze the convergence
in this situation, we make the following assumption.

A8. Forall k € [kmax — 1], Aks1 = {i € [n]* s.t. Byt1,; = 1} where the random variables
Byt fori € [n]* and k € [kmax — 1] are independent Bernoulli random variables with success
probability p € (0, 1).

This assumption is standard in the FL literature [32, 34, 30], and can easily be extended to worker
dependent probabilities of participation [16]. Algorithm 1 is naturally defined in the partial partici-
pation regime.

Usage of the control variates (V} ;);c[n- wWith PP.  We have V}, = ntY " Vi forallk >0
(see Proposition 12) even when the workers are not all active at iteration #k. A noteworthy point
is that, upon receiving Quant(Ayyq ;) for all i € Agyq, the central server computes Hyq =
Vi+(np) ' e a,,, Quant(Agi,i) and not Hyyy = (np) ™' 2oc 4, (Vii + Quant(Apyq ;).
Though the later solution may appear more natural, it would actually not only require to store
all values Vj, ; for i € [n]*, on the central server, but also impair convergence in the heteroge-
neous setting. Indeed, even in the uncompressed regime, in which Quant(Axt1,:) = Akt
our algorithm differs from a naive implementation of a distributed EM: FedEM computes Hy1 =

Vi — (np)fl ZieAk+1 Vii + (np)fl ZiEAk’Jrl (Skﬂ)i — §k) while a naive distributed EM would



compute H,ffll\/[ = (np)~! ZieAHl (Skﬂ,z‘ — §k> Such an update Hi}! is expected not to be

robust to data heterogeneity as proved in [30] for the Stochastic Gradient algorithm in the FL setting.
The following theorem extends Theorem 1 to the partial participation regime. Its proof is in Sec-

tion 8.

Theorem 3. Assume Al to A8 and set L? % n~1 S L2 o? def -1 S o2 Let {8,k €

[kmax] } be given by algorithm 1, run with « def (14 w)~t and v, = v € (0, Ymax), where

def Umin p\/ﬁ

Ymax = 2LW 2\/§L(1+w)\/w+(1—p)(l+w>/p .

Denote by K the uniform random variable on [kyax — 1]. Then, taking V; ; = hi(go)fori € [n]*,
we get

(W(Eo) = minW) 14504 (1 - p)(tw)/p)
Yk Tk n 7

Umin (1 - WLW> E [Ilh(§K)ll2} <

min

The above expressions can be simplified upon noting that w + (1 — p)(1 + w)/p < (1 + w)/p.
When p = 1, Theorem 1 and Theorem 3 coincide. More generally, Theorem 3 highlights that partial
participation impacts both the limit variance (which increases by a factor proportional to p~!) and
the maximal learning rate.

3 VR-FedEM: Federated EM algorithm with variance reduction

A novel algorithm, called VR-FedEM and described by algorithm 2, is derived to additionally incor-

porate a variance reduction scheme in FedEM. It is described in the finite-sum setting when for all

ie s ¥ mt >t 5ij0 at each iteration #(t, k + 1), the oracle on §; o T(S;x) will use a

minibatch By j+1 ; of examples sampled at random (with or without replacement) in [m]*.

The algorithm is decomposed into k., outer loops (indexed by t), each of them having ki, inner
loops (indexed by k). Atiteration # (k1) of the inner loops, each worker #4 updates a local statistic
St k-+1,; based on a minibatch By ;11 ; of its own examples {S;;, j € By r+1,:} (see Line 8): starting
from §t,0,i def 1 Z;”:l S;j 0 T(§t’,1), S’\t,kﬂ,i is defined in such a way that it approximates
m~! Z;”:l S;j o T(Syk) (see Corollary 18). Then, the worker #i¢ sends to the central server a

quantization of Ay ;11 ; (see Line 12) which can be seen as an approximation of a’l{hi(é\t k) —

~

hi(§ty;€,1)} upon noting that the variable V; ;11 ; defined by Line 10 approximates h;(S; ) (see
Proposition 26). The central server learns the mean value V; ;11 = n=t Z?zl Vi k+1,i (see Line 15
and Lemma 21) and, by adding the quantized quantities, defines a field H; ;41 which approximates
n-! Yo hi(§t, &) (see Proposition 24). Line 14 can be seen as a Stochastic Approximation update,
with learning rate 7y, ;1 and mean field s — n-! 2?21 h;(s) (see (6) for the definition of h;).

The variance reduction is encoded in the definition of S; 414, Line 8. We have S; py1; =
b1 ZjeBt,k+1,i Sij 0 T(Stk) + Yt k+t1,i- The first term is the natural approximation of §; o T(.S 1)
based on a minibatch By j41 ;. Conditionally to the past, Ty y41,; is correlated to the first term,
is biased but its bias is canceled at the beginning of each outer loop (see Section 9.2.2): Yy ;11 ;
defines a control variate. Such a variance reduction technique was first proposed in the stochastic
gradient setting [29, 9, 35] and then extended to the EM setting [10, 12]. At the end of each outer
loop, the local approximations S;41,0,; are initialized to the full sum m~! Z;”:l 5,50 T(§t7 ki, ) (see
Line 20) thus canceling the bias of S. ; (see Proposition 17).

In the case where there is a single worker and no compression is used (n = 1, w = 0), VR-FedEM re-
duces to SPIDER-EM, which has been shown to be rate optimal for smooth, non-convex finite-sum
optimization [10]. Theorem 4 studies the FL setting (n > 1 and w > 0): it establishes a finite time
control of convergence in expectation for VR-FedEM . The assumptions AS and A7 are replaced with
A9.



A9. Forany i € [n]* and j € [m]*, the conditional expectations s;;(6) whatever 6 € © are well
defined and there exists L;; such that for any s, s’ € RY,

(555 0 T(s) =) = (50 T(s") = ')l < Lijlls — sl -

Theorem 4. Assume Al to 3, A, AG and A9. Set L2 %< n=1m=13"0" Sy L. Let (St €
[kout]®, k € [kin — 1]} be given by algorithm 2 run with « f 1/(1+w), Vig: = hi(gl,o)for any
. def .

i€ n]* b= [OE‘))Z] and

-1
def 1 Umin Umax L 1+ 10w 1/2
L T Wiy ( + \[va \/ﬁ( + w) <w+ < ) (12)

Let (1, K) be a uniform random variable on [kout|* X [kin — 1], independent of{gt,k, t € [kout), k €
[kin]}. Then, it holds

2 -~ .
E [HHT,K+1H2] < m (]E |:W(Sl)0):| - man) , (13)
~ L2 1 2
B [Inaol] <2 (1492 2D B (1l (14)

The proof is postponed to Section 9.  Algorithm 2: VR-FedEM
This result is a consequence of the  Data: ko, kin, b € N*; fori € [n]*, Vi, € RY;
more general proposition Proposi- S . R s 7
. . init ; a positive sequence
tclgr?lri;.lts.We make the following (ers1.t € [kj?ut]*vk € [kin — 1]} a >0
’ Result: sequence: {S; .t € [kout]™, k € [kin]}
1. Eq. (13) provides the con- 1 Sig=51_1= S, Vio=n""1> 1 Vio::
vergence of E[||H;k41]?], 2 fori=1,...,ndo
and Eq. (14) ensures that LSLO,Z‘ _ %E;ﬂd 55 0 T(Sinit)
the  quantity of interest fort—1 e d
~ g fort=1,... ko do
E {Hh(ST,K)HQ} is controlled ¢ |fork—0.. .. T 1 do

by E [HHT,K+1 Hz} We observe for i = 1,....n (worker #i, locally) do
hat 9 (1 L2 L2(1+w)2> is Sample at random a batch By 11 ; of size b in [m]* ;

A Set St k+1,s = Stk +
unirorm ounded w.r.t. w as _ _ =~ _ ~
72 = Owy_wo(w_g). bt ZJGBt,k+1,i <5ij © T(St’k) —Sij © T(St’kfl)) 5

L N & W

2. Up to our knowledge, this is the * Set At gy1,i = Stk — Stk — Vikyi s
first result on Federated EM, that 10 Set Vi kt1,i = Viki + aQuant(Ayg py14).
leverages advanced variance re- 11 | | [ Send Quant(Ay y41,;) to the central server ;

duction techniques, while being 12 | | (the central server) ;

robust to distribution heterogene- Set Hy g1 = Vi +n- 2327 Quant(Ay i) ;
ity (the theorem is valid without 5 S )

any assumption on heterogene- ' Set St pr1 = St + %”‘“ﬁlHtﬁk* 1>

ity) and while reducing the com- 15 | |S€t Viks1 = Vir +an™" 3, Quant(Aspi1.) 3
munication cost between work- 16 | | Send S; ;41 and T(S; 1) to the n workers ;

ers.

-
w

i ] 17 [ Se41,0 = St1,-1 = Sty 5
3. Without compression (w = 0) 1 Vis1.0 = Viky, 5
and in the single-worker case 19 (fori=1,...,n do
(n = 1), Fortetal. [10] use ki, = 1 xm oo g .
b. We observe that we recover - ftﬂ’o’l = i 2= %0 © T(St41,0) 5
this result as a particular case and 2
that the recommended minibatch
size b decreases as (1 + w)?.

Vit1,0 = Vi

in,?

Convergence rate and optimization complexity. Our step-size -y is chosen constant and inde-
pendent of ki, koyu. Indeed, contrary to Theorem 1, there is no Bias-Variance trade-off (as typi-
cally observed with variance reduced methods), and the optimal choice of v is the largest one to



ensure convergence. Consequently, since the number of optimization steps is kouikin, We have
Kopt(€) = O(%) where the O hides dependency on the initial value <E [W(glﬁo)} — min W) and
Umin-
Impact of compression on the learning rate and e-stationarity. The compression constant w
does not directly appear in Equation (13), but impacts the value of «. Two different regimes appear:
. Vmax L 1+10w)1/2
L. 1f4\/§—LW \/77(1 + w) (w+ 1)
w3 < n), then y ~ “min has nearly the same value as without compression [10]. The complexity
w

< 1 (i.e. we focus on the large w, n asymptotics when

is then similar to the one of SPIDER-EM [10], with a smaller communication cost. The gain from
compression is maximal in this regime.

2. if 4\/5%%(1 + w) (w+ 1) 2 s (i.e. we focus on the large w, n asymptotics when

Vmax Lw3/2
tion complexity is then higher to the one of SPIDER-EM' (by a factor proportional to w?®/2/\/n)
with a smaller communication cost (typically at least w times less bits exchanged per iteration).
The overall trade-off thus depends on the comparison between w and n.

w3 > n), theny = O (M> is strictly smaller than without compression. The optimiza-

We summarize these two regimes in the following tabular, focusing on the large n, large w asymp-
totic regimes. For the two regimes, we indicate the increase in complexity Kop(€) resulting from
compression.

Complexity : L

) *y'reglme: ) Example situation
(Dominating term in (12))

Ymin : 3

w
Vmin /7 ~ 3 3/2
N TIE low ratio n/w xw3/2 /\/n

Computed conditional expectations complexity Ccg. The number of calls to conditional ex-
pectations (i.e., computing S;;) to perform ko, outer steps of algorithm 2, each composed of
kin inner iterations, with n workers and mini-batches of size b is nmkoys + n(2b)kinkout =
nkinkout (kﬂ + 2b) : it corresponds to one full pass on the data at the beginning of each outer itera-

tion and two batches of size b on each worker ¢ € [n]*, at each iteration ¢, k € [kout]* X [kin — 1]. In
oder to reach an accuracy ¢, we need (kinkouty) "' = O(e) with the parameter choices in Theorem 4

% ot 2(1117)2)) We remark that this complexity is

minimized with ki, = (14+w)+/m/2. We then obtain an overall complexity Kcg of O ({f (11@)) .

(esp. on b) we thus have Kcg(e) = O (

We stress the following two points:

1. Dependency w.r.t. m: the complexity increases as v/m. For n = 1,w = 0, this yields a scaling
equal to \/me ! that corresponds to the optimal K¢ of SPIDER-EM [10];

2. Dependency w.r.t. w. Again, the dependency on w depends on the regime for . In the (worst
case regime), v = O(y/n/w3/?), we get Kcr(€) = Ocsy0.wm—oo (@), which corre-

sponds to a sublinear increase w.r.t. w (that compares to a linear increase in the cost of each
communication).

4 Numerical illustrations

In this section, we illustrate the performance of FedEM and VR-FedEM applied to inference in Gaus-
sian Mixture Models (GMM), on a synthetic data set and on the MNIST data set. We also present

'As a corollary of [10, Theorem 2], the optimization complexity of SPIDER-EM is kout + kinkous that is
e~ ! in order to reach e-stationarity.
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Figure 1:  Trajectory of et et
FedEM vs the number of Figure 2: [Left] Evolution of the estimates of the weights 7,
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solid red line: || H; ||%).

an application to Federated missing data imputation, in the context of citizen science data analysis
for biodiversity monitoring with the analysis of a subsample of the eBird data set [33, 1].

Synthetic data The synthetic data are from the following GMM model: for all ¢ € [N]*, and
g € {0,1}, P(Z; = g) = m, and conditionally to Z, = g, Yy ~ Na(pg, X). The 2 x 2 covariance
matrix ¥ is known, and the parameters to be fitted are the weights (7o, 71) and the expectations
(o, p1). The total number of examples is N = 10* and the number of agents is n = 102, and the
probability of participation of servers is p = 0.75. FedEM and VR-FedEM are run with vy = 1072,
w = 1and o = 107>, For FedEM, we consider the finite-sum setting when s; = m~" 37" | §;;
with m = 102; the oracle Sk+41,; is obtained by a sum over a minibatch of b = 20 examples. For
VR-FedEM, we set b = 5 and ki, = 20. We run the two algorithms for 500 epochs (one epoch
corresponds to [V conditional expectation evaluations s;;). Figure 1 shows a trajectory of FedEMand
VR-FedEMin terms of || Hy||* for FedEM (and ||H;||* for VR-FedEM), along with the theoretical

value of the mean field ||h(S)*||2. The results illustrate the effect of variance reduction, and gives
insight on the variability of the trajectories resulting from the two algorithms.

MNIST Data set We perform a similar experiment on the MNIST dataset to illustrate the be-
haviour of FedEM and VR-FedEM on a GMM inference problem with real data. The dataset consists
of N = 7 x 10* images of handwritten digits, each with 784 pixels. We pre-process the dataset
by removing 67 uninformative pixels (which are always zero across all images) to obtain d = 717
pixels per image. Second, we apply principal component analysis to reduce the data dimension. We
keep the dpc = 20 principal components of each observation. These N preprocessed observations
are distributed at random across n = 102 servers, each containing m = 700 observations. We
estimate a R%°C-multivariate GMM model with G = 10 components. Details on the multivariate
Gaussian mixture model are given in the supplementary material (see section 10). Here again, s;
is a sum over the m examples available at server #i; the minibatches are independent and sampled
at random in [m]* with replacement; we choose b = 20 and the step size is constant and set to

~ = 10~3. The same initial value Sin;; is used for all experiments: we set Sinit def 5(79, 10, io),
where 7r2 = 1/G for all g € [G]*, the expectations ug are sampled uniformly at random among the
available examples, and 520 is the empirical covariance matrix of the N examples. Figure 2 shows
the sequence of parameter estimates for the weights and the squared norm of the mean field || Hy||?
for FedEM (resp. ||Hy x||* for VR-FedEM ) vs the number of epochs.
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Federated missing values imputation for citizen science We develop FedMissEM, a special in-
stance of FedEM designed to missing values imputation in the federated setting; we apply it to the
analysis of part of the eBird data base [33, 1], a citizen science smartphone application for biodiver-
sity monitoring. In eBird, citizens record wildlife observations, specifying the ecological site they
visited, the date, the species and the number of observed specimens. Two major challenges occur:
(1) ecological sites are visited irregularly, which leads to missing values and (ii) non-professional
observers have heterogeneous wildlife counting schemes. Thus, the development of missing values
prediction methods which are applicable in such federated settings is an important question.

e Model and the FedMissEM algorithm. I observers participate in the programme, there are J
ecological sites and L time stamps. Each observer #: provides a J x L matrix X* and a subset of
indices Q° C [J]* x [L]*. For j € [J]* and ¢ € [L]*, the variable X}, encodes the observation

that would be collected by observer #i if the site #j were visited at time stamp #¢; since there

are unvisited sites, we denote by Y %' {X,, (4, £) € Q'} the set of observed values and 2 o

{X; 0 (4, 0) & 9} the set of unobserved values. The statistical model is parameterized by a matrix

0 € R7*L, where 0, is a scalar parameter characterizing the distribution of species individuals at
site j and time stamp ¢. For instance, 0 is the log-intensity of a Poisson distribution when the
observations are count data or the log-odd of a binomial model when the observations are presence-
absence data. This model could be extended to the case observers #¢ and #4’ count different number
of specimens on average at the same location and time stamp, for instance because they do not
have access to the same material or do not have the same level of expertise: heterogeneity between
observers could be modeled by using different parameters for each individual #i say §* € R/*L,
Here, we consider the case when 0%, = 6, for all (j,¢) € [J]* x [L]* and i € [I]*.

We further assume that the entries {X7,,i € [I]*,j € [J]*,£ € [L]*} are independent with a
distribution from an exponential family with respect to some reference measure v on R of the form:
z — p(x)exp{zb;c — ¥(0;¢)}. The function v is for instance defined by (1) = —372 for a
Gaussian model with expectation 7 and variance 1, ¢)(7) = log(1 + e") for a Bernoulli model with
success probability 7, and +/(7) = e” for a Poisson model with intensity 7. Therefore, the joint

distribution of (Y, Z?) is given by

piy 20| [T elvin) IT ozl | exp [ (si, 2),0) = > w050 |
5o

(4,6) et (4,0) ¢
where s;(Y", Z") is a J x L matrix with entry #(j, ¢) given by Y}, if (j,£) € Q" and Z} , otherwise.

In order to estimate the unknown matrix § € R7*L we assume that € is low-rank; we use the pa-
rameterization § = UV ", where U € R7*" and V' € RL*" with rank(f) = 7 and r < min(J, L).
The estimator is defined as a minimizer of the negative penalized log-likelihood:

: def 1 ~ i T A 2 2
F r lof A
LN ACAOR (U.v) =~ i§:1£ WV +5 (UIE+1VIE),

where for § € R/XE, £i(f) < —log [ pi(Y",2%0) [1jpeq: v(dz),). Algorithm 7 in Ap-

pendix 10.2 provides the pseudo-code for FedMissEM.

e Application to eBird data analysis. We apply FedMissEM to the analysis of part of the eBird data
base [33, 1] of field observations reported in France by I = 2,465 observers, across J = 9,721
sites and at L = 525 monthly time points. We analyze successively two data sets corresponding
to observations of two relatively common species: the Common Buzzard and the Mallard. These
subsamples correspond respectively to N = 5,980 and N = 12, 185 field observations. The I field
observers are randomly assigned into n = 10 groups (the observations of the field observers from
the group ¢ € [n]* are allocated to the server #c). For ¢ € [n]*, server ¢ contains N, observations;
in our two examples, N, ranges between 400 and 1, 500. We run the FedMissEM algorithm for 150
epochs; with v = 104, o = 1073, a minibatch size b = 102, arank » = 2 and A\ = 0; for the
distribution of the variables X; ¢» we use a Gaussian distribution with unknown expectation 6, and
variance 1. We recover aggregated temporal trends at the national French level for these two bird
species by summing the estimated counts across ecological sites, for each time stamp; the trends are
displayed in Figure 3.
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Figure 3: Estimated temporal trends for Common Buzzard (Left) and Mallard (right). Blue crosses:
estimated monthly counts; Red triangles: number of missing values. Dotted lines: LOESS regres-
sions for the estimated counts (blue) and the number of missing values (red).

5 Conclusions

We introduced the FedEM algorithm which is, to the best of our knowledge, the first method to im-
plement the EM algorithm in a federated learning setting, and handles compression of exchanged
information, data heterogeneity and partial participation. We further extended it to additionally
incorporate a variance reduction scheme, and introduced the VR-FedEM algorithm. We derived com-
plexity bounds which highlight the efficiency of the two algorithms, and illustrated our claims with
numerical simulations, as well as an application to biodiversity monitoring data.
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Broader Impact of this work This work is mostly theoretical, and we believe it does not currently
present any direct societal consequence. However, the methods described in this paper can be used to
train machine learning models which could themselves have societal consequences. For instance, the
deployment of machine learning models can suffer from gender and racial bias, or amplify existing
inequalities.
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Supplementary materials for ‘“Federated Expectation
Maximization with heterogeneity mitigation and
variance reduction”

This supplementary material is organized as follows. Section 6 contains additional details on com-
pression mechanisms satisfying A6, including an example of admissible quantization operator. Sec-
tion 7 contains the pseudo-code for algorithm FedEM in the full participation regime case, and the
proof of Theorem 1 — including necessary technical lemmas. Section 8 contains details concerning
the extension to partial participation of the workers and the proof of Theorem 3. Section 9 is devoted
to the proof of Theorem 4 concerning the convergence of VR-FedEM and necessary technical results.
Finally, Section 10 contains additional details about the latent variable models used in the numerical
section, as well as the pseudo code for FedMissEM.

Note that, in order to make our numerical results reproducible, code is also provided as supplemen-
tary material.

Notations For two vectors a,b € R?, (a,b) is the Euclidean standard scalar product, and || - ||
denotes the associated norm. For r > 1, ||a||,- is the ¢,.-norm of a vector a. The Hadamard product
a © b denotes the entrywise product of the two vectors a,b. By convention, vectors are column-
vectors. For a matrix A, AT denotes its transpose and ||A|| ¢ is its Frobenius norm. For a positive
integer n, set [n]* def {1,---,n} and [n] def {0,--- ,n}. The set of non-negative integers (resp.
positive) is denoted by N (resp. N*). The minimum (resp. maximum) of two real numbers a, b is
denoted by a A b (resp. a V b). We will use the Bachmann-Landau notation a(z) = O(b(z)) to
characterize an upper bound of the growth rate of a(x) as being b(z).

We denote by K, (¢, 3) the Gaussian distribution in RP, with expectation p and covariance matrix

6 An example of quantization mechanisms: the block-p-quantization

In this section, we recall the definition of a common lossy data compression mechanism in FL
(see, e.g. [27]), called block-p-quantization, and demonstrate that such quantizations satisfy the
assumptions required to derive our theoretical results.

Block-p-quantization. Let z € R?. Choose {q¢, ¢ € [m]|*} a sequence of positive integers such
that >~," | g¢ = ¢; and p € N*. For x € RY, we define the block partition

Z(1)
T = - , Jj(l) & Rq[ fOr all € (S [m]*
T (m)

For all £ € [m]*, set

sign(z(),1)

Ui .
~ def ’ inde |l‘ 0),j
Ko S el | 0 o] oy s () s
sign(2(0),q,) | Weaq Tollp
where z(p) = (21, ,a:(g)vq[)—r € R% and B(u) denotes the Bernoulli random variable with
success probability u. The block-p-quantization operator Quant : R? — R is defined by
def X(l)
Quant(z) = | --- (16)
X(m)

The following Lemma ensures the block-p-quantization operator Quant satisfies the assumption A
6 on the compression mechanism required by Theorem 1, Theorem 3 and Theorem 4.

Lemma 5. Let p € N* and {q;,¢ € [m]*} be positive integers such that y_,", q¢ = q. For any
z € RY, we have

m

E[Quant(e)] =z,  E[|Quant(z) —z|*] =) (lewlhlewlly = lz@?)
{=1
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where Quant is the block-p-quantization operator defined in (15) and (16). Thus, A6 holds. In
particular, for p = 2, we may take w = maxycm]- (Vae —1).

Proof. We start by noticing that, for all £ € [m]*, (Quant(z)),) = X(@). Furthermore,

R sign(z(e),1) E [Ug,1] sign(z(e),1) I‘\wi){ﬁl
E|Xo| =lewl | - |o =lels | - ||
sign(z(g),q,) E [Us q, sign(z(g),q,) ‘Irﬂgf;;qllel
sign(x(e),1) )1 Z(0),1
=|. © : = | =%,
sene@al]  lewul] (20

which concludes the proof of the first statement. To prove the second statement, we write

m m qe

IQuant(z) — 22 =" Xy — 2> =D lz@l2 > (Ur; — E[Us,])°

=1 =1 j=1

Since Uy,; is a Bernouilli random variable with parameter |z ;|/[|2 ()

p» it holds that

) .

1z (Iz@)llp — 20,5
E|(Ue,; —E[Us;])?| = ) :
@ ] EYE

Hence

E [[|Quant(z) — z?] ZZ{\I’(@J (lz@llp = lz@.41) }

=1 j=1
= (lz@hllz@lly = lz@l?)
(=1

which proves the second statement. In the particular case where p = 2, using the fact that ||z ()1 <
V@el|z )|, we obtain that

m

E [||Quant(z) — 2] <) (vae — Dllz|I* < maxeepm- (vae — 1) |12,

(=1

which concludes the proof. O

7 Convergence analysis of FedEM

This section contains all the elements to derive the convergence analysis of FedEM developed in Sec-
tion 2 in the full participation regime. The analysis is organized as follows. First, Section 7.1 gives
the pseudo code of the FedEM algorithm; Section 7.2 introduces rigorous definitions for filtrations
and a technical Lemma, and Section 7.3 presents preliminary results. Then, the proof of Theorem 1
is given in Section 7.4 and the proof of Corollary 2 is in Section 7.5.

The assumptions Al to A3 are assumed throughout this section.
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7.1 Pseudo code of the FedEM algorithm

For the sake of completeness of the supplementary material, we start by recalling the pseudo code
which defines the FedEM sequence in the full participation regime. It is given in algorithm 3 below.

Algorithm 3: FedEM

Data: k. € N*;fori € [n]*, Vo, € RY; §0 € RY; a positive sequence {Vi11,k € [kmax — 1]}
a>0
Result: The sequence: {Sk, k € [kmax]
Set Vy = n=! Z?:l VO,i )
fork =0,...,knax — 1 do
fori=1,...,ndo
(worker #1) ;
Sample Sj1,;, an approximation of §; o T(§k) ;
Set Apt1,i = Skv1,i — Viei — Sk s
Set Vir1,s = Vis + a Quant(Agy1.4). Send Quant(Ag41,;) to the central server ;
(the central server) ;
Compute Hy 1 = Vi, +n~! Yo Quant(Agt1)
Set Sk+1 = Sk + Ve+1Hr+1 3
Set Vi1 = Vi + an~! Z?:l Quant(AkH;i) )
Send §k+1 and T(§k+1) to the n workers

7.2 Notations and technical lemma

In this section, we start by introducing the appropriate filtrations employed later on to define condi-
tional expectations. Then, we present a technical lemma used in the main proof of Theorem 1 (see
Section 7.4).

Notations. For any random variable U, we denote by o (U ) the sigma-algebra generated by U. For
n sigma-algebras {Fy, k € [n]*}, we denote by \/}/_, F the sigma-algebra generated by {Fy, k €
[n]*}.

Definition of filtrations. Let us define the following filtrations. For any i € [n]*, we set

Foi=F “ o (SoiVos) and  Fo ™\ Fos.
i=1

Then, for all £ > 0,
(1) Fri1/2, = Fiii Vo (Skt1i)s
(i) Frt1, o Frgi/2,i Vo (Quant(Agy1)),
(i) Frr1 = V™, Fegrin
) Fif &

= Fit1,i V Frg1-

Note that, with these notations, for k¥ > 0 and ¢ € [n]*, the random variables of the FedEM sequence
defined in Algorithm 3 belong to the filtrations defined above as follows:

@) §k € ]:I::i’ §k € Fx,
(1) Skr1,i5 Akv1,i € Fryi/2,is
(i) Vit1, € Frti,i

(V) Sk+1, Hiv1, Vi1 € Frgr.
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Note also that we have the following inclusions for filtrations: Fj, C -7:;, i C Frgay2, C Fry1s C
Fryq foralli € [n]*.

Elementary lemma. In the main proof of Theorem 1, we use the following elementary lemma.

Lemma 6. For any x,y € R? and for any o € R, one has:

laz + (1 = a)yll* = allz]* + (1 = &)llyl* - a1 = a)|lz = y]*.

Proof. The LHS is equal to
a?llz]® + (1 = a)?[lyl* + 20(1 — @) (&, y) -
The RHS is equal to
allz]* + (1 = a)llyl* — al =) (2l + Iyl* = 2 (z,)) -

The proof is concluded upon noting that « — (1 —a) = a? and (1 —a) —a(l—a) = (1—a)?. O

7.3 Preliminary results

In this section, we gather preliminary results on the control of the bias and variance of random vari-
ables of interest, which will be used in the main proof of Theorem 1. Namely, Proposition 8 controls
the random field Hj 1, Proposition 10 controls the local increments Ay, ; and Proposition 11
controls the memory term Vj ;.

7.3.1 Results on the memory terms V.

Proposition 7 shows that, even if the central server only receives the variation ot Ves1,s — Vi)
from each local worker #i, it is able to compute 1~ >oi i Viet1,: as soon as the quantity V; is
correctly initialized.

Proposition 7. For any k € [kuax|, we have
k — n — k,i -

Proof. The proof is by induction on k. When k£ = 0, the property holds true by Line 1 in algorithm 3.
Assume that the property holds for £ < k;, — 2. Then by definition of Vj1 and by the induction
assumption:

n

IR 1
Virr = Vi o > Quant(Ays1,) = - > (Vii + aQuant(Ag1 ;)

i=1 i=1
n
1
=- E Viet,i -
n
=1

This concludes the induction. O

7.3.2 Results on the random field Hy ;.

We compute in Proposition 8 the conditional expectation of Hy; with respect to the appropriate
filtration Fj, defined in Section 7.2, as well as an upper bound on its variance. These results are
combined in an upper bound on the conditional expectation of the square norm || Hy,1]|? in Corol-
lary 9.

Proposition 8 shows that the stochastic field Hy1 is a (conditionally) unbiased estimator of h(S,).
In the case of no compression (i.e. w = 0), the conditional variance of Hy; is o? /n where o2 is
the mean variance of the approximations Sy 1 ; over the n workers (see A7); when sup, 02 < oo,
the variance is inversely proportional to the number of workers n.
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Proposition 8. Assume A6 and A7 and set o* def -1 Z?zl o2. Forany k >0,

E [Hjp1|Fi] = h(Sk) , A7)
E [[|Hie — E [Hia | Fi] |12 7] < 2 lzn:E [ Akgil1%] ] L s
“ni\n — ’ n

Proof. Let k > 0. A6 guarantees

Z Quant(Agi14)

=1

fk+1/2,i] = ZE [Quant(Aji1,i) | Frs1/2,4 ]

=1

= {Skt1i — Vii — Sk} - (19)
=1

Note also that, by A7, E {skﬂ,i f,;fi} —5,0T(S5,), and that Vi, € Fy, and Fy, C Fyfy C Fiyr ),

(see Section 7.2). Combined with (19) and using that n~! Z?:l Vi.i = Vi (see Proposition 7), this
yields

E[Hk-&-l“Fk] =E l 12Quant Ak+1 z)

n

+ Vi = Zgi o T(Sk) — Sk = h(Sy) .
i=1

We now prove the second statement, and start by writing

~ 1 < 1 <& ~ ~
Hy1 —h(Sk) = i Z Quant(Apy1:) + Vi — - ZE‘ o T(Sk) + Sk

i=1 i=1

% Z {Quant(AkH’i) - E [Quant(Ak+17i)’]:k+1/2,i]}

1 < ~
+ > {Sk+1i —5i0T(Sp)}

=1

where we applied (19) to obtain the last equality. Using the fact that Sy 11 ; —S; © T(§k) € Frt1/2,i
and since, conditionally to F}, the workers are independent we have

~ 1 &
E [ Hier = bSO Fe] = = D E [IIQuant(Ars1) — E [Quant(Aer1,)|Fosiyai] 2|7 ]
i=1

+ 23 LB IS~ 5o TEIR|R]

i=1

The second terme in the RHS is upped bounded by n =102 (see A7). For the first term, using A6 and
since Apy1,i € Fit1/2,i- forany i € [n]* we have

E [|Quant(Ags1,:) — E [Quant (Api1,i) | Friy2,i ] 12| Frsiy2,i]
=E [||Quant(Api1,0)1*| Frr1y2,i ] — [ Argrill®
< 1+ W) [Akt1ill* = 1A ks1,ill* = wl| Apsrll®

which concludes the proof upon conditioning with respect to Fy. O

Corollary 9 (of Proposition 8).

2

E [||[Hisa 2] 7] < IINSK)2 + = (Z |Ak+1,z’|2\}"k}> + % :
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7.3.3 Results on the local increments A, ; ;.

We compute in Proposition 10 an upper bound on the second conditional moment of Ay; ;, with
respect to the appropriate filtration F}, (see Section 7.2).

Proposition 10. Assume A7. For any i € [n]* and k € [kmax — 1],

E [[|Ak 11l Fe] < [[Vii — hi(Sk)II? + o7 -

Proof. Leti € [n]* and k € [kmax — 1]. By A7, E [skm - §k‘}',:i} — h;(S,); in addition,
§k € Fr, Vi € ]:,j:i and F;, C ]-',j'l Hence, we get

E [kl ] =B [ISkeni = Vi — Sel?| 7
= I (S) = Viall? + B [ISk41i — S — ha(Se) %] 7
= ||hi(Sk) — Vial> + E {Hsk-i-l,i —5;0 T(é\k)HQ‘]:Ij_z]
A7 a 2 2
< [[hi(Sk) = Vill” + o7 (20)

The proof is concluded upon noting that Fj, C ]-',:fi, §;€ € Frand Vi ; € Fy. O

7.3.4 Results on the memory terms Vj, ;.

Our final preliminary result is to compute in Proposition 11 an upper bound to control the condi-
tional variance of the local memory terms V}, ; with respect to the appropriate filtration Fj, (see
Section 7.2).

Proposition 11. Assume A5, A6 and A7; set L? def -1 S L? and o* def -1 St o2 Forany
k >0, set

def 1 = 3\ 12
G =S Vi — (S0
a3 Vii = hi(S)l
Forany k € [kmax — 1] and o € (0, (1/(1 + w))], it holds that

2

@ L?w 2PN
1— -+ 27/3+1an) G + 2’7/%+1;||h(5k)||2

E [Grs1|Fr] < ( 5

L’1+w
2 2 = - = 2,
+ (a+’yk+1a " )a

Proof. We start by computing an upper bound for the local conditional expectations
E [HVkH,i - hi(§k+1)||2‘}"k}, i € [n]* and then derive the result of Proposition 11 by averag-
ing over the n local workers.

Let i € [n]*; from Lemma 6, we have for any s € R?

2 o~
|E [Visri — s|Fugry2i]]|” = 11 = @) (Vi — 8) + o (Spg1,s — Sk — )1
= (1—a)|[Vii — s|> + @[|Sks1i — Sk — sl — a1 — @) Ay 4]

On the other hand,

Vet = E [Vigri| Frt/2,i] H2 = o’ [|Quant(Aji1;) — E [Quant(Agy)| Frr1yz, ] ||

and by A6 (see the proof of Proposition 8 for the same computation)

2

E [||Vk+1,i —E [Vig1,i| Frg1/2:] H2‘-7:k+1/2,i] < oPwl|Agpl®
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Hence
2 2
E [[[Ves1,i — 81| Frs1y2i] <E [||Vk+1,i =5 —E [Vig1i — 8| Frt1/24] | ‘fk+1/2,i:|
2
FE[ B [Viers = sl Fiersaa] || P s
< (1= 0) [Vii = s + al|Sksri — Sk — s|* + (a1 +w) = 1) [|April® . 2D)

For any 3 > 0, using that [la + b||? < (1 + 8?)|lal|®> + (1 + 872)||b||, we have

E [||Vk+1,i - hi(5k+1)||2‘]:k}

< (U 57 [ Vs — hiBOIP|F] + (14 BDE [ Ihi(Be) — b 7] 7 |

%5 (1+B7%)E {]E [||Vk+1,i - hi(s\k)||2’]:k+1/2,i}

@0

2145 ((1 ~ o) Vs — (B0l

Fi] + (14 B3 L Bl i |21

+ aB[[|Skr1,i — Sk — hi(S)1P1F] + a (a(l +w) — 1) E [[| Akl Fr] >

+ (1 + 52)L?713+1]E [||Hk+1||2|~7:k] ;
where we have used (21) with s = hi(§k) € Fi C Frt1/2,i- Choose 3 > 0 such that

52 def [ 5-q fa< 2/3
N 1 ifa>2/3

which implies that (1 + 372)(1 — a) < 1 — a/2; note also that 1 < 1 + 372 < 2. By Corollary 9,
we have (remember that a(1 +w) — 1 < 0)

E [Ves1 = hi(Sisn) 2|7 ] < (1= 5) Ve = hi(S0)IP?

+20E [ [Sk11.0 — 50 TSI Fe | + (a1 +w) = DE [[|Aps1,0l%) Fe]

W o ~ o2
#2020 (4 B (IwendlPA] + GO+ %)
1=1

Since a(1 + w) — 1 < 0, using A7 and finally Proposition 10, we get:

E ||vk+1,z-—hi<§k+1>|\2|fk}s(1——) 1Vii = hi(Se) 2 + 2007

[
v E Znh (8k) = Vil + 20211 L IS

L? 1+w
+27k+177 2.

Overall, by averaging the previous inequality over all workers, we get:

« L?w L2 ~
Bl < (1- 5+ 220 52 ) Gt st IhGoI?

L%1
+w>02.

+2<04+’ch+1 "

O

7.4 Proof of Theorem 1

Equipped with the necessary results, we now provide the main proof of Theorem 1. We proceed
in three steps, as follows. First, for k& > 1, we compute an upper bound on the average decrement
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E {W(@CH) ’]-'k} - W(gk) of the Lyapunov function W (defined in A4). Second, we introduce

the maximal value of the learning rate. Third and finally, we deduce the result of Theorem 1 by
computing the expectation w.r.t. a randomly chosen termination time K in [kmyax — 1]; in this step,
we restrict the computations to the case the step sizes are constant (541 = y for any & > 0).

Step 1: Upper bound on the decrement. Let &k > 0; from A4, we have
a g a1y a a Ly & 3 12
W(Si1) < WS + (VW(S0), St = Si) + X1 S - Sl
~ —~ ~ L .
< W(Sk) — Va1 <B(Sk) h(Sk)7Hk+1> + 7W7;§+1||Hk+1||2 - (22)
Since §k € Fyi, by Proposition 8 and A4 we have
3 3 _ 3 3 3 a2
E [(BS) NSk, Hisn )| | = (BB (S, h(E0) = omanl NSO 23)
Hence, combining (22) and (23), we have
Ly,
E [W(Ski1)|Fe] £ W) = mes1vminlhGOI + 9200 SEE [|| i |2 7]

Ly
< W(Sk) = Vet 10minl [N (S)|” + 1 - 5 B [ Hkt1 = E[Hk+1\fk]|\2\fd+7k+1 5 W [h(S)|?

~ Ls; ~ Ls;
< W(Sk) = Vk+1Vmin (1 = Vk+1 UW ) [Ih(Sk)|I? +713+17WE [[[Hisr — E [Hegr|F] 1P| Fe] -

2 min

Applying Proposition 8, we obtain that

. . Ly,
E [WEin) |7 ] < WD - srvmn (1150 ) ISP
Lyw [ 1 Ly
2 W 2 2 W 2
T Vir1 2 n <n2E[||Ak+1,i|| |-7:k}> +7k+1%0 .24

Finally, using Proposition 10 and (24), we get:

BW (St )73 £ WG — wsaton (1= 70415, )n GALE

L L
+ Vi1 9 nGk+ k17, W (14 w)o? (25)

where

ef1
P S levm (Sl

Step 2: Maximal learning rate +;,,; when w # 0. From Proposition 11, for any non-increasing
positive sequence {7k, k € [kmax — 1]} such that

OZQ’IL

7k+1 = 8L2
and for any positive sequence {Cj, k € [kmax — 1]}, it holds

Cit1E [Gry1|Fi] < Crpa (1 - E) Gk

L’1+w
+ Ck:+1%<:+1 LQHh(Sk)”Q + 2Ck41 <a+7k+1 o > a?. (26)
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Combining equations (25) and (26), we thus have
E[W (Sk+1)|Fr] + Cop1E[Grg1|Fr] < W(Sk) + CrGi
Ly; Ch 2
e T N AT

~ Yk+1Vmin (1 — Vk+1 - R

2Umin Umin

L
+ (’Yk+1 9 E —Cr + Cry1 — Cry1~ ) Gy,

1+ Ly L?
+ {204Ck+1 +’Y;%+1(niw) ( 9 +2Ck+1>}02 .

We choose the sequence {C}, } as follows:

def o 2L, w
O = n—"—
a n
the sequence satisfies Cir1 < Cj (since Vg1 < %) and 7%+1wa/(2n) < Cigi1a/4. By
convention, Yo € [y1, +00). Therefore

2Ly, 2L w
E[W (Skt1)[Fi] + 7241 —X 5 E[Grr1lFi] < W(Sk) + W

— G 27)

zmm{”%ﬂ 2})llh(§k)|l2 (28)

w (1+w) w
442 L, —<1 14+~2,,8== 2. 2
+ 4V Wn{ + 30 ( +7k+18a2n)}0 (29)

Step 3: Computing the expectation. Let us apply the expectations, sum from £k = 0 to k =
kmax — 1, and divide by k.. This yields

b Hmax= Ly
= e (1—%+1

L
— Vk+1Vmin | 1 — Y&41

{14820 207} ) IO

kmax k=0 2 min
_ 2L w ~ 2Ly w
< ke { W(B0) + 9828 265 - B [WiE.)] - 2, 220 2 G0 1|
a n a n
1 et (1+w) o JL20\)
+ 4Ly nkmax > vttt o (8o

k=0
We now focus on the case when ;.1 = « for any k£ > 0. Denote by K a uniform random variable
on [kmax — 1], independent of the path { Sy, k € [ max) }- Since 72 < a?n/(8L%w), we have

1+ 87 L2 <2.
This yields

Ly, 3. 12
oy (1-9225 ) 8 (ISl
~ 2 2L\, ~ 2 Ls;
< ke { W(B0) + 2220 26, - B [WiE,..)] - 20 28 6.1}

Py {1 L } =y (30)
Note that 4(1 + (1 + w)/(4w)) = (5w + 1) /w.

Step 4. Conclusion (when w # 0). By choosing V; ; = h; for any i € [n]*, we have Gy = 0. The
roots of v = (1 — 7 Lyi; /Umin) are 0 and vpin /Ly, and its maximum is reached at vpin /(2L ):
this function is increasing on (0, Umin /(2L )]. We therefore choose v € (0, Ymax ()] where

det . [ Vmin @ /N
max\®) = 1IN 5 B
(@) <2Lw WAL Ve )
Finally, since o € (0,1/(1 + w)], we choose ov = 1/(1 + w). This yields

def . ( Umin 1 \/ﬁ >
Ymax = min ; .
2Ly, 2v/2L Vw(1 +w)
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Case w = 0. From (25), applying the expectation we have

- (1 _ngnvlvn) E[IhE01] < B [WE] —E [W(Eki)] + 580 25

We now sum from k = 0 to k = kyax — 1 and then divide by kyax. In the case y;4+1 = 7y, we have
Lyw 3|2 —1 g : 2 Lyyo?
Yomin (1= 75, ) E [Ih(Si0)I?] < ik (B |W(S0)| —min W) +42282- . 31)

Umin

o

2v2L Vw

B

Remark on the maximal learning rate. The condition v;11 < is used twice in the

proof:

1. To ensure that (1 - wk“;W {1+ 87,§+1ﬁL2}) > (1 - 7k+1vL—W) in order to obtain
Equation (30).

2. To ensure that the process (Gy)>0 is “pseudo-contractive” (i.e., satisfies a recursion of the form
Up+1 < pug + vg, with p < 1) in Proposition 11.

A more detailed analysis can get rid of this condition (and thus the dependency v = O,, o0 (w™3/?),
as we recall that o o, o, w) for the first point. Indeed, we ultimately only require

Ly; w 1
1- W1 8 L2 ) > 32
( Tht1g, — Tt 5, Z 5 (32)
to conclude the proof. This is for example satisfied if 41 2£W < % and 87} 11 25—"" ﬁLQ < i.

This approach results in a better asymptotic dependency of the maximal learning rate w.r.t. w to
obtain Equation (32): 7 = O, _so0(w™t). However, the condition vj; < ﬁ% seems to be
necessary to obtain the second point and Proposition 11. The possibility of providing a similar result

to Proposition 11 without the w—3/2 dependency, is an interesting open problem.

7.5 Proof of Corollary 2

In (9), the RHS is of the form A/~ + B for some positive constants A, B: we have A/y +vB >
2v/ AB with equality reached with , def \/A/B. Hence, we set

~ 1/2
def 1 n (W(S()) — min W) 1
L R G ) N

If v, < Ymax, then let us apply (9) with v = ~, which yields a RHS given by 2,/A/B i.e.

(1 +5w))1/2 1
vkmax .

n

2% ((W(§0) - minW) Ly,

If ¥4 > Ymax, We write

A A ~2..B A A A2 A
+ B’ymax S + ’}/Inax — + ’}/IHQB‘X S 2 .
’Ym ax ’anax ’Ym ax A ’anax ’Ym ax ’y* ’Vm ax

and the RHS is upper bounded by

W(Sy) — min W

/7max kmax

2

Finally, in the LHS of (9), we have

]-_’yLiwzl_WmaxLW Umin LW_l

>1- =
Umin Umin 2LW Umin 2

This concludes the proof.
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8 Partial Participation case

In this section, we generalize the result of Theorem 1 to the partial participation case. This extra
scheme could be incorporated into the main proof, but we choose to present it separately to improve
the readability of the main proof in Section 7. We first provide an equivalent description of algo-
rithm 1 in Section 8.1; algorithm 4 will be used throughout this section. Then, we introduce a new
family of filtrations. In Section 8.3, we first establish preliminary results and then give the proof of
Theorem 3 in Section 8.4.

The assumptions Al to A3 hold throughout this section.
8.1 An equivalent algorithm

In this Section, we describe an equivalent algorithm, that outputs the same result as Algorithm 1,
and for which the analysis is conducted.

Algorithm 4: FedEM with partial participation

Data: ky.x € N*;fori € [n]*, Vo, € R §0 € RY; a positive sequence {Vi11,k € [kmax — 1]}
a>0;pe(0,1).

Result: The FedEM-PP sequence: {S, k € [kmax]}

Set Vo =n"1Y"" Vo

for k =0,...,knax — 1 do

fori=1,...,ndo

(worker #i);

Sample Sj11,;, an approximation of 5; o T(Sy) ;

Set Apyi1i =Skt1, — Viei — Sk s

Sample a Bernoulli r.v. By ; with success probability p ;

Set Viiy1,i = Vi + BkJrLiQuant(AkJrLi). ;

Send By, y1,;Quant(Ag41 ;) to the central server ;

(the central server) ;

Set Ijk-+1 = Yk- + (np) "' 300 Bit1,iQuant(Agiq ;)
Set Sip+1 = Sk + Vi1 His1 3

Set Viy1 = Vi + an™! ZZ‘L:I Bk+17iQuant(Ak+17i) ;
Send Sj,; 1 and T(S41) to the n workers

8.2 Notations

Let us introduce a new sequence of filtrations. For any i € [n]*, we set

]:()’7; = ]:Jz déf g (3\0; V()’i) and ]:0 déf \n/ ]:0}1‘ .
=1

Then, for all k > 0,

. def
(1) Frriysi =

.7:2:1- Vo (Sk+1,4)s

(i) Fri2/34 o Frt1/3: V o (Quant(Apy1,4)),
(i) Frpri < Fryoy3,i V0 (Brt1,i),

(i) Firr = Visy Frini

(v) ]'—;;:u o Fry1i V Frat.

Note that, with these notations, for k& > 0 and ¢ € [n]*, the random variables of the FedEM sequence
defined in algorithm 4 belong to the filtrations defined above as follows:
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() Sk € Fii;. Sk € Fu
(1) Sk+1,i5 Aky1,i € Fryi/3,is
(i) Vg1, € Fryis
() Skt Hisr, Vir € Frsr.
Note also that we have the following inclusions for filtrations: Fj, C ]-",j:i C Frg1/3,i C Fryzy3: C

]:kJrl,i C ]:k+1 for all i € [n]*

8.3 Preliminary results

In this section, we extend Proposition 7, Proposition 8 (that controls the random field Hy,) and
Proposition 11 (that controls the memory term V} ;). We start by verifying the simple following
proposition, that ensures that the global variable V}, corresponds to the mean of the local control
variables (Vi )ic[n]-

Proposition 12. For any k € [kmax),
k — n s k,i -

Proof. By definition of Vj, the property holds true when & = 0. Assume this holds true for k& €
[kmax — 1]. We write

n
(0%
Vier = Vi + 5" Bryas Quant(Apy s
k1 k+nz k+1,i Quant(Ag1,:)

i=1
P ACEED AL
= E : k.1 ; : k41,2 k,i
=1 =1
1 n
== Vi
et
This concludes the induction. O

We now prove that the unbiased character of Hj, is preserved, and we provide a new control on
its second order moment. Proposition 13 is Proposition 8 with w replaced with w,. When p = 1,
Proposition 13 and Proposition 8 are the same.

Proposition 13. Assume A6, A7 and A8. Set o> EC St o2 Foranyk € [kmax — 1], we have

E [Hy+1|Fi] = h(Sk) .

and
E [ Hiss — E [ 7 P17 < 222 SO [JAual?A] + 2
nn i1 n
where )
W dépr(Hw)ﬂu. 33)

Proof. Letk € [kmax — 1]. By definition, we have

1 n
Hpp1 =V + . ZBk+1,iQuant(Ak+l,1i)

i=1

where the Bernoulli random variables {Bj11 4,4 € [n]*} are independent with the same success
probability p. By definition of the filtrations, we have By 1; € Fry1,i, Quant(Agy1:) € Fria/s.is
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Vi € Fiand Agy1; € Fiqa/3,4 and the inclusions Fi, C Fryi/3i C Frgo/zi C Frrt
Therefore,

1 n
E [Hy1|Fr] = Vi + 7Tp Z]E [E [ Bt1,i| Frgaysi ] Quant(Apy1:)|Fi ]

1 n
=Vt — Z]E [Quant(Ap41,0) [ Fryrysi] | Fa] = Vi + -~ > B [Agi1ilFi
i=1

=Vi+ %Z (E [Shs1ilFr] — Sk — sz)

i=1
th ) =h(Sk) .

where we used E [Bkﬂ,i | Fitass.i| = p (see A8), A6, A7 and Proposition 12. This concludes the
proof of the first statement of Proposition 13. For the second point, we write

Hpiq1—h Sk: Z»—fk+1 i

def +
Ektli = Skt1,i — E [Sk+1,i ]:;m}

+ Quant(AkH,i) —E [Quant(Ak+1,i)|]:k+1/37i}

1
+ » (Bri1.i — E [ Brs1,i| Frgoysi]) Quant(Aggr i) ;

note indeed that hl(g}c) = E [SkJrlZ } — Sk, [Quant(Ak+1’i)|}'k+1/3,i] = Ak+1,i’

Apiri = Vi + Seeri — S Vi = n_lzizl Vii and p = E [Bry1,i|Friays,]. Write
Hi1 —h(Sk) = % > Ek+1,i- Since the workers are independent, we have

E [1Hir —h(SIP|7e] = 5 DB [[ZkenlP1] -

Fix i € [n]*. Egt1,; is the sum of three terms 23:1 Ek+1,:,¢ and observe that for any ¢ # ¢ we
have

E [(Zk+1,,65 Er1,i,0)[Fr] = 0.
Therefore E [ [|Zg41,]1| Fr ] = 23:1 E [[|Zk+1,i,¢/[*| Fr ]. We have by A7

E [||Sk+1,i —-E [Sk+1,i }‘ZZ} ”2‘]_—4 < JZ_Q ;

by A6,
E [||Quant(Ak+1,i) —E [Quant(AkH,i)‘ka/g’i] ||2|]:k] S wE [“Ak+171”2’fk] N
and by A6 and A8

1
E |:pz (Bk+1,i - E [Bk+1,i’fk+2/37j])2 ||Quant(Ak+17i)||2‘}'k]

1 —
TPE [ Quant (Ag41,:)]?] Fi ]

IN

1 _
< Tp(l +W)E [ Agr1a

2| Fe] -
This concludes the proof. O

def

Proposition 14. Assume A7 and set 02 = n=1 Y1 | 02 Forany k € [kmax — 1],

*Z]E A1l | Fi] < ZHVIM Sk I+ 02

i=1
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The proof is on the same lines as the proof of Proposition 10 and is omitted.

Proposition 15 extends Proposition 11: the result is similar but with « replaced with ap and w by
Wp.

Proposition 15. Assume AS, A6, A7 and A8; set L* < n=' " | L2 and 0 < n=1 " o2
Choose o € (0,1/(1 4+ w)]. For any k > 0, define

def 1 - ral 2
G 2 ST Vi — (S
K n;ﬂ Vi, (Sk)ll

We have, for any k € [kmax — 1]

ap L? w L
E(GunlFil < (1= % + 2o %) Gt 1y = I P

L?w
2| o A 2
+ (p+’yk+1apn>a ,

where wy, is defined in Proposition 13.

Proof. Leti € [n]*. We follow the same line of the proof as Proposition 11: for any S > 0, using
that [la + b2 < (1+ ) al|? + (1 + 5-2) [b]|%, we have

E [Hvk-i-l,i —hi (S0 ’]:k}

<(1+B7E [||Vk+1,i - hi(gk)HQ‘fk} +(1+5%)E [||hz‘(§k) - hi(§k+1)\\2‘}'k}

%5 (1+B72E [||Vk+1,i —hy(Si)]? ‘}—k} (1 + B LY B [ Hisa 1P| Fe] -
We then provide a control for E {||Vk+1,i — hi(Sk)H ‘]—'k] Recall that:

Vit1,i = Viyi + a By iQuant(Ag ;).
We write f(Byy1,i) = f(1)1p,,,,=1+ f(0)1p,,, ,—o for any measurable positive function f; and
Frt2/3,:] = p (see A8), Quant(Ap11,:), Sk, Viyi € Frgass,i - We get

E {1 Viera. = he(Se) |17

= B [[IVii = hi(S) — aQuant(Aps1,) [ Fe ] + (1 = p) Vi — hi( o)

D p(1 - ) [Vii — bGP + apE [ Sk — S — hi(Bo)IP |7

+ap (@l +w) = DE [[Beal?[F] + (1= p) Ve = hi(S0)l1?

= (1= ap) [ Ves — hi(S0)*

+apE [ [Sk11.: = Sk~ hi(SoI%|Fe | +ap (a1 +w) = DE [ Ap,il? Fe] -

then use E []lBk+1,i

The end of the proof is identical to the proof of Proposition 11: we choose 3, > 0 such that 3, 2=

ifap > 2/3 and ﬁgQ = 2(1 ap) if ap < 2/3. We have

_ « _
L-ap)(1+8,7)<1-7, QU+ <, 1<1+5,°<2;
and this yields
E [ IVirri = hiSern) 2|7 | < (1= ) IVii = hi(S) |12
+204PE [||Sk+1,z‘ —50 T(Sp)|? ‘-Fk} + ap (a1 +w) = 1) E [ | App1,ill*| Fr ]

LQ%HE [||Hk+1H |]:k] .
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By definition of the conditional expectation and Proposition 13 we have
E [|Hes1?[Fx] = IIE [His1|Fa] I +E [ Hogr — E [Higa| F] 177 ]
— [h(Si) 1> + E [ I Hes1 — h(Si) 2|7 ] -

Since (a(1 +w) — 1) < 0, using A7 and Proposition 13 again, we get:

ap 2, 2,090 1 2 1 ¢ 2
E [Gk+1‘]:k]§ (1 — 7) Gy + 2apo” + OTpL ’7k+1g (0' “V‘Wpﬁ ;E “|Ak+1,iH ‘]:k} .
Finally, from Proposition 14,

n

1
- ZE [ Aks1,l?| Fr] < Gr + 07 .

i=1

This concludes the proof.

8.4 Proof of Theorem 3

Throughout this proof, set
of 1 —
Wp d:f Tp(1+w) +w

Step 1: Upper bound on the decrement. Let k£ > 0. Following the same lines as in the proof of
Theorem 1, we have

E [W(§k+1) ’fk}

~ L
< W(Sk) = Vk+1Umin <1 ~er15

min

. ~ L;
) G0 IP + 9 B [ — E [l AP )

L ()

L L
Yo 5 nGk+“/k+12 (1+wp)o®, (34)

Applying Proposition 13 and Proposition 14, we obtain that

E [W(gkﬂ)‘]:k] < W(Sk) = Vit 1Vimin (1 Vht175

where

def 1 a2
SN Vi — by .
G - |Vi,i — hi(Sk)||

i=1

Step 2: Maximal learning rate v;; when w # 0. From Proposition 11, for any non-increasing
positive sequence {7i, k € [kmax — 1]} such that

Ofp n
,yk+1 — 8L2 T

and for any positive sequence {Cl;, k € [kmax — 1]}, it holds

Ci+1E [Grt1]Fr] < Crta (1 - *) Gy

L1 +w
—|—Ck+1’yk+1 L2||h(5k)H2+20k+1 (ap+7k+1 Py P>g2, (35)
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Combining equations (34) and (35), we thus have

E[W (Sk41)|Fi] + CrtiE [Gria]Fi] < W(Sk) + CrGy

Ly Crtr 2 o a2
— L~ | ||h(S
i L ) (S|

— Yk+1VUmin (1 — Vk+1

2(Urnin Umin

Ly, w
+ <’VI%+12VVTZ)_C/€+CIC+1 Ck+1 )Gk

1+w Ly; L?
+ {2ap0k+1 + 7£+1(Tp) ( 2W +2Ck 41 p) } o?.

We choose the sequence {C}; } as follows:

def o2L w
Cr = jp—2 =L
ap n
the sequence satisfies C11 < Cf (since Yxr1 < ~y) and 7£+1wap/(2n) < Cgy1ap/4. By
convention, Yo € [y1, +00). Therefore

2L 2L w
E[W (Sk41)|Fe] + 15— op n E[Grt1|Fi] < W(Sp) + 17— 22,

ap n
vam(l S { P L}) YA
2 Wp ( L2 Wp 2

+4’Yk+1Lv‘vn{ ( ’Yk+18Tp2n o

Step 3: Computing the expectation. Let us apply the expectations, sum from £k = 0 to k =
kmax — 1, and divide by k.. This yields

Vs kmax -1 L
min 1 _
k § Vk+1 ( Vk+1 %

min
=0

{1+skﬂ “ L?}) Ih(Si) 2

_ 9 2Ly, ~ 2L, w
< b {WB0) + 23225226 - B [ Wi, .0)] - o, 25 2B (G,
k 1
wp 1% (1 +wp) 2 L’ Wp 2
+4LW?kmax ’;) ’}/kJrl {1+8CU 1+,yk+18()427])21 g~ .

We now focus on the case when 741 = 7 for any k£ > 0. Denote by K a uniform random variable
on [kmax — 1], independent of the path { Sk, k € [kmax]}. Since 72 < a?p?n/(8L3w,), we have

1+ 842 P L?<2.
a?p’n

This yields
Ls; ~
sy (=925 ) B [0S0 1]
~ 2L w ~ 2L, w
< b { WG + 92200 226 — B [WiE)] - 2208 2 60 )

w 14w
+4LW;”72 {1 + (L+wp) 4%”)}02 .

Note that 4(1 + (1 + wp)/(dwp)) = (bwp + 1) /w,.

Step 4. Conclusion (when w # 0) By choosing V) ; = h; for any i € [n]*, we have Gy = 0. The
roots of ¥ = (1 — 7 Lyi;/Umin) are 0 and vpin /Ly, and its maximum is reached at vmin /(2L ):
this function is increasing on (0, Umin/ (2L, )]. We therefore choose v € (0, Ymax (v)] where

det . [ Vmin  ap /N
max (&) = INin 7
(@) <2Lw 2L \ﬁwp)
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Finally, since @ € (0,1/(1 4+ w)], we choose « = 1/(1 4 w). This yields

def . ( Umin p \/ﬁ )
Ymax = I ; .
2Ly, 2v/2L \f@p(1 + w)

9 Convergence Analysis of VR-FedEM

The assumptions Al to A3 hold throughout this section. We will use the notations
m n
BN ey @
j=1 i=1

where L;; is defined in A9, and

n

) S s 0T —s R S i)

i=1

9.1 Notations and elementary result

Let us define the following filtrations: for any ¢ € [n]* and t € [kout]*, k& € [kmax — 1], set

n
Fi04 = ]:ffo,i s (Sinit; V1,0,z') , Fi,0 o \/ F1,0, 5
i=1
def + def
Firv1/2i = Frpi Vo (Brkti) Fikrti = Fepr1/2: Vo (Quant(Agpy1i))
n
Fikr1 o \/ Fikt1,i s ]'—:HM o Firt -
i=1

With these notations, for ¢ € [kout]*, k € [kmax — 1] and i € [n]*, St pi1 € Ffy s Stokt1i €

Fikr1/2,000 k11,6 € Frkr1/2,0 Vet € Frhrtir Stkr1r € Frrer1 Hygr1 € Fipyr, and
Vik+1 € Frps1-

9.2 Preliminary results
9.2.1 Results on the minibatch B, .

The proof of the following proposition is given in [10, Lemma 4]. It establishes the bias and the
variance of the sum along the random set of indices B; ;1 conditionally to the past.

Proposition 16. Let B be a minibatch of size b, sampled at random (with or without replacement)
Sfrom [m]*. It holds for any i € [n|* and s € RY,

1—_ 1 o~
Bp 25T = 5 s T

JjEB

and for any s, s’ € RY,

E H% S {510 T(s) =) — (555 0 (') — )}

JjEB
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9.2.2 Results on the statistics S; j, ;

Proposition 17 shows that for k > 1, S; .41, is a biased approximation of m ! E;” 180 T(St k)

and this bias is canceled at the beginning of each outer loop since Sy 1,; = m™! Zj:1 5,50 T(St70).
Corollary 18 establishes an upper bound for the conditional variance and the mean squared error of
Stkt1,i-
Let us comment the definition of S; y4+1,;. For any ¢ € [kow|*, k € [kin — 1] and ¢ € [n]*,

1 _ ~ def 1 _ 5
Stht1,i= b Z SijoT(Seke)+Yekt1is YTekt1i = Stk % Z SijoT(Str—1) -

JEBt kt1,i JEBt kt1,i

It is easily seen that

1 _ ~ 1 B ~
Yipv1s = Lopi+ b Z Sij o T(Stk—1) — b Z Sij o T(Stk-1)
JEB ki JEBt k+1,i

and since Y¢ 1 ; =S¢, —b™? ZjeBt L. Sij © T(§t7_1), we have by using Proposition 17,

k

1 .
T ki Z Z sij 0 T(Sei—1) — b > s oT(Sie)
£=1 JGBt £, JEBL e41,i
1 m
EZ St _1 Z SwOT St _1)

]EBt 1,i
We have E [Ty 1, ;|F:,0] = O but conditionally to the past f;,rkq,z" the variable Y, , ; is not centered.
Proposition 17. Forany t € [kou|* and i € [n]*,

1 o~ - 1 o -
Stii— o z;sij o T(St0) = St0,i — - Zsij oT(S;,-1)=0
o —

For any t € [kout]*, k € [kin — 1] and i € [n]*, we have

tkl:|_ Zsu Stk —Stk:z_ ZSU Stk 1)

E [St7k+l i

Proof. Lett € [koys]* and ¢ € [n]*. We have by definition of S; 1 ; and S; o ;

m

St =St0i+b! Z (gij 0 T(Sk0) —5ij © T(gt,—l)) =St0: = Zsu

JEB 1,

where we used that Sy g = S; 1.

Let k € [ki, — 1]. By definition of S; ;41 ;, we have

Stht1,i— Sti=b"" Z (§ij o T(Six) — 550 T(§t,k—1)) .

JEBt k11,

Since §t,k, §t,k_1 € f;“k ,» we have by Proposition 16

E |67 3 (50 T(S) =5 0 TS | Fi

JEBt kt1,i
1 & = =
= > (gij 0 T(Sk) —Sij T(Smk—l))
and the proof follows. O
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Corollary 18 (of Proposition 17). Assume A9. For any t € [kow|*, k € [kin — 1] and i € [n]*,

L?
Ty el He el

E [1Stk+1,i — B[St k1,6 Fensi] H2’ft,k] < b

m k
1O ~
B IStw+1i = — Y s o TS| Fro | < Z e[|

j=1 =1

?|Feo] -

By convention, Hy o = 0 and 22:1 ag = 0.

Proof. Note that §t7k, §t,k,1 € Fi k. By Proposition 17, we have

E [IISese+1i = E [Seserni| Fi ] 17 Fek ]

H% Z (gij ° T(S\t”“) — Sij OT(‘/S\U“ ! ) 7% i (SZJ © T(Sz k) —Sij O T(St k—1 ) H

JEBt k41, j=1

Fik

By Proposition 16, it holds
2 L & & o _ L7 2
E [ISek41i = BSeksval Fonad IP1Fen] < 2180k = Sep—all® = T-renl Hesl® 5

with the convention that H; o = 0 since §t,o = §t’,1. The proof of the first statement is concluded.

For the second statement, by definition of the conditional expectation and since §t7 k€ Frr C .7:t+ ki
it holds

E ||stk+“——zsm TS| Fon | =E [IStrs1i —E [Stsn,

Fita] 12 Fee]

+E ||E [St,kJrl,i

1 o N
]:tJ,rk,i] - Zsij o T(Sew)lI? | Fek
Jj=1
By Proposition 17,

. 1 & —~
E | St it1, = ||St,k,i — o Zgij o T(Stk-1)

tkz] ZSUOTka

Hence, by using S¢1; — m ™! Z;" 15ij © T(St o) = 0 (see Proposition 17), we have

1 m - R 2
E Hst,k+1,i - Z;sij o T(St,k)H Fio
j:

L2
Fl%%;cﬂf [I[He i l?|Feo] +E Hst,k,i— ZS” Stk 1 H Ft.0

IN

L2
ZmE 1 el?| Fo] -

(=1

I /\

9.23 Resultson A; ;4 ;

Proposition 19 provides an upper bound for the mean value of the conditional variance of A j11,.
and for its Ly-moment. Proposition 20 prepares the control of the varianc of the random field Hy j, 1
upon noting that

1 n
Hygy1 —E[Hy 1| Fer] = - Z (Quant(Ay ky14) — E[Apkt14 Fer]) -
=1
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Proposition 19. Assume A9. For any t € [kou|* and k € [kin, — 1],
1 n
- ;E [HAt,k+1,i||2|}—t,o]

k n
%Z R [l Fio] + 2 SE [Ie(Bs) — Vil o ]
/=1 i=1

In addition,

n

1
—> E[|Avk1i —E
n

i=1

L2
#] € R Hoe?

Proof. Leti € [n]*, t € [kout)* and k € [k — 1]. We write
At kt1,i = Stht1,i — — Z Sij o St k) +h; (St k) — Viki -

WhEn k = 0, we have S;1; — = S8 o T(St,o) = 0 (see Proposition 17) so that A, 1; =
h;(St,0) — Vi 0, For k > 1, we write

J R ~
E [[1Ak+1ill?[Fro] < 2E | [Sts1i — p > sij 0 T(Sea)l? | Fro

j=1
+2E [ Ih:(Se) = Veoral®| Feo

and the proof of the first statement is concluded by Corollary 18.

By definition of A ;1 ;, it holds

A¢ gy — E[A¢ g1, Fee] = Sept1, — B[St k1| Fror) - 37
The proof is concluded by (37) and Corollary 18. O

Proposition 20. Assume A6 and A9. For any t € [kout]* and k € [kin — 1],

1¢ N | , W y
- 2Z;]E [1Quant (A¢ k11,i) — E [A¢psril Fer] 17| Fro] < - ;]E (1A et 1l% [ Feo]

o] -

L2
+ TVE,ICE [

Proof. Leti € [n]*, t € [kous|* and k € [kin — 1]. We write
Quant(A; k1+1,i)—E [A¢ k1.4 Fre] = Quant(Ay 1) — A k1,0 k1, —E [ D¢ 14| Fe k]
and use the property

E [[|Quant(As ki1,:) — E[Ag ki1,

o] =E [|Quant(Ay 1) — Apprrill*[Fro]
+E [[|At k41, — B [Apesril For] 1P| Fro] -
By A6 and F; j C Fi g41/2,i» We have
E [[|Quant(A¢ ky1,i) — Appgrill*| Fro]
=E [E [|Quant(As kt1,6) — Avps1il*[Frntyz: ][ Fro] < wE [[[A k41l Fro]
in addition, by Proposition 19,
n1 Z]E (N1AGkt1, — E [A i Fer] II° | Fro] < B PkE [ Hexl? | Fol -

This concludes the proof. O
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9.2.4 Results on the memory terms V; ;.11 ;

Lemma 21 proves that the memory term V; ;1 computed by the central server is the mean value
of the local V; 41, computed by each worker #+¢. Proposition 22 establishes a contraction-like
inequality on the mean quantity n=> 37 [|Vi ji1.s — hi(Six+1)]|? thus providing the intuition
that V; j41,; approximates hi(§t7k+1).

Lemma 21. Foranyt € [kou|* and k € [kin — 1],

1 — 1 —

Vik+1 = — E Vi k41,6 » Vio=— E Vio,i -
et et
1= =

Proof. The proof is by induction on ¢ and k. Consider the case ¢t = 1. When k& = 0, the property
holds true by Line 1 in algorithm 2. Assume that the property holds for £k < k;, — 2. Then by
definition of V7 41 and by the induction assumption:

n

1 — 1
Vigr1 =Vip+ o Z Quant(Aq g41,:) = - Z (V1,k,i + aQuant(Aq py1,4))

=1 =1

1 n
= Z Vi1, -
=1

By Lines 18 and 21 in algorithm 2 and by the induction on %k, we obtain

n

1 1 —

Voo = Vi, = = E Vi ki = — E V2,0, -
n n “ 1
P

i=1
Assume that for ¢t € [kou, — 1]* we have V; o = n~1 > Vio,. Asinthe case t = 1, we prove by

induction on k that for any k € [k, — 1], V; g1 = n= 1 > Vi kt1,i (details are omitted). This
implies, by using Lines 18 and 21 of algorithm 2, that

1o 1o

Vie10 = Vikw = = > Vikwi =— Y Vit1.0, -
n < 1 n < 1
i= =

This concludes the induction. O]
Proposition 22. Assume A6 and A9. Let o € (O, 1+ w)’l]. Foranyt € [kow|*, k € [kin — 1] and
i € [n]*, it holds

E [Vigtri| Frpr1y2:] = (1 —a) Vigi +a (St,k-i-l,i - gt,k) ;
Define for t € [kout|* and k € [kin]

det 1 5
Gt,k = ﬁ Z; HVt,k,i - hi(St,k)H2 :
We have

E[Girt1lFro]l < (1 —a/2)E Gyl Fio]

2 Ly
+ S L2 B [ Hepga |2 Fro] + 20D 22E [|1He el | Fo]
(=1

1 n
+a(a(l+w)—1) - ZE [||At,k+1,i\|2’ft70] .

i=1

Proof. Lett € [kout|*, k € [kin — 1] and i € [n]*. By definition of V; j41,i, At k+1,; and by A6, it
holds

E [Vigkrvi| Feps1/2.] = Vigi + oE [Quant(Ag gi1:) | Fe it /2, ]
=Vikita (St,k+1,i - §t,k - Vt,k,i) .
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This concludes the proof of the first statement. For the second statement, we write for any 5 > 0:
Vet = ha(Sea )P < (14 B2 ha(Ss1) = ha(Seso)IIP + (14 87 Vepsrs — ha(Sep) |

< 1+ B LA [ Heprr |2 + (1 + 87| Vigerri — hi(Sen)l?
(38)

where we used A9 and the definition of §t7k+1 in the last inequality. For any s € R?

E [|Vies1,i — SHZ‘]:t,IH»l/Q,i] =E [||[Vig+1,i — E [W,kﬂ,i‘ft,kﬂ/z,i] ||2’}—t,k+1/2,i}

+|E [Vigs1i — 8| Fepsrei ] 1P 39
On one hand,

IVekr1,i—E Vit 1,6 Frpr1/2.4] 17 = | Quant(Ay pi1,)—E [ Quant(Ay g1, Fopt/24] 1
and by A6,

E [[Vies1i — B [Vigari| Fepriyzi ] 1P| Fensryzi] < Pwl| Ay pgr il
On the other hand, for any s € RY, and using Lemma 6

IE [Vigs1,i — 8| Fenrryoi | 117 =111 — @) (Vg — 8) + a (Ser1,i — St — )|1°
= (1—a) [Vigi — sI® + allSeas1.i — St — slI* — (1 — a)[Veks — St + Sell?
= (1= a) [[Viki = sl* + allSepr1,i = St — s)1? = a(l — )| A psrll” - (41)

Let us combine (38) to (41), the last one being applied with s < hi(§t,k) = f:fk’i C Fikt1/2,
Since

(40)

~ ~ 1 & ~
1Stk41i — Stk = hi(Se)I” = St e, — o 2%‘ o T(Sen)l?
=

we write
E [ [Vierns = hiCBusn) 2| Fie ] < (14 B I3 0sB [ Hopra 2| o]

+ (14872 {02 [kl Fin] + (1= @) Vs — (i) 2

+aE | ||ISt.ket1,i — ZS” St || Fer | —a(l — )R [HAt,k+1,i||2|-7‘-t,k]

Choose 32 > 0 such that

_9 def 1 ifao>2/3
P75 a2y ifa<2/3

This implies that

2
Q+6)1-a)<1-3, 1+F£<=,  14872<2.

Hence,

E [WVewsri = hiSuns) 12| Fok | < (1= a/DlViks = halSes) I

L2 1S~ 1@
LQ’Yt o1 B [ Hepr1 |2 Fer ] + 20E | (ISt pr1,6 — m Zsij o T(St1)II*| Fi.x
j=1
+a(ow—14a)E [|| Akl ®[Fer]

(in the last equality, we use 1 + 372 > 1 since aw — 1 + « < 0). Finally, by using Corollary 18, we
have

E |:||V;f,k+1,i - hi(gt,k+1)||2‘ft,0:| <(1-a/2)E [HVt}m - hi<§t,k)||2‘Ft,0:|
k

L2
+ Lﬂt k1 E [ He g1 12| Fro] + 20 Z [[Hell?| Feo]
+Oé(0t(d* 1+04)E [”At,k—i-l,i” |-Ft70] .
The proof is concluded. O
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9.2.5 Results on the random field H; ;,;

Proposition 23 shows that the random field Hy ;41 is a biased approximation of the field h(§t7k),
and this bias is canceled at the beginning of each outer loop. Observe also that the bias exists even
when there is no compression: when w = 0 (so that Quant(u) = u) we have

E[Hyps1|Fin] —h(Sek) = Hip —h(Sin 1),

and the bias is again canceled at the beginning of each outer loop. Proposition 24 provides an upper
bound for the variance and the mean squared error of the random field H; ;. In the case of no
compression (w = 0) and of a single worker (n = 1) so that VR-FedEM is SPIDER-EM, Proposition 24
retrieves the variance and the mean squared error of the random field H; ;11 in SPIDER-EM (see [10,
Proposition 13]).

Proposition 23. Assume A6. For any t € [kous)*, E[Hy 2| Fio] — h(§t71) = E[H;1|Fio] —
h(S.0) = 0 and for any k € [k;, — 1]%,

E[H k1| Frr] — h(gt,k) H;p — h(St k—1) -t Z Quant(A¢ i) — Av ki)
=1

_12 [Stk+1,ilFen] — Z

Proof. Lett € [kout]*.
o By definition of H;; and A, ; ;, by A6 and by Lemma 21, we have

E[H 1| Feol =Vio+n! ZE [Quant(As13)|Fro] = Vio +n ' ZE [A¢1ilFo]

i=1 =1

=Vio+n~ 12( [St.14lFio] — §t,0—Vt,o,z‘>

=n! ZE [St.14lFio] — gt,O .

i=1
By Proposition 17 n =1 " | E[S;1,i|Fi0] — §t70 = h(§t,o).
o Consider the case &k = 1. We have by definition of H; »

n

~ 1 m
E[Ht,Q‘ft,l]_h(St,l):ﬁZ [StZz‘Ftl Z N

i=1
Proposition 17 concludes the proof.
e Let k> 2. Asin the case k = 0, we have

E[Hypi1|Frn] = Vi +n7" Y E[Quant(Apppri)| Fen] = Vik +17" > E[Appsril Frn

i=1 i=1

—Vtk+nlz< [St.k+1,ilFe ] — §t,k—Vt,k,i)

n

=n! ZE [Stkr1.il Ferl = S s

=1

so that

E[Htk+1|ftk]—h(stk—n—1z [StirrilFer] =m ™) si0T(Sin) | - 42)

i=1 j=1
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By Proposition 17, upon noting that F; ;, C }';rk ;and Sy g 4, §t,k,1 € Fi i, we have

nt ZE [St.rt1,ilFek] ZSUOT S, k) =n"" Z Siki—m 'Y §jo0 T(S\t,kfl)
i=1 j=1 i=1 j=1
(43)
On the other hand, observe that
Hip=Vig—1+n "' Z Quant (A i)
i=1
=Viro1 +17Y Stk = Serc1 —n7Y Vi 07D (Quant(Ay k) — Aggy)
i=1 i=1 i=1
=n! Z Stki— §t,k—1 +nt Z (Quant(Ay k) — Av ki)
i=1 i=1
where we used Lemma 21. This yields
Hyp — h(§t,k—1)
=n"! Z Stk — 25 St k—1) | +n7t Z (Quant(Ay k) — Ay ki) - (44)
i J=1 i=1
The proof is concluded by combining (42), (43) and (44). O
Proposition 24. Assume A6 and A9. For any t € [kout]*,
E ||[Hey —h(Se0)|?|Fro| < @l 3 Vioi — hi(Seo)ll? ]
n \n <
and for any k € ki, — 1]*,
~ wl e
E [ Hearr = h(Sn)lP|Fro | € 2= 3T (180 krnall?|Fro] + 5 Z% (B [|Hyel2|Feo]
i=1
R 2 k—1
E [IE [Hor | Fo] ~ (S| Fuo ] < DL [Heel| o]
Proof. e Case k = 1. From Proposition 23 and the definition of H; ;, we have
Ht71 — h(gt,O) = Ht71 — E [[Ht,1|ft,0] = TL_l Z (Quant(At,Li) - E [Quant(Atyl,i)U-'tyo])
i=1
= TL71 Z (Quant(At,M) — E [At,l,ilft,o]) ,
i=1

where we used E [Quant (A1 ’.7-} 1/2, Z] = Ay, and Fyg C Fy )2, in the last equality. In
addition, since St,O = St,, 1, we have (see Proposition 17)
St1i =S40 = hi(§t,0) + §t,0 .

Hence,
At =St1:— 50— Vi =hi(St0) — Vi -

Therefore, E [Ay 1| Fro] = Avp,i = hi(gt 0) —V4,0,i- Since the workers are independent, we write

E [HHt,l - h(§t,0)”2‘ft,():| = % zn: [HQuant (§t,0) - Vt,o,z') - (hi(gt,o) - Vt,o,i) ||2‘]:t,0} .
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By AG6, this yields

n

> " 1hi(Se0) = Vaoull? -

i=1

~ 1
E|[|Hy —h | Fo] <22
[I1Hex = h(Se0) 2| Fro | < =~

e Case k > 1. Lett € [kout)* and k € [k;, — 1]*. We write

E [”Ht,k-H - h(gt,k)”Q‘]:t,O} =E [||He k1 — E [Hy 1| Fer] 1P| Fro]
+E [ [HyprFok] = h(Sun)2|Fro | - @49)

Let us first consider the bias term. From Proposition 17, Proposition 23 and the definition of S; ;41 ;
(remember that S; , ;, St 1, and Sy 1 are in }';rk ; O Ft.k), it holds

| SEE R EIERI NN

m

—E anlij( E[Stps1,ilFie] - Z o TG 7o
=1

n m N 2
<E anl Z(St,k,i —m™! Zgij ° T(St,k—l))H Fio
im1 =1

By Proposition 17 again, the RHS is zero when & = 1; when k£ > 2, by Corollary 18 and the
independence of the workers, we have yields

. L2 k—1
E | IE [HepsaFor] = 0S| Fro | < 2502 E [I1Heel | Fro] - (46)
(=1

Let us now consider the variance term. We have from the definition of H; ;11 and A6

n

Hypv1 —E[Hepy1|Fe g Z Quant(A; p+1.4) — E[A¢kt1,i| Fre])
z:l

and here again, by the independence of the workers

E [I[He i1 — B[ He | For] 12 Fro]

1 n
< ) E[IQuant(Ar k1) —E[Avkiril Forl % Fro] - (47

i=1
The proof follows from (45) to (47) and Proposition 20. O]

9.3 Proof of Theorem 4

Theorem 4 is a corollary of the more general following proposition.
Proposition 25. Assume Al 10 3, A4, A6 and A9. Ser L* ' n~'m~'Y" S L2, Let
{gt’k,t € lkout|*, k € [kin — 1]} be given by algorithm 2 run with any o < 1/(1 4+ w), and
b > 1, with Vi, = hi(S1,0) for any i € [n]*. Let (1, K) be a uniform random variable on
[Fout]* X [kin — 1], independent of {Si k.t € [kout)*, k € [kin — 1]}. Then, it holds

vmin (1= YA E [ Hrsc 1] <97 k5 o (B [W(S10)| — minW)

where

/2
def Ly Umax L k;ina2 !
AW 4o 1+ 10 .
2Umin * fvmln \/>OZ ( + 8b ( + W)

The proof of Theorem 4 from Proposition 25 (which corresponds to particular choices of b, «, etc.
is detailed in Section 9.4).
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9.3.1 Control of H; g
Lett € [kout]* and k € [kin — 1]. By A4, we have
~ ~ ~ ~ ~ Lo~ ~
W(St k1) < W(Skk) + <V W(St.x), St k41 — St,k> + 7W||St,k+1 — Sex|?
Since §t,k+1 — §t,k = Y¢,k+1H¢ +1, we have using again A4

~ ~ ~ ~ L
W(Sti1) € WSea) =i (BSOS ok ) + 5 g [ Hea

We have the inequality, for any 8 > 0:

(Bl H) < — (BH.H) — (B(h— H),H) < — (BH,H) + [ + 51801 - 1)

B
572181
By A4 again, this inequality yields for any 3; 1 > O after applying the conditional expectation

E [W(Seks1)|Fro] SE[WE)|Fio] = rsrvmindniiE [ Hopn ]2 Fro)

L2 B [ Hop = hEun)lP| Fio | o @8)
6t,k+1

where )
Ly Birn
2’Umin 2’Umin

def
Aepr1 = 1=y pm

By (48) and Proposition 24, it holds

E [W(§t7k+1)|}—t,0} <E {W(S\t,kﬂft,o] — Vet 1Vmin A k1 E || Heor1 ¥ 0]
Vet k+1 2 ]

+ Vmax — T
2 max
26t,k+1 nb

Vektl o W1 - 2
+ ; Umax E ||At,/€+1,i|| ‘]:t,o . (49)
262 ki1 nn ; [ ]

Set N

def 1 =
G = - Z; |Viki — hi(Sea)l)?
From Proposition 19, we obtain
E [W(§t7k+1)|ft,0} <E { &) | Ft, 0] Ve kot 1Vmin At o1 B [|[ Hy o | Fe 0]
k
4 2% k1 Ur2nax 1+2w Z,y G [I1H 2| Feo) + TVt k+1 r2naX7]E [Ge k| Fro] - (50)
ﬁt k+1 =1 Bt,kJrl

Assume that k — v x11/6% 41 1s a non-increasing sequence and set

def 2w 2 Vt,k+1
Ct,k_i'_l = ’Umax P) . (51)
an 5t,k+1

From Proposition 22, since a € (0,1/(1 + w)], we have

Ci k1B [Ge 1| Fro] < (1—a/2)C 1 E |

2
225 CunrE [[Hor 2| 7o)

L2 k
20[Fct,k+1 Z ’YE,ZE [
(=1

o] - (52
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Upon noting that by definition of C ;41 we have (remember that C; 1,1 < Cy 1)

ok w
(1 - a/2)0t7k+1 - Ct kTt %; 1,2

max 0 )

ﬂt,k+l
this yields from (50) and (52)

[ (St k+1)|-7:t,0} + C k1B [Grpq1|Fro] <E [W(gt,k)\ft o} + Cy kB [Ge k| Fio]

2
(%,kﬂvmin/\t,kﬂ - aLQVikHCt,kH) E [|[Ht k111 Fr.0]
Vt,k+1 o L?
+ | 357 Vmax b<1+2w>+2a Crin ZWE 1 el | Fo] -
ﬁt k+1 n =

Let us restrict the computations to the case v, = 7, B¢, = B (which implies C; 441
we obtain

= ka =:C);

L 2 2 4 2
YVmin (1 73 wo_ P vmaXLZ d
Umin

20min 3% Um o2n ) E [||He s |?|Fro]
<E [W(gt,k”]:t,o} + CE [Gi k| Fro] —

[W(gt,k+1)|ft 0} — CE [Gt k41| Ft0]
3

k
Vo2 2
+ 35 Vg = (14 10w) ;]E | Hy || Fr 0] -
We now sum from k = 0 to k = k;,, — 1 and divide by k;y:
Ly; 2 2 4o? 1
YVUmin 1_’7 W _L_l ’UmaxLQL 7 ]
2Umin 2Umin 52 VUmin 0[27’1 ’

<k 'E [W(§t,o)|ft,0}

C
+ ka [GrolFt0]
~ KB [W(S,,)

Fio| = —E[Gun

C
kfin Fiol

3
+ 0

Kin
2
252 max b 1+1OUJ ZE |Ht,k|| ‘]:t,O] :
k=1
As a conclusion, we have

kin—1
L 1 in
min 1- - A F
7Y ( P)/Q'Umm 7 > kin

k=0

E [[[He k41l F2,0]

<k 'E [W(gt,oﬂft,o} + —E[Gtol|Fro]

— b E W (B kI Fio] c

kin
where

E [Gt,kin

ol -
Adéf ﬁ2 4U

w ¥ L? L7kin
I L2 mdx
2'Umin")/ + B Umin +

1+ 10w) .
2ﬁ2 Umin le ( * UJ)
Next, we sum from ¢ = 1 to ¢t = kgys, divide by kout

I Kout Kin
YVmin (1—’7 W ) ZZE [ Hys1]?]
2'Umin outkln

k=1k=1

< ik (B [W(S10)] —minW) + - ZE[Giol . (5)
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Finally, we apply the expectation, with (7, K') a uniform random variable on [kout]* X [kin — 1],
independent of {S; i, t € [kout|*, k € [kin — 1]}, upon noting that Gy i,, = Giy1,0 and Sy i,
St+170, this ylelds
L
min 1- B
v ( 72

min

7A>E (e

<k 1k0—ut< [ (§170)} —minW) L e TN CE

Impact of initialization. With V; ¢ ; = hi(§170) for any ¢ € [n]*, we have G1 9 = 0.

Choice of 3. The latter inequality is true for all parameter 32 > 0 (coming from Young’s inequal-
ity). We can thus optimize the value of 32 to minimize the value of A. We here discuss this choice.
First, to ensure that A is independent of ~, we introduce a, and set 32 = avy so that

a 141}2 xp2 W w L%k;,

A= max 1+ 10
2Umin @ Umin aZn | 2a vmm nb (14 10w)
a 402 L2 kina?
— _ max 1n 1 10 )
2Umin + a Upmin nQ? <w + 8b (1+ w)>

Next, we optimize the value of a.> Upon noting that a ++ Aa+ B/a (for A, B > 0) is lower bounded
by 2v/AB and its minimizer is a, def \/B/A, we choose

kina? 1/2
def 2V 20 a5 ——— T (w—|— = (14 10w)) .

8b
and obtain
v kina?® 1/2
_2 max 1mn 1 1 .
V2 -~ \m( + =55 (1 0w>> (55)

Combining Equation (55) and Equation (54), we obtain
Vmin (1 = YA E [[[Hrae|2) <7705 kot (B [W(S10)] —min W)

where

def ; ) kipa2 /2
AE + 221X 2 (141 56
ZUmm \fvmm Vnao <w + 8b (I+ Ow)) ’ (56)

which is the result of Proposition 25.

9.4 Proof of Theorem 4 (Equation (13)) from Proposition 25

We apply Proposition 25 with: b def [ in 1 and the largest possible learning rate o« = (1 + w)~

(1+ )?
this gives in Equation (56)

L A 1410w\ /2
A* _ W 2 max 1
2'Umln + fUnun f( +W) ( + 8 )

L max L 1 1
_ <1+4\f” (1—|—w)< + Ow) )
1
2°

1.

2vmln Ly f

Next, we choose -y to be the largest possible value to ensure (1 — yA,) >

1 min max L 1+10
%,kzvdifm =2 <1+4fv (1+w)( +w> )

For all ¢, k,

L Ly; f 8
This gives the first result of Theorem 4, namely Equation (13). We give the proof of the second
result, Equation (14) in the following subsection.

2Remark that this optimization step is crucial to optimize the dependency of A w.r.t. w: this ensures that
A o wd2,
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9.5 Proof of Theorem 4 (Equation (14)): control on h(§T, K)
We now establish (14) for v, = 7. Lett € [kout|* and k € [ki, — 1]. We have
Ih(Se)I? < 20E [He gt Feel 2 + 200(Ser) — E [He 1| Frnl 1 (57

Let us consider the first term in (57). By Jensen’s inequality and the tower property of conditional
expectations

E [IE [He 1| Fer] IP1Fe0] < EE [[|He g P Fer] [Fro] = E [ Hepral*|Fro] -
Let us now consider the second term in (57). By Proposition 23 and Proposition 24, we have
~ 2L? -
E[EH _h 2 ]< 7 b 41 E [||Hyel|?| Fro] whenk > 2
E [He g1 Fen] = WSt P Fro| <4 g 7 when & € {0,1} .
Therefore, we write

. L2 k—1
E Ih(Sei) 2] < 2B [ Hegsr|2] + 29 D [IHe]

We now sum from &k = 0 to k = ki, — 1, then from ¢t = 1 to t = koyt, and finally we divide by
kinkout. This yields

7.2 Eout kin—1k—1

EIh(S, >|\}<2E[||HTK+1M+2W L PIpIL]

t=1 k=2 (=1
2

k kout

out km

Z E [||Hek|l?]
t=1

k=1

< 2E [||Hy k11| sz

< 2E [||Hy, k41]1%] + 29 *T E [|Hr k+1]]

o L? ki
<2 (1 +7° b) E[[|Hrrs1]?] -

9.6  On the convergence of the V; ;. ;’s

In this subsection, we provide a complementary result, to support the assertion made in the text,
that the variable V; j, ; approximates hi(§t,;€). Recall that for ¢t € [kou|* and k € [kin], Gk def
& it Vek,i = hi(Se) |1 -

Proposition 26. When running algorithm 2 with a constant step size vy equal to

-1
e min max L 1 10 1/2
W(J:va(lezleva (1+w)< 4= w) ,

W Ly vn 8
with b % [(1{?:;)2] and a & 1/(w + 1), we have
kout kin

! ZZE[GMK# B[Gyo] + 16— (LE@LY (B [W(S10)] —minw) .

' kout kin kout Umin

In words, the Cesaro average outk Zt"“ SOk w1 E[Gy 1] decreases proportionally to the number

in

of iterations ki,kout. Consequently, the average squared distance between V 1 ; and hi(§t’k) (.e.,
G 1), converges to 0 in the sense of Cesaro.

Proof. From Proposition 22, we have that, t € [kous]* and k € [kiy), and any o < (w + 1)1
E[Gir1lFro]l < (1 —a/2)E [GrelFro]

2 2 &
+ ELQVf,Q,kHE ([ He 1P| Feo] + QQF ZV?,@E [ Hzel? [ Fro] -
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Equivalently:
af2E [Gyp|Fio] <E[Gii|Fro]l —E[Gers1|Fo]

2 j
+EL2’V i1 E [1Hees1 1P| Fro] + 20 FZ Ve E [ Heel?| Feo] -
—1

Summing from k = 0 to k = kin — 1, we get, with 77, = :

kin—1

a

3 Z E[Gi il Fro] SE[GrolFio] —E| 0]
k=0

ki -1 k
2 = L? Fin
oL 73 E [|He k2| Fro] + 20 ? > YE [ Hz.ell| Fro]
k=1 k=1 ¢=1
<E[Gt0‘]:t0]_ (Gt e | Ft,0]
Kin
+ L2 2ZE | He i l|? | Feo ] +204 Z [ He el Feo0]
k=1 k=1
]E[Gno‘fto]* [Gtkm ]:tO}

2 Ui\
+aL2’72< a >ZIE 1 H k]2 Fro] -

Summing from ¢t = 1 to ¢t = kqys, dividing by kot kin, and taking expectation we get:

kout kin—1

E[Gi ] <

t=1 k=0

1
kout kin

2
akoutkin

4 L2 ) Qk_m kout kin
* a2koutkin 7 Z ] )

t=1 k=1

E[G1,0]

We used that Gy g, = G110 By denoting (7, K') a uniform random variable on [koye]* X [kin — 1]
— independent of the path {S; i, t € [kout]”™, k € [Kin]}, we have

2 4 azk.
———E[G = [2~2 in\ g . 2
akouskin [Grol + a? v < b ) U Hr x41]7]
From Theorem 4, this yields (note that o« = (1 + w)—l and b > ki /(1 + w)2)

2(1 16(1 212 ~
(1+w) y (1+w) (W(510) - minW) .
koutkin ’

E[GT,K] S

E[G; k] < E[G1 0] +

UminKinKout

10 Supplement to the numerical section

This section gathers additional details concerning the models used in our numerical experiments.
Namely, Section 10.1 presents the full derivations for the FedEM algorithm for finite Gaussian Mix-
ture Models, and Section 10.2 provides the detailed pseudo-code for the FedMissEM algorithm for
federated missing values imputation introduced in Section 4 and provides the necessary information
to request access to the data we used on the eBird platform [1].

10.1 Gaussian Mixture Model

Let y1,...,yn be N RP-valued observations; they are modeled as the realization of a vector
(Y1,...,Yy) with distribution defined as follows:

e conditionally to a {1,...,L}-valued vector of random variables (Zi,...,2Zn),
(Y1,...,Yy) are independent; and the conditional distribution of Y; is NV, (uz,, X).
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e therv. (Z1,...,Z,) are i.i.d. with multinomial distribution of size 1 and with probabilities
Tlyeees L.

Equivalently, the random variables (Y7,...,Yx) are independent with distribution
ZeL=1 T Np(pe,X). For 1 < i < N, the negative log-likelihood is given up to a constant

term by
Li(0) = — (si(2), ¢(0)) + (0),

where, denoting 1 ;3 (z) the indicator function equal to 1 if z = [ and 0 otherwise:

113(2) log(m1) — pf X7
def H{L}(Z) def log(/]rL) 7 uzZil'uL def
si(2) = | Yilyy(2) |, 0(0) = S LP0) 0. (58)
Yiliry(2) St

Vec(Y;Y,") —3 Vec(Z71)
In (58), for M € RP*P, Vec(M) is the column-wise vectorizaton of M. The goal is to estimate the
parameter 8 = (71,..., 7, 1, .., pL, 2) by maximizing the normalized negative log-likelihood:
mln F( Z Li( (59)

Classical EM algorithm We use the EM algorithm: in the Expectation (E) step, using the current
value of the iterate 6.,,r, we compute a majorizing function 6 — Q(6, 6.,) given up to an additive

constant by

Q(67 ecurr) = _<§(60urr)7 ¢(9)> + w(e)a
where 5(0curr) = = 37 5;(0), and for any i € [n]*, 5;(6) is the conditional expectation of the
complete data sufficient statistics:

pin(0)

ﬁi,L.(e) .
5(0) = Yipi1(9) , where for ¢ € [L]*, p; 1(0) def LW Nplpie 2)[Yi] .
. Zu:1 Ty Np(ﬂua U)[Y]

(60)

Yipi,(0)
Vec(Y;Y;")
In (60), NV, (1, X)[y] is the density function of the distribution A}, (x, X) evaluated at y.

In the optimization step (M-step), a new value of 6., is computed as a minimizer of 6 — Q(6, Ocyyr)-
Let s = (s(V), 52 s(3)) € RL x RPE x RP”; we write (s,0(0)) = Z?:l (s, ¢l)(0)) where the
functions ¢7) are defined by
log(m1) — g X7 S
oM (0) < : SO | ande®(6) Ve
log(mr,) — pp X pur, Sl
(61)

Remember that T(s) = argming.q — (s, $(0))+1(0). We obtain T(s) = {mg, e, ¢ =1,...,L; X}
with

(1),¢
def S
Te = Li(l)’ (62)
ZuZI sihu
(2)7E
def S
He = S (63)
5 def 1
- ZYYT Z Mend . (64)

{=1
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The expressions of 7y, ¢ are easily obtained; we provide details for the covariance matrix. We have
for any symmetric matrix A

det(T'+ H)

TR Indet(I + T H) =In(1 + Te(T H) + o] H||))

=Tr(P™ H) + o | H|)) = (H,T™") + o( | H|)
T(s) depends on I through the function

n L L
of 1 1 1
6) % ~Lnder(r) + 1 <r, B NCAESS s<1>~fm> - <r, Zue(sW)T> .
i=1 =1

Therefore

L

Cpdef 1o
=T E N VY =Y s e
i=1 (=1

since fy = 5(2)1/3(1),5.

Algorithm 5: Classical EM algorithm for mixture of Gaussians

1: Input: kpax € N, X, 30, éo
2: Output: The sequence of statistics: {Sk, k € [kmax]}; the sequence of parameters
{9k7 k S [kmax]}
3: for k=0,...,knax — 1 do
4:  Expectation step: compute conditional expectations given current parameter 6y: Set
Sopr = L3V 50k
k1 = 7 izt Si(0Y) R R
5:  Maximization step: update parameter 61 based on current statistics Sy according to

update rule (62)
6: end for

In the federated setting, the data is distributed across n local servers. For all ¢ € [n]*, the c-th server
possesses an N, sample (Y7,...,Yn,), and N, > 1 and 22:1 N, = N. The pseudo code for the
FedEM algorithm is given in Algorithm 6.

10.2 Federated missing values imputation

FedMissEM algorithm. Algorithm 7 provides the pseudo-code for the Federated EM algorithm
for mising values imputation.

eBird data information. In our experiments, we used a sample of the eBird data set [1], provided
upon request by the Cornell Lab of Ornithology. We are not allowed to disclose the data itself,
but we provide here the details to reproduce our experiments on the same data set, after requesting
acess on the eBird platform (https://ebird.org/data/request). We selected the counts recorded any-
where in France, between January 2000 and September 2020, for two different species: the Mallard
and the Common Buzzard. These two species were analyzed independently (see Section 4); the
corresponding code is also available as supplementary material.
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Algorithm 6: Federated EM algorithm for distributed GMM without compression

1: Input: kyax € N; for ¢ € [n]*, Vo, € REFPL; Sy € REAPL: §) € RE x (RP)E x RPXP; a
positive sequence {Vg+1, & € [kmax — 1]} @

2: Output: The FedEMsequence: {Sk, k € [kmax]}

3: for k=0,...,knax — 1 do

4. forc=1,...,ndo

5: (agent i, locally)

6: Sample a batch 7, . C [N]

7 Set Spy1,c = ‘Iﬁ Yicz, . 5i(0k), where 5; is defined in (60)
8: Set Agy1,c = Skr1,e — Sk — Vie

9: Update Vi1, = Vi,e + @ Quant(Agy1.c)
10: Send Quant(Aj41,¢) to the controller
11:  end for

12:  (the controller)

13:  Compute Hgy1 = Vi + % Son_ Quant(Agy1,e)

14: Set Sk+1 =Sr+ Ye+1Hr+1

15 Set Vi1 = Vi +an ' >0 Quant(Agi1,e).

16:  Send Sj1q and 041 = T(Sk41) to the agents, where T(S)1) is given by the update
rule (62)

17: end for

Algorithm 7: Federated EM algorithm for distributed missing data imputation

1: Input: k. € N; for c € [n]*, VE € RIXY; §0 € R'*7; a positive sequence
{Vk+1,k € [kmax — 1]}; a; the quantization function Quant

2: Output: The FedEM sequence: {Sk, &k € [kmax]}

3: for k=0,...,knax — 1 do

4. forc=1,...,ndo

5: (agent i, locally)

6: Initialize S41,c = 0 and A4, = 0 everywhere.
7: Sample a minibatch (Z;, 7¢) C [I]* x [J]*

8: for i € 7 do

9: for j ¢ J¢ do

10: Set (SE—H)Z'J = ]li7j€QCY;fj + (1 — ]li,jeQC>(9k)i,j
11: Set (A% )iy = (Siy1)ig — Sig — (V)i
12: end for

13: end for

14: Update Vi¢, | = V¢ + a Quant(Agq1,c)

15: Send Quant(Af ;) to the controller

16:  end for

17:  (the controller)

18:  Compute Hy1 = Vi +n71 300 Quant(Af )

19:  Set Spy1 = Sk + Ver1Hry1

20 Set Vi1 = Vi +an™ 'Y Quant(Af, ).

21:  Send §k+1 and ékH = T(§k+1) to the agents

22:  (Note: thresholded SVD for Gaussian model or computed iteratively for a general

exponential family model)
23: end for
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